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ABSTRACT

In this thesis work we introduce and analyze a virtual element method (VEM) for a varia-
tional formulation of the Poisson problem, and a mixed virtual element method (MVEM)
for a mixed variational formulation of the Darcy problem and Stokes problem, respec-
tively. The novelty here constitutes the analysis of a variational formulation of the Stokes
problem, since the other two problems were already analyzed on [3] and [9]. However,
further details on the construction of the method and the proofs of the associated results
of such problems are provided. Therefore, we consider a non-standard mixed approach
for the Stokes problem in which the velocity, the pressure and the pseudostress tensor are
the main unknowns. However, the pressure shall be eliminated from the original equa-
tions, thus yielding an equivalent formulation in which the velocity and the pseudostress
tensor are the only unknowns. We then define the virtual finite element subspaces to be
employed, introduce the associated interpolation operators, and provide the respective
approximation properties. In particular, the latter includes the estimation of the inter-
polation error for the pseudostress variable measured in the H(div)-norm. Next, and in
order to define calculable discrete bilinear forms, we propose a new local projector onto
a suitable space of polynomials, which takes into account the main features of the con-
tinuous solution and allows the explicit integration of the terms involving the deviatoric
tensors. The uniform boundedness of the resulting family of local projectors and its ap-
proximation properties are also established. In addition, we show that the global discrete
bilinear forms satisfy all the hypotheses required by the Babtuska—Brezzi theory. In this
way, we conclude the well-posedness of the actual Galerkin scheme and derive the asso-
ciated a priori error estimates for the virtual solution as well as for the fully computable
projection of it. Finally, several numerical examples illustrating the good performance of

the method and confirming the theoretical rates of convergence are presented.
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Chapter 1

Introduction

The virtual element method (VEM), which arose as a natural consequence of new de-
velopments and interpretations of the mimetic finite difference method (MFDM) (see,
e.g. [8]), was first introduced and analyzed in [3] by employing the Poisson problem as a
model. The VEM approach can be viewed as an extension of the classical finite element
technique to general polygonal and polyhedral meshes, and also as a generalization of the
MFDM to arbitrary degrees of accuracy and arbitrary continuity properties. Its basic
idea consists of the utilization of one or more virtual discrete spaces defined on meshes
made of polygonal or polyhedral elements, and the incorporation of approximated bilin-
ear forms that mimic the original ones and that still provide consistence and stability
of the resulting discrete scheme. The concept wvirtual when referring to a discrete space
means that the corresponding basis functions do not need to be known explicitly in order
to implement the method, but only the degrees of freedom defining them uniquely on
each element are required. As remarked in [5], the main advantages of VEM, when com-
pared with finite volume methods, MMFD, and related techniques, are given by its solid
mathematical grounding, the simplicity of the respective coding, and the quality of the
numerical results provided. In addition, the computational domain can be decomposed
into nonoverlapping convex or nonconvex polygonal elements that can be of very general

shape. Further developments of VEM can be found in [1], [4], [6], and [11]. In particular,



VEM is utilized in [4] to solve two-dimensional linear elasticity problems, including the
compressible and nearly incompressible cases. Moreover, the related application to the
linear plate bending problem, in the Kirchhoff-Love formulation, is given in [11]. Also,
the eventual incorporation of further global regularity into the discrete solution is inves-
tigated in [6]. The main motivation here is the derivation of highly regular methods that
could lead to less complicated discretizations of higher-order problems, and also to more
direct computations of other variables of physical interest, such as stresses, rotations, and
vorticities. Other recent contributions include [5], [22], [33], and [9], which refer, respec-
tively, to practical aspects for the computational implementation of VEM, the application
of VEM to three-dimensional linear elasticity problems, the numerical analysis of the two-
dimensional Steklov eigenvalue problem by using VEM, and the extension of VEM to the
discretization of H(div)-conforming vector fields. Up to the authors’ knowledge, [9] is the

only work available in the literature that deals with mixed virtual element methods.

According to the above, in the present thesis we are interested in continuing the
research line drawn by [9], and aim to develop a mixed-VEM for the Stokes problem.
In order to do this, we first review most of the existing results on VEM. In Chapter [2]
we use [7] and provide upper bounds for the polynomial approximation error of functions
belonging to a Sobolev space. Also, and following [19], an extension to the fractional order
case will be presented. In Chapter , we use [3] and present VEM on the simplest possible
case. Also, and following [5], we present and detail the computational implementation of
the method. In Chapter , we follow [9] and present the basic features of Mixed Virtual
Element Method, as well as the computational implementation of it using, again, [5].
Finally, in Chapter [5 we present a Mixed Virtual Element Method for the Stokes problem
and the corresponding computational implementation. Though some of the proofs of the
corresponding results are sketched, for sake of clearness and completeness, we try to give

as much detail as possible in all the chapters below.

We end this chapter by introducing some notations to be used in all the chapters below.

In what follows, I is the identity matrix of R**?, and given 7 := (7;;) and ¢ := ((;5), we



write as usual

2

2
1
Tt = (sz‘)7 tr1 = jlejj, Td =T — §tr(‘r)ﬂ, and T C = Z TijCij7

ij=1
which correspond, respectively, to the transpose, the trace, the deviator tensor of 7, and
to the tensorial product between 7 and ¢. In addition, we utilize standard simplified
terminology for Sobolev spaces and norms. In particular, if O C R? is a domain, S C R?

is an open or closed Lipschitz curve, and r € R, we define
H'(0) = [H"(0),  H(0):=[H"(O)**  and H'(S):=[H"(S)

However, when r = 0 we usually write L?(0), L*(O), and L*(S) instead of H°(O),
H°(O), and H°(S), respectively. The corresponding inner products, norms, and semi-
norms are denoted, respectively, by (-, )0, || - |lro, and | - |0 (for H"(O), H"(O), and
H"(0)), and (-,)rs, || - |lrs, and | - |, s (for H"(S) and H"(S)). In general, given any
Hilbert space H, we use H and H to denote H* and H?*? respectively. In turn, (-,-)s
stands for the usual duality pairing between H~1/2(S) and H/2(S), and H~Y/2(S) and
H'/2(S). However, when no confusion arises, we write (-, -) instead of (-, -)s. Furthermore,

with div denoting the usual divergence operator, the Hilbert space
H(div;0) := {w e L*(0): div(w) € L*(0)},

is standard in the realm of mixed problems (see [10], [30]). The space of matrix valued
functions whose rows belong to H(div; O) will be denoted H(div; O), where div stands
for the action of div along each row of a tensor. The Hilbert norms of H(div; Q) and
H(div; O) are denoted by || -||aiv:0 and || - ||aiv.0, respectively. Note that if 7 € H(div; O),
then div(T) € L*(O) and also 7n € H™*/2(90), where n is the unit outward normal at
the boundary 00O. Finally, we employ 0 to denote a generic null vector, and use C' and ¢,
with or without subscripts, bars, tildes or hats, to denote generic constants independent

of the discretization parameters, which may take different values at different places.



Chapter 2

Polynomial approximation of

Functions in Sobolev Spaces

2.1 Introduction

In this chapter, we follow [7, Ch. 4] and develop an appropiate approximation theory
for the interpolators and projectors to be defined in chapters [3, [4 and 5] In Section
2.2 we note that we will be dealing with functions belonging to a Sobolev space, and
therefore an averaged version of the well-known Taylor polynomial will be defined in
order to deal with such an issue. In Section [2.3] we define the remainder term of the
aforementioned Averaged Taylor Polynomial and from which the error estimate will be
based on. In Section we derive an upper bound for the Averaged Taylor Polynomial
approximation of a function which belongs to a Sobolev space. Finally, in Section [2.5] we
follow |19, Section 6] and extend the obtained result in Section [2.4]to the case of fractional

order Sobolev spaces.



2.2. Averaged Taylor polynomials 5

2.2 Averaged Taylor polynomials

Given n € N, let B := {x € R": |x — 29| < p} be a ball of radius p, centered at xy. A
function ¢ € C§°(R™) with the properties
(a)supp ¢ = B, and (b) o=1,
R’VL
will be called a cut-off function. In particular, if
e~(=(e=20l/) | _ gl < p
Y(z) = )
0, ‘Z’ - .1'0‘ >p
and ¢ := [, 1, then ¢ > 0, and ¢(z) := 9 (x)/c satisfies properties (a) and (b). Also,
max |¢| < Cp~". Now, let u € C™1(R").
Definition 2.2.1. The Taylor polynomial of order m of u evaluated at y € R™ is given
by

Tru(e) = Y Da;j!(y) (z —y)° (2.2.1)

laf<m
In general, and remembering that we will be dealing with functions from a Sobolev
space, D“u may not exist in the pointwise sense. In order to fix this, we introduce a new
Taylor polynomial function, given by the following
Definition 2.2.2. Suppose that u has weak derivatives of order strictly less than m in a
region {2 such that B C ). The Taylor polynomial of order m for u, averaged over B, is

defined as
QM u(x) ::/BTymu(x)gb(y) dy, (2.2.2)

where T, is defined as in (2.2.1)), B is the ball centered at o € B with radius p, and ¢

is the cut-off function defined above.

If u € H™ (), then a typical term of Q™u takes the form

[ 20— ot
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which exists since D®u € L}, .(Q) if |a| < m. Moreover, we can write

@ =Tl —wr = Y ansey’

y+B=a

where 3, are multi-indices and a(, g) are constants. Therefore,

_ Yy dea / Deu(y)yP () dy. (223)
laj<m y+B=a
Thus, we have the following result, whose proof is given directly by (12.2.3)).

Proposition 2.2.1. Q™u is a polynomial of degree less than m in x.

Now, we note that Q™u can be defined in terms of functions belonging to L'(B). in

order to do this, we just need to rewrite ([2.2.3)) by integrating by parts:

—1)lel
0= ¥ Sl [awpewa @29

|ar|<m y+B=a

Remark 2.2.1. Note that if © has weak derivatives of all orders less than m in €2, then

(2.2.3)) is equivalent to (2.2.4)) by integrating by parts.
Proposition 2.2.2. Q™u is defined for all u € L!(B), and

=> / Oa(y)uly) dy, (2.2.5)

[A|l<m
where 1y € C°(R™) and supp ¢y C B.

Proof. 1t follows directly from 4)) by defining

—1)le
INUEEDY %a@,a»m(ya—ww)). (2.2:6)

A<la,|al<m

Proposition 2.2.3. For any « such that |a| <m — 1,

D*Q™u = Q™ 1l py wu € W*I(B). (2.2.7)
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Proof. We just need to prove the statement for a function u € C°°(Q2), hence the general

case follows from a density argument. If |o| < m — 1, then
DT u(z) = T;”"Q‘Do‘u(x). (2.2.8)

Indeed, it is clear that (2.2.8) holds when |a| = 0. Supposing now that DT u(z) =

T;'HB'DBu(x), for each 3, | 5| < |a| < m — 1, then we can write o = 5+, for some 3,7,

0
such that || = |a| — 1, |y| = 1. Hence, there exists j € {1,...,n} such that DYu = 8_u

L
and thus

a m m a m— a m—|x oa—
D*Ty"u(z) = D'DPT u(x) = 5T PIDOu(z) = —T;" 1" D u(x)

0 D"D*Yu(y) D=7 D%u(y) N
" Ox; 2. 7! (z=y)’= > WW(@"—@/)" !
I nl<m—lal+1 Inl<m—|a|+1 J
DDy ~ ol
— Z ()(x—y)nzTy lol u(z),

5
il<mtal !

which proves that DT} u(z) = Ty Doy(). Therefore,

DAQMu(x) = / DT (2)g(y) dy = / 1ol D) p(y) dy = Q1 Du(a),

which finishes the proof. O

2.3 Error Representation

We first remember Taylor’s formula with integral remainder for a function f € C™([0, 1]):

m—1 (k) 1
=y 5 em |

k=0

Sm

m‘1f<m>(1 — 5)ds. (2.3.1)

Definition 2.3.1. Q is star-shaped with respect to a ball B C Q if, for all ¢y € B, z is

a center for €, or, for all 2y € Q, the closed convex hull of {x} U B is a subset of €.

From now on, we assume that (2 is star-shaped with respect to B. Now, let u € C™().

Given x € Q and y € B, we define f(s) := u(y + s(x — y)) and we first notice that f is
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a well-defined function on [0, 1] since Q is star-shaped respect to B. Also f € C'([0,1]),

and using the chain rule, we obtain

f9(s) _ 3 Du(y + s(z — y))

o o (x —y)%, (2.3.2)

laf=Fk

whence, combining ([2.3.1)) and (2.3.2)), we find that

u(z):ZDa&( +Z r—y / a'mlDo‘ u(z + s(y —x))ds

la]<m la]=m

=T, u(z) +m Z / milD”‘u(m—i—s(y—I))dS.

|a|=m

(2.3.3)

Definition 2.3.2. The m"-order remainder term of u is given by
R™u(x) == u(z) — Q"u(z).

Now, using the above definition, property (b) of the definition of a cut-off function,

(2.2.2) and (2.3.3)), we have that

r) = u(x) / o(y) dy — /B T™u()p(y) dy

= [ tuto) = )0t dy (234

—m/ 8y { y)a/o1 SZ!_IDau(x—l—s(y—:v))ds}dy.

Now, denoting the convex hull of {x} U B by C,, we have the following

lal=m

Proposition 2.3.1. The remainder R™u satisfies

=m Z / (x,2)D%u(z) dz, (2.3.5)

|a|=m

(=2,

‘ (x,z) and k is a function to be defined later
a!

where z =+ s(y — x), ko(z, 2) :=

on and which satisfies

Ik (z, 2)| §C<1+ ’“”_pf”O') — 2| " (2.3.6)
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Proof. We first make a change of variables from the (y, s)-space onto the (z, s)-space,
where z = z + s(y — x) and dsdy = s "dsdz. Now, the domain of integration in the

original space is B x (0, 1], and the corresponding domain in the (z, s)-space is

A:={(z5):s€(0,1],

sz —x)+x— x| <p}.

We now notice that if (z,s) € A, then |2 = <l < s Also (x —y)* = s™(z — 2)* if
PEFE:
|a| = m. If x4 is the characteristic function of A, from ([2.3.4)) we find that
DO(
R™u(z) =m g // xa(z,8)p(x + sz — x))s‘”_lﬂ(x — 2)%dsdz.
a!

|a|=m
Now, the projection of A onto the z-space is C. Therefore, using Fubini’s theorem, we

find that
R™u(z) =m Z / ko(x, 2)D%u(2) dz,
|a|=m z

where

1
k(x,z) = /0 oz + s (2 —1))xa(z,8)s " " ds, and

ko(z,2) == (:B;—!Z)ak(x,z).

Now, if t = (|x — xo| + p) ™! |z — |, then

! 1
|]€(ZE,Z)| - / XA<Z7S>¢(.Z' + 8_1(2 — I))S_n_l ds S / ’¢(ZE—|— S_l(Z . l‘))| S_n_l ds
0 t
ot _
s E (ot |z — )" 3
< ¢l () < |[8l] oo m) o o | - ) 18] oo () |2 — |
1

<C(+p o —zo)" |z — 2"

We note that the use of Fubini’s theorem above is justified by the following calculation:

DOZ
M |z — 2|™ dsdz
a!

/z /o1 |6z + 57 (2 = 2))| xa(z,8)s7"

DCY
< / |—u|(z)| lz— 2| " C(1+ p ! |z — 20|") dz < 0.
al
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Definition 2.3.3. Suppose that €2 has diameter d and is star-shaped with respect to a
ball B. Let ppax := sup { p : Q) is star-shaped with respect to a ball of radius p}. Then,
the chunkiness parameter of € is defined by

d

pmax

= (2.3.7)

Corollary 2.3.1. The ball B can be chosen so that the function k(z,z) defined above

satisfies the following estimate
k(z,2)| <K Cy+1)" |z — 2| " Va e, (2.3.8)

where 7 is the chunkiness parameter of (2.

Proof. We choose a ball B such that (2 is star shaped with respect to B and such that its

radius satisfies 2p > puax. Then,

_ 2d \" _
k(x,2)] < C(1+pHa — m0])" |2 — 2 ”§0(1+ ) |z —z|™"

max

<O2"(14+y)"|z—=™".

2.4 Bounds for Riesz Potentials

Lemma 2.4.1. If f € L?(Q) and m > n/2, then

/ |z — 2|7 | f(2)] dz < C(m,n)d™ "> [flloo Yz € Q.
Q

Proof. Using Cauchy-Schwarz’ inequality and generalized polar coordinates, that is, for
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x:=(x1,...,2,)" and z := (21,...,2,)"%,

z1 =21 +rcosbsinby---sinb,_;
29 = T9 +1rsind; sinby---sinf,,_;
23 = T3 +1rcosbysinbs---sinb,_;
24 = T4 +1rSinfysinfs---sinf,,_;

Zp = X, +1Cos6,_1,

and using that Q C B(z,d), for all z € Q, we find that

[le =i a < (/ P dz) T
C

1/2
) ([t ) 1l = Gl sl

where C(n) is the square root of the content of the (n — 1)-unit ball. This finishes the

IN

proof.
U
Lemma 2.4.2. Let f € L*(Q2) and m > 1, and let
= /Q |z — 2" | f(2)] dz Vz € Q.
Then,
91l < Cm,n)d™ [ flloq - (2.4.1)

Proof. Using Lemma [2.4.1] and the fact that [Q] < C(n)d", we find that

bl = /o) dﬂ”—/g(/ o= ) o
< [{( Lo = as) ([1o-sm i) } ao

< C(m,n) 1o &2 / J U@ ko= ol dzda
QJQ
< C’(m,n)dm/ 1f(2)]? {/ |z — ™" dI} dz < C(m,n)d*" ||f||g,Q7
Q Q
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so then, ||gllyq < C(m,n)d™ | f|loq, which finishes the proof. O
Now, we finally arrive at the main result, precised in the following

Lemma 2.4.3. Let B be a ball in a domain €2 such that €2 is star-shaped with respect
to B, and such that its radius verifies 2p > ppax. Also, suppose that diam(2) = 1 and
let @™u be the Taylor polynomial of order m of u averaged over B, where u € H™(f).
Then,

lu — Q"uly o < C(m,n,v)|ul,,q, ke€{0,...,m}. (2.4.2)

Proof. We first note that if |a] = m, then D*Q™u = 0 by using Proposition Then,
|u - Qmu|mQ = |u| o and so the bound is verified for k = m. For k = 0, using (2.3.5),

and Lemma with f := D%u, we obtain that
/ (x,2)D%(2) dz
Q

|u — QmuHOQ = HRmUHOQ

la|=m 0,Q

< Clmm(1+1/p)" 32 || [ o= IDuCa)| || < Clommn)

0,0

laj=m

Finally, if 0 < k < m and using (2.2.7)) and the case k = 0 already proved, we find that

1/2
m m m— (6 2

lu—QMul g = |R ulp g = Z ”R D UHO,Q
lal=k

1/2

< C(m,n,7v) Z ’Dau|m k,Q < C(m,n,v) |U|mQ=
|o|=k
which finishes the proof. 0

2.5 Polynomial approximation in fractional Sobolev

spaces

Given m > 0, we can write m = m + 6, where m is the integer part of m, that is, m is a

nonnegative integer and 0 < 6 < 1. If m > 0 is not an integer, we define the fractional
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order semi-norm

£ ()2 1/2
[ flm.o ::{ Z /QXQ |x— |n+20( ) d:cdy} ) (2.5.1)

also, we denote by H™(2) the set of all the functions f belonging to H™(2) such that

| flm.o < co. Its corresponding norm is given by

I fllme = I fllma + [ flme-

Lemma 2.5.1. Suppose that m = m—+6, where m is a nonnegative integer and 0 < 6 < 1.
Suppose further that ¢ := m + 1. Then, there exists C' = C(n, ¢, d, m) such that for every
fe H™(S),

|f = Q flea < Clflmo, ke {l,...,m}. (2.5.2)

Proof. First, we can assume without loss of generality that f € C>°(R™) (See [31]). We
now suppose that a is a multi-index such that |a| = ¢, and let j such that a = 8 + ¢/,

where [ is some multi-index. Now, let

/f(a) (x,y)dy Vz € Q, (2.5.3)
where k, was defined on Proposition [2.3.1 Then, integrating by parts,
— f® x,y) dy

=[5l (@)lha(,9)
iy { - / ) — 1O @) L2 (2, ) dy

0 {yeSula—y|>c} 9y;

¥ /| 00— Ok ) ) s b

r—y|=€

where ds is the surface measure. The above surface integral tends to 0 when € — 07 since

if |z —y| = ¢, (2.3.6) implies that |k, (x,y)| < Ce!™™, also

1F P (y) — fP ()| < Ce, and
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/ lds = Ce" L.
lz—yl=e

Using ([2.3.6)) again, it follows that

(®)
|R* (2 \<C/|f ’x_yf’n @)l

where Cy depends on d. In turn, the expression within the integral is bounded by C|z —
y|'™™ and consequently R* belongs to L'(2). On the other side, using Cauchy-Schwarz’

inequality and generalized polar coordinates, it follows that

S B G () e A € )
wr < ([ o

B (1) — B ()2
§O§/ . |(xy)—y|{z+20(x)| dy (/ lfﬁ—yl‘””"dy)
201 |f B ()]
(/83(:c d)/ drds )/ |3;_ |n+20 dy

o [ 1fY ()\2
Cg d2/ |l’— |n+29

S{CO /T_l }/|f ) |n+29< e,

_ nd/w — fO@P

y‘n+29

IN

now, integrating with respect to x and summing on all the indices « such that |a| = ¢,

we find that
If = Q fllow <€D IR fllog < C|flmo-

|ar|=£
Now, if k € {0,...,m}, we use that D*R‘f = R“I®\Def if |a| = k and so
|f - Q€f|k,ﬂ S Z ||R€_|Q‘Daf||0,0 S C Z |Daf|m—|a\,Q S O|f|m,ﬂ
|a|=F |a|=F
0

The foregoing Proposition, combined with the main Lemma on the previous section

(cf. Lemma |2 , provides the following result, in which we omit further details.
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Lemma 2.5.2. Suppose that m = m + 6, where 0 < # < 1, and that m is a nonnegative
integer. In turn, let ¢ := m+ 1 and let Q¢ as defined above. Then, there exists a constant

C = C(n,¢,d,m) such that

If = Q fllme < C|flma VfeH™Q) (2.5.4)



Chapter 3

Virtual Elements Method for the

Poisson problem

3.1 Introduction

In this chapter, we use [3] and present a Virtual Element Method for the Poisson problem
in the simplest possible way, generalizing the result by considering now a non-homogeneus
Dirichlet boundary condition. In Section we introduce the boundary value problem
of interest and the associated well-posedness result. Then, in Section we introduce
the virtual element subspaces to be employed, show the respective unisolvency, define
the associated interpolation operators and provide their approximation properties. In
particular, a Bramble-Hilbert type theorem for averaged Taylor polynomials (cf. Chapter
2) plays a key role in our analysis. Next, a fully calculable discrete bilinear form is
introduced in Section and its boundedness and related properties are established.
To this end, a new local projector onto a suitable space of polynomials is proposed here.
This operator responds to the need of integrate the terms associated to a bilinear form
that involves first order derivatives of basis functions belonging to the discrete space on
an explicit way. The family of local projectors is shown to be uniformly bounded, and the

aforementioned compactness theorem is applied to derive their approximation properties.

16
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An approximation of the right-hand side of the variational formulation is also needed
and introduced in to explicitly integrate the corresponding terms. Also, standard
results on polynomial projectors are used to derive their approximation properties. The
actual virtual element method is then introduced and analyzed in Section [3.3.6 The
Lax—Milgram Lemma is applied to deduce the well-posedness of this scheme, and then
suitable bounds and identities satisfied by the discrete bilinear form and the associated
projector and interpolator involved will allow us to derive the a priori error estimates
and the corresponding rates of convergence for the virtual solution, as well as for the
projection of it. On the other hand, in Section we use [5] and give details on the
computational implementation of VEM, explaining how to assemble the global stiffness
matrix and how to impose the boundary condition on the approximated solution. Finally,
several numerical examples showing the good performance of the method, confirming
the rates of convergence for regular and singular solutions, and illustrating the accuracy

obtained with the approximate solutions, are reported in Section [3.4]

3.2 The continuous problem and its primal formula-
tion

Given a polygonal domain  in R? with boundary T, and given data f € L?(2) and

g € H'/2(T), we consider the problem: Find u such that

—Au=f in Q
(3.2.1)
u=yg¢9 on ['=09.

As usual, testing with v € H] (Q) and integrating by parts, the primal formulation of this
problem reads: Find u € V := Hj (Q) such that

a(u,v) = (f,v)gq+ (Vug, Vv)yo Yo €V, (3.2.2)
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where we have chosen u, as any element belonging to H*(Q) such that vy (u,) = g and

ugllio < Cllgll1/2,r, for some C' > 0 depending only on €2, and defined
a(u,v) = (Vu,Vv)g g Yu,v €V.

Using standard arguments, we can ensure the existence of a unique u € V such that

(3.2.2)) holds. This statement is established as follows.

Theorem 3.2.1. There exists a unique uw € V' solution of (3.2.2)). Moreover, there exists
C > 0, depending only on ), such that

lull o < {1 o + lglhzr }. (3.2.3)

Proof. We first note that a: V x V' — R satisfies
a(w,0)| < [uhalla < luliolvle  VuveV,

that is, a is a bounded bilinear form. In turn, since V = H}(Q), a direct application of
Friedrichs—Poincaré’s inequality ensures the existence of a constant C' > 0, depending on
Q, such that |ul1o > C|lul|1q, for each u € V. That is, a(u,u) = |u[f g > C|lull1q, for
each u € V, which shows particularly that a is V-elliptic. Therefore, an application of the
Lax—Milgram Lemma (see for instance [7], p. 62]) shows that has a unique solution

u € V. Moreover, there exists C' > 0, depending on {2, such that

lullo < C{Ufllo + Nl }

and since ||ug|[1.0 < C|gl1/2,r, it follows easily that

lullve < {1 floa + lglyar |-
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3.3 The discrete problem

3.3.1 The virtual element subspaces

Let {7}, }r>0 be a family of decompositions of €2 in polygonal elements. Given K € T, we
denote its diameter by hg, and define, as usual, h := max {hgx : K € T,}. In turn, given
an integer k > 0, we let P, (K) be the space of polynomials on K of total degree up to k.
Then, given an integer k > 1, we first consider the following finite-dimensional subspace

of C (OK):
B (OK) := {v €C(OK) : v|, €Pp(e) V edge e C aK}. (3.3.1)

We can easily check that if dg is the number of edges of K, then dim(B (0K)) = dkk,
since a continuous function on 0K which is a polynomial function of degree up to k£ on
each edge of K is uniquely determined by its values at the dgx vertices of K, and its
values at k — 1 distributed points on each face as well. Now, we define the following

finite-dimensional subspace of V:
Vi = {v eV vy, €BL(0K), AvePy oK) VKe E}. (3.3.2)
Then, the Galerkin scheme associated with would read: Find wu;, € V}, such that
a(up,vp) = (f,vn)o0 + (Vug, Vup)oa Yo, € V. (3.3.3)

Nevertheless, we will observe later on that a(uy, v,) can not be computed explicitly when

up, vy, belongs to Vj,, and hence a suitable approximation of a, namely ay, will be intro-

duced in Section to redefine (3.3.3)).

3.3.2 Unisolvency of the virtual elements subspaces

In what follows, we assume that there exists a constant C'+ > 0 such that for each

decomposition 7, and for each K € 7T, there hold

a) the ratio between the shortest edge and the diameter hyx of K is bigger than Cr,

and
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b) K is star-shaped with respect to a ball B of radius Crhg and center xg € K, that
is, for each zy € B, all the line segments joining xy with any x € K are contained in

K, or, equivalently, for each x € K, the closed convex hull of {z} U B is contained

in K.

As a consequence of the above hypotheses, one can show that each K € 7}, is simply
connected, and that there exists an integer Ny (depending only con C7), such that the

number of edges of each K € 7T}, is bounded above by N7
Next, in order to choose the degrees of freedom of V},, given an element K € 7T, with
barycenter xy, and given an integer ¢ > 0, we define the following set of (¢ + 1)(¢ +2)/2

normalized monomials

B(K) = { <X ;;K)a 0< || < e} , (3.3.4)

which certainly constitutes a basis of P,(K). Note that (3.3.4) makes use of the multi—

index notation where, given x := (x1,22)" € R? and a := (a1, a3)!, with nonnegative
integers ay, an, we set x* 1= x{?25? and |a| := ay + as. According to the above and

the definition of V}, (cf. (3.3.2)), we propose the following degrees of freedom for a given

v €V, and a given K € Tp:

a) The values of v at the vertices of K,

b) If k> 1, the values of v at the k — 1 Gauss-Lobatto quadrature points

(3.3.5)
at each edge of K,

c) If k> 1, the moments / p(x)v(x)dx Vpe By oK) VK eT,.
K

We now observe, according to the cardinality of By_o(K), that the amount of local degrees

of freedom, that is those related to a given K € 7T}, is given by

k(k—1)

ni = dgk + 5

where we recall that dx is the number of vertices of K. Moreover, we have the following

local unisolvence result.
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Lemma 3.3.1. Given an integer k£ > 1, we define the local space
ViE:={ve H' (K): v|,x €By(0K), Av|; € Py (K)}. (3.3.6)

Then, the nf* degrees of freedom arising from ([3.3.5)) are unisolvent in V.

Proof. Let v € V}, such that all its local degrees of freedom (that is, those related to K)
arising from are zero. Using a) and b) from (3.3.5)), and given that v|,, € Px(9K),
it follows that v = 0 in K. In turn, if PX, : L*(K) — Pj_o(K) is the orthogonal
projector, then PX ,v = 0 in K, since all the corresponding internal moments of v are
zero. Hence, we just need to prove now that v = 0 in K. In order to do this, given

q € Pr_5 (K), we consider the auxiliary problem: Find w € H} (K) such that
a” (w,v) ;= /KVw Vv =(q,v)q YvE H) (K), (3.3.7)
which can be read, equivalently, as
—Aw=¢gin K, w=01in 0K, (3.3.8)

or, using existence and uniqueness properties, w = —Ag % (q), where given ¢ € L*(K),
Agk(q) € Hy(K) is the unique solution of (3.3.7). Next, we consider the operator R :
Piy (K) = Py (K) defined by R (q) := P, (=Agk (q)) = P, (w) Vg € Pr_y (K).
Therefore, if ¢ € Py_o (K), using (3.3.7) and the orthogonality condition, it follows that

(R (q) 7Q)0’K = (Plf(—Zw? q)O,K - <QJ w)O,K = G’K (wv ’UJ) )
whence, using that |- [, , and ||-[|; x are equivalent norms in Hj(K), we see that R (q) =
0 < o (w,w) =04 w=0<%« qg=0. Hence, Pf ;v = R(—Av) and thus Av =0 in K,
if v=0ondK and Pf v =0 in K. Consequently, v =0 in K. O

3.3.3 Interpolation on the discrete subspace

In this section we define a suitable interpolation operator on our virtual element subspace
and establish its corresponding approximation property. To this end, we need some pre-

liminary notations and technical results. For each element K € Tj, we let K := Tx(K),
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X —XB
N hi
Vx € R% Note that the diameter hz of K is 1, and, according to the assumptions a)

where Tk : R? — R? is the bijective affine mapping defined by Tx(x) :=

and b), it is easy to see that the shortest edge of K is bigger than C7, and that K is
star-shaped with respect to a ball B of radius C7 and centered at the origin. Recall
here that xp is the center of the ball B with respect to which K is star-shaped. Then,
by connecting each vertex of K to the center of B , that is to the origin, we generate a
partition of K into dj triangles ﬁi, i € {1,2,...,dg}, where dz < N7, and for which
the minimum angle condition is satisfied. The later means that there exists a constant

cr > 0, depending only on C'r and N, such that @ <ecr Vie{l,2,...,dz}, where EZ
is the diameter of &Z and p; is the diameter of the Zlargest ball contained in ZZ We also
let A be the canonical triangle of R? with corresponding parameters h and p, and for each
i€{1,2,...,dg} welet F; : R* — R? be the bijective linear mapping, say F;(x) := B;x
Vx € R?, with B; € R**? invertible, such that Fz(ﬁ) = A,. We remark that the fact

that the origin is a vertex of each triangle A; allows to choose F; as indicated.
The next result taken from Lemma [2.4.3|is required in what follows as well.

Lemma 3.3.2. Let O be a domain of R? with diameter 1, such that it is star-shaped

with respect to a ball B of radius > %pmax, where
Pnax = SUp { p: O is star-shaped with respect to a ball of radius p}.

In addition, given an integer m > 1 and v € H™(O), we let T™(v) € P,,,_1(O) be the
Taylor polynomial of order m of v averaged over B. Then, there exists C' > 0, depending

only on m and pgay, such that
v —T"(v)|eo < Clv|mo Vee{0,1,...,m}.

We now proceed to define our interpolation operator I} : H'(2) — Vj,. Indeed, given
K € Ty, denoting Vy(K) and V;(K) the set of vertices of K and the set of internal Gauss—
Lobatto points at the edges of K, respectively, and given v € H*(Q), I1}(v) is the unique

element in V}, such that



3.3. The discrete problem 23

0 = (I}(v) —v)(x) Vx € Vy(K) VK €Ty,
0 = (I (v) —v)(x) Vx € Vi(K) VK €Ty, (3.3.9)

0= [ -v)g  VeeBaK) VEKET:

Note that the uniqueness of II} is guaranteed by Lemma . Now, given K € T, we
define the local restriction of the interpolator operator as ITf (v) := II}(v)| « € Vi Note
that since V;, C V, it follows that IT}(v) = 0 in T, for every v € V. Also, IF(p) =p Vp e
Pi(K). Then, we define the functionals:

My i) (V) = v(x) Vx € Vy(K),
my, ) (V) = v(x) Vx e Vi(K), (3.3.10)

mk(v) = /va Vqe B oK),

nf K
and gather all the above in the set {mj,K(v)} * . Then, we let {©j.k};%, be the canonical
j=1

basis of VX, that is, given i € {1,2,...,nF}, ¢; x is the unique element in V;X such that
mix(pir) =05 Vi€ {l,2,... .}

Therefore,

e

I (0) = Y myx(v)@)x, (3.3.11)

j=1

or, equivalently, I (v) is the unique element in VX such that
m (I (v) =mix(v) Vi€ {1,2,...,np}.

Then, we have the following result.

Lemma 3.3.3. Given integers k,¢ such that £k + 1,/ > 2 and K € 7T, there holds
MK (v) = I (D) for all v € HY(K), and T € L(H'(K), HY(K)) with [T 5 e ) o

(K))
independent of K , namely depending only on k, ¢, N7 and C7r.
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Proof. Note that since n = 2 and ¢ > 2 > 2, it follows that ¢ : HY(K) — C(K) is a
continuous injection. Then, it follows directly, by using the chain rule and the definition
of Tk, that ¢ € V/E if and only if ¢ € Vhf(. In particular, given v € H*(K), there
holds 1% €eH ,{( , and hence the required identity holds if and only if the values of the
functionals defined on coincide. Indeed, defining {x1,...,x;} := Vo(K)UV;(K),
and if my g, ..., m x are the corresponding nodal values of v on K, that is, any of the

two first functionals of (3.3.10)), we have that
J J
Tk (Z mj,K(U)SOj,K) Z v(x Z vo T (X)) @)k = Z 0(X)@j,1¢
j=1 j=1 j=1 Jj=1

that is,

J J
Tk (Z mj,K(U)SOj,K> = ij,K@)@,K- (3.3.12)

Jj=1

On the other hand, for each ¢ € By_»(K), and letting ¢ := qo T' € Pi_o(K), we find

/HK() = hy /HK v)q=h /qv— qu (3.3.13)

Therefore, putting (3.3.12) and (3.3.13]) together, we have that

that

N

g
Z (IDJK

as required. It remains to show that ka( € L(HY(K), H'(K)), where ||ka{”g(m(f() H1(R))
independent of K. For this purpose, we observe from ([3.3.11]) that

HHK ||1K <Z|m |||‘PJK||1K7

where each m; i is defined according to (3.3.10) with Vo(K), Vi(K), Br_o(K), and
K

n ~
{goj f{} " is the canonical basis of VK. Next, we proceed to bound the functionals
K J:1

defined on (3.3.10)) in terms of ||v]|, z. In fact, given x € Vo(K),

My i) ()] = o) <ol 7 < Mol 7
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and, similarly,
My, i) (V)] < ol -

On the other hand, bearing in mind that \I? | < C , where Cis independent of h, it follows

< 1 and hence

‘ Xk

for a given q € By_o(K) that

K loo,K

[my ()] < llallo & Ivlly & < 1Kol z < Cllvll, -

Finally, we observe, thanks to the assumptions a) and b) (cf. beginning of Section [3.3.2)
and the choice of the normalized monomials given by By_o(K) (cf. [3.3.4), there holds
le; 7lli g = O(1), which completes the boundedness of ka( and hence the proof. O

Lemma 3.3.4. Let k, £ and r be integers such that £ > 1, £ € {0,1} and 2 < r < k + 1.
Then, there exists a constant C' > 0, depending only on k, ¢, r, ¢y, C7 and N, such that
for each K € Tp, there holds

v =TI (V) |e.re < CRY ol Vv e H'(K). (3.3.14)

Proof. Given v € H™(K), we let T"(¥) € P,_1(K) be the Taylor polynomial of order r of
v (cf. Lemma 3.3.2]), and observe, since r — 1 < k, that Hf (T’“(ﬁ)) = T7(¥). It follows,
using Lemmas [3.3.2) and [3.3.3) (with O = K), that

—_—

v — Hf(“)V,K = h;f“!'ﬁ— HkK(U>|e,K h - 1|~_ HK( )|u<
= h I -T)@ - T @), 2
e | [y S A M) |

< Chid o), 7 = CRy ol

which finishes the proof. O
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3.3.4 The discrete bilinear form

The purpose of this section is to define a computable version aj : Vj x V, — R of the

bilinear form a defined above. To this end, we observe that given u, v € V}, the expression

a(u,v) = / Vu - Vu
Q

is not explicitly calculable since in general u, v are not known on each K € 7T,. In order
to overcome this difficulty, we now proceed to introduce suitable spaces on which the
elements of V}, will be projected later on, and for which the bilinear form a is computable.
Indeed, let us first consider a particular choice of v given by v := p € Py(K). It follows

that for each u € V}, there holds

/Vu-Vv:—/uAp—l—/ u@, (3.3.15)
K K o On

which, noting that Ap € Py_»(K) and ug—fl € Py._1(0K), it follows from and the
fact that the second term of is integrated exactly by using the Gauss—Lobatto
quadrature rule, that a(u,v) is in fact calculable in this case. We now introduce a pro-
jection operator IIX : HY(K) — Pj(K). To this end, we set for each K € 7;, the local
bilinear form
a’ (u,v) = /KVU Vo Yu,v € H'(K).

Then, we let P,(K) := span{x® : 1 < |a| < k} and given u € H'(K), we consider the fact
that Py (K) = P,(K)®R, so that we can define @ := ITX (u) in terms of the decomposition

U= q,+ Cy, (3.3.16)

where the components ¢, € ﬁf and ¢, € R are computed according to the following

sequentially connected problems:

e Find ¢, € PX such that

aX (qu,v) = a(u,v) Vv € Py(K), (3.3.17)
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e Find ¢, € R such that
=u, (3.3.18)

)l

1
where 7 := — Z v(x). We remark that the unique solvability of (3.3.17)) is guaranteed

" xEVy(K)
by the identity

a®(q,q) = laf} x > 0 Vg € Pp(K)\{0}.

In this way, having computed ¢, € ﬁk(K ), we replace it into (3.3.18)), which yields

Cu =U— Qy- (3.3.19)
Let us now check that the right hand sides of (3.3.17)) and (3.3.18)) are indeed calculable

when u,v € VX C HY(K) (cf. (3.3.6)). Given that Av € Pj_o(K) and g—z € Pr_1(0K),

/Vu-Vv:—/uAv+/ u@ (3.3.20)
K K ok On

is explicitly calculable due to the explicit knowledge of the degrees of freedom for u. On the

it follows that

other hand, and by using again the degrees of freedom of u, we have that the value of u(x)

is known whenever x € Vy(K). This implies particularly that @ is explicitly computable.

Finally, it is straightforward to check from (3.3.17) and (3.3.18]) that ﬁf (p)=p VpEe€

Pi(K). Furthermore, the following result establishes the uniform boundedness of the
: K 1 1

family {Hk }KeTh C{L(H (), H'(K))} o

Lemma 3.3.5. There exists a constant C' > 0, depending only on k, A, ¢ and C7, such

that for each K € 7T;, there holds

||ﬁkK(v)||1K < C’{||v||o,;< + hK|v|17K} Yo € HY(K). (3.3.21)
Proof. Given v € H'(K), we utilize again the decomposition ([3.3.16]) and set
U= ﬁkK(v) =@y + Cy,

with ¢, € ﬁk(K) and ¢, € R. Then, it follows straightforwardly from (3.3.17)) and (|3.3.19))

that |¢,| < |v]ix and |[cyl|1,6 = |levllo.x < l|@llo.x + |v]lox- In what follows we bound
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lgvllo.x in terms of |g,|1 k. For this porpuse we assume, without loss of generality, that
K is star-shaped with respect to a ball B centered at the origin. Otherwise, instead of K
we consider the shifted region K := Tk (K), where Tk (x) :=x —xp Vx € K, for which

there holds hyx = hg. Then, analogously as described for K at the beginning of Section

3.3.3, we now let { Ao ie{l,2,...,dg} } be the partition of K obtained by connecting

each vertex of this element to the origin. In addition, for each i € {1,2,...,dx} we let
h; and p; be the geometric parameters of A;, and let F; : R? — R? be the bijective linear
mapping, say Fj(x) := B;x Vx € R2, with B; € R2*2 invertible, such that F;(A) = A,.
Recall that A is the canonical triangle of R?* with corresponding parameters h and p.

Hence, we can write

dK dK
||QU||(2),K = ZH%”%,A,- = Z|deth~| ||@m‘||3757 (3.3.22)
i=1 i=1

where @,; = qula, 0 F; € ﬁk(ﬁ) We emphasize here that the fact that the origin
is a vertex of each one of the triangles A; has allowed to choose a linear (not affine)
transformation F; mapping A onto A, which, given that g,|a, € ﬁk(Ai), ensures that g, ;
does belong to Py (A). Moreover, the importance of it lies on the fact that |- ;.3 is a norm
on 13;9(3), and therefore there exists ¢ > 0, depending only on k and 3, such that, in
particular, “@”H(Z)E < C|qv, ?,3' In this way, applying once more the scaling properties

between Sobolev seminorms, we obtain from (3.3.22)) that

dK dK
||qv||(2),K < Z |deth’|/C\|qu,z‘ ig < /C\Z h? ,/0\_2 ’qwﬁ,Ai < Oh%{ ’%ﬁ,l{ < Oh%{ |U|%,K'
i=1 i=1
Therefore, ||v]|1,x < C{HUHOJ( + hK\v|17K} as required. O

The analogue of Lemma [3.3.3| is provided next.

—~——

Lemma 3.3.6. Given integers k, { > 1, and K € 7T}, there holds ﬁkK(v) = ﬁf(ﬁ) for
all v € H*(K), and TIf € £(HY(K), H(K)) with |[TIE|| ;e (7). independent of K,

namely depending only on k, 3, cr, and Cr.

Proof. Similarly as for Lemma [3.3.3] we first observe that v € Py(K) if and only v :=

—_—

voTi' € Py(K). In particular, given v € H'(K), there holds ﬁf(v) € P,(K), and
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—_—

hence, in order to obtain the required identity, it suffices to show that ﬁf (v) solves the
same problem as ﬁf('ﬁ), namely (3.3.17)) and (3.3.18)), with K = K and v = 7. In fact,

setting as before ﬁkK(v) = ¢, + ¢,, where q, € lgk(K) and ¢, € R, we find, according to
(3.3.17)), that for each ¢ € ﬁk(K) there holds

(G0, 3) = hit a®(qo.q) = hi a®(v,q) = a*(@,7). (3.3.23)

Now, it is quite clear that ﬁf(v) solves (3.3.18) with K = K and v = ¥ and so it solves
(3.3.17) and (3.3.18). Finally, a direct application of Lemma implies the existence

of a constant C' > 0, independent of K , such that
ITE @)lhx < Cllollug < Clloflexe Yo € HY(K),

which completes the proof. O

Lemma 3.3.7. Let k, ¢ and r be integers such that £ > 1, ¢ € {0,1} and 1 <r <k + 1.
Then, there exists a constant C' > 0, depending only on k, r, ¢, 3, cr, and C'7, such that
for each K € T}, there holds

v — TEW)|ox < Ch vl Vv e H(K).
Proof. 1t is completely analogous to the proof of Lemma [3.3.4 U
We now let af : VX x V}¥ — R be the local discrete bilinear form given by
af* (u,v) = a® (ﬁf(u), ﬁf(v)) + 8K (u—ﬁf(u), U—ﬁf(v)) Vu,v € VKX, (3.3.24)

where 8% : VX x VX — Ris the bilinear form associated to the identity matrix in R™ %"

with respect to the basis {QDj,K}?El of VE (cf. (3.3.10) - (3.3.11)), that is

SE(u,v) = Z mi i (w) my i (V) Vu,v € V. (3.3.25)

Next, as suggested by (3.3.24]), we define the global discrete bilinear form a; : Vi, x Vj, —
R

ap(u,v) = Z al (u,v) Vu,v € V. (3.3.26)
KeTy
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Lemma 3.3.8. There exist ¢g, ¢; > 0, depending only on C7, such that

oo |vf x < 8%(v,0) < ¢ |v|§K VK €T, Vveuf. (3.3.27)

Proof. See [9] eqn. 35]. O
The following result is a consequence of the properties of the projector ﬁf and the

previous lemma.

Lemma 3.3.9. For each K € T}, there holds

al(u,v) = a

K(u,v) VYu € Pi(K), YveVFE, (3.3.28)
and there exist constants «, aq, as, independent of h and K, such that

af (w,0)| < ol ol + llu =T ) lello = TE@) kb VE € T Yo e G
(3.3.29)

and

ara” (v,v) < alf (v,v) < apa®(v,v) VK €Ty, Yo e Vi (3.3.30)

Proof. Given u € PX | we certainly have ﬁf (u) = u, and bearing in mind problem ({3.3.17)
we deduce, starting from (3.3.24)), that given v € V;X there holds

a¥ (u,v) = a® (ﬁf(u), ﬁf(v)) =a” (ﬁ?(v), u> = a®(v,u) = a®(u,v),

which proves (3.3.28)). Next, for the boundedness of a’ we apply the Cauchy-Schwarz
inequality, (3.3.21) with €' = C and the upper bound in (3.3.27) (cf. Lemma [3.3.8), to

obtain

|ak (u, v)] < |TE (u)||? 1T (0)]2 ¢
K TK TK 1/2 K TK TK 1/2
{85 (= T (), u = T )} {85 (0 = T (0),0 = T ) }
< C?lullu kvl + enllu — TE @)l — TE (@) Yu,v € VE,

which gives (3.3.29)) with « := max{a2, ¢1}. Finally, concerning (3.3.30)), we see that

ar (v,v) = a® (ﬁf(v), ﬁf(v)) + 5K <U — 5 (v),v — ﬁf(v)) > min{1, co}a” (v, v),
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and, similarly,
a* (v,v) = a® <ﬁ,§(v), ﬁff(v)) + K (v — TIX(v),v — ﬁff(v)) < max{1, ¢o}a® (v, v),

which finishes the proof, with ay := min{1,¢;} and ay := max{1, ¢y} O

3.3.5 The right hand side

The purpose of this section is to define a computable version Fj : V;, — R of the right-
hand side defined above. To this end, we observe that given v € V;, and f € L? (), the
expression (f,v)oq is not explicitly computable since in general v is not known on each
K € T,. In order to overcome this difficulty, we now proceed to introduce a suitable
approximation of f for which the associated right-hand side, say f;, is computable. We
consider first the case k > 2. In such a case, we define f, on each element K as the L?(K)

projection of f onto Py_o(K), that is, given K € Ty,
frn =P ,(f) in K. (3.3.31)

Consequently, we define F}, : V;, = R as

Z / fnon Vo, € V. (3.3.32)

KeTy

Now, if v, € V},, we note that using the orthogonality condition,

Uh Z/Uhpk2 /kaQUh

KeTy, KeTy,
which, using (3.3.10]) and ((3.3.11]), is explicitly computable from the corresponding degrees

of freedom of vy,.

Lemma 3.3.10. Let £ > 2 and let F, F}, : V), = R be given as F(vy,) := (f,vn)o0,0, and
Fy, as defined in (3.3.32). Suppose further that f € H*"}(Q). Then, there exists C' > 0,
independent of h, such that

IF — Fullv; < Ch*|fli-10-
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Proof. Using standard approximation properties of P/, and the fact that for every

K € Ty, we have that (PX,(f) — f, P& (vs))ox =0, it follows that given vy, € V,

S Un— foonox =3 /K (PES(f) — F)(on — PE(0n))

KeTh KeT,
1/2
<C Z W f - hiclonl g < ChF (Z |Uh|i1<> | fle-1.0,
KeTy KeTh
which implies that ||[F — Fy [y < Ch*[flr-10- O

We finalize this section by considering £ = 1. In such a case, we define f;, on every

K €Ty, as fy := PE(f), and define thus F, : Vj, = R as
Fw)i= Y [ PE(m= 3 IKIWPE). (33.39)
KeT, VK KeTh

On a similar way, the functional defined above is explicitly calculable for every v, € V},

by using (3.3.10) and (3.3.11)). The analogue of Lemma |3.3.10|is provided next.

Lemma 3.3.11. Let F}, : Vj, — R be defined as in (3.3.33)) and suppose that f € H(Q).
Then, there exists C' > 0, independent of h, such that

1F = Fullv; < Chlifll1.0-

Proof. Given v, € V},, using the standard approximation properties of PE on each K € Ty,

we find that

Fy(vp) — Z (f,vn)ox = Z /K<(7Dé<f—f)v_h+(v_h—vh)f>dx

KeTy, KeTy
1/2
<> Ll fhrllonllos + haclonls il fllosc } < Ch (Z thum> ([
KeTy, KeTy

Therefore, ||[F' — Fyllv; < Ch[ f|l10 as required. O
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3.3.6 The virtual element scheme

According to the analysis from the foregoing section, we reformulate the Galerkin scheme

associated with (3.2.2)) as: Find u;, € V}, such that

ah(uh, Uh) = Fh(’Uh) + (Vug, Vvh) Yo, € Vj,. (3334)

Theorem 3.3.1. There exists a unique up € Vj solution of (3.3.34), and there exists a

positive constant C' > 0, independent of h, such that
lunllv < LI flloq + lglhor )

Proof. The boundedness of a;, respect to the norm || ||; o of V' follows easily from ([3.3.29)

and (3.3.21)) (cf. Lemma [3.3.5). Also, thanks to the lower bound of (3.3.30) (cf. Lemma

3.3.8) and the fact that v, = 0 in I, a direct application of the Lax-Milgram Lemma
completes the proof. O

We now aim to provide the corresponding a priori estimates. To this end, and just for
sake of clearness in what follows, we recall that II} : V' — V}, is the interpolator defined

on (3.3.9)), whose associated local operator are denoted by II¥. In turn, given our local

projector ﬁf defined by (3.3.17)) and (3.3.18)), we denote by ﬁZ its global counterpart,
that is, given v € H'(Q), we let

I0(0) |k =K (v|x) VK €Ty (3.3.35)
Then, we have the following main result.

Theorem 3.3.2. Let u and uy, be the unique solutions of the continuous and discrete

schemes (3.2.2) and (3.3.34)), respectively. Then, there exists C' > 0, independent of h,
such that

lu—wnllon < Ch{Ju=TE () a+ [u—TH @) 0+ u—Pw@hot | F-Fly | (3:3.36)



3.3. The discrete problem 34

and

=il < OfJu = T(lo + lu— T la + | F = Filly } (3:3.37)

Proof. We first note that
lu —up|io < Ju— TP (w)|Lo + [T (u) — w0 (3.3.38)
Now, we let 6, := uj, — [1!'(u) and we see that,

a*‘éhﬁ,ﬂ = a*a<5h7 5h> < ah(5h7 6h)
= ah(uh, 6h) — ah(Hh(u), (Sh)
= > {Fu(0n) + (Vug, Vip)oa — ay (T} (u), 6,) }

KeTy
= >~ {Ful0n) + (Vug, Voo — aff (W) = Tk (w), 80) — an ([T (), 60) }
KeTy,
= > {00 — (0o — an(TT:(w) = T (w), 04) — a* (TWh(w) = 1w, 80) }
KeTy,
Then,
0120 < C{IIF = Bullv; + IMi(w) = ()l + lu = T @)oo
and so

oulia < C{IIF = Fallv + IMi(w) = Tp(w)ho + Ju = T @)}
Therefore, (3.3.37)) is obtained by using (3.3.38)). In order to prove (3.3.36|), we consider a

bounded and convex domain B which contains 2 and the boundary value problem: Find

Y € H}(B) such that —At = h in B and ¢ = 0 in OB, where

u— up, in §,

B =
0, otherwise
It follows, by elliptic regularity, that ¢ is unique and ||¢||2.0 < C||hllo.s = Cllu — unlloq;

where C' is a constant depending only on B and consequently on (2. Therefore,

I = T(W) e < Chlvlegn < Chllu —upllo-
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Thus,

lu = wnllg.0 = (w = un, —Ad)oq

a(u —un, ) = a(u —up, § — I(¥)) + alu — up, T (1))

a(u — un, v = (1)) + (f e (¥))on — alun, (1))

a(u = up, ¢ = 1)) + (F = fu, T (¥))oo + an(un, T (1)) — alun, T (1))

Now,
a(u — up, ¥ — W) < Ju —upli0lt — ()10 < Chllu — uplloglu — unlio-

On the other hand, defining ! := max{0,k — 2}, we have that f,|, € P;(K), for every
K € 7, and so

(f, M (¥))og — Fu(Ii(¢)) = 0 Vg € Py(K).

Therefore, denoting Py : L*(€2) — Po(Ts) the orthogonal projector,

(f, IR (¥))oo — Fu(Ii(v)) = (f, IR (¥) — Pe (I (4)))o.e — Fr( () — Py (IR (1))
<C Z IF — Fullv, bl () 1,6 < ChIIF — Fyllvs TR (¥)]1,1

KeTy,

< CW[F = Fullv[[9]lx < ChIF = Eyllv; [4ll2.c < CRIE = Fyllv; lu — unllog-
Finally,

an(un, T () — an(un, I (¥))
= > ap (un = PE ), T (@) — a (wy — P (w), T ()

KeTy

= ay(u W), TIE () — PE () — a® (up, — PE (u), TIE (1) — PE (1)),

KeTy,

and we note that given K € 7T, we have that

L () = P () ke < [ = IE (D) |x + 18 = P (W) |k

< Chilv|ex < Chillu — up|oq,
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obtaining then that
an(un, T (¥)) — alup, TE(1)) < Chllu — upllog (Ju — unlio + [u — Pruliq) -
Putting all together, we find that
lu — unll5 o < Chllu — Uh||o,ﬂ<|u —plro + [u—Plulio + ||F - Fh||v,;>,
thus
[u—unllogn < Ch<|u — T (w)l1e + |u — T} ()10 + [u — Pi(w)io + ||F - Fh\|v,;>,

which finishes the proof. 0

Having established the a priori error estimates for our unknowns, we now provide the

corresponding rates of convergence.

Theorem 3.3.3. Let u and uy, be the unique solutions of the continuous and discrete

schemes (3.2.2)) and (3.3.34)), respectively. Assume that ¢ := max{0,k — 2}, t € {0,1},
and that for somer € [1,k+1] and s € [1,{+1] there hold u|x € H"(K) and f|x € H*(K),

for each K € Ty,. Then, there exists C > 0, independent of h, such that
1/2 1/2
v — uplsq < Oh”—t{ > ||u||3,K} + om—t{ > ||f||§,K} (3.3.39)
KeTy KeTy

Proof. The case of integers r € [1,k + 1] and s € [1,¢ + 1] follows from straigthforward
application of the approximation properties provided by Lemmas [3.3.4] [3.3.7, and by

Lemmas [3.3.10| or [3.3.11} depending on k£ > 1. In turn, the usual interpolation estimates

of Sobolev spaces allow us to conclude for the remaning real values of r and s. We omit

further details. O

We notice that if the assumed regularities in the foregoing theorem are global, then

the estimate (3.3.39) becomes

lu— up|s.0 < Ch " ullpo + CR*7| flls0-
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In turn, it is also clear from the range of variability of the integers r and s that the highest
possible rate of convergence for u in the norm || - ||;.q is R¥Ht ¢ € {0,1}.

We now introduce the fully computable approximation of u given by
~ . K
and establish next the corresponding a priori error estimate.

Theorem 3.3.4. Ift € {0,1}, then there ezist a positive constant Cy > 0, independent
of h, such that

[u=Tinlio < Crb* ™ Ju=T0: () o+ lu— T () o+ lu=PL (@) +IIF = Fillv; | (3.3.41)

Proof. Note that

u— G0 < Ju— T ()| + T8 (u — up)|eo-

Thus, an application of Lemma for £ =t and r = 1 yields
[u =TI ()l = [T = T (u — T (w)) |0 < CA'*fu — T ()] 0.

In turn, it follows by using ((3.3.21]) that

T (= un)lo < T = w)l1e < C{llu = willog + Alu— unlio }.

Therefore, using ([3.3.36)) and (3.3.37)), we obtain

lu — unlloo + hlu —uplio

< Ch{ju =10 ()0 + = Tl + Ju = Ph(@a + I F = Fully;

Finally, the proof is completed by putting the obtained estimates for |u — ﬁZ(u)\tQ and
|ﬁg(u — up)|r.q together. O

We end this section by remarking, according to the upper bounds provided by
and (cf. Theorem and (cf. Theorem [3.3.4), that uj, and U, share

exactly the same rates of convergence given by Theorem [3.3.3]
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3.4 Computational implementation

3.4.1 Introduction

In what follows, we consider the same notations as in previous chapters, and given a
decomposition 7, of € into polygons, we consider the discretized problem: Find uy in V},
such that

ap(up,vp) = Fp(vy) Yo, € V. (3.4.1)

where V}, was defined on (3.3.2) and Fj, was defined on (3.3.32) or (3.3.33]), when it
corresponds. Using Theorem we have that (3.4.1)) has a unique solution for every
N

pair of data f and g. Now, let {gpj}é\;l be a basis of Vj. If, uj, := Zujgoj, then (3.4.1])
j=1
is turned into the linear system of equations

N
Zuiah(ﬂ%%) = / fej, (3.4.2)
i=1 L
for each j € {1,..., N}. Equivalently,
Ahx = bh,
where & = (z1,...,2n)" An = (ai;) and by, = (b;;), where

Aij = an(vix, vjk) t,J€{l,...,N},
bj = (f,pjxloa JjE{L,...N}

Furthermore, taking into account that

(3.4.3)

an(pi, ;) = Z ahK(%a%)a
KEeTh

and doing the same for F}, we can then localize the calculations for A; and by,.

3.4.1.1 Notations

As in the above sections, given an element K € 7T, we will denote by xx, hx and |K]|

the barycenter, the diameter, and the area of K, respectively. The L? inner product of
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u,v € L*(K) will be denoted as (u,v)o x as well. If D C R?, we define

ni = dim(Py(D)) = mléﬂ

If @ = (a1, ) is a multi-index and x = (21, x2), then, as usual, x* = x{x5?, and we will

denote by m,, the scaled monomial of degree equal to |a| defined by

X — XK

Ma(x) ;:( - )a vx € K. (3.4.4)

Clearly, the set of scaled monomials of degree less or equal than k
By (D) := {ma : 0 < |o| <k}
is a basis of Py (D). We will also consider the identification
1+ (0,0), 2+ (1,0), 3+ (0,1), 4+ (2,0), (3.4.5)

and so on. Therefore, we will write m; = 1 instead of m ) and so on. For each polygon
K € Ty, we will denote dg to the number of its vertices K, V;, i = 1,..., N¥ its vertices
ordered counterclockwise, and by e; the edge connecting V; with V;,;. All of the above is

shown in the figure next.

We defined in (3.3.6)) a local finite element space V. Tts dimension will be denoted

K . .
as n;; and is given by

k(k—1
ni ::de:—I——( 5 )
We also recall from (3.3.10)) that
m; i (v,) 1= i-th degree of freedom of vy,, i,j € {1,...,np }.

and also
mi,K(@j,K) :5ij Za] € {L'“)nkK}v

so that, as in (3.3.11]), we have a Lagrange-type interpolation identity

K
Ny,

Vp = Zmi,K(Uh)SOi,K VU}L € VkK (346)

=1
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3.4.2 Calculating the local matrices
We want to compute the local stiffness matrix AF of aj, in the polygon K, i.e.

(AK>i‘ = GK(S%SO')O,K
SR ) ) (3.4.7)
= (IF i 0ok + ST =11, (I — I )p;)  Vi,je{l,...,ng}

where af| ﬁf and S were defined on (3.3.24), (3.3.17))-(3.3.18)) and (3.3.25]), respectively.

In order to compute such a matrix, we take care of each part of the foregoing equation
separately. Therefore, we have to compute first the projector ﬁkK . As we have seen before,

given v € VI, ﬁf(v) can be written as
ﬁkK(v) =y + Cy,
where ¢, € ?k(K ), ¢ € R. Also, ¢, and ¢, are obtained by

(VQU7 vp)O,K — (VU, vp)O,K VP S Bk(K)7

and, to take care of the constant part, we can choose

Co =0V —qy, if k=1, or
Cp = Q), if k> 2.
i /
We remark at this point that the choice of ¢, is inspired mainly from the degrees of

ng

freedom of v. Now, since IIX (v) € P,(K), we can write I (v) = Zsjmj, and so the

j=1
equations above are turned into the system
Po(ml) Po(m2> P()(mnk) S1 P()(U)
0 (Vma, Vma)ox -+ (Vma, Vimy, )ox so || (Vma, Vu)ox
0 (Vmg,, Vms)ok -+ (Vm, Vo | | s | | (Vi Vo) |

where Py(v) := v if k = 1 and Fy(v) := (v,1)ok if & > 2. The foregoing system can be
written in the more compact form

Gs = b. (3.4.8)
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Now, each element of G can be computed exactly since we can compute integrals of
polynomials in K, that is, via Gauss theorem and 1D integration rules on the edges. On
the other hand, each element of b can be computed exactly: Py(v) uses the degrees of

freedom of v on its calculations. Also, we consider that

(Ve Vo)oxe = — /

vAma—l—/ U@ma’ (3.4.9)
K )

K aIl

and we examine separately the two terms of (3.4.9). Since Am,, € Py_o(K), we can write

Nkg—2

— (02 R
= g dim;,
=1

and so
Nk—2 Nk—2

/Amav— Zdo‘/m]v— Zd MK 4.k (V).

Now, the second term of (§ is a polynomial of degree (k—1)+k =2k —1 on each
edge e so it can be integrated exactly by using the Gauss-Lobatto quadrature points and

the degrees of freedom of v.

3.4.2.1 Computation of II¥(y; x)

For each basis function ¢; x € V;X, we define s/, 1 < j < ny, as the coefficients of ﬁkK (i)

in the basis of By(K):
r (pik) Zs m; i€{l,....,np}. (3.4.10)

The coefficients s{ are the coefficients obtained from the system (3.4.8)) by putting ¢; x
instead of v in the corresponding right-hand side. That is:

FPo(ma) Py(msz) e Po(ma,) si Po(pix)
0 (Vma, Vma)ox -+ (Vma, Vg, )ox s? B (Vma, Vi k)o i
I 0 (Vmg,,,Vma)orx -+ (Vmy,,Vmy, )ox 1L sk | I (Vma,, Vi rk)ox |

or, in a more compact form,
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Moreover, denoting by B to the matrix in R Xk given by

PO(SOLK) T Po(@ng,K)
B = [bM b® ... p)] = (Vms, Voo (Vme, Vne clox ,
| (Vi Vorr)ox o (Vi Veur ok

(3.4.11)
we have that the matrix representation IT* of the operator 11X acting from V¥ to Py(K)
in the basis of By (K) is given by (ﬁ*)” = 5%, that is,

II* = G 'B. (3.4.12)
Now, in order to deal properly with the second term of (3.4.7), we need the matrix

representation of ﬁf , this time defined from VX into itself. Thus, let

/\

H SDzK ZW(PJK ZE{l n?}7

where 7/ 1= mj,K(ﬁngoi’K). From (3.4.10) and (3.4.6]), we have that

ng ng "kK
H?(@i,K) = Z S Mg = Z Si Z mj i (Ma) @i
a=1 a=1 7=1
thus,
ny
= stmy i (ma). (3.4.13)
a=1

Now, in order to express (3.4.13)), we define D = (D;;) € R7 % ag
Diji=mix(m;) i€{l,....nk} je{l,...,n}. (3.4.14)
Then, becomes
Z G 'B).Dj, = (DG 'B);;.
Therefore, the matrix representation of Hf JII: VE — VK in the canonical basis of VX,

is given by
IT = DIT". (3.4.15)
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Proposition 3.4.1. If G, B and D are given by (3.4.8)), (3.4.11)) and (3.4.14)), respectively,

then
G = BD. (3.4.16)

Proof. Let us first consider the case « =1 and § € {1,...,n;}. Then,

ni ni
(BD)g = Z BiDis = Z Po(pi.r)mi i (mpg)
i=1 =1
nK
k

=Py | Y mix(mg)pix | = Po(mg) = Gap.

=1

Finally, if o > 2,

(BD)as = Z B.iDisg = Z (Vma, Vi)oxmix(mg) = | Vma, Z mi, i (Mg) ik
i1 i1 i=1
0,K
= (Vma, VmB)OK = Gag
U

Using the above proposition, we can improve the code in terms of speed. We can use

(3.4.16) instead of calculating G by using (3.4.8)). Now, we are ready to construct the
local stiffness matrix. We first recall from (3.4.7) that

(AR = (I o, T 0p)oxc + S5 (U = T )i, (I =TI )p) Vi j€ {1,...,mf ).
From (3.4.10)), we have for the first term of the above equation that

(HkKSOz‘, Hf@j)O,K

ng Nk
= > 88 (Vma, Vmglox = Y (T1)0i(T1%) 3;Gag = [(TT) ' G(IT")] 5,
a,p=1 a,f=1

where G is the matrix that is equal to G, except for the first row which is equal to zero.
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Also,

i
SM (=T pire, T=T0)p50) =D mu i (1= T )ps ) s (1 =TI )05 1)
r=1

= > (0= D)7, (T = T)],; = [(T— T (1 - TD)];;.
Finally,
AR — (I TG(IT) 4 (1 — D)7 (1 — I0) (3.4.17)

is the formula to compute the local stiffness matrix AX.

Now, in order to calculate b5 we distinguish two cases. If k = 1, we follow ({3.3.33))
and define

0 = 1K1 G = Ty <<t

If k > 2, we follow (3.3.31]) and first define f, as the L?(K) projection onto Pj_o(K), that

is,
Ng—2

fo=>_ fimy (3.4.18)
j=1
where f1, fa,..., fn,_, are obtained from the Gram system
(mla m1)0,K (ml, mZ)O,K Tt (mh mnk_Q)o,K f1 (f, ml)o,K
(m2, m1)0,K (m2> mz)o,K s (m27 mnk,z)o,K fa . (f> mz)o,K
i (nmnk—277ni)0J( (”an—277nQ)UJ( T (Tnnk—Q’Tnnk—Q) 1L jhk—Q ] L (f77nnk—2)olf ]

and therefore we define b following (3.3.32)), that is

Nk—2 Nk—2

(th)j = /thSOj,K = Z fi/KSOj,Kmi =f; Z O(kNK 4i,j)- (3.4.19)
=1 =1

In summary, we have to do the following procedure on each element K:

1. Following (3.4.11)) and (|3.4.14)) respectively, calculate B and D.

2. Calculate G = BD by following Proposition [3.4.1]
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3. Calculate AF by using (3.4.17).
4. Calculate F}, using (3.4.18]) if £ = 1 and (3.4.19) otherwise.

3.4.3 Assembling the global matrix

We have used above that a; and F} can be both split into an element by element sum.
Thus, in order to assemble the global stiffness matrix, we just need to sum A and by, by all
over the elements of 7;,. Then, we will obtain a global matrix A;, and a global right-hand
side by,. Therefore, the coefficients uq, us, ..., uy of u, are given by the unique solution of
Apx = by,. Is important to know that what one is actually calculating is u;, € V},. Such a
solution is not manipulable, though. In order to have a manipulable solution fit for making

graphs or producing error estimates, we consider the piecewise polynomial approximation

up, as defined in (3.3.40). Furthermore, if K € 7T, and u := (uy, us, .. . ,unkK), where

ny
Uh|K= E U; P K,
Jj=1

then the coefficients of uy, are given on each element by IT*u, since

niy ny e
I (un i) = T < > Uj%;K) = uT (i) = D> ug Y (T )agma
j=1 j=1 j=1  a=1
K
ng Ny Tk
=2 | 2 | ma =3 (T w)ame
a=1 \ j=1 a=1

3.4.4 Numerical results

In this section we present three numerical examples illustrating the good performance of
the virtual element scheme (3.3.34)), and confirming the rates of convergence predicted
by Theorem [3.3.3] For all the computations we consider the virtual element subspace
Vi, given by , with £ = 1. For each example, we assume first decompositions of
) made of triangles. In addition, in Example 1 we also consider straight squares and

hexagons, whereas Examples 2 and 3 make use of general quadrilateral elements as well.
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We begin by introducing additional notations. In what follows, N stands for the total
number of degrees of freedom (unknowns) of , that is, N = dim V},. Mote precisely,
according to , and bearing in mind that dimPy(e) = k+1 Vedge e € T), , and
dim Py o(K) = k(k—1)/2 VK € T, we find that in general

N = number of vertices V € Tj, +
k(k—1)

(k—1) x number of edges e € T, + 5

x number of K € Ty,
which, in the case k = 1, becomes

N = number of vertices V & T,.
Also, the individual errors are defined by

eo(u) == ||lu—unlloq, ei(u) = |u—upa, and ey(u) := |Ju—unliq,

where uy, is computed according to (3.3.40)). In turn, the associated experimental rates of

convergence are given by

() = log (e;(u)/e}(u))
ST T og by

where e and e’ denote the errors for two consecutive meshes with sizes h and h’, respec-

j€{0,1,2}

tively. The numerical results presented below were obtained using a MATLAB code. The
corresponding linear systems were solved using the Conjugate Gradient method as main
solver, and applying a stopping criterion determined by a relative tolerance of 1071°. The

specific examples to be considered are described next.

In Example 1 we consider © =]0, 1[*, and choose the data f and g so that the exact
solution of (3.2.1)) is given for each x := (z1,25)* € Q by

u(x) := sin(mxy) cos(mzs).

In Example 2 we consider the L-shaped domain Q := ] —1,1[*\ [0, 1], and choose the
data f and g so that the exact solution of (3.2.1)) is given for each x := (x1,22)* € by

1
u(x) = 5 log(2? 4 x2 + 1).
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Finally, in Example 3 we consider the same geometry of Example 1, that is Q =]0, 1[?,
and choose the data f and ¢ so that the exact solution of (3.2.1)) is given for each x :=
(l’l,afg)t e by

u(x) == — (x% + 1:3)1/3.

Note in this example that the partial derivatives of u, and hence, in particular Aw, is
singular at the origin. Moreover, because of the power 1/3, there holds v € H°/37¢(Q)
and Vu € H*37¢(Q) for each ¢ > 0, which, applying Theorem with r = 5/3 — ¢,

should yield a rate of convergence very close to O(h>/3) for w.

In Tables up to |3.5) we summarize the convergence history of the virtual element
scheme (|3.3.34)) as applied to Examples 1 and 2, for sequences of quasi-uniform refinements
of each domain. We notice there that the rates of convergences O(h*™') = O(h?) and
O(h¥) = O(h) predicted by Theorem [3.3.3 (when r =k + 1 and s = k + 1) are attained
by w, for triangular as well as for quadrilateral meshes. In turn, in Tables up to
we display the corresponding convergence history of Example 3. As predicted in
advance, and due to the limited regularity of u in this case, we observe that the orders
O(h'3) = O(h*3) are attained by u. Finally, in order to illustrate the accurateness
of the discrete scheme, in Figures [3.1 up to [3.8 we display several components of the

approximate and exact solution for each example.
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N h eo(u) ro(u) ei(u) ri(u) es(u) ro(u)

9 0.707 | 2.838E — 01 — 1.541F + 00 — 1.567FE + 00 —

25 0.354 | 9.097E — 02 | 1.642 | 8.438FE — 01 | 0.869 | 8.487FE — 01 | 0.884

81 0.177 | 2.438E — 02 | 1.900 | 4.325FE — 01 | 0.964 | 4.332E — 01 | 0.970
289 0.088 | 6.207E — 03 | 1.974 | 2.176E — 01 | 0.991 | 2.177E — 01 | 0.992
1089 0.044 | 1.559E — 03 | 1.993 | 1.090FE — 01 | 0.998 | 1.090E — 01 | 0.998
4225 0.022 | 3.902E — 04 | 1.998 | 5.452F — 02 | 0.999 | 5.452F — 02 | 1.000

16641 | 0.011 | 9.758 E — 05 | 2.000 | 2.726 FE — 02 | 1.000 | 2.726E — 02 | 1.000

66049 | 0.006 | 2.440F — 05 | 2.000 | 1.363E — 02 | 1.000 | 1.363F — 02 | 1.000

263169 | 0.003 | 6.099E — 06 | 2.000 | 6.815F — 03 | 1.000 | 6.815E — 03 | 1.000

1050625 | 0.001 | 1.524F — 06 | 2.000 | 3.408E — 03 | 1.000 | 3.408FE — 03 | 1.000
Table 3.1: Example 1, quasi-uniform refinement with triangles.

N h eo(u) ro(u) ei(u) ri(u) es(u) ro(u)

9 0.707 | 2.420F — 01 — 1.458FE + 00 — 1.478FE + 00 —

25 0.354 | 6.580F — 02 | 1.879 | 7.186F — 01 | 1.021 | 7.216F£ — 01 | 1.034

81 0.177 | 1.673E — 02 | 1.976 | 3.570F — 01 | 1.009 | 3.573F — 01 | 1.014
289 0.088 | 4.199E — 03 | 1.994 | 1.782F — 01 | 1.002 | 1.782F — 01 | 1.004
1089 0.044 | 1.051E — 03 | 1.999 | 8.905F — 02 | 1.001 | 8.905F — 02 | 1.001
4225 0.022 | 2.627E — 04 | 2.000 | 4.452F — 02 | 1.000 | 4.452E — 02 | 1.000

16641 | 0.011 | 6.569E — 05 | 2.000 | 2.226F — 02 | 1.000 | 2.226E — 02 | 1.000
66049 | 0.006 | 1.642F — 05 | 2.000 | 1.113F£ — 02 | 1.000 | 1.113E — 02 | 1.000
263169 | 0.003 | 4.106E — 06 | 2.000 | 5.565FE — 03 | 1.000 | 5.565E — 03 | 1.000
1050625 | 0.001 | 1.026F — 06 | 2.000 | 2.782E — 03 | 1.000 | 2.782F — 03 | 1.000
Table 3.2: Example 1, quasi-uniform refinement with straight squares.

N h eo(u) ro(u) e1(u) ri(u) ea(u) ro(u)
190 | 0.139 | 1.011E — 02 — 3.036EF — 01 — 3.037TE — 01 —
780 | 0.065 | 2.408E — 03 | 1.903 | 1.452F — 01 | 0.978 | 1.453E — 01 | 0.978
1646 | 0.044 | 1.128E — 03 | 1.958 | 9.914F — 02 | 0.986 | 9.915F — 02 | 0.987
2832 1 0.034 | 6.519E — 04 | 1.973 | 7.527TE — 02 | 0.992 | 7.527E — 02 | 0.992
4542 | 0.026 | 4.070E — 04 | 1.959 | 5.926E — 02 | 0.994 | 5.926F — 02 | 0.994
6408 | 0.022 | 2.875E — 04 | 1.988 | 4.981F — 02 | 0.994 | 4.981E — 02 | 0.994
8594 | 0.019 | 2.139E — 04 | 1.991 | 4.296FE — 02 | 0.996 | 4.296E — 02 | 0.996

11424 | 0.017 | 1.612E — 04 | 1.968 | 3.722F — 02 | 0.997 | 3.722FE — 02 | 0.997

Table 3.3: Example 1, quasi-uniform refinement with hexagons.
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N h eo(u) ro(u) ei(u) ri(u) ea(u) ra(u)
21 0.707 | 3.860F — 02 | — | 2.054F —01 — | 2.090EF — 01 —
65 0.354 | 1.028E — 02 | 1.909 | 1.035E — 01 | 0.989 | 1.040E — 01 | 1.007
225 1 0.177 | 2.619E — 03 | 1.973 | 5.183E — 02 | 0.997 | 5.190F — 02 | 1.002
833 | 0.088 | 6.585E — 04 | 1.992 | 2.593E — 02 | 0.999 | 2.594F — 02 | 1.001
3201 | 0.044 | 1.649E — 04 | 1.997 | 1.297F — 02 | 1.000 | 1.297E — 02 | 1.000
12545 | 0.022 | 4.125E — 05 | 1.999 | 6.483F — 03 | 1.000 | 6.483F — 03 | 1.000
49665 | 0.011 | 1.031E — 05 | 2.000 | 3.242F — 03 | 1.000 | 3.242E — 03 | 1.000
197633 | 0.006 | 2.579E — 06 | 2.000 | 1.621E — 03 | 1.000 | 1.621E — 03 | 1.000
788481 | 0.003 | 6.447E — 07 | 2.000 | 8.104F — 04 | 1.000 | 8.104F — 04 | 1.000
Table 3.4: Example 2, quasi-uniform refinement with triangles.
N h eo(u) ro(u) ei(u) ri(u) es(u) ro(u)
21 0.800 | 3.627F —02 | — 1.849F — 01 — 1.885F — 01 —
65 0.431 | 9.617E — 03 | 2.145 | 9.492E — 02 | 1.078 | 9.540FE — 02 | 1.100
225 1 0.215 | 2433E — 03 | 1.974 | 4.830E — 02 | 0.970 | 4.836E — 02 | 0.976
833 | 0.110 | 6.147E — 04 | 2.048 | 2.416E — 02 | 1.031 | 2.417F — 02 | 1.032
3201 | 0.055 | 1.526F — 04 | 2.002 | 1.202F — 02 | 1.003 | 1.202E — 02 | 1.003
12545 | 0.028 | 3.798E — 05 | 2.074 | 5.999F — 03 | 1.037 | 5.999F — 03 | 1.037
49665 | 0.014 | 9.482FE — 06 | 2.017 | 2.998E — 03 | 1.008 | 2.998E — 03 | 1.008
197633 | 0.007 | 2.369E — 06 | 2.003 | 1.499F — 03 | 1.001 | 1.499EF — 03 | 1.001
788481 | 0.004 | 5.923E — 07 | 2.002 | 7.496FE — 04 | 1.001 | 7.496F — 04 | 1.001
Table 3.5: Example 2, quasi-uniform refinement with quadrilaterals.
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N h eo(u) ro(u) ei(u) ri(u) es(u) ro(u)
9 0.707 | 2.866F — 02 — 2.586F — 01 — 2.601F — 01 —
25 0.354 | 9.205E — 03 | 1.639 | 1.713E — 01 | 0.594 | 1.716 E — 01 | 0.601
81 0.177 | 2.925E — 03 | 1.654 | 1.112FE — 01 | 0.623 | 1.113E — 01 | 0.625
289 0.088 | 9.260F — 04 | 1.660 | 7.137E — 02 | 0.640 | 7.138FE — 02 | 0.641
1089 0.044 | 2.925E — 04 | 1.662 | 4.547F — 02 | 0.650 | 4.547F — 02 | 0.651
4225 0.022 | 9.231E — 05 | 1.664 | 2.884F — 02 | 0.657 | 2.884F — 02 | 0.657
16641 | 0.011 | 2.911E — 05 | 1.665 | 1.825FE — 02 | 0.660 | 1.825E — 02 | 0.660
66049 | 0.006 | 9.175E — 06 | 1.666 | 1.153EF — 02 | 0.663 | 1.153F — 02 | 0.663
263169 | 0.003 | 2.891F — 06 | 1.666 | 7.274F — 03 | 0.664 | 7.274FE — 03 | 0.664
1050625 | 0.001 | 9.110F — 07 | 1.666 | 4.587E — 03 | 0.665 | 4.587FE — 03 | 0.665
Table 3.6: Example 3, quasi-uniform refinement with triangles.
N h eo(u) ro(u) ei(u) ri(u) es(u) ro(u)
9 0.707 | 2.306F — 02 — 2.482F — 01 - 2.492F — 01 —

25 0.495 | 9.348E — 03 | 2.531 | 1.615FE — 01 | 1.205 | 1.618E — 01 | 1.212
81 0.277 | 3.345E — 03 | 1.768 | 1.102E — 01 | 0.658 | 1.102E — 01 | 0.660
289 0.143 | 1.066E — 03 | 1.722 | 7.302E — 02 | 0.620 | 7.303E — 02 | 0.620
1089 0.072 | 3.202E — 04 | 1.755 | 4.672FE — 02 | 0.651 | 4.672F — 02 | 0.651
4225 0.036 | 9.527E — 05 | 1.754 | 2.943FE — 02 | 0.669 | 2.943E — 02 | 0.669
16641 | 0.018 | 2.860F — 05 | 1.737 | 1.844F — 02 | 0.674 | 1.844F — 02 | 0.674
66049 | 0.009 | 8.689F — 06 | 1.719 | 1.156 £ — 02 | 0.675 | 1.156F — 02 | 0.675
263169 | 0.004 | 2.668E — 06 | 1.704 | 7.246FE — 03 | 0.673 | 7.246E — 03 | 0.673
1050625 | 0.002 | 8.256F — 07 | 1.692 | 4.548E — 03 | 0.672 | 4.548FE — 03 | 0.672

Table 3.7: Example 3, quasi-uniform refinement with distorted squares.

N

h

eo(u)

ro(u)

e1(u)

ri(u)

ea(u)

ro(u)

190
780
1646
2832
4542
6408
8594
11424

0.139
0.065
0.044
0.034
0.026
0.022
0.019
0.017

1.364F — 03
3.945F — 04
2.137E — 04
1.369EF — 04
9.158E — 05
6.915E — 05
5.440F — 05
4.271E — 05

1.646
1.584
1.602
1.672
1.607
1.614
1.682

9.184F — 02
5.546 E — 02
4.358E — 02
3.654E — 02
3.101E — 02
2.775E — 02
2.523E — 02
2.286FE — 02

0.669
0.623
0.634
0.683
0.635
0.639
0.687

9.185E — 02
5.547FE — 02
4.358E — 02
3.654E — 02
3.101E — 02
2.775FE — 02
2.523F — 02
2.286F — 02

Table 3.8: Example 3, quasi-uniform refinement with hexagons.

0.669
0.623
0.634
0.683
0.635
0.639
0.687
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09 09 0.9 09
08 08 08 08
.7 07 0.7 07
086 06 086 06
05 05 05 05
04 04 04 04
03 03 03 03
02 02 02 02
0.1 01 0.1 01
00 02 04 06 08 1 0 00 02 04 06 08 1 0

Figure 3.1: Example 1, 5, and wu for a mesh with triangles (N = 289).

09 09 09 09
08 08 08 08
0.7 07 0.7 07
06 06 06 06
05 05 05 05
04 04 04 04
03 03 03 03
02 02 02 02
0.1 01 0.1 01
nO 02 04 06 08 1 0 nO 02 04 06 08 1 0

Figure 3.2: Example 1, 6, and u for a mesh with straight squares (N = 289).

Figure 3.3: Example 1, @, and u for a mesh with hexagons (N = 1646).
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0.8 0.5 08 0.5
06 0.45 06 0.45
0 0.4 04 0.4
0.35 0.35
0.2 02
0.3 0.3
0 0
0.25 0.25
0.2 02
02 02
04 0.15 o4 0.15
06 0.1 06 01
08 0.05 08 0.05
1 1
- 05 0 05 1 0 -1 05 0 05 1 0

Figure 3.4: Example 2, 5, and u for a mesh with triangles (N = 12545).

08 N 0.5 08 ., 05
06 — 0.45 06 1] 0.45
04 04 04 04
0.35 035
02 0.2
03 03
0 0
0.25 025
02 02
02 02
04 0.15 04 015
08 H 0.1 08 = 0.1
08 PR 0.05 -08 R REEma L EEw 0.05
1 pESaNmgE , 1 aNEPESu e ,
-1 05 0 05 1 -1 05 0 05 1

Figure 3.5: Example 2, @, and u for a mesh with quadrilaterals (N = 12545).
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Figure 3.6: Example 3, @, and u for a mesh with triangles (N = 289).

Figure 3.8: Example 3, U, and u for a mesh with hexagons (N = 1646).



Chapter 4

Mixed Virtual Elements Method for

the Darcy problem

4.1 Introduction

In this chapter, we use [9] and present a mixed Virtual Element Method for the Darcy
problem, generalizing the corresponding result by considering now a non-homogeneus
Neumann boundary condition. In Section we introduce the boundary value prob-
lem of interest and derive the associated mixed formulation, as well as the corresponding
well-posedness result. Then, in Section we follow [9] to introduce the virtual element
subspaces that will be employed, and then show the respective unisolvency, define the
associated interpolation operators, and provide their approximation properties. Though
some of the proofs of these results are sketched in [9], for sake of clearness and complete-
ness, in the present chapter we try to give as much detail as possible in some of them. In
particular, a Bramble-Hilbert type theorem for averaged Taylor polynomials (cf. Chap-
ter [2)) plays a key role in our analysis. Next, fully calculable discrete bilinear forms are
introduced in Section and their boundedness and related properties are established.
To this end, a new local projector onto a suitable space of polynomials is proposed here.

This operator is somehow suggested by the main features of the continuous solution of

o4
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the Darcy problem, and it also responds to the need of explicitly integrating the terms
of the bilinear form that involves L? inner products. The family of local projectors is
shown to be uniformly bounded, and the aforementioned compactness theorem is applied
to derive its approximation properties. The actual mixed virtual element method is then
introduced and analyzed in Section [£.3.5] The classical discrete Babuska—Brezzi theory
is applied to deduce the well-posedness of this scheme, and then suitable bounds and
identities satisfied by the bilinear forms and the projectors and interpolators involved,
allow to derive the a priori error estimates and corresponding rates of convergence for
the virtual solution as well as for the projection of it. On the other hand, in Section
we use [5] to provide details on the computational implementation of MVEM, explain-
ing how to assemble the global stiffness matrix and how to impose the associated extra
condition (cf. Section on the solution. Finally, several numerical examples showing
the good performance of the method, confirming the rates of convergence for regular and
singular solutions, and illustrating the accuracy obtained with the approximate solutions,

are reported in Section 4.4.4] .

4.2 The continuous problem and its mixed formula-
tion

Let © be a simply connected polygonal domain in R? with boundary I'. Our aim is to
find the velocity v and the pressure p of a steady flow occupying €2, under the action of
external forces. More precisely, given a volume force f € L?(Q) and g € H'/?(T'), we seek

a scalar function p € H'(Q) such that
—div(KVp) = finQ and (KVp)-n =ginT, (4.2.1)

where K is a symmetric and positive definite tensor, which represents the permeability of
the medium. We assume for simplicity that K is constant (or piecewise constant). Also,

we will denote by ||K|| the Frobenius norm of K, and we assume that the given data f, g
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verify the compatibility condition

/Qf:/rg, (4.2.2)

which is obtained by integrating each equation of and by using the Gauss theorem.
Also, we note that if p is a solution of , then p+c, ¢ € R, is also a solution of .
Then, in order to ensure uniqueness of solution of , we will require that (p, 1)go = 0.
In order to find a mixed variational formulation of , we define u := —KVp, and

consequently (4.2.1)) can be re-written as
u = —KVpin Q, divu = fin? and u-n=ginl. (4.2.3)

Taking the inner product of the first pair of equations of (4.2.3) with v € H (div;{2)
and integrating by parts the first resulting equation, we arrive at the following mixed

variational formulation: Find (u,p) € H, x @) such that

a(u,v) + b(v,p) = 0 Vv e H := H,,
b(u,q) = —/fq VqeQ,
Q

(4.2.4)
H, = {VEH(diV;Q): v.on=g in r}, Q = L*(Q)/R = L(Q), (4.2.5)

and H is endowed with the usual norm || - ||aiv.o of H (div; ). In turn, a : H x H — R,
b: H x (@ — R are the bilinear forms defined by

a(u,v) == / K'u-v,
Q

and
b(v,q) ::/qdivv, (4.2.6)
Q

for each u,v € H and for all ¢ € ). The unique solvability of (4.2.4) is established as

follows.
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Theorem 4.2.1. There ezists a unique (u,p) € H x Q solution of (4.2.4). Moreover,
there exists C' > 0, depending only on €2, such that

10, D)l < O o + gl 120}

Proof. In order to use the Babuska—Brezzi theory, we first note that a,b are bounded
bilinear forms since |a(u,v)| < |K7Y|||ullgl|v|lz and [b(v,q)] < |[v|zllqllq, for every
u,v € H and ¢ € Q). Also, b satisfies the inf-sup condition. Indeed, given ¢ € @, we
consider the auxiliary problem: Find z € H} () such that Vz=¢in Q and z=0in T.
It is clear that such a z exists and is unique. Also, there exists C' > 0, depending only on

Q, such that ||z]|1.0 < Cllglloq- Now, u:=Vz € H (div; Q) since ¢ € L? (), and so

/qdivv /qdivu
sup 22 s Jo

veH HVHdiv,Q — |l
v#0

where €' := (14 C?)~1/2. We consider now the corresponding kernel
V.= {VEH:b(V,q):O VqEQ}:{VEH:diVV:OinQ},

and we have that a(u,u) = (K™'u,u)oq > afjullog = a|jul|%, where « is a constant that
arises from the fact that K is positive definite. By using the Babtuska—Brezzi theorem, we
find that has a unique solution (u,p) € H x ) which depends continuously on the
data f,g. The later means that there exists C' > 0, depending only on €2, such that

I Pl < C{ I flloe + gl -1y}

as required. O

4.3 The discrete problem

4.3.1 Virtual elements subspaces

Let {Tn},~o be a family of decompositions of €2 in polygonal elements. For each K € T,
we denote its diameter by hg, and define, as usual, h := max {hK . K e ﬁ}. Now,
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given an integer k > 0, we let Py (K') be the space of polynomials on K of total degree up
to k. Then, given an integer k > 1, we consider the following virtual element subspaces

of H and (), respectively:

H, = {VGH: v-n

€ Pr(e) V edge e € Ty, diVV‘K € Pr1(K),

e

(4.3.1)
rotv‘ € Pr1(K) VK € 771}7
K
and
Q= {aeQ: q| ePei(k) VEeT}, (4.3.2)
where
ov ov
rot v := 8—; - 8_1; Vv = (v,v9) € H.

Then, the Galerkin scheme associated with (4.2.4]) would read: Find (up, pn) € HyxQp

such that

a(up,vy) + b(vi,pn) = 0 Vv, € Hy,
(4.3.3)
b (un, qn) = —/quh Yan € Qn-

Nevertheless, we will observe later on that a(uy, vy,) cannot be computed explicitly when
both uy, v, belong to Hy, and hence a suitable approximation of this bilinear form,

namely a, will be introduced in Section to redefine (4.3.3).

4.3.2 Unisolvency of the virtual element subspaces

In what follows we assume that there exists a constant C'7 > 0 such that for each decom-

position 7, and for each K € 7}, there hold:

a) the ratio between the shortest edge and the diameter hyx of K is bigger than Cr,

and

b) K is star-shaped with respect to a ball B of radius Cr hx and center xp € K, that
is, for each zy € B, all the line segments joining xy with any x € K are contained in

K, or, equivalently, for each = € K, the closed convex hull of {x} U B is contained
in K.
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As a consequence of the above hypotheses, one can show that each K € 7T, is simply
connected, and that there exists an integer N7 (depending only on C7), such that the
number of edges of each K € 7T, is bounded above by N.

Next, in order to choose the degrees of freedom of Hj, given an edge e € 7T, with
medium point z, and length h., and given an integer ¢ > 0, we first introduce the

following set of ¢ 4+ 1 normalized monomials on e

Bi(e) = { (1:;;xe)j } o (4.3.4)

which certainly constitutes a basis of Py(e). Similarly, given an element K € 7, with
(+1)(l+2)
2

BAK)::{(X;;K>Q}KM<£, (4.3.5)

which is a basis of P,(K'). Note that (4.3.5) makes use of the multi-index notation where,

barycenter Xy, and given an integer £ > 0, we define the following set of

normalized monomials

given x := (x1,25)* € R? and a = (ay,a3)®, with nonnegative integers oy, as, we set
x® = i 25? and || := ag + ay. According to the above and the definition of Hj, (cf.

(4.3.1)), we propose the following degrees of freedom for a given v € Hy:

a) /qv-n Vq € By(e) V edge e e Ty,

b) / v-Vg VgeB(K)\{1} VKeT,, (4.3.6)
K

c) / grotv  Vq € Bi_1(K) VK eT,.
K

We now observe, according to the cardinalities of By (e) and By_;(K), that the number
of local degrees of freedom, that is those related to a given K € Ty, is given by

— (k+1)(dg+k) — 1, (4.3.7)

nf = (k+1)dg + {@_1} N k;(k;;l)

where dy is the number of edges of K. Moreover, we have the following local unisolvence

result.
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Lemma 4.3.1. Given an integer k > 1, we define for each K € 7T}, the local space

HE = {VEH(diV;K)ﬂH(rot;K): v-n

€ Pr(e) V edge e C 0K,

e

(4.3.8)
divv € Pp_y(K), rotve Pk_l(K)} .
Then, the nj local degrees of freedom arising from are unisolvent in HX.
Proof. Let v € HE such that
/qv-n =0 VqéeBile), Vedgee C 0K,
/Kv Vg = 0 Vqe B 1(K), (4.3.9)

/qrotv = 0 VgebBi(K).
K

It follows easily from the definition (4.3.8)) together with the first and third equations of

(39) that

rotv=0 in K, and v-n=0 in 0K. (4.3.10)

In turn, integrating by parts the second equation in (4.3.9)), we find that

OZ/V-Vq:—/qdivv+/ qv-n:—/qdivv Vqée B 1(K),
K K oK K

which yields divv = 0 in K. Now, since K is simply connected, we know from the
second identity in (4.3.10) and [30, Chapter I, Theorem 2.9] that there exists ¢ € H'(K)
such that v = V¢ in K. In this way, the free divergence property of v, and the fact that

its normal component is the null vector on 9K, can be rewritten as
Ap=0 in K, Vé-n=0 in I0K.

Thus, the classical solvability analysis of this Neumann problem implies that ¢ is a con-

stant vector, and hence v vanishes in K, which completes the proof. O]

4.3.3 Interpolation on H; and @)

In this section we define suitable interpolation operators on our virtual element subspaces

and establish their corresponding approximation properties. To this end, we need some
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preliminary notations and technical results. For each element K € T;, welet K = Ty (K),
where Tk : R* — R? is the bijective affine mapping defined by Tx(x) = x ; X5
K

Vx € R% Note that the diameter hz of K is 1, and, according to the assumptions a)
and b), it is easy to see that the shortest edge of K is bigger than C'7, and that K is
star-shaped with respect to a ball B of radius C7 and centered at the origin. Recall
here that xp is the center of the ball B with respect to which K is star-shaped. Then,
by connecting each vertex of K to the center of §, that is to the origin, we generate a
partition of K into dg triangles A i€ {1,2,...,dz}, where dz < N7, and for which
the minimum angle condition is satisfied. The later means that there exists a constant

¢y > 0, depending only on C7 and N7, such that & < cr Vie{l,2,...,dz}, where hi
is the diameter of 51 and p; is the diameter of the Zlargest ball contained in ﬁz We also
let A be the canonical triangle of R? with corresponding parameters h and p, and for each
i €{1,2,...,dz} welet F; : R? — R? be the bijective linear mapping, say F;(x) := B;x
Vx € R?, with B; € R?>*? invertible, such that Fl(ﬁ) = ZZ We remark that the fact that

the origin is a vertex of each triangle Al allows to choose F; as indicated. In what follows,

given ¢ € L2(K), we let § := qoT' € L2(K). Then, we have the following result.

Lemma 4.3.2. Given an integer £ > 0 and an element K € Ty, we let PX : L*(K) —
Py(K) and 735 . L2(K) — Py(K) be the corresponding orthogonal projectors. Then
PE(q) = 77[( (q) for all ¢ € L*(K), and for any pair of nonnegative integers r and s
there holds PX € L(H"(K), H*(K)), with ”PeKuc(Hr(f(),Hs(f()) independent of K, namely
depending only on ¢, s, ¢y, Cr, and Nr.

(C+1)(0+2)

2

particular B,(K) (cf. (4.3.5)), and observe that {{51,(52, . .,&Né} becomes a basis of

P,(K). Hence, given ¢ € L2(K), and bearing in mind that the Jacobian of Tk is hy?, we
find that for each j € {1,2,..., N} there holds

| PE@3 =0 [ PR@w =0 [ a0 = [ 75 = [ PF@3.
K K K K K

which shows that PX(q) = PX(§). Throughout the rest of the proof we assume for

Proof. Denoting N, := , we let {gpl,LpQ, o 7S0Nz} be a basis of Py(K), in
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Ny

simplicity that {351, Do, ... ,QENE} is orthonormal, which yields 73[((@ = Z (€ 95)0 7 ¥ -
j=1
Then, employing the Cauchy-Schwarz inequality, we obtain

_ Ny Ny
1P @, 7 < {Z H@Hs,;}} lalloz < {Z %3l 7 } gl 7 -
7j=1 J=1

which proves that ng( € L(H"(K), H*(K)), with

B N, N, d 12
||PEK||£(HT(I~(),HS([~()) < Z ||§5j||s,f( - Z ZH@‘H;& ) (4.3.11)
j=1 j=1 | i=1

where the last equality makes use of the aforementioned decomposition of K. We now
apply the usual scaling properties connecting the Sobolev integer seminorms in each ZZ
with those in A. In this way, denoting @;; = @] 5 0oFi€ Pg(ﬁ), using the equivalence
of norms in Pg(ﬁ), and noting that p; ' < CTE;1 < ¢r C7', we deduce that for each
integer ¢ > 0 there holds
@jlix, < Cob'p " |det B2 (@5l a < Cih' ¢ CF [det Bi'2€(1354ll,
= Ct ht CftT CI-I_-t/C\”(:b/]HO’EZ S Ot ht c,tT 07_-t/0\||§5]||07k = C ,

where C; depends on ¢, whereas ¢ depends on Pg(ﬁ) and t, and C' = Rt - CF'¢. The
foregoing inequality and (4.3.11]) give the announced independence of HP{( I L(H(R),H*(R))
which ends the proof.

]

The next result taken from (2.4.2)) (see also [7, Lemma 4.3.8] or [19]) is required in

what follows as well.

Lemma 4.3.3. Let O be a domain of R? with diameter 1, such that it is star-shaped

with respect to a ball B of radius > %pmax, where
Puax ‘= SUpP { p: O is star-shaped with respect to a ball of radius p}.

In addition, given an integer m > 1 and ¢ € H™(O), we let T™(v) € P,,_1(O) be the

Taylor polynomial of order m of ¢ averaged over B. Then, there exists C' > 0, depending
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only on m and ppay, such that
lg — T™(q)]eo < Clglmo vee{0,1,...,m}.

We now proceed to define our interpolation operators. We begin by letting Pl ;| :
L?*(©)) — @y, be the orthogonal projector, that is, given p € Q = L*(Q), P! ,(p) is

characterized by

/ (p—Pi(p)g=0 VEKeT,, VqeP,(K), (4.3.12)
K

which means, equivalently, that

Pra)| e = Pia(lk),

where, as indicated in Lemma PK | : [*(K) — Pj_1(K) is the local orthogonal

projector. The following lemma establishes the approximation properties of this operator.

Lemma 4.3.4. Let k, ¢ and r be integers such that 1 < r < k and 0 < ¢ < r. Then,
there exists a constant C' > 0, depending only on k, ¢, r, ¢y, Cy, and Ny, such that for
each K € 7T, there holds

¢ — PEL(@)ex < Chic gl Vqe H'(K).

Proof. Given integers k, ¢ and r as stated, K € Ty, and ¢ € H"(K), we first observe that
there hold

@z = Wt alex  and PR (T7(9) = T°(4),

where T7(§) € P,_;(K) is the Taylor polynomial of order r of § averaged over a ball of

radius > %ﬁmax, where
Pnax ‘= SUp { p: K is star-shaped with respect to a ball of radius p}.

Recall here that K has diameter 1 and is star-shaped with respect to a ball B of radius

C7 and centered at the origin. It follows, using Lemmas 4.3.2 and [4.3.3| (with O = K),
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that

—~—

0= PE @k = hd ™ T = PEL (@)l 5 = b 1T — PE L@z
= h T O=PEN @~ T @)z < b I =PE e iy iy 18— T @I,z
< Cht Mal, g = Ch lalrse s
which finishes the proof. O

We now let

H = {v € H: v|g € LK) (for some s >2) and rotv|x € L'(K) VK € 7}1},
(4.3.13)
and introduce an interpolation operator 17 : H — Hy. Indeed, given v € H , we let

I1%(v) be the unique element in Hj, such that

O:/q(v—HZ(V))-n Vq € B(e) V edgeee Ty,
0= / (v—I}(v)) Vg VgeBa(K)\{1} VKEeT,, (4.3.14)
0= / grot (v—1II}(v)) Vg€ Bi(K) VK eTh.

Note here that the extra local regularities on v and rot v allow for defining normal traces
of v on the edges of 7, and the moments involving rot v in each K € 7T, respectively.
In addition, the uniqueness of I1%(v) is guaranteed by Lemma . Next, we define the
local restriction of the interpolation operator as I1X (v) := [I(v)|x € H. Tt follows

that for each ¢ € Py_1(K) there holds

/ div (v — I (v)) g = — / (v -1 (v)) - Vg + / qg(v—-15(v)) -n =0,
K K oK
which, together with the fact that divII¥(v) € Py_1(K), implies that

divIIE (v) = PE(divv). (4.3.15)

This identity implies the following result.
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Lemma 4.3.5. Let k, ¢ and r be integers satisfying 1 < r < k and 0 < ¢ < r. Then,
there exists a constant C' > 0, depending only on k, ¢, r, ¢, C'y, and Ny, such that for

each K € T, and for any v verifying additionally that divv|x € H"(K) there holds
divv — divIIE (v)|ix < CRdiv v . (4.3.16)

Proof. Tt follows from a straightforward application of Lemma 4.3.4] OJ

We now consider K € T;, and set the local moments defining HX. Indeed, given v as

required by (4.3.14]), we define the K-moments:

my(v) = /C_IV'H Vqe Bile), VedgeeCOK,
Mok (v) = / v-Vqg VqeB1(K)\ {1} (4.3.17)
K
mflf’;((v) = / g rotv Vg€ B 1(K),
K
iy K
and gather all of the above in the set {mij(v)} Then, we let {p;x};~; be the
j=1
canonical basis of HX, that is, given i € {1,2,...,n5}, ¢; x is the unique element in Hf
such that

myx (pir) = 0ij Vie{1,2,...,np}.

It follows easily that
e
(V) = mx(V) @ (4.3.18)
j=1
or, equivalently, I (v) is the unique element in H/* such that

m(IE(v)) = mig(v) Vjie{l,2,....,n5}. (4.3.19)

We now provide the analogue of Lemmas4.3.2|and [4.3.4] for the foregoing local operator

K,

Lemma 4.3.6. Given integers k, £ > 1, and K € T, there holds IIf (v) = ka{(V) for

all v.e H*(K), and H{( € E(HZ(I?), LZ(f()) with ”H§HL<HZ(I~(),L2(I~<)) independent of K,

namely depending only on k, ¢, N+, and Cr.
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Proof. We first note that clearly ¢ € Hf if and only if § := ¢oTx' € H ,{? . In particular,

given v € H¥(K), there holds 11 (v) € H {( , and hence the required identity holds if and
only if the K-moments of 1% (v) and H,{((V) coincide. Indeed, let & be an edge of 0K,
and let e := T'(¢) be the corresponding edge of K. Then, for each ¢ € By(e), and

letting ¢ := q o T' € Px(€), we find, integrating by parts and using (4.3.19)), that

/qHK< - [ TiE) + [ Ew)-va

)i

_ /dlvHK )4 B /Kn§<v>:Vq:hK3/eqH£‘<v>~n
i faven
q div

(4.3.20)

/qdlvv+h /V~Vq
K K
/v Vq-/fji?-ﬁ.

Next, if £ > 2 and g € By_1(K), we easily obtain, using again (4.3.19), that

|
x |

/HK( )-Vq = hy /KHkK(v)-Vq:hl}?’/Kv-Vq:/kV~Vc7, (4.3.21)

and

/ q rot 11 (v) = hy? / q rot I (v) = h / qrotv = / qrotv.  (4.3.22)
K K K K

In this way, (4.3.17)) together with (4.3.20)), (4.3.21)), and (4.3.22) confirm that HK (v) and

HK (V) share the same K-moments.
It remains to show that Hf € E(Hf([?),LQ(I?)), with ||HK|| £ (e indepen-

dent of K. For this purpose, we first observe from (4.3.18)) that

K)L2(K))

HHK H()K < Z |m]K |HQOJKH0Ka

where each m; i is defined according to ([&.3.17) with By_1(K) and B,(¢) V edge ¢ C 0K,

TLK ~ ~

and {gp i f(} " is the canonical basis of H K. Next, we proceed to bound the K-moments
’ jzl _

in terms of ||v||, z. In fact, given an edge ¢ C 0K, and ¢q € By(€), a simple computation

shows that [|¢lloz < hé/ ? < h}(/z = 1, and then, applying the Cauchy-Schwarz and
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discrete trace inequalities, and using that hy > C7, we obtain

—1/2
) < IVlozllalos < c{C7* IVloz + Wz} < Clvlz < Clivllz-

In turn, given now ¢ € Bj,_;(K), it is easy to see that ||¢||, z and |g|, 7 are both bounded
by constants independent of K , and hence straightforward applications of the Cauchy-

Schwarz inequality yield

MW+ eV < CLvllog + Vg < Clivilez
q7 q?

Finally, we claim that, thanks to the assumptions a) and b) (cf. beginning of Section
4.3.2)) and the choice of the normalized monomials given by By(e) and B,(K) (cf. (4.3.4)),
4.3.5)), there holds [|¢; |l z = O(1), which would complete the boundedness of H,{( :

The specific technical details, however, will be given somewhere else. O]

Lemma 4.3.7. Let k and r be integers such that £ > 1 and 1 <r < k+ 1. Then, there
exists a constant C' > 0, depending only on k, r, ¢y, Cy, and Ny, such that for each
K € T, there holds

v — TIE(V)|lox < Chy Vs VveH (K). (4.3.23)

Proof. We proceed similarly as in the proof of Lemma [£.3.4] In fact, given integers k and
r as stated, K € Ty, and v € H"(K), we let T"(¥) € P,_;(K) be the vector version
of the averaged Taylor polynomial of order r of v (cf. Lemma , and observe, since
r—1 < k, that H,{( (TT(V)) = T"(¥). It follows, using Lemmas [4.3.6{ and [4.3.3] (with
O = K), that

Iv = TEOllox = b IV =TE®lloz = b IV = TElly

= h [C=TE) =T )z < hi' 11— ey 2oy IV = T &

< Chy W,z = Chi [Vl

which finishes the proof. n

As a corollary of Lemmas [£.3.5] and [£.3.7] we have the following result.
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Lemma 4.3.8. Let k£ and r be integers such that 1 < r < k. Then, there exists a constant
C > 0, depending only on k, r, ¢+, C'+-, and N, such that for each K € 7T, there holds

v — I (V) laisx < Chl { [V]rx + |div V], x } VveH'(K) with divve H(K).

Proof. 1t suffices to apply (4.3.16) with ¢ = 0 and then combine it with the estimate
provided by Lemma [4.3.7] O

4.3.4 The discrete bilinear forms

The ultimate purpose of this section is to define computable discrete versions ay, : Hj X
H, — R and b, : H, X Q, — R of the bilinear forms a and b, respectively. To this
end, we first observe that, given (v, q) € Hj, X @y, the expression

b(v,q) = /qdivv = Z/qdivv,
Q K

KeTh
is explicitly calculable since, according to the definitions of Hj, and Qp, (cf. (4.3.1), (4.3.2))),
there holds ¢|x € Py_1 (K) and divv|x € P_1(K) on each element K, and hence we just

set b, = b. On the contrary, given u, v € Hy, the expression

a(u,v) = /K‘lu-v = Z K'u-v

is not explicitly calculable since in general u and v are not known on each K € T,. In
order to overcome this difficulty, we now proceed to introduce suitable spaces on which the
elements of Hj, will be projected later on, and for which the bilinear form a is computable.
Indeed, let us first consider a particular choice of u given by u := KVq € P (K) with
q € Pri1(K). Tt follows that for each v € Hj, there holds

/K1u~v:/Vq-V: —/qdivv+/ qv-n, (4.3.24)
K K K oK

which, bearing in mind from Lemma that div v|x and v -n|sx are explicitly known,
shows that a(u,v) is in fact calculable in this case. The above suggests to define the

subspace of Py (K) given by

}AI,f = {Vq: qEPkH(K)}.
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The following lemma establishes a basic property of the above space.

(k +2)(k + 3)

Lemma 4.3.1. There holds dim ]T.I,f( = 7

— 1.

Proof. We just need to prove that the set {on‘ D 1<]o <k+ 1} is a basis of f[,fv.
Indeed, the generation property is quite clear from the fact that {XO‘  0< ol <k+ 1}
is the canonical basis of Py, 1(K) and by observing that Vg =0 V¢ € Po(K). Next, we

consider scalars a,, 1 < |a| < k+1, and set Vg = 0 with ¢ := Z aq x%. It follows
1<]a|<k+1
that ¢ is a constant function from R into itself, that is
q = Z (o X* = constant in K,

1<|a|<k+1
which yields a, = 0 for all 1 < |a] < k + 1. Therefore, ¢ = 0. Having thus identified
a basis of H K whose cardinality is certainly given by dim Py (K) — dimPo(K) , we
conclude that
(k+2)(k+ 3)

dim HYX = 5 ~1,

which completes the proof. 0

We now introduce a projection operator ﬁkK H(div; K) — H K. To this end, we set

for each K € 7T}, the local bilinear form

a’(u,v) ::/K_lu-v Vu, veLl*K).
K

Then, we define v := IIX(v) € HE as the solution of the problem: Find v € HE such
that
aX(v,q) =a¥(v,q) Vq € HE. (4.3.25)

We remark that the unique solvability of (4.3.25)) is guaranteed by the identity
a(v,v) > C|v|2, >0 YveHE,

where the fact that K is a positive definite matrix was used. Furthermore, we have already
noticed at the beginning of Section that the right hand side of (4.3.25)) is explicitly
calculable when v belongs to HX C H(div; K) (cf. (.3.8)). Finally, it is straightforward
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to check from (&.3.25) that IX(v) = v Vv € HE, which confirms that IIX is in fact

a projector. Moreover, the following result establishes the uniform boundedness of the

family {ﬁf}KeT - {ﬁ(L2(K)>L2(K))}

h KeTy

Lemma 4.3.2. There exists a constant C' > 0, depending only on K, such that for each
K € 7Ty, there holds

ITEW) o < Clviox Vv € LX(K). (4.3.26)

Proof. Given that K is a positive definite matrix, there exists C' > 0, depending only on
K, such that ||v]jox < Ca®(v,v) Vv € L*(K). Then,

ITE )13 < Ca (TE (), T (v)) < Ca¥ (v, TTE (v)) < CIRTITE ()l [V ok
which leads directly to (4.3.26)). U

The analogue of Lemma [4.3.6|is provided next.

—_——

Lemma 4.3.9. Given integers k, ¢ > 1, and K € 7, there holds ﬁ,’f(v) = ﬁﬁ(i?) for
all v € HY(K), and II}' € L(H(K),L*(K)) with [[II[}]| . (re(o2(8) independent of K,
namely depending only on k, 3, K, ¢r, and C7.

Proof. Similarly as for Lemma , we first observe that v € H K if and only v :=

voTg! € 1?[5 In particular, given v € L*(K), there holds ﬁkK(v) € ]/1\7,5, and hence,

in order to obtain the required identity, it suffices to show that ﬁff (v) solves the same
problem as ﬁf(’\?), namely (4.3.25) with K = K and v = v. In fact, we find, according
to (4.3.25)), that for each q € ﬁ,f{ there holds

—_~—

d* (MK (v),q) = hi2a" ({15 (v),q) = hi2a¥(v.q) = a"(¥,q), (4.3.27)

which confirms that ﬁkK(v) does solve the announced problem. Finally, since hiz =1, a
direct application of Lemma [4.3.2] implies the existence of a constant C' > 0, independent

of K , such that

T Mlloz < Clivleg < Clvlez Vv eH(K),
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which completes the proof. O

Before establishing the next result, we now recall that if (u,p) € H x @ is the solution
of the continuous problem (4.2.3)), then there holds u = KV p € L*(Q2), which motivates

for each integer r > 0 the introduction of the space

Hy (K) = {V ceH(K): v=KVw forsome we€ HTH(K)}.
Then, we have the following projection error for ﬁkK , which constitutes the analogue of
Lemma [£.3.7

Lemma 4.3.10. Let k£ and r be integers such that £ > 1 and 1 < r < k+ 1. Then, there
exists a constant C' > 0, depending only on k, r, 3, K, ¢r, and C7, such that for each
K € T, there holds

v — TEW)|lox < Chy|V]x Vv e Hy(K).

Proof. We proceed similarly as in the proof of Lemma [4.3.7| In fact, given integers k and
r as stated, K € T, and v € HL(K), we let w € H"(K) such that v. = KV w, set

w € H " (K) such that v.= KV w, denote by T""'(w) € P,(K) the averaged Taylor
polynomial of order r + 1 of w (cf. Lemma |4.3.3]), and observe, since r < k + 1, that

I5RVT (@) = KVT(@).

It follows, using Lemmas |4.3.9| and |4.3.3| (with O = [N(), that

—_——

Iv = W) o = b IV = TEWlloz = i 19— TE @)y 2

— hf}l

(1-Tif) (v - KV T (@)

0K

< Dyt T Hé(HL(H"(f(),LQ(f() v - KVT* (@),

< Chy |0 = T @), 5 < Chig W], 5 < Chy' V], g = Chic [Vl
which finishes the proof. U
We now let af : HX x HEX — R be the local discrete bilinear form given by

ar (uw,v) = aK(ﬁkK(u),ﬁkK(v)) + SF(u-— ﬁkK(u),v — ﬁkK(v)) Vu, v € HY,
(4.3.28)
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where S* : HF x HF — R is the bilinear form associated to the identity matrix in

R™ " with respect to the basis {%‘,K}?El of HE (cf. (4.3.17) - (4.3.18)), that is

g
S¥(u,v) = Z mi (1) m; (V) Yu,v e HF. (4.3.29)
i=1

Next, as suggested by (4.3.28)), we define the global discrete bilinear form ay, : H, x H;, —>
R
ap(u,v) = Z a* (u,v) Vu, v € Hy. (4.3.30)

KeTy

Lemma 4.3.3. There exist ¢y, ¢y > 0, depending only on Cr and K, such that
2 K 2 K
clvilor < 8% (v,v) < allvlox VKeT, VveH,. (4.3.31)

Proof. Since the corresponding proof is only sketched in [9, Remark 5.1], for the sake of

completeness we provide in what follows further details on the derivation of the upper

bound of (4.3.31). In fact, given v € HX we first notice from (4.3.29)) that
TLK
k
SK(v,v) =Y mik(v),
j=1

and hence it suffices to estimate each one of the moments mj; x(v) (cf. (£.3.17)) in terms
of ||v|lo.x. For this purpose, we employ the same partition and corresponding notations
introduced in the proof of Lemma . We begin with mj (v), where e C 0K is an
edge of a triangle A; and ¢ € By(e), by observing, thanks to the Cauchy-Schwarz and

polynomial trace inequalities, that

mp (V) < [Ivloellalloe < Ch7 IVllou e < COF* R Ivllo B < Collvio -

In turn, given g € By_1(K), we apply the inverse inequality on each triangle A;, and then
use that |K| < ch%, to find that

mar (VI < v

o lalx < CCF Rt IV]ox llallox < CCF Rt [[v]lox [ K2 < Co||v]lox -
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Finally, given again ¢ € Bj_1(K), we integrate by parts in K to obtain

mi (v) :/V-curlq—/ v-tq,
K oK

where t is the unit tangential vector along 0K . In this way, employing basically the same

arguments of the foregoing inequalities, we deduce that

[y (V)] < [lv

LKk + Z [Vlloe llgllo. < Csllvllox,
eCOK

0,K Iq

where (s = Cy+ Ny (4, and C and C5 are positive constants depending only on C'y. [

The following result is a consequence of the properties of the projector ﬁkK and the

previous lemma.
Lemma 4.3.4. For each K € T;, there holds

af(u,v) = a®(u,v) VueHF VveHF, (4.3.32)
and there exist positive constants oy, as, tndependent of h and K, such that

0t (0, )] < s {1l s I¥lloc+ =T (Wlloc V=TI (V)llosc } VK € Tay ¥, v e HE,
(4.3.33)

and

VI < afv,v) S e { IV +Iv-TIEW) 3 } YE €T vveHE.

(4.3.34)

Proof. Note first that a® is a symmetric bilinear form since K is symmetric. Then, given

uwe il K and v € HF, and bearing in mind problem [4.3.25| there holds
ay (0, v) = " (I (), [ (v)) = " (0,1 (v)) = a® (I (v),u) = a®(v,u) = a®(u,v)

which proves (4.3.32)). Next, for the boundedness of af* we apply the Cauchy-Schwarz
inequality, the boundedness of ﬁf , and the upper bound in (4.3.31)) (cf. Lemma ,
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to obtain
|ap (u, v)| < [T () [lo, i LR (V)05

1/2 1/2

{8 =T, u = T )} {59 - T ). v - T ) )

< C?|lullox Ivllox + erlla =T (W) llox v =TI (V)|lox  Vu, veHS,

which gives (4.3.33) with a; = max{az,cl}. Finally, concerning (4.3.34)), it is clear
that the corresponding upper bound follows from (4.3.33)). In turn, applying the lower
estimate in (4.3.31)) (cf. Lemma 4.3.3) we find that

VIR < 2{ITE M3 + Iv = TE)I )

< 208 (T (v), I (v)) + 2[I¢ - T2«

< 20" (TIF (v), I (v) + ;i“(v—ﬁﬁv%v —~ 1),

which yields the lower bound in (4.3.34)) with ap := 2 max{1, =}~%. O

€0

4.3.5 The mixed virtual element scheme

According to the analysis from the foregoing section, we reformulate the Galerkin scheme

associated with (4.2.4)) as: Find (un, pn) € Hp X @y such that

ap (Wp, vy) + b(vp,pn) = 0 Vv, € Hy,

(4.3.35)

b(up,qn) = —/fCIh Van € Q.
Q

In what follows we establish the well-posedness of (4.3.35). We begin with ellipticity of

ayp, in the discrete kernel of b.

Lemma 4.3.5. Let V), := {vh € H,: bvp,qn) =0 Vg, € Qh}. Then, there exists
a > 0, independent of h, such that

ah(uh,uh) Z (6] Huthiv;Q Vuh S Vh. (4336)
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Proof. Recalling from (4.3.1) that for each v, € Hj there holds divvy|x € Pir_1(K)
V K € Ty, which actually says that div v, € @), we find that

Vi, = {VhEHhZ /Qqhdiv(vh) =0 Vg GQh} = {VhEHhZ divvhzo}.

Hence, according to the definition of ay, (cf. (4.3.30)), applying the lower bound in (4.3.34)
and the fact that K is a positive definite tensor, we deduce that for each v, € V) there
holds

an(Vi,vi) = D> af(vi,va) 2 C Y vallix = Clivillia = allvaliv e
KeTy, KeTy

with a = C', which ends the proof. O

The following lemma provides the discrete inf-sup condition for b.

Lemma 4.3.11. Let H, and @}, be the virtual subspaces given by (4.3.1) and (4.3.2).
Then, there exists # > 0, independent of h, such that

b(vy,q
qup 2 ) 5 g lanlloq — Yan € Qn- (4.3.37)
Vhe;g)h ||Vh||div;Q
Vh

Proof. Since b satisfies the continuous inf-sup condition, we proceed in the classical way
(see, e.g. [23 Section 4.2]) by constructing a corresponding Fortin operator. In fact,
given a convex and bounded domain G containing €, and given v € H (cf. [#.2.5)), we
let z € H}(G) N H%(G) be the unique solution of the boundary value problem

divv in Q,

Az = , 2z=0 on 0G, (4.3.38)
0 in G\,

which, thanks to the corresponding elliptic regularity result, satisfies

[2]l2,0 < C|divvogq. (4.3.39)

Then, recalling that I} denotes the interpolation operator mapping H onto our virtual

subspace Hj, (cf. (4.3.13)), (4.3.14)), we now define the operator 7 : H — Hj, as

m(v) = II}(V2).
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It follows, using (4.3.15)) and the fact that IIf and P | are the restrictions to K € T, of
the operators 1 and P} |, respectively, that

divmp(v) = divI[}(Vz) = Pp_i(divVz) = Py (divv) in Q, (4.3.40)
and hence for each ¢, € (), we obtain

behw)an) = [

Q

In turn, using (4.3.40), (4.3.23) (with » = 1), and (4.3.39)), we find that

qn div 7l (v) :/

gn Pr_y (divv) = / gndivv = b(v,q). (4.3.41)
Q

Q

7k (Vllaivie < ITE(V2)llog + ldivviloe < [Vellon + V2 = TE(V2)llog + [[divviloe

< |Vzloo + ch[[Vzllie + [ldivvilee < Cllzllza + [ldivviee < Clldivv]og,

which proves the uniform boundedness of the operators {ml'};~o. This fact and the iden-

tity (4.3.41) confirm that {7}, constitutes a family of Fortin operators, which yields
(4.3.37)) and ends the proof. 0

The unique solvability and stability of the actual Galerkin scheme (4.3.35)) is estab-

lished now.

Theorem 4.3.1. There ezists a unique (uy,pn) € Hp X Qy solution of (4.3.35)), and

there exists a positive constant C, independent of h, such that

10, @) llieq < € {Uflloe + lgll-1yar |-

Proof. The boundedness of aj, : H, x H, — R with respect to the norm || - |laiv.0 of

H(div; Q) follows easily from (4.3.33)) and (4.3.26]) (cf. Lemma[4.3.2)). In turn, it is quite
clear that b is also bounded. Hence, thanks to Lemmas [£.3.5 and [£.3.11], a straightforward

application of the Babuska—Brezzi theory completes the proof. O

We now aim to provide the corresponding a priori error estimates. To this end, and

just for sake of clearness in what follows, we recall that P} | : L?(Q2) — @, and I} :

H— Hj, are the projector and interpolator, respectively, defined by (4.3.12) and (4.3.14]),

whose associated local operators are denoted by P, and II¥. In turn, given our local
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projector ﬁkK defined by (4.3.25)), we denote by ﬁz its global counterpart, that is, given
v € H(div;Q), we let

M)k = OE(v|x) VKEeT,.
Then, we have the following main result.

Theorem 4.3.2. Let (u,p) € H X Q and (up, pr) € Hy X Qp be the unique solutions of
the continuous and discrete schemes (4.2.4)) and (4.3.35)), respectively. Then, there exist
positive constants Cy, Co, independent of h, such that

Ju=wiloe < O { Ju =Tl + - TWloa . (4342)
and
Ip=palloe < Co { Ju =T loq + fu—TEWloo + Ip =Pl (@)loa - (4.3.43)
Proof. We first have, thanks to the triangle inequality, that
lu=wiloe < = TEWle + [T(0) = oulloe. (4.3.44)

whence it just remains to estimate &, := II}(u) — u,. We now observe from ({4.3.15)
and the second equation of that div (I} (u)) = PP (divu) = P} (—f) =
divuy, which says that §, € Vj,. It follows from (4.3.36) (cf. Lemma , adding
and substracting ﬁZ(u), using the first equations of and , employing the
identity (4.3.32), and applying the boundedness of af (cf. (4.3.33)), a®* and ﬁkK (cf.



4.3. The discrete problem 78

[@3.26)), that
a0z .0 = @lI0nll§o < an(dn,0n) = an(Il}(), 8,) — an(uy, 65)
= ap(TT}(w) — T4 (u), 8,) + ax(T}(u),8,) — () m, g)

= ap(IT}(w) = I (w), ) + an(TTi(w), 8,) — a(u,d,)
KeTy,

= > {K (I (w) — T (w), &) — o (u — DI <u>,5h>}

< ar ) I () = I (u) ok + ITI (w) —Hf{ﬂf(U)}HO,K} 107 lo.
KeTh

+

KD = T () ok N10nllo.x
KeTh

which yields, with C' := * max{ay, |[K7!||},

«

10n]laiv:e < C{HHZ(U) — () lloa + [T () — T{T () }Hog + Hu—HZ(U)Ho,Q}-
(4.3.45)
Next, adding and substracting u, we deduce that

1T (w) — M ()loe < fu—-TE(w)log + fu—T(w)]oe- (4.3.46)

In turn, proceding in the same way and employing the boundedness of ﬁkK (cf. (4.3.26))),
we find that

T (w) = T{TTR () Hloe < [fu =T (w)loe + [u—TR(w)lloe + [Th{u—Ii(w)}Hoe

< C{llu-TWloo + fu - T@loo} -
(4.3.47)

In this way, replacing (4.3.47)) and (4.3.46)) into (4.3.45)), and then the resulting estimate
back into (4.3.44)), we conclude the upper bound for ||ju —uy||o.o induced by (4.3.42). On
the other hand, concerning the error ||p — ppllo.q, we begin with the triangle inequality

again and obtain

lp = pulloe < llp—=Pey®log + [Pii(p) — pallog- (4.3.48)
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Next, proceeding as in the proof of Lemma [4.3.11] taking P ,(p) — pn € Qp instead

of div (v) in the definition of the auxiliary problem (4.3.38)), we deduce the existence of

u; € Hj, such that
div () = Piy(p) —pn and  |[willavie < ¢[[Py(p) — pallog-

It follows, employing the first equations of (4.3.35)) and (4.2.4)), and the identity (4.3.32)),
that
1P (p) = palle = /Q (Pi_i(p) = pu) divu, = /Q (p — pn) divuj,

= b(u;kwp) - b(u;,ph) = ah<uh7u2) - a<uvu2>

= ap(uy, — M (w),up) — a(u— Tk (), up),

which, applying the boundedness of aX (cf. (#.3.33)), a¥ and IIX (cf. ([@.3.26)), and

observing in particular that ||uj — I} (u})lloe < cluillav.e < CIPI1(p) — prllogq,

gives
1P ) =pilloe < € {lun—THWlloq + un—TTE (W) llog + Jla—T(w) oo } - (4.3.49)
Now, adding and substracting u, we readily get
= T () o0 < u—wlloo + [fu— T (w)]oo. (4.3.50)
Similarly, and utilizing once again the boundedness of ﬁkK (cf. (4.3.26)), we can write
Jwn = () log < flu=walog + flu—@)lloe + [T - w)fos

= h”O,Q || k‘( )||07Q :

Consequently, replacing (4.3.51]) and (4.3.50)) into (4.3.49)), and the already derived a priori

error bound for ||[u — uy||o, and then placing the resulting estimate back into (4.3.48)),
we arrive at (4.3.43]) and conclude the proof. 0

Having established the a priori error estimates for our unknowns, we now provide the

corresponding rates of convergence.
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Theorem 4.3.3. Let (u,p) € H X Q and (uy, pr) € Hyp X Qp, be the unique solutions of the
continuous and discrete schemes (4.2.4) and , respectively. Assume that for some
r € [1,k+1] and s € [1,k] there hold u|x € HG(K), f|x = —div(u)|x € H 1K), and
plk € H*(K) for each K € Ty,. Then, there exist positive constants Cy, Cy, independent
of h, such that

1/2
lu—wslloq < Gy A { S { ik + ||f||$_1,K}} L (435

KeTy

and

1/2 1/2
P = prllog < Coh { Z {HquK + HfH?"—l,K}} + Gy b {Z ”szK} .

KeTy, KeTy,
(4.3.53)

Proof. The case of integers r € [1,k + 1] and s € [1, k] follows from straightforward ap-

plication of the approximation properties provided by Lemmas [£.3.7] and to
the terms on the right hand sides of (4.3.42)) and (4.3.43)). In turn, the usual interpolation

estimates of Sobolev spaces allow us to conclude for the remaining real values of r and s.

We omit further details. O

We notice that if the assumed regularities in the foregoing theorem are global, then

the estimates (4.3.52)) and (4.3.53) become, respectively,

lu=wiloe < G {lallee + Ifll10 },
and
Ip=palloss < Cob” { fullna + Iflle-10 } + Cab” [Pl

In turn, it is also clear from the range of variability of the integers r and s that the highest

possible rate of convergence for u is h¥*!, whereas that of p is h*.
We now introduce the fully computable approximation of u given by

U, = I (up) (4.3.54)

and establish next the corresponding a priori error estimates.
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Theorem 4.3.4. There exists a positive constant Cs, independent of h, such that
Ju=ton < Cs { llu =)o + fu - Tw)oo } . (4.3.55)

Proof. Similarly as at the end of the proof of Theorem [4.3.2] we have by adding and

substracting uy,
u—tulloe < [Ju—unllog + lluy — I (ws) o

In this way, utilizing the estimates for |[u—uy||oo and ||u, — ﬁZ(uh)HQQ given by (|4.3.42))
and (4.3.51)), respectively, we arrive at (4.3.55)) and complete the proof. O

We end this section by remarking, according to the upper bounds provided by (4.3.42))
(cf. Theorem ) and (4.3.55)) (cf. Theorem [4.3.4)), that u; and u share exactly the

same rates of convergence given by Theorem

4.4 Computational implementation

4.4.1 Introduction

We consider the same notations as in previous sections, and given a descomposition 7T of

Q) in polygons, we consider the discretized problem: Find (uy, pn) € Hp X @y such that

ah(uh,vh) + b(Vh,ph) = 0 Vv, € Hy,

4.4.1
b(uy, qn) = —/quh Van € Qn, ( )

where Hj, Qp, ap and b were defined on (4.3.1)), (4.3.2), (4.3.28) and (4.2.6). Now, we

have by using Theorem that (4.4.1) has a unique solution (uy, py), for every given
data f and g. Now, let {¢;}}_; be an edge-oriented basis of Hj and let {1;}}Z, be a basis

N M
of Q. If uy, := Z u;p; and py, 1= ijwj, then (4.4.1)) is turned into the linear system

Jj=1 J=1
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of equations

N M
Zuj an(pi, pj) + Zpl b(pi, V1) = 0
= = (4.4.2)
> u; b, ) = —/f¢l>
j=1 @
for each i € {1,..., N} and for each [ € {1,..., M}. Equivalently,
Az =0,
A, B
where = = (uy,...,un,p1,-..,pm)% A = _— Ay = (4), B =(Bi), d = (d;)

and b = (c,d)*. Also,

Aij = ah(‘Pzﬁ‘Pj) Z?] € {177N}
By = bleity) i€ {l,...,N} je{l,..., M} (4.4.3)

di::_(f7¢i)0,ﬂ ZG{].,,M}

Furthermore, recall that we can write a,(@;, ;) = Z ay (@i, ;) and do the same

KeTy
for the other functionals and bilinear forms defined above, and we can then localize the

calculations for Ay, B, ¢ and d.

4.4.1.1 Notations

We start remembering that 7j, is a decomposition of K in polygons and k > 1 is the
polynomial degree of accuracy. Given K € 7T, we denote by hx and xx the diameter

and the barycenter of K, respectively, and we define, for a multi-index «, the polynomial

function mX = X ; i From now on, we will use the identification mg := 0,
K

14 (0,0), 24 (1,0), 3 (0,1),4 <> (2,0), 54> (1,1) and so on. On a similar way, we

K K

define the polynomial vector field mﬁi g = (ma , g )t and we will use the identification

K K K K K K K K -
m;' < mpy, my < my;, my < my,, my <> mg, and so on. Then, as in (4.3.5), we
have that

Bi(K) = {mjf je{l,...,dimP, (K)} }
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In turn, we choose a counterclockwise arrangement {V1,..., V. } of the vertices of K,
where we have defined di as the number of vertices of K. If ¢; is the edge that connects
Vi with V41 (and using the identification Vg, 41 <+ V1), we denote h.; the length of e;,

7, the middle point of e;, and for i > 1, j € {1,...,dx} and z € e;, we define

oK

; ; ; ; 0K oK e oK e
Anagously, using the identification mg™ <> 1, mi™ < mi', my™ < my', mg' )

o me,
we define

Bi(0K) := {m;?K el dg (k+1)}}.
Now, given K € Tj,, we want to calculate the local matrix Af that corresponds to al¥,
ie.

(AK)ij = ay, (¥i, p5) i,J € {L---a”kK}y
where {(,01, I (P”f} is the canonical basis of HY and nj* its dimension (cf. (4.3.7)).
For this end, and recalling the definition of af* (cf. (4.3.28)), we have to calculate the

projector IIX (¢;) for each i € {1,...,nK}.

4.4.2 Calculating local matrices

Given K € 7T, and according to (4.4.3), we need to calculate the local matrices, which
will be denoted Ak, Bk, cx and dg, respectively. Let us first calculate Ax. Given

1,] € {1, e ,nf}, recall that
ar (@i, ;) = ™ (T (), TIf (7)) + S5 (i — TIE (1), 05 — TIE (05).

In turn, if Ny := dim }A[,f and m; := hxKVm,,, for each j € {1,..., 1%}, we can write

n

I (i) == Zsy)fﬁj.

j=1
Therefore, replacing the above expression into (4.3.25)) and using the symmetry of K1,

we arrive at the system
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g
Zsy)/ K~ m, - fg = / K 'mg-@; Be{l,... M} (4.4.4)
a=1 K K
Moreover, the above system can be read in a more compact form:
Gs =p®,
: (i) () @\*
where s := (31 ) S "“’Sﬁk) . In turn, if

T:=[p® b® ... pnk)]eR™*",

then the matrix representation ﬁ* of the operator ﬁkK , acting from HX into H K is given
by (ﬁ*)m = sg), that is
I, = G'T.

4.4.2.1 Calculating T.

Recall first that K has dg edges. In turn, in order to split the elements of the local basis

H[E we define the numbers

npo = dg(k+1) = dim P, (0K)

k(k+1)
2

K

npy = npg + —1=ngo+dimPy_y(K) — 2.

Also, extending the functions of By (0K) outside its edges by zero, we denote (cf. (4.3.17)),
m; i (V) ::/ (v-n)mja-K jE {1,...,n£fo},
oK
mj (V) ::/ Vo vmﬁl*ﬂfe jE {n,ﬁfo + 1,...,nkK71}, k>1,

K
m; i (V) ::/Kmf_nﬁl.rotv je{ni+1,...,n},
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and we also remind that m; (¢;) = 0;; Vi,j € {1,...,nf}. Now, let i € {1,...,nf}
and € {1,...,n;}. Then, we have that mz = hx KVmgi,. Thus,

(bD)y: = hy / pi- Vmpy = —/ mp1 div g; + hK/ (i -m) Mgy
. K oK

. / P (msr) div g, + hic / (1 - 1) PPX (1)
K

oK

= hK/K‘Pi - VP (mgs) +hK/ (@i - n) PY¥ (mp1 — Pie i (mpeq))

0K

Now, we can write
k(k+1)

Pk 1 mB+1 Z Pa™y, ,

and if Py is the Gram matrix asociated to Pf |, that is (Po)s; = (m]*, m} )o x, and d is

the right-hand side of such a system, i.e. (dg); := (mg1, mf)o,x, then

t
(ph v 7pk(k+1)) =:!Ppo = Paldo-

Similarly, we can write

”ko

PR (ma1 — Pity(mpa)) an

where, again, if P; is the Gram matrix asociated to such a system and d; its right hand

t
side, i.e. (dl)j = (mBH Pk 1(m5+1) ) then <q17 c. >q2dK(k:+1)> =:PpP1 = Pl_ldl.

Now, using the degrees of freedom for ¢p;, we obtain

, SO k=1
b = hy (1 . (4.4.5)
(pg)p37p47"'7pk(k+l)’0> ; k> ]-7

which is the formula to calculate b® and consequently T.

Remark 4.4.1. Note that

1/x—xeax—xe B_ 1
he J.\U he he S22t (a+ B+ 1)

which implies that P is a matrix made of dg identical blocks.
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Now, we need to calculate the coordinates of Hk @; into the space HJS. More specifi-

cally,
k QO’L Z T, LPJ:

whence 77]@ = m; x(TIK ;). Thus,

nk o nk
Hk Pi = Z Sg)fﬁa = Z Sz(af) Z mj i (Ma )P,
a=1 a=1 7j=1

and so
Nk
_ (1)
== Sa mJK ma
a=1

Now, we define D := (D;,) = m; x(m,) for every i € {1,...,nf} and o € {1,..., 74},
and then

K
e

7T(l) = Z (G_lT)Oﬂ‘Dja = (DG_L]DJZ

J
a=1

Consequently, the matrix representation II of the operator 11X, from HX into itself, is
given by IT := DGT = DII,.
Proposition 4.4.1. For every element K, we have G = TD.

Proof. Given € {1,...,n} and a € {1,..., g v}, it follows that

K
L
E TaiDiB
=1
i i

= my k() (Mg, ©i)ox = (Mo, D 41 (D))o, = (Mo, Mg)ox = Gap.
i=1 i=1

which finishes the proof. U

Remark 4.4.2. The above proposition implies an improvement of the code in terms of
speed, that is, it is not necessary to calculate G by using its explicit expression given by
the corresponding system that defines H ; we just need to calculate S, D, and then we

obtain G by doing G := SD.
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On the other hand, using that

K
g

S*((1 =T ), (1= T p1)) = S mesc (1 = T i)y (1 = T (01)).

and
e (1 =T () = (T
we then have that SK<(] — 15 (), (I — ﬁkK)(go])> — [(I = TI)™(I — II)];;. Therefore,

the matrix expression for the local stiffness matrix A is given by

Af = (ML) G(L.) + (1 - I)"(1 - 10). (4.4.6)

Now, in order to calculate By, we note that given indices o« € {1,...,nx} and j €
{1 k(k+1) }
PR 2 Y

b((pa7m§() = /ijK -div g,
:—hj(l/ goa:me—l—/ (¢o -m)-mi
K oK
= _h;(léa,jJrn;ﬁo + 5ajq]',

t
where (q1, ... ’q"f,o)t =P 'dand d := ((mf,m?K), e (mf,migow . Finally, dg is
simply calculated by considering an integration rule on K which is exact when integrating
polynomials of degree up to £ — 1. In summary, we obtain the following procedure to

calculate the local matrices on each element K:

e Calculate S and D.
e Calculate G by doing G := SD.
e Calculate AX by using formula (5.4.5)).

e Calculate Bg, cx and dg.
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4.4.3 Assembling the global matrix and post-processing the so-

lution

Using the fact that all the bilinear forms and functionals can be split into a sum element
by element, we just need to assemble the local matrices and then sum them by its cor-
responding indices. We point out now that we are calculating the coefficients of u, in
Hj;, and the coefficients of p, in @);,. Note that u, is not manipulable since it belongs to

H,,. Consequently, the error |[u —up||oq is only theoretical. To create a fully computable

solution, we use (4.3.54]) and make
Ty, = 0(uy,).

Now, the condition / pr = 0 is not naturally imposed in the system and hence u;, € Hj
Q
does not always hold. In order to fix this issue, we introduce a Lagrange multiplier A € R

and consider the augmented variational formulation: Find ((up,pn), A) € H x @ x R such

that
a<uh’vh) + b<Vh7ph> = 0 VV]—L - Hh,
b(up, gn) + A/Qh = —/f% Van € Qn, (4.4.7)
Q Q
u/ph = 0 Yu e R.
Q

Since the bilinear form by((vp, qn), 1) := p / qp, satisfies the inf-sup condition, as well as b,

and a is elliptic, it follows that has a gnique solution ((up, pr), ) € H,XxQp xR and

consequently p, € LZ(€). For implementation purposes, the stiffness matrix associated

to has an extra column, which contains the values of / pn, at the elements K € Ty,
Q

and the corresponding basis functions.

4.4.4 Numerical results

In this section we present three numerical examples illustrating the good performance of
the virtual mixed finite element scheme (4.3.35]), and confirming the rates of convergence

predicted by Theorem [4.3.3] For all the computations we consider the virtual element
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subspaces Hj, and @)y, given by (4.3.1) and (4.3.2)), with £ = 1. In turn, for each Example

we assume first decompositions of €2 made of triangles. In addition, in Example 1 we also
consider straight squares, whereas Examples 2 and 3 make use of general quadrilateral
elements as well. We begin by introducing additional notations. In what follows, N

stands for the total number of degrees of freedom (unknowns) of ([5.3.48), that is, N =

dim Hj, + dim Q. More precisely, according to (4.3.6) and (4.3.2)), and bearing in mind
k(k+1
that dim Py(e) = k+ 1 V edge e € Ty, and dim P,_1(K) = % VK € 7T,, we find

that in general

3k(k + 1)

N = (k+1) xnumberofedgeseéﬁ%—{ 5

—1} x number of K € Ty, ,
which, in the case k = 1, becomes
N =2 x {numberofedgesee’ﬁl} + {numberofKE’ﬁl}.

Also, the individual errors are defined by
eo(u) = lu—Upllon, and e(p) = |p—Drllogo,

where u;, is computed according to (4.3.54)), and py, is provided by (5.3.48|). In turn, the

associated experimental rates of convergence are given by

_ log (eo(u)/eh(w)) _ log (e(p)/¢'(p))
rolw) = ey )= )

where e and e’ denote the errors for two consecutive meshes with sizes h and h’, respec-

tively. The numerical results presented below were obtained using a Matlab code. The
corresponding linear systems were solved using the Conjugate Gradient method as main
solver, and applying a stopping criterion determined by a relative tolerance of 1071, The

specific examples to be considered are described next.

In Example 1 we consider Q =]0, 1[?, and choose K = I and the data f and g so that
the exact solution of (4.2.1)) is given for each x := (x1,x2)* € Q by

4

p(x) := sin(mxy) cos(mry) — -



4.4. Computational implementation 90

In Example 2 we consider the L-shaped domain Q := ] —1,1 [2 — [0, 1]2, and choose

2 1
K= and the data f and g so that the exact solution of (4.2.1)) is given for each
1 2

X = (fﬂl,xg)t e by

px) = (1 +1) (1) — — 1{

7
— —16log2+9log3 5 .
I1+$2+3 3 8 + 8 }

4

Finally, in Example 3 we consider the same geometry of Example 1, that is Q =]0, 1[?,

and choose the data f and g so that the exact solution is given for each x := (1, x2)* €
by
p) = (3 +a3)"° — [ (ot +a)”"
Q
Note in this example that the partial derivatives of p, and hence, in particular divu, are
singular at the origin. Moreover, because of the power 1/3, there holds u € H*/37¢(Q)
and divu € H?37¢(Q) for each ¢ > 0, which, applying Theorem with r = 5/3 — ¢,

should yield a rate of convergence very close to O(h°/?) for u.

In Tables up to [£.4] we summarize the convergence history of the mixed virtual
element scheme as applied to Examples 1 and 2, for sequences of quasi-uniform
refinements of each domain. We notice there that the rates of convergences O(h**!) =
O(h?) and O(h*) = O(h) predicted by Theorem m (when r = k+ 1 and s = k) are
attained by u and p, respectively, for triangular as well as for quadrilateral meshes. In
turn, in Tables 4.5 and [4.6) we display the corresponding convergence history of Example 3.
As predicted in advance, and due to the limited regularity of u in this case, we observe that
the orders O(hF+3) = O(h*/3) and O(h*) = O(h) are attained by u and p, respectively,
Finally, in order to illustrate the accurateness of the discrete scheme, in Figures 4.1 up
to [4.18] we display several components of the approximate and exact solutions for each

example.
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N h e(u) r(u) e(p) r(p)
39 | 0.707 | 5.678E —01 | — |2504E—01| —
143 | 0.354 | 1.383E — 01 | 2.038 | 1.300E — 01 | 0.946
543 | 0.177 | 3.436E — 02 | 2.009 | 6.536E — 02 | 0.992
2111 | 0.088 | 8.577E — 03 | 2.002 | 3.271E — 02 | 0.998
8319 | 0.044 | 2.143E — 03 | 2.000 | 1.636E — 02 | 1.000
33023 | 0.022 | 5.358E — 04 | 2.000 | 8.181E — 03 | 1.000
131583 | 0.011 | 1.340F — 04 | 2.000 | 4.091E — 03 | 1.000

Table 4.1: Example 1, quasi-uniform refinement with triangles.

N | n ew) [rw | e | k)
27 0.707 | 8.784F — 01 — 2.964F — 01 —
95 0.354 | 2.123FE — 01 | 2.049 | 1.584FE — 01 | 0.904
351 0.177 | 5.265F — 02 | 2.012 | 7.996FE — 02 | 0.986

1343 | 0.088 | 1.314E — 02 | 2.003 | 4.006E — 02 | 0.997
5247 | 0.044 | 3.283F — 03 | 2.001 | 2.004EF — 02 | 0.999

20735 | 0.022 | 8.206F — 04 | 2.000 | 1.002E — 02 | 1.000

82431 | 0.011 | 2.051FE — 04 | 2.000 | 5.010E — 03 | 1.000

328703 | 0.006 | 5.129F — 05 | 2.000 | 2.505E — 03 | 1.000

Table 4.2: Example 1, quasi-uniform refinement with straight squares.

N | n ew) [rw | e | k)
111 0.707 | 2.057FE — 01 — 3.761F — 01 —
415 0.354 | 6.045F — 02 | 1.767 | 1.881FE — 01 | 1.000
1599 | 0.177 | 1.587E — 02 | 1.929 | 9.403EF — 02 | 1.000
6271 0.088 | 4.021F — 03 | 1.981 | 4.701E — 02 | 1.000

24831 | 0.044 | 1.008E — 03 | 1.995 | 2.351FE — 02 | 1.000

98815 | 0.022 | 2.523FE — 04 | 1.999 | 1.175E — 02 | 1.000

394239 | 0.011 | 6.309FE — 05 | 2.000 | 5.877E — 03 | 1.000

Table 4.3: Example 2, quasi-uniform refinement with triangles.
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N h e(u) r(u) e(p) r(p)
75 0.800 | 2.258F — 01 — 3.985E — 01 —
271 0.431 | 5.886F — 02 | 2.173 | 2.016£ — 01 | 1.101
1023 | 0.215 | 1.662E — 02 | 1.816 | 1.011E — 01 | 0.991
3967 | 0.110 | 4.277E — 03 | 2.021 | 5.069F — 02 | 1.028
15615 | 0.055 | 1.057E — 03 | 2.008 | 2.532E — 02 | 0.998
61951 | 0.028 | 2.618FE — 04 | 2.082 | 1.266E — 02 | 1.034
246783 | 0.014 | 6.562E — 05 | 2.011 | 6.330E — 03 | 1.007

Table 4.4: Example 2, quasi-uniform refinement with quadrilaterals.

N h e(u) r(u) e(p) r(p)
39 | 0.707 | 7263E —02 | — |1.939E —01| —
143 | 0.354 | 2.723E — 02 | 1.416 | 9.750E — 02 | 0.992
543 | 0.177 | 9.820E — 03 | 1.471 | 4.880F — 02 | 0.999
2111 | 0.088 | 3.454F — 03 | 1.508 | 2.440E — 02 | 1.000
8319 | 0.044 | 1.194E — 03 | 1.533 | 1.220F — 02 | 1.000
33023 | 0.022 | 4.072E — 04 | 1.551 | 6.099E — 03 | 1.000
131583 | 0.011 | 1.376F — 04 | 1.566 | 3.050E — 03 | 1.000
525311 | 0.006 | 4.612E — 05 | 1.577 | 1.525E — 03 | 1.000

Table 4.5: Example 3, quasi-uniform refinement with triangles.

N h e(u) r(u) e(p) r(p)
27 0.707 | 6.759F — 02 — 2.008£ — 01 —
95 0.495 | 3.203F — 02 | 2.094 | 1.169F — 01 | 1.518
351 | 0.277 | 1.186E — 02 | 1.709 | 6.386E — 02 | 1.040
1343 | 0.143 | 3.685L — 03 | 1.761 | 3.279E — 02 | 1.004
5247 | 0.072 | 1.130E — 03 | 1.724 | 1.651F — 02 | 1.001
20735 | 0.036 | 3.533F — 04 | 1.682 | 8.270L — 03 | 1.000
82431 | 0.018 | 1.125F — 04 | 1.653 | 4.137E — 03 | 1.000
328703 | 0.009 | 3.625L — 05 | 1.634 | 2.069E£ — 03 | 1.000

Table 4.6: Example 3, quasi-uniform refinement with distorted squares.
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Figure 4.1: Example 1, Uj,; and u; for a mesh with triangles (N = 2111).
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Figure 4.2: Example 1, U, 5 and u, for a mesh with triangles (N = 2111).
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Figure 4.3: Example 1, p, and p for a mesh with triangles (N = 2111).
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Figure 4.4: Example 1, Uj,; and u; for a mesh with straight squares (N = 1343).
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Figure 4.5: Example 1, U)o and u, for a mesh with straight squares (N = 1343).
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Figure 4.6: Example 1, p;, and p for a mesh with straight squares (N = 1343).
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Figure 4.7: Example 2, Uj,; and u; for a mesh with triangles (N = 3967).
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Figure 4.8: Example 2, U, 5 and u, for a mesh with triangles (N = 3967).
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Figure 4.9: Example 2, p;, and p for a mesh with triangles (N = 3967).
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Figure 4.12: Example 2, p;, and p for a mesh with quadrilaterals (N = 3967).
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Figure 4.13: Example 3, u),; and wu; for a mesh with triangles (N = 2111).

09

08

o7

086

05

04

03

02

01

Figure 4.14: Example 3, U, > and u, for a mesh with triangles (N = 2111).
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Figure 4.15: Example 3, p;, and p for a mesh with triangles (N = 2111).
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Figure 4.18: Example 3, p;, and p for a mesh with distorted squares (N = 1343).




Chapter 5

A mixed virtual element method for

the Stokes problem

5.1 Introduction

Following previous related contributions on mixed finite element methods in fluid mechan-
ics, we consider here the pseudostress—velocity formulation introduced first in [I5], and
furtherly developed, among others, in [27] and [2§]. Indeed, the derivation of pseudostress—
based mixed finite element methods for problems in continuum mechanics has become a
very active research area lately, mainly due to the need of finding new ways of circumvent-
ing the symmetry requirement of the usual stress—based approach. While the weak impo-
sition of this condition was suggested long before (see, e.g. [2]), the use of the pseudostress
has become very popular in recent years, specially in the context of least-squares and aug-
mented methods for incompressible flows, precisely because of the non—necessity of the
symmetry condition. As a consequence, two new approaches appeared: the pseudostress—
velocity—pressure and pseudostress—velocity formulations (see, e.g. [13], [14], [21], and
the references therein). In particular, augmented mixed finite element methods for both
pseudostress-based formulations of the stationary Stokes equations are studied in [21]. In

addition, the pseudostress—velocity—pressure formulation has also been applied to nonlin-

99
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ear Stokes problems (see, e.g. [20], [26], [32]). Furthermore, the formulation from [I5]
is modified in [27] by incorporating the pressure into the discrete analysis, thus allowing
further flexibility for approximating this unknown. More precisely, it is established there
that the corresponding Galerkin scheme only makes sense for pressure finite element sub-
spaces not containing the traces of the pseudostresses subspace. In particular, this is the
case when Raviart—Thomas elements of index k£ > 0 for the pseudostress, and piecewise
discontinuous polynomials of degree k for the velocity and the pressure, are utilized. On
the other hand, for recent applications of the pseudostress—based approach in fluid me-
chanics we refer for instance to [24] and [25], where dual-mixed methods for the linear and
nonlinear versions of the two—dimensional Brinkman problem are studied. Actually, the
pseudostress is the main unknown of the resulting saddle point problems in [24] and [25],
and the velocity and pressure are easily recovered through simple postprocessing formulae.
In addition, as it is usual for dual-mixed methods, the Dirichlet boundary condition for
the velocity becomes natural in this case, and the Neumann boundary condition, being
essential, is imposed weakly through the introduction of the trace of the velocity on that
boundary as the associated Lagrange multiplier. Additional contributions on this and

related topics include [16], [17], [18], [29], and [34].

The rest of this chapter is organized as follows. In Section [5.2] we introduce the
boundary value problem of interest, and recall from [27] its pseudostress—velocity mixed
formulation and the associated well-posedness result. Then, in Section [5.3.1] we follow
[9] to introduce the virtual element subspaces that will be employed, and then show the
respective unisolvency, define the associated interpolation operators, and provide their
approximation properties. Though some of the proofs of these results are sketched in
[9], for sake of clearness and completeness, in the present paper we try to give as much
detail as possible in some of them. In particular, a Bramble-Hilbert type theorem for
averaged Taylor polynomials (cf. Chapter [2]) plays a key role in our analysis. Next, fully
calculable discrete bilinear forms are introduced in Section [£.3.4] and their boundedness
and related properties are established. To this end, a new local projector onto a suitable

space of polynomials is proposed here. This operator is somehow suggested by the main
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features of the continuous solution of the Stokes problem, and it also responds to the need
of explicitly integrating the terms of the bilinear form that involves deviatoric tensors.
The family of local projectors is shown to be uniformly bounded, and the aforementioned
compactness theorem is applied to derive its approximation properties. The actual mixed
virtual element method is then introduced and analyzed in Section The classical
discrete Babuska-Brezzi theory is applied to deduce the well-posedness of this scheme,
and then suitable bounds and identities satisfied by the bilinear forms and the projectors
and interpolators involved, allow to derive the a priori error estimates and corresponding
rates of convergence for the virtual solution as well as for the projection of it. On the other
hand, in Section we use [5] to provide details on the computational implementation
of MVEM, explaining how to assemble the global stiffness matrix and how to impose the
associated extra condition (cf. Section on the solution. Finally, several numerical
examples showing the good performance of the method, confirming the rates of conver-
gence for regular and singular solutions, and illustrating the accuracy obtained with the
approximate solutions, are reported in Section [5.4.4] .

Finally, it is important to remark that all the contents of this chapter correspond

exactly to what is provided in [I2], with exception of the section corresponding to the

computational implementation of the method (cf. Section .

5.2 The continuous problem and its mixed formula-
tion

Let Q be a bounded and simply connected polygonal domain in R? with boundary I'. Our
aim is to find the velocity u, the pseudostress tensor o and the pressure p of a steady flow
occupying €2, under the action of external forces. More precisely, given a volume force

f € L2(Q2) and g € HY2(I'), we seek a tensor field o, a vector field u and a scalar field p
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such that

o=2uyVu—pl in Q, dive=—-f in Q,
(5.2.1)
divu=0 in Q, u=g on [,

where p is the kinematic viscosity. As required by the incompressibility condition, we

assume that g satisfies the compatibility condition

/g~n:0.
r

It is easy to see, using that tr (Vu) = divu in 2, that the pair of equations given by
oc=2uVu—pl in Q and div(u)=0 in Q,
is equivalent to
i 1 )
o=2uVu—pl in Q and p-+ étr(a) =0 in Q,
and therefore, instead of (5.2.1]), from now on we consider

o=2uyVu—pl in Q, dive =—f in €,
(5.2.2)

1
p+§tr(a'):0 in Q, u=g on [I.

Then, proceding as in [27], in particular eliminating the pressure from the third equa-
tion of (5.2.2), we arrive at the following mixed variational formulation: Find (o,u) €
H x @ such that

a(o,7) + b(r,u) = (tn,g) VTeH,

(5.2.3)

b(o,v) = —/f-v VveqQ,
Q

where

H = {TEH(div;Q): /

Q

tr () = o}, Q = L2(Q), (5.2.4)
and H is endowed with the usual norm || - [|giv.o of H(div; ). In turn, a: H x H — R
and b: H x ) — R are the bounded bilinear forms defined by

1

= — [ o: 7 Ve, 7)e Hx H,
2 ), (o, 7)

alo,7) :
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and

b(r,v) = /V -divr  V(r,v) e HxQ. (5.2.5)
Q
The unique solvability of (5.2.3) is established as follows.

Theorem 5.2.1. There exists a unique (o,u) € H x Q solution of (5.2.3)). Moreover,

there exists a constant C' > 0, depending only on €2, such that

(. Wl < C{ IElyq + lglar -

Proof. See [27, Theorem 2.1]. O

5.3 The discrete problem

5.3.1 The virtual element subspaces
5.3.1.1 Preliminaries

Let {Tn},~o be a family of decompositions of €2 in polygonal elements. For each K € T,
we denote its diameter by hg, and define, as usual, h := max {hK . K e ’E} Now,
given an integer k > 0, we let Py (K) be the space of polynomials on K of total degree
up to k. Then, given an integer k& > 1, we follow [9] and consider the following virtual

element subspaces of H and @), respectively:

H, = {TEH: n

e Pu(e) VY edge e € Ty, divr(K e Py (K),

(5.3.1)
rot T‘K ePr1(K) VKe ﬁ} ,
and
O = {veQ; V‘KEPk_l(K) VKeTh}, (5.3.2)
where
Oma _ Omu
81'1 0932
rotT := O a1 V1TreH.

Oxy  Oxy
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Then, the Galerkin scheme associated with (5.2.3) would read: Find (o, u,) € Hp, X
@y, such that

a(on, 1) + b(m,uw) = (Tn,g) V1 € Hy,

(5.3.3)

b(O’h,Vh) = —/f'Vh Vv, € Q.
Q

Nevertheless, we will observe later on that a(e, 7,) can not be computed explicitly when
oy, T, belongs to Hy, and hence a suitable approximation of this bilinear form, namely

ay,, will be introduced in Section to redefine (5.3.3)).

5.3.2 Unisolvency of the virtual element subspaces

In what follows we assume that there exists a constant C' > 0 such that for each decom-

position 7, and for each K € T}, there hold:

a) the ratio between the shortest edge and the diameter hyx of K is bigger than Cr,

and

b) K is star-shaped with respect to a ball B of radius Cy hx and center xg € K, that
is, for each zy € B, all the line segments joining xo with any x € K are contained in

K, or, equivalently, for each x € K, the closed convex hull of {x} U B is contained

in K.

As a consequence of the above hypotheses, one can show that each K € 7T, is simply
connected, and that there exists an integer Ny (depending only on C7), such that the

number of edges of each K € 7T}, is bounded above by N7

Next, in order to choose the degrees of freedom of Hj, given an edge e € T, with
medium point z. and length h., and given an integer ¢ > 0, we first introduce the

following set of 2(¢ + 1) normalized monomials on e

({0 e
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which certainly constitutes a basis of Py(e). Similarly, given an element K € 7, with
barycenter xx, and given an integer ¢ > 0, we define the following set of (¢ 4 1)(¢ + 2)

normalized monomials

o = {((552) 0 ), U)o

which is a basis of P,(K). Note that (5.3.5)) makes use of the multi-index notation where,

given x := (x1,75)" € R? and a = (a1, a3)®, with nonnegative integers oy, as, we set
x® = z{'25? and |a] := a1 + ay. According to the above and the definition of Hj, (cf.

(5.3.1)), we propose the following degrees of freedom for a given 7 € Hj,:

a) /Tn~q Vq € B(e) V edgee e Ty,
b) [ 74 vaeBa O\ (M0N0} YKET,

K
c) / q-rotT Vqe€ B 1(K) VK eT,.

* (5.3.6)

We now observe, according to the cardinalities of By (e) and By_;(K), that the amount

of local degrees of freedom, that is those related to a given K € Ty, is given by
nf = 2k + 1) dic + {k(k+1) =2} + k(k+1) = 2{(k;+ 1) (di + k) — 1}, (5.3.7)

where dx is the number of edges of K. Moreover, we have the following local unisolvence

result.

Lemma 5.3.1. Given an integer k > 1, we define for each K € 7T}, the local space

HE = {TGH(diV;K)ﬂH(rot;K): ™n

€ Pr(e) V edge e C 0K,
‘ (5.3.8)
divr € P, (K), rotTe Pk_l(K)} .

Then, the nf local degrees of freedom arising from (5.3.6)) are unisolvent in HX.
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Proof. Let T € H[* such that
/Tn-q =0 Vqe€ By(e), Vedgee C 0K,
/T:Vq = 0 VqeB1(K), (5.3.9)
K

/Q-rotT =0 Vqée B 1(K).
K

It follows easily from the definition ([5.3.8)) together with the first and third equations of

E33) that
™m =0 on 0K, and rott =0 in K. (5.3.10)

In turn, integrating by parts the second equation in (5.3.9), we find that

0:/T:Vq:—/q-div7'—|—/ Tn-q:—/q-diVT Vqé€ By 1(K),
K K oK K

which yields divr = 0 in K. Now, since K is simply connected, we know from the
second identity in (5.3.10) and [30, Chapter I, Theorem 2.9] that there exists ¢ € H'(K)
such that 7 = V¢ in K. In this way, the free divergence property of 7, and the fact

that its normal component is the null vector on 0K, can be rewritten as
Ap =0 in K, Vén =0 on O0K.
Thus, the classical solvability analysis of this Neumann problem implies that ¢ is a con-

stant vector, and hence 7 vanishes in K, which completes the proof. O

5.3.3 Interpolation on H; and Q)

In this section we define suitable interpolation operators on our virtual element subspaces

and establish their corresponding approximation properties. To this end, we need some

preliminary notations and technical results. For each element K € T, we let K = Tk(K),
X —X
where Tk : R* — R? is the bijective affine mapping defined by Tx(x) := Z B
K

Vx € R?. Note that the diameter hg of K is 1, and, according to the assumptions a)
and b), it is easy to see that the shortest edge of K is bigger than C'7, and that K is
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star-shaped with respect to a ball B of radius C7 and centered at the origin. Recall
here that xp is the center of the ball B with respect to which K is star-shaped. Then,
by connecting each vertex of K to the center of §, that is to the origin, we generate a
partition of K into dz triangles A, i € {1,2,...,dz}, where di < N7, and for which
the minimum angle condition is satisfied. The later means that there exists a constant

cr > 0, depending only on Cy and Ny, such that @ < cr Vie{l,2,...,dz}, where iNzZ
is the diameter of ﬁl and p; is the diameter of the Zlargest ball contained in ﬁz We also
let A be the canonical triangle of R? with corresponding parameters h and p, and for each
i€{1,2,...,dg} welet F; : R? — R? be the bijective linear mapping, say F;(x) := B;x
Vx € R?, with B; € R?>*? invertible, such that Fz(ﬁ) = ﬁl We remark that the fact

that the origin is a vertex of each triangle ﬁl allows to choose F; as indicated.

In what follows, given v € L2(K), we let V := v o Tc' € L2(K). Then, we have the

following result.

Lemma 5.3.2. Given an integer ¢ > 0 and an element K € Ty, we let PK : L2(K) —
P/(K) and Pf . L2(K) — Py(K) be the corresponding orthogonal projectors. Then

P

PE(v) = P{?(V) for all v € L?(K), and for any pair of nonnegative integers r and s
there holds 73{( € L(H"(K),H*(K)), with ||7DZ[~(||£(HT(I?),HS(I~<)) independent of K, namely

depending only on ¢, s, ¢y, Cr, and Nr.

Proof. Denoting N, := (¢ + 1)(¢ + 2), we let {gol,cpg, . ,cpN[} be a basis of Py(K), in
particular B,(K) (cf. (5.3.5)), and observe that {{51,{52, . ,{5]\&} becomes a basis of

P(K). Hence, given v € L?(K), and bearing in mind that the Jacobian of Tk is hj?, we
find that for each j € {1,2,..., Ny} there holds

/f’f(")'@jzhff/Pf((")'%:hff/v-%:[V%=/~P5(v).¢j,
K K K K K

which shows that P/ (v) = Pf? (v). Throughout the rest of the proof we assume for sim-
plicity that {4,31, Pa, ... ,c,'EN,_,} is orthonormal, which yields P~ (V) = Z (V. Pi)oi Pi-
j=1
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Then, employing the Cauchy-Schwarz inequality, we obtain

Ny
IPE < {Z ||903||5K} Vlloz < {Z o5l } vl %
7j=1

which proves that PZK € L(H"(K),H*(K)), with

1/2

Ny dg
1PE N ooy ey < §jme=2)§]@ﬁ& , (5.3.11)

j=1 | i=1
where the last equality makes use of the aforementioned decomposition of K. We now
apply the usual scaling properties connecting the Sobolev integer seminorms in each A
with those in A. In this way, denoting @;; = @;|3 o F; € Pg(ﬁ), using the equivalence
of norms in Pg(ﬁ), and noting that p;, ' < cTEi_l < ¢7 C7', we deduce that for each

integer ¢ > 0 there holds

@iles, < Ceh! ot det Bi'? [ @ill, 5 < Coh' cr CF'|det Bil 2 E1lly 5

= Cih' & C7'2|@sllo 5, < Cil' e CF NG5l = €
where C; depends on ¢, whereas ¢ depends on Pg(ﬁ) and t, and C' = C, ht - CF'¢. The
foregoing inequality and give the announced independence of ||PX|| C(HA(R) H ()
which ends the proof.
0

The next result taken from [7, Lemma 4.3.8] (see also [19]) is required in what follows

as well.
Lemma 5.3.3. Let O be a domain of R? with diameter 1, such that it is star-shaped
with respect to a ball B of radius > %pmax, where

Puax ‘= SUp { p: O is star-shaped with respect to a ball of radius p}.

In addition, given an integer m > 1 and v € H™(O), we let T™(v) € P,,_1(O) be the
Taylor polynomial of order m of v averaged over B. Then, there exists C' > 0, depending

only on m and pgay, such that

|V — Tm(V)M@ < ClV’mp Vi c {O, 1, - ,m}.
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We now proceed to define our interpolation operators. We begin by letting Pl ;| :
L2(2) — @y, be the orthogonal projector, that is, given v € Q := L*(Q), Pr ,(v) is
characterized by

/ (v-Pi(v)a=0 VKEeT,, Vqc¢eP,(K), (5.3.12)
K
which means, equivalently, that
P}?—1(V)|K = Pea(vlx)

where, as indicated in Lemma [5.3.2, P, : L*(K) — P,_;(K) is the local orthogonal

projector. The following lemma establishes the approximation properties of this operator.

Lemma 5.3.4. Let k, ¢ and r be integers such that 1 < r < k and 0 < ¢ < r. Then,
there exists a constant C' > 0, depending only on k, ¢, r, ¢y, Cy, and N7, such that for
each K € T, there holds

v — PE (V)ex < CRZ Vg Vv e H(K).

Proof. Given integers k, ¢ and r as stated, K € T, and v € H"(K), we first observe that
there hold

Flog = b Wl and PE(T'()) = T(9),
where T"(v) € P,_1(K) is the Taylor polynomial of order r of ¥ averaged over a ball of

radius > %ﬁmax, where
Pax ‘= SUp { p: K is star-shaped with respect to a ball of radius p}.

Recall here that K has diameter 1 and is star-shaped with respect to a ball B of radius

C7 and centered at the origin. It follows, using Lemmas |5.3.2| and |5.3.3| (with O = K ),

that

V=PEiMlex = WV =PE g = TV POk
= hl_(é_l |(I - ,Plg(—l) (V - TT({’)) |g,f< < hf_(g_l 11— Piil”,c(ﬂr(f(),m(f()) v — TT({’)HT,}?

< Ch ™' Wl = CR IVl
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which finishes the proof. n

We now let

H = {T € H: 7|g€L¥K) (for some s >2) and rot 7| € L'(K) VK € 77L},
(5.3.13)
and introduce an interpolation operator 17 : H — H,. Indeed, given T € H , we let

17 (7) be the unique element in Hj, such that
0= /(T_HZ(T))H'CI Vq € Bi(e) YV edge e € Ty,
0 = / (r —1i(7)) : Vg Vae Bt (K)\ {(1,0%,(0,1)*} VKETs,
K

0= /q-rot (r—I}(r)) Vg€ Bii(K) VK eT,.
* (5.3.14)
Note here that the extra local regularities on 7 and rot 7 allow to define normal traces
of 7 on the edges of 7;, and the moments involving rot 7 in each K € 7Ty, respectively.
In addition, the uniqueness of I1%(7) is guaranteed by Lemma . Next, we define the
local restriction of the interpolation operator as IIX(7) := I} (7)|x € Hf. Tt follows

that for each q € Pj_1(K) there holds
[ -nm)a=- [ (-m@) va+ [ r-nf)na=o,
K K oK
which, together with the fact that div X (7) € Pj_;(K), implies that
divIlE(r) = PE (divT). (5.3.15)
This identity implies the following result.

Lemma 5.3.1. Let k, ¢ and r be integers satisfying 1 < r < k and 0 < ¢ < r. Then,
there exists a constant C' > 0, depending only on k, £, r, c¢r, Cr, and N+, such that for

each K € Ty, and for any T verifying additionally that div T|x € H"(K) there holds

|div T — divIIf (T)x < CRHdiv T,k . (5.3.16)
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Proof. Tt follows from a straightforward application of Lemma [5.3.4] O

We now consider K € T, and set the local moments defining H/*. Indeed, given T as

required by (5.3.14]), we define the K-moments:

Mye(T) = /Tn-q Vq € Byle), VedgeeCIK,

mak(r) = / T:Vq Vg€ By (K)\ {(1,0)%,(0,1)*}, (5.3.17)
K

M (T) 1= / q-rot(r) VqeBii(K),
K

nk K
and gather all the above in the set {mij('r) }jkl. Then, we let {%,K}?ﬁl be the canonical
basis of HY, that is, given i € {1,2,...,n&}, ¢; k is the unique element in H such that

mik(pirx) = 6;  Vjie{l,2,...,np}.
It follows easily that ;
Hk:K(T) = kaj,K(T) WK (5.3.18)
j=1
or, equivalently, I (1) is the unique element in HX such that

mk(IE (1)) = myx(t)  Vie{l,2,....,n5}. (5.3.19)

We now provide the analogue of Lemmas|[5.3.2|and [5.3.4] for the foregoing local operator
HK
-

—_——

Lemma 5.3.5. Given integers k, £ > 1, and K € Ty, there holds IT¥(7) = Hf(?) for

all T € H*(K), and TIf € L(H'(K),L*(K)) with [IT£]|, ( independent of K,

H(R) L2(K))
namely depending only on k, ¢, N+, and C'r.

Proof. We first note that clearly ¢ € HX if and only if ¢ := poT' € H f:( . In particular,

P

given 7 € H*(K), there holds II¥(1) € H ,{( , and hence the required identity holds if and

only if the K-moments of 15 (7) and ka{(‘T') coincide. Indeed, let € be an edge of IK,
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and let e := T;'(€) be the corresponding edge of K. Then, for each q € By(e), and
letting q := q o Ti" € P.(€), we find, integrating by parts and using (5.3.19), that

[irmi-a - [ aavig + [ 15 v
] K K
:h;ﬁ/q-divnf(r)+h;§>/nf(7):Vq= hi? /HkK(T)n-q
K K e
:h[}?’/('rn)-q:h;(?’/q-diVT—i-h;f’/T:Vq
e K K
:/a.div%+/%:va:/(ﬁi)-q.
K K e

Next, if £ > 2 and q € By_1(K), we easily obtain, using again (5.3.19), that

(5.3.20)

ﬁnf(T)ivazhgg/Hf(T):Vq:h;f/r:Vq:/N?:Vﬁ, (5.3.21)
K K

K K

and

[a-rotﬂf(ﬂ = h;{S/q-rotHkK(T) = h}g/
K K

q-rotT :/b]-rot‘T'.
K

K
(5.3.22)
In this way, (5.3.17) together with (5.3.20), (5.3.21)), and (5.3.22)) confirm that II¥ (7) and

Hf (7) share the same K-moments.

It remains to show that I15 € E(He(l?), IL2(I})), with ||H£(||L(
of K. For this purpose, we first observe from ([5.3.18)) that

HZ(I?),M(I?)) independent

g
I (Dlloze < > Imy () e, zllo -
j=1

where each m; i is defined according to (5.3.17) with B_1(K) and B,(¢) V edge ¢ C 0K,

nkK

k
and {Soj’f(}j—l _
in terms of |||, z. In fact, given an edge € C K, and q € By(€), a simple computation

is the canonical basis of H f:{ . Next, we proceed to bound the K-moments

shows that [|qlloz < hé/ 2 < h}(m = 1, and then, applying the Cauchy-Schwarz and

discrete trace inequalities, and using that hy > C7, we obtain

—1/2
o)l < Irlozllalor < {7 7l + [rhg} < Clirlg < Clirlz.



5.3. The discrete problem 113

In turn, given now q € By_1(K), it is easy to see that ||q||, 7z and |q|, z are both bounded
by constants independent of K , and hence straightforward applications of the Cauchy-
Schwarz inequality yield

()] + (o] < Il + Il f < Cllrllg

Finally, we claim that, thanks to the assumptions a) and b) (cf. beginning of Section
5.3.2)) and the choice of the normalized monomials given by B,(e) and By(K) (cf. (5.3.4),
(5-3.5)), there holds [|; zll, # = O(1), which would complete the boundedness of Hg :

The specific technical details, however, will be given somewhere else. O

Lemma 5.3.6. Let k£ and r be integers such that £ > 1 and 1 <r < k+ 1. Then, there
exists a constant C' > 0, depending only on k, r, ¢, C7, and N7, such that for each
K € Tj, there holds

|7 — T (T)ox < Chy ||k Vre H'(K). (5.3.23)

Proof. We proceed similarly as in the proof of Lemma[5.3.4 In fact, given integers k and
r as stated, K € 75, and 7 € H'(K), we let T"(F) € P,_1(K) be the tensor version of
the averaged Taylor polynomial of order r of 7 (cf. Lemma , and observe, since
r —1 < k, that Hf(ﬁ""(?)) = T"(7). It follows, using Lemmas [5.3.5| and [5.3.3] (with
O = K), that

P

I =T ()llox = b IF = TE@lo gz = hid 17 =T (Fllo 2

= hl_{l | (I - Hllf) (; - TTG)) Ho,f( < hI_{l IT— HkKHL(Hr(I?),M(f()) T - TT(%)HT,I?

< Chid 7l 5 = Chi |7l

which finishes the proof. ]

As a corollary of Lemmas [5.3.1] and [5.3.6] we have the following result.

Lemma 5.3.7. Let k£ and r be integers such that 1 < r < k. Then, there exists a constant
C > 0, depending only on k, r, ¢r, C'+, and N, such that for each K € 7T, there holds

7 = T (1) |arere < C Bl { 7] s + |div 7] } V7 e ' (K) with divre H(K).
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Proof. Tt suffices to apply (5.3.16) with £ = 0 and then combine it with the estimate
provided by Lemma [5.3.6] O

5.3.4 The discrete bilinear forms

The ultimate purpose of this section is to define computable discrete versions ay, : H, X
H;, — R and by, : H, x ), — R of the bilinear forms a and b, respectively. To this

end, we first observe that, given (7,v) € Hy X )y, the expression

b (7,v) ::/V~div1': Z/V-diVT,
0 K

KEeT,
is explicitly calculable since, according to the definitions of Hy and Q, (cf. (5.3.1)), (5-3.2)),
there holds v|x € Pr_1 (K) and divT|x € Py_1(K) on each element K, and hence we
just set by, = b. On the contrary, given ¢, 7 € Hy, the expression

1 d,d_1 d . .d
a(C,T)::ﬂ/QC.T —ZZ/KC.T

KeTy
is not explicitly calculable since in general ¢ and 7 are not known on each K € T,. In
order to overcome this difficulty, we now proceed to introduce suitable spaces on which the
elements of Hj, will be projected later on, and for which the bilinear form a is computable.
Indeed, let us first consider a particular choice of 7 given by 7 := V curlq € P, (K) with
q € Pria(K), where curl := (8%2, —8%1)7 and observe that tr(7) = div (curlg) = 0,

whence 7% := 7. It follows that for each ¢ € H), there holds

Jeirt= [¢ir= [ ¢:vautg = - [ cmgedive + [ (w-cus,
(5.3.24)

which, bearing in mind from Lemma that div |k and ¢n|sx are explicitly known,
shows that a(¢,7) is in fact calculable in this case. In turn, it is also quite clear that,
given 7 := ¢l € Py(K) with ¢ € Py(K), there holds a(¢,7) = 0 for all { € H,. The
above suggests to define the subspace of P(K) given by

oK . OOK 7K
H; = Hyy + Hyyp,
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where
ﬁ,fv = {V&rlq: qEPk+2(K)} and ﬁ,ﬁ = {q]l: qGPk(K)}.

The following lemma establishes the basic properties of the space H K.

Lemma 5.3.2. There holds HE = ﬁ/fv o f],fﬂ and dim HE = (k+1) (k +4).

Proof. Given T € f[,fv N H ,fﬂ, we have on one hand 7 = 7¢, and on the other hand

7% = 0, so that necessarily 7 = 0. This shows the required decomposition and hence
dim AF = dim HE, + dim HY, = dim HE, + dim Py(K) . (5.3.25)

Alternatively, it is easy to see that H ,ffv and H ,ﬁ are orthogonal with respect to the usual
inner product of H(rot; K). In order to determine the remaining dimension in ({5.3.25)
we prove now that the set {Vchlxa o 2< ol <k+ 2} is a basis of It.f,fv. Indeed,
the generation property is quite clear from the fact that {xo‘  0<|al <k+ 2} is the
canonical basis of Py o(K) and by observing that Vcurlg = 0 V¢ € Py(K). Next, we

consider scalars a,, 2 < |a] < k+ 2, and set V curlg = 0 with ¢ := Z ao x*. It
2<|a|<k+2
follows that curl ¢ is a constant vector of R?, that is

0

a_q = Z A3+(1,0) (61 + 1)X6 = constant in K,
e 1<|8|<k+1

0

8_q = Z ag+0,) (B2 + l)xﬁ = constant in K,
T2 1<|8|<k+1

which yields agi(10) = agy1) = 0 forall 1 <[B| <k + 1. In this way, since clearly
{ta: 2<]al <E+2} = {apro: 1< B <k+1} U {agron: 1 <8l <Ek+1},

we deduce that ¢ = 0. Having thus identified a basis of H ,fv, whose cardinality is
certainly given by dim Py 2(K)—dim Py (K) , we conclude from ([5.3.25)) and the foregoing

expression that

amay = EEIEED g BEDEED kv a),

which completes the proof. O]
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We now introduce a projection operator ﬁkK cH(div; K) — fl,f To this end, we set

for each K € T, the local bilinear form
1
ak(¢, 1) = —/Cd:Td V¢, T e LA(K).
2u i
Then, we define ¢ := K¢ e H K'in terms of the decomposition:
=Cv + qel + 1, (5.3.26)

where the components Cy € PA[,fV, g € ﬁk(K) = span{xa D 1< o < k}, and

c¢c € R are computed according to the following sequentially connected problems:

e Find (y € ﬁ,fv such that
aK(EV7T) = a"(¢, 1) V1 e fl,fv, (5.3.27)

e Find ¢ € ﬁk(K) such that
(div(ge I), div(gD)ox = (div(¢ —Cv),div(gD)ox Vg € Py(K), (5.3.28)

e Iind ¢ € R such that:
/ tr(¢) = / tr(¢) . (5.3.29)
K K
We remark that the unique solvability of (5.3.27)) is guaranteed by the identity

1 1
aK(

T,T) = o ||Td||(2),K = ﬂ ”T||(2),K VT e Hifv,

whereas that of (5.3.28]) follows from the inequality

Idiv(¢ D5k = lalix >0 Vg € Pu(E)\{0}.

In this way, having computed Ev € Ifl,fv and then ¢; € ISK(K ), we replace them into
(5.3.29), which, using that tr(Ev) =0, yields

e = ﬁ /K{tr(C) - 2%} (5.3.30)
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Let us now check that the right hand sides of (5.3.27)), (5.3.28)), and (5.3.30]) are indeed
calculable when ¢ belongs to our local virtual space Hf C H(div; K) (cf. (5.3.8)).

Firstly, the fact that a’ (¢, 7) can be explicitly computed for ¢ € H¥X and 7 € H ,fv, was

already noticed at the beginning of Section |5.3.4] (cf. (5.3.24)). In turn, since div{ €
P,_1(K) (cf. (5.38)) and Cy € Pi(K), it is quite clear that the expression (div (¢ —
Ev),div(q I))o k is also calculable for each ¢ € ng(K) Next, for the right hand side of

(5.3.30) we simply observe that

Ju@ = [¢ii=[civx=- [xaives [ cnx

which, according to (5.3.8)), is calculable as well. Finally, it is straightforward to check
from (5.3.27) - (5.3.29)) that ﬁf(C) =( V(e }A[,f(, which confirms that ﬁkK is in fact

a projector. Moreover, the following result establishes the uniform boundedness of the

family {ﬁ’[:}KET - {L(H(div;K),L2(K))}

3 KeTy

Lemma 5.3.3. There exists a constant C' > 0, depending only on k, 8, cr, and C, such
that for each K € T, there holds

1T Qo < € { Il + b [div(Qllos | ¥¢ € H(diviK).  (5.331)

Proof. Given ¢ € H(div; K') we utilize again the decomposition ([5.3.26)) and set

~

C=T(C) = Cv + qc I + ¢, (5.3.32)

with Ev € I?I;fv, q¢ € ﬁk(K), and c¢ € R. Then, it follows straightforwardly from ({5.3.27)),
(5.3.28]), and ((5.3.30|) that

Iellosc < IClos lachx = lldivige Dllox < [1div(¢)]lox + [div(Ce)llox
(5.3.33)

and

lee o < I¢lloe + V2 llacllox - (5.3.34)

In what follows we bound ||g¢||o,x and ||div(Ev)||0,K in terms of |g¢|1, x and ||€||o,x, respec-

tively. For the first estimate we assume, without loss of generality, that K is star-shaped
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with respect to a ball B centered at the origin. Otherwise, instead of K we consider the
shifted region K := Tx(K), where Tx(x) := x — xp Vx € K, for which there holds
hx = hg. Then, analogously as described for K at the beginning of Section , we now
let { A i e{l,2,..,dk} } be the partition of K obtained by connecting each vertex
of this element to the origin. In addition, for each i € {1,2,...,dgk} we let h; and p; be
the geometric parameters of A;, and let F; : R? — R? be the bijective linear mapping, say
Fi(x) := B;x Vx € R?, with B; € R?*? invertible, such that Fz(ﬁ) = A,;. Recall that
A is the canonical triangle of R? with corresponding parameters T and p. Hence, we can

write

dx dx
lacllG.e = Y llaclsa, = D Idet B 1@ll? 5 - (5.3.35)
i=1 i=1

where @¢; = q¢la, 0 F; € P.(A). We emphasize here that the fact that the origin
is a vertex of each one of the triangles A; has allowed to choose a linear (not affine)
transformation F; mapping A onto A;, which, given that g¢|a, € lgk(Ai), insures that g¢;
does belong to ﬁk(ﬁ) Moreover, the importance of it lies on the fact that |- ]173 is a norm

on ﬁk(ﬁ), and therefore there exists ¢ > 0, depending only on k and ﬁ, such that, in

particular, ||G¢;

between Sobolev seminorms, we obtain from ({5.3.35)) that

>3 < Clgel? 5+ In this way, applying once more the scaling properties

di di
lacllse < Y IdetBilelacil; x < @) hip*lacalia, < Chiclaclix,  (53.36)
i=1 =1

which, together with the second inequality in ([5.3.33)), gives

laclos < € hac {1iv (Ol + 1div(Ee) o - (5.3.37)

On the other hand, applying the inverse inequality in each triangle A;, noting from the
assumption a) at the beginning of Section that ;' < C7'hi', and then using the

first estimate in ([5.3.33]), we find that

dK dK
||diV(CV)||(2),K < 2|CV|%,K = 2 ZKVE,AZ- <c Zhi_2 ||CV||(2),A1-

=1 i=1
< cCP I lIGv gk < ecCF* hi Il
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which, replaced back into (5.3.37)), yields

lachox < € {Icllo + e [ div(€) o} (5.3.39)

Finally, it is easy to see that (5.3.32)), the first inequality in ([5.3.33)), (5.3.34)), and (/5.3.38|)
imply the required estimate ([5.3.31)), thus completing the proof. O

We remark at this point that instead of using ﬁk(K ) in the decomposition (5.3.26),
one could also employ the space Pyo(K) := {q e Pu(K): [iq= 0}. In this case,
the corresponding inequality follows from the approximation property given by
Lemma with ¥ = 1, r = 1, and £ = 0, and noting that obviously P(q) = 0
Vq € Pio(K). Nevertheless, we prefer to stay with P.(K) because of the simplicity of its
canonical basis for the implementation of .

The analogue of Lemma is provided next.

—~—

Lemma 5.3.8. Given integers k, ¢ > 1, and K € 7Ty, there holds ﬁkK(C) = ﬁ{f({) for

all ¢ € HF(K), and [If € L(H'(K),L*(K)) with [|[TIX I independent of K,

HY(R).L2(K))

namely depending only on k, 3, cr, and C7r.

Proof. Similarly as for Lemma , we first observe that 7 € ﬁ[,f if and only 7T :=

—_~—

ToTy ' € PAI{{ In particular, given ¢ € H(div; K), there holds ﬁkK(C) € ]/:7,5(, and hence,
in order to obtain the required identity, it suffices to show that f% solves the same
problem as ﬁf(f), namely (5.3.27) - (5.3.29) with K = K and ¢ = ¢. In fact, setting as
before ﬁkK(C) =Co + qc I + c¢ I, where (v € ff,fv, g € P.(K), and cc € R, we find,

according to (5.3.27)), that for each 7y € I/-Lfv there holds

af((gv,%) = h aK(Ev,Tv) = h2a"((, 1v) = af((g,‘?%). (5.3.39)
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In turn, for each g € ?k(K) we have, in virtue of ((5.3.28)), that

(div(ge 1), div(@l)), z = (div(ge D), div(gD)yz = hg'* (div(ge D), div(gD))ox

= hi (div(¢ — Co), div(gD))ox = (div(¢ — o). div(gD)), z

— (div(¢ - &), div(ql)), z -
(5.3.40)

Next, it is easy to see, thanks to ((5.3.29), that

/gtr(ﬁ/fv@) =/gﬁ?@:ﬂ:h?/Kﬁf(C):H:h;f/Kc:ﬂz/I?Ezﬂz/f{tr@,

which, together with (5.3.39) and ([5.3.40|), confirm that ﬁkK (¢) does solve the announced
problem. Finally, since hz = 1, a direct application of Lemma implies the existence
of a constant C' > 0, independent of K , such that

ITEOlloz < Cllllgz V¢ € H(divi K),
and consequently, for each integer £ > 1 there holds
ILEQloz < Cli¢llz V¢ e HY(K),

which completes the proof. O]

Before establishing the next result, we now recall from [27] that if (o, u) € H xQ is the
solution of the continuous problem (5.2.3), then there holds o¢ = 2 Vu € L*(Q) and
div u = 0, which formally implies the existence of w € H?(2) such that u = curlw, and
hence 0% = 2 'V curl w. These remarks motivate for each integer » > 0 the introduction

of the space
HS cn(K) = {C eH(K): ¢*= Vcurlw forsome we€ HT’LQ(K)}.

Then, we have the following projection error for ﬁkK , which constitutes the analogue

of Lemma [5.3.6l
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Lemma 5.3.9. Let £ and r be integers such that k land 1 < r < k+ 1. Then,

>
there exists a constant C' > 0, depending only on k, 7, 3, c¢r, and C'r, such that for each
K € T;, there holds

1€ — TEC)lox < Chi ¢l V¢ € Hy(K).

Proof. We proceed similarly as in the proof of Lemma [5.3.6] In fact, given integers k and
7 as stated, K € Ty, and ¢ € H, ., (K), we let w € H""2(K) such that ¢¢ = V curlw, set

@ € H2(K) such that ¢* = V curl@, denote by T™2(@) € P,y (K) and T" (tr(z)) €

P,_1(K) the averaged Taylor polynomials of order r+2 and r of w and tr(¢), respectively
(cf. Lemma[5.3.3), and observe, since 7+ 1 < k+2 and r —1 < k, that

OF (Vewl T*2(@)) = Veul T*3(@)  and O (T (62(E) 1) = T (6x() T

It follows, using Lemmas [5.3.8 and [5.3.3| (with O = K), that

—_—

¢ = TE@lloxe = b 1€ = TE Q) oz = A 1€~ TE )l 7

— hl—(l

(1—1iF) (Zd - %tr(f)]l — Veurl TH(@) + %TT(u(Z))]I)

0,K

< b 0= T ey oy {168 — Vel TH2(@)]|, gz + (@ = T (tx(E) T, 1 |
< Ch {Ild = T2@)], 0 + 1608 — T ()5 |

< Ohg {405 + €l } < CREICl 5 = Ol
which finishes the proof. n

We now let aff : HX x HIY — R be the local discrete bilinear form given by

al(¢,7) = af (I (¢), K (7)) + SK(¢ - TE(«¢), r —TIK(r)) V¢ T e HE,
(5.3.41)
where S* : HF x HF — R is the bilinear form associated to the identity matrix in

R™ " with respect to the basis {Soj,K}?El of HE (cf. (5.3.17) - (5.3.18))), that is

SK(¢,T) = Z mix($)mix(T) V¢ T e HE. (5.3.42)
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Next, as suggested by ((5.3.41]), we define the global discrete bilinear form ay, : H, x H, —
R

a,(¢,7) = Z aj (¢, 1) V¢, T € H,y. (5.3.43)

KeTy,
The following result is the analogue of the inequality given in [9, eq. (5.8)] for the

present case.

Lemma 5.3.4. There exist ¢y, ¢; > 0, depending only on Cr, such that
alCllfx <8¢ <aldlixy  YKETh Ve . (5.3.44)

Proof. Actually, except for the presence of the norm of a matrix multiplying S¥(¢, ¢) in
[9, eq. (5.8)], the inequalities are basically the same. However, since the corresponding
proof is only sketched in [9, Remark 5.1], for sake of completeness we provide in what

follows further details on the derivation of the upper bound of (5.3.44)). In fact, given
¢ € HE | we first notice from ({5.3.42)) that

SK(¢.¢) =) mik().
j=1

and hence it suffices to estimate each one of the moments mj x(¢) (cf. (5.3.17)) in terms
of ||¢]lo.xc- For this purpose, we employ the same partition and corresponding notations
introduced in the proof of Lemma . We begin with mg (¢), where e C K is an
edge of a triangle A; and q € By(e), by observing, thanks to the Cauchy-Schwarz and

polynomial trace inequalities, that

m2 ()] < 1[Cloe lalloe < Chi 2 I¢lox lel? < CCF2hd ™ (ICllos hY? < CLIICllos -

In turn, given q € By_1(K), we apply the inverse inequality on each triangle A;, and then
use that |K| < ch%, to find that

mase ()l < l€llox lalux < CCF Rt ICllox lallox < € CF hid IClow K[V < CollClo -

Finally, given again q € By_1(K), we integrate by parts in K to obtain

mik (¢) Z/C:Mq— ¢t-q,
K OK
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where t is the unit tangential vector along 0K and curl is the operator curl acting row-
wise. In this way, employing basically the same arguments of the foregoing inequalities,

we deduce that

Mgk (O] < I¢llox lalix + Y I¢lloe lalloe < Csl¢llox

eCOK

where C3 = Cy+ Ny (', and C] and Cy are positive constants depending only on C'y-. [

The following result is consequence of the properties of the projector ﬁkK and the

previous lemma.

Lemma 5.3.5. For each K € Ty, there holds
af (¢, ) = a(¢, 1) VCGI:—\[,f, V1 e HE, (5.3.45)
and there exist positive constants oy, ag, independent of h and K, such that

a1 (¢ 7)1 < a1 {IiClloue I o+ IC—TE Qo =T () ok | VE € Tay ¥C, 7€ H
(5.3.46)

and

0 ¢k < af(¢.0) < ar { IRk +1IC - TEQIE L} YK eT VCemE.
(5.3.47)

Proof. Given ¢ € ﬁ,f, we certainly have ¢ = ﬁf(() = Ev+qc I+ ¢ I, with (v € ﬁ,ffv,
qe € ?k(K ), and c¢¢ € R. Hence, using the symmetry of a®, and bearing in mind problem
(5.3.27)), we deduce, starting from (5.3.41)), that given 7 € HX and denoting the deviatoric

tensor of I1X(7) by 7y € H i, there holds
ajf (¢, 7) = a"(I(¢), T (7)) = & (¢, 11 (7)) = a" (T (7). ¢)

= a(7v, (o) = af(7.¢v) = al(1,¢) = af(¢,7),

which proves (5.3.45)). Next, for the boundedness of aX we apply the Cauchy-Schwarz
inequality, the first estimate in (5.3.33)), and the upper bound in ([5.3.44) (cf. Lemma
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5.3.4]), to obtain

1 = d = d
A (6 < 5 () oL () o
~ ~ / ~ ~ 1/
T (S (S 1 (3 LR L o GO I i N
< 5 [l 7o + eall¢ =T Olle I =T (Ploue VG, € B

which gives ([5.3.46) with o := max{ﬁ, ¢1}. Finally, concerning (5.3.47)), it is clear that
the corresponding upper bound follows from (|5.3.46|). In turn, applying the lower estimate

in (cf. Lemma [5.3.4) we find that
1413 < 2{IE©) Mk + (¢ — T (€)1 }

< 4pa® (T (¢), T (Q)) + 211¢ — TE(QIE «

< 4 (0. I Q) + - (¢~ T (0. ¢ - Tif ().

which yields the lower bound in (5.3.47) with ay := max{4p, Z}~". O

We end this section by observing that all the tensors in HY vanishing a’(-,-) also
vanish af*(-,-), which is important for the stability condition provided by and
(5-3.47). In fact, given 7 € HX such that 0 = a¥(7,7) = ﬁ |73 &> We have 7¢ = 0,
that is 7 = 1 tr(7)I, which implies, according to the definition of Hj* (cf. (5.3.8)),
that divr = 1 V(tr(r)) € Py_1(K). It follows that tr(r) € Py(K), and hence 7 €
H lfﬁ C H K. In this way, thanks to the consistency condition ([5.3.45]), we conclude that

al(r,7)=al(r,7)=0.

5.3.5 The mixed virtual element scheme

According to the analysis from the foregoing section, we reformulate the Galerkin scheme

associated with (5.2.3)) as: Find (o, up) € Hy X @), such that

ay (op, ) + b(mh,u,) = (mn,g) V1, € Hy,

(5.3.48)

b(O’h,Vh) = —/f-Vh Vv, € Q.
Q
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In addition, as suggested by the third equation of (5.2.2)), the postprocessed virtual pres-
sure is defined as follows:
1

pr = =5 tr(om). (5.3.49)

In what follows we establish the well-posedness of (5.3.48]). We begin the analysis with
the following result from [10].

Lemma 5.3.6. There exists cq > 0, depending only on €2, such that

collCloe < 11€6e + [div(Olse V¢ € H (cf (5.2.4)). (5.3.50)
Proof. See [10, Chapter IV, Proposition 3.1]. ]

The ellipticity of a;, in the discrete kernel of b is proved next.

Lemma 5.3.7. Let V), := {Ch € H,: b(p,vy) =0 Vv, € Qh}. Then, there exists
a > 0, independent of h, such that

ah(waCh) Z o ||Ch||div;Q vCh S Vh- (5351)

Proof. Recalling from (5.3.1) that for each ¢, € Hj, there holds div(,|x € Pr_1(K)
V K € T, which actually says that div(¢,) € Qp, we find that

V, = {ch € H, - /th~div(ch) —0 Vv, € Qh} - {ch € Hy:  div(¢h) :o}.

Hence, according to the definition of a; (cf. (5.3.43)), and applying the lower bound in
(5.3.47) and the estimate (5.3.50)) (cf. Lemma [5.3.6]), we deduce that for each ¢, € V},
there holds

an(CrnGn) = Y ap (GG = az Y GGk = a2 IGIEe = allCulGive -

KeTy, KeTy

with a = ¢q as, which ends the proof. O

The following lemma provides the discrete inf-sup condition for b.
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Lemma 5.3.10. Let H, and @, be the virtual subspaces given by ((5.3.1) and ((5.3.2)).
Then, there exists # > 0, independent of h, such that

b(’Th,Vh)
sup ———=
ThEH) ||Th||div;Q
Th#

> B HVhHO,Q Vv € Qh- (5352)

Proof. Since b satisfies the continuous inf-sup condition, we proceed in the classical way

(see, e.g. [23, Section 4.2]) by constructing a corresponding Fortin’s operator. In fact,

given a convex and bounded domain G containing 2, and given 7 € H (cf. (5.2.4)), we
let z € H{(G) N H?(G) be the unique solution of the boundary value problem

div(t) in Q,
Az = , z=0 on J0G, (5.3.53)
0 in G\,
which, thanks to the corresponding elliptic regularity result, satisfies

[z]20 < C|div(T)[oq- (5.3.54)

Then, recalling that I} denotes the interpolation operator mapping H onto our virtual

subspace Hj, (cf. (5.3.13)), (5.3.14)), we now define the operator ©' : H — Hj, as

() = I(Vz) — {ﬁ/ﬁtr (HQ(VZ))} I.

It follows, using ([5.3.15]) and the fact that ITX and P{ | are the restrictions to K € Ty, of

the operators I1" and P} |, respectively, that
div (mp (7)) = div (II}(Vz)) = Pp_,(divVz) = Py (div(r)) in Q, (5.3.55)
and hence for each v, € ), we obtain

b(7(T),vy) = /th-div (7h(T) = /th-P,i‘_1<div (T)) = /th-div (1) = b(7,vh).
(5.3.56)

In turn, using (5.3.55)), (5.3.23)) (with » = 1), and (5.3.54)), we find that

It (T) laivie < [T (V)]0 + [[divrloe < [Valloo + [|[Vz —I1:(V2)|loo + [|div(T)|oe

< Vzloge + ch|IVzllo + [|div (7)o < Cllzlze + div(T)[oe < Clldiv(T)]oq,
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which proves the uniform boundedness of the operators {m} };~¢. This fact and the identity

(5.3.56) confirm that {7}};~¢ constitutes a family of Fortin’s operators, which yields

(5.3.52) and ends the proof.
]

The unique solvability and stability of the actual Galerkin scheme ([5.3.48)) is estab-

lished now.

Theorem 5.3.1. There exists a unique (op,u,) € Hp X Qp solution of (5.3.48)), and

there exists a positive constant C', independent of h, such that

l@nw)lieg < C{ Il + ligllar |-

Proof. The boundedness of a;, : H, x H, — R with respect to the norm || - ||giv.o of

H(div; Q) follows easily from ({5.3.46) and ([5.3.31)) (cf. Lemma[5.3.3). In turn, it is quite

clear that b is also bounded. Hence, thanks to Lemmas(5.3.7|and [5.3.10] a straightforward

application of the Babuska-Brezzi theory completes the proof. O

We now aim to provide the corresponding a priori error estimates. To this end, and just

for sake of clearness in what follows, we recall that PP, : L2(Q) — Q) and II" : H —

Hj, are the projector and interpolator, respectively, defined by (5.3.12)) and (5.3.14)), whose

associated local operators are denoted by P | and I1X. In turn, given our local projector

ﬁkK defined by (5.3.26]) - (5.3.29)), we denote by ﬁZ its global counterpart, that is, given
¢ € H(div; ), we let

MOl = TE(Clx) YK€ Th.
Then, we have the following main result.

Theorem 5.3.2. Let (o, u) € HXQ and (o, uy) € Hp, XQy, be the unique solutions of the
continuous and discrete schemes (5.2.3)) and (5.3.48)), respectively, and let p, € L*(Q) be
the postprocessed virtual pressure defined in ((5.3.49)). Then, there exist positive constants
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C1, Cs, independent of h, such that

lo=onloa+Ip=puloe < Cr{ o~ o) lo + o =T loq + A IE=PLy(E)oo |
(5.3.57)

and

[u—upllon < Cz{HG—HZ(U)!|0,9+\IU—ﬁZ(U)Ilo,n+Hu—Pﬁfl(u)Ho,nJrhHf—7’z?71(f)\lo,sz}-
(5.3.58)

Proof. We proceed similarly as in [9, Theorem 6.1]. Indeed, we first have, thanks to the
triangle inequality, that

lo —onlog < llo—1(o)lloa + [Ti(e) — aulloe, (5.3.59)

whence it just remains to estimate 8, := I}(o) — 4. We now observe from
and the second equation of that div(Il}(o)) = Pp(dive) = Pp(-f) =
div(oy,), which says that §, € V. It follows from (5.3.51) (cf. Lemma , adding
and substracting ﬁZ(a), using the first equations of and , employing the

identity (5.3.45)), and applying the boundedness of af (cf. (5.3.46)), a® and ﬁff (cf.
(5.3.31))), that

a |0nllGivia = @llOnll§o < an(n,6r) = an(li(o),8,) — an(on, on)
= a,(I}(0) — [1}(0), ) + an(lll(0),8,) — (dnn,g)

= ay (Il (o) = 1T(0), 84) + an(Il}(0),84) — a(o, 3

= > {af(ﬂ?(@ ~ (o), 8,) — aK<o——ﬁ£<<a>,5h>}

KeTh

<ar ) {HHkK(U) ~ I (o)llox + [ (o) —ﬁf{ﬂf(d)}llox} 10 lo.
KeTh

1 .
+ 5 > o =T (@) llox 18nllox
H ke,



5.3. The discrete problem 129

which yields, with C' :=

Q=

max{ay, ﬁ},

8l < € {IME(@) = T loe + ITTE(o) = T o + llo = TTE(@) o }
(5.3.60)

Next, adding and substracting o, we deduce that
(o) =TT () o0 < o =TI(e) o0 + o =TT (o) oo (5.3.61)

In turn, proceding in the same way and employing the boundedness of ﬁkK (cf. (5.3.31))),
we find that

1) — T () o < llo = T@)loe + llo = Ti(@)lloe + [T {o (@) o
< C{llo = 1@ + o =T (@)oo + hldiv(e — (@) oo }

< ¢{llo ~1(@)lloe + o =@ loa + hIf = Piy(E)lloa } -
(5.3.62)

In this way, replacing ([5.3.62)) and (5.3.61)) into (5.3.60)), and then the resulting estimate

back into ([5.3.59)), we conclude the upper bound for || — /oo induced by (5.3.57). In
addition, using from the third equation of (5.2.2)) that p = —1 tr(o), we obtain

1
P —pallog = §Ht1"(0) —tr(an) o < cllo—oulloa,

which completes the proof of ([5.3.57)).

On the other hand, concerning the error |[u — w0, we begin with the triangle

inequality again and obtain

= willog < llu—"P W)lloo + 1Py (w) = unllog. (5.3.63)

Next, proceeding as in the proof of Lemma [5.3.10, taking P! (u) —u, € Q) instead

of div(7) in the definition of the auxiliary problem (/5.3.53)), we deduce the existence of

o, € Hj, such that

div(o}) = Ppy(w) —w, and o} flaivie < clPri(u) —unfoe-



5.3. The discrete problem 130

It follows, employing the first equations of ([5.3.48)) and (5.2.3)), and the identity ((5.3.45)),

that
IPsw) =il = [ (P —w) -divio) = [ (n=w)-div(o})
= b(oj,u) — b(o},w,) = ay(o,, 04) — a(o, o)
= ay(oy —TI}(0), 07) — a(o —1}(a),07),

which, applying the boundedness of af (cf. (5.3.46)), a® and ﬁff (cf. (5.3.31)), and

observing in particular that ||o; — ﬁZ(O';:)”OQ < cllotllaivie < C|Pr(u) — upllog,

gives

1P (@) = wiloa < C{llon — T(@)lloe + llow — Ti(@n) oo + o =TT (@)oo}
(5.3.64)

Now, adding and substracting o, we readily get
low — T (0)lloe < llo—aullon + llo—TTi(0)oq- (5.3.65)
Similarly, and utilizing once again the boundedness of ﬁkK (cf. (5.3.31))), we can write

low = Ti(on)loe < llo = oulloa + o =) oo + |Ti(o — on)loo

(5.3.66)
< c{lle = aulloe + llo = (@)oo + hlldivie - o)lloe}
Furthermore, since div(ey) = PP ,(—f) and div(o) = —f, we have
Idiv(e = on)lloa = [If = Py (f)llog- (5.3.67)

Consequently, replacing ((5.3.66)) and ([5.3.65)) into ([5.3.64)), making use also of (5.3.67]) and

the already derived a priori error bound for || — ojp.q, and then placing the resulting

estimate back into ((5.3.63), we arrive at (5.3.58]) and conclude the proof. O

Having established the a priori error estimates for our unknowns, we now provide the

corresponding rates of convergence.
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Theorem 5.3.3. Let (o, u) € HXQ and (o, uy) € Hp XQy, be the unique solutions of the
continuous and discrete schemes (5.2.3)) and (5.3.48)), respectively, and let p, € L*(2) be
the postprocessed virtual pressure defined in . Assume that for some r € [1,k + 1]
and s € [1,k] there hold o|x € Hg (K), flx = —dive|x € H™Y(K), and u|x €
H*(K) for each K € T,. Then, there exist positive constants Cy, Cy, independent of h,
such that

1/2
lo — aullos + lIp — prllon < Ciir { > {lols + ||f||2_u<}} . (5368

KeTy

and

1/2 1/2
Ju—uiloe < Col? { > {llolze + ||f\|21,K}} + Gl {Z llulliK} -

KeTy, KeTy,
(5.3.69)

Proof. The case of integers r € [1,k + 1] and s € [1, k] follows from straightforward ap-

plications of the approximation properties provided by Lemmas [5.3.6] [5.3.9} and [5.3.4] to
the terms on the right hand sides of (5.3.57)) and ([5.3.58)). In turn, the usual interpolation
estimates of Sobolev spaces allow to conclude for the remaining real values of r and s.

We omit further details. O]

We notice that if the assumed regularities in the foregoing theorem are global, then

the estimates ([5.3.68]) and (5.3.69) become, respectively,

lo = anlloe + lIp = palloe < Cr k" {ollea + [l-10 },
and
lu=wiloa < Cob { oo + 10} + Cobulo.

In turn, it is also clear from the range of variability of the integers r and s that the highest

possible rate of convergence for o and p is h**!, whereas that of u is A*.

We now introduce the fully computable approximations of o and p given by

~
A~ ~

| RN
o, = I} (o) and  p, = —§tr(0'h), (5.3.70)
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and establish next the corresponding a priori error estimates.

Theorem 5.3.4. There exists a positive constant C3, independent of h, such that

lo=Gloa+Ip—Fulle < Cs{ llo 1) lo + o ~TT:(@) oo + A I =Pl (E)loa }
(5.3.71)

Proof. Similarly as at the end of the proof of Theorem [5.3.2] we have
~ 1 ~ ~
lp = Prllog = 5 lltr(e = an)lloe < cllo—ullog,
and then, adding and substracting o, we get
lo = rlloo < llo—anlloe + llon —i(on)los -

In this way, utilizing the estimates for |0 — oo and |0, — ﬁZ(Uh) llo. given by ([5.3.57))
and (5.3.66)), respectively, and employing (5.3.67) as well, we arrive at (5.3.71)) and com-

plete the proof. n

We end this section by remarking, according to the upper bounds provided by (5.3.57))
(cf. Theoremm) and (5.3.71)) (cf. Theorem [5.3.4)), that the pairs (o, pr) and (o, Pr)

share exactly the same rates of convergence given by Theorem [5.3.3]

5.4 Computational implementation

5.4.1 Introduction and notations

We consider the same notations as in previous sections, and given a descomposition 7Tj of

Q2 in polygons, we consider the discretized problem: Find (o7, u,) € Hy X @, such that

ay(on, ) + b(mu,) = (mn,g) VmeH,

(5.4.1)
b(O’h,Vh) = _/f’vh vVhECQhu
Q

where Hj, Qn, a, and b were defined on (5.3.1)), (5.3.2), (5.3.41)) and (5.2.5). Now, we
have by using Theorem [5.3.1} that (5.4.1) has a unique solution (o7, uy), for every given
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data f and g. Now, let {w;}, be an edge oriented basis of Hj and let {t;}}1, be a

basis of Q. If o, := Z oip; and uy, = Zujibj, then is turned into the linear
Jj=1 Jj=1
system of equations

N M
Zo-j ah(SOia‘Pj) + Zulb(¢lv¢l) = <Soln7g>f‘
j=1 =1

; (5.4.2)
> oib(w;, ) = —/f'ﬂfz,
j=1 @
for each i € {1,..., N} and for each [ € {1,..., M}. Equivalently,
Axr =0,
A, B
where z = (01,...,0N,U1,...,up)b A = ) , Ay = (Ai;), B=(By), c = (¢;),
B" 0
d = (d;) and b = (c,d)*. Also,
Aij = ah(QOiagoj) 7’7] S {17 : 7N}
Bl:b((P“’l,b> Z€{177N} ]G{laaM}
’ ’ (5.4.3)

ci:={pmgyp ic{l,....N}
di::_(fy'(/)i)QQ 16{1,,M}

Furthermore, recall that we can write ay(@;, ;) = Z aj (i, ;) and do the same

KeTy
for the other functionals and bilinear forms defined above, and we can then localize the

calculations for Ay, B, ¢ and d.

5.4.1.1 Notations

We start remembering that 7j, is a decomposition of K in polygons and k > 1 is the
polynomial degree of accuracy. Given K € 7T, we denote by hx and xx the diameter

and the barycenter of K, respectively, and we define, for a multi-index «, the polynomial
(6%
X —X
function m& = ) . From now on, we will use the identification mgy := 0,

hr
1 < (0,0), 2 <> (1,0), 3> (0,1), 4 <> (2,0), 5 <> (1,1) and so on. In a similar way, we
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define the polynomial vector field mZ , := (mk, mf )t and we will use the identification

m{ < mf), m§ < mf, mf < mf, mf < mf, and so on. Then, as in ([{.3.5), we
have that
L K Lo .
Bi(K) = {mj .jE{l,...,ZdlmPk(K)}}.
In turn, we choose a counterclockwise arrangement {Vi,..., Vg, } of the vertices of K,
where we have defined di as the number of vertices of K. If ¢; is the edge that connects

Vi with V41 (and using the identification Vg, 41 > V1), we denote h,; the length of e;,

7, the middle point of e;, and for i > 1, j € {1,...,dx} and z € e;, we define

z—x0,\
(1) = “)
mia) = (5
0K

. . . . 0K oK el oK el €2
Anagously, using the identification m§® <> 1, m{"* < mi', m§" < ms', Mk1)11 € M

= (m

myE <> md% mJ¥ <+ mJ% and so on. Then, we define

oK
J

0K

t . ) )
K ), and we use the identification m¢* < mJ%,

and so on, we define m ,m
BL(OK) := {m?K je{l,..., 2dg (k+1)}}.

Now, given K € T;,, we want to calculate the local matrix Ag that corresponds to al,

ie.

(AK)ij = ahK (‘plvcpj) i?je {1,...,77/?},
where {cpl, P2, Lpn];:} is the canonical basis of HY and n¥ its dimension (cf. (5.3.7)).
For this end, and recalling the definition of aX (cf. (5.3.41)), we have to calculate the

projector ﬁkK (¢;) foreachi € {1,...,nf}. In order to do this, we recall the decomposition

introduced in (5.3.26]), that is
5 (p) =C=Cv + gl + e,

where (v € ﬁ,fv, qe € P,(K) and ce € R.

5.4.2 Calculating local matrices

Given K € T, and according to ([5.4.3]), we need to calculate the local matrices, which

will be denoted Ak, By, cx and dg, respectively. Let us first calculate Ag. Given
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i,j € {1,...,nf }, recall that
ay; (@i, ;) = a (I (2), T () + 5™ (s =TI (1), 5 — I (p5).-
In turn, if iy v = dim HEG, Ay := dim Py(K), Ny, := dim HE, M; = h3V curlmy 5 for

each j € {1,...,ng v} and m; := m;;; for each j € {1,...,7n;}, we can write

n

g
K (p;) := ZSE’T)VMj + ngz)fﬁj]l + 85\% I

j=1 j=1

Therefore, replacing the above expression into ([5.3.27))-(5.3.29), we arrive at the system

ng,v

D st (Mo, Mg)o.x = (Mg pi)ox
a=1
ﬁk,V ] ﬁk
> sUo(div M., divM, ok + Y 88 (Vifia, Vil ok = (div ¢y, Vi)
a=1 a=1
N ()
2 Z s (Mg, Dok + QSNIJK’ = (i, Dok
a=1
for each g € {1,..., My v} and v € {1,...,7}. Moreover, the above system can be read
in a more compact form:
Gs =p®,
where s 1= (sﬁ)v, séi)v, ceey s%i,vy, ng), sg), ceey sgz, s%l) . In turn, if
T:=[bl b® ... p@f) ]e RV

then the matrix representation II, of the operator IIX, acting from H into HX | is given
by (IL,)ai := s¥ . that is
I, = G'T.

5.4.2.1 Calculating T.

Recall first that K has dg edges. In turn, in order to split the elements of the local basis
H[E we define the numbers
npo = 2dg(k + 1) = dim Pj,(9K)

npy =npo+k(k+1) =2 =ng + dim Py (K) — 2.
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Also, extending the functions of By(0K) outside its edges by zero, we denote (cf. (5.3.17)),
m; k(T) ::/ (Tn)~m}9K je {1,...,n£f0},
oK
m]-,K(T)::/T VmJHn jE{nkK70+1,...,n§1}, k>1,
m; k(T) ::/Kmf_nﬁlmotT je{nifl—i—l,...,nf},

and we also remind that m; (¢;) = 0;; Vi,j € {1,...,nf}. Now, let i € {1,...,nf}
and f € {1,...,nv}. Then, we have that My = h%V&rlmé{w, hence, there exists
ve{l,...,(k+2)(k+3)} such that Mg = hxgVmZL. Thus,

(i = [ midivert b [ (pm)
oK
/Pk 1 le‘Pz+hK/ (¢im) 'PI?K(mf)
0K

— e [ i P ) 4 b [ (o) PRl P ()
K oK

Now, we can write

k(k-+1)
,Plf—l(mf) = Z pamfa
a=1
and if Py is the Gram matrix asociated to Pf*, that is (Po);; == (m[, mf)o g, and d is

t
the right-hand side of such a system, i.e. (dy); : (mf, m; X)o.x, then <p1, . ,pk(k+1)) =:

po =Py 'dy. Furthermore, we can write

PR (mf — P ( anm

where, again, if P, is the Gram matrix asociated to such a system and d; its right hand
t
side, ie. (dy); := (mf — P (m), m?), then (ql,...,quK(kH)) = p, = P;'d;.

Now, using the degrees of freedom for ¢p;, we obtain

t
| pt,0, 0) k=1
b = hy < ' (5.4.4)

t
<piﬂp3ap47"'7pk(k+l)a0> ) k>1
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Remark 5.4.1. Note that

1 z—z\" (2 —z.\" 1 1, a+fiseven
h_/< he ) < he ) S 20B(a+ B +1) . ’

0 , otherwise

which implies that P, is a matrix made of dg identical blocks.

It remains to consider the second set of equations defining ﬁkK (@i). On its last equa-

tion, we can take mf = m& + m& and repeat the analysis done before. Finally, if

B e{l,...,n}, then mg is given directly by using the degrees of freedom of ¢;. Thus,

o o
=) WY (Mo, Mok = Y (TL)ai(TL)5;Gas = [(TL)"G(IL)];;,
anB:]- OC,B:].

where G is the matrix that is equal to G, in exception of the rows nyv + 1 up to ]Vk
which are set to zero, since (¢I)? = 0 if ¢ € Py (K).

Now, we need to calculate the coordinates of ﬁkK @; into the space H. More specifically,

T
HkKSOi = Z WJ(Z)SOJ',
=1

(@)

whence 7;” = mjK(ﬁchpi) Then, defining Maq, o = Mo if @ € {1,...,7} and
My, := I, and using the expresion for the coordinates of Hk ; into the space HE we get
=3 0M, zwzw
and so ~
i
=2 stmix(
a=1

Now, we define D := (D;,) = m; x(M,,) for every i € {1,...,nf} and a € {1,... ,]Vk},
and then

7T](Z) = Z (G_1T>Oﬂ‘Dja = (DG_lr:I:‘>Jz

a=1
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Consequently, the matrix representation II of the operator ﬁff , from HF into itself, is
given by I1:= DG T = DII..

Proposition 5.4.1. For every element K, we have G = TD.

Proof. Given 8 € {1,..., N} and for a € {1,... ,Nk,v}, we have that

s
> TuDi
i=1
nk nks
= Zmi,K(M5)<Ma> ®i)o.x = (M, Zmi,K(Mﬁ)%)o,K = (Mo, Mj)o.x = Gag.
i=1 i=1
NOW, if a € {ﬁk,V"i_ 1,...,]/\7k— 1},
ny s
D TaDig =Y mjx(Mg)(div Mg, div ¢;)o x
i=1 i=1
s
— (div My, di (M ) — (div M,,, div My)o & = Gas.
( iv Mg, div ;mjK( 3)P o (div ivMpg)o i 3
Finally, if o = Nk,
s s ny
Z TonDzﬁ = Z m; K(Mﬁ)(sou I)O K = < Z my; K(Mﬁ)sozy I) = (Maa I)O,K = Gaﬂy
i=1 i=1 i=1
which finishes the proof. O

Remark 5.4.2. The above proposition implies an improvement of the code in terms of
speed, that is, it is not necessary to calculate G by using its explicit expression given by
the corresponding system that defines ﬁkK ; we just need to calculate T, D, and then we

obtain G by doing G := TD.

On the other hand, using that

K
Mg

S (1 =T )0, (1 =T () = D mrse((T = T (o) (T = T (01)),

r=1
and

Mo (I =TI ) (1)) = [(T - D)y,
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we then have that 5K<(1 — 11K (), (I — TIK )(cpj)) — [(I - TI)™(I — II)],;. Therefore,
the matrix expression for the local stiffness matrix AF is given by

Al = (TL)TG(IL,) + (1 - II)" (I — II). (5.4.5)

Now, in order to calculate By, we note that given indices a € {1,... ,]\Afk} and j €

(1, k(k+ 1)),

= —hKl/ o1 Vmi —i—/ (¢on) -mf
K

- —1
= —hi Oa ik, + 9ajd);

t
where (qi,- .., qux )* = P'd and d := ((mJK,m?K), ., (mf, m2% )) . To calcu-
s k,0

late ¢, we need, again, the [L*(OK)]* projection onto [Pr(0K)]?>. So, we define h :=

t
<(g, m{ ) ok, ..., (g, mo% )0,@K> , and then, if q := P~'h and the corresponding edge
k,0

lies on I' (we set the corresponding elements by zero otherwise), then
Cx = Qq.

Finally, dx is simply calculated by considering an integration rule on K which is exact
when integrating polynomials of degree up to k£ — 1. In summary, we obtain the following

procedure to calculate the local matrices on each element K:

e (Calculate T and D.
e (Calculate G by doing G := SD.
e Calculate AX by using formula (5.4.5)).

e Calculate By, cx and dg.
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5.4.3 Assembling the global matrix and post-processing the so-

lution

Using the fact that all the bilinear forms and functionals can be split into an element
by element sum, we just need to assemble the local matrices and then sum them by its
corresponding indices. We point out now that we are calculating the coefficients of oy,
in Hy, of u,, in Qy,, as well as the coefficients of p;. Since p;, = —% tr(oy,) and oy, is not
manipulable, then pj, is not manipulable either. Consequently, the errors ||o — o ||o.o and
|lp — prlloq are only theoretical. To create a fully computable solution, we use
and set
Gy = Ton), By = —%mah).

Now, the condition / tr(o) = 0 was not explicitly introduced in the system and hence
o, € Hj does not alwz?ys hold. Note thatif K € T, and 1, . .. , Tyl are the local coefficients

of op|k, then

/ tr(a'h) = ZTj((Pj7I)07K = ZTjTﬁkJ’
K j=1 j=1

that is, (o1, I)o i is the scalar multiplication between the ]\Afk-th row of T and the foregoing
local coefficients T := (7, . .. ,TnkK)t. Then, the following procedure to find the solution

oy, € Hy can be used.

e Set T'=0.

e On each element K € Ty, re-define T as T + x, where x is the scalar multiplication

between the Nk—th row of T and the local coefficients of o, in K.

T

e After finishing the step above, re-define o, as o), — mI.
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Therefore, using that ﬁkK I =1, it follows that

. T .
K — T15 (oo
Iy (onlx) = ZTJSOJ 2’Q| = _Q‘Q‘I‘i'j;TJHk (¥5)
T L e T e
=——=1 H* « a ———1 H* aMaa
2|Q| +;TJ;( )] 2|Q’ +;( T)
. . ~ ITK . = T . -th
that is, the coefficients of o, on H}' are given by IL.7T — meﬁk, where e; is the j

canonical vector on Rk,

5.4.4 Numerical results

In this section we present three numerical examples illustrating the good performance of
the virtual mixed finite element scheme , and confirming the rates of convergence
predicted by Theorem [5.3.3] For all the computations we consider the virtual element
subspaces Hj and @y given by and , with £ = 1. In turn, for each Example
we take kinematic viscosity p = 1 and assume first decompositions of €2 made of trian-
gles. In addition, in Example 1 we also consider straight squares, whereas Examples 2
and 3 make use of general quadrilateral elements as well. We begin by introducing ad-
ditional notations. In what follows, N stands for the total number of degrees of freedom
(unknowns) of , that is, N = dim H;, + dim @Q}. More precisely, according to

(5.3.6) and (5.3.2), and bearing in mind that dimPy(e) = 2(k + 1) V edge e € Tj, and
dimPy_(K) =k(k+1) YK € Ty, we find that in general

N = 2(k+1) x number of edges e € T, + {3k(k+1) —2} x number of K € 7y,
which, in the case k = 1, becomes
N =4 x {numberofedgeseeﬁ} + 2{numberofK€E}.
Also, the individual errors are defined by

eo(0) = [lo = Guloe, ep) = lp—Dulloe, and e(u) := [lu—wlog,
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where &), and pj, are computed according to ((5.3.70)), and uy, is provided by ((5.3.48)). In

turn, the associated experimental rates of convergence are given by

L s(e@)fe(@) o losle)/en) o (e(w)/el(w)
ole) = ey TP T Ty M T = s

where e and e’ denote the errors for two consecutive meshes with sizes h and h’, respec-

tively. The numerical results presented below were obtained using a Matlab code. The
corresponding linear systems were solved using the Conjugate Gradient method as main
solver, and applying a stopping criterion determined by a relative tolerance of 1071, The

specific examples to be considered are described next.

In Example 1 we consider £ =]0, 1[?, and choose the data f and g so that the exact
solution of ([5.2.1)) is given for each x := (x1,25)* € Q by

1
u(x) := (sin(rx1) cos(mxy), — cos(mry) sin(may))* and p(x) = — _r
x5+1 4
In Example 2 we consider the L-shaped domain Q := | —1,1[* —[0,1])?, and choose

the data f and g so that the exact solution of (5.2.1)) is given for each x := (x1,25)* € Q
by
x — (1,1t ' 1

U(X) = ([L’1 — 1)2 + (Zlfg — 1)2

Finally, in Example 3 we consider the same geometry of Example 1, that is Q =]0, 1[?,
and choose the data f and g so that the exact solution is given for each x := (z1,x2)* € Q
by

u(x) == (23, —27)* and  p(x) = (2] + x%)l/g — /Q (27 + x%)l/g .
Note in this example that the partial derivatives of p, and hence, in particular div o, are
singular at the origin. Moreover, because of the power 1/3, there holds o € H*37¢(Q)
and dive € H*?7¢(Q) for each ¢ > 0, which, applying Theorem with r =5/3 — ¢,

should yield a rate of convergence very close to O(h*3) for o and p.

In Tables up to we summarize the convergence history of the mixed virtual
element scheme (|5.3.48)) as applied to Examples 1 and 2, for sequences of quasi-uniform
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refinements of each domain. We notice there that the rates of convergences O(h**!) =
O(h?) and O(h*) = O(h) predicted by Theorem m (when r = k+ 1 and s = k) are
attained by (o, p) and u, respectively, for triangular as well as for quadrilateral meshes. In
turn, in Tables [5.5| and we display the corresponding convergence history of Example
3. As predicted in advance, and due to the limited regularity of p and o in this case,
we observe that the orders O(h**3) = O(h?/3) and O(h¥) = O(h) are attained by (o, p)
and u, respectively, Finally, in order to illustrate the accurateness of the discrete scheme,
in Figures [5.1] up to [5.18| we display several components of the approximate and exact

solutions for each example.
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N | b | ele) |me@)|  ew) k) | ew) | rw
352 0.354 | 1.028F — 01 — 1.212F — 01 — 1.826F — 01 —
1344 0.177 | 2.654FE — 02 | 1.953 | 3.036FE — 02 | 1.998 | 9.225F — 02 | 0.985
5248 0.088 | 6.712FE — 03 | 1.984 | 7.660FE — 03 | 1.986 | 4.624F — 02 | 0.996

20736 | 0.044 | 1.688E — 03 | 1.992 | 1.931E —03 | 1.988 | 2.314F — 02 | 0.999
82432 | 0.022 | 4.233EFE — 04 | 1.995 | 4.852FE — 04 | 1.992 | 1.157F — 02 | 1.000
328704 | 0.011 | 1.060E — 04 | 1.998 | 1.217E — 04 | 1.996 | 5.785E — 03 | 1.000
1312768 | 0.006 | 2.653FE — 05 | 1.999 | 3.047E — 05 | 1.998 | 2.892F — 03 | 1.000

Table 5.1: Example 1, quasi-uniform refinement with triangles.

N h eo(0) | ro(o) e(p) r(p) e(u) r(u)
224 |1 0.354 | 6.923E — 02 — 4.429F — 02 — 7.125FE — 02 —
832 | 0.177 | 1.756E — 02 | 1.979 | 8.415FE — 03 | 2.396 | 3.582F — 02 | 0.992
3200 | 0.088 | 4.347TE — 03 | 2.014 | 1.658E — 03 | 2.344 | 1.792E — 02 | 0.999

12544 | 0.044 | 1.081E — 03 | 2.007 | 3.684F — 04 | 2.170 | 8.962E — 03 | 1.000
49664 | 0.022 | 2.698E — 04 | 2.003 | 8.835E — 05 | 2.060 | 4.481E — 03 | 1.000
197632 | 0.011 | 6.740E — 05 | 2.001 | 2.180E — 05 | 2.019 | 2.241F — 03 | 1.000
788480 | 0.006 | 1.685E — 05 | 2.000 | 5.427F — 06 | 2.006 | 1.120E£ — 03 | 1.000

Table 5.2: Example 1, quasi-uniform refinement with straight squares.

N h eo(0) | ro(o) e(p) r(p) e(u) r(u)
272 | 0.707 | 3.866L — 02 — 3.7T70E — 02 — 1.131F - 01 —
1024 | 0.354 | 9.502E — 03 | 2.025 | 7.461E — 03 | 2.337 | 5.747E — 02 | 0.976
3968 | 0.177 | 2.507E — 03 | 1.922 | 1.851F — 03 | 2.011 | 2.888E — 02 | 0.993

15616 | 0.088 | 6.419E — 04 | 1.966 | 4.549F — 04 | 2.025 | 1.446E — 02 | 0.998
61952 | 0.044 | 1.6250F — 04 | 1.982 | 1.141E — 04 | 1.996 | 7.231E — 03 | 1.000
246784 | 0.022 | 4.100E' — 05 | 1.987 | 2.867L — 05 | 1.992 | 3.616E£ — 03 | 1.000
985088 | 0.011 | 1.029E — 05 | 1.995 | 7.179E — 06 | 1.998 | 1.808E — 03 | 1.000

Table 5.3: Example 2, quasi-uniform refinement with triangles.
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N | b | ele) |mle@)|  ew) |k | ew) |z
176 0.800 | 6.059EF — 02 — 3.400F — 02 — 1.352F — 01 —
640 0.431 | 1.736E — 02 | 2.020 | 8.099FE — 03 | 2.319 | 7.081F — 02 | 1.045
2432 0.215 | 4.347E — 03 | 1.989 | 1.352FE — 03 | 2.571 | 3.584F — 02 | 0.978
9472 0.110 | 1.097E — 03 | 2.050 | 3.182E — 04 | 2.154 | 1.796FE — 02 | 1.028

37376 | 0.055 | 2.746FE — 04 | 1.990 | 6.277E — 05 | 2.332 | 8.997F — 03 | 0.993

148480 | 0.028 | 6.873E — 05 | 2.066 | 1.328E — 05 | 2.317 | 4.504F — 03 | 1.032

591872 | 0.014 | 1.718E — 05 | 2.015 | 2.987E — 06 | 2.168 | 2.253E — 03 | 1.007

2363392 | 0.007 | 4.295FE — 06 | 2.002 | 7.091FE — 07 | 2.077 | 1.127E — 03 | 1.001

Table 5.4: Example 2, quasi-uniform refinement with quadrilaterals.

N h eo(0) ro(o) e(p) r(p) e(u) r(u)
352 | 0.354 | 3.626E — 03 | — |4.324E—03| — |9552E—02| —
1344 | 0.177 | 1.215F — 03 | 1.578 | 1.406FE — 03 | 1.621 | 4.802E — 02 | 0.992
5248 | 0.088 | 3.963E — 04 | 1.616 | 4.522F — 04 | 1.636 | 2.405E — 02 | 0.998

20736 | 0.044 | 1.275E — 04 | 1.636 | 1.444F — 04 | 1.647 | 1.203E — 02 | 1.000
82432 | 0.022 | 4.070E — 05 | 1.648 | 4.591F — 05 | 1.654 | 6.014E — 03 | 1.000
328704 | 0.011 | 1.293F — 05 | 1.655 | 1.454F — 05 | 1.658 | 3.007E — 03 | 1.000
1312768 | 0.006 | 4.093E — 06 | 1.659 | 4.598F — 06 | 1.661 | 1.504E — 03 | 1.000

Table 5.5: Example 3, quasi-uniform refinement with triangles.

N h eo(0) | ro(o) e(p) r(p) e(u) r(u)
64 0.734 | 3.147F — 02 — 4.258E - 02| — 2.254F — 01 —
224 10394 | 1.084E —02 | 1.711 | 1.453F — 02 | 1.726 | 1.181E — 01 | 1.038
832 | 0.215 | 3.374E — 03 | 1.931 | 4.618E — 03 | 1.896 | 5.987F — 02 | 1.123
3200 | 0.113 | 1.180E — 03 | 1.636 | 1.588E — 03 | 1.663 | 3.016E£ — 02 | 1.068
12544 | 0.058 | 3.760E — 04 | 1.703 | 5.058 — 04 | 1.703 | 1.508E — 02 | 1.033
49664 | 0.030 | 1.175E — 04 | 1.776 | 1.592E — 04 | 1.764 | 7.535E — 03 | 1.058
197632 | 0.015 | 3.691E — 05 | 1.683 | 5.019E — 05 | 1.678 | 3.768E — 03 | 1.008
788480 | 0.008 | 1.162E — 05 | 1.681 | 1.582F — 05 | 1.679 | 1.885E — 03 | 1.008

Table 5.6: Example 3, quasi-uniform refinement with distorted squares.
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Figure 5.1: Example 1, 6411 and o7y for a mesh with triangles (N = 20736).
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Figure 5.3: Example 1, u,; and u; for a mesh with triangles (V = 20736).
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3 3
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Figure 5.4: Example 1, 611 and o for a mesh with straight squares (N = 12544).
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Figure 5.5: Example 1, p;, and p for a mesh with straight squares (N = 12544).
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Figure 5.6: Example 1, uj,; and u; for a mesh with straight squares (N = 12544).
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Figure 5.10: Example 2, 6,11 and o; for a mesh with quadrilaterals (N = 9472).
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Figure 5.12: Example 2, U,,; and u; for a mesh with quadrilaterals (N = 9472).
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Figure 5.13: Example 3, 6,11 and o for a mesh with triangles (N = 20736).
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Figure 5.14: Example 3, p;, and p for a mesh with triangles (N = 20736).
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Figure 5.15: Example 3, U, and u; for a mesh with triangles (N = 20736).
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Chapter 6

Conclusions and Future Works

In this chapter we summarize the main contributions of this work and give a brief de-

scription of further works.

6.1 Conclusions

The aim of this work was to analyze a convergent and stable virtual element scheme
for the Poisson problem, and convergent and stables schemes for the Darcy and Stokes
problem, respectively. To do so, and concerning the Poisson problem, we followed [3]
and gave further details on the construction of the required interpolators, projectors and
approximation properties of those. In turn, following [5], a computational implementation
section was introduced. To finalize with, we presented several examples which confirm that
the stablished error estimates are achieved. In what Darcy problem refers, we followed [9]
and, anagously, gave further details on the construction of the virtual element subspaces
and on the proofs of the associated results. We remark on this point that the error
estimates given by [9, Corollary 5.2] are different than those given in here. Furthermore,
the proofs of the error estimates given on this work are fully given and several examples
showing the good performance of those are presented. In turn, as in the analysis of the

Poisson problem, a computational implementation guide was presented.
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The main contribution of this work concerns the analysis of a mixed virtual element
method of the two—-dimensional Stokes problem, in which the velocity and the pseudostress
tensor are the only unknowns, whereas the pressure is computed via a post—processing
formula. We tried to give as much details as possible on the construction of the method,
that is, the discrete spaces and its corresponding interpolators and projectors, as well as
the related proofs. Finally, we have provided several two—dimensional numerical examples
which corfirm the good performance of the method, and as in the other problems, a

computational implementation guide was also introduced.

6.2 Future works

Among the future works arising from this work, we can find:

1. The analysis of a posteriori error estimator for the primal-mixed formulation (/5.2.3|)

and the corresponding discrete scheme ([5.3.48)).

2. The analysis of a Mixed Virtual Element Method for non-linear problems as, for

instance, the Stokes problem.

3. The analysis of a Mixed Virtual Element Method for coupled problems as, for in-
stance, the Stokes—Darcy problem.
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