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Abstract

In this work we propose and analyze, utilizing mainly tools and abstract results from
Banach spaces rather than from Hilbert ones, a new fully-mixed finite element method for
the stationary Boussinesq problem with temperature-dependent viscosity. More precisely,
following an idea that has already been applied to the Navier-Stokes equations and to the
fluid part only of our model of interest, we first incorporate the velocity gradient and the
associated Bernoulli stress tensor as auxiliary unknowns. Additionally, and differently from
earlier works in which either the primal or the classical dual-mixed method is employed for
the heat equation, we consider here an analogue of the approach for the fluid, which con-
sists of introducing as further variables the gradient of temperature and a vector version of
the Bernoulli tensor. The resulting mixed variational formulation, which involves the afore-
mentioned four unknowns together with the original variables given by the velocity and
temperature of the fluid, is then reformulated as a fixed point equation. Next, we utilize the
well-known Banach and Brouwer theorems, combined with the application of the Babuska-
Brezzi theory to each independent equation, to analyze the solvability of the continuous and
discrete schemes. In particular, Raviart-Thomas spaces of order k£ > n — 1 for the Bernoulli
tensor and its vector version for the heat equation, and piecewise polynomials of degree < k
for the velocity, the temperature, and both gradients, become a feasible choice. Finally, we
derive optimal a priori error estimates and provide several numerical results illustrating the

performance of the fully-mixed scheme and confirming the theoretical rates of convergence.
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Resumen

En este trabajo proponemos y analizamos, utilizando principalmente herramientas y re-
sultados abstractos sobre espacios de Banach en lugar de aquellos sobre Hilbert, un nuevo
método de elementos finitos completamente mixto para el problema estacionario de Boussi-
nesq con viscosidad dependiente de la temperatura. Méas precisamente, siguiendo una idea
que ya ha sido aplicada a las ecuaciones de Navier-Stokes y a las ecuaciones del fluido so-
lamente de nuestro modelo de interés, incorporamos primero el gradiente de la velocidad
y el tensor de Bernoulli asociado como incognitas auxiliares del fluido. Adicionalmente,
y de manera diferente a lo hecho en trabajos anteriores en los cuales la formulacién pri-
mal o la mixta dual clasica es utilizada para la ecuacién del calor, consideramos aqui un
analogo del enfoque para el fluido, el cual consiste en introducir como variables adicionales
el gradiente de temperatura y una version vectorial del tensor de Bernoulli. La formulacién
mixta resultante, la cual involucra las cuatro incognitas ya mencionadas junto con las varia-
bles originales dadas por la velocidad y la temperatura del fluido, es reformulada luego
como una ecuacién de punto fijo. Después, utilizamos los conocidos teoremas de Banach y
Brower, combinados con la aplicacién de la teoria de Babuska-Brezzi a cada ecuacién inde-
pendiente, para analizar la solubilidad de los esquemas continuos y discretos. En particular,
los espacios de Raviart-Thomas de orden & > n — 1 para el tensor de Bernoulli y su versién
vectorial para la ecuacién del calor, y polinomios a trozos de grado < k para la velocidad,
la temperatura y ambos gradientes, constituyen elecciones factibles. Finalmente, obtenemos
estimaciones 6ptimas de error a priori y presentamos varios resultados numéricos que ilus-
tran el desempefio del esquema completamente mixto y que confirman las razones de con-

vergencia tedricas.
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CHAPTER 1

Introduction

The development of accurate and efficient new finite element methods for the Boussinesq
problem, based on primal, dual-mixed, and augmented variational formulations, has been
profusely addressed by the community of numerical analysts of partial differential equa-
tions in the last few decades. As it is well-known, this model arises from diverse phenom-
ena in engineering sciences, and it mainly deals with the fluid motion generated by density
differences due to temperature gradients. Mathematically, it consists of the Navier—Stokes
equations with a buoyancy term depending on the temperature, coupled to the heat equa-
tion with a convective term depending on the velocity of the fluid, and assuming suitable
boundary conditions. In addition, the corresponding viscosity of the fluid might eventually
depend on the temperature as well. A subset of the most representative contributions in
the above described direction, which consider either constant or variable viscosity, and even
time-dependent models, can be found in [2], [3], [4], [5], [8], [11], [17], [18], [19], [25], [26],
[33], [35], [36], [40], and the references therein, some of which are described in the following
paragraphs.
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In particular, [8] constitutes one of the first works employing the primal method in both
Navier-Stokes and heat equations, thus yielding a conforming finite element method for the
Boussinesq equations with the velocity, the pressure, and the temperature of the fluid as the
main unknowns of the system. The topological degree theory is applied there to establish
existence of solutions, and finite element spaces with the same order for the velocity and the
temperature are shown to lead optimal rates of convergence. Other finite element methods
based on primal formulations of the Boussinesq system, using the primitive variables and
incorporating the normal heat flux through the boundary as an additional unknown, respec-
tively, are also proposed in [35] and [36] for the case of viscosity and thermal conductivity
depending on the temperature. Both works provide existence of solutions under small data
assumptions, uniqueness of continuous solutions under an additional regularity hypothesis,
and optimal rates of convergence of the discrete solutions. In turn, a dual-mixed approach
for the respective two-dimensional model, in which the gradients of both the velocity and
the temperature are also introduced as further unknowns, has been proposed in [25]. More
recently, the approach from [15], which introduces a modified nonlinear pseudostress ten-
sor involving the gradient of the velocity, the convective term and the pressure, for defining
a dual-mixed formulation of the Navier-Stokes equations, is extended in [17] to derive an
augmented mixed-primal variational formulation for the stationary Boussinesq model. The
augmentation there, being motivated by the fact that the velocity lives in a smaller space
than usual, reduces to the incorporation of suitable Galerkin type expressions arising from
the constitutive and equilibrium equations, and the Dirichlet boundary condition, and aims
to still obtain a strongly monotone operator for representing the fluid equations. The result-
ing augmented scheme for the fluid flow is coupled with a primal scheme for the convection-
diffusion equation, thus yielding the aforementioned nonlinear pseudostress, the velocity,
the temperature and the normal derivative of the latter on the boundary, as the main un-
knowns. A fixed-point setting resembling the approach first applied in [6] is then utilized
to study the well-posedness of the continuous and discrete schemes in [17]. Later on, the
tools from [17] are extended in [18] to propose and analyze a new augmented fully-mixed

finite element method for the stationary Boussinesq problem. Additionally to what was
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done for the fluid equations in [17], a new vector unknown involving the temperature, its
gradient and the velocity, is introduced in [18] to derive now a mixed formulation for the

convection-diffusion equation, which is then suitably augmented as well.

Furthermore, and concerning other methods for models with variable viscosity, we be-
gin by referring to [4], where a mixed-primal formulation as in [17] was considered for
the case of a temperature-dependent viscosity in a pseudostress-velocity-vorticity formu-
lation of the Boussinesq model. In this way, the same fixed-point strategies from [17] and
[18] allow to derive an optimally-convergent method whenever the exact solution is smooth
enough, and the data are sufficiently small, by using Raviart-Thomas and piecewise polyno-
mials to approximate the unknowns involved. Nevertheless, the results in [4] are restricted
to the 2D case only since the use of Sobolev embeddings into smaller LP spaces becomes
crucial for the corresponding analysis. This drawback has been recently overcomed in [5]
by defining the rate of strain tensor as a new variable, thanks to which more flexibility in
the reasoning is achieved, and thus a mixed-primal formulation for the n-dimensional case
can be considered. The rest of the analysis is again based, among other facts, on the in-
troduction of the pseudostress and vorticity tensors, and the incorporation of augmented
Galerkin-type terms in the mixed formulation for the momentum equations. The analysis
and results from [5], but considering now both the viscosity and the thermal conductivity
of the fluid as temperature-dependent functions, were extended in [3] to the case of an aug-
mented fully-mixed formulation of the n-dimensional model. This means that, in addition
to the same approach from [5] for the Navier-Stokes equations, a mixed formulation for the
energy model is also employed. For this purpose, the temperature gradient and a pseudo-
heat vector are introduced as additional variables, which together with the temperature, rate

of strain, pseudostress, velocity and vorticity comprise all the unknowns of the problem.

On the other hand, and going back to dual-mixed formulations for the stationary Boussi-
nesq model with constant viscosity, we now refer to [19], where two mixed approaches,
based on a dual-mixed method developed in [31] and [32] for the Navier-Stokes equations,
are proposed and analyzed. Thus, the main novelty here is in the fluid part, where, be-

sides the velocity gradient, the authors introduce the Bernoulli stress tensor as a primary
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variable, which can be seen as an incomplete version of the usual stress tensor whose di-
vergence yields the full equilibrium equation. The methods in [19] are completed with both
the primal and mixed-primal approaches for the heat equation. In particular, the latter in-
corporates the normal component of the temperature gradient on the Dirichlet boundary
as a suitable Lagrange multiplier. Both formulations mix the unknowns coming from each
equation, that is they are not decoupled into fluid and heat parts, and they exhibit the same
classical structure of the Navier-Stokes equations. In addition, the aforementioned detail on
the Bernoulli tensor yields the necessity of a weak continuity property for some terms form-
ing part of the main bilinear form involved. Existence of continuous and discrete solutions
are derived in [19], and uniqueness as well as optimal error estimates are obtained under

the assumption of sufficiently small data.

According to the above discussion, the objective of the present paper is to complement
the theory developed so far and to keep contributing to the design of new finite element
methods to solve the stationary n-dimensional Boussinesq equations. More precisely, we
are particularly interested in the development of fully-mixed formulations not involving
any augmentation procedure (as done, e.g. in [18] and [3]). To this end, we now extend
the applicability of the approach employed in [19] for the fluid part of our model, to the
energy equation of it. In other words, and instead of using the primal or the dual-mixed
method, we now employ a modified mixed formulation in the heat equation, which consists
of introducing the gradient of temperature and a vector version of the Bernouilli tensor as
further unknowns. In this way, and besides eliminating the pressure, which can be approx-
imated later on via postprocessing, the resulting mixed variational formulation does not
need to incorporate any augmented term, and it yields basically the same Banach saddle-
point structure for both equations. This feature constitutes a clear advantage of the method
proposed here, from both the theoretical and computational point of view, since the corre-
sponding continuous and discrete analyses for the fluid and heat models can be carried out
separately and very similary. Moreover, this might very well imply the use of the same kind
of finite element subspaces to approximate the unknowns from the fluid and energy equa-

tions. In particular, we are able to show that Raviart-Thomas spaces of order £ > n — 1 for
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the Bernoulli tensor and its vector version, and piecewise polynomials of degree < k for the

velocity, the temperature, and both gradients, constitute a feasible choice.

1.1 Outline

We have organized the contents of this thesis as follows. The remainder of this chapter de-
scribes some standard notations and functional spaces. In Chapter[2]we introduce the model
problem, define all the auxiliary variables to be employed in the setting of the fully-mixed
formulation, and eliminate the pressure unknown, which, however, can be recovered later
on via a postprocessing formula. The continuous formulation is derived first in Chapter
and then, by decoupling the fluid and heat equations, it is rewritten as a fixed-point operator
equation. The corresponding solvability analysis is finally performed by employing some
tools from linear and nonlinear functional analysis, such as the Banach version of the classi-
cal Babuska-Brezzi theory, and the Banach fixed-point theorem. Next, in Chapterdwe define
the Galerkin scheme with arbitrary finite element subspaces of the continuous spaces, and
analyze its solvability under suitable assumptions on these discrete spaces, and following
basically the same techniques employed in Chapter[3} In Chapter [5lwe employ diverse tools
from functional analysis to derive specific finite element subspaces satisfying the assump-
tions stipulated in Chapter 4. Indeed, our analysis makes use of equivalence and sufficiency
results for inf-sup conditions holding on products of reflexive Banach spaces. In addition,
the derivation is based on the availability of suitable pairs of finite element subspaces yield-
ing stable Galerkin schemes for the usual primal formulation of the Stokes problem. As
a particular example we define the explicit subspaces arising from the Scott-Vogelius pair.
Some results on the Raviart-Thomas elements in Banach spaces are also recalled here since
they are needed to complete the discrete analysis. This chapter ends with the corresponding
approximation properties for the aforementioned example. In Chapter [f| we assume suffi-
ciently small data to derive an a priori error estimate for our Galerkin scheme with arbitrary
finite element subspaces verifying the hypotheses from Chapter 4, Finally, some numerical

examples illustrating the performance of our fully-mixed formulation with the specific finite
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elements subspaces derived in Chapter 5} are reported in Chapter 7}

1.2 Preliminary notations

Let @ C R", n € {2,3}, be a given bounded domain with polyhedral boundary I', and let
v be the outward unit normal vector on I'. Standard notation will be adopted for Lebesgue
spaces L?(Q2) and Sobolev spaces W*?(Q2), with s € R and p > 1, whose corresponding
norms, either for the scalar, vectorial, or tensorial case, are denoted by ||- [|o .o and || - |5 p., Te-
spectively. In particular, given a non-negative integer m, W™?(() is also denoted by H™((2),
and the notations of its norm and seminorm are simplified to || - ||,,.o and |- |, o, respectively.
In addition, HY/2(T") is the space of traces of functions of H(Q2) and H~Y/2(T) is its dual. On
the other hand, given any generic scalar functional space M, we let M and M be the cor-
responding vectorial and tensorial counterparts, whereas | - ||, with no subscripts, will be
employed for the norm of any element or operator whenever there is no confusion about
the space to which they belong. Furthermore, as usual I stands for the identity tensor in
R™", and | - | denotes the Euclidean norm in R™. Also, for any vector fields v = (v;);—1, and

w = (w;)i=1,, We set the gradient, divergence, and tensor product operators, as

Vv = (g;}’) , div(v) = Z% and veW = (v;W)ij=1n-
3/ ij=1n j

i=1

In turn, for any tensor fields 7 = (7;;)i j=1,, and ¢ = ((;j)i,j=1,n, We let div(7) be the diver-
gence operator div acting along the rows of 7, and define the transpose, the trace, the tensor

inner product, and the deviatoric tensor, respectively, as

n

n
1
T" = (Tji)i,jzl,Tw tr(T) = ZTu‘, T C = Z TijCij, and ’Td =T — Etr(T)]I
i=1 ij=1
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Next, given p > 1, we introduce the Banach spaces

H(div,; Q) := {T cL2(Q):  div(r) e LP(Q)} ,

(1.2.1)
H(div,; Q) := {r e L2(Q): div(t) € LP(Q)} ,
provided with the natural norms
17 llaivys0 = [ITlloe + [div(T)lope  and  [I7(laiv,0 = l[Tloo + [[div(T)[lop0-

Throughout the rest of the paper we will consider the above definitions for p = 4/3.



CHAPTER 2

The model problem

The stationary Boussinesq problem consists of a system of equations where the incom-
pressible Navier-Stokes equation is coupled with the heat equation through a convective
term and a buoyancy term typically acting in direction opposite to gravity. More precisely,
given a fluid occupying the region (2, an external force per unit mass g € L>({2), and data
up € HY/2(I') and ¢p € HY?(I"), the model of interest (without dimensionless numbers for
readability purposes) reads: Find a velocity field u, a pressure field p and a temperature field
¢ such that
—div(2u(p)e(u)) + (Vu)u+Vp =pg in Q
divu =0 in Q,
Q

—div(KVy)+u-Ve =0 in (2.0.1)
u =up in T,

¢ =pp in T,
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where e(u) := %{Vu + (Vu)t} is the symmetric part of the velocity gradient Vu, also
known as the strain rate tensor, and K € L>(2) is a uniformly positive tensor describing
the thermal conductivity of the fluid, thus allowing the possibility of anisotropy (cf. [34]).
In turn, p : R — RT is the temperature dependent viscosity, which is assumed to be a
Lipschitz-continuous and bounded from above and below function, which means that there

exist constants L,, > 0 and p1, 12 > 0, such that
u(s) —p@)| < Luls—t|,  Vs,t=0, (2.0.2)

and

< u(s) < o, Vs > 0. (2.0.3)

We observe here that, because of the incompressibility of the fluid (cf. second eq. of (2.0.1))
and the Dirichlet boundary condition (cf. fourth eq. of (2.0.1)), up must satisfy the compati-
bility condition fr up - v = 0. In addition, due to the first equation of (2.0.1)), and in order to

guarantee uniqueness of the pressure, this unknown will be sought in the space

L3(Q) = {q € L*(Q): /Qq = 0}.

Next, in order to derive a fully-mixed formulation for (2.0.1), in which the Dirichlet bound-
ary conditions will become natural ones, and as suggested by similar approaches in several
previous papers (see, e.g. [3], [5], [18], [19]), we now introduce the velocity gradient and the

Bernoulli stress tensor as further unknowns, that is

1
t .= Vu and o = 2u()tsym — §(u® u) —pl, (2.0.4)
1
where t,,,, ;= —{t + t*} is the symmetric part of t, so that the second equation of (2.0.4)
y 5 y P q

is considered from now on as the constitutive law of the fluid. Then, noting thanks to the

incompressibility condition that div(u ® u) = (Vu)u = tu, we find that the first equation of

(2.0.1)) is rewritten as

1
—divo + §tu — g = 0.
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In addition, applying the matrix trace to the aforementioned constitutive equation and using

that tr(t,,,) = divu = 0, we deduce that
1
p=— %tr(ch +u® u) , (2.0.5)

which yields

1
0% = 2u(p)tsym — §(u®u)d. (2.0.6)

Conversely, starting from (2.0.5) and (2.0.6) we readily recover the incompressibility condi-
tion and the second equation of (2.0.4), whence these pair of equations are actually equiv-
alent. Furthermore, for the heat equation we define the temperature gradient and a vector

version of o as auxiliary unknowns, that is

~ - ~ 1
t :=Vyp and o = Kt — Z¥u, (2.0.7)

thanks to which the third equation of (2.0.1) becomes

~ 1~

10
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According to the above discussion, our model problem (2.0.1) is re-stated as follows: Find

(u,t, o, o, t, o) in suitable spaces to be defined below such that

Vu =t in Q,

1
—divo + itu —¢pg = 0 in Q,
1 s P
2u(@)tsym — §(u®u) = o in Q)
Ve = t in Q,
] (2.0.8)
Kt — S = o in Q,
R :
—d1V0'—|-§LI't =0 in €,
u=up and ¢ = ¢p on I,

/tr(?a—l—u@u) = 0.
Q

At this point we remark that, as suggested by (2.0.5), p is eliminated from the present formu-
lation and computed afterwards in terms of o and u by using that identity. This fact justifies
the introduction of the last equation in (2.0.8), which aims to ensure that the resulting p does
belong to L3(9).

11



CHAPTER 3

The continuous formulation

3.1 Preliminaries

In this chapter we introduce and analyze the continuous formulation of (2.0.8). More pre-
cisely, we first derive the associated fully-mixed scheme, and then, by decoupling the fluid
and the heat equations, we rewrite it as a fixed-point operator equation. Finally, the cor-
responding solvability analysis is performed by employing several tools from linear and

nonlinear functional analysis.

3.2 The fully-mixed formulation

We begin with the first equation of (2.0.8). Indeed, performing a tensor inner product with
7 € H(divys; 2), integrating by parts, and using the Dirichlet condition for u, we find that

/T tt+ / u-div(T) = (tv,up)r V1 e H(divyys; Q) , (3.2.1)
0 Q

12
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where (-, ) stands from now on for the duality pairing between H~'/2(I") and H'/?(T"). Note
here that the continuous injection of H'(Q2) in L*(Q2) guarantees that 7v is well defined and
belongs to H™'/?(T") when 7 € H(div,/3; Q). In addition, we also remark that makes
sense for t € L*(Q2) and u € L*(9), but due to the incompressibility condition we plan to

look for t in L2 (), where
L2(Q) == {s cL2(Q): ti(s) = o} .
In turn, the second equation of (2.0.8)) can be rewritten as

—/V'div(a)+1/tu~v—/gog'V:0 Vv e LY(Q), (3.2.2)
Q 2 Ja Q

whereas the properties of the deviatoric tensors allow to test the third equation of (2.0.8) as

follows
1
/ 2u(P)tsym 18 — 5 /(u ®@u)?:s? = / ol:s? Vsell(Q). (3.2.3)
Q 2 Ja Q

On the other hand, concerning the heat equation, we easily realize that, proceeding simi-
larly to (3.2.1), (3.2.2), and (3.2.3), the corresponding testing of the fourth, fifth, and sixth
equations of (2.0.8) is given by

/?f—i— /godiv(?) = (T -V,pp)r VT € H(divys;Q), (3.2.4)
Q Q
IR |
— [ wdiv(e) + —/wu-t =0 V¢elQ), (3.2.5)
Q 2 Q
and
/QK”{-E—%/QW-%:: /Q&-E Vs e L*(Q), (3.2.6)

where, certainly, the Dirichlet boundary condition for ¢ has been employed in the derivation

of (3.2.4). In this way, conveniently gathering all the equations (3.2.1) up to (3.2.6) we arrive
at first glance to the following weak variational formulation of (2.0.8): Find (u, t, o, ¢, t, o) e

L*(Q) x L2(Q) x H(divys; Q) x L*(Q) x L*(Q2) x H(divy/s; Q) such that / tr(2c +u®u) =0
Q

13



Chapter 3. The continuous formulation

and

1
—/V-div(a)—l——/tu-v—/cpg-v =0 Vv e LY(Q),
Q 2 Ja Q

1
/ 20(Q)tsym 18 — = /(u® u):s? = / o%:s! Vs e LZ(9),
Q 2 Jo 0

/T:t + /u-div(‘r) = (Tv,up)r V7 € H(divys; ),
0 Q

s 1
—/dew(a) + 5/92/}11.

~ 1 ~ ~ o~ ~
/Kt-s——/gpu-s = /a-s Vs e L3(Q),
Q 2 Ja Q

/‘T’ t+ /(pdiv(?) = (T-v,¢p)r V7 € H(divys; Q).
Q Q
(3.2.7)

o+
Il
o

Vi € LAQ),

We now consider the orthogonal descomposition (cf., e.g. [28], [37])

where

and observe, in particular, that the unknown o can be uniquely decomposed, according to

(3.2.8) and the mean value condition / tr(20 +u®u) =0, as

Q

1
o =0+ ¢l, with oy € Hy(divy3;Q) and ¢ == — 20l /tr(u@u). (3.2.10)
Q

In this way, and similarly as for the pressure, the constant ¢y can be computed once the
velocity is known, and hence it only remains to obtain o. In this regard, we notice that the
first two equations of (3.2.7), that is those involving o, remain unchanged if o is replaced
by oy. In addition, thanks to the compatibility condition satisfied by the datum up and the
fact that t is sought in L2 (2), we realize that testing the third equation of against T €
H(divy/s; ) is equivalent to doing it against 7 € Hy(divy/s; 2). Consequently, from now we

denote o as simply o € Hjy(divy/s; 2), and instead of (3.2.7) consider the modified, though

14



Chapter 3. The continuous formulation

still equivalent formulation, given by: Find (u, t,, ¢, t, &) € L4(Q) x L2 (Q) x Hy(diva/s; Q) x
L4(Q) x L2(Q) x H(divy/s; ©2) such that the six equations of hold for all (v,s, 7,%,8,T) €
L*(Q) x LZ(Q) x Ho(divas; Q) x LY(Q) x L) x H(divys; Q).

Next, in order to write the above formulation in a more suitable way for the analysis to

be developed below, we now set the notations
u = (ut), vi=(v,s), U= (ugto) € LY(Q) x LI(Q),

and

b= (p), U= (13 € LY(Q) x LQ),

with corresponding norms given by
lull = [(wt)] == [[ulloae + [[tlloe VYU € LY(Q) x LL(Q), (3.2.11)

and

12l = 1@ Ol = lleloae + Iltlloe Vi € L1(9) x L¥(Q). (3.2.12)

Then, the fully-mixed formulation for our stationary Boussinesq problem can be stated as:
Find (1,0) € (L4(Q) x L2(Q)) x Hy(divys; Q) and (4,5) € (L4(Q) x L2(Q)) x H(diva/s; Q)
such that

a,(0, V) +c(wu,v) +b(v,0) = F,(v) V¥ve (LYQ)xLi(Q),

b(u,7) = G(r) V7 e Hy(divys; Q),
. . . . (3.2.13)
A, ) + (@, 0) +b(1h,5) = 0 Vo e (LY(Q) x L2(Q)),

bp,7) = G(F) VT € H(divys; Q),

where, given arbitrary (w, ¢) € L*(Q) x L*(Q), the forms ay, b, c(w; -, ), @, b, and C,,, and the

15



Chapter 3. The continuous formulation

functionals Fy, G, and @, are defined by

%(ﬁ),;‘}) = /2u(¢)tsym ‘s, b(v,T) = — /’T 'S — /V~div(7'), (3.2.14)

Q Q Q

- — 1 d. d
c(w;u,v) .—5{/Qtw~v—/g(u®w) .s}, (3.2.15)

forallu := (u,t), v := (v,s) € L*(Q) x L2(), for all 7 € Hy(divy/s; ),
a(p, V) = /QKt-'sv, b, T) == — /Q?-'sv— /deiv(T), (3.2.16)
~ =1 e ~

cw(p, ) = 5 {/szw t /Qgpw s} ) (3.2.17)

forall g := (p,t), % = (¢,3) € LY(Q) x L*(), for all 7 € H(divy/3; ), and
Fy(v) = /abg-v, G(t) == —(tv,up)r, G(T):= —(T-v,¢p)r, (3.2.18)
Q

forall v := (v,s) € L*(Q) x L2(Q), for all 7 € Ho(divy/s; ), for all 7 € H(div,s; Q).

3.3 The fixed point approach

In this section we proceed similarly as in [17] (see also [6], [18]) and utilize a fixed point
strategy to prove that problem is well posed. More precisely, we first rewrite
as an equivalent fixed point equation in terms of an operator 7. Then, in Section [3.4| we
show that 7' is well defined, and finally in Section 3.5 we apply the classical Banach theorem

to conclude that 7" has a unique fixed point.

We first let S : L*(Q) x L*(Q) — L*(Q) x LZ(Q) be the operator defined by
S(W7 ¢) = (Sl(w7 ¢)7 SQ(Wa ¢)) = l_i v (W7 ¢) € L4(Q) X L4<Q) )

where (4,0) € (LY(Q) x L2Z(2)) x Hy(divas; Q) is the unique solution (to be confirmed

16



Chapter 3. The continuous formulation

below) of the problem:

as(U, V) + c(wiu,v) + b(v,o) = Fy(v) VveL{Q) xLi(Q),
(3.3.1)
b(u,7) = G(71) V1 € Hy(divyys; Q).

In turn, we let S : L*(Q) — L*(Q2) x L2(Q) be the operator given by

Sw) = (Siw), B(w) = $  vweLi(®),
where (p,5) € (L*(€2) xL2(Q2)) x H(diva/s; Q) is the unique solution (to be confirmed below)
of the problem:

B 0) + tw(B V) + b, 5) = 0 Vi € LAQ) x LA(9),
(3.3.2)

b(p,7) = G(F) VT eH(divys Q).

Having introduced the mappings S and S, wenow set T : L4(Q) x L4(Q) — Li(Q) x L4(Q)
as

T(w,0) == (Si(w,0).5i(Si(w,0)))  V(w,0) eLYQ) xLYQ),  (333)

and realize that solving (3.2.13) is equivalent to seeking a fixed point of 7, that is: Find
(u, ) € LYNQ) x LYQ) such that

T(u,9) = (u,9). (3.3.4)

3.4 Well-definiteness of the fixed point operator

In what follows we show that 7" is well defined, which reduces to prove that the uncoupled
problems (3.3.1) and (3.3.2) defining S and S, respectively, are well posed. To this end,
we now recall the Banach version of the Babuska-Brezzi theorem in Hilbert spaces. More

precisely, we have the following result (cf. [23, Theorem 2.34]).

17



Chapter 3. The continuous formulation

Theorem 3.4.1 Let H and Q) be reflexive Banach spaces, and let a : HxH — Rand b : HxQ — R
be bounded bilinear forms with induced operators A € L(H,H') and B € L(H, Q'), respectively. In
addition, let V be the null space of B, and assume that

i) there exists o > 0 such that

sup alu, v) > allulln VueV, (3.4.1)
vev [[vl[u
ii) there holds
sup a(u,v) >0 YVveV, v#£0, (3.4.2)
uevV
iii) there exists (3 such that
b
sup T S Blrle Wreq. (3.4.3)
ver ||v]|[u

Then, there exits a unique (u, o) € H x Q such that

a(u,v) + b(v,0) = F(v) VveH,
(3.4.4)
b(v,7) = G(1) VreQq,
and the following a priori estimates hold:
LAl
Jull < 5 1P+ 5 (1+ 220l
(3.4.5)

ol < 5 (1+ ey + L0 (1 12Dy .

We remark here that if the bilinear form « is elliptic on V, that is if there exists a > 0 such
that
a(v,v) > alv|]? VveV,

18



Chapter 3. The continuous formulation

then the inequalities (3.4.1)-(3.4.2)) are clearly fulfilled. Obviously, the above remains true if
the ellipticity of a holds on the whole space H.

Next, in order to apply Theorem to problems (3.3.1) and (3.3.2), we let V and V be

the kernels of the operators induced by the bilinear forms b and b, that is

V= {V — (v,s) € LYQ) x L2(Q) : /7‘ st / v.div(t) =0 Ve Ho(div4/3;§2)} ,
Q Q
(3.4.6)

and

V= {Z = (1,3) € LY(Q)xL(Q) : /Q%-§+/Q¢div(%) —0 V7e H(div4/3;Q)}, (3.4.7)

which easily yields

V= {3 = (v,s) eLYQ) xL2(Q): Vv=s and ve Hg(Q)} , (3.4.8)
and

V= {Z = (P LAY LX) Vy=5 and peHy@)}. (349

In particular, we stress that for the derivation of we make use of the fact that the
identity defining V is equivalent to testing it against 7 € H(divy/3; ).

Then, we introduce the spaces H := L4(Q) x L2.(Q) and H := L*(Q) x L(2), with norms
given by and (3.2.12), respectively, and readily establish the boundedness of ay, b,
a, and b, by using the Cauchy-Schwarz inequality, and the bounds for y (cf. (2.0.3)) and K.
More precisely, there hold

as(u,v) < 2us|[u)l |V]| Vo el Q), Vu,veH, (3.4.10)

b(v,7) < |V ITllaivye YV EH, V7T eHy(divysQ), (3.4.11)
— — — ~

(%, 0) < Kl llel el V@, ¢ €H, (34.12)
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Chapter 3. The continuous formulation

and

~ — — e
b(¥, T) < [[D[ 7 [ldivy 5:0 Vi e H, VT e H(divys; Q). (3.4.13)

The following lemma establishes the ellipticity of the bilinear forms a4 and a.

Lemma 3.4.2 There exist positive constants o and o such that
as(v,v) > a|[v]?  Veeli), VveV, (3.4.14)

and

a,0) > alelr  vYyev. (3.4.15)

Proof. Given v = (v,s8) € Vand ¢ € L), we know from (34.8) that Vv = s and v €
H{(Q). Hence, applying the lower bound of p (cf. (2.0.3)), the Korn inequality in H}(2),
the continuous injection i : H'(Q2) — L*(Q2), and the Friedrichs-Poincaré inequality with

constant ¢,, we obtain

- =

ag(V,Vv) = /QQM(@Ssym HSeym 2 2401 [ISsymlfe = 2um lle(v)[5a
1Cp

251 M1
> |vlig = 7|V|ig + B || 5o > STHE IVIgea + 5 ||S||(2),Qa

which gives with a depending on 4, ¢,, and ||i||. The proof of (3.4.15), being very
similar to the one of and using that K is a uniformly positive definite tensor, is
omitted. O
We now prove that b and b (cf. and (3.2.16)) verify the inf-sup condition
from Theorem To this end, we first notice that a well known estimate (see, e.g. [28,
Lemma 2.3]) that is valid for tensors in the space Hy(div; Q) = Hy(divs; Q) (cf. (1.2.1)), can
be easily extended to Hj(divy/s; €2). More precisely, a slight modification of the proof of [28,
Lemma 2.3] allows to show the existence of a positive constant ¢;, depending only on (2,

such that
‘1 ||T||(2)Q < H7'd||(2),9 + ||div7'||(2),4/3;9 V7 € Ho(divys; Q). (3.4.16)

Then, we have the following lemma establishing the aforementioned inf-sup conditions.
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Lemma 3.4.3 There exist positive constants (3 and B such that

b 7,7’ .
sup (_, ) > BTl divy 50 V7 € Hy(divys; ), (3.4.17)
o IV
v #0
and
B, 7) -
sup —=— > BT |ldiv, 50 VT € H(divys; Q). (3.4.18)
den ||
h#0

Proof. Given T € Hj(divy/s;€2), we denote by S(7) the supremum on the left hand side of
(3.4.17). Then, taking in particular v = (v,s) = (0,7%) € H, we find that

b((0,7%).7) _ ™50

S(r) = =
100, 79| 700

= |70 - (3.4.19)

In turn, denoting by 7, the j-th row of 7 Vj = 1,7, we now set v = (v,0) € H, with
v = (v;),_15 and v; := div(7;)"/® € L*(Q) Vj =1,n. Then, it follows that
. 4
b(v.0),7)  Idiv(T)edsa

o= - = lldiv()lloasse. (3.4.20)
™) (v, 0)]] Idiv ()17 148V (7)[0.4/3:0

which, together with (3.4.19) and (3.4.16) imply (3.4.17) and complete the proof. In turn,
given 7 € H(divy/3; 2), the proof of (3.4.18) follows analogously by simply taking now @_b) =
(1,8) = (0,7) € Hand Z = (¢,3) = (div(F)/3,0) € H. Further details are not described. [

Some boundedness properties of the forms ¢(w; -, -) and ¢, are established next.

Lemma 3.4.4 The bilinear forms c(w;-,-) : Hx H — Rand ¢, : H x H — R are bounded for each
w € L*(Q) with boundedness constants given in both cases by ||w||o 4.0, and there hold the following

additional properties:

cwiv,v)=0 and Cw(p,0)=0 VYweL*Q), VveH, VoeH, (3421
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lc(wiu, V) — c(zu, V)| < [w—zlosoull[V] VYw,zeLYQ), Vu,veH, (3422)
_ U — N — 4 A ~
Cw(d9) = Gl )| < IWloanllo — ol YweL'(Q), V¢, v ¢ecH, (3.423)

o= 4 o~ ~
< w—zllosa [IIV] Yw, z€L¥Q), Y UeH, (3424)

Proof. The boundedness of the forms ¢(w; -, -) and ¢, follows directly from their definitions

(cf. (3.2.15) and (3.2.17)) by applying Cauchy-Schwarz inequality. Similarly, the null prop-
erties from (3.4.21) are consequence of (3.2.15), (3.2.17)), and simple algebraic computations.

In particular, the one for ¢(w;-, ) uses the identity (v w)? : s = (v W) : s = sw -V,
which is valid for all v, w € L*(Q), and for all s € LZ(Q). Next, given w, z € L*(Q2) and

u = (u,t), v = (v,s) € H, we obtain

- ‘%{/ﬂtw-v—/{z(u@)W)d:sd} - %{/ﬂtz-v—/g(u@z)d:sd}

1

< {Iw = 2losa tlloa IVlbse + W = Zlosa ullosollsloo |

==
< w = zloaq [ull Iv,

which proves (3.4.22). The inequalities (3.4.23) and (3.4.24) are derived similarly, and hence

we omit the corresponding details. O

We are now in position to confirm that the operator S is well-defined.

Lemma 3.4.5 For each (w,¢) € L*(Q) x L*(Q), problem 3.3.1) has a unique solution (u,0) €

H x Ho(divyas; 2). Moreover, there exists a positive constant Cs, independent of (w, ¢), such that
15w 0)] += [l < Cs {I0llnse lglwa + (1 + [Wlose) luplier}. (3425

Proof. Given (w,¢) € L*(Q) x L*(2), we introduce the bilinear form Ay, 4 : H x H — R
defined by

- —

Aws(U,v) = ay(d,v) + c(w;u,v) Vu,veH, (3.4.26)

22



Chapter 3. The continuous formulation

whence problem (3 can be reformulated as: Find (u,0) € H x Hy(divy/s; ©2) such that

Awo(U,V) + b(v,0) = Fy(v) VveH,

(3.4.27)
b(u,7) = G(r) V7 eHy(divys; Q).
It follows from (3.4.10) and Lemma that there holds
|Aw (0, V)| < (200 + [|[Wloao) [[u]l IV VW, veH. (3.4.28)

In addition, it is clear from (3.4.14) (cf. Lemma [3 and (3.4.21) (cf. Lemma [3.4.4) that
Ay, » is V-elliptic with the same constant o from (3.4.14). In turn, we know from (3.4.17) (cf.

Lemma [3.4.3) that our bilinear form b satisfies the inf-sup condition required by Theorem
On the other hand, simple computations show (cf. (3.2.18)) that

1Es < 19172 19]oag Iglse and [|G]| < [luplijzr. (3.4.29)

Hence, a straightforward application of Theorem implies the unique solvability of
(3.4.27) and the a priori estimate (cf. first inequality in (3.4.5))

- Ay,
Istw.o)l = [ < i)+ 5 (1 Heelyyep

8

which, together with and (3.4.29), yield with Cs depending on €, 115, o and
p. a

For later use in the paper we note here that, applying the second inequality from (3.4.5),
and employing the bounds given by (3.4.28) and (3.4.29) for || Aw ,||, and for F and G, re-

spectively, the a priori estimate for the second component of the solution to the problem

defining S (cf. (3.3.1) or (3.4.27)), reduces to

205 + ||Wllo 400 RE 265 + ||Wllo.40
el < (hL : !v ot ) {| | 9ll0.4:02 1902 + o+ [ Wl lup |12,

B 32
(3.4.30)

The following lemma proves the well-posedness of (3.3.2), or equivalently, that S is well-
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defined.

Lemma 3.4.6 Foreachw € L*(Q), problem (3.3.2) has a unique solution (¢, &) € ﬁxH(div4/3; Q).

Moreover, there exists a positive constant C'g, independent of w, such that
=~ —
15wl = llell < C { (1 + IK]loo@) llenll/ar + Wl ||90D|!1/2,r} : (3.4.31)

Proof. We proceed similarly as in the proof of Lemma In fact, given w € L*(2), we let
Ay : H x H — R be the bilinear form defined as

$) Vg el

—

) = al,

—

Au(?, 0) + (@,

whence problem (3.3.2) can be reformulated as: Find (¢, &) € H x H(div; Q) such that

ﬁw&$)+a&&): 0 Vo e,

b(p,7) = GF) VT e H(divys; Q).

(3.4.32)

It is easy to see from and Lemma m that A,, is bounded with boundedness con-
stant given by [|K||..0 + [|[W|lo4.q- In addition, (3.4.19) (cf. Lemma and (cf.
Lemma guarantee that .ZW is \~/'-elliptic with the same constant & from (3.4.15). In turn,
it is clear from (cf. Lemma that b also satisfies the inf-sup condition required
by Theorem In this way, an application again of Theorem confirms the unique
solvability of and the a priori estimate

ISl = 11 < 5 A1y,

from which, observing from that |G| < |l¢pllij2r, we conclude with Cy
depending on a and 3. O

Similarly as for the derivation of (3.4.30), we now notice that, applying again the second
inequality from (3.4.5), and employing the aforementioned bounds for | Aw|| and |G|, the

a priori estimate for the second component of the solution to the problem defining S (cf.
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(3.3.2) or (3.4.32)), reduces to

~ Kllso.0 + W04 K|lso.0 + ||W]|04:
15| < (|| I ,Q§2|| ||o,4,ﬂ> {1+|| o0 &H ||0,4,Q} lonlluar. (3.4.33)

3.5 Solvability analysis of the fixed-point equation

Having proved the well-posedness of (3.3.1) and (3.3.2), thus ensuring that operators S, S,

and hence 7, are well-defined, we now aim to establish the existence of a unique fixed-point
of the operator 7. We begin by providing suitable conditions under which 7" maps a ball

into itself.

Lemma 3.5.1 Given r > 0, let W be the closed ball in L*(Q2) x L*(Q) with center at the origin and

radius r, and assume that the data satisfy

r

C(r)

{1+ lenlliar) (lglleon + uplliar) + (1+ [Kllwo) lepllyar} < 50 (B51)

where C(r) := Cs max {1,Cg} (r+1) + Cg, and Cs and Cg are the constants specified in Lemmas
3.4.5|and |3.4.6| respectively. Then, there holds T(W) C W.

Proof. Given (w, ¢) € W, from the definition of 7" (cf. (3.3.3)) and the a priori estimate for S
(cf. (3.4.31))), we first obtain

IT(w, )| = [(Si(w,9),S1(Si(w, )| = [ISi(w, )] + [IS1(S1(w,9))]
< (14 Csllenllizr) 151w, d)lloae + C5 (1 + [Kllwo) lenllyzr -

Then, bounding ||.S;(w, ¢)|/o 4,2 in the foregoing inequality according to the estimate (3.4.25),
noting that both ||w||o4.q and ||¢||o.4.q are bounded by r, and performing some minor alge-

braic manipulations, we arrive at

IT(w, )| < C(r) {(1+ lenllijzr) (I19llss.e + lupllyzr) + (1+ [Kllos) ||80D||1/2,r},

which, thanks to the assumption (3.5.1), yields || T(w, ¢)|| < r and ends the proof. O
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We now aim to prove that the operator 7' is Lipschitz continuous, for which, according
to (3.3.3), it suffices to show that both S and S satisfy this property. We begin next with the
corresponding result for S, for which we need to assume further regularity on the solution of
the problem defining this operator. More precisely, we suppose that up € HY/2+¢(T") for some
€ € [1/2,1) (whenn = 2)ore € [3/4,1) (when n = 3), and that for each (w, ¢) € L*(Q) x L*(Q)
there holds S(w, ¢) := u = (u,t) € W(Q) x (L2(Q) N H(Q)) and

[ullean + [[t]lea < CS{||¢H0,4;Q 9]l + (1 + [[W]o.a0) ||11D||1/2+e,r}7 (3.5.2)

with a positive constant cg independent of the given (w, ¢). We notice that the reason of the

indicated range for e will be clarified in the proof of the following lemma.

Lemma 3.5.2 There exists a positive constant Lg, depending on L,,, o, €, n, and |Q|, such that

1S(w, ¢) = S(z, ¥l

(3.5.3)
< Ls {Iw = zllosa IS )l + 16 = lose (Igln + 1522, 0)ln) }

forall (w, ), (z,v) € LH(Q) x LHQ).

Proof. Given (w, ¢), (z,v) € L) x LY(Q), we let u = (u,t) := S(w, ¢) and U = (uy, to) :=
S(z, 1) be the respective solutions of (3.3.1). It is clear from the corresponding second equa-

tions of (3.3.1) that u — uy € V (cf. (3.4.8)), and then the V-ellipticity of a, (cf. (3.4.14)) and
the first equation of (3.3.1) applied to both S(w, ¢) and S(z, ), yield

- = =

- = - —
allu—ull* < ag(u,u— ) — ag(uo, u — )

- = — T
= Fy(u—ug) — c(w;u,u — ug) — ag(up, u — uy)

(3.5.4)

— Fy(d —dy) — Fy(u—g) — c(w; u,u — up)

- = =

- = = - - =
+ ¢(z;up,u —ug) + ap(ug,u—1ug) — ag(ug,u — uy).

We now estimate the right hand side of (3.5.4) by separating it into three suitable terms.
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Chapter 3. The continuous formulation

Inded, we first observe that
| Fy(u =) = Fu(u —o)| = [Fyy (U —1o)| < 2" [l = llose |glloc.o [0 — o]l (35.5)

Then, using from (3.4.21)) that ¢(w; U — up, u — ug) = 0,and applying (3.4.22), we find that

- = = e
|c(z; g, u — ug) — ¢(w; u, u — up)|

= ‘C(Z; ao, ﬁ — ao> — C(W, ao, a - ﬁo)‘ (356)

— - =
< [lw —zloae [[uol| lu — ol

Next, employing the Lipschitz continuity of p (cf. (2.0.2)), and the Cauchy-Schwarz and

Holder inequalities, we deduce that

—

u— ao) - %(307H — ﬁ0)| = ‘2/9 (M(@D) - M(¢))t0,sym D (t—to)

’(lw(ﬁo,
(35.7)

"
< 2L, ||(¥ = @)tosymllo [t —tolloe < 2L, (1Y — dllo2g0 lItollozpe || — uol,

1 1

where p, ¢ € [1, 00) are such that —+— = 1. In this way, bearing in mind the further regularity
b q

(3.5.2), we recall that the Sobolev embedding Theorem (cf. [1, Theorem 4.12], [23, Corollary

B.43], [37, Theorem 1.3.4]) establishes the continuous injection 7, : H(2) — L*(2), where

2 ifn=2,

¢ = e . Thus, choosing p such that 2p = €, there holds t, € L*(Q) and
L ifn=3
3—2¢

lItollo.2p2 < ]| ||to]le.o- Moreover, with this choice of 2p, we obtain that 2g = n/¢, and hence,
using that for the specified ranges of e there holds || — ¢||on/c0 < cle,n, Q) [|[¢ — @040,

with a positive constant c(e, n, |€2]) depending on ¢, n, and (2|, (3.5.7) becomes

- =

|ay (8o, W =) — a(Uo, u—wo)| < 2L, ic]| c(e;n, [2]) [ = blo.x0 [tollea [[u— || (35.8)

Finally, replacing (3.5.5), (3.5.6), and (3.5.8) back into (3.5.4), and then simplifying by u —
|, we get 3.5.3) with Lg := o~ max {1, [Q|'/2, 2L, [|ic|| c(e, n, |Q]) }. d
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Chapter 3. The continuous formulation

We find it important to stress at this point that in the particular, though very frequent
situation in applications, in which the viscosity ;1 is constant, the regularity assumption

(3.5.2) is not needed anymore. In this case, the Lipschitz-continuity estimate (3.5.3) reduces

to

18(w,0) = S 0)ll < Ls {Iw = 2l IS@ 0 + 16— Vlosa lglco}. @59

for all (w, ¢), (z,¢) € L*(Q) x L*(Q), with Lg = o™

We now focus on proving the Lipschitz-continuity of S.

Lemma 3.5.3 There exists a positive constant Lg, depending on o and Cyg (cf. Lemma , such
that

18(w) - 5(z)]
(3.5.10)
< Lgllz = oo { (1 + [Kllsog) lenlhar + I2loso lenlar )

forall w, z € L*(Q).

Proof. We proceed analogously to the proof of Lemma Indeed, given w, z € L*(Q),
~ ~ — ~
we first let ¢ := (o, t) = S(w) and ¢ := (¢,T) = S(z) be the respective solutions of (3.3.2).
_ — ~
It is clear from the corresponding second equations of (3.3.2) that ¢ — ¢ € V, and hence,

employing the V-ellipticity of @ (cf. (3:4.15)) and the first equation of (3.3.2) applied to both
S(w) and S(z), we find that

a1S(w) - 3@ = a2 — ol < @@ G- 6)—al6.%— o)

= vaz(QZs,SO_ ) _EW(QB}??O)_g)

Then, adding and subtracting Ew(g—z;, - g_g), and employing (3.4.21) and (3.4.24), we deduce
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that

T
) < W —=zllosallolllle - o

= |lw — zloaa [S@)| I¥ - |-

Finally, simplifying by |¢ — EH and using the estimate for ||S(z)| provided by (3:4-31) (cf.
Lemma [3.4.6), we arrive at (3.5.10) with Lz = a~' C%. O

As a consequence of the previous lemmas, we establish now the Lipschitz-continuity of
T.

Lemma 3.5.4 There exists a positive constant Ly, depending on Lg, Lg, Cs, and cg, such that
< Le {1+ (14 Klson + [¥llo0 gl + (1 + lzllo.0) upllyzr) lenllysr |

x (110N (Igloo + lupllyser) w,0) = (2, 0)]
(3.5.11)
forall (w, ), (z,¢) € L4(Q) x L4(Q).

Proof. According to the definition of 7' (cf. (3.3.3)) and the Lipschitz-continuity of S (cf.
(3.5.10)), we first obtain that

IT(w,¢) = T(z,8)| = [1Si(w,6) = Si(z, )| + [[51(Si(W, ) — S (S1(z, )]l

< {14 Lg(1+ IKll) l9nllar + LllSi(2,0) | gl ar | IS1(w, 0) = Si(z, )]
(3.5.12)
In turn, the Lipschitz-continuity of S (cf. (3.5.3)) gives

151(w, 6) = Si(z, ¥)|
(3.5.13)
< Ls {Iw = zlloso 15z, )]l + 16 = lose (Iglea + 1522, ¥)la) }
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Chapter 3. The continuous formulation

whereas the a priori estimate of S (cf. (3.4.25)) establishes
15 )l < Cs {I¥llosa Iglwe + (1 + lzloae) Maplharf, (3514
and the regularity assumption yields
15262 ¥l < es {Ielosn lglleo + (1 + lalluse) Buplheer} - (3515)

In this way, employing (3.5.14) and (3.5.15) in (3.5.13), replacing the resulting estimate in
(3.5.12), bounding ||[upl|1/2,r by ||up||1/24¢r, and performing several algebraic manipulations

aiming to simplify the whole writting, we are lead to (3.5.11) with L; := Lg max {1, Lz CsL g} max {205
U

We are now in a position to establish sufficient conditions for the existence and unique-
ness of a fixed-point of T' (equivalently, the well posedness of the coupled problem (3.2.13)).

More precisely, we have the following result.

Theorem 3.5.5 Given r > 0, let W be the closed ball in L*(Q) x L*(Q) with center at the origin
and radius r, and assume that the data satisfy (3.5.1)), that is

{(1 + llepllijzr) (19llse + upllijer) + (1 + [Klwo) H90D||1/2,F} < )’ (3.5.16)
where the constant C(r) is specified in Lemma In addition, define
C(K,g,up,pp) = {1+ (14 [Klloa + gl + Iuplijzr) leplerf . (35.17)
and suppose that
Lr (L4 7)? C(K. g.up. ¢) (Ilgllo + llullyzrer) < 1. (35.18)

Then, the operator T has a unique fixed point (u, ¢) € W. Equivalently, the coupled problem (3.2.13))
has a unique solution (u,0) € Hx Ho(divyys; Q) and (p,&) € Hx H(diva3; Q), with (u, ) € W.
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Chapter 3. The continuous formulation

Moreover, there hold the following a priori estimates

||HH < Cs {7" lgllcc.0 + (1 +7”) HuDH1/2,F}7 (3.5.19)
181 < Cs{1 + IKllo + 7} onlh/2r (35.20)
200 + 1 Q2 29 + 1
o < (14 2250 ) { gl + 222 Juplyar | 3521
and
~ K 00 QT+ T K 0O+ T
o]l < (%) {H%} lepllijar- (3.5.22)

Proof. We first recall from Lemma that, under the assumption (3.5.16), 7" maps the
ball I into itself. In addition, given (w, ¢), (z,v) € W, ||(z,%)||, ||z||, and |[¢|| are certainly
bounded by 7, and hence the estimate (3.5.11) yields

IT(w, ¢) = T(z,9)|

< L (1+7) C(K, g,up,¢0) (gl + [unlijzecr) l(w,8) = (z,0)]

for all (w,¢), (z,¢) € W. In this way, (3.5.18), the foregoing inequality, and the classical
Banach theorem imply the existence of a unique fixed point (u, ¢) € W of T'. Thus, defining
u:= S(u,¢)and ¢ := S(u), and letting o and o be the second components of the solutions
to (3.3.1) and (3.3.2) (or (3.4.27) and (3.4.32)), respectively, with (w, ¢) = (u, ¢), we conclude
that (u,0) € H x Hy(divys;€2) and (¢,0) € H x H(divy/3;€2) constitute a unique solu-
tion of with (u, ) € W. Consequently, the estimates (3.5.19), (3.5.20), (3.5.21), and

(3.5.22)) follow straightforwardly from (3.4.25), (3.4.31), (3.4.30), and (3.4.33), respectively, by
bounding [[w|| = [[ul| and [|¢[| = [[¢|| by . O
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CHAPTER 4

The Galerkin scheme

In this chapter we introduce and analyze the corresponding Galerking scheme for the fully-
mixed formulation (3.2.13). The solvability of this scheme is addressed following basically
the same techniques employed throughout Section 3|

4.0.1 Preliminaries

Consider arbitrary finite dimensional subspaces H} C L*(Q), Hf C L (Q), H C Ho(divy/s; ),
HY C LY(Q), HE C L*(Q), and HJ C H(divy/3; ), whose specific choices will be described
later on Section [5| Hereafter, h stands for the size of a regular triangulation 7;, of 2 made
up of triangles K (when n = 2) or tetrahedra K (when n = 3) of diameter hy, that is

h :=max {hg : K € T}, and denote

— — —
uy, = (up,ty), vii=(Va,Sn), Uop = (Won, ton),
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Chapter 4. The Galerkin scheme

as elements of H;, := H}! x Hf, and

&n = (on, tn) Jh = (U, sh),

as elements of H, := HY x Ht. In addition, from now on we denote the symmetric and
skew-symmetric part of each s, € HE by Sh.sym and sy ., respectively. Then, the Galerkin
scheme associated with reads: Find (u;,, 05,) € H, x HZ and (¢,,64) € H), x H¢
such that

ag, (Un, Vi) + c(up;Up, Vi) + b(Vi,00) = F,,(vy) YV, eH,,
b(l—ih,’Th) = G(Th) VTh c HZ,
(4.0.1)
~— - = ~ = — ~
a(¢ha¢h) + Cuh(SOm"éth) + b(whao'h) =0 Vi, € Hy,
b(p,, ) = G(F1) V7, € HY .

In order to analyze (4.0.1), we now follow a discrete analogue of the fixed point approach
developed in Section To this end, we first introduce the operator S, : H} x HY — H,,
defined by

Si(Wh, dn) == (Suu(Wh, 0n), Son(Wh,dn)) = Un ¥ (Wi, ) € H} x HY,
where (u,,0,) € H;, x HY is the unique solution (to be confirmed below) of the problem

a¢h(1—1>h,?f)h) + C(Wh;l—ih,\_;h) + b(\_;h,O'h) = Fqﬁh(‘—;h) V\—;h S Hh,

(4.0.2)
b(up, 1) = G(71) V7, e HY.

In turn, we also let S, : HY — H,, be the operator given by

Su(wi) = (Sia(Wi), Son(wn)) = ¢, Vw, € HY,

33



Chapter 4. The Galerkin scheme

where (¢, &,) € Hy, x H? is the unique solution (to be confirmed below) of the problem

~— - = 7 ~ = — ~
a(pp, V) + Cw, (0n, V1) + by, 00) = 0 Vi, € Hy,
(4.0.3)
b(gn7h) = G(Fn) V7, €H].
Hence, by introducing the operator 7}, : H}! x H — H}' x H as
Th(Wh, 1) = (51,h(Wh, Pn), §1,h(51,h(Wh,¢h))> Y (wn, on) € HY x Hy (4.0.4)

we realize that solving (4.0.1) is equivalent to seeking a fixed point of 7}, that is: Find
(up, n) € H x HY such that

Th(up, pn) = (ap, en) - (4.0.5)

4.1 Solvability analysis

We now aim to establish the well-posedness of problem (4.0.1) by analyzing the equivalent
fixed-point equation (4.0.5). More precisely, we will apply the well-known Brouwer fixed-

point theorem, which, for sake of completeness, is recalled next (cf. [16, Theorem 9.9-2]).

Theorem 4.1.1 Let W be a compact and convex subset of a finite dimensional Banach space X and

let T : W — W be a continuous mapping. Then T has at least one fixed-point.

According to the above, and exactly as we did for the continuous case in Section
we begin by showing that the operators S), and Sy, (and hence Tj,) are well defined. For
this purpose, we need to introduce general hypotheses on the discrete spaces employed in
(4.0.1). In this regard, we stress that later on we will provide specific examples satisfying

these conditions. We begin with the following assumptions:
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Chapter 4. The Galerkin scheme

ASSUMPTION 4.1.1 There exists a positive constant 34 > 0, independent of h, such that

b(v ,T
sup (z—h) > ﬁdHTthiV4/3;9 VT, € Hy . (4.1.1)
oen,  ||Vall|
Vi #0

ASSUMPTION 4.1.2 Let V), be the discrete kernel of b, that is

vV, = {7]1 = (Vh,Sh) e H, : /

Th @ Sh + /Vh ~div(Ty) = 0 VT € Hg} . (4.1.2)
Q Q

Then, there exists a positive constant Cy, independent of h, such that

Ihsymllo = Call(Vi, Shskw)ll VYV = (Vi 8h) € Vi (4.1.3)

Then, the discrete analogue of Lemma is as follows.

Lemma 4.1.2 For each (wy, ¢) € H} x Hy, problem (4.0.2) has a unique solution (Up, o) €

H,, x Hf. Moreover there exists a positive constant Cs 4, independent of h and (wy,, ¢,), such that
%
1S (Wh, )|l = J[un]l < Csa {H¢hHo,4;Q lglloce + (1+ Iwalloae) HuDH1/2,r} . (414

Proof. Given (wy, ¢5,) € HY x Hf, we let Ay, 4, : Hy x H, — R be the bilinear form defined
by

- = - = - = - =
A, o, (Un, Vi) = ag, (Up, Vi) + c(Wp;up, vp) Vuy,, v, € H, x Hy,,

and observe that problem (4.0.2) can be reformulated as: Find (Hh, o) € Hy, x HY such that

Awhm(ah, ;f)h> + b(?}” O'h) = Fd’h(;}h) V\_;h c Hy,,
(4.1.5)
b(up, ) = G(ry) V7, €HY.
We already know from (3.4.26) and (3.4.28) that Ay, 4, is bounded with || A, ¢, || < (212 +

|Whll0.4;0). Then, given {,—’h = (Vp,8p) € Vj, we employ (4.1.3) (cf. ASSUMPTION i and
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find that
- =

g, (Vih, Vi) = /2ﬂ(¢h) Shysym © Shusym > 201 [|Sh,syml[§ 0
Q
> lsnpmlie + mC3 {Ishorlda + IIValEsn}
> iy min {1,C5} Al
= y Y4 h )

which, together with the fact that c(wy; Vh, ff)h) = 0, yields the V-ellipticty of both a,,
and A, 4, with constant oy := g min{1,C?}. In turn, it is clear from ASSUMPTION
that b satisfies the corresponding inf-sup condition required by Theorem In
this way, a straightforward application of this theorem implies the unique solvability of
(4.1.5). Moreover, recalling from that there hold ||Fy, || < Q"2 ||énlo.40 ||g]lc.0 and
|G| < [lupll1/2,r, and applying the a priori estimate given by the first inequality in (3.4.5),

we deduce that

1 1 209 + ||W )
5w )l = 8l < = 1202 [6nloue gl + 5 (1+ 22 IW0boaoy )y
Qg Ba Q
which yields (4.1.4) with Cs4 depending on €2, 15, ag and ;. O

We remark here that, proceeding similarly to the derivation of (3.4.30), we obtain that

2415 + || Wi lo,.4:0
52

||11D H 1/2,0
(4.1.6)

I¢nllos0 llgllecs +

(%]

2p3 + ||Wh||0,4;sz) {Iﬂl”2

ol < [1+
ol < ( !

Next, for the well-posedness of problem (4.0.3), we need the following assumptions:

ASSUMPTION 4.1.3 There exists a positive constant Ed > 0, independent of h, such that

~

b(v,, T ~ ~ p
sup M > Ba HTthiV4/3;Q VT, € Hy. (4.1.7)
;;heﬁh ||77/)h||
wh;’éo

ASSUMPTION 4.1.4 Let \7h be the discrete kernel of 5, that is

\~7h = {Jh = (Yn,sn) € ﬁh : /

Fro B+ /whdiv(%h) — 0 VT, e H;f}. (4.1.8)
Q Q
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Then, there exists a positive constant @, independent of h, such that
. ~ — - ~
ISullo.e > Callvnllosn V), == (Yn,8h) € Vi (4.1.9)

The following lemma constitutes the discrete analogue of Lemma3.4.6]

Lemma 4.1.3 For each w;, € H}, problem (4.0.3) has a unique solution @h,b‘h) € H, x H?.

Moreover there exists a positive constant C ,, independent of h and wy, such that
~ —
15wl := llenll < C54 {(1 + [Kllso2) lenllijzr + Iwalloae HwDHl/z,r} . (41.10)

Proof. We proceed as in Lemma Indeed, given w;, € HY, we let A,,, : H, x H, — Rbe

the bilinear form defined as

~ - - — — ~
Aw;L(SBhawh) = a@h,wh) + Cwn(@hawh) Vﬁh, Y, € Hy,,

so that problem (4.0.3) can be reformulated as: Find (G o) € H, x H¢ such that

A, Ppstby) + (4, &) = 0 Vb, € Hy,

==

0(onTn) = GEFL) VT, € HY.

(4.1.11)

As in the proof of Lemma we observe from (3.4.12) and Lemma that A,, is

bounded with || Ay, | < [IK|ls.q + [|Walloso- In turn, denoting by x > 0 the smallest eigen-

value of the uniformly positive tensor K, and employing (4.1.9) (cf. ASSUMPTION 4.1.4), we
— ~

find that for each ¢, := (¢n,sp) € Vy, there holds

. — — . " 9
30 tn) = [ X850 2 xlBile
Q
K R ~
> S il + 5 C2 1nl o
2 2
ks S22
> & min {1, G2} 17,

2
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- = ~ ~

which, together with the fact that ¢y, (¢, ¢,) = 0, proves the V,-ellipticity of both @ and A,,,
with constant a4 := g min {1, C2}. Thus, bearing in mind the discrete inf-sup condition sat-
isfied by b (cf. (#1.7) in ASSUMPTION , another application of Theorem confirms

the unique solvability of (4.1.11)). In addition, recalling from (3.2.18) that 1G]l < lleplh /2.1
and applying the a priori estimate given by the first inequality in (3.4.5), we find that

3 = 1 K00 + [Whllo.a0
1Su(wi)l] = 1ull < =(1+ - ) lenllysr

d Qa
which shows (4.1.10) with C5 , depending on a4 and Ba. O
We now notice that, following the same arguments yielding (3.4.33), we are able to show

that
— Kl||loo.q + ||w . Kl|laq + |[|Ww .

151 < (H o 52\| h|yo,4,9> {1 o Ko &n huo,m} ool wi)

4 d

The discrete analogue of Lemma is stated next. Its proof, being a simple adaptation

of the arguments proving that lemma, is omitted.

Lemma 4.1.4 Given r > 0, let W), be the closed ball in H}! x H with center at the origin and radius

1, and assume that the data satisfy

{0+ lenlliar) (lglleoa + luplar) + (1+ 1Kl leplinr} < o0 (4113)

< G

where Cy4(r) := Cgq max {1, C’g’d} (r+1) + Csa and Cg 4 and Cgqare the constants specified in
Lemmas4.1.2|and 4.1.3| respectively. Then, there holds T),(W},) C W,

We now address the Lipschitz continuity of 7}, which, analogously to the continuous
case, is consequence of the fact that both S), and S, satisfy this property. Indeed, in what

follows we state the discrete analogues of Lemmas and

Lemma 4.1.5 There exists a positive constant Lg 4, independent of h, and depending on L, and oy,
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such that

|1Sh(Wh, n) — Sh(zn, ¥u)|

< Loa {Iwn = zulloaa 1z, vl + lén = vnllose (Igllea + 1S2n(znvn)llose) }
(4.1.14)

fOT’ all (Wh, ¢h)/ (Zh, wh) S Hz X Hf

Proof. Given (wy, ép), (zn,¥n) € HE x HY, we let u, = (up,ty) := Sp(wp, ¢p) and dg,, =
(Wop,ton) := Sih(zn, 1Y) be the respective solutions of (equivalently (4.1.5)). Then,
the proof of (4.1.14), starting now from the V,-ellipticity of a4, with constant oy (cf. proof
of Lemma , is very similar to the one for Lemma However, since a regularity
assumption such as is not available in the present discrete setting, we estimate a,, —
ag, by using an L* — L* — L? argument. In this way, instead of proceeding as in (3.5.7), we

simply obtain

— — — — —
‘awh(uo,h, uy, — fl>0,h) - a¢h(u0,h7 up — ao,h)} < 2L, Hl/fh - ¢hHo,4;Q ||to,h||o,4;Q ||U-h - Il)o,h|| .

The rest of the estimates are similar to those in the proof of Lemma and hence further

details are omitted. O

In turn, the result for the operator §h is established as follows

Lemma 4.1.6 There exists a positive constant Lg ,, independent of h, and depending on o and C'z 4

(cf. Lemma[#.1.3), such that

1Sk (W) — Sh(zs)|

(4.1.15)
< Lgglzn — walloae {(1 + [[Klloo.2) lenllij2r + lIzalloaa el zr
for all wy, z, € H}.
Proof. It follows very closely the arguments from the proof of Lemma [3.5.3] O

As a straightforward consequence of the previous two lemmas, we now establish the

continuity of the operator 75,
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Lemma 4.1.7 There exists a positive constant Lrq, depending on Lgqa, Lg ,, and Csg4, such that

T3 (W, ¢n) — Th(zn, 03|
< Lra {1+ (14 [Klles + [[¥nloa gln + (0 + lzallosa) 1unlh2r ) lenlyr }

X (1 Nz, wn)ll) (llglloon + unliyzr + 152420, )l ) 11(Was 1) = (za, )]
(4.1.16)

fOT all (Wh, gzﬁh), (Zh, @Z)h) - Hz X Hi

Proof. Proceeding as in the proof of Lemma but now using the definition of 7}, (cf.
(#.0.4)) and the Lipschitz-continuity of Sy, (cf. @1.15)), we readily find that

1 T5(Whs @) — Th(zZn, Un)ll < {1 + Lg o (1+ [K[lwo0) llenlh/2r
(4.1.17)

+ Lg ol|S1,n(2zn, ) | ||90D||1/2,F} |S10(Whs &) — S1a(Zn, ¥n)]| -
Then, the Lipschitz-continuity of S}, (cf. (4.1.14)) yields

1511 (Why &1) = S1.0(Zn, ¥n) ||

< Lsa {Iwn = zalloa 151, 0| + 0n = Unlloso (Igllso + 152z vn)loo) }

(4.1.18)
and the a priori estimate of 5}, (cf. (4.1.4)) establishes
I1h(zn, )| < Csa{Inllosa gl + (1 + Izalloe) [unliar} (4.119)

Finally, employing (4.1.19) in (4.1.18), replacing the resulting estimate in (4.1.17)), bounding

1S1.n(2n, Y1) || in 4.1.17) by (#.1.19), and performing some minor algebraic manipulations,

we obtain (£.1.16) with the constant Ly4 := Lgq max {1, Ls 4 C’SydLid} max {2Cgq,1}. O

We are now in position of applying the Brower fixed point theorem to establish a solv-

ability result for the coupled problem (4.0.1).

Theorem 4.1.8 Given r > 0, let W), be the closed ball in H}* x H} with center at the origin and
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radius v, and assume that the data satisfy (4.1.13), that is

.
{1+ lenlliar) (Igllee + Mpllisr) + (1+Klw0) lplhar} < (4.1.20)

SN ACE

where the constant Cy4(r) is specified in Lemma Then, the operator T}, has a fixed point
(un, @n) € Wy Equivalently, the coupled problem (4.0.1)) has at least a solution (ﬁ)h, on) € HyxHY

and (¢, 1) € Hy, xHZ, with (wy,, ¢,) € W), Moreover, there hold the following a priori estimates

[dill < Csa{rliglon + (1+7) luplliyzr} . (4.121)
lenll < Cg,d{l + Koo + r} leplli/zr (4.1.22)

200 + 1 Q[1/2 2o +1
sl < (” E > {| o llgllen + 22 fuplr b (41.23)

(%] Bd ﬁd
and

~ Koo+ 7 Kl + 7

s < [Klloco + 7 {1+%} lenllijar - (4.1.24)
A3 Qq

Proof. It follows similarly to the proof of Theorem Indeed, we first notice from Lemma
that the assumption guarantees that 73, (1V;,) C W),. Next, it is easy to see from
(cf. Lemma that 7, : W), — W}, is continuous, and hence the Brouwer the-
orem implies the existence of at least a fixed point (uy,¢,) € W), of T;. Then, defining
Uy, = Sh(up, ¢p) and g_ﬁh = §h(uh), and letting o, and o, be the second components of the
solutions to and (or and {@.1.17), respectively, with (wy, ¢5) = (un, ©n),
we conclude that (ﬁh,ah) € H, x HY and @h,&h) c H, x H¢ constitute a solution of
with (up, @) € W), Finally, the estimates (4.1.21), (4.1.22), (4.1.23), and fol-
low straightforwardly from (4.1.4), (4.1.10), (4.1.6), and (.1.12), respectively, by bounding

[Wall = llunll and [[n] = [l¢nll by 7 O

We end this section by stressing that, in the particular case of a constant viscosity, the
estimate (3.5.9) and the Banach fixed-point theorem can be applied to improve the foregoing
result by proving both existence and uniqueness of solution of (4.0.1)) .
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CHAPTER 5

Specific finite element subspaces

In this chapter we employ some tools from functional analysis to derive specific finite ele-
ment subspaces H} C L4(Q), HE C 1.2(), HT C Hy(divyys; ), HY € L4(Q), HE € L2(Q), and

HZ C H(div,/3; Q2), satisfying the crucial discrete inf-sup conditions given by ASSUMPTIONS

4.1.1, 4.1.2) 4.1.3] and 4.1.4, In what follows, given a positive integer ¢ and a set O C R",

P,(O) stands for the space of polynomials of degree < ¢ defined on O, with vector and
tensorial versions denoted by P,(O) := [P,(O)]" and P,(O) := [P,(O)]"*", respectively. We
begin the analysis with a section providing a couple of abstract results on inf-sup conditions.

5.1 Preliminary results on inf-sup conditions

In what follows, given X and Y reflexive Banach spaces and a bounded bilinear form b :

XxY —R,weletB: X — Y'and B’ : Y — X’ be the bounded linear operator and its
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modified adjoint induced by b, respectively, which are defined by
B(z)(y) := b(z,y) and B'(y)(z) := b(z,y)  V(r,y) € X x V.

Note that the concept modified adjoint employed here refers to the fact that, while the adjoint

of B should actually act from Y to X”, the reflexivity of Y allows to redefine it as stated.

Then, we have the following result.

Lemma 5.1.1 Let X, Y, Y1, Ys, and Z be reflexive Banach spaces with Y, and Y, being closed
subspaces of Y such that Y =Y, @&Y;, and assume that the norm of Y can be redefined, equivalently,
but with constants independent of Yy and Ya, as ||y|| = [Jwill + [lv2ll Yy = y1 +y2 € Y, with
y; € Y, for j € {1,2}. In addition, let b : (X xY) x Z — R be a bounded bilinear form with
boundedness constant denoted by ||b||, and define the following subspaces:

Vo= {(x,y) eEXxY: b((zy),z)=0 Vze Z}, (5.1.1)

and

Ty = {z €Z: b((z,15),2) =0 V(z,1)€X x YQ} (5.12)

Then, the following statements are equivalent:

1) there exist positive constants 31 and [3, such that

b
ap @22 g g (5.1.3)
(z,9)EX XY ”(I,y)H
(z,y)#0
and
il > B ll(z,92)|| Y(z,y) €V, with y=y+peVidYs=Y. (5.1.4)
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2) there exist positive constants 35 and (4 such that

b bl )
sup% > Bl V() € X x Vs, (5.15)
240
and
b((0,y1),
sup M > B2l VzeZy. (5.1.6)
y1 €YY H 1“

Y1

Proof. Let us first assume 1) and prove 2). Then, taking in particular z € Z; in (5.1.3), which
means that b((z,42),2) =0 V(z,y2) € X x Y5, and using that certainly ||(z,y)|| > [y, we

obtain
x, b((0,41), 2 b((0,v,), 2
Prllzll < sup ( ),) = sup M < supm,
(z,y)EX XY ||( )H (z,9)EX XY ||(x,y)|| y1€Y] ||y1||
(z,y)#0 (z,y)#0 Y170

which shows (5.1.6) with 8, = 8;. Now, denoting by B : X x Y — Z’ the bounded linear
operator induced by b with modified adjoint B’ : Z — (X x Y)/, we observe that (5.1.3)
says equivalently that B’ is injective and of closed rangle, that is that B is surjective, which

in turn is equivalent to the inf-sup condition

sup b((a:,y),z)

T

> ANE) () V@D EX XY (5.17)

Thus, taking in particular (z,y) = (z,y2) € X x Y, using (5.1.4), and employing the triangle

inequality, we get

)]l () = 0 ) = (ws)] = 0o w0 = 52 = 1)

= inf {lz—wl+l—sal+ sl = it {l@m) - @ s+ s}

(w,s)eV (w,s)eV

> min {182} inf {9 = (w52 + sl 2 min {15} @)

which, together with (5.1.7), yields (5.1.5) with ;3 = f; min {1, 3>}. Conversely, in what
follows we suppose 2) and demonstrate 1). In fact, denoting by B; : Y; — Z the bounded
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linear operator induced by b((0,),) : ¥; x Zy — R with modified adjoint B} : Z, —
Y/, we first realize that says that B is injective and of closed range, that is that B,
is surjective. In this way, given G € Z’, we obviously have that G|;, € Z;, and hence
there exists y; € Y; such that By (y;1) = G|z, thatis b((0,41),2) = G(z) Vz € Zy, and also
Ballyill < |G|zl < ||G||. On the other hand, denoting by B : X x Y, — Z’ the bounded
Xng) AL notice that establishes that B; is injective
and of closed range. It follows that R(B;) = N(B})°, with

linear operator induced by b| (

N(B,) = {zeZ: b((2,12),2) =0 ¥ (z,10) €X><Y2} — 7,

and therefore

R(By)={Fez: F()=0 VzeZO}E(Z/ZO)'.

According to the above, and since G — b((O, Y1), ) € R(B,), there exists a unique (z¢,y2) €
X x Y, such that By(zg,y2) = G — b((0,11),-), that is b((zg,v2),2) = G(z) — b((0,11), 2)
Vze Z,and

Bs (e, y2)ll < G = b((0,91), )| < NG+ [|Bull sl < (1 + BB 1G]]
Thus, defining y¢ := y1 + y» € Y, we readily see that b((z¢,yc), 2) = G(z) Vz € Z,and
leeve)ll < {85 (1+ BB + 87 G

-1
Next, given arbitrary z € Z and G € Z’, and defining 3, := {6{1(1 + BBl + 511} ,
we find that

s b((z,y),2) N b((z6. yc). 2)| - ’G(Z)’,
(z,y)EX XY H(xay)H H(xGayG>H HGH
(z,y)#0

from which, taking supremum on all G € Z’, we conclude (5.1.3). It remains to prove (5.1.4).
To thisend, given (z,y) € V, withy = y1 +y» € Y1 @Y, = Y, we first recall that for each z € Z
there holds 0 = b((x,y),z) = b((x,yg),z) - b((O,yl),z), that is b((x,yg),z) = —b((O,yl),z).
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Hence, employing (5.1.5) we deduce that

b (%92)72 b (anl>>z
Bs Iz, ya)|| < SUP—‘ ( I SUP—| ( ) < (ol Iyl
cez [El sez 2]l
z#0 27#0
which yields (5.1.4) with 3, = S35 ||b|| . O

Having established the equivalence given by Lemma [5.1.1, we now provide sufficient

conditions for the inf-sup condition (5.1.5).

Lemma 5.1.2 In addition to the notations and assumptions from Lemma [5.1.1} we now introduce
the subspace

Zi={zez: B(@0),2)=0 veex} (5.1.8)

and assume that there exist positive constants 5 and [3s such that

b((z,0),
sup% > G|zl  VreX, (5.1.9)
!
and
b((0, s),
sup% > Bsllall Vs €Ya. (5.1.10)
z;ﬁ&

Then, the inf-sup condition (5.1.5) is satisfied.

Proof. Given (z,y,) € X x Y3, we begin by noticing that (5.1.9) and (5.1.10) guarantee the

existence of 7 € Z and z € Z,, respectively, satisfying ||Z|| = ||z]| = 1, and the inequalities
LB S < B
p((2,0),7) > Zllall and b((0,).2) > 2 lual
Then, defining z := C; z + C, z, with positive constants C; and C; to be chosen later on,
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which yields ||z|| < C; + C5, and using that b((x,0), Z) = 0, we obtain

b((x,yz),z) ‘b((x,yg),iﬂ }b((:z:,O),E) +b((0,y2),2)‘

sup > = — _
ez 2] IH H
_ ‘Cl b((]?, O), E) + CQ b((O,yz), /Z\) + Cl b((O,yg), g)‘
1zl
1 C1 55 Cs Bs

C
2256 > (' ||b]|, we arrive at (5.1.5)

with 35 depending on C}, Cs, S35, B, and ||b||. For instance, taking C; = 1 and Cy = 4][b|| 35,
_ 1 [ Bs
we get by = (b mm{ ks Hb||}. O

from which, choosing C; and C such that C; > 0 and

At this point we remark that a particular case of the equivalence between the statements

(1) and (3) in [30, Theorem 3.1] would imply that actually (5.1.5) and the pair (5.1.9) - (5.1.10)

are equivalent. However, we believe that the necessity of (5.1.9) - (5.1.10), and particularly

that of (5.1.10), requires additionally that the kernel of the bilinear form b((0,),-) : Y» x
Z; — R be the null space, that is that

{yz €Yo: b((0,42),2) =0 Vze Zl} = {0} (5.1.11)

which is not included in the statement of [30, Theorem 3.1]. In any case, and though (5.1.11)
clearly follows from (5.1.10), for our analysis below we do not need neither such equivalence
nor (5.1.11) as such, but only the sufficiency provided by Lemma[5.1.2,

5.2 The subspaces H}, H!, and HY

We now aim to derive specific finite element subspaces H}!, H!, and HY satisfying the As-

SUMPTIONS |4.1.1|and 4.1.2, To this end, we first split H}; as H} = Hj =~ @ Hj ;,, where

HY oy = {sh eH}: s; = sh}, (5.2.1)

47



Chapter 5. Specific finite element subspaces

and

HE ., = {sh cH:: st = —sh}, (5.2.2)

t

and observe, due to the orthogonality between Hj, .

and Hf ,,,, that for each s;, = s}, gym +

Sh,skw € H, © Hj 4, = H} there holds

h,sym

1
—= 1 Ishsymlloe + lIsnskwlloo < lIsklloe < [IShsym
V2

0.2 + |[Shskwllon -

Then, applying Lemmas 5.1.1} and [5.1.2| (particularly the fact that (5.1.3) and (5.1.4) follow
from (5.1.6)), (5.1.9), and (5.1.10)) to the setting given by the spaces

X = Hy, Y, = Hy Y?:H;z,skw’ Y:H}w Z = Hy,

h,sym »

and our bilinear form b (cf. (3.2.14)), we conclude that, in order to verify ASSUMPTIONS[4.1.1|

and we just need to show the corresponding inf-sup conditions given by (5.1.6), (5.1.9),
and (5.1.10). In other words, we need to prove that there exist positive constants 34, 35, and

B, independent of £, such that

b (O Sh, ) T /Th : Sh,sym
sup (0, St3ym), 7) = sup S > B |Tnlldiv, 50 Y7 € Zon,
Shsym€EY sy ISh,symllo.0 Shosym€HY Lo Ish,sym lo.
Sh,sym7é0 Sh,sym?ﬁO
(5.2.3)
~div(Ty)
b((vy,0), T /Vh h
b0 m) o > Bsllvilloae  Vvi € Hy, (5.2.4)
T, €HT ||Th||div4/3;Q T, €HZ ||Th||div4/3;Q
Trh#0 Th#0
and
b (0 Sh.sh ) T /Th : Sh,skw
sup (0, 3ok, 1) = sup T > Bslsnswlloe  VSnsw € Hi . (5:2.5)
ThEZL R HTthiV4/3§Q ThEZL R HTthiV4/3§Q
Tp#0 Th#0
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where, according to (5.1.2) and (5.1.8), we have

Z(),h = {’Th c Hg : b((Vh,Shﬁkw),Th) =0 \VI(Vh’Sh,skw) - Hz X Hz,skw}

_ {Th € HY | / vi-div(ra) =0 Vv, € H} (5.2.6)
Q
and / Th : Shskw = 0 V' Sh,skw € HZ,Skw} ,
0

and
Zyp = {Th €HY: b((v,0),71) =0 Vv, € H}L‘}
(5.2.7)
= {ThEHZ: /Vh-diV(Th):O VthH}L‘}.
0

Throughout the rest of this section we address the verification of (5.2.5), for which we con-
centrate on the 2D case. As a result of this analysis we will be able to propose specific finite

element subspaces H}!, Hf, and H, which will then be considered in Section [5.3 to prove

the remaining inf-sup conditions and (5.2.4).

In order to deal with (5.2.5), we now proceed as in [9] and [24] (see also [10, Proposi-
tion 9.3.2] and [28, Section 4.5]), and let U}, and @h be arbitrary finite element subspaces of
HJ () and L2(Q2), respectively, such that Py(Q2) C @y, and so that U, and Q, := Q, N LZ(Q)
yield stability of the Galerkin scheme associated with the primal formulation of the Stokes
problem. This means that, for each pair (f,g9) € H{(Q) x L3(f2)', there exists a unique
(zh, pr) € Uy X Qp, with z;, := (25,1, 212)%, such that

/Vzh :Vwy, + /ph diV(Wh) = f(Wh) Vwy € Uy,
@ @ (5.2.8)

/QthiV(Zh) = g(qn) Van € Qn,

and

lzale + lIoloe < Co{IAI + llgl} (5.29)

with a positive constant C; independent of i and the subspaces U, and Qn. In particular,

from now on we consider f as the null functional and g as the functional induced by a given
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qn € @h, that is g(qn) = /th qn Yqn € Qp. In this way, assuming that P,(Q2) C Uj, and
Q
taking wy,(x) = (=9, 21)" Vx 1= (21, 22)" € Q, the first equation of (5.2.8) gives

8zh71 8zh72 .
/Q { b } — 0. (5.2.10)

In turn, we let ]ﬁlg be a finite element subspace of H(div,/s; ) such that Py(2) C ]ﬁg, and

set HY := ]ﬁlg N Hy(divy/s;€2). Then we assume that Hj and ]ﬁIZ are chosen such that

div(H?) C HY, whence (5.2.7] yields
Zyp = {’Th e Hy : div(r,) =0 in Q} (5.2.11)

Next, we set
8zh,1 azh,l

1 R l( ) 83:2 8:61
Cp ‘= qh, curl(z,) ‘— 5
Q| Jo _ Ozpa Ozpp
8%2 8:61
and define the tensor
0 1

Th = CllI'l(Zh) + ¢p s
0 0

which is obviously divergence free. In addition, we see from (5.2.10) that fQ tr(7,) = 0, and
assuming that curl(U,) + Po(©2) C ]ﬁl;{ , we realize that 7, € Z;,,. Then, we notice that

qn — cn € Qp, and observe, thanks to the divergence theorem, the fact that z;, vanishes on I’,

and the second equation of (5.2.8), that

/ G div(zy) — / (G — o) div(z) = / G @ —cn) = |Gl2a— 10
(9] Q 0

h
In this way, considering the particular choice s, sty = , we find that
—qn 0
= ~ 1. 2 ~ 112 1 2
ThiShsko = | @wdiv(zn) + Q¢ = [Glloo = 5 lIsnstullog (5.2.12)
Q Q
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whereas the stability estimate (5.2.9) and the definition of ¢, give

~

~ ~ ~ C
1Thlldiv,s0 = [ITrlloe < lznlie + llenlloa < Collgnllon = 7% ISh,skwllo.q (5.2.13)

with a constant Cj depending on Cj and [?|, and hence we conclude from (5.2.12) and

(5.2.13) that
/ Th * Sh,skw / Th Sh,skw
Q > JO

T wlldivy g0

sup
Thezl,h
Th750

with 85 = v2/(2Cy).

2 ﬁﬁ ||Sh,skw||0,Q ;

|Th ||div4/3;Q

Summarizing, our previous analysis has shown the inf-sup condition (5.2.5) under the

hypotheses
Po() € Qu,  Pu() S U, PBo(@) C HY,
(5.2.14)
div(HY) € HY,  curl(U,) + Py(Q) C HY,
and assuming that Hj ,; , is defined as
. 0 @ FEPR
HY L = {sh@kw — . Gie Qh}. (5.2.15)

In addition, it is not difficult to see that the three-dimensional case follows analogously, by
suitably modifying the definition of curl and the right-hand side of the second equation

of (5.2.8), thus concluding (5.2.14) and the 3D version of (5.2.15) as well. We omit further
details and refer to [10, Proposition 9.3.2].

In what follows, we consider the particular example of spaces U, and @), given by the
Scott-Vogelius pair, which, being usually employed to approximate the solutions of the
Navier-Stokes equations, has also been shown to be stable for the Stokes problem with
optimal approximation properties (see, e.g [38], [39], [41], [42], [43], and [44]). More pre-
cisely, given a regular triangulation 7, of 2 made up of triangles (in R?) or tetrahedra (in
R?) , we denote by 7,° the corresponding barycentric refinement of 7,. In addition, let-

ting hy be the diameter of each K € 7,°, we also denote by h the meshsize of 7,°, that is
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h := max {h k. Ke 77}’} In turn, for each K € 7,® we let pf be the diameter of the largest
ball contained in K. Then, for each integer k such that k+1 > n, we define the Scott-Vogelius

Spaces as

Up = {wh cC(Q): walx € Pra(K) YKeTP, w,=0 on F}, (5.2.16)

~

O = {ah cLXQ): Gulx € Pi(K) VK € 7;}’}, and Q, == O N L2(Q). (5.2.17)

According to the above, we observe that the first two inclusions in (5.2.14) are clearly satis-
fied. Next, it is straightforward to see that

curl(U,) + Py(Q) C {Th cH(div:Q): Tilx € Pi(K) VK € Thb}7

and therefore, letting RT(K) := P,(K) @ Pj(K)x be the local Raviart-Thomas space of
order k for each K € T,°, where x denotes a generic vector in 2, we deduce that, in order to

satisfy the third and fifth inclusions of (5.2.14), it suffices to define
He .= {Th € H(divysQ): 1yl € RTL(K) YeeR", VK e 7;}’}, (5.2.18)
and thus
HY = {Th € Hy(divys:Q): c*7hlx € RTLK) VeeR", VK e 7;;’}. (5.2.19)
Morever, it is straightforward to see that, setting
HY — {vh eLYQ): wilk € Pu(K) VK ¢ 77}’}, (5.2.20)

the fourth inclusion in (5.2.14) is also verified, whereas (5.2.15) and (5.2.17) suggest to intro-

duce

Ht — {sh cL2(Q):  splx € Pu(K) VK € T,}’}. (5.2.21)

In the next section we recall and provide several useful results on Raviart-Thomas spaces
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within the Banach framework given by the Sobolev spaces W™?, and then in Section |5.4{we
employ the specific finite element subspaces given by (5.2.19), (5.2.20), and (5.2.21)), and the

aforementioned results, to prove the remaining inf-sup conditions (5.2.3) and (5.2.4).

5.3 Some useful results on Raviart-Thomas spaces

2n
Wi i fining f h :
e begin by defining for each p > )
H, — {T € H(div,: Q) : T|x € WP(K) VK ¢ 77;’}, (5.3.1)
and
HY = {7‘ € H(div,; Q) : 7|x € RTL(K) VK e 7;;’} . (5.3.2)

In addition, we let [T} : H, — HY be the Raviart-Thomas interpolation operator, which is

characterized for each 7 € H,, by the identities (see e.g. [23 Section 1.2.7]):

/(Hﬁ(T) V)€ = /(7’ V)€ V¢ € Pyle), Vedgeorfaceeof T,

€ €

and

/Hg(r)-¢:/r-¢ Vi ePpy(K) VK eT? (ifk>1).
K K

In turn, given ¢ > 1 such that % + é =1, we let
HY = {v C19(Q): vlx € Pu(K) VK € T,}’}, (5.3.3)
and recall from [23, Lemma 1.41] that there holds
div(I; (7)) = Pr(div(r)) V7 eH,, (5.3.4)

where PF : LP(Q) — H} is the usual orthogonal projector with respect to the L*(Q)-inner
product, which satisfies the following error estimate (see [23, Proposition 1.135]): there

exists a positive constant Cy, independent of h, such thatfor 0 <! < k+land1 <p < o0

53



Chapter 5. Specific finite element subspaces

there holds
Jw = Pr(w)llope < Cob wllipe — Vwe WP(Q). (5.3.5)

In addition, we stress that Pf(w)|x = Pr(w|x) Vw € LP(Q), where Py : LP(K) — Py(K) is
the corresponding local orthogonal projector. Moreover, using the W™ version of the Deny-
Lions Lemma (cf. [23] B.67]) and the associated scaling estimates (cf. [23, Lemma 1.101]), one
can show the following approximation property of the projectors Pk : there exists a positive
constant (;, independent of , such thatfor 0 <! <k,0 <m <[+ 1andp > 1, and for each
K € Tp, there hold

1+1
jw — P?((w”m,p;lf <G me |w[i1,p Vwe WHP(K). (5.3.6)

K
In turn, the local approximation properties of 11} are established as in [28] Section 3.4.4],
by using again [23] B.67] and [23, Lemma 1.101], but employing also (5.3.4) and (5.3.6). The

corresponding statement is as follows.

) 2 ) » .
Lemma 5.3.1 Given p > %, there exist positive constants Cy and Cs, independent of h, such
n

that for 0 <1 < kand 0 <m <[+ 1, and for each K € T}, there hold

142
T — H§<T)|m,p;K < Gy mLH |7 |11, ik (5.3.7)
K
forall T € WP (K), and
hl+1
|div(T) — div (I} (7)) lmpx < Cs pim |div(7)] 11 ik (5.3.8)
K

forall T € WH(K) with div(r) € WTP(K).

Next, applying the regularity of the meshes together with the estimates (5.3.7)) (for m = 0
2
and p = 2) and (5.3.8) (form =0 and p > n——iT—lQ) to each K € 7,°, we deduce the existence of

positive constants 52 and 53, independent of h, such that for 0 <[ < k there hold

T =T () on < Cohl* g V7 e HYY(Q),
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and
[div(7)—div (I} (7)) oo < Cy hiH! div(T)|is1p0 VT € WHP(Q) with div(T) € WHLP(Q)

respectively, which yield the existence of a positive constant 6’4, independent of A, such that

for 0 <[ < k there hold
I = TPl < Gk {I7lir0 + |div(T)lspe b (5.3.9)

for all 7 € H'™(Q) with div(7) € WITP(Q).
Furthermore, we have the following additional estimate concerning I1¥, which will be

employed below in the proof of Lemma for the particular case p = 4/3.

Lemma 5.3.2 Assumethat 1 <p<nand p <2< n"T’;. Then, there exists a positive constant Cs,

independent of h, such that for 0 < 1 < k there holds

|7 = TIF () |lop < Cs RIFIE20 |20 g V1 e WHP(Q), (5.3.10)

Proof. We first observe that the assumptions on p and the Sobolev embedding Theorem
(cf. [1, Theorem 4.12], [23, Corollary B.43], [37, Theorem 1.3.4]) guarantee the continuous
injection of W'?(Q) into L?*(O) for each open set O with Lipschitz-continuous boundary (cf.
[23, Theorem B.37]). In particular, and denoting by K the reference triangle (or tetrahedron
in R?) for 7;?, the above implies the existence of a positive constant ¢, depending only on K,
such that

lwlloz < ellwl,,z  Ywe WH(K). (5.3.11)

Next, given K € T, we let Fic : K — K be the bijective affine mapping defined by F (X) :=
Brx + b Vx € K , with B € R™" invertible and bx € R". Then, using ~ to denote

composition with F, we obtain from the usual scaling estimates (cf. [23, Lemma 1.101])
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and that
|7 = T(r) o < ldet Bie| "2 |7 = (Tl < ldet By 2|17 = (0],
< @ldet By {7 = (Dl + |7~ TE(T)]1 iz | (5312)
< @ldet Bie| @72 {7~ T () logurc + 1 Bicll |7 = T5(7) e}

Now, employing again the regularity of the meshes together with the estimate (5.3.7)) for

m = 0 and m = 1, we find a positive constant Cs, independent of h, such that
[T =I5 (M)opx < CohiM Tlipx and 7 =IG(T)ipx < Cohl [Tl pr s (5:3.13)

for all 7 € W'2(K). In this way, replacing (5.3.13) back into (5.3.12), and recalling that
|det B| = O(hl) and ||Bk|| = O(hk), we readily deduce that

7 =T (7)o < 260 b " 7| VT € WHIP(K),

from which, taking square, and then summing up over all K € 7,°, we arrive at (5.3.10) and
conclude the proof. O

We now let H, be the tensorial version of H, (cf. (5.3.1)) and observe that ]ﬁ[g (cf. (5.2.18))
and H}' (cf. (5.2.20)) are the tensorial and vector versions of ﬁ;{ (cf. (6.3.2)) and H}* (cf.
(5.3.3)), respectively, for p = 4/3. Then, we let IT} : H,, — ]ﬁlg be the corresponding Raviart-
Thomas interpolation operator, which is defined row-wise by 11, and let P} : L?(Q) — H}
be the corresponding orthogonal projector with respect to the L?(2)-inner product, which is
defined component-wise by PF. We end this section by highlighting that IT} and P} satisfy

the analogue of all the properties described above for IT} and PF.
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54 The remaining inf-sup conditions for H}!, H!, and H7

We first establish the discrete inf-sup condition (5.2.4).

Lemma 5.4.1 There exists a positive constant 35, independent of h, such that

/ vy, - div(T))
sup %

T, EHY ||Th||div4/3§Q
Tr#0

> s ||villoaa Vv, € Hy . (5.4.1)

Proof. The proof begins similarly to [13, Lemma 4.4] (see also [14, Lemma 3.3]). Indeed,

given v, € H}!, we let O be a convex bounded domain containing ), and define

’Vh‘2 Vi in € R
g = (5.4.2)
0 in O\Q.
It is easy to see that g € L¥3(0) with
Iglloa/zo = lglloasza = Vil villoasze = [Vallo.0- (5.4.3)

It follows that there exists a unique z € W243(0) N W**(0) solution to the Dirichlet

boundary value problem
Az =g in O, z=0 on 00, (5.4.4)

and the corresponding regularity estimate (see e.g. [27]) guarantees the existence of a posi-

tive constant Ct.,, depending only on O, such that
Izll24/50 < Cregllglloasse = CregllVallian- (5.4.5)
Next, we set ¢ := Vz|o, € W"*/3(Q), and observe from (5.4.4) and (5.4.5) that

div(¢) = g = |vi*v, in Q, (5.4.6)
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and

1¢lame < l|zll2am0 < CreglIVallgan - 5.4.7)

Furthermore, applying (5.3.10) to ¢, with I = 0 and p = 4/3 (which satisfy the assumptions
required by Lemma 5.3.2)), we find that

1€ =T (Q)lloe < C5h' ™™ [¢layma < Cs [Cliayma < Cs Creg IVallh s (5.4.8)

with a positive constant Cs, independent of h. Thus, defining ¢, € Hf and ¢, € Ho(diva/s; 2)
as the Hy(divy/s; Q2)-components of IT}(¢) and ¢, respectively, that is

1 1
6= Q) = i [ ()T and = ¢ = i [ (O,

and using (5.4.7), (6-4.8), and the continuous injection of W'*/3(Q) into L2(Q2) with bound-

edness constant ¢y, we obtain

ICullo.e < 11Ch = Callog + lIColloe < ITIE(C) = Cllog + [I¢llos

(5.4.9)
< T(C) = Clloe + eollClhama < (5 + co) Creg [[Vallg a0 -
In addition, it is clear from (5.3.4) and (5.4.6) that
div(¢,) = div(II;(¢)) = Py (div(¢)) = Pr(Ival*va), (5.4.10)
and hence, utilizing the triangle inequality, (5.4.6), and (5.4.3), we get
Idiv(C)lloaza < div(¢) — div(IT;(C)) loasse + 1div(C)lloa/se
(5.4.11)

= [|div(¢) — div(IT;(¢)) lloasse + [Vallian-

In turn, applying (5.3.8) with m = | = 0 to each K € 7, and then employing a local
inverse inequality for the polynomial div({)|x = |va|? vi|x, which follows from the usual

scaling estimates and the fact that all the norms in any polynomial space defined on K are
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equivalent, we deduce that

1div(¢) — div(IT;(C)) loa/six < Cs b [div(€)|1aysx
(5.4.12)

< Cs|div($)loassx = Csl|Vallgax -

with a positive constant Cs, independent of h. In this way, taking the above inequality to the

power 4/3, and then summing up over all K € 7,°, we easily arrive at
Idiv(¢) — div(IT;(¢)) loasze < Csllvallgaq.
which, replaced back into (5.4.11)), yields
1div(Ca)lloasme < (14 C5) [vallao - (5:4.13)

and hence, (5.4.9) and (5.4.13) imply

1€Calldivy 0 < {1 +Cs+ (Cs + o) Creg} VAl 400 (5.4.14)

Finally, using (5.4.10) and the orthogonality property of Py, we obtain

/th ~div(Ty) /th -div(¢,) /th - Pr(|val* vi)

B Avallbae
sup > = _ ,
rneir [ Thlldiv, 50 1Chlldivy 50 1€hlldivy 50 1Cnlldiva 50
Tr#0

_ ~ -1

which, combined with the estimate (5.4.14), gives (5.4.1) with 5 = {1+C’3+ (C5 +co) C’reg} ,
thus concluding the proof. O
We now aim to prove the discrete inf-sup condition (5.2.3), that is the existence of a

positive constant 3,, independent of h, such that

/ Th - Sh,sym
JQ@ 00000000

sup
H Sh,sym HO,Q

t
Sh,sym eIHIh,sym,
Sh,sym #0

> BallTrlldivese VT € Zop, (5.4.15)
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where (cf. (5.2.1), (5.2.2), (5.2.6))

HY oy = {sh ceH}: s = sh}, HY g = {sh ceH:: s = —sh}, (5.4.16)

Zop = {Th e Hy : / vy, - div(T,) =0 Vv, € Hy
Q
(5.4.17)

. _ t
and / Th ' Shskw = 0 VSh,Skw € Hh,skw} ,
Q

and the specific finite element subspaces H¢7, H}!, and H, are defined by (5.2.19), (5.2.20),
and (5.2.21), respectively. In particular, according to (5.2.19) and (5.2.20)), and as observed

before, we get

Zop = {‘rh €HY: div(r,)=0in Q, and /‘r;Z S Shoskw =0 VShskw € H}L’Skw} .
! (5.4.18)
In turn, proceeding exactly as in part of the proof of [28, Theorem 3.3, Section 3.3], it is easy
to show that if 7, € HY is such that div(7,) = 0 in (, then necessarily 7,|x € Py(K)
VK € Tp. Moreover, once knowing the above for a given 7, € Z,;,, we realize that the
second identity in together with the definition of Hj and Hj, ., imply that 7, = 77,
which yields 73 € H} ,, .. On the other hand, we also recall from [28, Lemma 2.3] that there

exists a positive constant c;, depending only on €2, such that
allrlie < 17060 + div(T)5e V7 € Hy(div; Q). (5:4.19)

According to the previous discussion, we conclude that for each 7, € Zj ;, there holds

. . =d
/Th'sh,sym /Th~Th
Q > Q

2 2
W 2 Tl = Ihle = @ lmiloq = A 7l e,
Sh,symEHﬁ,sym Sh,sym 0,2 Th 0,0
Sh,sym#o

which proves (5.4.15), that is (5.2.3)), with 8, = c}/ 2,
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5.5 The finite element subspaces H7, HE, and H?

In this section we specify finite element subspaces H}, H!, and HY¢ satisfying the ASSUMP-

TIONS 4.1.3)and 4.1.4] To this end, we now apply Lemma to the setting given by the

spaces

X=H, V=Y, =H, Yzz{o}, Z = HY,

and our bilinear form b (cf. (3.2.16)). In this way, we conclude that verifying the aforemen-
tioned assumptions is equivalent to showing the corresponding inf-sup conditions given by
and (5.1.6). This means that we just need to prove that there exist positive constants
53 and 54, such that

7 ~ diV(;h)

b((¢p,0), T /wh ~
Sup ( = ). 71) = sup S > Os|[Unlloge  Vu € HY, (5.5.1)
7peny HThH 7pEeHT Hﬂ’-thiVAL/s;Q
;h7£0 ;]—ﬁéo

and

B((0,8), 7) /Qgh T

sup ——=———— = Sup —F=—— Z 54 ||;h||div4/3;ﬂ V?h - ZO,h, (552)
soeni ISl s [Snllog
sp#0 Sp#0

where, according to (5.1.2)), we have

Zop = {?h c HY E((@Z)h,())»;h) =0 Vi€ Hf}
(553)
- {Freny: /Qz/;hdiv(:f-h) =0 Vi eH7}.

In virtue of the above discussion, and bearing in mind the analysis already developed in

Sections and 5.4} in particular realizing the similarities between the pairs of discrete
inf-sup conditions given by (5.2.4) - (5.2.3) and (5.5.1) - (5.5.2)), we propose now to define H},
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H!, and H? as follows

HP = {wh eLYQ): nlx € Pu(K) VK e 7;;”} , (5.5.4)
HE = {gh cL2(Q): Silx € Pu(K) VK¢ 7;;3} , (5.5.5)

and
HY = {%h € H(divys; Q) :  Talx € RTL(K) VK e Thb} . (5.5.6)

It is clear from (5.5.4) and (5.5.6) that div(HZ) C Hy, and hence (5.5.3) becomes
Zon = {?h cHY: div(F)=0 in Q}

Moreover, proceeding again as in part of the proof of [28, Theorem 3.3, Section 3.3], we can
show thatif 7, € Zvo,h, then necessarily 7|k € Pip(K) VK € 72, and hence Zo,h C H% It

follows that for each 7/, € Zo,h there holds

/gh-%h /%h-%h
Q > [9]

Slloe — ITnlloe

sup
s, eHt
3,0

= [[Trlloe = [ITalldivy 50

which shows with 54 =1.

In turn, due to the definitions of HY and HY (cf. and (5.5.6)), the inf-sup condition
corresponds essentially to the vector version of (5.4.1), and hence its proof is almost
verbatim to the one of Lemma The only difference lies on the fact that in this case
the supremum on the left hand side of is bounded below by choosing simply Ch =
115 (Vz|) € HZ, where, taking O as before, z € W24/3(0) N Wy*/*(0) is the unique solution
of the scalar version of (5.4.4), that is, given ¢, € Hf, z solves:

|¢h|2¢h in Q
g = , z=0 on 00.

0 in 0O\Q

Az
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We omit further details and refer to the proof of Lemmal5.4.1]

We end this section by collecting next the approximation properties of the finite element
subspaces H}, Hf , H7, HY, H!, and H?, which basically follow from interpolation estimates
of Sobolev spaces and the approximation properties provided by the projectors P} and Py
(cf. (53.5)), and the interpolation operators 11} and IIf (cf. (5.3.9)) (see, also [10], [12], [14],
[28]):

(AP}) there exists C' > 0, independent of h, such that for each [ € [0,k + 1], and for each
v € WH(Q) there holds

dist(v, HY) = inf [|[v —vpllowo < CA ||V]iaq - (5.5.7)

VhEH;:

(AP}) there exists C' > 0, independent of &, such that for each [ € [0,k + 1], and for each
s € H'(Q) NL2(Q) there holds

dist(s,Ht) := inf [|s —sulloo < Ch'||s|iq- (5.5.8)
ShGHZ

(AP7) there exists C' > 0, independent of h, such that for each [ € [0,k + 1], and for each
T € H(Q) N Hy(divys; Q) with div(T) € WH/3(Q), there holds

dist(r,H7) i= _inf |17 = Tollaiv, o0 < CH{lITlhe + [div(r)liasof . (5.59)

ThEHZ

(APY) there exists C' > 0, independent of h, such that for each I € [0,k + 1], and for each
Y € WH4(Q) there holds

dist(, HY) := inf ||¢ — ¥nllowa < OB ¢ ]|1a0 - (5.5.10)
¥ €HY,

(APE) there exists C' > 0, independent of h, such that for each | € [0,k + 1], and for each
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s € HY(Q) there holds

dist(8,HY) := inf [[S—Spllon < CH|8]|iq. (5.5.11)

ghGHh

(APY) there exists C' > 0, independent of h, such that for each I € [0,k + 1], and for each
7 € H(Q) N Hy(divys; Q) with div(7) € WH/3(Q), there holds

dist(7,Hy) := _inf [|T = Fplla, 0 < CH {H;Hm + HdiV(?)HlA/&Q}- (5.5.12)

ThEHZ
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CHAPTER 6

A priori error analysis

In this Chapter we derive an a priori error estimate for our Galerkin scheme with arbi-

trary finite element subspaces satisfying the hypothesis stated in Section More pre-

cisely, according to what was established by Theorems |3.5.5| and |4.1.8L we let (u,0) €

H x Hy(divy/s; 2) and (a,a) € H x H(divy/3; ), with (u,¢) € W, be the unique solu-
tion of the coupled problem (3.2.13), and let (u,,0;,) € Hy, x H? and (,,5,,) € H), x H?,
with (uy,, ) € W), be a solution of the discrete coupled problem (4.0.1)), respectively. Then,

we are interested in obtaining a Cea estimate for the error

I(d,0) = (n, o)l + [[(£,8) = (¢4, F0)]| -

To this end, we establish next an ad-hoc Strang-type estimate for saddle point problems. In

what follows, given a subspace X, of a generic Banach space (X, || - ||x), we set for each
reX
dist(z, X) = inf - .
ist(2, Xp) = inf Jlo—wnlix
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Lemma 6.0.1 Let H and Q be reflexive Banach spaces, and let a : HxH — Randb: HxQ — R
be bounded bilinear forms with induced operators A € L(H,H') and B € L(H,Q’), respectively,
such that a and b satisfy the hypotheses of Theorem Furthermore, let {Hy},_, and {Qn},_,
be sequences of finite dimensional subspaces of H and @), respectively, and for each h > 0 consider
a bounded bilinear form a, : H x H — R with induced operator A, € L(H,H’), such that
an|m, xm, and bl g, <@, satisfy the hypotheses of Theorem as well, with constants & and 3, both
independent of h. In turn, given F € H', G € (', and a sequence of functionals {F, } oo With
Fy, € Hj for each h > 0, we let (u,0) € H x Q and (uy,0p,) € Hy, X Qy, be the unique solutions,

respectively, to the problems

a(u,v) + b(v,0) = F(v) VveH,
(6.0.1)
b(v,T) = G(1) VT eqQ,
and
ah(uh,'z)h) + b(Uh,O'h) = Fh<vh) \V/Uh c Hh,
(6.0.2)
b(vh,Th) = G(Th) VThEQh.
Then, there holds
”U, — UhH + HO’ — O'h” S Cg,l dist(u, Hh) + 0572 diSt(U, Qh)
(6.0.3)

+ Coa {IIF = Fullag + llalu, ) = an(u. )l }

where Cs;, i € {1,2,3}, are positive constants depending only on &, B, | All, I|Anl, and || B|, whose

explicit expressions are as follows

Csp = (1+M) (1+@) (1+M+M),
15} 15} o] o

B B Al 1B
Cop = 1+ 151, Bl hw I (6.0.4)
B o af
1 1 A
0573 = = + = + ”N—,}\L,H
@ B af
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Proof. 1t is basically a simple modification of the proof of [28, Theorem 2.6]. We omit further
details and just highlight the fact that the consistency term in involving the bilinear
forms a and a;, does not appear within any infimum, as for the classical Strang-type esti-
mates, but it is placed free, together with the consistency term involving F' and Fj,. Indeed,

thanks to the boundedness of A and A, we find that for each w;,, v, € H}, there holds

a(wp, vp) — ap(wp, vy) _ a(wp,vp) — alu, vp) + alu, vy) — ap(u, vy) + ap(u, vp) — ap(wpy, vy)
|vn | & [[vn| &

Y

a,(u7 Uh) — ah(U, Uh)
< (Al + [14n]) [l = wnllr + on ]l

and hence the usual expression given by

inf {llu—willn + llatwn,-) = an(wn, )l |

wpEHp,

can be replaced by

(1+ I[Nl + ([ Anll) dist (u, Hy) + lla(u, ) — an(u, )|a;

where
a(u,vy) — ap(u, vy
la(u,-) — an(u, Yy = sup (u, o) — an(u,vp)
vp€Hp ||Uh||H
vp#0

g

In order to apply Lemma we rewrite (3.2.13) and (4.0.1) as suggested in the proofs
of Lemmas[3.4.5,[3.4.6|4.1.2) and [4.1.3] that is

Auo(0, V) + b(v,0) = F,(v) VveH,
(6.0.5)
b(u,7) = G(r) V7 e Hy(divysQ),
A3, ) + B(6,5) = 0 Vi eH,
(6.0.6)

~ 5 ~

b, 7) = G(T) VT € H(divys; Q) ,
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Auh#’h<ﬁ>h’7h) + b(7h70h> = F‘Ph(vh) vvh € Hha
(6.0.7)
b<ah77-h> = G(tp) VT, e Hy,
and N . R
Aw, (0, ¥1) + by, 00) = 0 Vi, € Hy,
N N (6.0.8)
blpp, Th) = G(Tw) V7, € Hf.
where
Auo(W, V) = a,(w,v) + c(i;w,v) Vw,veH, (6.0.9)
Au(0,4) = @(¢,9) + Culd, ) Vo, v eH, (6.0.10)
Ao (Whs Vi) o= ap, (Wh, Va) + c(un;wh, Vi) Ywp, va € Hy x Hy,  (6.0.11)
and
-~ = = == e - = ~
A, (01, 01) = @Dy, V) + Cu,(Dpshy) Yoy, 1y, € Hy, (6.0.12)

We begin by collecting several useful properties of the foregoing bilinear forms to be
employed in what follows. First we recall from the proofs of Lemmas[3.4.5 [3.4.6] [4.1.2] and
and the estimates (3.4.11) and (3.4.13), that they are all bounded with

[Auell < 2u2+llulloae) . [Awell < (2u2 + lunllose)
[Aull < (K[l + [[allosn) s [Mull € (IKlsoo + [unlloss) (6.0.13)
bl <1, and [ < 1.

Next, proceeding as for the derivation of (3.5.8), and then employing the regularity estimate
(3.5.2) and the fact that the norms of both u and ¢ are bounded by the radius r of the ball W
(cf. Theorem , we readily obtain for each v, € H,

- — - —
}asﬂ(uavh) - a’sﬂh(uavh)l

< 2L, [licll ele,n, 120) o — @nlloe el VAl (6.0.14)

H
< ca(g,up) [l — @nlloae [ vall
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with
i(g,up) = 2L, il clen 190) es {r llglon + (1+ 7) [uplisrer

whereas (3.4.22) and the a priori estimate (3.5.19) (cf. Theorem [3.5.5) guarantee that

Vi) — (w6 V)| < awilloso 11V < ealg,up) u—wsllo.so V2l (6.0.15)

[ECE
ca(g,up) = Cs {rliglocer + (147) Junllijar }

In this way, the definitions of A, , (cf. (6.0.9)) and A,,, ,, (cf. (6.0.11)), together with (6.0.14)
and (6.0.15), imply that for each 7h € H,, there holds

- =

u,vy) = A, o, (1, V)| < {01(97 up) [l — @rllose + c2(g,up) [lu— uh||0,4;9} Vil
which yields
— —
[Aug(u, ) = Ay, 4, (0, ) [[m, < {Cl(ga up) [l — ¢nlloae + c2(g, up) lu— uh||0,4;ﬂ} . (6.0.16)

Similarly, according to the definitions of Ay (cf. (6.0.10)) and .Zuh (cf. (6.0.12)), the inequality

— ~
(3.4.24), and the a priori estimate (3.5.20) (cf. Theorem 3.5.5), we find that for each v, € H,,
there holds

o =

‘Zu@ﬂﬂh) _Avuh<$awh)} = ‘Eu<$awh> - Euh<907¢h)‘
< Jlu—willose @1 144l < eslen) lu—unloaallvnl

with
cs(ep) = C§{1 + | Koo,0 + 7"} ||90D||1/2,F7

which yields
[Au(g, ) — Au, (4, Mg, < eslep) [a—usllosa- (6.0.17)
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Furthermore, it readily follows from (3.4.29) (see also (3.5.5))) that

1Ep = Fo, llmy, < ca(g) le — enlloae (6.0.18)

with
ca(g) = 19"? ||l

Having established the above, we now recall from Sections 3.4/ and 4.1| that the pairs of
bilinear forms (Ay,b) and (Ay, ,,,b) do satisfy the hypotheses of Lemma on H x
Hy(divy/s;€2) and Hy, x HY, respectively, the latter with constants oy (cf. proof of Lemma
and f; (cf. AssuMPTION [£.1.1). Hence, applying the aforementioned lemma to the
context given by problems and (6.0.7), and bearing in mind the consistency estimates

(6.0.16) and (6.0.18)), we deduce that
H(l—i, 0’) — (Hh, O'h)H S Cg,l dist (1_1), Hh) + C_(SQ dist (0', Hg)

(6.0.19)
+ Css {(er(g,up) + ci(9)) e = @nlloae + cag,up) = wllosal

where the constants Cs;, Cs, and Cs3, depending on jis, 7, o, and 34, are computed ac-

cording to (6.0.4), after using to bound both || Ay, || and || Ay, o, || by (202 + 7).

In turn, we also recall from Sections [3.4/ and 4.1| that the pairs of bilinear forms (,Zu7~)
and (juh,g) satisfy the hypotheses of Lemmaas well on H x H(div, /3;€2) and H, x HZ,
respectively, the latter with constants aq (cf. proof of Lemma and f; (cf. ASSUMPTION

4.1.3). Therefore, applying again the aforementioned lemma to the context given now by
problems and (6.0.8), and bearing in mind the consistency estimate (6.0.17)), we arrive

at
1(2,8)—(#n,0)|| < Cs,1 dist (¢, Hy) + Cs dist (o, HY ) + Csscs(ep) lu—upllose . (6.0.20)

where, similarly as before, the constants Cs;, Cs2, and Cg3, depending on || K|/, 7, &a,

and f3,, are computed according to (6.0.4), after using (6.0.13) to bound both | Ay and || AL, ||
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by (IK|lcq +7)-
The required Cea estimate will now follow from (6.0.19) and (6.0.20). In fact, bounding
lo — @nlloa0 in (6.0.19) by the right hand side of (6.0.20), we obtain

(4, 0) — (un, o)|| < Cs,dist(u,Hy,) + Cgo dist (o, HY )
+ Cs3 63,1 (ci(g,up) + ca(g)) dist (9—57 ﬁh)
(6.0.21)
+ Cs3Cs (c1(g,up) + cu(g)) dist (o7, HY )

+ Csa {Csa (19 up) + ea(9)) esion) + ealg,up) fllu = willosa

from which, imposing the constant multiplying |[u — u|jo4.0 in to be sufficiently
small, say < 1/2, we derive the a priori error estimate for I(u,0) — (Uy, o1)|, which, em-
ployed then to bound the third term on the right hand side of (6.0.20), provides the corre-
sponding upper bound for || (¢, &) — (g,,4)|. More precisely, we have thus demostrated

the following result.

Theorem 6.0.2 Assume that the data g, up, and ¢p satisfy

(6.0.22)

N | —

Cs3 {65,3 (c1(g,up) + cu(9)) cs(ep) + 02(9711D)} <

Then, there exists a positive constant C, independent of h, but depending on s, | K|, 7, @4, Ba,

g, Ed, and the data g, up, and pp, such that

-

(0, o) = (an, o) + (%) = (P4, 5)l]
(6.0.23)
< ¢ {dist(u, Hy) + dist (o, H7) + dist (2, H,) + dist (5, H7) |

We are now able to provide the rates of convergence of the Galerkin Scheme (4.0.1) when
the finite element subspaces specified in Sections5.2/and [5.5|are employed.

Theorem 6.0.3 Assume that there exists | € [0, k + 1] such that u € W'(Q), t € H'/(Q) N1L2(9),
o € HY(Q) N Hy(diveys: Q), div(e) € WHA(Q), ¢ € WH(Q), T € HI(Q), & € HY(Q) N
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Hy(divy/3; Q), and div(a) € WH/3(Q). Then, there exists C > 0, independent of h, such that

—

(1, o) = (an, o)l + [[(£.5) = (b, 50)] < Ch’{|!UHz,4;a+ [tlleo + llo]le
(6.0.24)

+ |div(o)|las0 + lelliue + [[tle + 1G] + ||diV(5)||z74/3;ﬂ} :

Proof. 1t follows straightforwardly from (6.0.23) and the approximation properties described
at the end of Section O

We end this section with the postprocessing of the pressure. Indeed, the identity (2.0.5)
and the orthogonal decomposition for the pseudostress tensor provided by (3.2.10) (recall

that o, € HY C Hy(diva,s; Q2)), suggest to define the discrete pressure as
1
Ph = — %tr(QO'h + 2cpl +up, ® uh) ,

with
Cp = — L /tl"(llh ®uh) .
2n|Q Jq

In turn, since o € Hy(divy/s; 2), the modified equation for the continuous pressure becomes

p = —%tr(20'+2cﬂ+u®u),

with

SRR /t( ®u)
Cc = 2n|Q|Qru u).

Then, it is easy to prove that there exists a positive constant C, independent of h, such that

Ip=prlloe < € {llo = anllawy o + a—willosa}

whence the rate of convergence of p;, is the same one provided by the rest of the variables

(cf. (6.0.24)).
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Numerical Results

This chapter presents a few numerical examples in 2D to illustrate the performance of our
fully-mixed formulation and to support the respective convergence theoretical results
with the specific finite element subspaces derived in Section |5, Accordingly, as required for
the stability of the Scott-Vogelius pair, the computations are performed on barycenter refined
meshes 7,® created from regular triangulations 7;, of the domain 2 (see Figure for an
example of it). So, for £ > n — 1 = 1, the discrete spaces approximating u, t, o, ¢, t,and &

are then given, respectively, as (cf. (5.2.19)-(5.2.21), (5.5.4)-(5.5.6))

HY — {vh ELYQ) : vilk € Pu(K) VK € Thb},
B = {s e L2(Q):  silx € By(K) VK eTr},
Hg = {Th€H0<diV4/3;Q) . CtTth € RTk<K) VCERn, VKEEb},

Y = {on € LYQ): il €Py(K) YK eTr},
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H — {gh ELX(Q): Sk € Pi(K) VK¢ T,}’},

and
o . = 3 . . = b
HY = {71 € H(divs; Q)1 Flx € RTL(K) VK € TP},
XA X
01 02 03 04 G5 06 07 08 09 1 01 02 03 04 G5 06 07 08 09 |
It et ot ot
0951 1095 0951 N {098
0.9+ 0.9 0.9+, 0.9
085 Joss 0.85-R 10.85
08t Hos 08l 0.8
0.75 \ {075 0.754 \ {075
o7 Ho7 07t Lo7
0654 > Jo.65 0,65 {0.65
0.6 o6 0.6] loe
0.554 —+0.55 0.55 —+0.55
0.5 0.5 a5 L0580
0.454- 1o.45 0.45-1) \ /10.45
0.44- 104 0.4 & 104
0355 \ Jo3s 0.35] 74035
034 103 03l 103
0.25] \ l0.25 0.25.4 [0.25
0.2+ // —+0.2 0.2+ 0.2
0154 Jois 0,15 fo.15
01K Ao1 01 Lo
0.054- 1005 0.05-- \ do.0s
o 0 Lo

NNV N N\ o h
01 02 03 04 05 06 07 08 09 0 01 02 03 04 05 06 07 08 09

Figure 7.0.1: Example of a regular triangulation 7;, and its barycentric refinement 7,° in
Q= [0,1)?

The computational implementation is based on a FreeFem++ code (cf. [29]). A Newton-
Raphson algorithm was used for the resolution of the nonlinear problem (4.0.1)), with initial
guess (u, ) = (0,0), and the iterative method is finished when the relative error between
two consecutive iterations of the complete coefficient vector, namely coeff”"" and coeff™, is

sufficiently small, that is,
||coeff™ ! — coeff™ ||,

||coeff” |2

< tol,

where tol is a specified tolerance and || - ||z is the standard />—norm in R" with N denoting
the total number of degrees of freedom defined by the finite element family (H}', Hf, H?,
HY, H H?). At each iteration, the resulting linear systems were solved by means of the
direct linear solver UMFPACK (cf. [21]) and the trace condition on the stress o is enforced

through a penalization strategy. As usual, the individual errors associated to the main un-
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knowns are computed as

e(u) = lu—wplloga, et) =t —tiloo elo) = lo—0onlldi, .0,
e(@) = g = willoag, e®) = [t —tilloasa, @) = 16~ &nlla, 0,

and the error associated to the postprocessed pressure as

e(p) = llp = pulloo-

In turn, for all x € {u, t, o, gp,f, o,p}, we let r(x) be the experimental convergence rate given

by
r() = log(e(x)/e'(x))
- log(h/N)

where h and &' denote two consecutive mesh sizes with errors e(x) and €’(x), respectively.

7.0.1 Example 1: accuracy assessment

In our first example, we study the accuracy of the approximations by manufacturing an
exact solution of the nonlinear problem (2.0.T) defined in the square 2 := (—1,1)%. We then
consider the data defined for each x := (21, 25)* € Q as

e ™ x1/10 .

pw=1  K(x)= , and g(x)=(0,—-1)",

x9/10 e~
and the terms at the right-hand sides are adjusted in such a way that the exact solutions are
given by the smooth functions

Ay (2t — 1)*(23 — 1)

u(x) = , p(x) = (z1 —0.5)(zy —0.5) — 0.25,
—day (23 — 1)%(27 — 1)

and
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whereas the Dirichlet data up and ¢ are imposed according to the exact solutions.

Values of errors and corresponding convergence rates associated to the approximations
with the finite element family P; — P, — RT; — P; — P; — RT; are summarized in Table
There, we observe that the convergence rates are quadratic with respect to h for all the
unknowns in their respective norms. These findings are in agreement with the theoretical
error bounds from Section [f] (cf. estimate (6.0.24)). We mention that 4 Newton steps were
required to reach a tolerance tol = 1E-08. The exact velocity magnitude, the exact pressure
and the exact temperature as well as the corresponding approximation computed with our

fully-mixed method on a barycenter refined mesh with N = 1917696 degrees of freedom are
depicted in Figure

| Finite Element Family: P; — P; — RT; — P, — P, — RT,

N h e(u) r(u) e(t) r(t) e(o) r(o)
7536 0.5000 | 1.0046e-01 - 5.8517e-01 - 1.9043e00 -
30048 0.2500 | 2.7087e-02 | 1.8953 | 1.5853e-01 | 1.8884 | 4.8726e-01 | 1.9710
120000 0.1250 | 6.9415e-03 | 1.9665 | 3.9956e-02 | 1.9906 | 1.2253e-01 | 1.9938
479616 0.06250 | 1.7467e-03 | 1.9917 | 1.0027e-02 | 1.9956 | 3.0724e-02 | 1.9969
1917696 | 0.03125 | 4.3739e-04 | 1.9982 | 2.5141e-03 | 1.9963 | 7.6952e-03 | 1.9979
e(yp) r() e(t) r(t) e(o) r(o) e(p) r(p) | It
7.8148e-03 - 3.2988e-02 - 1.0277e-01 - 4.6875e-01 - 4
1.9960e-03 | 1.9736 | 9.5172e-03 | 1.7974 | 2.7264e-02 | 1.9188 | 1.1722¢-01 | 2.0041 | 4
4.9931e-04 | 2.0014 | 2.5139e-03 | 1.9228 | 6.9473e-03 | 1.9747 | 2.8878e-02 | 2.0235 | 4
1.2481e-04 | 2.0013 | 6.4399e-04 | 1.9659 | 1.7496e-03 | 1.9905 | 7.1529¢-03 | 2.0145 | 4
3.1202e-05 | 2.0006 | 1.6283e-04 | 1.9841 | 4.3876e-04 | 1.9961 | 1.7796e-03 | 2.0075 | 4

Table 7.1: Example 1: Convergence history and Newton iteration count for the fully-mixed
P, — P, — RT, — P, — P, — RT, approximation. Here, N stands for the number of degrees
of freedom associated to each barycenter refined mesh 7,°.
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Velocity Magnitude(Exact)
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Figure 7.0.2: Example 1: Exact (first panel) and approximated (second panel) velocity magni-
tude, pressure and temperature, with £ = 1 and number of degrees of freedom N = 1917696.

7.0.2 Example 2: non-convex domain and temperature-dependent viscos-
ity
In this example, we set the problem (2.0.1) on an “U” shaped non-convex domain, that is,

we set 2 := Q; Uy U3, where

0 = {x = (x1,m9)" 1 —1<x1 <—05, —sin(r;) <z < 0} ,

1
Qy = {x = (r1,22)": —05<z1 <05, —sin(zr)) <xp < —3 Sin(xl)},

Q3 = {x = (r1,22)": 05<z <1, —sin(r) <z < 0},

and test the performance of our fully-mixed technique considering the temperature-dependent

viscosity, thermal conductivity and body force given by

plp) =e ™, K(x) =m0 and g(x)=(1,0)".
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Again, the right-hand sides and the boundary Dirichlet data are adjusted in terms of the

manufactured exact solutions

w) - ( daa(at ~ (a3 - 1)

= . p(x) =sin(zi1xs), and @(x) = cos(zixs) + 1.
(23— D - 1)

In Table [7.2) we present the errors and the convergence rates associated to the approxi-
mations with the finite element family P, — P, — RT; — Py — P; — RT; (k = 2). Once again,
in concordance with the theoretical error bounds predicted in Section [6| we find that the
errors associated to all the unknowns are of order O(h?), as expected. A total of 4 Newton
iterations, in average, were required to reach a tolerance tol = 1E-08. In Figure we
display the velocity magnitude, the pressure and the temperature versus the correspond-
ing approximations driven by our fully-mixed technique on a barycenter refined mesh with

N = 600885 degrees of freedom.

’ Finite Element Family: Py — Py — RTy — Py, — Py — RT,
DOF h e(u) r(u) e(t) r(t) e(o) r(o)
8208 0.3943 | 1.4610e-03 - 2.8051e-02 - 1.6080e-02 -
36216 0.1957 | 2.0810e-04 | 2.6258 | 6.2386e-03 | 2.0254 | 2.8834e-03 | 2.3155
159966 | 0.10299 | 1.6248e-05 | 3.4333 | 7.7387e-04 | 2.8100 | 3.5436e-04 | 2.8225
600885 | 0.04973 | 1.4079e-06 | 3.6962 | 9.0125e-05 | 3.2494 | 4.0883e-05 | 3.2636
2524257 | 0.02682 | 1.8288e-07 | 3.4512 | 1.2541e-05 | 2.7480 | 5.4697e-06 | 2.8028

e() () e(t) r(t) e(o) r(a) e(p) r(p) | It
1.3278e-04 - 3.9332e-03 - 3.1475e-03 - 5.5932e-03 - 5
9.5052e-06 | 3.5528 | 5.1895e-04 | 2.7289 | 3.8306e-04 | 2.8358 | 8.5282e-04 | 2.5340 | 4
6.8654e-07 | 3.5382 | 6.8708e-05 | 2.7223 | 4.4652e-05 | 2.8956 | 9.5312e-05 | 2.9504 | 4
5.0659¢e-08 | 3.9390 | 8.0110e-06 | 3.2476 | 5.5112e-06 | 3.1616 | 1.1564e-05 | 3.1875 | 4
4.7396e-09 | 3.3012 | 1.0029e-06 | 2.8953 | 6.8055e-07 | 2.9145 | 1.4522e-06 | 2.8911 | 4

Table 7.2: Example 2: Convergence history and Newton iteration count for the fully-mixed
P, —P,—-RT,;—P,—P,—RT, approximation on a non-convex domain and with temperature-
dependent viscosity. Here, NV stands for the number of degrees of freedom associated to each
barycenter refined mesh 7,°.
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Figure 7.0.3: Example 2: Exact (first panel) and approximated (second panel) velocity magni-
tude, pressure and temperature, with £ = 2 and number of degrees of freedom N = 600885.

7.0.3 Example 3: natural convection in a square cavity

In this last example, we consider the natural convection of a fluid in a square cavity with dif-
ferent heat walls. This phenomenon has been widely studied with different types of bound-
ary conditions (see [7, 20, 22], for instance). Such as in [4], we consider the problem (2.0.1)

with dimensionless numbers: Find (u, p, ¢) such that

—Prdiv(2u(p)e(u)) + (Vu)lu+Vp =Ra ¢g in Q,
divu =0 in  Q, (7.0.1)
—div(KVyp) +u- Vg =0 in Q,

where Pr and Ra are the Prandtl and Rayleight numbers, defined respectively as the ratio
of momentum diffusivity to thermal diffusivity, and the ratio of buoyancy forces to viscosity

forces times the Prandtl number. Hence, we model the cavity as Q = (0,1)? and consider
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Prandtl and Rayleight numbers, viscosity, thermal conductivity and body force given by
Pr=0.5, Ra=2000, u(p)=-exp(—¢p), K(x)=1I, and g(x)=(0,1)"
In addition, as in [4], the system (7.0.1) is completed with the boundary conditions
1
up(x) =0, and ¢p(x)= 5(1 - cos(27rx1)) (1 - :cg) on I'.

The last condition results in the left, top and right walls with zero-temperature, and de-
scribes a sinusoidal profile in the bottom wall, with a peak of temperature ¢ = 1 at z = 0.5.
In Figure we display the approximation of the temperature, its gradient, some compo-
nents of the vorticity tensor of the fluid (which is computed as a direct postprocessing of the
velocity gradient, that is 1 (t, — t})), the pressure and the velocity magnitude. Our results
are in concordance with those obtained in [4] and what is expected to be observed from the

physical point of view, in accordance to [20].

Temperature (Approximated) vorticity X vorticity Y
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102 03 oz G5 06 07 08 09 1
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822

20" o 0 a
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Figure 7.0.4: Example 3: Natural Convection in a Square Cavity, with k = 1, DOF=1132626
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CHAPTER 8

Conclusions and Future Works

In this chapter we summarize the main contributions of this work and give a brief descrip-

tion of eventual future works.

8.1 Conclusions

Upon the results presented in this work, we can arrive to the following conclusions:

e We developed a new fully-mixed finite element method for the Boussinesq equations,

whose analysis made use of diverse tools and abstract results in Banach spaces.

e We proved that is not necessary to use an augmented formulation to provide well

posedness of the continuous and discrete formulations.

e We provided specific conditions that finite element spaces must meet in order to guar-

antee the discrete inf-sup conditions.
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e We showed that the derivation of specific stable finite elements for the Boussinesq
problem is based on a suitable choice of stable spaces for the primal formulation of the

Stokes problem.

e We proved that the finite element method proposed here yields optimal convergence,

which is confirmed through numerical examples.

e We showed that the pressure field can be obtained by using a post-processing formula

based on the computed variables.

8.2 Future works

The method developed and the results obtained here have motivated some posibilities of

future work, which are described below:

e To search for other stable finite element spaces for the Stokes problem from which one
can derive stable finite element spaces for our fully-mixed formulation of the Boussi-

nesq model.
e To analyze more generalized versions of this problem, including aspects such as:

- mixed boundary conditions,

- temperature-dependent thermal conductivity function.
e To extend this finite element method to the unsteady state case.

e To develop a posteriori error estimates for the fully-mixed formulation of the problem.
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