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Programme

Lunes, 27 de Agosto (mañana)

10.00 Ernesto Castillo (Departamento de Ingenieŕıa Mecánica, USACH):
Dynamic term-by-term stabilized finite element formulation for the incompre-
ssible Navier-Stokes problem.

10.30 Sergio Caucao (CI2MA, UdeC):
A conforming mixed finite element method for the Navier–Stokes/Darcy–
Forchheimer coupled problem.

11.00 Paul Méndez (CI2MA & Departamento de Ingenieŕıa Matemática, UdeC):
On H(div)-conforming methods for double-diffusion equations in porous media.

11.30 David Mora (Departamento de Matemática, Facultad de Ciencias, UBB
& CI2MA, UdeC):
Virtual elements for a shear-deflection formulation of Reissner-Mindlin plates.
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Lunes, 27 de Agosto (tarde)

15.00 Ramón Codina (Department of Civil and Environmental Engineering, UPC, Spain):
The linked Lagrange multiplier technique to prescribe essential boundary condi-
tions of elliptic problems on embedded meshes.

15.30 Bryan Gómez (CI2MA & Departamento de Ingenieŕıa Matemática, UdeC):
Formulation and analysis of fully-mixed methods for stress-assisted diffusion
problems.

16.00 Iván Velásquez (CI2MA & Departamento de Ingenieŕıa Matemática, UdeC):
Virtual element analysis for the Buckling problem of thin plates.

16.30 Jessika Camaño (Departamento de Matemática y F́ısica Aplicadas, UCSC
& CI2MA, UdeC):
Analysis of a conservative mixed-FEM for the stationary Navier–Stokes problem.

17.00 Coffee Break

17.30 Pablo Venegas (Departamento de Matemática, Facultad de Ciencias, UBB):
Numerical analysis of a time-domain elastoacoustic problem.

18.00 Felipe Lepe (Departamento de Matemática, Facultad de Ciencias, UBB):
DG methods for spectral problems.

18.30 Cinthya Rivas (CI2MA & Departamento de Ingenieŕıa Matemática, UdeC):
An asymptotic model based on matching far and near fields for thin gratings
problems.

19.00 Mauricio Munar (CI2MA & Departamento de Ingenieŕıa Matemática, UdeC):
A mixed virtual element method for the Navier-Stokes equations.

20.30 Cena de Camaradeŕıa (Restaurante Faro Belén)

2



Martes, 28 de Agosto (mañana)

10.00 Mauricio Sepúlveda (CI2MA & Departamento de Ingenieŕıa Matemática, UdeC):
On exponential stability for thermoelastic plates: comparison and singular limits

10.30 Patrick Vega (CI2MA & Departamento de Ingenieŕıa Matemática, UdeC):
A posteriori error analysis of HDG methods in fluid mechanics.

11.00 Carlos Garćıa (Departamento de Matemática, Facultad de Ciencias, UBB
& CI2MA, UdeC):
Analysis of a mixed-FEM for stationary incompressible magneto-hydrodynamics.

11.30 Gabriel N. Gatica (CI2MA & Departamento de Ingenieŕıa Matemática, UdeC):
On the coupling of VEM and BEM in two and three dimensions.
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DYNAMIC TERM-BY-TERM STABILIZED FINITE ELEMENT

FORMULATION FOR THE INCOMPRESSIBLE NAVIER-STOKES

PROBLEM

ERNESTO CASTILLO

Abstract. In this work, we propose and analyze the stability and the dissipative structure
of a new dynamic term-by-term stabilized finite element formulation for the Navier-Stokes
problem, which adds the minimum number of stabilizing terms and can be viewed as a
variational multiscale (VMS) method under some assumptions. The essential point of
the formulation is the time dependent nature of the subscales and, contrary to residual-
based formulations, the introduction of two velocity subscale components. They represent
the components of the convective and the pressure gradient terms, respectively, of the
momentum equation that cannot be captured by the finite element mesh. A key idea
of the proposed method is that the convective subscale is close to a solenoidal field and
the pressure gradient subscale is close to a potential field. The method ensures stability
in anisotropic space-time discretizations, which is proved using numerical analysis under
suitable assumptions and demonstrated in classical numerical tests. The work includes
a detailed description of the proposed formulation and several numerical examples that
serve to justify our claims.

Universidad de Santiago de Chile, Av Libertador Bernardo O’Higgins 3363, Santiago, Chile
E-mail address: ernesto.castillode@usach.cl

This work has been partially funded by the Chilean Council for Scientific and Technological Research
(CONICYT-FONDECYT 11160160).
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A CONFORMING MIXED FINITE ELEMENT METHOD FOR THE

NAVIER–STOKES/DARCY–FORCHHEIMER COUPLED PROBLEM

SERGIO CAUCAO, MARCO DISCACCIATI, GABRIEL N. GATICA, AND RICARDO OYARZÚA

Abstract. In this work we present and analyse a mixed finite element method for the
coupling of fluid flow with porous media flow. The flows are governed by the Navier–Stokes
and the Darcy–Forchheimer equations, respectively, and the corresponding transmission
conditions are given by mass conservation, balance of normal forces, and the Beavers–
Joseph–Saffman law. We consider the standard mixed formulation in the Navier–Stokes
domain and the dual-mixed one in the Darcy–Forchheimer region, which yields the in-
troduction of the trace of the porous medium pressure as a suitable Lagrange multiplier.
The well-posedness of the problem is achieved by combining a fixed-point strategy, clas-
sical results on nonlinear monotone operators and the well-known Schauder and Banach
fixed-point theorems. As for the associated Galerkin scheme we employ Bernardi–Raugel
and Raviart–Thomas elements for the velocities, and piecewise constant elements for the
pressures and the Lagrange multiplier, whereas its existence and uniqueness of solution
is established similarly to its continuous counterpart, using in this case the Brouwer and
Banach fixed-point theorems, respectively. We show stability, convergence, and a priori
error estimates for the associated Galerkin scheme. Finally, we report some numerical
examples confirming the predicted rates of convergence, and illustrating the performance
of the method.

References
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ON H(div)-CONFORMING METHODS FOR DOUBLE-DIFFUSION

EQUATIONS IN POROUS MEDIA

RAIMUND BÜRGER, PAUL E. MÉNDEZ, AND RICARDO RUIZ BAIER

Abstract. A stationary Navier-Stokes-Brinkman model coupled to a system of advection-
diffusion equations serves as a model for so-called double-diffusive viscous flow in porous
media in which both heat and a solute within the fluid phase are subject to transport
and diffusion. The solvability analysis of these governing equations results as a combina-
tion of compactness arguments and fixed-point theory. In addition an H(div)-conforming
discretisation is formulated by a modification of existing methods for Brinkman flows.
The well-posedness of the discrete Galerkin formulation is also discussed, and convergence
properties are derived rigorously. Computational tests confirm the predicted rates of er-
ror decay and illustrate the applicability of the methods for the simulation of bacterial
bioconvection and thermohaline circulation problems.
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VIRTUAL ELEMENTS FOR A SHEAR-DEFLECTION FORMULATION

OF REISSNER-MINDLIN PLATES

L. BEIRÃO DA VEIGA, D. MORA, AND G. RIVERA

Abstract. We present a virtual element method for the Reissner–Mindlin plate bending
problem which uses shear strain and deflection as discrete variables without the need of
any reduction operator. The proposed method is conforming in [H1(Ω)]2×H2(Ω) and has
the advantages of using general polygonal meshes and yielding a direct approximation of
the shear strains. The rotations are then obtained by a simple postprocess from the shear
strain and deflection. We prove convergence estimates with involved constants that are
uniform in the thickness t of the plate. Finally, we report numerical experiments which
allow us to assess the performance of the method.
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THE LINKED LAGRANGE MULTIPLIER TECHNIQUE TO

PRESCRIBE ESSENTIAL BOUNDARY CONDITIONS OF ELLIPTIC

PROBLEMS ON EMBEDDED MESHES

RAMON CODINA

Abstract. In this work we propose a method to prescribe essential boundary conditions
in the finite element approximation of elliptic problems when the boundary of the compu-
tational domain does not match with the element boundaries. The problems considered
are the Poisson problem, the Stokes problem, the Darcy problem, both in the primal and
in the dual formulation, and Maxwells problem. The formulation proposed is of variational
type. The key idea is to start with the variational form that defines the problem and treat
the boundary condition as a constraint. The particular feature is that the Lagrange multi-
plier is not defined on the boundary where the essential condition needs to be prescribed,
but is taken as a certain trace of a field defined in the computational domain, either in
all of it or just in a region surrounding the boundary. When approximated numerically,
this allows one to condense the degrees of freedom of the new field and end up with a
problem posed only in terms of the original unknowns. The nature of the field used to
weakly impose boundary conditions depends on the problem being treated. For the Pois-
son problem it is a flux, for the Stokes problem a stress, and for the Darcy problem a
velocity field. In all cases, this new variable can be eliminated imposing that it is equal (in
a least squares sense) to the variable whose trace is the Lagrange multiplier. The result-
ing problem resembles Nitsche’s way to impose boundary conditions, with the advantage
that no conditions on the parameter are required for stability and, in particular, that this
parameter can be taken smaller in the formulation we propose.

Universitat Politècnica de Catalunya, Jordi Girona 1-3, Edifici C1, 08034, Barcelona, Spain
E-mail address: ramon.codina@upc.edu

R. Codina acknowledges the support received through the ICREA Academic Research Program and from
the Chilean Council for Scientific and Technological Research (CONICYT-FONDECYT 11160160).
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FORMULATION AND ANALYSIS OF FULLY-MIXED METHODS FOR

STRESS-ASSISTED DIFFUSION PROBLEMS

GABRIEL N. GATICA, BRYAN GÓMEZ-VARGAS, AND RICARDO RUIZ-BAIER

Abstract. This paper is devoted to the mathematical and numerical analysis of a mixed-
mixed PDE system describing the stress-assisted diffusion of a solute into an elastic ma-
terial. The equations of elastostatics are written in mixed form using stress, rotation and
displacements, whereas the diffusion equation is also set in a mixed three-field form, solving
for the solute concentration, for its gradient, and for the diffusive flux. This setting sim-
plifies the treatment of the nonlinearity in the stress-assisted diffusion term. The analysis
of existence and uniqueness of weak solutions to the coupled problem follows as combina-
tion of Schauder and Banach fixed-point theorems together with the Babuška-Brezzi and
Lax-Milgram theories. Concerning numerical discretization, we propose two families of
finite element methods, based on either PEERS or Arnold-Falk-Winther elements for elas-
ticity, and a Raviart-Thomas and piecewise polynomial triplet approximating the mixed
dif- fusion equation. We prove the well-posedness of the discrete problems, and derive
optimal error bounds using a Strang inequality. Finally, numerical experiments illustrate
the interest of this scheme and validate the theory.
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CI2MA and Departamento de Ingenieŕıa Matemática, Universidad de Concepción, Casilla
160-C, Concepción, Chile

E-mail address: ggatica@ci2ma.udec.cl
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VIRTUAL ELEMENT ANALYSIS FOR THE BUCKLING PROBLEM OF

THIN PLATES

DAVID MORA AND IVÁN VELÁSQUEZ

Abstract. The aim of this work is to develop a virtual element method (VEM) for the
buckling problem for thin plates on polygonal meshes. A variational formulation based on
the Kirchhoff model depending on the transverse displacement of the plate is written. The
classical approximation theory for compact operators is employed in order to establish the
optimal order error estimates for the eigenfunctions and a double order for the eigenvalues.
Finally, we report some numerical experiments illustrating the behaviour of the proposed
scheme and confirming our theoretical results on different families of meshes.
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ANALYSIS OF A CONSERVATIVE MIXED-FEM FOR THE

STATIONARY NAVIER–STOKES PROBLEM

JESSIKA CAMAÑO, CARLOS GARCÍA, AND RICARDO OYARZÚA

Abstract. In this work we propose and analyze a new conservative mixed finite element
method for the Navier–Stokes problem posed in non-standard Banach spaces. Our ap-
proach is based on the introduction of a pseudostress tensor relating the velocity gradient
with the convective term, leading to a mixed formulation where the aforementioned pseu-
dostress tensor and the velocity are the main unknowns of the system. Then the associated
Galerkin scheme can be defined by employing Raviart–Thomas elements of degree k for
the pseudostress tensor and discontinuous piecewise polynomial elements of degree k for
the velocity. With this choice of spaces, the equilibrium equation is exactly satisfied if the
external force belongs to the velocity discrete space, thus the method is conservative, which
constitutes one of the main feature of our approach. For both, the continuous and discrete
problems, the Banach–Nečas–Babuška and Banach’s fixed point theorems are employed
to prove unique solvability. We also provide the convergence analysis and particularly
prove that the error decay with optimal rate of convergence. Further variables of interest,
such as the fluid pressure, the fluid vorticity and the fluid velocity gradient, can be easily
approximated as a simple postprocess of the finite element solutions with the same rate of
convergence. Finally, several numerical results illustrating the performance of the method
are provided.
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NUMERICAL ANALYSIS OF A TIME-DOMAIN ELASTOACOUSTIC

PROBLEM

RODOLFO ARAYA, RODOLFO RODRÍGUEZ, AND PABLO VENEGAS

Abstract. This work deals with the numerical analysis of a system of second-order in
time partial differential equations modeling the vibrations of a coupled system that consists
of an elastic solid in contact with an inviscid compressible fluid. We analyze a weak
formulation with the unknowns in both media being the respective displacement fields.
For its numerical approximation, we propose first a semi-discrete in space discretization
based on standard Lagrangian elements in the solid and Raviart-Thomas elements in the
fluid. We establish its wellposedness and derive error estimates in appropriate norms for the
proposed scheme. In particular, we obtain an L∞(L2) optimal rate of convergence under
minimal regularity assumptions of the solution, which are proved to hold for appropriate
data of the problem. Then, we consider a fully discrete approximation based on a family
of implicit finite difference schemes in time, from which we obtain optimal error estimates
for sufficiently smooth solutions. Finally, we report some numerical results, which allow
us to assess the performance of the method. These results also show that the numerical
solution is not polluted by spurious modes as is the case with other alternative approaches.
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[4] C. Garćıa and G. N. Gatica and S. Meddahi and A. Márquez, A fully discrete scheme for the
pressure-stress formulation of the time-domain fluid-structure interaction problem. Calcolo (2017), no.
54, 1419-1439.

[5] Karaa, S, Finite element θ-schemes for the acoustic wave equation. Adv. Appl. Math. Mech. (2011),
no. 3, 181-203.
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DG METHODS FOR SPECTRAL PROBLEMS

FELIPE LEPE, SALIM MEDDAHI, DAVID MORA, AND RODOLFO RODRÍGUEZ

Abstract. The discontinuous Galerkin method (DG) has been studied in several prob-
lems of fluid and solid mechanics. In particular, the interest of consider the DG method for
eigenvalue problems appears in [1] for the Laplacian operator, where the spectral theory for
noncompact operators [4, 5] is adapted. This paper has led to other challenging problems
like the Maxwell’s eigenvalue problem analyzed in [2, 3]. In this talk we present results for
an interior penalty DG method for a mixed formulation of the elasticity eigenvalue problem
like the studied in [6] and a stress formulation of the Stokes eigenvalue problem, where
the pseudostress tensor is incorporated in order to eliminate the velocity and the pressure
fields. For both problems we present a spectral characterization and results related to the
non pollution of the spectrum. We present numerical results to asses the performance of
the methods in each case.
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AN ASYMPTOTIC MODEL BASED ON MATCHING FAR AND NEAR

FIELDS FOR THIN GRATINGS PROBLEMS

PETER B. MONK, CINTHYA RIVAS, RODOLFO RODRÍGUEZ, AND MANUEL E. SOLANO

Abstract. In this work, we have devised an asymptotic model for calculating electro-
magnetic diffraction and absorption in planar multilayered structures having a shallow
surface-relief grating. Far from the grating we assume that the solution can be written as
a power series in terms of the grating thickness δ. The coefficients of this expansion are
smooth up to the grating. However, the expansion approximates the solution only suffi-
ciently far from the grating (far field approximation). Near the grating, we assume that
there exists another expansion in powers of δ. Moreover, there is an overlapping domain,
where both expansion are valid. The method based is on matching these two expansions
on a thin overlapping zone. By so doing, we obtain explicitly the equations satisfied by
the first terms in the power series, by truncating the δ2 or higher order terms.
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cepción and by FONDECYT-1130350.

20



PETER B. MONK, CINTHYA RIVAS, RODOLFO RODRÍGUEZ, AND MANUEL E. SOLANO 21
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A MIXED VIRTUAL ELEMENT METHOD FOR THE NAVIER-STOKES

EQUATIONS

GABRIEL N. GATICA, MAURICIO MUNAR, AND FILANDER SEQUEIRA

Abstract. A mixed virtual element method (mixed-VEM) for a pseudostress-velocity
formulation of the two-dimensional Navier-Stokes equations with Dirichlet boundary con-
ditions is proposed and analyzed in this work. More precisely, we employ a dual-mixed
approach based on the introduction of a nonlinear pseudostress linking the usual linear
one for the Stokes equations and the convective term. In this way, the aforementioned new
tensor together with the velocity constitute the only unknowns of the problem, whereas
the pressure is computed via a postprocessing formula. In addition, the resulting con-
tinuous scheme is augmented with Galerkin type terms arising from the constitutive and
equilibrium equations, and the Dirichlet boundary condition, all them multiplied by suit-
able stabilization parameters, so that the Banach fixed-point and Lax-Milgram theorems
are applied to conclude the well-posedness of the continuous and discrete formulations.
Next, we describe the main VEM ingredients that are required for our discrete analy-
sis, which, besides projectors commonly utilized for related models, include, as the main
novelty, the simultaneous use of virtual element subspaces for H1 and H(div) in order
to approximate the velocity and the pseudostress, respectively. Then, the discrete bilin-
ear and trilinear forms involved, their main properties and the associated mixed virtual
scheme are defined, and the corresponding solvability analysis is performed using again
appropriate fixed-point arguments. Moreover, Strang-type estimates are applied to derive
the a priori error estimates for the two components of the virtual element solution as
well as for the fully computable projections of them and the postprocessed pressure. As
a consequence, the corresponding rates of convergence are also established. Finally, we
follow the same approach employed in previous works by some of the authors and intro-
duce an element-by-element postprocessing formula for the fully computable pseudostress,
thus yielding an optimally convergent approximation of this unknown with respect to the
broken H(div)-norm.
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ON EXPONENTIAL STABILITY FOR THERMOELASTIC PLATES:

COMPARISON AND SINGULAR LIMITS

JAIME MUÑOZ RIVERA, REINHARD RACKE, AND MAURICIO SEPÚLVEDA

Abstract. We consider different models of thermoelastic plates in a bounded reference
configuration: with Fourier heat conduction or with the Cattaneo model, and with or
without inertial term. Some models exhibit exponential stability, others are not expo-
nential stable. In the cases of exponential stability, we give an explicit estimate for the
rate of decay in terms of the essential parameters appearing (delay τ ≥ 0, inertial constant
µ ≥ 0). This is first done using multiplier methods directly in L2-spaces, then, second, with
eigenfunction expansions imitating Fourier transform techniques used for related Cauchy
problems. The explicit estimates allow for a comparison. The singular limits τ → 0, and
µ → 0 are also investigated in order to understand the mutual relevance for the (non-)
exponential stability of the models. Numerical simulations underline the results obtained
analytically, and exhibit interesting coincidences of analytical and numerical estimates,
respectively.
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A POSTERIORI ERROR ANALYSIS OF HDG METHODS IN FLUID

MECHANICS

RODOLFO ARAYA, MANUEL SOLANO, AND PATRICK VEGA

Abstract. We introduce an analyze a posteriori error estimators, of the residual type, for
a hybridizable discontinuous Galerkin (HDG) method applied to two problems arising from
fluid mechanics. The first one is a gradient-velocity-pressure formulation of the Brinkman
problem, where, in order to derive our estimator, we use the Oswald interpolant and a
suitable constructed postprocessed approximation of the velocity. The second problem is
a gradient-velocity-pressure formulation of Oseen equations. In this case, in addition to the
properties of the Oswald interpolant, we employ a weighted function technique to control
the L2-error of the velocity. For both cases we establish reliability and local efficiency
of the estimator for the L2-error of the velocity gradient and the pressure and the H1-
error of the velocity, with constants written explicitly in terms of the physical parameters.
Numerical experiments validate the quality of the adaptive scheme.
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ANALYSIS OF A MIXED FEM FOR STATIONARY INCOMPRESSIBLE

MAGNETO-HYDRODYNAMICS

JESSIKA CAMAÑO, CARLOS GARCÍA, AND RICARDO OYARZÚA

Abstract. In this paper we propose and analyze a new mixed finite element method for
stationary incompressible magneto-hydrodynamics posed in non-standard Banach spaces.
Our approach is based on the introduction of a pseudostress tensor relating the velocity
gradient with the convective term, leading to a mixed formulation where the aforemen-
tioned pseudostress tensor and the velocity as the main hydrodynamic unknowns, with
magnetic field and a Lagrange multiplier as magnetic unknowns. Then the associated
Galerkin scheme can be defined by employing Raviart–Thomas elements of degree k for
the pseudostress tensor, discontinuous piecewise polynomial elements of degree k for the
velocity, Nédélec elements of degree k for the magnetic field and discontinuous piecewise
polynomial elements of degree k for the respective Lagrange multiplier. For both, the
continuous and discrete problems, the Banach–Nečas–Babuška and Banach’s fixed point
theorems are employed to prove unique solvability. We also provide the convergence anal-
ysis and particularly prove that the error decay with optimal rate of convergence. Further
variables of interest, such as the fluid pressure, the fluid vorticity and the fluid velocity
gradient, can be easily approximated as a simple postprocess of the finite element solutions
with the same rate of convergence.
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ON THE COUPLING OF VEM AND BEM IN TWO AND THREE

DIMENSIONS

GABRIEL N. GATICA AND SALIM MEDDAHI

Abstract. This paper introduces and analyzes the combined use of the virtual element
method (VEM) and the boundary element method (BEM) to numerically solve linear
transmission problems in 2D and 3D. As a model we consider an elliptic equation in di-
vergence form holding in an annular domain coupled with the Laplace equation in the
corresponding unbounded exterior region, together with transmission conditions on the
interface and a suitable radiation condition at infinity. We employ the usual primal formu-
lation in the bounded region, and combine it, by means of the Costabel & Han approach,
with the boundary integral equation method in the exterior domain. As a consequence,
and besides the original unknown of the model, its normal derivative in 2D, and both its
normal derivative and its trace in the 3D case, are introduced as auxiliary non-virtual
unknowns. Moreover, for the latter case, a new and more suitable variational formula-
tion for the coupling is introduced. In turn, the main ingredients required by the discrete
analyses include the virtual element subspaces for the domain unknowns, explicit poly-
nomial subspaces for the boundary unknowns, and suitable projection and interpolation
operators that allow to define the corresponding discrete bilinear forms. In particular,
two VEM/BEM schemes are proposed in the three-dimensional case, one of them mim-
icking the non-symmetric interior penalty discontinuous Galerkin method. Then, as for
the continuous formulations, the classical Lax-Milgram lemma is employed to derive the
well-posedness of our coupled VEM-BEM scheme. Finally, a priori error estimates in the
energy and weaker norms, and corresponding rates of convergence for the solution as well
as for a fully computable projection of the virtual component of it, are provided.
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