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Abstract

This work is divided in two main parts. In the first part we consider the Navier—-Stokes—
Brinkman equations, which constitute one of the most common nonlinear models utilized to
simulate viscous fluids through porous media, and propose and analyze a Banach spaces-based
approach yielding new mixed finite element methods for its numerical solution. In addition
to the velocity and pressure, the strain rate tensor, the vorticity, and the stress tensor are
introduced as auxiliary unknowns, and then the incompressibility condition is used to eliminate
the pressure, which is computed afterwards by a postprocessing formula depending on the stress
and the velocity. The resulting continuous formulation becomes a nonlinear perturbation of, in
turn, a perturbed saddle point linear system, which is then rewritten as an equivalent fixed-point
equation whose operator involved maps the velocity space into itself. The well-posedness of it
is then analyzed by applying the classical Banach fixed point theorem, along with a smallness
assumption on the data, the Babuska—Brezzi theory in Banach spaces, and a slight variant of
a recently obtained solvability result for perturbed saddle point formulations in Banach spaces
as well. The resulting Galerkin scheme is momentum-conservative. Its unique solvability is
analyzed, under suitable hypotheses on the finite element subspaces, using a similar fixed-point
strategy as in the continuous problem. A priori error estimates are rigorously derived, including
also that for the pressure. We show that PEERS and AFW elements for the stress, the velocity
and the rotation, together with piecewise polynomials of a proper degree for the strain rate
tensor, yield stable discrete schemes. Then, the approximation properties of these subspaces
and the Céa estimate imply the respective rates of convergence. Finally, we include two and
three dimensional numerical experiments that serve to corroborate the theoretical findings, and
these tests illustrate the performance of the proposed mixed finite element methods. This part

yielded the following work, presently submitted:

G.N. GaTicA, N. NUNEZ AND R. RuU1z-BAIER, New non-augmented mized finite ele-
ment methods for the Navier-Stokes-Brinkman equations using Banach spaces. Preprint
2022-14, Centro de Investigacién en Ingenieria Matematica (CI*MA), Universidad de
Concepcion, Chile, (2022).
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On the other hand, in the second part we consider a steady phase change problem for non-
isothermal incompressible viscous flow in porous media with an enthalpy-porosity-viscosity
coupling mechanism, and introduce and analyze a Banach spaces-based variational formulation
yielding a new mixed-primal finite element method for its numerical solution. The momentum
and mass conservation equations are formulated in terms of velocity and the tensors of strain
rate, vorticity, and stress; and the incompressibility constraint is used to eliminate the pressure,
which is computed afterwards by a postprocessing formula depending on the stress and the
velocity. The resulting continuous formulation for the flow becomes a nonlinear perturbation
of a perturbed saddle point linear system. The energy conservation equation is written as
a nonlinear primal formulation that incorporates the additional unknown of boundary heat
flux. The whole mixed-primal formulation is regarded as a fixed-point operator equation,
so that its well-posedness hinges on Banach’s theorem, along with smallness assumptions on
the data. In turn, the solvability analysis of the uncoupled problem in the fluid employs
the Babuska—Brezzi theory, a recently obtained result for perturbed saddle-point problems,
and the Banach—Necas-Babuska Theorem, all them in Banach spaces, whereas the one for
the uncoupled energy equation applies a nonlinear version of the Babuska—Brezzi theory in
Hilbert spaces. An analogue fixed-point strategy is employed for the analysis of the associated
Galerkin scheme, using in this case Brouwer’s theorem and assuming suitable conditions on the
respective discrete subspaces. The error analysis is conducted under appropriate assumptions,
and selecting specific finite element families that fit the theory. We finally report on the
verification of theoretical convergence rates with the help of numerical examples. This part

yielded the following work, presently submitted:

G.N. GATICcA, N. NUNEZ AND R. RUIZ-BAIER, Mized-primal methods for natural con-
vection driven phase change with Navier—Stokes—Brinkman equations. Preprint 2022-30,
Centro de Investigacion en Ingenieria Matematica (CT2MA), Universidad de Concepcién,

Chile, (2022).
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Part 1

New non-augmented mixed finite
element methods for the
Navier-Stokes-Brinkman equations

using Banach spaces



CHAPTER 1

Introduction

The Navier—Stokes—Brinkman equations are nowadays present in a wide range of applications,
among which we highlight the flow of a viscous fluid through porous media with adsorption,
and the phase change models for natural convection in porous media as well. The former arises,
for instance, in petroleum engineering [24], chromatography [63], and water decontamination
[72], particularly in the design of water filtering devices [14], whereas the latter appears in
melting and solidification processes [42, 73|, design of energy storage devices [44], and ocean
and atmosphere dynamics [43], to name a few. Motivated by the above, the devising of suitable
numerical procedures to solve these problems, most of them within a Hilbertian framework,
has gained increasing interest in recent years. The variational formulations utilized, which
include the case of axisymmetric flow and time-dependent models, are based on velocity and
pressure, stress, pseudostress, vorticity, or stream function, as main unknowns, whereas the
techniques employed are basically finite element, mixed finite element, finite volume, stabilized
finite element, spectral, mortar, and augmented finite element methods. For an overview of

some contributions in these directions, we refer to [14,24, 58] and [8,9,54], and the references
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therein, in the case of the aforementioned first and second model, respectively.

Aiming to provide further details on the state of the art, as well as to explain the main
motivation of this part, we now refer specifically to [8], where rigorous mathematical and
numerical analyses of mixed-primal and fully mixed methods for phase change models for
natural convection, are provided, up to our knowledge, for the first time. Indeed, the problem
under consideration there is the one originally proposed in [9], where a fully-primal formulation
for the non-stationary case was analyzed. The governing equations are given by the Navier—
Stokes—Brinkman equations coupled with a generalized energy equation, in addition to Dirichlet
boundary conditions for the velocity and the temperature. The fluid part of the coupled model is
handled similarly to [5] by introducing, besides the velocity, the strain rate tensor and the stress
tensor relating the latter with the convective term, as auxiliary unknowns, so that the pressure is
eliminated by using the incompressibility condition, and recovered later on via a postprocessing
formula depending on the stress and the velocity. In turn, due to the convective term, and in
order to stay within a Hilbertian framework, the velocity is sought in the Sobolev space of order
1, which requires the incorporation into the variational formulation of additional Galerkin-type
terms arising from the constitutive and equilibrium equations. Furthermore, the symmetry of
the stress is imposed in an ultra-weak sense (cf. [6]), which avoids to include the vorticity as a
fourth unknown. Nevertheless, and while the augmentation procedure allows to circumvent the
necessity of proving continuous and discrete inf-sup conditions, which yields, in particular, more
flexibility for choosing the finite element subspaces, it is no less true that the complexity of both
the resulting system and its associated computational implementation increases considerably,
thus leading to much more expensive schemes. This last remark constitutes our main motivation

to look now for non-augmented schemes.

A similar procedure to the one from [8] for the Navier-Stokes-Brinkman equations was
introduced and analyzed in [50]. However, differently from [8], the authors do not include
the strain rate tensor as an unknown, though it can also be computed via a postprocess, and
instead of employing the stress and imposing the incompressibility condition, they use the
pseudostress and consider a nonselenoidal condition, respectively. Besides these aspects and a

minor difference related to the handling of the equilibrium equation, the rest of the variational
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formulation proceeds analogously by forcing as well a Hilbert spaces-based framework by means
of the introduction of residual terms arising from the constitutive equation and the Dirichlet
boundary condition. In addition to [14] and [50], just a few other contributions dealing with
numerical methods for the Navier-Stokes-Brinkman equations seem to be available in the liter-
ature, among which we refer to [15,51,69]. More extensive is the list of references dealing with

the numerical analysis of the related Stokes-Brinkman model (see, e.g. [22,53,74,75]).

On the other hand, a significant amount of contributions showing the suitability of Banach
spaces-based approaches to analyze the continuous and discrete formulations of diverse linear,
nonlinear, and coupled problems in continuum mechanics, have appeared in recent years. A
non-exhaustive list of them includes [16,25,33,34,37,39,49,52], and among the different models
addressed we can mention Poisson, Brinkman—Forchheimer, Darcy—Forchheimer, Navier-Stokes,
Boussinesq, coupled flow-transport, and fluidized beds, most of which share a Banach saddle-
point structure for the resulting variational formulations. The main advantage of employing this
Banach framework is, precisely as sought, the fact that no augmentation is required, and hence
the spaces to which the unknowns belong are the natural ones arising from the application of
the Cauchy—Schwarz and Hoélder inequalities to the tested and eventually integrated by parts
equations. In this way, simpler and closer to the original physical model formulations are
obtained. Moreover, it also allows to derive momentum conservative schemes, and to obtain
direct approximations of further variables of physical interest, either by incorporating them

into the formulation or by employing postprocessing formulae in terms of the discrete solution.

According to all the previous discussion, and bearing in mind that we finally aim at develop-
ing a non-augmented finite element method for the model from [8], the purpose of the present
chapter is to advance toward that goal by introducing and analyzing first a Banach spaces-
based mixed finite element method for the Navier—Stokes—Brinkman equations. The extension
of it to the phase change model for natural convection in a porous medium will be reported
in a separate work. The first part is organized as follows. The rest of this chapter collects
some preliminary notations and results to be employed throughout this thesis. In Chapter 2
we set the model of interest, define the auxiliary unknowns to be considered, and eliminate

the pressure. The variational formulation is introduced and analyzed in Chapter 3. In fact, in
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Chapter 3.1 we describe the mixed approach and realize that the resulting continuous system,
which is very close to the one from [8] before augmenting it, can be written as a nonlinear
perturbation of a perturbed saddle point formulation in Banach spaces. Then, some abstract
results that include a slight variant of the continuous and discrete well-posedness of the latter,
as well as the Babuska—Brezzi theory in Banach spaces, are recalled in Chapter 3.2. The solv-
ability analysis itself is developed in Chapter 3.3 by employing a fixed-point strategy along with
the theorems from Chapter 3.2. Next, in Chapter 4 we introduce and analyze the associated
Galerkin scheme under suitable assumptions on the finite element subspaces to be employed,
adopting an analogous fixed-point strategy, and making use of the discrete versions of the theo-
retical results from Chapter 3.2. In addition, a priori error estimates are derived, specific finite
element subspaces satisfying the aforementioned assumptions are described, and corresponding
rates of convergence are established. Finally, several illustrative numerical results are reported

in Chapter 5.

1.1 Preliminaty notations

Throughout this work, €2 is a given bounded Lipschitz-continuous domain of R", n € {2, 3},
whose outward unit normal at its boundary I' is denoted v. Standard notations will be adopted
for Lebesgue spaces L"(Q2), with r € (1,0), and Sobolev spaces W*"(2), with s = 0, endowed
with the norms || - [|o,.q and | - ||sq, respectively, whose vector and tensor versions are denoted
in the same way. In particular, note that W% (Q) = L"(f2), and that when r = 2 we simply
write H¥(Q) in place of W#?(Q2), with the corresponding Lebesgue and Sobolev norms denoted
by |- [lo.o and |- | 5., respectively. We also set |- |, for the seminorm of H*(Q). In turn, HY?(T)
is the space of traces of functions of H'(2), H™"2(I") is its dual, and (-, -) denotes the duality
pairing between them. On the other hand, by S and S we mean the corresponding vector and
tensor counterparts, respectively, of a generic scalar functional space S. Furthermore, for any

vector fields v = (v;);=1,, and w = (w;);=1,,, We set the gradient, symmetric part of the gradient
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(also named strain rate tensor), divergence, and tensor product operators, as

; 1
Vv := <(9vz> : e(v) == (Vv +(Vv)),
ij=1n 2
. T (97}3'
div(v) := Z — and VW = (v;w;)ij=1n,

)
s (?ZE]'

where the superscript * stands for the matrix transpose. Next, for any tensor fields 7 =
(Tij)ij=1,n and € = ((ij)ij=1,n, We let div(7) be the divergence operator div acting along the
rows of 7, and define the trace, the tensor inner product, and the deviatoric tensor, respectively,

as
n

= 1
tr(r) := Zm, 7:(:= Z TiiCij, and T =T — ﬁtr(T)]I,
i=1 ij=1

where I is the identity matrix in R := R™*". On the other hand, for each r € [1,+w0] we

introduce the Banach space
H(div,; Q) := {T eL2(Q): div(r) e LT(Q)}, (1.1)
which is endowed with the natural norm
ITlaivse = |Tloe + [div(T)lore V7 e H(div,;Q), (1.2)

and recall that, proceeding as in [47, eq. (1.43), Section 1.3.4] (see also [28, Section 4.1]

and [37, Section 3.1]), one can prove that for each r > -2% there holds

(tv,v) = J {’T Vv + v diV(T)} Y (7,v) e H(div,; Q) x H(Q), (1.3)

Q

where (-, -) stands as well for the duality pairing between H™"/?(I') and H'?(I'). Finally, bear
in mind that when r = 2, the Hilbert space H(divy;2) and its norm | - |givy.0 are simply

denoted H(div; Q) and | - |aiv.q, respectively.



CHAPTER 2

The model problem

The modelling of a viscous fluid within a porous medium occupying the domain €2, is described
by the Navier—Stokes—Brinkman problem, which reduces to finding a velocity vector field u :
2 — R and a pressure scalar field p : 0 — R satisfying the following system of partial

differential equations:

nu — Adiv(pe(u)) + (Va)u + Vp = f in Q,

diviu) = 0 in Q,

(2.1)
u = up on I,
f p = 0,
Q
where 7 is the scaled inverse permeability of the porous media, A := Re™!, where Re is the

Reynolds number, p is the dynamic viscosity of the fluid, f is an external body force, and up

is a Dirichlet datum for u. The right spaces to which f and up belong will be precise later
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on. The functions 1 and p are supposed to be bounded, which means that there exist positive

constants 1o, n1, fo, and py, such that
O<mo<nx)<m and 0<pg<px)<m Vxe. (2.2)

In turn, note that the incompressibility of the fluid (cf. second equation of (2.1)) imposes on
up the compatibility condition

LuD-V -0, (2.3)

and that the last equation of (2.1) has been included for sake of uniqueness of p.

We now proceed as in [8] and [5] (see, also [25], [27], [29], [36], [38]) and transform (2.1) into
an equivalent system of first order equations. To this end, we introduce the strain rate tensor

t, the vorticity v, and the stress tensor o as auxiliary unknowns, namely
1 t
t == e(u) = Vu — ~, where v = i(Vu— (Vu)*), (2.4)

and

o :=Aut — (u®u) — pl, (2.5)

so that, thanks to the incompressibility of the fluid, the first equation of (2.1) is rewritten as
nu —div(e) = f in Q. (2.6)

Moreover, it is easy to see that, precisely the second equation of (2.1), which becomes tr(t) = 0,

together with (2.5), are equivalent to the pair of equations given by
1
o' = Apt — (u®u)® and p = ——tr(oc+ (u®u)) in Q. (2.7)
n

Consequently, the pressure unknown is eliminated from the formulation and computed after-

wards, as suggested by the foregoing identity, in terms of o and u. In this way, (2.1) can be
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equivalently reformulated as

t + 7

Apt — (u®u)?
nu — div(o)

u

L tr(o + (u®u))

Uup

in Q,

in Q,

in €

on I,

(2.8)



CHAPTER 3

The continuous formulation

In this chapter we introduce and analyze the variational formulation of (2.8), which, differently
from [8] and [50], does not include any augmentation procedure, and employs the natural
spaces arising from the application of the Cauchy—Schwarz and Holder inequalities to the terms,

suitably tested and integrated by parts, if necessary, of the equations in (2.8).

3.1 The mixed approach

We begin by originally seeking u in H'(Q), for which we assume from now on that up € HY?(T").

Then, given 7 € H(div,;2), with r > nQ—fQ, a straightforward application of (1.3) along with

the fact that u = up on I', yield

LT Vu = _Lu-div(r) + (Tv,up), (3.1)

10
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and hence the corresponding testing of the first equation of (2.8) becomes

Lt T+ L'y T+ Lu -div(t) = (rv,upy V71 eH(div,;Q). (3.2)

We observe here, thanks to Cauchy-Schwarz’s inequality and the fact that 7 € L*(€2), that the
first two terms of (3.2) make sense for both t and ~ in L?(2). Thus, bearing in mind the free
trace property of t and the skew symmetry of v (cf. (2.4)), we look for these unknowns in

L2 (Q) and L2

skew

(), respectively, where
L2(Q) := {seLz(Q): tr(s) = o}, (3.3)

and

H42

skew

Q) = {5 eL2(Q): & = —5}. (3.4)

In turn, knowing that div(7) € L"(Q2), and employing Holder’s inequality, we notice from the
third term of (3.2) that, instead of H*(Q), it would actually suffice to look for u in L' (Q),

where 7’ is the conjugate of r, that is ' € [1, +o0] is such that % + % = 1. On the other hand,

2
skew

)\Jp,t:s*f(u(@u)d:s:Jad:s,
Q Q Q

which, using the fact that tr(s) also vanishes, becomes

)\Lut:s—fg(u(@u):s:La:s. (3.5)

The boundedness of p (cf. (2.2)) and the fact that both t and s lay in IL?(Q), guarantee that

testing the second equation of (2.8) against s € Lz, . (£2), we formally obtain

the first term of (3.5) is finite, whereas the last one is as well if o (and hence %) belongs
to L2(2). Regarding the second one, straightforward applications of the Cauchy-Schwarz and
Holder inequalities imply that, for each ¢, j € (1, +0) such that % + %, there holds

| f (u@u):s| - | j (@) :s| < Julozeulozio lsloe. (3.6)
Q Q
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which says that this term makes sense for u € L¥(Q) n L% (Q), that is, choosing in particular
| = j =2, forue LYQ). In this way, our previous analysis on the first equation of (2.8)
is restricted hereafter to ' = 4, and hence to r = 4/3. Moreover, aiming to keep the same
space for the unknown o and its associated test functions 7, we will seek o in H(divys;<2).
Therefore, knowing now that div(o) € L¥3(2), and assuming that the datum f lays also in

L*3(Q), we proceed to test the third equation of (2.8) against v € L*(f2), which yields

Lv-div(a)—fgnu-V:—Lf-v. (3.7)

Finally, the symmetry of o, which, according to (2.5), is equivalent to that of t, is imposed

weakly as

f b:0=0 Véel? (Q). (3.8)
Q

At this point, and before reordering the equations (3.2), (3.5), (3.7), and (3.8) in a suitable
way, we consider, for sake of convenience of the subsequent analysis, the decomposition (see,

e.g. [37, egs. (3.12) - (3.13)], [49, egs. (3.1) - (3.2)])

H(divys; ) = Ho(divys; Q) @ RI, (3.9)
where
Ho (divy5: Q) = {TeH(diwg;Q); f tr(r) = o}. (3.10)
Q
In particular, the unknown o can be uniquely decomposed as & = oy + ¢yl, where o €

Hy(diva/s; €2), and, employing the last equation of (2.8),

co 1= n|1mLtr(0') = —@Ltr(u@u). (3.11)

In this way, knowing explicitly ¢ in terms of u, it remains to find the Ho(divy/s; 2)-component
oy of o to fully determine it. In this regard, we readily observe that equations (3.5), (3.7),
and (3.8) remain unchanged if o is replaced there by . Moreover, it is easy to see, thanks

to the compatibility condition (2.3) satisfied by the Dirichlet datum up, that both sides of
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(3.2) vanish for 7 = I, and hence, testing this equation against 7 € H(divy/s; 2) is equivalent
to doing it against 7 € Hy(divys; Q). Consequently, redenoting from now on o as simply

o € Hy(divys; ), introducing the spaces
H := L2(Q) x Ho(divys; Q), Q = L*Y(Q) x L2..(9), (3.12)
setting the notations

t:=(t,o), §:=(s,7), ¥:=(r,{)eH, u:=(u,7), v:=(v,0), w:=(w,§) €Q,

(3.13)
endowing H and Q with the norms
I8le := lsloe + [Tlaiv,0  V8:=(s,7) e H,
(3.14)
IVlQ = [vloaa + 8] VVi=(v,0)€Q,

and gathering (3.5), (3.2), and (3.7) + (3.8), we arrive at the following variational formulation
of (2.8): Find (t, 1) € H x Q such that

a(t,s) + bi(s, o) + b(u;u,s) 0,
ba(t, T) + b(s, {(tTv,up), (3.15)

b(t,¥) ~ (i, V) —Lf.v,

E/l
Il

“<1

for all (S,v) € H x Q, where the bilinear forms a : L%(Q) x L2(Q) — R, b; : LA(Q) x
Ho(divyss;2) - R, i€ {1,2}, b:HxQ—R,and c: Q x Q — R, are defined by

a(r,s) ALM;S vr, sel2(Q), (3.16a)
bi(s, ) = —Ls:r, bo(s, 7) i LS;T, V(s 7) € L2(Q) x Hy(divaQ), (3.16b)
b(s,¥) = La S_— JQV-diV(‘r) VEV) eHxQ, (3.160)
c(w,V) := an-v Vw,veQ, (3.16d)
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whereas for each w € L4(Q), b(w; -, ) : L(Q) x L2(Q) — R is the bilinear form given by

b(w;v,s) 1= —J (W®v):s  VY(v,s)e LY Q) x L2(Q). (3.17)
Q
b
Equivalently, letting a : H x H — R be the bilinear form that arises from the block
by
by adding the first two equations of (3.15), that is
a(r,s) := a(r,s) + bi(s,{) + bo(r,7) Vr,seH, (3.18)

we find that (3.15) can be rewritten as: Find (t,d) € H x Q such that

a(t,s) + b(s,d) + b(w;u,s) = (rv,up) V§eH,
(3.19)

—

b(t,¥) — c(d,V) - fff-v Vv eQ.
Q)

Moreover, letting now A : (H X Q) X (H X Q) — R be the bilinear from that arises from the

a b
block by adding both equations of (3.19), that is
b —c

A((F,W),(5,¥) = a(f.8) + b(§,W) + b(f,¥) — c¢(W,¥) V(FW),(5¥)eHxQ, (3.20)

we deduce that (3.19) (and hence (3.15)) can be stated, equivalently as well, as: Find (t, @) €
H x Q such that

A((t,8), (5, V) + b(wu,s) = F(5,¥) V(Ev)eHxQ, (3.21)
where F € (H X Q)/ is defined by
F(s,Vv) := (tv,up) — J f-v V(S,v)e Hx Q. (3.22)
Q

Our next goal is to analyze the solvability of (3.21) (equivalently, that of (3.19) or (3.15)),
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for which we will apply the abstract results collected in the following chapter. We stress that,
except for the handling of the rotation, (3.15) coincides with the variational formulation for
the fluid part of the phase change model for natural convection (cf. [8, first three rows of eq.
(3.6)]), but before augmenting it, thus emphasizing that this procedure will not be employed
here. In addition, we remark that (3.21) can be seen as a nonlinear perturbation of a perturbed
saddle-point formulation in Banach spaces, for which continuous and discrete well-posedness

results have been recently shown in [40].

3.2 Some abstract results

We begin by recalling the Babuska—Brezzi theory in Banach spaces.

Theorem 3.1. Let Hy, Hy, QQ1, and Q)5 be real reflexive Banach spaces, and let a : Hox Hy — R
and b; : H; x Q; — R, i € {1,2}, be bounded bilinear forms with boundedness constants given by
lal| and ||b;], i € {1,2}, respectively. In addition, for each i € {1,2}, let IC; be the kernel of the

operator induced by b;, that is
K = {UEHZ-: bi(v,q) =0 vqul}. (3.23)

Assume that

i) there exists a constant o > 0 such that

sup alw,v) > al|w|m, Vwe Ky, (3.24)
vy [[0lly
v%0

ii) there holds
sup a(w,v) > 0 Voel, v+0, (3.25)
wE’Cz

iii) for each i € {1,2} there ezists a constant 3; > 0 such that

bi(”?Q)
]|

i

> Bildle,  VYqeQi. (3.26)

veEH;

v+0
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Then, for each (F,G) e H| x Q) there exists a unique (u,p) € Hy x Q1 such that

a(u,v) + by(v,p) = F(v) VYveH,

(3.27)
by(u,q) = Glg)  VgeQq,
and the following a priori estimates hold:
1 1 la]
ol < 3 1Pl + - (14120 16ley
2 0%
(3.28)

(o) oL (1 1a1)
< 1+ Flg + 1+ Gllor -
o < 5 (1+ 20} 10+ 3% (14 120) 161

Moreover, 1), ii), and iii) are also necessary conditions for the well-posedness of (3.27).

Proof. See [18, Theorem 2.1, Corollary 2.1, Section 2.1] for the original version and its proof.
For the particular case given by H; = Ha, @1 = Q2, and b; = by, we also refer to [46, Theorem
2.34]. m

We remark here that the roles of K; and Ky in the assumptions i) and ii) of Theorem 3.1 can
be exchanged without altering the joint meaning of these hypotheses (cf. [18, eqs. (2.10) and
(2.11)]). In addition, it is important to stress that (3.28) is equivalent to an inf-sup condition
for the bilinear form arising after adding the left-hand sides of (3.27), which means that there

exists a constant C' > 0, depending only on «, 1, (2, and |al|, such that

sup CL(U,, U) + bl (Uap) + b2(ua Q)

(v,9)€H| X Q2o H(Uv(])HfﬁXQz
(v,q)%0

> C|(u,p)|myxq, Y (u,p) € Hy x Q1. (3.29)

We continue with the following abstract result, which constitutes a slight variation of the

recent result [40, Theorem 3.4] tailored for perturbed saddle-point problems in Banach spaces.

Theorem 3.2. Let H and Q be reflexive Banach spaces, and leta: HxH — R, b: HxQ — R,
and ¢ : Q x Q — R be given bounded bilinear forms. In addition, let B : H — Q' be the bounded
linear operator induced by b, and let V := N(B) be the respective null space. Assume that:
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i) a and c are positive semi-definite, that is

a(t,7) =20 VreH and c(v,v) 20 YveQ, (3.30)

and that c is symmetric.

ii) there exists a constant o > 0 such that

9
sap 7 S Gl voev, (3.31)
rev | 7]H
7+0
and
9
sup alv,7) > af7|u VreV, (3.32)
oev [ 0]n
940

iii) and there exists a constant > 0 such that

b
sup 229 > gy veeq, (3.33)

Then, for each pair (f,g) € H x Q' there exists a unique (o,u) € H x Q such that

a(o,7) +b(t,u) = f(7) VreH,
(3.34)

b(o,v) — c(u,v) = g(v) YoeQ.

Moreover, there exists a constant C' > 0, depending only on |a|, |c||, o, and B, such that

(o, W)lixq < C{Iflw + lglar} - (3.35)

The foregoing theorem is referred to as a slight variant of the original version given by [40,
Theorem 3.4] because, on one hand, it does not assume symmetry of a, as the latter does, but
on the other hand, it does require the second inf-sup condition (3.32) for this bilinear form,

which the latter does not. Indeed, the proof of [40, Theorem 3.4] reduces basically to show that
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there exists a positive constant C, depending on ||, ¢|, o, and 3, such that the bilinear form
arising from adding the left hand sides of (3.34), say A : (H X Q) X (H X Q) — R, satisfies the

inf-sup condition

ey AllC).(0)

ot (T, 0)]
(T,0)%0

> C(¢,w)]  VY((w)eHxQ. (3.36)

In this way, thanks to the symmetry of a and ¢, A is obviously symmetric, and hence (3.36)
suffices to conclude, via the Banach-Nec¢as-Babuska Theorem (cf. [46, Theorem 2.6]), also
known as the generalized Lax—Milgram Lemma, the well-posedness of (3.34). However, if one
drops the symmetry assumption on a (and therefore on A), as done in the present Theorem
3.2, the same conclusion is attained if additionally (3.36) is also satisfied by the bilinear form
A that arises from A after exchanging its components. Thus, noting that the above reduces to
fixing the second component of A and taking the supremum in (3.36) with respect to the first
one, we realize that in order to prove this further inf-sup condition, the assumption (3.32) needs
to be added, as we did in Theorem 3.2. Needless to say, and because of the same constant « in
(3.31) and (3.32), the aforementioned further condition holds with the same constant C from
(3.36), that is

y AlC1).(7.0)

cwenxa  [[(Gw)]
(Cw)+0

> C|(r,v)]  VY(r,v)eHxQ. (3.37)

The Banach-Nec¢as-Babuska Theorem will also be employed in Chapter 3.3 below.

3.3 Solvability analysis

In this chapter we address the solvability of the variational formulation (3.21), for which we

introduce the operator T : L*(Q2) — L*(2) defined by

T(zo) = uy  Vzoe LYQ), (3.38)
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where (EO, up) = ((to, o), (uo, '70)) € H x Q is the unique solution (to be derived below under

what conditions it does exist) of the linear problem
A((to, o), (5, V) + b(zo;w,s) = F(5,¥) V(Ev)eHxQ. (3.39)
It follows that (3.21) can be rewritten as the fixed-point equation: Find u € L*(€2) such that
T(u) = u, (3.40)

so that, letting (to, o) be the solution of (3.39) with zy := u, (t,d) := (to, ) € H x Q is
solution of (3.21), equivalently of (3.15) and (3.19).

We now aim at proving that the operator T is well-defined, which reduces to show that
problem (3.39) is well-posed. To this end, we first state the boundedness of all the variational
forms involved (cf. (3.16a), (3.16b), (3.16¢), (3.16d), and (3.22)). Direct applications of the
Cauchy—Schwarz and Hoélder inequalities, along with the upper bounds of n and p (cf. (2.2)),
and the continuity of the normal trace operator in H(divy/s;€2), yield the existence of positive

constants, denoted and given as:

lal = Apu, ol = b2 = 1, Jal = Ap+ 2, b =1, | = m QY2 (3.41a)

IF| = lup|izr + [floase, (3.41b)
such that there hold
la(r,s)| < [a] [rllog [sloe Vr, s el ()
i(s, T)| < bl Islo. [Tldivy0 Y (s,7) € LE(Q) x Ho(divas; ),
la(r,8)| < |al |7]lw (8] V(r,s)e H x H,
(3.42)

Ib(s, V)| < bl [s]a [V]q V(s,v)e Hx Q,
lc(w, V)] < [lc|[W]q[V]q Vw,veQ, and

F(S9) < [FIIS,¥)laxq V(s,V)eHxQ.
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In turn, employing again Cauchy—Schwarz and Hélder inequalities, similarly as we did in (3.6),

we find that for each w € L*(Q) there holds (cf. (3.17))

b(w;v,s)| < [Wlose [VIoaa [sloe ¥ (v,s) e LY(Q) x LE(Q). (3.43)

a b
In what follows, and as suggested by the matrix representation of A (cf. (3.20)),

b —c
we will apply Theorem 3.2 to derive global inf-sup conditions for this bilinear form. To this
b
end, and due to the corresponding structure Y of a, we will employ in turn Theorem

bo
3.1 to establish the required assumptions on the latter. According to the above, we begin by

deducing from the definition (3.16¢) that the kernel V of b reduces to
V = L1(Q) x Vg, (3.44)
where
Vy = {T e Hy(divysQ): 7=7° and div(r)=0 in Q} . (3.45)

Hereafter, we refer to the null space of the bounded linear operator induced by a bilinear form
as the kernel of the latter. Then, for each i € {1, 2} we let K; be the kernel of bi\Lgr(Q)XVD, that
is

K, = {s eL2(Q): bi(s,7)=0 YrTe VO} , (3.46)

which, recalling from (3.16b) that by = —bs, yields
K, =Ko = K := {seLfr(Q): fs:rzo vrevo}. (3.47)
Q

However, irrespective of the above, we readily observe, according to the definition of a (cf.
(3.16a)) and the lower bound of yu (cf. (2.2)), that a is L2 (Q)-elliptic with the constant & :=
A [, that is

a(s,s) = @& HS”SQ Vsell(Q), (3.48)

and hence, in particular, a is K-elliptic. Then it is fairly simple to see that a satisfies the
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assumptions i) (with constant o = &) and ii) of Theorem 3.1. In turn, in order to prove
that for each i € {1,2}, bi]Lgr(Q)xvo satisfies hypothesis iii), we first need to recall a useful
estimate for tensors in Ho(divy/s; Q). Indeed, suitably modifying the proof of [47, Lemma 2.3]
(or [21, Proposition 3.1, Chapter IV]), one can show (see also [25, Lemma 3.2]) that there exists

a positive constant ¢, depending only on €2, such that
C1 HTHO:Q < HTdHQQ + HdiV(T)HOA/?);Q VT EHo(diV4/3;Q) . (349)

Then, we are in position to prove the following result.

Lemma 3.3. There exists a positive constant B such that for each i € {1, 2} there holds

bi(s, T)

sup > f HTHdiv4/3;9 VTeV,. (3.50)
sel2 (2) HSHQQ
s+0
Proof. Since by = —by, it suffices to show for one of these bilinear forms, so that we stay with

by. Thus, given 7 € Vy (cf. (3.45)), such that 7¢ + 0, we have that 7¢ € L2 (), and hence,
bounding from below the supremum in (3.50) with s = 7¢, and noting that {, 7 : 7 = | 79| o,
we obtain

ba(s, T) - bo (79, 7) _

=

sup
sel.2 (2) HSHO,Q

s+0
from which, using (3.49) and the fact that div(7) = 0, it follows (3.50) with 3 := ¢;. Certainly,
if 7 € Vg is such that 7¢ = 0, we deduce from (3.49) that 7 = 0, whence (3.50) is trivially

satisfied. O]

As a consequence of Lemma 3.3 and the previous discussion on the bilinear form a, we
conclude that a, by, and by satisfy the hypotheses of Theorem 3.1, and hence, a straightforward
application of this abstract result, though more specifically of the global inf-sup condition

(3.29), yields the existence of a positive constant «,, depending only on & = Ay, 5 = ¢, and
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la| = Ay (cf. (3.41a)), such that

sup a(} )
sv |Sla
s+0

> 0, |Flg VFeV. (3.51)

Moreover, exchanging the roles of b; and bs, so that, instead of the matrix structure ,
by

a b
we consider ? , we can apply again Theorem 3.1 and (3.29) to conclude that, with the

b
same constant a, from (3.51), there holds

—

a(r,s)

sup > ag ||S|a VSeV. (3.52)

v ||Flm
r+0

Furthermore, it is readily seen from (3.18) and the ellipticity of a in L2 () (cf. (3.48)), that
a(f,¥) = a(r,r) > afrfg,  Vi=(r,{)eH, (3.53)

which proves that a is positive semi-definite. In turn, it is clear from the definition of ¢ (cf.
(3.16d)) that this bilinear form is symmetric, and that, thanks to the lower bound of 7 (cf.
(2.2)), there holds

c(V.¥) = m|vlte ¥V:i=(v,0)€Q, (3.54)

which shows that c is positive semi-definite as well. In this way, we have proved that a and
c verify the hypotheses i) and ii) of Theorem 3.2, and hence it only remains to show the
corresponding assumption iii), that is the continuous inf-sup condition for b. This result has
already been given in [49, Lemma 3.5|, so that, in addition to its statement, and for sake of
clearness, we provide next most details of the corresponding proof. For this purpose, we will
make use of the Poincaré and the first Korn (cf. [60, Theorem 10.1] or [20, Corollaries 9.2.22
and 9.2.25]) inequalities, which establish that

IVIia < clvlig and |v[ig < 2fe(v)[o ¥veH(Q), (3.55)



CHAPTER 3. THE CONTINUOUS FORMULATION 23

respectively, with a positive constant ¢, depending on 2. In addition, we also let iy be the

continuous injection of H'(Q) into L*(€2). Then, the announced result is as follows.

Lemma 3.4. There ezists a positive constant Py, depending only on ¢, and |i4|, such that

b(s, v . .
sup (ﬁ ) > bVl VVeQ. (3.56)
sen [S]u
s+0
Proof. Given v := (v,8) € Q, we set v := |v|*v and notice that H?’/Hé/f/&g = | V[ 4., which
says that ¥ € L*3(Q), and additionally there holds
LV"N’ = Vloaq = IVloaa [¥loasa- (3.57)

Then, letting A : HY(Q) x H{(Q) — R and F : H{(2) — R be the bilinear form and linear

functional, respectively, defined by

A(w,z) = J

Qe(w) ce(z) and F(z) := —f V-z Vw, ze Hy(Q),

Q

we readily see that A is bounded, and that, using (3.55), it becomes H} (Q)-elliptic with constant
ay = ﬁ In turn, thanks to Holder’s inequality and the continuous injection iy, it follows that
F is well-defined and bounded with |F| < [i4 [|V]0,4/3.0- Hence, a straightforward application
of the classical Lax-Milgram Lemma implies the existence of a unique w € H{(f2) such that
A(W,z) = F(z) for all z€ H}(Q2), and W10 < 2¢,[ia]|V]o.4/3.0. Moreover, it is easy to see
from the foregoing identity involving A and F that div (e(vN\f)) = v in D/(Q0), which together
with the fact that e(w) € L*(Q), proves that e(W) € H(divys; ). Then, letting ¥ be the

Hy(divy/s; 2) component of (W), we readily find that div(7) = Vv and

|Flaivese < IWlie + [Floase < (26 [ + 1) [Floase. (3.58)

and hence, noting that 7 is symmetric, since e(w) and the identity matrix are, and employing
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(3.57) and (3.58), we get

L ~ = -div(T) J \ERY

b(s, Vv b((0,7),Vv J M 5

sup (J ) > (N( 7Y _ £ = = = B [vioaa, (3.59)
=1 8]l |7 v 0 |7 v, a0 17 v, 0

with Sy := (2¢, Hi4H+1)71. Similarly, introducing the bounded linear functional G : H}(2) — R
defined by
G(z) = —f 0 :e(z) Vz e Hj(Q),
Q

we deduce that there exists a unique w € H}(Q) such that A(w,z) = G(z) for all z € H}(Q),
and |e(W)[oqn < [6]oq- It follows from the above that div(e(w) + &) = 0 in D'(12), so that
e(w) + 6 € H(divys; ), and hence, letting now 7 be the Hy(divy/s; 2) component of e(w) + 9,

we get div(7) = 0 and
[Tlaivyzc0 = [Tloo < le(W)loo + [0loo < 2[d]oq- (3.60)

In this way, noting that 7 : § = 4 : §, and using (3.60), we obtain

~ T:0
b(s,¥)  b((0,7),v JT 532 ~
sup &9 5 BODD) _Jo e S5, e
seu |[S]m ITlaivgse  ITlaivige [T laivi0
S+0
with Bb = % Finally, the required inequality (3.56) is a direct consequence of (3.59) and
(361), with ﬁb = % min {Eb;gb}- ]

Consequently, having the bilinear forms a, b, and c satisfied the three hypotheses of Theo-
rem 3.2, a straightforward application of this abstract result yields the existence of a positive

constant aa, depending on |a|, |c||, aa, and By, such that (cf. (3.36), (3.37))

> aa |@W)laxe V(EW eHxQ, (3.62)

sup —
(5,9)eHxQ H (S, V) HHxQ
(8;¥)+0
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and
A _'7 W ’ _’7 v g - =
sp AEDEI) e Sl YET) cHX Q. (3.63)
(?ﬁ)f)fii:OQ |(F, W) lxq

Moreover, employing (3.62) and the boundedness property from (3.43), it readily follows that,
given z € L*(Q), there holds

(5,%)eHxQ ”(57 V) ‘HXQ
(8;¥)+0

(@a — lzlose) [EW)[aq V(FW)eHxQ,

\Y

and hence, for each z € L*(2) such that, say |z[los.0 < %, we get

2
A _)7 % ) _"7 vV)) +b W, e gl r W
qp AETER) UGN 0n i G VEWEHRQ. (360
@ 18, ¥) |rxa 2

Similarly, but now using (3.63) and (3.43), and under the same assumption on z, we arrive at

A((r,w),(S,V)) + b(z;w,s Q o o
(W) E ﬁ)) ( ) > “AE Vg VEWeHxQ.  (3.65)
(F,W)eHxQ ”(raW)HHxQ 2

We are now in a position to prove that the operator T (cf. (3.38)) is well-defined, equiva-

lently that problem (3.39) is well-posed.

Lemma 3.5. For each zg € L*(Q) such that |zolos0 < %, problem (3.39) has a unique
solution, (to, ty) = ((t0,00), (wo,v0)) € Hx Q, and hence T(z) := ug € L*(Q) is well-defined.

Moreover, there holds

— — 2
IT(20) 0,40 = [wofo,a:0 < [[(to, Uo)[Hxq < %{HuDl/z’F + ||f|\0,4/3;ﬂ}~ (3.66)

Proof. Given z, as indicated, the existence of a unique solution of (3.39) follows from (3.64),
(3.65), and a straightforward application of the Banach—Nec¢as-Babuska Theorem (cf. [46, The-
orem 2.6]). In turn, the corresponding a priori estimate and the boundedness of F (cf. (3.41b),

(3.42)) yield (3.66). O
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Next, we introduce the ball
W= {z2eL'(Q): lzlosn < T}, (3.67)

and prove that, under sufficiently small data, T maps W into itself.

Lemma 3.6. Assume that

2
(0%
luplizr + [foame < TA- (3.68)

Then, there holds T(W) < W.

Proof. 1t is a direct consequence of the a priori estimate (3.66) and the assumption (3.68). [

The main result concerning the solvability of the fixed-point equation (3.40), and hence,

equivalently, that of (3.21), (3.19), or (3.15), is stated as follows.

Theorem 3.7. Assume that

042

HuD”1/2,F + Hf\|0,4/3;§z < TA- (3.69)

Then, the operator T has a unique fixed-point u € W. Equivalently, (3.21) has a unique solution
(t,1) := (to,1p) € H x Q with u € W, where (ty, ) is the unique solution of (3.39) with

zo = u. Moreover, there holds

— — 2
€ D lcq < {uolyar + [Floysn (3.70)

Proof. 1t is clear, thanks to (3.69) and Lemma 3.6, that T maps W into itself, so that aiming to
apply the classical Banach fixed-point theorem, it only remains to show that T is a contraction.
To this end, given z, € W, i € {1,2}, we let T(z;) := w;, where (t;, 1;) := ((ti,ai), (ui,'y,-)) €
H x Q is the unique solution of (3.39) with z := z;, that is

A((t;, 1), (5, V) + b(z;;u;,s) = F(S,¥v)  V(EV)eHxQ. (3.71)



CHAPTER 3. THE CONTINUOUS FORMULATION 27

Now, applying the inf-sup condition (3.64) with z = z;, to (F,w) := (ti, 1) — (t, Uy), we

obtain
. . 2 A((ty,d;) — (ta, W), (8,¥)) + b(z1; u; — us, s
) — (B )lng < = sup AT = (), 6.9) +b@im —wss) -y 4
QA <§(§>§)I¥0Q H(S7V)HHxQ
EAY

from which, adding and subtracting b(zs; us, s), and then employing (3.71), we arrive at

b(ZQ - lellms)

— — — — 2
[(t1,U1) — (t2, Ua)|Hxg < —  sup (3.73)

A soenxq (8 V)HHxQ
(59)40
In turn, using the boundedness of b (cf. (3.43)) and the a priori estimate for |uslosq =

|T(2z2)]0.4:0 provided by (3.66) (cf. Lemma 3.5), it follows from (3.73) that

2
IT(z1) — T(22)o4:0 = U1 —w2fou0 < o |1Z1 — Z2[0,4:0 [W2]|0.4:0
A

A (3.74)

< < {lunliar + Iflosof 21 = zlo.s0
QA

which, according to (3.69), confirms the announced property on T, thus ending the proof for
the existence of a unique fixed-point u in W of this operator. Finally, the a priori estimate

(3.70) is a straightforward consequence of (3.66) (cf. Lemma 3.5). O



CHAPTER 4

The discrete formulation

In this chapter we approximate the solution of (3.21) (equivalently, that of (3.19) or (3.15)) by
introducing and analyzing the associated Galerkin scheme. To this end, similar tools to those

employed in Chapter 3.3 will be utilized here.

4.1 The Galerkin scheme

We begin by considering arbitrary finite element subspaces H ]IT]IZ, H}', and H) of the spaces

LZ.(Q), H(divys; Q), L), and L2

skew

(), respectively. Hereafter, h stands for both the sub-
index of each foregoing subspace and the size of a regular triangulation 7, of Q made up of
triangles K (in R?) or tetrahedra K (in R?) of diameter hy, that is h:= max {hx : K € T,}.
Specific finite element subspaces satisfying suitable hypotheses to be introduced in due course

will be provided later on in Chapter 4.4. Then, letting

HY = HY n Ho(divys; Q) (4.1)

28
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defining the product spaces
Hh = HE X Hg, Qh = H;; X HZ, (42)
and setting the notations

ty, i= (tn,on), S = (S, Th), Th = (r5,Cn) € Hy,
(4.3)

Uy = (uh,’)’h), Vi, 1= (Vh,éh% Wy, = (Whagh) € Qn,

the Galerkin scheme associated with (3.15) reads as follows: Find (ty, t),) € Hj, x Qy, such that

a(tn,sn) + bi(sn, o) + b(up;up,sp) = 0,
ba(tn, ) + b(Sh, ) =  {(mv,up), (4.4)
b(E, 91) ~ (i, ) _ —f £ v,
Q

for all (sp,Vy) € Hy, x Qp. Similarly, the ones associated with (3.19) and (3.21), which are

certainly equivalent to (4.4), become, respectively: Find (Eh, uy) € Hy, x Qp, such that

a(Eh, §h) + b(gh, ﬁh) + b(uh; Uy, Sh) = <’Th v, uD> Vgh S Hh,
. (4.5)
b(th,\_f)h) — C(ﬁh,\_f)h) = —J f- Vp V\_”h € Qh,
Q
and: Find (Eh, u,) € Hy x Qy, such that
A((Eh, ﬁh)7 (gh, Vh)) + b(uh; Uy, Sh) = F(gh, \_f'h) W (gh, Vh) e H, x Q. (46)

In order to analyze the solvability of (4.6) (equivalently that of (4.5) or (4.4)) in Chapter
4.2 below, we will require the finite dimensional versions of the Babuska—Brezzi theory in
Banach spaces (cf. Theorem 3.1) and the Banach—Nec¢as—Babuska theorem, which are available
in [18, Sections 2.2 and 2.3] and [46, Theorem 2.22|, respectively. In turn, we will also need the

discrete analogue of Theorem 3.2, which is given by the slight improvement of [40, Theorem
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3.5] that is stated next.

Theorem 4.1. Let H and Q be reflexive Banach spaces, and leta: HxH — R, b: Hx Q — R,
and ¢ : Q x Q — R be given bounded bilinear forms. In addition, let {Hh}h>0 and {Qh}h>0 be
families of finite dimensional subspaces of H and Q, respectively, and let V}, be the kernel of
blu,xq,, that is

Vi = {ThEHh: b(h,vn) = 0 Yo e Qh}. (4.7)

Assume that:

i) a and ¢ are positive semi-definite, and that ¢ is symmetric.

ii) there exists a constant a4 > 0, independent of h, such that

V ~
sup (Vn 7h) > a4 |0n]ln VI, eV, (4.8)
Thevéz HThHH
Th

iii) and there exists a constant Bd > 0, independent of h, such that

b Th, Up ~
sup ( ) > Ballvnlq  VoneQu. (4.9)
The:;;[é‘b ” h”H
Th

Then, for each pair (f,g) € H x Q' there exists a unique (o, up) € Hy x Qp such that

CL(Uh,Th)-f—b(Th,uh) = f(Th) VThEHh,
(4.10)

b(on, v) — c(un,vn) = g(vn) Vo, € Qp.

Moreover, there exists a constant Cy > 0, depending only on |al, |c|, &, and Ba, such that

Jonls + lunlle < Ca {1l + lglar}- (4.11)

We stress here that the aforementioned improvement refers to the fact that the symmetry of

a, originally assumed in [40, Theorem 3.5|, is actually not needed for Theorem 4.1. In addition
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to the above, note as well that the discrete analogue of (3.32) is not required either. The reason
for these simplifications of the analysis is due to the fact that H, x Qj is the space to which
both the unknowns and test functions of (4.10) belong, and hence, as stipulated by the finite
dimensional version of the Banach-Necas-Babuska theorem (cf. [46, Theorem 2.22]), in this
case one only needs to prove the discrete analogue of (3.36). In this way, it is easy to see, as
done in [40, Theorems 3.4 and 3.5], that in order to achieve the latter, it suffices to assume the

already described hypotheses of Theorem 4.1.

4.2 Solvability analysis

In this chapter we adopt the discrete version of the fixed-point strategy employed in Chapter
3.3 to study the solvability of (4.6). For this purpose, we now let T}, : H}} — H}' be the
operator defined by

Th(zon) = on Vzo, € Hy, (4.12)

where (€07h,ﬁ07h) = ((t07h,0'07h), (uo,h,’)’mh)) € H;, x Qp, is the unique solution (to be derived

below under what conditions it does exist) of the linear problem
A((Eo,h,ﬁo,h)7 (Sh, Vi) + b(2Zon; uop,sn) = F(Sh, V) V (Sh, Vi) € Hp x Q. (4.13)

Then, it is easily seen that (4.6) can be rewritten as the fixed-point equation: Find u; € H}!
such that
Tr(un) = up, (4.14)

so that, letting (Eo,h,ﬁo,h) be the solution of (4.13) with z; := u, (gh,ﬁh) = (’Eo,mﬁo,h) €
H;, x Qy, is solution of (4.6), equivalently of (4.4) and (4.5).

In what follows we derive the preliminary results needed to address later on the solvabilities
of (4.13) and (4.14), and hence of (4.6). Indeed, following a similar procedure to the one from
Chapter 3.3, we first observe that the kernel V}, of blg, «xq, reduces to

V), 1= H x Vg, (4.15)
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where

Vo = {TheHZ: J‘rhzéh =0 theHZandJ
Q

vi - div(m) = 0 vvheHg}.
Q

(4.16)

At this point, we introduce our first hypotheses on the finite element subspaces, namely
(H.0) ﬁlg contains the multiplies of the identity tensor I.
(H.1) div(H?) < H}.

As a consequence of (H.0) and the decomposition (3.9), H? (cf. (4.1)) can be redefined as

HY = {Th— <n\19| Ltr(‘rh)>1[: Theﬂg}. (4.17)

We remark in advance, however, that for the computational implementation of the Galerkin
scheme (4.6), which will be addressed later on in Chapter 5, we will utilize a real Lagrange

multiplier to impose the mean value condition on the trace of the unknown tensor lying in HY .

In turn, thanks to (H.1), Vo, becomes

Vo 1= {The]H[Z: f 7 :0, =0 Vé,eH! and div(m,) =0 in Q} (4.18)
Q

Next, for each i € {1, 2} we let K; 5 be the kernel of bi’ngVo,hv and notice, similarly as for the

continuous case (cf. (3.47)), that
Kl,h = KQ,h = Kh = {ShEHZI J ShSThZO VT}ZEV(),}L}. (419)
Q

While, as in the continuous case, the above does not allow us to derive an explicit characteri-
zation for the elements of Kj,, this is actually unnecessary since, having already stated that the
bilinear form a is L2 (Q)-elliptic (cf. (3.48)), this property is certainly valid for the subspace
K. Consequently, the corresponding hypotheses on a, K, 5, and Kg ), specified in the discrete
version of Theorem 3.1 (cf. [18, egs. (2.19) and (2.20)]) are clearly satisfied with the same
constant & from (3.48). Nevertheless, we notice that [18, eq. (2.20)] is not required in the
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present case since obviously the dimensions of K; ; and Ky, coincide (cf. [18, eq. (2.21)] and
the remark right before it).

Furthermore, in order to show that for each i € {1, 2}, b; ’HZ “Von satisfies the discrete version
of the hypothesis iii) of Theorem 3.1, namely eq. (2.22); in [18], we consider the following
additional hypothesis:

(H.2) (Vo,h)d = {T}?Z Th EVo’h} - Hz

In this way, proceeding analogously as for the proof of Lemma 3.3, that is, given 7, € V5,

bounding from below with s;, = 7 € Hf, we find that

ba(sh, T bo(T2, T3,

sup 2T o 2<§ ) _ I,

spelt Sno.0 |75 0,0

sH:O

which, using (3.49) and the fact that div(7,) = 0, yields
ba(sp, T ~

sup M > [ HTh||diV4/3;Q V7€ Von, (4.20)
spet ”ShHo,Q

Sh=f=0

with B = ¢;. A similar reasoning provides the corresponding discrete inf-sup condition for b,

with the same constant B .

Therefore, having a, by, and by satisfied the hypotheses of the discrete version of Theorem
3.1 (cf. [18, Corollary 2.2]), we conclude the discrete analogue of the global inf-sup condition
(3.29), namely, with the same constant a, from (3.51), there holds

sup IS0 o e VR eV, (4.21)

SheVy thHH
5, +0

In addition, we know from the continuous analysis (cf. (3.53) and (3.54)) that a and c are
positive semi-definite on H and Q, respectively, so that they certainly keep this property on
H;, and Q. We have thus shown that the bilinear forms a and c satisfy the hypotheses i) and
ii) of Theorem 4.1, and hence, in order to be able to apply this abstract result, we now add

the remaining hypothesis iii) as an assumption:
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(H.3) there exists a positive constant f 4, independent of h, such that

b (S, %)
sup ——=———
SpeHy, HShHH
8,40

> BoalVala  V¥aeQu. (122)

As already announced, specific finite element subspaces satisfying the four hypotheses (H.0)

- (H.3) will be detailed later on in Chapter 4.4.

Now, having a, b, and c satisfied the hypotheses of Theorem 4.1, we conclude, similarly to
the continuous case (cf. (3.62), (3.64)), the existence of a positive constant aa 4, depending on

lal, [c|, aa, and Bp 4, and hence independent of h, such that

A((I_:hn v_\;h)v (§h7 ‘_;h))
sup

(8 VR)EHL xQp H(gbvh)HHXQ
(§h7‘7h):*:0

> aaqll(Th, Wn)|ExQ YV (Th,wy) e Hy x Qp,  (4.23)

o
and thus, for each z;, € Hj! such that ||z5[¢ 4.0 < %, there holds

p AL T 0 T)) Vw0 o) o sy G (120
(8h,¥p)eH, xQp ”(Sh,Vh>HHxQ 2
§h)‘_;h):*:0

for all (¥}, w,) € Hy x Q.

According to the above, we are now in a position to present the discrete analogues of Lemmas
3.5 and 3.6, and Theorem 3.7, whose proofs follow almost verbatim to those for the continuous
case, and hence only some remarks are provided. We begin with the well-posedness of (4.13),

which is the same as establishing that T}, is well-defined.

040 < %, problem (4.13) has a unique

solution <€O,h7ﬁ0,h) = ((to,h,a'o,h), (uo,h,’)’o,h)) € Hy, x Qp, and hence Tp(zop) = ugp € Hy is

well-defined. Moreover, there holds

Lemma 4.2. For each zy;, € H}' such that ||zop

2

A4

|Th(zo,n) lo4.0 < H(Eo,h,ﬁo.h)HHxQ <

oae = [t {lpllzr + Elogsof.  (4.25)

Proof. Given zg), as indicated, and bearing in mind (4.24), it suffices to apply the discrete
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version of the Banach-Necas-Babuska Theorem (cf. [46, Theorem 2.22]) and its corresponding

a priori error estimate. ]

We continue with the result ensuring that T}, maps a ball of H}}! into itself.

Lemma 4.3. Let Wy, be the ball

«a
Wi {me B zulose < 252 (4.26)
and assume that
O‘?&d
luplier + [floame < 1 (4.27)

Then, there holds T,(W}) € Wy,.
Proof. 1t follows straightforwardly from (4.25) and (4.27). O

The unique solvability of (4.14), and hence, equivalently that of (4.6), is stated next.

Theorem 4.4. Assume that

2

«
[uplizr + [flose < =3 (4.28)

Then, the operator T), has a unique fized-point v, € Wy,. FEquivalently, (4.6) has a unique
solution (fh,ﬁh) = (onh,ﬁ[)’h) e H, x Q, with u, € Wy, where (E()ﬁ,ﬁgﬁ) is the unique

solution of (4.13) with zo, = wy,. Moreover, there holds

2

QA 4

|(€h, ) [1xq < {||11DH1/2,F + ||f|\0,4/3;9}- (4.29)

Proof. Similarly to the proof of Theorem 3.7, it reduces to employ (4.24), (4.13), (4.25), and
(3.43) to prove that T}, : W, — W), is a contraction, and then apply the Banach fixed-point

theorem. O]
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4.3 A priori error analysis

In this chapter we derive an a priori error estimate for the Galerkin scheme (4.6) with arbitrary
finite element subspaces satisfying the hypotheses (H.0) up to (H.3) specified in Chapter 4.2.

In other words, our main goal is to establish a Céa estimate for the error
[(t,d) — (tn, Un)[nxq,

where (t,d) := ((t,o),(u,v)) e Hx Q and (th, Up) 1= ((th,on), (up,v1)) € Hy x Qy are the
unique solutions of (3.21) and (4.6), respectively, with u € W (cf. (3.67)) and u, € W, (cf.
(4.26)). As a byproduct of this, we also derive an a priori estimate for |p — ppo.q, where py,
is the discrete pressure computed according to the postprocessing formula suggested by the

second identity in (2.7), that is
1
pn=— tr(os + (0, @uy)) - (4.30)
We begin by observing from (3.21) that for each (s, Vj,) € Hy, x Q there holds
A((i?, W), (S, V1)) + b(u;u,sy) = F(Sy, Vi),

which, combined with (4.6), yields for each (S}, V) € H, x Qp,
A((i?, i) — (ty, 1), (Sh, V1)) = b(up;up,sp) — b(usu,sy). (4.31)

Now, the triangle inequality gives for each (1, wy) € H, x Qj
|8, 6) — (6 ) uxq < [(E0) = (FrWa)luxq + [(Fn Wa) = (Brn)luxq,  (4.32)

and then, applying (4.23), subtracting and adding (t, d) in the first component of A, using the
boundedness of A with constant |A|, which depends on |al|, ||b|, and |c|| (cf. (3.41a)), and
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employing the identity (4.31), we find that

A((Fp, Wy) — (bn, Tn), (S, V)

aad |[(Fn Wa) = (En,0n)|uxq < sup N
(81,,9p)eH, xQp, ”(Shvvh)HHXQ
(8h,¥1)+0 . .
- o o A (tvﬁ) - (thvﬁh%(gh?vh)
< [A[ (¢, 0) — (Fp, Wa)luxq +  sup ( — ) (4.33)
(Eh,9p)eH, xQp, H(Sh,Vh)HHxQ

(8h,Vh)+0
b(uh; Up, Sh) - b(“? u, Sh)

= ||AH H(ﬁ ﬁ) - (Fh>v_‘}h)HHxQ + sup —
(8, VR EHE, X Qy, H(Slmvh)HHxQ
(8h,V1h)%0

In turn, subtracting and adding u in the second component of the first term, and then invoking
the boundedness property of b (3.43), and the a priori estimates (3.70) and (4.29) for |ulo4.q

and |up o4, respectively, we obtain

b(uh;uh,sh) - b(UQU,Sh) = b(uh;uh —u, Sh) + b(uh - U;U;Sh)
(4.34)

4
< —{Iplier + Elossa} lu—wlose Ishoa

A

where 3o := min {aa,aaq}. In this way, using (4.34) in the last term of (4.33), we obtain

| (Fn, Wa) — (€, tn)|HxqQ

(4.35)
< H H(E i) — (T, W 4 —
S ) W) axQ + =5 {[ubllier + [floasar [u—anlosq,
QA4 QA
which, replaced back into (4.32), leads to
[(t,d) — (b, Un)[mxq
< (1+ 1A &9 - @ w 4 _
< : e Wi)axq + =5 Yupfier + [floasa [u—unfosa.
OéA7d O{A
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for each (1), wy) € Hy, x Qp,, and hence we conclude that

|8, 6) — (th, ) |rxq

A T 4
< (1+ ”) dist (€, @), Hy x Q) + = {[uplar + [Flogmo o= o,
O{A7d aA
(4.36)
Hereafter, given a subspace X, of a generic Banach space (X - X), we set for each 7 € X
dist(x, Xp,) = I;g}f(h |z — xpllx -
The Céa estimate for the error |[(t,d) — (4, ty)|Hxq is stated then as follows.
Theorem 4.5. Assume that for some 6 € (0,1) there holds
§ &
{lplier + [Eloase} < =52 (4.37)

Then, there exists a positive constant Cy, depending only on ||A|, aaq, and 6, and hence

independent of h, such that

—

[(£,8) — (€, Un)|uxq < Cadist((t,d), Hy, x Qy)) - (4.38)

A
Proof. Tt suffices to use (4.37) in (4.36), which yields (4.38) with Cy := (1—4)! <1—|—H’>. O
A 4

Regarding the pressure error, we readily deduce from (2.7) and (4.30), applying Cauchy-
Schwarz’s inequality, performing some algebraic manipulations, and employing again the a
priori bounds for |ufps0 and |upfosn (cf. (3.70) and (4.29)), that there exists a positive
constant C, depending only on n, da, |up|i/2,r, and [£]o.4/3,0, and hence, independent of h,
such that

Ip = pulloe < C{lo —aulon + [u - wloaf. (4.39)

Thus, combining (4.38) and (4.39), we conclude the existence of a positive constant Cy, inde-
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pendent of h, such that
|(£,6) — (6, ) axq + [0 — pallon < Cadist((£, @), Hy x Qu)) . (4.40)

We end this chapter by stressing that (4.37) and the fact that &4 := min {ozA,ozAﬁd}
guarantee that the assumptions (3.69) and (4.28) of Theorems 3.7 and 4.4, respectively, are
satisfied.

4.4 Specific finite element subspaces

In this chapter we resort to [49, Section 4.4] to specify two examples of finite element subspaces

HE, He, HY, and H} of the spaces L2(9), H(divys; ), LY(Q), and L2

skew

(€2), respectively,
satisfying the hypotheses (H.0), (H.1), (H.2), and (H.3) that were introduced in Chapter 4.2.

4.4.1 Preliminaries

Here we collect some definitions and results that are employed in what follows. Indeed, given an
integer £ > 0 and K € T, we first let P,(K) be the space of polynomials of degree < ¢ defined on
K, whose vector and tensor versions are denoted Py(K) := [Py(K)]" and Py(K) = [P,(K)]™*",
respectively. Also, we let RTy(K) := P,(K) @ P,(K)x be the local Raviart-Thomas space
of order ¢ defined on K, where x stands for a generic vector in R := R"™. Furthermore, we
let b be the bubble function on K, which is defined as the product of its n + 1 barycentric

coordinates, and introduce the local bubble spaces of order ¢ as
By(K) := curl(bKPg(K)) if n=2, and B(K) := curl(bK Pg(K)) if n=3,

where curl(v) := (a%,—a%”l) if n =2and v: K - R, and curl(v) := V x vif n = 3 and

v : K — R3. In addition, we need to set the global spaces

P() = {vaeI%(Q): wilx € Pu(K) YEKeT},
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Py(Q) = {5h eL2(Q):  ulx € Py(K) VKeﬁ},
RT,(Q) = {Th e H(div; Q) : Tyl € RT(K) Yie{l,..n}, VKe 7;},

and

B(Q) = {rheH(diV;Q): il € By(K) Yie{l,..n}, VKeTh},

where 73,; stands for the ith-row of 7,. As noticed in [49], it is easily seen that P,(€2) and
P,(2) are also subspaces of L*(Q) and IL4(92), respectively, and that RT,(Q2) and B,(2) are both
subspaces of H(divy3; 2) as well. Actually, since H(div; 2) is clearly contained in H(divy/s;€2),
any subspace of the former is also subspace of the latter.

Next, defining Ho(div; Q) := {7 € H(div;?) : §,tr(r) = 0}, we recall that a triplet
of subspaces HZ, H®, and HY of H(div; (), L2(2), and L2

skew

(€2), respectively, is said to be
stable for the classical Hilbertian mixed formulation of linear elasticity, if, denoting HYf :=

]ﬁlg N Hy(div; ), there exists a positive constant 3., independent of h, such that

J Op T + J vy, - div(Ty)
sup = ¢ = Pe {HVhHO,Q + ”%Hm} V (v, 6p) € H x H . (4.41)

T EHT HTthiv;Q

Th=*=0

In turn, since the definition of the bilinear form b (cf. (3.16¢)) does not involve the L2 (Q)-
variable, we notice that hypothesis (H.3) (cf. (4.22)) becomes

f 5h . Th-i-f Vp 'diV(’Th)
sup Q Q

TREHT HTthin;/s;Q

Th:*to

> Boa {[Viloso + [8alonf ¥ (va, 1) € Hi x HY . (4.42)

Certainly, the inequalities (4.41) and (4.42) do not coincide since the spaces HY and H}!
employ different norms in them. However, the following result, already proved in [49, Lemma

4.8], establishes a very suitable connection between these discrete inf-sup conditions.

Lemma 4.6. Let HZ, HY, and HY be subspaces of H(div; Q), L%(Q), and L2

skew

(Q), respectively,
such that they satisfy (4.41). In addition, assume that there exists an integer { = 0 such that
RT,(Q) < H? and HE < Py(Q). Then HS := HT Ho(divass; Q), HY, and H) satisfy (4.42)
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with a positive constant Py 4, independente of h.

According to the above, we now employ the stable triplets for elasticity proposed in [49,
Section 4.4] to describe two examples of finite element subspaces HE ]ﬁlg, H}!, and H satisfying

the hypotheses (H.0), (H.1), (H.2), and (H.3) from Chapter 4.2.

4.4.2 PEERS-based finite element subspaces

We first consider the plane elasticity element with reduced symmetry (PEERS) of order ¢ > 0,
whose stability was originally proved in [11] for £ = 0 and n = 2, and later on in [57] for £ > 0

and n € {2,3}. In fact, denoting C(2) := [C(Q2)]"*", the corresponding subspaces are given by

HY = RT,(Q) @ By(Q), HY := P,(Q), and HJ := C(Q) L2

skew

(Q) AP (Q). (4.43)

It is casily seen that HZ and HY satisfy (H.0) and (H.1), and, thanks to Lemma 4.6, whose
hypotheses on Iﬁlg and Hj are also guaranteed, it is clear that HY := HT]Ig N Hy(divys; ), Hi,
and H) satisfy (H.3) (cf. (4.42)). Next, in order to check (H.2), we recall from (4.18) that

Vou = {TheHg: f 0, =0 Vo, eH) and div(m) =0 in Q}
Q

which, noting that B,(£2) is divergence free, recalling that the divergence free tensors of RT,(€2)
are contained in P,(£2) (cf. [47, proof of Theorem 3.3]), and observing that B,(2) < Py, (92),
we deduce that

Vor € Pu(2) @ By(R2) S Pryn(82),

so that, to accomplish (H.2), that is (Vovh)d < H¢, it suffices to choose

HE = Py () nL2(Q). (4.44)
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4.4.3 AFW-based finite element subspaces

Our second example is the Arnold-Falk—Winther (AFW) element of order ¢ > 0, which is
defined as

HY = Ppy(Q) nH(div;Q), HY := Py(Q), and HY := L2 _ (Q) nPy(Q), (4.45)

skew

and whose stability for the Hilbertian mixed formulation of linear elasticity is proved in [12].
In this case, it is also straightforward to see that HY and HY satisfy (H.0) and (H.1), as well
as the hypotheses required by Lemma 4.6, and hence HY := ]ﬁlg N Ho(divys; ), Hy, and H
satisfy (H.3). In turn, for (H.2), and since Vy does not seem to be additionally simplifiable,
it suffices to take

HE = Ppy () nLE(Q). (4.46)

4.4.4 The rates of convergence

The approximation properties of H7, H}}, and HJ, for PEERS (cf. (4.43)) as well as for AFW
(cf. (4.45)), whose derivations follow basically from the error estimates of the Raviart-Thomas
and AFW interpolation operators, and of projectors onto piecewise vector and tensor polynomi-
als (cf. [46, Proposition 1.135]), and which make use of the commuting diagram properties and

of the interpolation estimates of Sobolev spaces, are given as follows (see also [19], [21], [37, eqgs.

(5.37) and (5.40)]):

(AP‘,{ ) there exists a positive constant C', independent of h, such that for each r € [0, ¢ + 1],
and for each 7 € H"(Q) n Hy(divyys; ) with div(r) e W™¥3(Q), there holds

dist (7, HZ) < Chr{ufnm + Hdiv(f)uwg;g}, (4.47)

(APE) there exists a positive constant C', independent of h, such that for each r € [0, + 1],
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and for each v.e W™4(Q), there holds
dist(v,H}) < CH|v], 40, (4.48)

and

(APZ) there exists a positive constant C, independent of h, such that for each r € [0,¢ + 1],
and for each & € H"(Q2) n L%, (€2), there holds

skew

dist (8, H}) < Ch"[6]0- (4.49)

) ¢+ n for PEERS-based o .
In turn, denoting ¢* := , the approximation property for H

¢+1 for AFW-based
is similar to that of H}}, that is:

(AP}L) there exists a positive constant C', independent of h, such that for each r € [0, £* + 1],
and for each s € H"(Q) n LL2(Q), there holds

dist(s, H}) < Ch'|s|,0- (4.50)

We are now in a position to provide the rates of convergence of the Galerkin scheme (4.6)

with the finite element subspaces defined in Sections 4.4.2 and 4.4.3.

Theorem 4.7. Assume that for some § € (0,1) the data satisfies (4.37), and let (t,d) :=
((t,0), (u,v)) e Hx Q and (th, Up) = ((bn, o), (wp,v)) € Hy, x Qy, be the unique solutions
of (3.21) and (4.6), respectively, with uw € W (cf. (3.67)) and u, € Wy, (cf. (4.26)), whose
existences are guaranteed by Theorems 3.7 and 4.4, respectively. In turn, let p and p;, be the
exact and approximate pressure defined by the second identity in (2.7) and (4.30), respectively.
Furthermore, given an integer { = 0, assume that there exists r € [0, 0+ 1] such thatt € H"(Q)n

L2(Q), o € H'(Q) nHo(divy/s; Q), div(e) e WH3(Q), ue Wr(Q), and v € H'(Q)nL2,,(Q).
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Then, there exists a positive constant C, independent of h, such that

[(&, @) = (€, Tn)[xq + [P = palloe
(4.51)

< CH It + [ ne + [div(e)aso + o + [Vlno}

Proof. Tt follows straightforwardly from the final Céa estimate (4.40) and the approximation
properties (AP7), (AP}), (AP)), and (APS). O
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Numerical results

We report on the performance of the proposed numerical methods. The set of computational
tests collected in this chapter have been implemented using the open source finite element
library FEniCS [7]. A Newton-Raphson algorithm with null initial guess is used for the resolution
of all nonlinear problems, and the solution of tangent systems resulting from the linearization

is carried out with the multifrontal massively parallel sparse direct solver MUMPS [10].

5.1 Accuracy verification

The convergence of the methods is assessed in 2D and 3D. We consider the unit square (0, 1)?
and unit cube (0,1)® domains, discretized into meshes that are successively refined. We fix
A = 0.2 together with the heterogeneous viscosity and inverse permeabilities u(xy,zs) =
exp(—x122), n(x1, x2) = 2 + sin(xyxq) (in 2D) and p(zy, g, x3) = exp(—z12213), (21, T9, T3) =

2 + sin(zy2223) (in 3D). And we choose a boundary velocity up and a forcing term f such that

45
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the exact solutions are

cos(mzy) sin(mzs) .
uex(l'l,l‘g) = ) pex(l‘th) = Sln(‘rlx2>a
— sin(mwzy) cos(mzs)

and

sin(mxy) cos(mxs) cos(mas)
Uey (71, T2, T3) = | —2cos(mxy) sin(mxy) cos(mws) |, Pex (1, T2) = sin(ziz273),

cos(mxy) cos(mzsy) sin(mxs)

for the 2D and 3D cases, respectively.

The condition of zero-average pressure (which, owing to (2.7), entails to fix the trace of the
tensor quantity o + u® u) is imposed by means of a real Lagrange multiplier £. The modified

system (cf. (3.19)) is then of the form

a(t,8) + b(5,d) + b(w;w,s) + by(r,&) = {(Tv,up) vseH,

b(t,¥) — c(i, V) = —f f v VveQ, (51)
Q

32(0', u, () = tr(Fex + Uex @ Uex ) V(eR,

Q

where by (T,£) = §, tr(7)¢, and by is associated with the term o tr(oc + u®u)¢. Note that
we do not have a zero-mean manufactured pressure, and in this case we require the additional

right-hand side term in the third equation of (5.1).

Errors between exact and approximate solutions relevant to the norms used in the analysis

of Chapter 4 are denoted as

e(t) = [t —tuloo elo) = o —0onlodivise. e() = [u—uplose,

e(y) == v =mloa, elp) = lp—paloq-

The error decay according to the mesh refinement is reported in Figure 5.1. We plot, in

log-log scale, errors for the individual variables in the norms above vs the number of degrees of
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Figure 5.1: Error history for the mixed methods defined using the spaces in (4.43)-(4.44) (left
panels) and in (4.45)-(4.46) (right panels), using manufactured solutions in 2D (top) and 3D
(bottom).

freedom associated with each triangulation. Apart from the rotation tensor, which has a slightly
better convergence than the optimal for the PEERS-based family and for the lowest-order case
only, the convergences observed for all fields, even for coarser meshes, and for the two methods

in 2D and 3D and using polynomial degrees ¢ = 0 (dashed lines) and ¢ = 1 (dot-dashed lines)
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Figure 5.2: Sample of approximate solutions (velocity with line integral convolution) for the
convergence test, obtained using the second-order AFW-based finite element family.
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Figure 5.3: Sample of approximate solutions (velocity with streamlines) for the convergence
test, obtained using the first-order PEERS-based finite element family.

are all optimal, O(h!*1), in accordance with Theorem 4.7. In addition, we show in Figures 5.2

and 5.3 approximate solutions after 4 steps of uniform mesh refinement. All field variables are

well resolved.

5.2 Channel flow

Next we test the performance of the mixed finite element methods in reproducing flow patterns
on a channel with three obstacles (using the domain and boundary configuration from the
micro-macro models for incompressible flow introduced in [70]), and including mixed boundary
conditions. An external forcing term is imposed f = (0,1)*. On the inlet (the bottom horizontal

section of the boundary defined by (0,1) x {—2}) we prescribe a parabolic inflow velocity
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Ui, = (0,21(1 —21))*. On the outlet (the vertical segment on the top left part of the boundary,
defined by {—2} x (0,1)) we impose a zero normal Cauchy stress, which means that we need to
set

(c+u®u)y =0 on Loy,

and on the remainder of the boundary we set no-slip velocity u = 0. The above Neumann
boundary condition can be easily incorporated in the analysis developed in Chapters 3 and
4 by imposing it via either a Nitsche method or a Lagrange multiplier. We proceed with
the former for the present numerical example. We use n = 0.1 + 22 + 22, A = 0.02, and
p = exp(—x1xs). No closed-form solution is available for this problem. For this test we use
¢ = 1 and the PEERS-based finite element family. The computed flow profiles are shown in
Figure 5.4.

5.3 Flow on an intracranial aneurysm

We finalize this chapter by computing numerical solutions on a section of the middle cerebral
artery with an aneurysm (abnormal bulge of a blood vessel). The surface mesh was obtained
from the Gmsh repository!, and it was then truncated and volume-meshed into 68’024 un-
structured tetrahedral elements. For this test we use the AFW-based finite element family of

second-order.

As a typical indicator of a risk factor for aneurysm rupture, we compute the wall shear
stress (see, e.g., [64]). Its magnitude on the boundary (representing the tangential drag exerted
by flowing blood on the aneurysmal sac and in general, on the vessel wall) is computed as the

vector field wy, € Hj such that

1
Z Wy -V = Z hJ(ah+uh®uh)5~vh VV}ZGHE7

eeSh,w € eeSh,w €

where &}, , stands for the set of faces e that are contained in the polyhedral approximation of

the vessel wall that is inherited from the triangulation 7Ty, and 75 := 7v — (Tv - v)v denotes

"https://gitlab.onelab.info/gmsh/gmsh/-/blob/master/examples/api/aneurysm2.stl
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Figure 5.4: Approximate strain rate magnitude, total stress magnitude, velocity magnitude and
line integral contour, and postprocessed pressure for the Navier—-Stokes-Brinkman equations
on a complex channel with obstacles. Solutions computed with a PEERS-based method using
(=1.

the tangential part of 7. We do not require differentiation of the velocity as in the usual

postprocess-based computation of the wall shear stress.

The parameters for the incompressible fluid (in this case, blood) were defined by a constant
density of 1g/cm?® and a dynamic viscosity g = 3.5 - 1072 Kg - m~!s™! (and we take A = 1
and n = 10). We impose a zero external force. At the vessel walls the no-slip condition

u = 0 is imposed. On the inlet (a disk-shaped surface on the parent artery branch near to
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Figure 5.5: Approximate strain rate magnitude, wall shear stress magnitude, velocity stream-
lines, and postprocessed pressure for the Navier-Stokes-Brinkman equations on a cerebral
aneurysm. Solutions computed with an AFW-based method using ¢ = 1.

the visualization center) we impose a constant velocity profile u = —u,,v (with u,, = 1cm/s),
while at the outlet (the caps at the two remaining distal ends), and differently than the previous
example, we set ov = 0. This condition is simply included in the definitions of the spaces
to which o and o belong, so that the continuous and discrete analyses remain basically

unchanged. Under physiological circumstances the wall shear stress magnitude is of the order
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of 10 dyne/cm?. The initiation of atherosclerosis is associated with a decrease in wall shear
stress and a reduction in the function of several endothelial cell mechanisms. We plot in
Figure 5.5 the obtained numerical solutions. It is observed that the wall shear stress is very
low (magnitude less than 0.1 dyne/cm?) in the aneurysm and we also see a large recirculation
with a much lower velocity in that region. These findings are in qualitative agreement with,

e.g., [59,68].
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CHAPTER 6

Introduction

Heat driven flow is a class of physical phenomena that has been extensively studied and it has
practical applications in many branches of science and engineering. Specific mechanisms such
as natural convection lay the foundation for other— more involved— processes including heat
and mass transfer, phase change such as melting and solidification [42,73], the design of energy
storage devices [44], the description of ocean and atmosphere dynamics [43], and crystallization

in magma chambers [71].

Throughout the literature, phase change is incorporated into the Boussinesq approximation
by means of enthalpy-porosity methods [67] or enthalpy-viscosity models [42]. Numerical meth-
ods proposed for the former include a class of stabilised discontinuous Galerkin [67] and finite
volume methods [73], whereas a primal finite element scheme [42] is employed for the latter.
Other techniques used for either case include primal formulations with Taylor-Hood discretiza-
tion, projection schemes, variational multiscale stabilization, and other variants [3,45,62,65,76].
Here we consider the general case where viscosity, enthalpy and porosity all depend on temper-

ature. In turn, in the recent work [9] the authors introduced a phase change model for natural

54
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convection in porous media, where the problem is modeled as a viscous Newtonian fluid and the
change of phase is encoded in the viscosity itself, and using a Brinkman—Boussinesq approxi-
mation where the solidification process influences the drag directly. A fully-primal formulation
for the non-stationary case was analyzed in [9, Section 4.2], while rigorous mathematical and
numerical analyses for mixed-primal and fully-mixed methods for the stationary case were pro-
vided in [8]. These numerical methods, as well as the related weak formulations, have been

analyzed in Hilbert spaces-based frameworks.

Using the more general approach of working with Banach spaces framework permits us
to avoid augmentation techniques, maintaining a structure much closer to the initial physical
model in mixed form. This type of formalisms has other benefits such as enforcing strongly (mo-
mentum and mass and energy) conservative schemes. The numerical analysis of Banach spaces
formulations for linear, nonlinear, and coupled problems in continuum mechanics has been car-
ried out in the very recent contributions [16,25,30,33,37,39,41,48,49] (see also the references
therein), which consider Poisson, Brinkman—Forchheimer, Darcy—Forchheimer, Navier—Stokes,
chemotaxis/Navier—Stokes, Boussinesq, coupled flow—transport, and fluidized beds, among oth-
ers models. The purpose of the present manuscript is to extend and adapt the analysis developed
in [48] for the Navier—Stokes—Brinkman equations, to accommodate the analysis of the coupling
with phase change models such as that of [8]. We recall that in [8] it is necessary to augment the
formulation for sake of the analysis (since one cannot complete the norms and conveniently con-
trol the terms that appear naturally in the formulation due to the use of a functional structure
based only on Hilbert spaces) and currently we are not aware of non-augmented formulations
specifically aimed for such a system. We also stress that the fixed-point strategy used herein

differs substantially from that used in [8].

We have laid out the remainder of this part in the following manner. Before the end of this
chapter we collect some preliminary notational formalisms and recall some auxiliary results to be
employed throughout this part. In Chapter 7 we introduce the model problem, define auxiliary
variables to be employed in the setting of the mixed-primal formulation, and eliminate the
pressure unknown. In Chapter 8 we derive the continuous formulation, and adopt a fixed-point

strategy to analyze the corresponding solvability. Recent results on perturbed saddle-point
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problems, as well as the Babuska—Brezzi theory, both in Banach spaces, are employed to study
the corresponding uncoupled problems, and then the classical Banach theorem is applied to
conclude the existence of a unique solution. The associated Galerkin scheme is introduced in
Chapter 9, where, under suitable assumptions on finite element subspaces, the discrete analogue
of the methodology from Chapter 8, along with the Brouwer theorem instead of the Banach one,
are utilized to prove existence of solution. In addition, ad-hoc Strang-type lemmas in Banach
spaces are applied to derive a priori error estimates, specific finite element subspaces satisfying
the aforementioned assumptions are introduced, and corresponding rates of convergence are
established. Finally, the performance of the method is illustrated in Chapter 10 with several

numerical examples.

Background and preliminary notation. Throughout this part, € is a given bounded
Lipschitz-continuous domain of R™, n € {2,3}, whose outward unit normal at its boundary I
is denoted v. Standard notations will be adopted for Lebesgue spaces L"(Q2), with r € (1, o),

and Sobolev spaces W*"(Q2), with s > 0, endowed with the norms | -

om0 and | - s 0,
respectively, whose vector and tensor versions are denoted in the same way. In particular, note
that WO (Q) = L"(Q), and that when r = 2 we simply write H*(2) in place of W*2(Q), with
the corresponding Lebesgue and Sobolev norms denoted by || - [o.o and | - [|s,, respectively. We
also set | - |s.q for the seminorm of H*(2). In turn, HY/2(T") is the space of traces of functions of
HY(2), H"Y2(T) is its dual, and {-,-) denotes the duality pairing between them. On the other
hand, by S and S we mean the corresponding vector and tensor counterparts, respectively,
of a generic scalar functional space S. Furthermore, for any vector fields v = (v;);=1, and

w = (w;)i=1, We set the gradient, symmetric part of the gradient (also named strain rate

tensor), divergence, and tensor product operators, as

0v; 1 >

Vv = . ,oe(v) = = (Vv+(Vv)Y), div(v):= ), 2, W= (VW;)i ic1n,
(5) o etm S(Tve (@), divt) = D2 vow = (e,
where the superscript (-)* stands for the matrix transposition. In addition, for any tensor
fields 7 = (74;)ij=1.n and ¢ = (G;j)ij=1,n, We let div(7) be the divergence operator div acting

along the rows of 7, and define the trace, the tensor inner product, and the deviatoric tensor,
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respectively, as

n n 1
tr(7) = Zm, T:¢:= Z TGy T =T — ﬁtr(ﬂﬂ’
i=1

1,j=1

where I is the identity matrix in R := R™*"™. On the other hand, for each r € [1,+w0] we

introduce the Banach space
H(div,; Q) := {T e L?(Q): div(T)e LT(Q)} ,
which is endowed with the natural norm

”T”diw;Q = HTHO;Q + HdiV(T>H0,T;Q VT e H(div,; Q),

and recall that, proceeding as in [47, eq. (1.43), Sect. 1.3.4] one can prove that for each r > 2%

n+2
there holds
(tv,v) = f {’T Vv + v diV(T)} Y (7,v) e H(div,; Q) x H(Q),
0

where (-, -) stands as well for the duality pairing between H™"/?(I') and H'?(I'). Finally, bear
in mind that when r = 2, the Hilbert space H(divy;2) and its norm | - |givy.0 are simply
denoted H(div; Q) and | - |aiv.q, respectively.

Finally, the symbol [ -, -] will denote a duality pairing induced by an appropriately defined

operator.
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The model problem

Let us consider the following Navier-Stokes-Brinkman equations coupled with a generalized
energy equation, describing phase change mechanisms involving viscous fluids within porous

medias:

n(e)u — Adiv(p(p)e(u)) + (Vu)u + Vp = f(p)k in Q,
div(u) =0 in Q,

—pdiv (kVp) + u-Vy + u-Vs(p) =0 in Q, (7.1)
u=up and ¢=pp on I,

Jp:(h
Q

with A := Re™, p := (C Pr)_l, where Re and Pr are the Reynolds and Prandtl numbers,
respectively, k and C' are the non-dimensional heat conductivity tensor (here assumed isotropic)
and specific heat, respectively, k stands for the unit vector pointing oppositely to gravity, and

u:Q —>R"p:Q — Rand p : Q — R, correspond to the velocity, pressure, and the

o8
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temperature of the fluid flow, respectively. Finally, u, n, s and f are the nonlinear viscosity,
porosity, enthalpy and buoyancy terms, respectively, which depend on the temperature. Here
s(p) denotes an enthalpy function that accounts for the latent heat of fusion, i.e., the energy

needed to change the phase of a material (cf. [9]).

Typical constitutive forms for the permeability-viscosity-enthalpy functions include, for ex-

ample, the well-known Carman—Kozeny, exponential, and polynomial laws

(1 B ¢)2 S1 if P < Pe,

n(¢) = U ey

sy 4 s3(p — ) if v = @,

respectively, where ¢(¢) = € + é(1 + tanh[p — ¢.]) is a sharp liquid fraction field (porosity).
For the subsequent analysis, however, we assume a regular porosity-enthalpy hypothesis. In
particular, this implies that the functions u, 1, s are uniformly bounded and Lipschitz continu-
ous, which means that there exist positive constants uo, f1, 70, 71, So, s1, Ly, Ly and L, such

that
po < p(¥) < pa,  |p(@) (@) < Lulv—9|  Vy,0eR,

W) <m, @) =n@)] < Lyly -9l Vi,0eR, (7.2)
) < s, [s(¥) —s(d) < Ls [ — ¢| Vi, 9eR.

Similar assumptions are placed on the buoyancy f: there exist positive constants C; and Ly

N
N

Mo

)
)

N
V)
N

S0

such that
fWO < Crlyl, [fW) = fO)l < Lyl —¢|  Vi,0eR. (7.3)

On the other hand, we will suppose that for every ¢ € H'(Q), we have s(1)) € H'(2), and that

there exist positive constants s; and Lz such that

Vs()| < s3|VYl, [Vs(¥) =Vs(9)] < Lslp —¢| Vi, ¢eR. (7.4)

Finally, we suppose that x and x~! are uniformly bounded and uniformly positive definite

tensors, meaning that there exist positive constants kg, k1, kg and K; such that

k| < ki, Kv-vZ=r|V]®, KT <F, klv-veE|v]? YveR". (7.5)
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In turn, note that the incompressibility constraint imposes on up the compatibility condition

JuD-V:O,
r

and we also recall (see, e.g., [61]) that uniqueness of pressure is ensured in the space
L2(Q) = {qeLZ(Q): f q = o}.
Q

We now proceed as in [8] (see also [5,29,38,48]), and transform (7.1) into an equivalent
first-order system without pressure. We introduce the strain rate t, vorticity -, and stress o

as auxiliary tensor unknowns
t:=e(u) = Vu — v, v = ;(Vu—(Vu)t), o = Au(e)t — (u®u) — pl, (7.6)
so that, thanks to the incompressibility of the fluid, the first equation of (7.1) is rewritten as
n(e)u — div(e) = f(p)k in Q.

Moreover, the second equation of (7.1) (written in the form tr(t) = 0) together with (7.6), are

equivalent to the pair of equations given by
1
o' = Au(p)t — (u®u)® and p = ——tr(c+(u®u)) in Q. (7.7)
n

In summary, (7.1) can be equivalently reformulated as

t +9=Vu in Q,
Au(p)t — (u®@u)? = o in Q,
H(g)u — div(e) = f(p)k n o, (18)
—pdiv(k V) + u- Ve + u-Vs(p) =0 in Q,
u=up and ¢=pp on I,
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Ltr(a’+(u®u)) =0.
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CHAPTER 8

Continuous weak formulation

In this chapter we use a Banach framework for the continuous weak formulation of (7.8) and
analyze its solvability by means of a fixed-point approach. More precisely, we follow [48] and
introduce a mixed method for the Navier—-Stokes—Brinkman equations, whereas for the energy
equation we propose a primal method, which, differently from [8,9], is formulated in a nonlinear

version.

8.1 Mixed-primal approach

Note that the uncoupled Navier—Stokes—Brinkman problem — described by the first three equa-
tions of (7.8) and the respective boundary condition for the velocity — has been analyzed in
detail in [48] by using the abstract results for perturbed saddle-point problems derived in [40],
along with the Banach-Nec¢as-Babuska theorem. Following [48], we recall the definitions

L2(Q) = {seL2(Q); tr(s)=0} and L2

skew

Q) = {5eL2(Q): & = —5},
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and the decomposition

H(le4/3,Q) = Ho(le4/3,Q) @ RI[,

where

Ho(divys; Q) = {r € H(divys: Q) - Ltr(f) _y

In particular, the unknown o can be uniquely decomposed as & = oy + col, where oy €

Hy(diva/s; €2), and, from the last equation of (7.8), we have

| we) = - [ wwew
o = —— rlo) = ——— rlu®u).
’ n |9 Jo n |9 Jo
Consequently, re-denoting from now on o as simply o € Hy(divy/s; §2), introducing the spaces
H := L2(Q) x Ho(divass; ), Q = LY(Q) x L2..(9),
setting the notations
equipping H and Q with the norms

ISl = sl + I7lampee  ¥5:= (5,7) € H,
[¥lq = IVloao + I8l V¥:= (v.8)€Q,

following [48], and assuming that the temperature dependency of p,n, f does not affect the

aforementioned analysis, we arrive at the following formulation: Find (1?, u) € H x Q such that

ay(t,s) + bi(s,o) + b(u;u,s) = 0,
bo(t, ) + b(s, u) = {(tv,up), (8.1)
b(, %) - (i, ) - | remev,
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for all (S,v) € H x Q, where the bilinear forms ays : LZ(Q) x L2(Q2) — R, b; : L2(Q) x
Ho(divass; Q) — R, i € {1,2}, b:HxQ — R, and ¢ : Q x Q — R, with ¢ € H'(Q), are
defined, respectively, as
as(r,s) = )\f p(o)r s Vr,seL2(Q),
Q
bi(s,T) := —J s:T, bys,T):= f s:T, Y (s, T) e L2(Q) x Ho(divy/s; ),
Q Q
b(s,¥) = f 5t + J v.div(r) VE¥)eHxQ,
Q Q

ColW.9) i= [ n@)wov ¥ TeQ,
Q
whereas for each w € L*(Q), b(w; -, ) : L(Q2) x L2(Q2) — R is the bilinear form given by

b(w;v,s) := — fﬂ(w@v) : S ¥ (v,s) e LY(Q) x L2(Q).

Next, and letting, for each ¢ € H'(Q), a, : H x H — R be the bilinear form that arises from

Ay b1
by

the block by adding the first two equations of (8.1), that is

a,(r,8) := ay(r,s) + bi(s,C) + bo(r,T) Vr,Se H,
we find that (8.1) can be rewritten as: Find (t,d) € H x Q such that

a,(t,8) + b(E, 1) + b(u;u,s) = (Tv,up) VseH,

(8.2)

b(E.¥) — c, (i, ¥) - | sy wvea.
Q

Moreover, letting now A, : (H X Q) X (H X Q) — R be the bilinear form that arises from the

block , for each ¢ € H'(Q), by adding both equations of (8.2), that is

,\ﬁ) + b(Fv‘_”) - C¢(W,\7) V(f,\ﬁ), (5’,\7) eHxQ,
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we deduce that (8.2) (and hence (8.1)) can be stated equivalently as: Find (t,d) € H x Q such
that
AL(E5),5.9) + buus) - F,69)  VET) eHxQ, (8.3

where, for each ¢ € H'(Q), the functional F € (H X Q)/ is defined by
Fy(8,¥) = (v, up) — J fOk-v VEVeHXQ.
Q

On the other hand, in order to derive a weak form for the energy equation, we recall that
the injection iy : H(Q2) — L*(Q) is continuous (cf. [61, Theorem 1.3.4]), which is valid in R",
n e {2,3}:

[¥]0a0 < il [¢¥he Ve HY(Q). (8.4)

Proceeding as in [8, Section 3.1], we test the fourth equation of (7.8) against ¢ € H!(Q),
integrate by parts, introduce the normal heat flux x := —pxVy -v € HV3(I') as a new

unknown, and impose the Dirichlet boundary condition for ¢ in a weak sense, so that we get

0 Vi e HY(Q),

pL KV -V + ngu'V(SO"‘S(SO)) + QG Yr

Epr = & opyr  VEEeHVA(T).

(8.5)

Here we readily note that, in order for the second term in the first equation of (8.5) to be
well-defined, and thanks to the continuous injection iy (cf. (8.4)) and the assumption on s (cf.
Chapter 7), we require that (u, ¢) lies in L*(Q) x H (). Then, given u € L*(2), we now consider
the following primal formulation for the energy equation: Find (¢, x) € H'(Q2) x H™¥2(I") such
that

[Au(e), 9] + [B(¥),x] = 0 Vi e HY(Q),

[Ble),&] = G(&) vEeH VAT,

(8.6)

where given z € L*(Q), the nonlinear operator A, : H () — H'(Q2)" and the linear operator

B:HY(Q) — H Y2(T) are defined by

[Au(0), 0] = meww s sz-V(mSw)) VoueH(Q),  (87)
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and

[B(¢),€] == (&, o0 Ve HYQ), VEe H VAT,

whereas G € H™/2(I')’ is the functional given by
G(§) =& wpyr  VE€HTVAI).

Summarizing, the non-augmented mixed-primal formulation for (7.8) reduces to (8.3) and

(8.6), that is: Find (t,d) € H x Q and (¢, x) € HY(Q) x H"V2(T') such that

A((£,1), (5, V) + b(wsu,s) =F,(5,¥) V(G V) eHxQ, (8.8a)
[Au(p), ¥] + [B(1),x] =0 vy e HY(Q), (8.8b)
[B().€] =G(€) vEe AT, (8.8¢)

8.2 Fixed-point strategy
Let S : L4(Q) x HY(Q) — L4(Q) be defined by
S(z,¢) =u  V(z,¢)eLYQ) x H(Q),
where (t,d) = ((t,0), (u,v)) € H x Q is the unique solution (to be confirmed below) of
Ay((£,1), (5, V) + b(zyu,s) = Fy(5,¥) VY (5,¥)eHxQ. (8.9)

In turn, we let S : L*(Q) — H'(Q2) be the operator given by

S(z) == ¢ VzeLiQ),
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where (¢, x) € H(Q) x H"Y2(I") is the unique solution (to be confirmed below) of

[As(p) 0] + [B),x] = 0 Ve HY(Q), 8.10)
[Ble),&] = G(€) veeHVAD).
Then, we define the operator T : L*(Q2) — L*(Q) by
T(z) := S(2,S(z)) VzeLYQ). (8.11)

Solving (8.8) is equivalent to seeking a fixed point of T, that is, finding z € L*(£2) such that

T(z) = z. (8.12)

8.3 Well-posedness of the uncoupled problems

We now show that the uncoupled problems (8.3) and (8.6) are well-posed. We remark again
that the only difference between (8.3) and the formulation in [48] is that u, n, f are temperature-
dependent, but in virtue of assumptions (7.2) and (7.3), we can simply state the following result

(with an almost verbatim proof).

Lemma 8.1. For any (z,¢) € L*(Q) x H(Q) such that |z|oun < %2, problem (8.9) has a
unique solution (t,1) := ((t,a), (u,'y)) € H x Q, and hence S(z,¢) := u € LY(Q) is well-
defined. Moreover, there exists Cs > 0, depending only on aa, Cy (cf. (7.3)), |Q| and |k|,
such that

1S(z, ) ox0 = [ulose < [t @)|uxq < CS{HUDHl/zF + H¢||1;Q}- (8.13)
Proof. Tt follows directly from [48, Lemma 3.5], with the exception that now there holds
[Fol < Ce{lupliar + I8la} (8.14)

where Cp := max {1, C;|Q"*| k] }. O
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The previous lemma suggests to consider the ball (which will be employed below in Chapter
8.4)

Wg = {ZEL4(Q) zloan < O%A}.

It remains to prove that S is well-defined. To this end, and in order to proceed similarly to [17],
we state next an abstract result that will be utilized to establish the well-posedness of problem
(8.10), and which can be viewed as a nonlinear version of the Babuska-Brezzi theory. We notice
in advance that, while the above is valid within a Banach spaces framework, its application

below is just for a particular Hilbertian case.

Theorem 8.2. Let H and Q be separable and reflexive Banach spaces, with H uniformly conver,
and let a : H — H' be a nonlinear operator and b€ L(H, Q). Let V be the null space of b, and

assume that

i) a is Lipschitz-continuous, that is there exists L > 0 such that

la(u) = a()w < Lju —vls  Vu,veH.

ii) The family of operators a(- +1t) : V.— V', with t € H, is uniformly strongly monotone,

that is there exists a positive constant o such that

alu+t)—alv+t),u—v]=afu—v|4 VteH, VuveV. 8.15
H

iii) There exists a positive constant 5 such that

b(v),
supw>ﬁ|\7|\Q Vreq.
2 Tol

Then, for each (F,G) € H x Q' there exists a unique (u,0) € H x Q such that

[a(u),v] + [b(v),0] = [F,v] VveH,

[b(u), 7] = [G,T] Vreq.
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Furthermore, there hold

1 1 L 1
< —|Flw+=(14+—)|G|o + —|a(0)|s, d
bl < 1Pl + 5 (142 ) 16l + Lo, an

1 L L L 1 L
oo < 5 (14 %) 1w+ 55 (14 £ ) 16l + 5 (145 ) lal

Proof. Tt follows from a slight adaptation of [66, Proposition 2.3] with p = 2 (see also [31,

(8.16)

Theorem 3.1] with p; = py = 2). O

Next, in order to apply Theorem 8.2 to problem (8.10), we first observe, thanks to the
duality between H™Y/2(T') and HY2(T), that the linear operator B and the functional G are
bounded, that is

B@).€]l < [6halélyer YoeH(Q), VECHYAT),  and (8.17a)
6] = sup 'g@‘ < lenlijar. (8.17h)
geH5 1/2(1y Hf”—

We continue our analysis by proving that for each z € L*(f2), A, is Lipschitz continuous.

Lemma 8.3. There exists a positive constant Ly, depending only on p, k1, Lz and |[is||, such

that
[ AL (01) — Az(d2) |y < La (1 + |2oa0) o1 — d2]10, (8.18)

for all z € LY(Q), and for all ¢y, ¢, € HL().

Proof. Given z € LY(Q) and ¢y, ¢, ¢ € HY(Q), using (8.7), the upper bounds (7.4) and (7.5),
the Cauchy—Schwarz and triangle inequalities, and the continuous injection iy (cf. (8.4)), we

deduce that

[Au(61) — Au(), ]
f WV (61— ) w\ j b2V (61 — b2) + (s(61) — 5(62))
< il — dalialtha + (61— daluo + 15(61) — s(62)l1e) [zlo.seléloe

< (pr1+ (1 + Lo)isll|zlo.se) 61 — E2f el e

\
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which confirms the mentioned property on A, with L4 := max {pry, (1 + Ls)|is]}. O

Now, aiming to prove that A, satisfies (8.15), we require the Friedrichs—Poincaré inequality,

which establishes the existence of a positive constant c,, depending only on €2, such that
blia = coldlia Vo e Hy(Q). (8.19)
In addition, we note that the kernel V of the operator B is given by
Vi= {peH(Q): (&or=0 VEeH XD} = HY(Q), (8.20)
and introduce the ball

Wg = {zeL'(Q) : o< ST Il
. {ze () = lzlo.ao 2(1 + Ls) i

Then, the following result states that A, satisfies hypothesis ii) of Theorem 8.2.

Lemma 8.4. There exists a positive constant a4, depending only on p, ko and c,, such that for
each z € Wy, the family of operators A,( -+ ¢) with ¢ € H'(Q), is uniformly strongly monotone

[AL (01 + 6) — Ay (02 + 6),01 — 0] = by — 651, VoeH(Q),V60,0,eV. (821)

Proof. Given z € L4(Q2), ¢ € HY(Q) and 6y, 6, € V, using (8.7), (7.5), (7.4), Friedrichs—Poincaré
inequality (8.19), the continuous injection (8.4), and the Cauchy—Schwarz inequality, it follows
that
[AZ(QI + ¢) - AZ(QZ + ¢)7 01 — 92]
= pf KV (0y — 05) - V(0 — 0,) + f (6, — 6)z - v((91 —03) + (s(01 + @) — (02 + cb)))
Q Q
> priolbh — 0230 — 61 — O2]0.a0]2]o.a0 (101 — O2]10 + |s(01 + ¢) — 5(62 + d)|1.0)

> (priocy — (1 + Ls)llial |zloa0) |61 — 0212
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KoC
In this way, defining ay := p ;) Y we obtain

[AL (01 + @) — Ay (62 + ¢),01 — 05] = (2004 — (1 + La)|lia]]20,4:0) |61 — b2 .

from which, using that z € Wy, we readily conclude the proof. O]

We observe here that, instead of imposing |z[os0 < aa/((1 + Lg)|is]), we could have
assumed that |z]os0 < 26ca/((1 + Ls)|lia]), with § € (0,1). Then choosing § closer to 1, the
larger the resulting range of |zo .o, but then the strong monotonicity constant approaches 0.

Conversely, the closer ¢ to 0, the smaller the range for |z|o 4.q, but then the strong monotonicity

1

5 aims to balance both aspects.

constant approaches 2a 4. Hence the choice § =

We complete the verification of the hypotheses of Theorem 8.2 with the inf-sup condition
for B, which can be found in [47, section 2.4.4].

Lemma 8.5. The following inf-sup condition holds with inf-sup constant equal to 1

sup [B(¢)a€] 2 H§H—1/2;F vf c H_1/2(F) )
¢e$189) WHl;ﬂ
#+

Now, we are in position to establish the unique solvability of the nonlinear problem (8.10).

Lemma 8.6. For each z € Wy, the problem (8.10) has a unique solution (p,x) € H(Q) x
H-'2(T"), and hence S(z) = ¢ € HY(Q) is well-defined. Moreover, there exist positive constants
Cy and C~‘§, depending only on L4 (cf. proof of Lemma (8.3)) and ay (cf. proof of Lemma
8.4), such that

IS()[ue = l¢lie < Cylenlyar and |x|-1or < Cglenlyzr (8.22)

Proof. We first recall from (8.17a) and (8.17b) that B and G are linear and bounded. Thus,
using Lemmas 8.3, 8.4 and 8.5, and applying Theorem 8.2 to problem (8.9) implies the well-
definedness of the operator S for each z € Wg. Moreover, noting that A,(0) € H'(Q)' is

the null functional, recalling from Lemma 8.5 that the inf-sup constant is 1, and denoting
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Ly = L 4(1+ ay), the a priori estimate (8.16) yields

~ ~

L ~ L
)Gl and xl-yer < Za(1+ 22)19],
aaq

S A
B(2) e = lelo < (1+ 22
A

which, along with the upper bound of |G| (cf. (8.17b)), implies (8.22). O

8.4 Solvability analysis

Consider now the ball
W= Wg n Wy = {ze;IA(Q); 1z]ose < g} (8.23)

of radius

. {OzA ay }
0 = min{ —, ———— > .
2 7 (1+ Lg)|id)

We proceed to prove that, under sufficiently small data, T maps W into itself.

Lemma 8.7. Assume that the data satisfy

Cr{luplijzr + leplar} < e. (8.24)

where Cp := (Cgmax {1, C’g}, and Cg and Cy are the constants specified in Lemmas 8.1 and

8.6. Then, there holds T(W) € W.

Proof. Given z € W, we have that z satisfies the well-defined conditions for S and S, and hence

for T. Moreover, the corresponding estimate (8.13) yields

IT@loae = 15(28()losa < Cs {lulizr + 8@} -

Then, bounding | S(z)|1.q in the foregoing inequality according to the estimate (8.22) and using
the assumption (8.24), we get |T(z)]o4.0 < o, which completes the proof. O

We now prove that T is Lipschitz continuous (it suffices to show that S and S satisfy



CHAPTER 8. CONTINUOUS WEAK FORMULATION 73

this property). For S we assume the further regularity up € HY?>*<(T") for some € € [1/2,1)
(when n = 2) or € € [3/4,1) (when n = 3), and that for each (z,¢) € Wg x H'(Q) there holds
(t,1) = ((t,0),(w,7)) € (L2(Q) nH(Q)) x (Ho(divas; ) nH(Q))) x ((L1(Q) nW(Q)) x
(L2, () " HY(Q))) with S(z,¢) := u and

[tleo + lofca + lulcua + (7] < 0s{|\uDH1/z+e;r + Hfme}, (8.25)

with a positive constant cg independent of the given (z,¢). The chosen range for e will be

clarified in the proof of the following lemma.

Lemma 8.8. There exists a positive constant Lg, depending on |Q|, |K|w, L, Ly, [is], aa

and €, such that

IS(z1, ¢1) — S(22, ¢2)]0,4:0

< Ls{HS(zQ, ®2)loaelzr — z2loae + ([tlen + IS(z2, d2)oan + Ly) [é1 — cszm},
(8.26)

fOT all (Z17¢1)7 (z27 ¢2) € WS X HI(Q)

Proof. Given (z;, ;) € Wg x H'(Q), for each i € {1, 2}, we let S(z;, ¢;) = u;, where (’Ei, u;) =
((t:,04), (u;,7;)) € H x Q is the unique solution of (8.9) with (z,¢) := (z;, ¢;), that is

Ay ((t,10), (5,¥)) + b(zi;w,s) = Fy,(5,v)  V(5,v)e Hx Q. (8.27)

Now, applying the inf-sup condition for the bilinear form in the left hand side of the foregoing
equation (cf. [48, eq. (3.64)]) with (z,$) = (z1, ¢1) to (¥, W) := (ty, ;) — (ta, dy), we obtain

. . 9 Ay, ((t1, 1) — (£, 1), (8,¥)) + b(z1;uy — uy, s
|(t1,U1) — (b2, Us)[Hxq < — sup o (b, ) = (& i>ﬁ( %)) + blas; v — v 5
QA (g(,g)g)lixoq H(Sav)HHxQ

S,V

Y
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from which, adding and subtracting b(zs; us, s), and then employing (8.27), we obtain

| (€1, 1) — (t2, o) mxq

C 2y (B A0 (e i), B19) + b = miues) + (Foy —Fo) G V)
Rl [GV)lmq '
(5, ¥)+0

(8.28)
We now estimate the right-hand side of (8.28) by separating its numerator into three suitable

terms. Indeed, we first observe that

(A¢2 - A¢1) ((€27 ﬁ2)7 (§7 ‘7))
= (a¢2 — a¢1)(t2, S) + (C¢)1 — C¢2)(ﬁ2,\_f»)
= A Jﬂ (1(2) — pu(er)) t2 s + Jﬂ (n(¢1) = n(d2)) g - v

S ALy |2 — d1]2pallta]2galslon + Lyllér — d2loeluz]osallviose

(8.29)

where p, q € [1,00) are such that % + % = 1. In this way, bearing in mind the further regularity

(8.25), we recall that the Sobolev embedding Theorem [1, Theorem 4.12] establishes the con-

. 2 ifn=2,
tinuous injection i, : H(Q) — L (), where ¢* = e . Thus, choosing ¢
& ifn=3
such that 2q = €*, there holds t, € L?7(Q2) and
[t2ll0.2g:0 < Jic] [[t2]eo - (8.30)

In turn, with that choice of 2¢g, we obtain that 2p = n/e and hence, using now that for the
specified ranges of € the injection 1. of L4(Q) into L™¢(Q) is continuous, and applying that
H'(Q) is continuously embedded into L*(Q) (cf. (8.4)), there holds

le2 = e1loman < [l le2 = erllosn < [iel ial o2 — @1l - (8.31)
Then, putting (8.30) and (8.31) back into (8.29), and denoting

La = max {A Ly [ic] sl licl, Ly},
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gives
(A = As) (F 1), (5,9) < La{ltalan + [uzlosa}lor = ikl V)l (8:32)
Next, it is easy to see that
b(z2 — z1;u2,8) < |uzfoulzz — Z1]ou0l (S, V)|axq- (8.33)

Now, thanks to the properties of f (cf. (7.3)) together with the Cauchy—Schwarz inequality, we
have

(Fos, — Fy,) (8,V) < LyLp[r — d2lial(5. V) lnxq, (8.34)
with Ly := |Q|Y*|k|.. Finally, replacing (8.32), (8.33) and (8.34) back into (8.28), and then

simplifying by [ (8, V)|lmxq, we obtain (8.26) with

Lg = imax {LA, 1, LF}.
aA

We now focus on proving the Lipschitz-continuity of S.

Lemma 8.9. There ezists a positive constant Lg, depending only on sz, [ial| and aa (cf. proof

of Lemma 8.4), such that for all z,,z, € Wg, there holds
IS(z1) = S(z2) 10 < Lg [S(22) |1:0ll21 — a0 s - (8.35)

Proof. Given z; € Wy, i € {1,2}, we let S(z;) = ¢;, where (¢;, x:) € HY(Q) x H"Y2(I") is the

unique solution of (8.10) with z := z;, that is

[Azl((pz)aqvb] + [B(¢>7X1] =0 V¢GH1(Q>7
[Blgi).€] = G(€) Ve HVA(T).
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Then, subtracting the two problems, we obtain

['Azl((zpl) - AZQ(QOQ)v@ZJ] + [B(¢)axl _XQ] =0 V¢GH1(Q)7

[Blor—¢2).6] = 0 ¥eeHVA(T).

(8.36)

It follows from the second equation of (8.36) that @, — ¢y € V (cf. (8.20)), and hence, using
that Ay, is uniformly strongly monotone on V (cf. (8.21)), with o € HY(Q2) and 0, 1 — ¢y € v,

we get

auler — @2lla < [As(e1) — As(02), 01 — 2] - (8.37)

Now, using (8.7), adding and subtracting A,,(¢2) in the first term on the right-hand side of
(8.37), using the first equation of (8.36) and Cauchy—Schwarz and Holder inequalities, we have

aqler — 902\\%;9 < [Ag (01) = Agy (92), 01 — 2] — [ Az, (92) — Az, (02), o1 — 2]

Lm ~p0) (1 — ) - V(02 + 5(22))

< o1 = @2foanlee + s(v2)|elzr — 22040 -

<

Then, using the triangle inequality, the upper bound for the gradient of s (cf. (7.4)) and (8.4),

we get

(1 + 33)Hi4|| H§<

lo1 — 2fl0 < 25)|1,0]21 — Z2]04:0

which yields (8.35) and ends the proof. O
As a consequence of the previous lemmas, we establish now the Lipschitz-continuity of T.

Lemma 8.10. There exists a positive constant Ly, depending only on Cy, Cr, cs, Lg, and

Ly, such that for all z,,2z, € W, there holds

IT(21) = T(z2) oo < La{ [uplysr + Inlar +Cup, op) [¢nliar {2 — zalo, (8.38)

where

C(up,¢p) = |luplier + |uplizrer + |epli2r + Ly (8.39)
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Proof. Given z,,z, € W, and according to (8.11) and (8.26), we first obtain

| T(z1) — T(22) 0.0 = |S(21,S(21)) — S(22,S(22))0.1:0

< Ls{IT(z)losalz1 — zlosa + (Italan + IT@)lou0 + Le ) I8(21) = 8(z2) |1}
(8.40)

where for each i € {1,2}, (t;, 1) = ((ti,04), (u;,7;)) € H x Q is the unique solution of (8.9)
with (z;, g(z,)) instead of (z,¢). In turn, the a priori estimate for S (cf. (8.22)) holds

IS(z2)0 < Callenliar (8.41)
whereas the Lipschitz-continuity of S (cf. (8.35)) with (8.41), gives
1S(z1) — S(22) 1,0 < LgCsllonliyorzi — z2loan (8.42)
and the a priori estimates for T (cf. Lemma 8.7) yields
IT(z)lose < Co{luplyar + leolyar} (8.43)
and finally, replacing (8.41) on the regularity assumption (8.25) for ts, we find that
ltellee < es{lunlzrar + Cslenliar} (8.44)

In this way, replacing (8.42), (8.43) and (8.44) in (8.40), and performing several algebraic

manipulations aiming to simplify the whole writing, we are lead to (8.38) with

Lt = 2Lg max{cs, csCy, Cr, 1}max{1, L§C§}.

The main result of this chapter is given as follows.
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Theorem 8.11. Assume the data satisfies (8.24), that is

Or{luplyzr + leplhrf < o,

and

LT{HuD”l/Q;F + lleplier + C(uDaSOD)HSOD”l/ZF} < 1. (8.45)

Then T has a unique fized point u € W. Equivalently, the coupled problem (8.8) has a unique
solution (t, 1) := ((t,0),(u,7)) € H x Q and (¢,x) € H(Q) x HV(T'), with u € W.

Moreover, there holds
€ @ lxq < Cr{lupliyzr + leplizr} (8.46a)

leluo < Cslleplier and  |x|l-12r < Cglep|izr- (8.46b)

Proof. 1t is clear, thanks to assumption (8.45) and Lemma 8.10, that T is a contraction, which
together with Lemma 8.7, proves that the fixed point operator T satisfies the hypotheses of
Banach'’s fixed-point theorem, which implies the solvability of the problem (8.12), equivalently,
the solvability of (8.8). Consequently, the a priori estimates (8.46a) and (8.46b) follow from
(8.13) and (8.22), respectively. O



CHAPTER 9

The Galerkin scheme

In this chapter, we introduce and analyze the Galerkin scheme associated with (8.8). The solv-
ability of this scheme is addressed following basically the same techniques employed throughout
Chapter 8. To this end, we let Ht, HZ, Hp, HY, H? and HY be arbitrary finite element sub-
spaces of L2.(2), H(divys; Q), L4(Q), L2_.(2), H'(Q) and HV*(T'), respectively. Hereafter,
h := max {hK . Ke ’77L} stands for the size of a regular triangulation 75, of Q. Specific finite

element subspaces satisfying suitable hypotheses to be introduced along the analysis will be

provided later on in Chapter 9.5. Then, letting
HY := HY ~ Hy(divys; Q), (9.1)
defining the product spaces

H), = H}, x HY, and Q :=H} x H}, (9.2)

79
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and setting the notations
th = (th,0n), Sh = (Sn.7n), Th = (4, Cp) € Hy,
Uy, i= (Up, Yn), Vioi= (Va, 0n), Wi 1= (W, &) € Qu,

the Galerkin scheme associated with (8.8) reads as follows: Find (t,, 1) € Hy x Qp and

(¢n, xn) € Hf x Hy such that

ASOh ((Eh, ﬁh), (§h7 Vh)) + b(uh; uy, Sh) = th (gh, \7h) Y (gh, \7}1) (<] Hh X Qh , (93&)
[Au, (en), Yn] + [BWn), xn] =0 Vi, € H | (9.3b)
[B(n): &n] =G (&) V&, e Hy (9.3¢)

9.1 The discrete fixed point strategy

We adopt the discrete analogue of Chapter 8.2 to analyze (9.3). Let S, : Hi x HY — HJ be

the operator given by
Sn(zn, ¢n) = up VY (zn,én) € Hy x Hf

where (t),, d;) = ((tn, o1), (up,v1)) € Hy x Qy is the unique solution (to be confirmed below)

of the linear problem given by
A¢h ((Eh, ﬁh), (§h7 V}J) + b(Zh; Uy, Sh> = F¢h (gh, Vh) Y (§h; ‘_;h) € Hh X Qh . (94)
In turn, we let S;, : H — H? be the operator defined by

Sh(Zh) = Qp VZh € HZ,



CHAPTER 9. THE GALERKIN SCHEME 81

where (¢p, x1) € Hi x HY is the unique solution (to be confirmed below) of

[Az, (0n): ¥n] + [B(n),xn] = 0 Vb, € HE 95)
[B(gn), &l = G(&)  V&neHy.
Then, we define the operator T}, : Hjf — H}' by
Th(zh) = Sh (Zh, §h<zh)) VZh S Hz, (96)

and realize that solving (9.3) is equivalent to seeking a fixed point of Tj: Find z, € Hj such
that
T(zn) = zn . (9.7)

9.2 Well-definedness of the discrete problems

In this chapter we apply the discrete versions of the solvability result for perturbed saddle-point
problems and the nonlinear version of the Babuska—Brezzi theory employed in Chapter 8.3, to
prove that the operators Sy, §h, and hence T}, are well-defined. As observed in the previous
chapter, these goals reduce, equivalently, to establishing that the uncoupled problems (9.4) and
(9.5) are well-posed. To this end, we begin by remarking, as in the continuous counterpart,
that the solvability of the discrete problem (9.4) is addressed in [48, Section 4.2], and for this

reason we just state the following result.

QA4

Lemma 9.1. For each (zy, ¢p,) € Hi xH} such that |z4]o.4.0 < (cf. [48, eq. 4.23]), problem
(9.4) has a unique solution (Eh, uy) = ((th, o), (uh,fyh)) e Hy, x Qy, and hence Sy (2, on) =
u, € H} is well-defined. Moreover, there exists a positive constant Csgq, depending only on

aag, Cf, |9 and |k|w, and hence independent of h, such that

ISu(z0 00)lose = [alosa < 1€ )lu,q, < Csa{lunlar + lonlia}. (98

Proof. 1t follows directly from [48, Lemma 4.2] and (8.14). O
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The following assumptions, specified in [48, Section 4.2], are necessary to apply Lemma 9.1.

(H.0) ]ﬁl‘,{ contains the multiplies of the identity tensor L.

(H.1) div(H?) = HP.

(H.2) (VOJL)d < Hf, where Vj, := Ht x Vj, is the kernel of b|g, xq,, with
Vou = {TheHZ: J T :0, =0 Vd,eH! and J vy, -div(m,) = 0 VvheHz}.
Q Q

(H.3) There exists a positive constant [, 4, independent of h, such that

b(s, Vv . R
sup (_,’ ) = ﬁdeVHQ VVEQ}L.
SeHy, HS”H
S+0

In addition, the previous lemma suggests to consider the ball

QA
Wg ), = {Zh eH} :  |zpfos0 < 5 d},

which will be employed below in Chapter 9.3.

Next, aiming to prove the solvability of (9.5), we require a consequence of the generalized

Poincaré inequality, which establishes the existence of a positive constant ¢, such that

0lia = G l9lia VoeV, (9.9)

where V := {QS e HY(Q) : Sng = 0}. Then, in order to apply Theorem 8.2, we introduce

appropriate hypotheses on the discrete spaces Hf and H}:
(H.4) Po(T") < Hf.
(H.5) There exists a positive constant g4, independent of h, such that

[B(1n), &nl

sup ———————
S ol
Yr=+0

> Bgalénll-12r Y& € Hy . (9.10)
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Taking the above assumptions into account, and defining

P Ko Cp }
)

WN — { Hu : . < 91 L T
sn = e Hi s fzndose < 5 S

we can prove that the operator §h is well-posed, which is abridged in the following lemma.

Lemma 9.2. For each z, € Wg,, problem (9.5) has a unique solution (s, xn) € Hj x HY,
and hence §h(zh) = @y, € Hy is well-defined. Moreover, there exist positive constants Cy , and

~

Cg 4, depending on p, Ko, ¢, (cf. (9.9)) and K1, Bpa (cf. (9.10)), such that

ISu(zr) 1.0 = llenlie < Cgqlenliyzr  and |Ixal-120 < Cs4lenlijer- (9.11)

Proof. We begin by introducing the discrete kernel of B, namely

~

Vy = {whEHf : L Ynr = 0 VﬁheH?f};

which, as a consequence of (H.4), is clearly contained in \A/, and thus, (9.9) is certainly valid
in \N/h. On the other hand, given z, € H}!, ¢, € Hy and 6,02, € i’/h, and proceeding as in

Lemma 8.4, using in this case (9.9) instead of (8.19), we obtain

[Az, (O1h + &n) — Ay, (B2 + O1), 015 — b21]

> (proCy — (14 La)lul |zn]o.s0) 1010 — G2 R

from which, defining a4 := pko¢,/2 and using that z, € Wy ,,, we readily conclude that
the family of operators A,, (- + ¢p), with ¢, € H, is uniformly strongly monotone in V), with
constant a44. In addition, (8.18) and the specified bound on |z, imply the Lipschitz-
continuity of A,, with constant L4 = pri + aaq. Moreover, thanks to assumption (H.5) (cf
(9.10)), a straightforward application of Theorem 8.2 and the upper bound for G (cf. (8.17b)),
we obtain (9.11) with

1 Lya ~ L ( L4 d)
Cs., = — 14+ =2 and Cx, = —=——(1+ : )
S BB,a < OéA,d) S B%,d QAa
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9.3 Solvability analysis of the discrete fixed point

Having proved that T}, is well-defined, we now apply the following version of Brouwer’s theorem

(cf. [35, Theorem 9.9-2]) needed to show the solvability of (9.7).

Theorem 9.3. Let W be a compact and convex subset of a finite dimensional Banach space X

and T : W — W be a continuous mapping. Then T has at least one fixed-point.

Similarly to Chapter 8.4, we introduce the ball
W, = Ws), n Wy, i= {zh e HY : |z]osa < gd} (9.12)

with radius

04 := min {QA,d QA }
d -— 9 . ’
2 7 (1+ Lg)|id

which is a compact and convex subset of the finite dimensional space H}!. Then, the discrete

analogue of Lemma 8.7 is stated as follows.

Lemma 9.4. Assume that

Cra{luphyar + leplar} < e, (9.13)

where Cpq 1= Csqamax{l,Cy,}, and Cs4 and Cy  are the constants specified in Lemmas 9.1

and 9.2, respectively. Then, there holds T(W}) € Wy,.

Proof. Similarly to the proof of Lemma 8.7, it is a direct consequence of the assumption (9.13)

and Lemmas 9.1 and 9.2, particularly of the respective a priori bounds (9.8) and (9.11). ]

We now aim to prove that T} is continuous, for which we previously address the same
property for S;, and §h. Indeed, in what follows we state the discrete analogues of Lemmas 8.8

and 8.9.
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Lemma 9.5. There exists a positive constant Lg 4, independent of h, depending only on oa q4,

L, Ly, |ia], |92 and |k|ew, such that for all (zyn, ¢1.1), (Zop, P2n) € Wsy, x HY, there holds

18421, 610 — S (22, G20 llixq < Lo [Sn(z2,, 02.)

+ (It o0+ Ly) |61 — danlia}

0,4;Q \Z1,h —Zyp |0,4;Q

(9.14)

0,40 + th(ZQ,ha ban)|

Proof. Given (z1 p, $14), (Zoh, d2n) € Wspx Hy, we let Sy (2ip, ¢in) := uyp, for each i € {1,2},
where (Ez-,h, u; ) = ((tiﬁh, oin), (Wp, 'yz-,h)) is the unique solution of (9.4) with (2, , ¢; 5) instead
of (zp, ¢r). Then the proof of (9.14), starting now from the discrete global inf-sup condition [48,
eq. (4.24)], is very similar to the one for Lemma 8.8. However, since a regularity assumption
such as (8.25) is not available in the present discrete settings, we estimate ag, , —ag, , by using

an L1(Q) — L*(Q) — L*(Q) argument along with (8.4). In this way, we obtain

(ag,, —ag,,)(ban,sn) < ALy [ia] |20 — 1l 0lton]oselsh]oe -

The rest of the estimates are similar to those in the proof of Lemma 8.8, and are therefore

omitted. [

Lemma 9.6. There exists a positive constant Lg 4, independent of h, depending only on ss,

4] and caa (cf. proof of Lemma 9.2), such that for all zy p, 225 € Wg,, there holds

ISh(z1n) — Sh(z2) |0 < Lg,|Sh(z2)

|1;S2 ‘Zl,h — Z2 h|[0,4:2 - (9.15)

Proof. 1t follows very closely the arguments from the proof of Lemma 8.9. n

As a consequence of the previous two lemmas, we have the continuity of the operator T},.

Lemma 9.7. There exists a positive constant Lt 4, independent of h, depending only on C’§7d,
Cra, Lsa and Lg ,, such that for all z,},22, € Wy, there holds

|Th(z1.0) — Thizon)llos0
(9.16)

< LT,d{HuDul/Q;F + H%0D||1/2;F + Cy(up, 90D7th,z)HSODHl/Q;F}HZLh — Zo 040
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where

Ca(up, ¥p,trz) = |upllipr + [¢pliyzr + [t2nfose + Ly

Proof. Given z 5,22, € Wj,, and proceeding as in the proof of Lemma 8.10, but now using the

definition of T}, (cf. (9.6)) and the continuity of Sy, (cf (9.5)), we readily find that

| Th(z1,1) — Thizon)loso < Ls,d{HTh(Z2,h)Ho,4;QHZ1,h — Zopoa0 0.17
9.17

+ (It2nlloase + [ Th(z2n)oae + Ly) [Sa(z1s) — Sh(zz,h)Hl;Q} :

Then, thanks to the a priori estimate (9.8), the Lipschitz-continuity of S, (cf (9.15)) yields

ISh(z1n) = Sh(z2n) 0 < Lg .Cs ol n /20| 210 — 22 pl0.s0 - (9.18)

In addition, using the a priori estimates for S, and S, (cf. (9.8) and (9.11)), we have

ITu(z2n)loae < Cra{lupliar + lenlyzr} (9.19)

Finally, replacing (9.18) and (9.19) in (9.17), and performing some minor algebraic manipula-

tions, we obtain (9.16) with the constant
Ltg4 1= Lggqmax {CT,d, 1} max {1, Lg’ngjd} .

]

We remark that, while the inequality (9.16) establishes the continuity of T}, the lack of
control of the term |[tgll0.4.0 prevents us from deducing Lipschitz-continuity and hence con-

tractivity of Tj. Consequently, we are only able to establish existence of a fixed point.

Theorem 9.8. Assume that the data satisfy (9.13). Then, the Galerkin scheme (9.3) has

at least a solution (Eh,ﬁ'h) = ((th,ah), (uh,’yh)) € Hy, x Qp and (¢n, xn) € HY x HY, with
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uy, € Wy,. Moreover,
I 8)llixq < Crafluplyze + leplzr

lenlloe < Cguleplizr  and |Ixal-120 < Cs4lenlijer-

Proof. Since Wy, is compact and convex, and T} maps Wy, into itself (cf. Lemma 9.4), then
Brouwer’s theorem yields the existence of solution for (9.3). In turn, since u, = Tp(u,) =
Sk (u, gh(uh)) and ¢, = Sp(uy), then (9.8) and (9.11) imply the continuous dependence on
data of the solutions. O

9.4 A priori error analysis

In this chapter we derive a priori error estimates for the Galerkin scheme (9.3) with arbitrary
finite element spaces satisfying the hypotheses (H.0)—(H.5) from Chapter 9.2. We focus on
the global error

[t = tul + [0~ tnlq + | = enlie + Ix = xal-12r,

where (t,d) = ((t,0),(u,7)) € Hx Q and (¢,x) € H'(Q) x HV4(T), with u € W (cf.
(8.23)), is the unique solution of (8.8), and (Eh,ﬁh) = ((th,a'h), (uh,7h)) € H, x Q), and
(pn, xn) € Hy x HY, with u, € Wy, (cf. (9.12)), is a solution of the discrete coupled problem
(9.3). To this end, we establish next two ad-hoc Strang-type estimates. Hereafter, given a
subspace X, of a generic Banach space (X, |- [x), we set as usual dist(z, Xj) := I}l}él}f(h |z —xn|x

for all z € X.

Lemma 9.9. Let H be a reflexive Banach space, and let a : H x H be a bounded bilinear
form inducing the operator A € L(H,H'), such that a satisfies the hypothesis of the Banach—
Necas—Babuska theorem (cf. [46, Theorem 2.6]). Furthermore, let {Hp}p=o be a sequence of
finite dimensional subspaces of H, and for each h > 0, consider a bounded bilinear form ay, :

Hy, x H, — R inducing A, € L(Hp, H},), such that ap|n, <xu, satisfies the hypotheses of Banach—
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Necas—Babuska theorem as well, with constant & independent of h. In turn, given F € H', and
a sequence of functionals {Fp,}p=0, with F), € H}, for each h > 0, we let u € H and u, € Hy, be

the unique solutions to problems

a(u,v) = F(v) YoveH, (9.20)
and
ah(uh,vh) = Fh(’Uh) Vvh € Hh, (9.21)
respectively. Then, there holds
|u —up|n < Csydist (u,Hp) + Cgo {HF — Fulw, + [a(u, ) — an(u, )HH’h} : (9.22)

where Cs1 and Cso are the positive constants given by

2
Csy = <1 + ”,:4” + |{h|) and Cgo =

(0% (0%

(9.23)

Q{\ —

Proof. See [32, Lemma 5.1]. O

Lemma 9.10. Let H and Q be separable and reflexive Banach spaces, with H uniformly convez,
and let a : H — H’ be a nonlinear operator and b € L(H, Q') satisfying the hypotheses of
Theorem 8.2 with constants L, a and (. Furthermore, let {Hp}p~o and {Qp}r=o be sequences of
finite dimensional subspaces of H and Q, respectively, and for each h > 0 consider a nonlinear
operator ap, : H — H', such that alg, : H, — H), and blg, : Hy — Q), satisfy the hypothesis
of Theorem 8.2 with constants Ly, g, and Bs, all independent of h. In turn, given F € H’,
G € Q', and sequences of functionals {Fy}p=o and {Gp}p=0, with Fy, € Hj and G, € Qj, for each

h >0, we let (o,u) € Hx Q and (op,up) € Hy, x Qp be the unique solutions to problems

la(o), 7] + [b(7),u] = [F, 7] V7 e H,
[b(o),v] = [G,v] Yo e Q,

(9.24)
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and
lan(on), Tn] + [bn(Th),un] = [Fh, Ta] V15, € Hy,

(9.25)
[bn(on),vn] = [Gh,vn] Yo, € Qa,

respectively. Then, there exists a positive constants Cs,;, depending only on L, g, Ba, and [b],

such that
H(T — O'hHH + Hu — uhHQ < 0571 diSt (O’, Hh> + 0572 diSt (u, Qh) (9 26)
+Css {IF = Pl + 1G = Gallgy + la(o) = an(o) iy, }
Proof. See [17, Lemma 5.1]. 0

In order to apply Lemmas 9.9 and 9.10, we now observe that (8.8) and (9.3) can be rewrit-
ten as two pairs of continuous and discrete formulations as (9.20)-(9.21) and (9.24)-(9.25),

respectively, namely

Aw((f, u), (S, \7)) + b(u;u,s) = F,(8,V) V(s,v)eHxQ, (0.27)
Ay, ((6r.n), (8r¥a)) + b(aniup,sp) = Fo, (8, V) V(5 ¥) e Hy x Qu,
and
[Au(p), ¥] + [B(¥),x] = 0 Ve H'(Q),
[B(p),&] = [G,§]  vVEeH VD),
(9.28)
[Allh (Qph)v'(ph] + [B(wh)axh] = 0 V¢h € Hf;

[B(on), &l = [G,6] V& e Hy.

The following lemma provides a preliminary estimate for the error [t — t; | + [d — s ]q.

Lemma 9.11. There exists a positive constant Csr, independent of h, such that

||E— gh“H + ||ﬁ — ﬁhHQ < CST{diSt(E, Hh) + diSt(ﬁ, Qh)
(9.29)
+ C(up, ¢p) ¢ — nlue + (luplijzr + |eplier)|u— uh\|o,4;sz} ;

where C(up, pp) is given by (8.39).

Proof. We recall from Chapters 8.4 and 9.2 that A, +b(u; -, ) and Ay, +b(uy;-,-), withue W
and u, € Wy, satisfy the hypotheses of Banach—Nec¢as-Babuska theorem on Hx Q and Hj, xQj,,
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respectively, the latter with constant aa q/2 (cf. [48, eq. (4.23)]). Then, applying Lemma 9.9
to (9.27), and according to (9.23), the estimates [48, eqs. (3.41a) and (3.43)], and the bounds
(8.23) and (9.12), we conclude the existence of Cs; > 0, independent of h, depending only on
A, s s [, s, 0 and gg, such that

— — N N . - 2
Ht - thHH + Hu - uh”Q < CS,ldlSt((ta u)? Hj, x Qh) + aa {HFso - FSOh”(HhXQh)/
d

(9.30)
AL ((E0),) = Ay, (1), )y + 100w, ) — (i, ) g

Then, proceeding exactly as in Lemma 8.8, particularly from equations (8.32), (8.33) and (8.34),
yields

IF, — Fo, [ @, xquy < LiLe|y — vulia, (9.31a)
[AL((,1),-) — Ay, ((€,1), ) | Em,xQuy < LA{HtHe;ﬂ + HUHOA;Q}HSD —¢nfi,o and  (9.31b)

[b(w;w, ) = b(ups ;) e < Jufosolu—unfoso- (9.31¢)

In this way, replacing (9.31) back into (9.30), using (8.25) and the bounds for |ulp4q and

[#]1.0 from Theorem 8.11, and performing algebraic manipulations, we obtain (9.29). O

Next, we have the following result concerning |¢ — nl1.0 + [X — Xa[-1/2:0-

Lemma 9.12. There exists a positive constant G’ST, independent of h, depending only on s3,

lis], L, caa, Bea and Cg, such that

lo—wnlie + Ix—xnl-1/2r < 6ST{diSt(90, HY) +dist (x, HY) + HSDDHI/Q;F”U—_uhHO,4;Q} . (9.32)

Proof. With u € W and u;, € W}, given, the continuous and discrete systems associated with
(9.28) satisfy the hypothesis of Theorem 8.2, with constants L4, aa, g = 1, Laa, a4 and
Br.a (cf. Lemmas 8.3, 8.4, 8.5 and 9.2). Therefore, applying Lemma 9.10 to (9.28), we deduce
the existence of a constant égT > 0, depending on L4, 44 and B4, and hence independent

of h, such that

le=nllie + Ix—xal-vzr < Cor{dist(p, HE) + dist (x, 1) + [Au(e) = Au, () gy} - (9.33)
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Then, employing (7.4), (8.4) and Hoélder inequality, we find that for each 1), € H; there holds

[Au(p) = Au, (), ¥n]l < (1 + s3)lia] | uau = wnfo.selnlia,

which yields
[Au(e) = Au, (0) g < (1 + s3)[[ia] o] 1elln = wpfloae - (9.34)

Then from (9.34), (9.33) and (8.22), we obtain (9.32) with Csp := Clgpmax {1, (1+s3)is|Cg}-
O

The required Céa estimate will follow from Lemmas 9.11 and 9.12. Incorporating (9.32)
into (9.29), and performing some algebraic manipulations, we find that there exist 6’1, Ci >0,

independent of h, such that

|6 — thlu + [0 —talq < 5‘1{dist((ﬁ u), Hy x Qu) + dist(p, Hy) + diSt(XaH%)}
(9.35)
+01{C(UD>90D)HSDDH1/2;F + Jluplipr + H(PDHl/Z;F}”u_uh||0,4;Q-

Thus, imposing the constant multiplying |u — up|o 4.0 in (9.35) to be sufficient small, say less
than or equal to 1/2, provides the a priori error estimate for ||t — t;|m + |[i — tin]q, which,
employed then to bound the third term on the right-hand side of (9.32), yields an upper bound

for |¢ — ¢nli.0 + X — Xa|-1/2,0. More precisely, we have proved the following result.

Theorem 9.13. Assume that the data up and pp satisfy

1
Cl{C(uDwa)HSODHl/zF + luplizr + HSODHl/z;F} < 5 (9.36)
Then, there exists a positive constant Cy, independent of h, such that
[€—thla + G —Talq + | —enlie + Ix = xul-y2r
(9.37)

< Cafdist (£, ) + dist (i, Qu) + dist (2, HE) + dist (x, 1)) }

Finally, regarding the pressure error |p — psllo.q, where py, is the discrete pressure computed
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by the postprocessing formula suggested by the second identity in (7.7), that is

1
pn = ——tr(on+ (W @), (9.38)

we readily deduce from (9.37), similarly as in [26, Section 4] (see also [48, eq. (4.39)]), the

existence of a positive constant C , independent of A, such that

Ip = puloe < C{lo = onloa + [u—wiloa . (9.39)

Thus, combining (9.37) and (9.39), we conclude the existence of Oy > 0, independent of h, such
that

[t —tulm + |G —tnlq + |p—prloe + o —enlia + X — Xal-1/2r

< Cafdist (£, H,) + dist (i, Qu) + dist (12, HE) + dist (x, 1}) }

9.5 Specific finite element spaces

We refer to [48, Section 4.4] and [8, Section 3.5] to specify two examples of finite element
subspaces Ht, He, H?, HY, H? and HY satisfying the hypotheses (H.0), (H.1), (H.2), (H.3),
(H.4) and (H.5) from Chapter 9.2, and establish the associated rates of convergence for the
Galerkin scheme (9.3).

9.5.1 Preliminaries

Given an integer ¢ = 0 and K € Ty, let P,(K) denote the space of polynomials of degree
< / defined on K with vector and tensorial versions denoted by P,(K) := [Py(K)]" and
Py(K) = [Po(K)]™™", respectively. By RTy(K) := P,(K) + P,(K)x we denote the local
Raviart—Thomas space of order ¢ defined on K, where x stands for a generic vector in R".

Furthermore, denoting by bx the bubble function on K (the product of its n + 1 barycentric
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coordinates), we set the local bubble space of order ¢ as
B/(K) := curl(bKPg(K)) if n=2, and B(K) := curl(bK Pg(K)) if n=3,

where curl(v) := (8%”2,—;7”1) if n =2and v: K - R, and curl(v) := V x vif n = 3 and

v : K — R3. In addition, we need to set the global spaces

Vh€L2(Q)I Vh|KEPg(K) VKEE}7

5, eLX(Q): Sk € B(K) YK eT},

7
I~
B

I

7, € H(div; Q) :  7hilx € RTy(K) Vie {1,...,n}, VKE'E},

&
B
I

<
~
~
)
N~—
Il
— = A

7 e H(div;Q) . mlc € Bu(K) Vie{l,..n}, VKeTh},

where 73,; stands for the ith-row of 7,. As noticed in [49], it is easily seen that P,(€2) and
P,(2) are also subspaces of L*(Q) and IL*(€2), respectively, and that RT,(Q2) and B,(2) are both
subspaces of H(divy/s; ) as well. Actually, since H(div; Q) is clearly contained in H(divy/s; €2),

any subspace of the former is also subspace of the latter.

9.5.2 Two specific examples

Similarly to [48, Section 4.4], we employ the stable triplets for linear elasticity proposed in [49,
Section 4.4] to describe two examples of finite element subspaces ﬁlg, H} and H} and H}
satisfying (H.0)-(H.3).

First, we consider PEERS, (plane elasticity element with reduced symmetry of order ¢ = 0,

[11,57]), and the subspace Hf introduced in [48, Section 4.4.2]. Letting C(Q2) := [C'(Q)]"*", we

have

Hf := Poyn(Q) nLE(Q), HY = (RT(Q) @ By(Q)) N Hy(divys; Q) ,

HY := Py(Q), and H) := C(Q) nL2_.(Q) n Py (Q).

skew

(9.41)

Secondly, AFW, (Arnold—Falk—Winther elements of order ¢ > 0, [12]), and Hf as in [48, Section
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4.4.3):

Hj := Prq(Q) nLE(Q), HY = (Pe1(Q) nH(div; Q) n Ho(divys; Q),
H! = Py(Q), H) :=1L2_.(Q) nPy(Q).

skew

(9.42)

In addition, and similarly to [8, Section 3.5] (see also [4, Section 4.3]), the approximation

space for temperature will consist of continuous piecewise polynomials of degree < ¢ + 1
HY := {» € C(Q) : Yplg e Pri(K) VKeT,}, (9.43)

and for the normal heat flux, we let {fl,fg, ...,f‘m} be an independent triangulation of I’

(made of straight segments in R?, or triangles in R?), and hence b= ' glax } |f’]\ Then, we
7e{1,..., m

approximate x by piecewise polynomials of degree < ¢ over this new mesh, that is

HY := {gﬁemr) L Glp e P Ve {1,...,m}} . (9.44)

Assumption (H.4) is trivially satisfied, whereas it can be proved (cf. [13, Section III], [38,
Lemma 4.10], [47, Lemma 4.7]) that there exists a positive constant ¢y € (0,1] such that,
provided that h < ¢ ?L, H% satisfies (H.5) as well.

9.5.3 The rates of convergence

{+n for PEERS-based
According to [48,49], and denoting ¢* := , the approximation

¢+1 for AFW-based
properties of Hf, HZ, H}, and H), for PEERS (cf. (9.41)) as well as for AFW (cf. (9.42)), are

given as follows:

(AP';L) there exists a positive constant C, independent of h, such that for each r € [0, £* + 1],
and for each s € H"(Q) n LZ(Q), there holds

dist(s, H}) < Ch'[s|,q, (9.45)
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(AP‘,{ ) there exists a positive constant C, independent of h, such that for each r € [0, ¢ + 1],
and for each 7 € H"(Q2) n Ho(divys; Q) with div(7) e W#3(Q), there holds

dist(r,H7) < Ch {|7l0 + |Aiv(T)sol (9.46)

(APE) there exists a positive constant C', independent of h, such that for each r € [0,¢ + 1],
and for each v.e W™4(Q), there holds

dist (V, H}l:) < ChrHVHTA;Q s (947)

and

(APZ) there exists a positive constant C, independent of h, such that for each r € [0,¢ + 1],
and for each & € H"(Q2) n L%, (€2), there holds

skew

dist (8, H}) < Ch"[6]0- (9.48)

Aditionally, the approximation properties for the subpaces Hf and HY (cf. [21] and [47]),

are the following:

(APf) there exists a positive constant C, independent of h, such that for each r € [0,¢ + 1],
and for each ¢» € H'*"(Q), there holds

dist (¢, Hf) < Ch"[¢]li4n0, (9.49)

(AP%) there exists a positive constant C', independent of FL, such that for each r € [0,¢ + 1],
and for each ¢ € H=Y/2*7(I), there holds

dist (&, HY) < CR" | -1prr - (9.50)

We are now in position to specify the rates of convergence of (9.3) with the spaces from
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Chapter 9.5.2.

Theorem 9.14. Assume that the data satisfy (9.36), and let (t, ) := ((t,0),(u,7)) eHxQ
and (p,x) € HY(Q) x H™YA(T), and (ty, Gn) = ((tr, 00), (W, v2)) € Hy x Qi and (pp, xa) €
Hy x HY, be solutions of (8.8) and (9.3), respectively, with u € W (cf. (8.23)) and u, € Wy,
(cf. (9.12)), whose existences are guaranteed by Theorems 8.11 and 9.8, respectively. In turn,
let p and py, be the exact and approzimate pressure defined by the second identity in (7.7) and
(9.38), respectively. Furthermore, given an integer £ = 0, assume that there exists r € [0, + 1]
such that t € H'(Q) n L2(Q), o € H'(Q) n Ho(divys; ), div(e) € WH3(Q), u e W™(Q),
~yeH (Q) N2 (), pe HH(Q), and x € H V> (I'). Then, there exist constants & € (0, 1]

skew

and C > 0, independent of h and ?z, such that for all h < ¢ 7L, there holds

[t —tala + |G —Gulq + [P —palog + le — enlia + Ix = xal-12r
< Ch’"{Hth + oo + [div(e)|rse + [ulrase + [l + H%OHHT;Q} (9.51)
+Ch | xll-1/24nr -

Proof. Tt follows straightforwardly from Céa’s estimate (9.40) and the approximation properties

(AP}). (APY). (APY). (AP]). (APF) and (AP}) 0



CHAPTER 10

Illustrative numerical examples

In this chapter we demonstrate properties of the proposed family of methods. Mesh generation,
discretization, and solvers were implemented using the automated finite element library FEniCS
[7] and, in particular, the specialized module FEniCS;; [55] required for the treatment of mixed-
dimensional meshes of non-conforming type (and also instrumental to numerically realize the
H~Y2(T') norm). The nonlinear algebraic equations were solved using a Newton-Raphson
method with exact Jacobian, and the iterations were terminated once the £2>-norm of either the
relative or absolute residual drops below the prescribed tolerance 10~7. The numerical tests
are divided into three parts: a verification of convergence, the simulation of stationary phase

change in 2D, and the extension to the 3D case.

Example 1. Let the square domain Q = (0, 1)®> meshed by successively refined regular triangles.
We use this simple test case to assess the convergence of the finite element discretization, and
consider the following smooth closed-form primary variables for an adaptation of the Burggraf

flow [23] (a regularization of the well-known lid-driven cavity flow but here there is no velocity

97
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singularity at the top corners) to the case of thermally driven problems (see, e.g., [62])

Ci(z)Ca(y)
—C7(x)Ca(y)
02

[C37(W)Ca(@) + O (0)C3 ()] + 2 C (@) [Cay)C3 (v) — C3(v)*],

LI:CQ

_ %
" Re

© = o+ (1 — o)y + Cs(z)Cu(y),

p

with Cy > 0 a scaling parameter and

o ozt a2l 4 o

Cila) = -5 +5, Glo)=y —y° GCslx) =cos(mz), Culy) =y(l-y).
These solutions are used to set boundary velocity and temperature to be imposed on the
boundary. Also, as typically done when using manufactured solutions, after inserting these
closed-form functions into the governing momentum and energy equations, additional source

terms appear that constitute an augmented problem [77] (the mass conservation is satisfied as

the manufactured velocity is divergence-free).

We consider the strong form (7.8) with the following constitutive equations and adimensional

model parameters

1

plp) = ZeXp(—sO), flo)=p(l—v), nlp)= i + ;(1 + tanh <2(41l - so)>>,

s(go)=;<1+tanh(2(i—<p)>>, Co=A=p=1, k=14, k=/(0,1).

This choice of parameter regime is simply exemplary and similar in magnitude to the experi-
ments considered in [62]. The null mean value for the trace of the stress is enforced through
a real Lagrange multiplier method. Note that, as requested by the constraint h < EO?L (cf.
remark on the verification of (H.5) at the end of Chapter 9.5.2), the mesh for the heat flux
approximation is simply taken as two levels lower than a conforming mesh to the boundary of
the bulk mesh (the former is constructed with 272 + 4 segments per side and the latter with

27 + 1 segments per side, giving h~ 4h).
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Absolute errors are measured in the norms suggested by the analysis (where the exact solu-
tions are evaluated at the quadrature points), which we denote — together with the experimental

rates of convergence — as usual

e(t) = [t —tufog, elo) =0 —onlu@iv,s0, ) =[u—wlose, e(¥)=|v—mloe

e(p) = [p—prloe, ele) =le—enlia, eX) = Ix = x;l-1/2r,

_log(e00/e0)) o) _ lon(el%)/€'(%)
W T e

with % € {t, o, u, p,~v, ¢}, and where e, e’ stand for errors generated on two consecutive meshes
of sizes h, h’ (?L and 1’ for X), respectively.
To compute | x — x| -1/2r we use the characterization of H=/2(T") in terms of the spectral

decomposition of the Laplacian operator (see, e.g., [56, Sect. 2]|). More precisely, let S :
H{(T') — H}(T') be the bounded linear operator defined by

(Su,v)1r = (w,v)or forallu, ve H(l)(F) ,

where (-,+)1r and (-,)or denote the inner products of Hj(T") and L?(T"), respectively. Then,
one can find a basis {z;};2, of eigenfunctions of S with a non-increasing sequence of positive

eigenvalues \;, and for any u = Zf’;l ¢;z; there holds
N /
~1/2
Hqul/ZF = ZC?)V )
i=1

so that H™/2(T") becomes the closure of the span of the basis {2;}%, in this norm. Certainly,
for the practical computation of |[u|?,, one utilizes a discrete approximation of the afore-

mentioned spectral decomposition.

We take ¢ = 0,1 in the PEERS,;- and AFW-based families of finite elements (9.41) and
(9.42), respectively; with (9.43),(9.44). We show the results of the convergence verification
analysis in Table 10.1. There we depict the errors and decay rate and observe, for all field vari-

ables, the optimal convergence order h*! predicted by (9.51). Sample approximate solutions
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DOF‘ h‘h‘ e(t) ‘r‘ e(a)‘r‘e(u) ‘r‘e(’y)‘r‘e(cp) ‘r‘e(x) ‘r‘ e(p) ‘r‘it
PEERS-based discretization with ¢ = 0
2631/0.177[0.707(5.05e-02| * [2.63e-01| * [1.15e-02| * [2.33e-02| * |[1.61e-01| * [7.72e-03| * [3.99e-02| *
5865(0.118(0.471{3.37e-02{0.99(1.76e-01|1.00|7.78e-03]0.97|1.54e-02|1.02|9.62e-02|1.28|3.80e-03|1.75(2.60e-02|1.06
16173]0.071]0.283]2.01e-02|1.01|1.05e-01{1.00|4.68e-03|1.00|8.23e-03(1.23|5.33e-02|1.15|1.41e-03|1.94|1.53e-02|1.03
521490.039/0.157|1.11e-02]1.02|5.83e-02|1.00|2.60e-03 | 1.00|3.67e-03|1.38|2.84e-02|1.07|7.30e-04|1.12|8.46e-03|1.01
185541(0.021|0.083|5.83e-03|1.01|3.08e-02(1.00|1.38e-03|1.00|1.46e-03|1.44|1.48e-02|1.03|3.85e-04{0.944.47e-03|1.00
698085(0.011]0.043]2.99e-03|1.01|1.58e-02{1.00|7.09e-04|1.00|5.51e-04(1.47|7.58e-03{1.01|1.93e-04|0.96|2.30e-03|1.00
2706213|0.005|0.022|1.51e-03|1.00|8.04e-03|1.00|3.60e-04|1.00|2.01e-04|1.48|3.84e-03|1.00|1.12e-04|0.87(1.17e-03{1.00
PEERS/-based discretization with ¢ = 1
6027|0.177|0.707(1.08e-02| * |4.25e-02| * [1.44e-03| * |8.32e-03| * [7.59¢-02| * [9.00e-03| * |8.01le-03| *
13455]0.118]0.471(5.20e-03|1.79]2.01e-02|1.85|6.52e-04|1.95|4.27e-03|1.65|3.52e-02(1.90|4.33e-03|1.81|4.17e-03|1.71
37143|0.0710.283|2.09e-03|1.89|7.66e-03 |1.88(2.38e-04|1.97|1.82e-03|1.67|1.31e-02|1.93|1.67e-03|1.87|1.78e-03|1.77
119847(0.039]0.157(5.12e-04|1.91|2.50e-03[1.90|7.43e-05|1.986.59¢e-04|1.73|4.16e-03|1.96 | 5.40e-04|1.92|6.44e-04|1.83
426567(0.021{0.083|1.28e-04|1.94|7.39e-04|1.92]2.09¢-05]1.99|2.08e-04|1.81|1.19¢-03|1.97|1.56e-04|1.95|2.07e-04|1.88
1605255[0.011]0.043|3.02e-05]|1.97|1.37e-04|1.98|5.12e-06|1.98|5.11e-05[1.90|2.63e-04|1.98|3.60e-05|1.96 | 5.03e-05 | 2.00
6223623 (0.005|0.022|7.58¢e-06{1.96|3.49e-05|1.97|1.32e-06{1.99|1.27e-05|1.95(6.71e-05|1.98|6.49¢-06{2.00|1.19e-05|1.99
AFW -based discretization with £ =0
2070(0.177]0.707[4.26e-02| * [2.79e-01| * [1.15e-02| * [3.70e-02| * [1.61le-01| * [7.67e-03| * [5.18e-02| *
4592(0.118]0.471{2.60e-02|1.22|1.75e-01{1.15|7.73e-03{0.97|2.40e-02|1.07|9.62e-02|1.28|3.78e-03|1.75|2.91e-02 | 1.42
12612]0.071]0.283]1.46e-02|1.13]9.96e-02|1.10|4.66e-03{0.99|1.41e-02(1.05|5.33e-02(1.15|1.41e-03|1.93|1.48e-02|1.33
40556 (0.039/0.157|7.81e-03]1.06 |5.37e-02|1.05|2.60e-03 |1.00|7.72e-03|1.02|2.84e-02|1.07|7.31e-04{1.11|7.36e-03|1.18
144060 (0.021|0.083|4.08e-03|1.02|2.81e-02|1.02|1.38e-03|1.00|4.06e-03|1.01|1.48e-02|1.03|4.85e-04|0.64 |3.71e-03|1.08
54153210.011]0.043]2.09¢-03|1.01|1.44e-02{1.01|7.09e-04|1.00|2.09e-03|1.00|7.58e-03{1.01|2.93e-04|0.76|1.88e-03|1.03
2098332(0.005|0.022|1.06e-03]1.00|7.31e-03|1.00|3.60e-04|1.00|1.06e-03|1.00|3.84e-03|1.00|1.62e-04|0.88(9.50e-04|1.01
AFW -based discretization with £ =1
5002(0.177]0.707|1.36e-02| * [5.23e-02| * [1.43e-03| * [1.14e-02| * [7.59e-02| * [9.00e-03| * |1.44e-02| *
11150(0.118|0.471|7.25e-03|1.75(2.60e-02[1.93|6.50e-04|1.95|5.77e-03|1.98|3.52¢-02|1.90|4.33¢-03|1.81|7.55¢-03|1.79
3074210.071/0.283|3.20e-03|1.80|1.05e-02|1.96|2.38e-04|1.97|2.37e-03|1.94|1.31e-02|1.93|1.67e-03|1.87|3.20e-03|1.88
99110(0.039/0.157|1.24e-03]1.92|3.71e-03|1.97|7.42e-05|1.98|8.41e-04|1.96|4.16e-03|1.96 | 5.40e-04{1.92|1.16e-03|1.93
35258210.021]0.083(4.46e-04]1.90{1.21e-03|1.96|2.09¢-05|1.99|2.45e-041.96|1.19e-03[1.97|1.56e-04|1.95|3.84e-04|1.94
1326470(0.011]0.043|1.56e-04|1.98|3.88e-04|1.92|5.56e-06|2.00|8.72e-05(1.93|3.18e-04(1.99|4.21e-05|1.97|1.23e-04|1.91
5142022|0.005|0.022|3.46e-05]1.95|1.15e-04|1.97|1.44e-06 {2.00|2.28e-05|1.97|8.22e-05|1.99|1.09e-05|1.99{3.78e-05(1.97

o O s s
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Table 10.1: Example 1. Accuracy test for four variants of the proposed numerical method in
2D, using the Burggraf solutions. Errors for each field variable on a sequence of successively
refined grids versus the number of degrees of freedom, experimental rates of convergence, and
Newton—Raphson iteration count.

are provided in Figure 10.1, which are confirmed to follow the flow patterns obtained in [62].

Example 2. Next we consider the steady regime of the phase change of a material adopting a
2D slice of a shell-and-tube geometry configuration, which is commonly used in thermal energy
storage systems [2,65]. We construct a unit disk-shaped geometry with four circular inclusions

of radius The inner tubes are kept hot with ¢,y = 1 and the outer shell is kept cold

1
g.
¢Ynot = —0.01 (which differs from the mixed Dirichlet-Neumann conditions used in [65]). For
the flow equations, all boundaries are equipped with no-slip velocity conditions. The meshes

are unstructured, and the mesh sizes selected for the bulk and for the boundary are h ~ 0.022



CHAPTER 10. ILLUSTRATIVE NUMERICAL EXAMPLES 101

— |

Ph Ph
-8.9-02 05 7.9e-01 210602 05 106400

Xh
[ 23603 0  23e03
5660502 57801 81e07 02 45001 [

[ | —

Figure 10.1: Example 1. Primal variables (velocity line integral convolution colored according
to velocity magnitude, postprocessed pressure profile, and temperature distribution) and mixed
unknowns (velocity gradient magnitude, stress magnitude, vorticity magnitude, and heat flux
on the coarser boundary mesh) for the Burggraf stationary flow with thermal effects obtained
after 4 steps of uniform refinement.

and h ~ 0.051, respectively.

Similarly as in [9,62], we use a porosity-enthalpy model, which means that the viscosity
is taken constant. The temperature-dependent buoyancy, porosity and enthalpy functions are

chosen as follows

£(9) = poe, nf) = 10°(1+ tanh (0 =5)),

) = e~ (0 b (P57 )).

respectively, where the denominator in the argument of the hyperbolic tangent regularization

indicates the size of the mushy zone (the region that approximates a sharp phase fraction jump).
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The remaining coefficients assume the following values

1
p=A=p=1 Pr=562 Ste=0.02, Ra=327x10°, k= o k= (0,0,1)"
r

where Ste denotes the Stefan number.

In Figure 10.2 we have portrayed the approximate solutions, generated with the second-
order PEERS,-based finite element family (9.41). In particular, the bottom-right panel of the
figure shows the approximate heat flux on the (coarser) boundary mesh, and the top-right panel
shows the typical counter rotating flow patterns expected in differentially heated enclosures. No
closed-form solution is available for this problem but all fields exhibit a well resolved behavior,

even on relative coarse meshes.

Example 3. Our last test, adapted from [8], simulates the phase change occurring in the
melting of N-octadecane. The domain consists of the cuboid 2 = (0, 1.5,0.3,1.5) cm?. For the
thermal energy conservation, the boundary is split into two regions: Iy U Teolq (left and right
ends) and g, (remainder of the boundary) where temperature and heat flux are prescribed,
respectively. The molten material is on the “left” of the domain (towards the wall at z = 0
where we prescribe ¢t = 1). The low temperature imposed on the right wall x = 1.5cm,
©Yeold = —0.01 is lower than the phase change temperature ¢ = 0, in order to allow the phase
change to occur. The remaining boundaries are insulated (zero temperature flux), and on the
whole boundary we impose no-slip conditions (u = 0 everywhere on I'). For this test we use
a space resolution of A ~ 0.07 cm and for the boundary sub-mesh we use a triangulation with

~

h ~0.12cm.

As in example 2, here we use a porosity-enthalpy model together with the following consti-

tutive relations and parameter scalings

- - B Ra _ 5 001—90
p=Re=1, f(o) = popoek, nle) = 10°(1+ tanh (=),
1 1 0.01 —¢
Pr = 56.2 = 3.27 x 10° :7_7(1 t h<7>>
r=56.2, Ra=327x10% s(p) =g~ 5o (1+tan 0.1 ’
10

Ste = 0.045, A=p=1, k= (0,0,1)".

H:Pr-Re’
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Figure 10.2: Example 2. Phase change on a differentially heated shell-tube system. Approxi-
mate solutions (velocity gradient magnitude, total stress magnitude, velocity streamlines, vor-

ticity magnitude, dimensionless temperature, and heat flux) computed with the second-order
PEERS/-based mixed-primal method.

Given the strong nonlinearity of the non-isothermal coupling, it was necessary to use a
continuation approach (the initial guess at each Newton—Raphson iteration is improved by
solving intermediate problems with an increased value of a given parameter) and as continuation
parameter we use the Rayleigh number starting from Ra= 103. Nine iterations are required in

this case to reach the prescribed tolerance.

The thermal and fluid flow characteristics of the system are shown in Figure 10.3 where we
plot temperature iso-surfaces, velocity streamlines, and all other computed numerical solutions
using the lowest-order method based on the AFW, family of finite elements. The obtained flow

structures are qualitatively similar to the expected behaviour for a stationary coupling (that
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Figure 10.3: Example 3. Phase change of an octadecane specimen. Approximate solutions
(velocity gradient magnitude, total stress magnitude, velocity streamlines, vorticity magnitude,
temperature, and heat flux) computed with the lowest-order AFW ,-based method.

is, a buoyancy-diven recirculation with a relatively large solid-liquid interface and the typical

temperature distribution on the zz-plane).
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CHAPTER 11

Conclusions and Future Works

In this chapter we summarize the main contributions of this work and give a brief description

of eventual future works.

11.1 Conclusions

Upon the results presented in the first part of this thesis, we can arrive to the following con-

clusions:

o We developed a new mixed formulation for Navier—-Stokes—Brinkman equations, whose

analysis made use of diverse tools and abstract results in Banach spaces.

o We showed that the pressure field can be obtained by using a post-processing formula

based on the computed variables.

o We proved that is not necessary to use an augmented formulation to provide well posed-

ness of the continuous and discrete formulations.
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« We proved that the finite element method proposed here yields optimal convergence,

which is confirmed through numerical examples.

According to the results presented in the second part of this work, we can state the following

conclusions:

o We extended the analysis developed in the first part to introduce a mixed-primal formu-

lation for the coupling of Navier—Stokes—Brinkman and natural convection equations.

e The mixed-primal finite element method proposed here was shown to be optimally con-

vergent, which has been confirmed by several numerical examples.

11.2 Future Works

The methods developed and the results obtained here have motivated some posibilities of future

work, which are described below:

e To extend the analysis and results to the unsteady state case.
e To develop the corresponding a posteriori error analysis.

o To extend the analysis to the case in which a mixed formulation is employed as well for

the natural convection equations.
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