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Abstract. We introduce orthogonal polynomials with respect to high-order weighted Sobolev
inner products in the ball equivalent to those of the form

(1) (f, g) 7→
∑
|γ|≤m

∫
Bd

Dγf(x)Dγg(x) (1− ‖x‖2)α dx,

where Bd ⊂ Rd is the Euclidean unit ball, α > −1 and Dγ = ∂|γ|/(∂xγ11 · · · ∂x
γd
d ). The

Sobolev spaces defined through such inner products appear naturally in the analysis of partial
differential equations with singular coefficients. However, we switch to a family of ad hoc
inner products whose orthogonal polynomials are eigenfunctions of explicit Sturm–Liouville-
type problems, yet induce norms equivalent to those induced by the family (1). Thus, the
approximation bounds for the modified inner product orthogonal projections can be derived
through simple, classical arguments and are still relevant for the original use cases.

We focus on spaces as opposed to bases of orthogonal polynomials, thus circumventing the
long computations often necessary in the treatment of multivariate orthogonal polynomials.

We present orthogonal decompositions and differential operators connecting different spaces
of Sobolev orthogonal polynomials across polynomial degrees, differentiability levels (m) and
boundary singularity parameters (α).

We discuss consequences on the numerical analysis of spectral methods for a class of elliptic
problems with singular coefficients posed on the ball and its Cartesian powers.
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