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Abstract

In this thesis we study multivariate orthogonal polynomials in the d-dimensional unit ball

associated with a class of reflection-invariant weights,

d

Was (@) = (L= |lz]*)* [T |

=1

Vi
)

where a > —1 and 7 = (71,...,7) € (—1,+00)%. We obtain approximation properties of the
related wa-orthogonal polynomial projector measured in what we call Dunkl-Sobolev norms,
characterize a certain family of Sobolev-type orthogonal polynomials associated to the weight
above, obtain connection relations of a specific bivariate basis to then develop computational

tools to easily operate with polynomials expanded in terms of this basis.

Xii



Resumen

En esta tesis estudiamos polinomios ortogonales en la bola unitaria d-dimensional asociados

a una clase de pesos invariantes respecto a reflexiones,

d

Was (@) = (1= |l2]*)* [T

i=1

Vi
)

donde o > =1y v = (71,...,7) € (—1,4+00)% Obtenemos propiedades de aproximacién del
respectivo proyector sz—ortogonal medidas en las que denominamos normas Dunkl-Sobolev,
caracterizamos una cierta familia de polinomios ortogonales tipo Sobolev asociados al peso,
obtenemos relaciones de conexion de una base bivariada especifica, para luego desarrollar her-
ramientas computacionales para operar facilmente con polinomios expandidos en términos de

esta base.
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CHAPTER 1

Introduction

Orthogonal polynomials have been a subject of study in mathematics for at least two hundred
of years, whose origins can be traced to Legendre’s work [34] on planetary motions and Laplace
studies [33] on probability theory. Arguably, Chebyshev was the first person who saw the pos-
sibility of a general theory and its applications. His work [43] was strongly motivated by the
theory of least squares approximation and probability; he applied his results to interpolation,
quadrature rules and mechanics (see [25] for a detailed review). Besides the aforementioned
researchers, there were many other mathematicians in the 19th century who helped in establish-
ing the foundations of orthogonal polynomials, such as Jacobi, Gauss and Gegenbauer, among

others. Standard references on classical orthogonal polynomials are [42] and [11].

In the second half of the 20th century the topic received renewed interest as a result of the
computer revolution and the increasing activity in approximation theory and numerical anal-
ysis. Moreover, in recent years the several applications of orthogonal polynomials in physics,
chemistry, probability and statistics have made the interest in orthogonal polynomial increase

even more. We refer the interested reader to [12] for a very personal view of orthogonal poly-
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nomials in the second half of the 20th century.

Within the vast study orthogonal polynomials there are two subareas that we would like
to highlight, not only because of their intrinsic importance, but also because their intersection

hosts the work presented in this thesis.

The first one corresponds to multivariate orthogonal polynomials. Multivariate orthogonal
polynomials have been rigorously studied since the work of Jackson [28] on orthogonal poly-
nomials of two variables. Despite having numerous similarities with the theory of univariate
orthogonal polynomials, there are several and fundamental complications in studying multi-
variate orthogonal polynomials—that were realized even then—such as the non-uniqueness of
orthogonal bases. With respect to this issue, it was pointed out in [19] that, as choosing a par-
ticular order of the orthogonal system usually destroys natural symmetries, it is often preferable
to construct biorthogonal systems; in [31], the authors came with the brilliant observation that
“if the results can be stated in terms of orthogonal polyomial spaces rather in terms of a par-
ticular basis, a degree of uniqueness is restored”. As much as we can in this thesis we embrace
this idea, not only because of its elegance, but also because it allows for obtaining results
in general dimensions while avoiding long and painful algebraic manipulations. We are later
forced to deal with specific bases, though, for the purposes of numerical computation. We refer
to [30] and [27] for an accessible mid-seventies survey on bivariate orthogonal polynomials and
an extensive historical and technical review of the topic, respectively. The standard reference
is the monograph [17].

The second one is Sobolev orthogonal polynomials. Sobolev orthogonal polynomials are
polynomials that are orthogonal with respect to an inner product involving derivatives. They
originated in the 1960s by considering the problem of obtaining the polynomial that best ap-
proximates a function and, simultaneously, its derivatives; but the field started flourishing in
the late 1980s when the concept of coherent measures was introduced. Unlike ordinary orthog-
onal polynomials, Sobolev orthogonal polynomials lack the three-term recurrence relation and
therefore their study is usually far more challenging. Despite the difficulties, Sobolev orthogonal
polynomials have attained great value as an important instrument in the numerical resolution

of partial differential equations; from a heuristic point of view, Sobolev orthogonal polynomials
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should have a better approximation behavior than ordinary orthogonal polynomials, as the
former require more information on the function being approximated. See [35] for a detailed

survey on Sobolev orthogonal polynomials.

In this thesis we are interested in studying multivariate orthogonal polynomials in the d-

dimensional unit ball associated with a class of reflection-invariant weights,

Was (@) = (1 — [|lz[*)*

Y

where @ > —1 and v = (y1,...,7) € (—=1,400)% Our aim is to obtain approximation
properties of the related orthogonal polynomial projector measured in what we call Dunkl-
Sobolev norms, characterize a certain family of Sobolev-type orthogonal polynomials associated
to the weight above, obtain connection relations of a specific bivariate basis to then develop

computational tools to easily operate with polynomials expanded in terms of this basis.

The study of orthogonal polynomials and approximation results involving weights such as
W, ~ is interesting, first, as an archetype of weights of interior singularities, as its highly sym-
metric form allows for sourcing useful results from the theory of reflection-invariant orthogonal
polynomials [17, Ch. 6 and Ch. 7]. Secondly, there is an intimate connection between orthogo-
nal polynomials in the ball with respect to Wa ~ and orthogonal polynomials in the unit simplex
Té:={zxeR |2 >0,...,24 > 0,1 3% x; >0} with respect to weights that are products

of powers of distances to their faces [17, Subsec. 8.2], that is, weights of the form

Rd+1 ¢

d
x»—><1—2xi> fol, Klynoykgr1 > —1;
i=1 i=1

as this reference attests, when mapping orthogonal polynomials in the ball to orthogonal poly-
nomials in the simplex, only the fully reflection-symmetric of the former participate, and for

these the Dunkl operators reduce to partial derivatives.
As it will be detailed in the following chapters, in the study of these orthogonal polynomials
a certain class of differential-difference operators called Dunkl operators play an important role.

First introduced in [15] by C.F. Dunkl, these operators are very important in pure mathematics
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and physics. To name a few of their applications, they provide an essential tool in the study
of special functions with root systems (see [17, Ch. 6-7]), they are closely related to certain
representations of degenerate affine Hecke algebras (see for instance [38] and its references
therein), the commutative algebra generated by these operators has been used in the study
of certain exactly solvable models of quantum mechanics, such as the Calogero—Sutherland—
Moser models (see [24] and its references therein); moreover, a generalization of the Fourier
transform associated with the Dunkl operators was first presented in [16] and studied in more
detail in later publications and a vast theory generalizing harmonic analysis has been developed

(see [14]).

1.1 Outline

The rest of this thesis is organized as follows. In Chapter 2 we start by introducing the

Dunkl operators related to the weight W, ., study their properties on classical smooth func-

o
tions and define appropriate ad-hoc weighted Dunkl-Sobolev spaces that will prove useful
later. Then, we introduce the orthogonal polynomials spaces with respect to the inner product
(u,v) = [gauv W, , deduce some relations between orthogonal polynomials spaces, orthogonal
projectors and Dunkl operators and then rewrite the associated second-order Sturm—Liouville
problem satisfied by these orthogonal polynomials in a suitable weak form. The rest of the
chapter focuses on cleverly handling this weak problem to obtain, at the end, a bound of the
orthogonal projector error measured in Dunkl-Sobolev norms in terms of powers on the degree
of approximation. We also show that, for a specific case, our bound is sharp (in the sense that

the power on the degree of approximation cannot be lowered). The contents of this chapter

originally appeared in the following preprint:
Gonzalo A. Benavides and Leonardo E. Figueroa, Orthogonal polynomial projection error

in Dunkl-Sobolev norms in the ball, arXiv e-prints (2020), arXiv:2002.01638

In Chapter 3 we study a specific family of Dunkl-Sobolev spaces related to the weight
We~. We characterize these spaces in terms of the orthogonal polynomials spaces introduced

in Chapter 2, deduce connection relations and finish by showing that these Dunkl-Sobolev



Chapter 1. Introduction

orthogonal polynomials satisfy a second-order Sturm-Liouville problem strongly related with

the one satisfied by the orthogonal polynomials of Chapter 2.

In Chapter 4 we study connection relations for a specific bivariate basis of orthogonal
polynomials (Dunkl-Zernike polynomials). Namely, we deduce the explicit incarnations of the
relations satisfied by these orthogonal polynomials previously obtained in Chapter 2. We finish
this chapter by turning these connection relations between members of bases into corresponding

relations between expansion coefficients of polynomials.

In Chapter 5 we describe a recently developed package for Julia 1.2.0, which implements the
connection relations deduced in Chapter 4, allowing for easy and fast numerical computation

with polynomials expressed in terms of the Dunkl-Zernike polynomial basis of Chapter 4.



CHAPTER 2

Orthogonal polynomial projection error in

Dunkl-Sobolev norms in the ball

2.1 Introduction

Let B? denote the unit ball of R, o > —1 and let the weight function W,: B¢ — R be
defined by Wy (z) = (1 — ||z|*)* with ||-|| being the Euclidean norm. Let L2 denote the
weighted Lebesgue space L2(B%, W,) := {W;V2f | f € L2(B%)}, whose natural squared norm
is |[ul|? == [a |u|* W,. In [22] it was proved that the orthogonal projector S§ mapping L2 onto

14 (the space of d-variate polynomials of degree less than or equal to N) satisfies the bound

(Vu€Hy)  flu—S§(w)llyy < ON*2ull (2.1.1)

a;l

where C' > 0 depends on « and the integer [ > 1 only, and, for every integer m > 1, H? denotes
2
the weighted Sobolev space whose natural squared norm is ||u||im =3 HVkuH (here V* is

the k-fold gradient).



Chapter 2. Orthogonal polynomial projection error in Dunkl-Sobolev norms in the ball

The purpose of this chapter is proving an analogue of (2.1.1) for a class of reflection-invariant
weights involving, fittingly, differential-difference Dunkl operators [17, Sec. 6.4] instead of partial
derivatives. In order to state this analogue we introduce now the rest of the minimal necessary
notation. Givena > —landy = (y1,...,74) € (—1,00)% let the weight function W, ,: B* — R
be defined by

Wa (@) := (1= [l2]") HI%W’

We denote by ng the weighted Lebesgue space L?(B?, W, ), whose natural inner product and
squared norm are (u,v)q = [gawv Wy, and HuHZ7 = [ga [u]> W, ., respectively. Let S](\(,l’v)
be the orthogonal projector mapping L? _, onto IT. For j € {1,...,d} the Dunkl operator D](-W)
is defined by

j-th entry
p@m@::@mm+790mﬁ—wmwu,fE,~w%O-

Given an integer m > 0, we define the Dunkl-Sobolev space Hy}. as the topological completion
of C™(B%) with respect to the norm [wll g == (ZZ”O H(D(v))kuHi»lﬂ’ where (D)) is the
k-fold Dunkl gradient constructed in terms of the Dunkl operators (we reintroduce the Dunkl
operators and Dunkl-Sobolev spaces in their proper context in (2.2.12) and Definition 2.2.2,

respectively). The main result of this chapter is
Theorem 2.1.1. For all integers 1 < r < I, a € (—1,00) and v € (—1,00)%, there exists
C =C(a,v,l,r) >0 such that

(VueH, ) |ju—Sy? W) —<CN2E

QYT

a,y;l*

This chapter builds upon a lineage of works which proved results analogous to Theorem 2.1.1,
all of which correspond, in our notation, to cases with v = 0, so the involved weights lack interior
singularities and the Dunkl operators reduce to partial derivatives. In [9, Th. 2.2 and Th. 2.4]
our main result was proved in dimension d = 1 when the & = —1/2 (Chebyshev case) and when
a = 0 (Legendre case); see also the streamlined proofs for these cases at [8, Ch. 5]. In [26,

Th, 2.6], the one-dimensional case was proved for general a (Gegenbauer case). In [48, Th. 2.6],
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the one-dimensional case with general asymmetric (1 — 2)%(1 + x)” weight (Jacobi case) was
proved. In [23, Th. 3.11], Theorem 2.1.1 was extended to dimension d = 2 for general . Finally,
in [22, Th. 1.1], a new technique of proof, based on orthogonal polynomial spaces instead of
orthogonal polynomial bases (thus circumventing the need for spectral differentiation formulas,
which by [23] had made the necessary algebraic manipulation very long in comparison) allowed

for extending the result to arbitrary dimension for general a.

In the v = 0 cases cited above, the analogues of Theorem 2.1.1 are results of provably
non-optimal polynomial approximation with respect to the power on N, caused by the mis-
match between the orthogonality that defines the projection operator S](\?’V) —which can be
characterized as a generalized Fourier series truncation operator; cf. (2.3.4)— and the Hilbert
norm in which the error is measured (see the references provided in [22, Sec. 1] for optimal
polynomial approximation results). The same mismatch occurs in this chapter, so we expect
Theorem 2.1.1 to be non-optimal too; however, we cannot be sure because we are not aware of

best approximation results for the general v case.

Our main result involves weighted Dunkl-Sobolev spaces instead of the better understood
weighted Sobolev spaces because it is in terms of the former that the contours of the argu-
ment in [22] can be reproduced. This is readily apparent because the characterization of Lfm—
orthogonal polynomials as eigenfunctions of Sturm-Liouville-type operators occurs in terms
of Dunkl operators [17, Th. 8.1.3]; said characterization is essential for our way of inferring

approximation rates out of the regularity of the function being approximated.

We remark that » = 0 case (i.e., approximation error measured in Lfm) lies outside of
the scope of Theorem 2.1.1; indeed, in this case, the provably optimal power on N is —[ (cf.

Corollary 2.4.5 below), outside of the pattern set by our main result.

The outline of this chapter is as follows. We finish this introductory Section 2.1 introduc-
ing some additional notation. In Section 2.2 we introduce the reflections, Dunkl operators
and main Dunkl-Sobolev spaces that participate in this work. In Section 2.3 we introduce
orthogonal polynomials spaces and their interaction with Dunkl operators and certain general-
izations thereof. In Section 2.4 we put the differential-difference Sturm-Liouville operator the

abovementioned orthogonal polynomial spaces are eigenspaces of in a suitable weak form, prove
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preliminary approximation results upon it and prove our main result. At last, in Section 2.5
we prove the sharpness of our main result for special values of its Dunkl-Sobolev regularity

parameters.

Given, j € {1,...,d}, let e; € R? be Cartesian unit vector in the j-th direction; i.e., (€;);
is 1 if i = j and 0 otherwise. We will denote the Euclidean norm by ||-||. We will denote the
space of d-variate polynomials by I1¢; we have already introduced its subspace 114, consisting
of polynomials of total degree less than or equal to N. We will adopt the convention that, for
N <0, 114, = {0}.

Given an open 2 C R? we will denote the integral of functions f:  — R with respect to

the Lebesgue measure simply by [, f(z)dzx. We will denote by 041 the surface measure of

S?1 the unit sphere of R? [6, Ex. 3.10.82]. For all Lebesgue-integrable f,
_ [ d—1
/Rd f(x)dz —/0 /Sd_l f(ry)r " dog_1(y) dr. (2.1.2)

We denote by N the set of strictly positive integers and Ny := {0} UN. Members of [Ny]¢ will
be called multi-indices and for every multi-index a € [Ng|?, point # € R? and regular enough
real-valued function f defined on some open set of R? we shall write |a| = ¥¢, a;, 2% = [, 2
and 9, f = 0%l f/(0x{* - - - Ox3).

Setting a; =1, p; =2,t1 =0, =1, ; =+ 1 and f(u) = (1 —w)* in [1, Th. 1.8.5] it

readily follows that

_ =2 (%2 .
o Wante) b = (455 ’ <2 Famet 1) ’ (213
2

where I" and B denote Gamma and Beta functions respectively; these functions being finite for
positive arguments, it follows that the constraints a > —1 and v € (—1, 00)? are precisely those
that ensure that the above integral is finite. As a consequence of (2.1.3), L>*(B%) c L2 . In

particular, every polynomial, being a bounded function in B¢, belongs to Liﬁ.

We finish this introductory section noting that we mostly omit the dimension d from the

notation of e.g., function spaces, in order to avoid cluttering and because all of our arguments
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work independently of the dimension.

2.2 Dunkl operators and weighted Dunkl-Sobolev spaces

Given j € {1,...,d} let o;: B® — B? be the reflection defined by
(Vo€ BY ojo:=x—2x;¢;; (2.2.1)

that is, o; flips the sign of the j-th component of its argument. The group generated by
{o; | 1 < j < d} with function composition as the group operation is (isomorphic to) the
Coxeter group Z4 [17, Sec. 7.5]. Given a scalar-, vector- or tensor-valued function f on B9,

we shall write o7 f := f oo;. We will say that f is oj-even (resp. oj-odd) if o7 f = f (resp.

o;f = —f) almost everywhere. On defining
+ o By
Sym,(f) == / ;Jf and Skew;(f) := / ;Jf, (2.2.2)
every such f admits
f=Sym;(f) + Sym;(f) (2.2.3)
as its unique decomposition into a oj-even and a o;-odd part. For every 4,5 € {1,...,d}, o;

and o; commute. Therefore, so do the operator pairs (07, 07), (Sym;, Sym;) and (Sym,, Skew;).

It follows that
f = Sym,;(Sym;(f)) + Sym,(Skew;(f)) + Skew;(Sym;(f)) + Skew;(Skew;(f)) (2.2.4)

is the only decomposition of f into all four combinations of ¢;- and o;-parity. Following [17,

Def. 6.4.4], we further introduce the operators p; by

() o L) =S (o2) 2 Skew (i) 225)

Ly Lj

10



Chapter 2. Orthogonal polynomial projection error in Dunkl-Sobolev norms in the ball

where, whenever z; = 0, the ratio must be interpreted as the corresponding limit; namely,
20,f(z). The following variant of Hadamard’s lemma (cf. [39, Sec. 3.20]) encapsulates the

properties of the p; operators we shall need later.
Proposition 2.2.1. Let j € {1,...,d} and f € C"(B9), r > 1. Then, p;(f) € C""'(B9) and,
for all multi-indices a with 0 < |a| <r —1,

19ap; (F)lloe < 2110605 f |l - (2.2.6)

If f happens to be a polynomial of degree n, p;(f) is also a polynomial of degree at most n — 1.

Proof. Throughout this proof, for all z € B? we set 2’ = (z1,...,24-1) and 2" = (21,..., 24_2)

so that z = (2, zq) = (2", 2a_1, zq). Also, given a function h: B4 — R we denote its modulus of
continuity by w( - ; h); that is, for all ¢ € [0, 00|, w(t; h) := sup {|h(x) —h(y)| | z,y € B4, |z —y| < t}.
We also assume, without loss of generality, that j = d.

Given k € Ny let the integral operator Hy be defined by

1

Hy(h)(x) ::/ s"h(a') s 1q) ds. (2.2.7)

-1

First, let us note that
(Vh € C(BY) Hi(h) € C(B9). (2.2.8)

Indeed, let h € C(B?). Then, for all x,y € BY,

|Hy(h)(z) — y)| < / (', sxq) — Wy, syq)| ds < 2w(|z —y|; h).

Thus, 0 < w(-; Hk(h)) < 2w(-;h) so Hg(h) inherits the uniform continuity of h, which, in

turn, stems from the fact that B4 is compact. Also, directly from the definition (2.2.7),
(VheCBD) MW, < 2]l (2.2.9)

Next, we note that, as a consequence of the Fundamental Theorem of Calculus, for all i €

11
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(1,....d},
h(z 4+ ne;) — h(z)

n

(Vh € CY(B)) — Oih(x)| < w(|n|;0:h). (2.2.10)

Further, we affirm that

_ Hy(9:h)  if i #d,
(Vh € CY(B?)) 0;H,(h) = (2.2.11)

Indeed, let h € C1(B9). Let i € {1,...,d — 1}; without loss of generality we can assume that
1 =d — 1. Then,

Hy(h)(x +mneq—1) — Hyp(h)(x)
n
< /1

because, per (2.2.10), the last integrand tends to 0 as 1 tends to 0 uniformly with respect to s.
Ifi=d,

— Hy(Oa—1h) ()

h(x" xq1+1n,sx5) —h(2",24_1,524)
n

— 04 1h(2, sxq)| ds 129

Hy(h)(x + nea) — Hi(h)(x)

; — Hj11(0gh)(2)
I /
s/l M, swa+m) =Wy s8a) g p o g0 as
1 U]
’ /
g/l h@asxd—i_‘sn)_h(x’sxd)—Gdh(x/,sxd) dsmo,
1 51

again by (2.2.10) and the fact that |sn| < |n|. Thus we have justified (2.2.11).

Let f € C"(BY). Then, ps(f) = Ho(dsf). Indeed, if x4 = 0, pa(f)(x) = 204f(z) and
Hy(0af)(z) obviously coincide. If z4 # 0, by the Fundamental Theorem of Calculus and the
definition in (2.2.5),

T

pul D)) = — [ 0uf e = [ 0uf (s a)ds = Ho(0uf) (o).

.Td —Zq

With pgf characterized in this way, its membership in C"~'(B?) and the bound (2.2.6) stem

12



Chapter 2. Orthogonal polynomial projection error in Dunkl-Sobolev norms in the ball

from (2.2.8), (2.2.9) and (2.2.11).

Let us note that if A happens to be the monomial h(z) = [I%, 5%, a1, ..., aq € Ny, a direct
computation shows that Hy(h) = P(;;%Hh Thus, Hy maps polynomials to polynomials of

at most the same total degree. Hence, if f is a polynomial of total degree n, pi(f) = Ho(Ouf)

is a polynomial of total degree at most n — 1. O

Given any v € RY, the map that to each e; and —e;, j € {1,...,d} associates ~; is Z3
invariant, so it is a multiplicity function in the sense of [17, Def. 6.4.1]. The Dunkl operators

associated with (the multiplicity function induced by) v [17, Def. 6.4.2] are

(V5 € (L)) D) = dya(a) + L py(a)a) 2 pa(a) + LU= 9919

By simple computation, we deduce that given differentiable functions p and ¢,

i

D (p4)(x) = (@)D pla) + ple)ya(a) + Lp(o,) 1D 1A

- (2.2.13)

J
Through Proposition 2.2.1 the Dunkl operators inherit from the standard partial derivatives

the inclusions

D" (c™(BY)) c ™ (BY) and D (1Ij,) CII, (2.2.14)

for m € N and m € Ny, respectively.

The following commutation relations are particularizations of Prop. 6.4.3, Th. 6.4.9 and

Prop. 6.4.10 of [17], respectively:

N RPN
oD if © # 7,

D§V)U;< _ J (2.2.15)
—o:DY) ifi=j,

DD — PP, (2.2.16)
Dy if 5 £ j
™) B ZT; j 9
D (2:q) = (2.2.17)

2DV g+ q+~otq iti=j.

13



Chapter 2. Orthogonal polynomial projection error in Dunkl-Sobolev norms in the ball

Note that in (2.2.17) and in the sequel we commit the common abuse of notation of denoting
maps of the form x — z;q(x) simply as x;q. Some consequences of (2.2.15) are

Sym, DY if i # 7, Skew,; D\ if i # j,

and D]h) Skew; = (2.2.18)

D](-ﬂ Sym,; =
Skew; D" if i = j Sym, D) if i = j.

Also, as
j0q = ’ (2.2.19)
—J;-‘(qu) if i = j,
we further have

Sym,(z;q) if i # j, Skew;(x;q) if i # j,
xj Sym; q = ’ and x; Skew; q = ’ (2.2.20)

Skew;(x;q) ifi=j Sym,(z;q) ifi=j.

Because of the commutation property (2.2.16), we can unambiguously use the multi-index
notation to express compositions of Dunkl operators; hence, given a € [Ng]¢, we shall write
DO = (Dfn)“l 0---0 (Dy) ). We can now compactly express the following consequence of

a

Proposition 2.2.1: For all multi-indices a € [No]? and f € Clal(B),
d
HDfﬂ)fH H (L + D" [10af oo (2.2.21)

We define the Dunkl gradient by DO f := Zd D(7 (f)ej. Given m € Ny we define the
Sobolev-type inner product (-, )a~m: C™(B9) x C™(B4) — R by

m

(Vp.g € C"(BY) (b @acum := Y (P)'p,(DV)q) (2.2.22)

k‘:O a?’y

where (DW)* is the k-fold Dunkl gradient. Using the multi-index notation, this inner prod-
uct can also be expressed as (p,q) — Xilo X ja=k (S) (DYp, DY q) ., (here (Z) = al'ki'ad' is

the number of times D{p with |a| = k appears in the k-dimensional array-valued (D"))%p)

and is of course bounded from above and below by positive-constant multiples of (p,q) —

14



Chapter 2. Orthogonal polynomial projection error in Dunkl-Sobolev norms in the ball

E|a|§m <D((17)p, Dt(z’Y)q>a,’Y'

We define now in some detail the function spaces involved in our main result Theorem 2.1.1.

Definition 2.2.2. Given m € Ny, we define H}_ as the topological completion of (C™(B9), |- yim)-

That is, up to isometry, Hy' is the space of equivalence classes of Cauchy sequences of
(C™(BY), ||- | y:m) With respect to the equivalence relation ~ defined by (25 )nen ~ (Yn)nen <
mp o0 |20 = Ynllgpem = 0, equipped with the metric (z,y) = lim,—eo |20 — Ynll,..m, Where
(Zn)nen and (y,)nen are any representatives of the equivalence classes x and y, respectively,
which makes it a complete metric space. Identifying each f € C™(B9) with the equivalence
class of the constant sequence (f)nen, C™(B?) is a dense subset of HY [32, Th. IIL.33.VII], [18,

Th. 4.3.19].

It is easily checked that the map (z,y) — lim, e (Zn, Yn)a,y;m, Where again (z,),en and
(Yn)nen are any representatives of the equivalence classes x and y, respectively, is a well defined
inner product that induces the above metric, whence H' is a Hilbert space. We denote that

inner product by (-, )a:m as well.

Proposition 2.2.3. Polynomials are dense in Hy. .

Proof. Let f € Hy and € > 0. By the characterization of H, as a topological completion in

Definition 2.2.2, there exists g € C™(B9) such that || f — g]| < €/2. Now, g can be extended

a,y;m

to a C™(RY) function § [46], which, by smooth truncation if necessary, can be assumed to have

its support contained in the ball B(0,2). By [20, Cor. 3], there exists a polynomial p such that

- €
> sup|@og — Oapl = D sup|0.g — dup| < 5o

la|<m B4 la|<m Bd d,m

|al
a

of (2.1.3)). Thus, by (2.2.21) and the definition (2.2.22),

1/2
where cq,, = HlHi/i MaX|q|<m ( ) / MaX|q|<m 1%, (14 |y;|)® (this constant is finite on account

1/2 ) 1/2
19 = Pllam < 11]12 max ('Z’) ( > [pog - DgprOO)

el
7 la<m |a|<m

15



Chapter 2. Orthogonal polynomial projection error in Dunkl-Sobolev norms in the ball

1/2
a
< 112 ma (’ ‘) maxH DS S 99— Bupl

2 < <m
e | m\ a lof< la|<m
O

Remark 2.2.4. We define our Dunkl-Sobolev spaces as topological completions of strongly dif-
ferentiable functions with respect to the chosen norm; that is, ‘H’ spaces in the nomenclature
of Meyers & Serrin [36]. One might also define Dunkl-Sobolev spaces intrinsically, as spaces
of (classes of equivalence of) L2 functions whose Dunkl operators up to a certain order still

belong to L2 ., ‘W’ spaces in the nomenclature of [36]. To the latter end distributional

oy 1
generalizations of the Dunkl operators (see, e.g., [45, Th. 4.4]) might be required to properly
define their action on non-differentiable functions. However, we do not know if such ‘W’ spaces

would be appropriate substitutes for (perhaps even identical to) our ‘H’ spaces.

2.3 Orthogonal polynomial spaces

Let V,E“”’ be the space of orthogonal polynomials of degree £ with respect to the weight W, -;
ie.,

Ve = {p el | (Vg €T ,) (b, q)ar =0} (2.3.1)

If k < 0 we adopt the convention IT¢ = {0} and so V{*" = {0}. As W, is centrally
symmetric, it transpires from [17, Th. 3.3.11] that, for all & € Ny = {0, 1,2, ...}, there holds

the following parity relation:
Vpe € VO (Vo € BY  pu(—2) = (=1)kpp(2). (2.3.2)
There holds (cf. [17, Sec. 3.1])

(2.3.3)

dim(Ve7) = dim(I1%) — dim(11¢_,) = (" +s B 1).

Let plroj,(C denote the orthogonal projection from L2 _ onto V( 7 From [17, Th. 3.2.18],

16
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= 692:0 Vlgaﬂ) and Liﬁ = @]?;0 Vkaﬁ), whence
(VneNy) S = Z proji’ ™ and  (Vu € LY ) u="Y" proj ™ (u). (2.3.4)
k=0

We mention in passing that we will denote the entrywise application of S to Li7 vectors

and higher-order tensors by S(*7) as well. Parseval’s identity takes the form

2

2 > (o,
(Vvuer2)) [full, =3 [proi V’(U)HM. (2.3.5)
k=0 ’
The following proposition, analogous to [22, Prop. 3.1], collects relations between orthogonal

polynomial spaces and projectors onto them that do not involve Dunkl operators.
Proposition 2.3.1. Let a € (—1,00) and v € (—1,00)<.

(i) Let p € V. Then, (1— ||-|*)pe € V™ @ Vi1,

(ii) Let qp € V}(Caw)' Then, q;, = prOJ,(c ; 7)(qk) + proj,(fH’A’)(qk).

(iii) Let u € L7, . Then, proj® ™ (u) = proj* (proj](f’v) (u) + proj,(fig)(u)).

(iv) Letw € L2 . Then,

(a+177)< ) (at+1,7) -(a,v)( ) (at1,y)

proj — projl(ca,v)(u) + proj, o projyya (u) — projy o prOJ( ry)< ).

Proof. Given ¢ € TI¢_y, (1 = |1*)pk: @)ary = (Pk+@)at1,, = 0 by definition (2.3.1). Also, by
the parity relation (2.3.2), (1 — ||-1*)pk Lan V,gi’lv). Therefore part (i) stems from (2.3.4). An

analogous argument accounts for part (ii). Part (iii) comes from the fact that given py €

Véa—i—l,fy)

Y

(at+1 ﬁ)( )

2
<p1"0J 7pk‘>oz+1,7 - <uapk>a+1,v - <u7 (1 - |||| )pk>a,v

(i) (o, - (o, «, (o,
= (proji™™ (u) + projiy (w), (1 = ||-|*)pr)as = (Proje™ (u) + projiy) (w), p)ati -

17



Chapter 2. Orthogonal polynomial projection error in Dunkl-Sobolev norms in the ball

Part (iv) is obtained from adding and substracting proj,(f;l’w (projgf’y) (u)) to the right-hand

side of part (iii) and using part (ii). O
Proposition 2.3.2. Let o € (—1,00) and y € (—1,00)%

(i) Let f € L7, be oj-odd. Then, [ga f(x) Wa(z)dz = 0.

(ii) Given k € Ny, j € {1,....d} and p, € V"7, proa; € V™ as well,

Proof. Because of the invariance of the Lebesgue measure with respect to reflections, [gza f(2) W, (2) dz =
[ga f(ojx) Wy q(0j(x)) dz. As W, is oj-invariant, part (i) follows.
Part (ii) is proven similarly, using additionally the fact that the composition with o; pre-

serves the degree of a polynomial. O]

Given any o € R and v € R? we introduce the differential-difference operators D](.am*),

je{l,....d}, by

Dy Vg(a) = ~(1 — o) D (1 ~ o))" g(a))

= —(1—[|lz*) D} q(x) + 2(a + Dajq(x). (2.3.6)
From the inclusions in (2.2.14) they inherit

D" (¢m(BY)) € ¢ (BY) and Dy (TI) CTI, (2.3.7)

J

for m € N and m € Ny, respectively. Also, from (2.2.18) and (2.2.20),

| Sym, Dy if i # j,
'DJ(-O"%*) Sym,; = ’ and
Skew,; D7 if i = j
, Skew; D> if i £ j,
DL Skew; = ’ (2.3.8)

Sym, D\ if i = j.

%)

As its notation suggests, the D](-a’y operator is indeed adjoint to the Dunkl operator Dj(f/), to
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the extent allowed by the first part of the following proposition, analogous to [22, Prop. 3.2], that

also goes on to show that D](»am*) is a parameter-lowering and degree-raising operator, that D](-V)

is a parameter-raising and degree-lowering operator and a useful commutation relation between

projections onto orthogonal polynomials spaces and a Dunkl operator.
Proposition 2.3.3. Let a € (—=1,00), v € (=1,00)% and j € {1,...,d}.
(i) Let p.q € CY(BY). Then, (D{"p, @)as1 = (0. Dy ).
(ii) Let v, € V™7, Then, DJ( "y, € Vit
(iii) Let pr € V"', Then, D; My, € Ve

(iv) Let u € Cl(ﬁ). Then, D](”) proj,(f" )( ) = pFOJ,(Canl ) (D](V)u).

Proof. As both D](-W) and D](-am*) flip o;-symmetry into oj-antisymmetry and vice versa (cf.
(2.2.18) and (2.3.8)), per part (i) of Proposition 2.3.2, it is enough to prove (i) in the special
cases where p and ¢ are either oj-even and oj-odd or oj-odd and o;-even, respectively. Let us
define, for 8, > 0, the set X5, :={x € B | |z;] >0 A (Vie{l,...,d})\{j} |=)| >¢e}. By

integration by parts,

/)(5 . 9ip(2)q(x)Wart1,(x) dz

— /aXMp(w)Q(w)WaH,v(x)l/j(x) dS(ZL’)—/ p(2)0;(q(2)Way1,(2))dz, (2.3.9)

X(S,s

=bs,«

where v is the outher normal vector field defined almost anywhere (with respect to the surface

measure) on 0X;.. Now, for every z € Xj., by direct computation

0;(a(x)Wary1,(x))
= (9ja(x)(1 — [[2]*) = 2(a + Dajq()) Wary (2) + 2 q(2)Was1(2). (2:3.10)

From the definition (2.2.12) of DJ(-PY), (2.3.9) and (2.3.10),
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_ [ P@EPOE) () de (2.3.41)
2 X(S,s x] 7

As X;. and W, , are oj-invariant, a simple computation shows that

PR o) W (@)t = [ @) "D W)

X(;’E x] X&,a :Cj

which, substituted into (2.3.11), results in (cf. (2.3.6))

/X D]('W)P(x)Q(ﬂf) Weari,(z)dr = bs. + /X p(z) DJ(-Q’W*)Q(:E) We(z) dz. (2.3.12)
S, d,e

As W,41,, vanishes on X5, N S%1 and v; vanishes almost everywhere on each of the sets
{r € 0Xs. | |xs| = e} for i € {1,...,d} \ {j}, the boundary integral in (2.3.9), (2.3.11) and
(2.3.12) can be written as

b5 = oy oygy PO 000 Warsao (0 sign(z,) 45 )

= px) g(x) S aS(a
_f[:veax(;,smj:a} x; Wa+1,v+ej( )dS( )

Since pq is 0j-odd, we infer from Proposition 2.2.1 that z — p(x)q(x)/z; = p;(pq)/2 belongs
to C(BY). Also, as a4+ 1 > 0, (1 — ||z[*)*™ < 1 for all z in the integration domain above.
Additionally, said integration domain is contained in {z € [—1,1]?| |z;| = §}. Thus,

d
I/
i—1 Y/ [-11]
i#]

|bs..| < 6% max 7 da,.

z€B4

p(x)q(z)

Then, as v; > —1 for i € {1,...,d}, for every fixed ¢, lims ,o+ b5 = 0. Then, (i) follows from
(2.3.12) by first taking the limit as § — 0 (which makes the boundary integral disappear) and
then the limit as ¢ — 07 (the volume integrals over X, converging to the corresponding ones

over B? by the dominated convergence theorem)
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Given r, € Vi, by (2.3.7), D € I1¢,,, and, on account of part (i), the latter is
Liﬁ—orthogonal to I1¢, whence part (ii). An analogous argument accounts for part (iii).

Given u € C'(B4), by part (iii), Dj(-w proj§C M) € V(OZH’7 . Part (iv) then comes about

from the fact that for all r € Vkaﬂ’v ,

a, (1) o,k (ii) a,yx (
(D proji®™ (w), sy 2 (proje™ (), D) oy = (u, DIy 2 (DU, Y o,

Given v € R? we introduce the differential-difference operators DY ,j€A{1,...,d}, by

Zj’

DY) =, DY) —a; D). (2.3.13)

J

Under this definition, the sz) operators are simply the null operator. If v =0 and ¢ < j, the

DE}-) operators are angular derivatives [13, Sec. 1.8].

The following proposition shows that this operator is minus its adjoint in a certain sense,
that the orthogonal polynomials spaces are parameter- and degree-invariant with respect to
this operator and a commutation relation involving this operator and projectors onto the same

orthogonal polynomial spaces.

Proposition 2.3.4. Let a € (—=1,00), v € (—=1,00)%, 4,5 € {1,...,d}.
(i) Let p,q € CY(BY). Then, (D{p,q)ary = —(p. D)) q)ar-

(ii) Let p, € V7. Then, D(7 e V),

(iii) Let v € C*(B4). Then, D(V) prot],(g )( ) = proj,(ca’y) (Dl(z)u)

Proof. In the non-trivial case ¢ # j, we infer from the commutation relations (2.2.18) and
(2.2.20) and the definition (2.3.13) that the operator D ) flips both the oy parity and the o;
parity of each term in the four-way decomposition (2.2.4) of p. Then, by part (i) of Proposi-
tion 2.3.2,
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<'D§:§-)p, Qo = (Dg})(Symi Sym; p), Skew; Skew Qany + (DZ(?J-)(SymZ- Skew; p), Skew; Sym; Qo

+ (D,(j’j)(SkeWi Sym; p), Sym; Skew; ) + <D§:§-)(Skewi Skew; p), Sym, Sym; q)q,-

Thus, it is enough to consider the special cases in which p and ¢ are simultaneously of opposite
o;- and o;-parity. Those cases, in turn, are covered by the supposition that pq is simultaneously

o;-odd and o;-odd, which we adopt from now on.

By direct computation it is rapidly checked that,

(D} o + (1. DL} @)ary = (DiJP, @)y + (0, D e
+Aﬂ<ug()(J)—V%()<)>MMWMWN$

2 l’j 2 Z;
+éﬂ@%¥%“@;ﬁwm—?%“@;§wmwﬂﬁﬂw.@&M)

As the purely differential operator DZ(,O]-) = 7,0, — x;0; satisfies the relation D( )(pq) D(O) (p) g+

pD( )( ) and vanishes on radial functions,

d
Db, @)y + . DY @ = [ v (p(a)g@)(1 = ol) (@ie; = aye0)) I] loul ™ da.
(2.3.15)
Let us define, for e > 0 and 0 < r < 1, the set X,..:={z € rB?| (Vk € {1,...,d}) |zx| > }.

By the Lebesgue dominated convergence theorem and integration by parts,

0 0
(DD, @y + (9, D (@)

- ( Ly P W (@) aie; — jes) - v(x) dS ()

d

— p(x)q(x)Wo () (zi85 — T5€;) Z(ml %el) x), (2.3.16)

XT,E l 1

=Up e

where v is the outer unit normal vector field defined almost anywhere (with respect to the sur-

face measure we have denoted by S) on 0X,.. For k € {1,...,d}, let us define the subsurfaces
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Ao = {x € 0X,. | |z1] = €}. Then, the union (rS¥'N9X,.) UUL, A, is a decompo-
sition of 0X, . in sets whose pairwise intersections have zero S-measure. Now, for S-almost
every r € rS1NIX, ., v(z) = r~'a, which is orthogonal to z;e; — z;e;, and for k € {1,...,d},
for S-almost every x € A, ., v(x) = —sign(xy) eg, which is again orthogonal to z;e; — z;e; if

k ¢ {i,j}. Hence, on defining

L.;:= —/ p(x)q(x)x; sign(x; )Wy - (z) dS(z),

Are,j
£,

Levi= [ pl@)a@)e;sign(e)We, (2) dS(z),

we can express (2.3.16) as

(DD, @y + (0, D @)y = lim (e + Lrcy — ). (2.3.17)
e—0t

As pq is 0j-odd, by Proposition 2.2.1, x > p(z)q(z)/z; = p;(pq)/2 belongs to C(B9). Also,
for all # € A,.;, ||| < r < 1, which in turn implies that (1 — ||z||*)* is bounded by (1 — 72)*

if « < 0and by 1if o > 0. Further, A, . ; is contained in {z € [~1,1]¢ | |z;| = €}. Thus,

-] <& sup p(@)a(z) |7 day.

zeBd

|z

(1—12) ifa<0 d
r x /

. 1 J[-1,1]
1 ifa>0 ’g;}

As all the entries of v are greater than —1, the integrals over [—1, 1] above are finite, so we can
conclude that, for all » € (0,1), lim. o+ I, ; = 0. The same argument holds for I, . ;, so for all
re (0,1), im0+ I, .; = 0.

By expanding the dot product in the integral in v,. (cf. (2.3.16)), judiciously expanding,
say, p = Sym,(p) + Skew;(p) or p = Sym;(p) + Skew,(p) and changing variable through o; or o;
where necessary to make Sym;(p) and Sym;(p) disappear and Skew;(q) and Skew;(q) appear,
we find that

R e e LU AELE
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+ ; p(x) (észw — 75@@) Wo(x)de. (2.3.18)

Therefore, substituting (2.3.18) into (2.3.17) and the result, in turn, into (2.3.14), yields (i).

Let p, € V,E,a”). By (2.2.14), Dgg)pk € II{, and, on account of part (i), the latter is L2 _-

orthogonal to I1¢_,, whence part (ii).

Given u € CL(B9), by part (i), D\ proji® (u) € V{*?. Part (iii) then follows from the

1,7
fact that for all r € Vlgaﬁ)’

(e, i) (o, (ii) ()
(D73 projit™ (u), ey = = (profi™™ (), Dij/r)aq = =(, D}y = (DiFu;)as.

2.4 Sturm-—Liouville problems and approximation results

In rough terms, we will infer from the regularity of a function being approximated the weighted
summability of the squared norms of its projectors onto a sequence of orthogonal polynomial
spaces. In turn, this will lead to information about the approximation quality of the truncation

)

projection S](\?’W . In this endeavor, the characterization of orthogonal polynomial spaces as

eigenspaces of a Sturm—Liouville-type operator will be essential.

From [17, Th. 8.1.3], if « > —1 and 7 € (—1,00)¢, every p, € V7 satisfies

L (py) = (=AY 4 (2 V)? + 2472 - V) p, = n(n + 2X*7)p,, (2.4.1)
where
d 1Y d
A = XZ(DZ@))2 and A = + 5 Z% + 7 (2.4.2)
i=1 =1

We will now put the operator £(*7) of (2.4.1) into a form that we can test, treat with
integration-by-parts substitutes (part (i) of Proposition 2.3.3 and part (i) of Proposition 2.3.4)
and turn into a transparently self-adjoint weak form.

Taking into account the second characterization in (2.3.6) defining D](-O‘m*), it is readily
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checked that

d d
DTN(DYp) = —(1 — [|2]|)ADp 4+ 2(a + Dz - Vp+2(a+ 1) S 7, Skew,(p).  (2.4.3)

1 i=1

)

Also, from the definition (2.3.13) and (2.2.17), for all 4,5 € {1,...,d} with i # j,

(D)) = («}(D)) +23(D")?) — 222, D' DY
— (z; DY) 4 T, DJ(-W)) - (%xjaﬁ?jm + vjxia;-‘Dp)). (2.4.4)

Then, as a direct consequence of (2.4.4), we can write

1

(M2 _ (12
> 0r=5 > (0
1<i<j<d 1<i,j<d
i#]
= 2P A = 3 a2z, DDV —(d-1) 3 DY) — Y ywor DY) (24.5)
1<i,j<d 1<i<d 1<i,j<d
i#]
Considering the easily verifiable identities
1<i,j<d
22(DNV? = 2202 + ~,2,0; — ; Skew; (2.4.7)

and

(337; DE”)(ZL'] D(’Y)) = xla:]@l@j + (’yjmz@ SkeW] +")/Zfl?]8] SkeWZ) + i Skewz Sker, (248)

J

for i # j; we can readily write

> xiijP)D](V): > x?(va))2+ > xiijP)D](.”)

1<i,5<d 1<i<d 1<4,5<d
i#j
1<i<d 1<i,j<d

i#j
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— Z ~; Skew; + Z Vi Skew; Skew,; . (2.4.9)
1<i<d 1§;;j§d
i#j

Then, replacing (2.4.9) in (2.4.5) and using the fact that x; Dﬁw = z,;0; + v; Skew;, we get

S (PP = el AP — (- VP~ (d=2)(a- V) = (d=2) ¥ 7 Skews

1<i<j<d 1<i<d
— > voix0; — Y yiy0; Skew; — Y %0,
1<i,5<d 1<i,5<d 1<i<d
i#] i#]
1<i,j<d 1<i,j<d
i#] i#j

Lastly, considering the identity Y1 <;<qVi%i0i = (X1<i<q Vi) (@ - V) — Xi<ij<d Vix;0;, adding and
- - 1#]
substracting the term (3-;<;<47%) YXi<i<a Vi Skew;, considering the identity Skew; = Id —o7 —

Skew;, and simplifying, we can readily obtain

S (D) = 2 A0 — (2. V)2 = (d— 2+Z%> (V)

1<i<j<d i=1

d d d d
_ (d -2+ Z 71) Z v; Skew; + Z Z vy Skew; Skew; . (2.4.11)

i=1 =1 i=1j=1

Thus, substracting (2.4.11) from (2.4.3) to then note the appearance of the operator £(*7) of

(2.4.1) we can conclude that it can also be expressed as

d
L) = 3 D@ = 3 (D)
i=1 1<i<j<d
d d d
— 22X " 5; Skew;(p) + ) > vivj Skew; (Skew;(p)).  (2.4.12)
i=1 i=1 j=1

Using part (i) of Proposition 2.3.2; part (i) of Proposition 2.3.3 and part (i) of Proposi-
tion 2.3.4, we find that

(VpeC®(B9) (VgeC'(BY)) (L(D)q)ay = Blp,a), (2.4.13)
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where the symmetric bilinear form B: C'(B4) x C'(B?) — R is defined by

d
B(u,v) := Z(Dl@)u,Dp) oty T Z W)u D ) V) ay

i=1 1<i<j<d

d
— 2X%7 Y " ;(Skew; (u), Skew; (v))a.y
i=1
d d

+ 3> i (Skew; (Skew; (u)), Skew; (Skew; (v)))a,y. (2.4.14)

i=1j=1

Through (2.4.13) the eigenvalue (Sturm-Liouville) problem (2.4.1) satisfied by the L7, _-orthogonal

polynomials can be expressed in the weak form
(Yoo V) (Ya € C'(BD)  Blpwa) = nln+2X") (b, @)a, (2.4.15)
Directly from the definition (2.4.14) and standard inequalities follows the bound

(Y0 e CHBY)  [B(u.v)] < Cp llully o 0] (2.4.16)

o,y;l

for some Cp = Cp(a,y) > 0. Given any polynomial p € I1¢, it follows from (2.4.15) and (2.3.5)

that
degree(p) )
B.p)= > nln+2x7) [projie? o)) = inf (n(n+2X°7) o,
n=0

From the definition of A*7 in (2.4.2) and the fact that o, v,...,7¢ > —1 it follows that the
above infimum is min(0,1 4+ 2A*"). Also, because of the bound (2.4.16) and the density of
polynomials in H. 2 C'(B9) (cf. Proposition 2.2.3), the above inequality can be extended
to C'(B9) functions. Thus, choosing any K > max(0, —1 — 2A*?), the shifted bilinear form
B: CY(B?) x C'(BY) — R, defined by

B(p,q) = B(p,q) + K(p, )ar: (2.4.17)

is an inner product in C*(B?); we denote the induced norm by ||-||5. This allows for defining

an ad hoc function space in very much the same vein of Definition 2.2.2.
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Definition 2.4.1. We define Hj as the topological completion of (C'(B9), ||| 5)-

Proposition 2.4.2. There holds the inclusion H«lm C Hg and

(VueHy,) lullg < (Cp+ K)'?ull

ay;l
that is, Hiw is continuously embedded in Hy.

Proof. From Definition 2.2.2, every u € Hiw is (a class of equivalence of) a Cauchy se-

quence (uy,)nen of C'(B?) functions with respect to the norm [lq of (22.22). By (2.4.16),

m,n—o0

——— 0, so u € Hz according to Definition 2.4.1,

= (Cp + K)"2|Jul] O

i = wnll 5 < (Cp + KV [l — ttnl 1.1

and HUHB = limy, 00 ”unHB (Cp + K)1/2 lim, o0 ”unH

a1 T a,y;lt

In the sequence of results Lemma 2.4.3, Lemma 2.4.4 and Corollary 2.4.5 below, we will
exploit the Sturm-Liouville-type equations satisfied by our orthogonal polynomial spaces, both
in its strong (£("-based) and weak (B and B-based) forms, to prove that Dunkl-Sobolev
regularity implies convergence rates of our truncation projector, with the error measured in

sz. See [23, Lem. 2.2, Lem. 2.3 and Cor. 2.4] for the corresponding results in the v = 0 case.
Lemma 2.4.3. Let o € (—1,00) andy € (—1,00)?. Forallu € Hy, the series ., proj'®" (u)
(cf. (2.3.4)) converges in Hp as well. There also holds the Parseval identity

(Vuety) [ull =3 (n(n+2X27) + K) [proj@ ()|’ .

n=0 @ 7

Proof. By density (cf. Definition 2.4.1), (2.4.15) extends to ¢ € Hz. Adding K(p,, ¢)a~ to both

sides we obtain
(Vpu € V) (Vg€ Hp)  B(pa,q) = (n(n+22"7) + K) (P, )y

Polynomials are dense in Hz. Indeed, if s € Hp is Hp-orthogonal to I1¢, by the above equality
and the fact that n(n+2X*7) + K > 0 for all n € Ny, it follows that s is L2 _-orthogonal to IT?
as well; i.e, s = 0. Now, as the V(") are finite-dimensional (cf. (2.3.3)), there exists a Hilbert

basis of ng consisting of LZ,V—orthonormal polynomials. Such a basis can be renormalized to
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obtain a Hilbert basis of the closure of polynomials in Hy; i.e., Hp itself. The desired results

then stem from the basic properties of Hilbert bases; see, e.g., [7, Corollary 5.10]. O

Lemma 2.4.4. Leta € (—1,00), v € (—=1,00)% andl € Ny. Then, there exists C = C(a,v,1) >
0 such that

a,yl*

(VueH,,) fj (n(n +2X*7) + K)'||proj (U)H; < CJulf?

n=0

Proof. The | = 0 case is simply (2.3.5). From Proposition 2.4.2 and Lemma 2.4.3, for all

ueH
[e'e} (a 2
> (n(n+20*7) + K) |[proft ()| = [lulll < (Co -+ K) lJul? (24.18)
n=0 ’

which accounts for the [ = 1 case.

Particularizing (2.4.13) to p € C?(B?) and ¢ € I1? and using the symmetry of the bilinear
form B and the inner product of L2 _, we find that

a7’y7

(Vpe C3(BY)) (Vg eIl) (LOV(p)q)an = (0, L£97(@))an- (2.4.19)

Now, by virtue of the bound (2.2.21) and the definitions (2.3.6) and (2.3.13), the operators
DJ(“/), Dj(am*) and D%) are bounded operators between C™(B?) and C™ (B4), m > 1. From
Definition 2.2.2 they extend to bounded operators from Hy', and ng;l. Using these extended
first-order operators in the definition of £(*7 in (2.4.12), the resulting extended £ and
L7 4+ K T operators are bounded maps between HZ', to H™>2 m > 2. The m = 2 case allows

a7 a?’y ’

for extending (2.4.19) to
(Vu e ng) (Vgen) (L), q)ar = (u, L47(q))ar- (2.4.20)

Then, for all u € H | and ¢ € V{*7),

(o N o (2.4.20)
(proj (L (W), @)ary = (L7 (1), Qary =
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CLY i (n 4 220w, @)as = n(n + 2X%7) (proj ™ (u), g)a,

whence
(Vu e sz) proj @M (LM (1)) = n(n 4+ 2X%7) proj{®? (u). (2.4.21)
Therefore, if [ > 2 is even, our desired result stems from

S (n(n 4 2X*7) + K)l Hprojﬁf’”) (u)H2

n=0

L0 3 foroife? (£ + K 1) ()|
n=0

a,y Y

:WNW+KWWMf§WﬁMMKnﬂ\

2 2
ay L(fo,’va%,—y) HuHa,'y;l '

Finally, if [ > 3 is odd,

> (n(n+22%) + K)' [proj @ (w)|

n=0

2
QY
0 S (n(n +2X%) + K) [proife (£ + K 1)02(w)

n=0 oLy

(2.4.18) 2

=7 (Cp+ K) [ (£ + K D02 ()|

a,y;1

o - 2 2
< (Cp+K) (e xR Tl
@,y oy

]

Corollary 2.4.5. For all a € (—=1,00), d € N, v € (—=1,00)? and | € Ny, there exists C =
C(a,,1) such that

oyl :

(VN eNo) (VucH, ) [lu—S¢7 @) <O +1)™ |uf

Proof. This is a direct consequence of the Parseval identity (2.3.5), Lemma 2.4.4 and the fact
that n(n 4+ 2A*7) + K depends quadratically on n. O

Proposition 2.4.7 below allows for quantifying the ng norm of a member of V,i"“”) with
respect to its L2 41~ Dorm, thus containing the seed of the quantification of the price to be paid

in our main result Theorem 2.1.1 because of the mismatch of the orthogonal projector there
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and the norm the approximation error is measured with; its third part is a Dunkl variant of

the Markov brothers’ inequality. However, we need the following technical proposition first.

Proposition 2.4.6. Let a € (—1,00) and v € (—1,00)¢. Then, there exists M, > 0 such

that
d , d d , ,
2 «a
VP Elh) =207 S Skewi) I, + 30 3 ISkew(Skews ()2, 2 ~May I,
1= 1=1 )=
Proof. This comes from the fact that the Skew; operators are bounded in L .. O

Proposition 2.4.7. Let o € (—1,00) and v € (-1, 00)%.
(i) For allp,q € v,ﬁ““”),

k+d/2+ X9 7;/2
a+1

(p, Q>ow = ( + 1) (p, Q>a+1,7'

(ii) Let k € No. Then, for allr € Véa,w)}

((k +2X°7) + Mo)(k + A“’”))w I
o,y ?

D(’Y) oy <
Dl < .

where My~ > 0 is that of Proposition 2.4.6. If r is, additionally, a radial function, this

inequality turns into an equality by replacing M, , with 0.

(iii) There exists a constant C = C(a,7) > 0 such that, for alln € Ny and p € 11¢,

1D pllay < O lpll,

Proof. On homogeneous polynomials of degree k, k € Ny, there holds x -V = k. As a first

consequence, z - V maps I1¢ into itself, for every n € N.

a+1,7) a+1,y)

Let p,q € V,i . As every member of v,§ is a linear combination of homogeneous

polynomials of degree ranging from 0 to k, there exists a homogeneous polynomial s, of degree
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k such that p — s, € I¢_; and hence z - Vp — z - Vs, € II¢_,. Thus,

<£U ’ Vp, >a+1'y <l’ vspu >a+1,’y = k<5p7 Q>a+1,7 = k(p, Q>a+1;y- (2422)

Using the fact that div(z) = d and (2.4.22) (which is still valid if the roles of p and ¢ are

interchanged),

(Qk + d) <pa Q>a+1,'y = <~T . vPa Q>oz+1,'y + <p> € - VQ>a+1,'y + d<p7 Q>a+l,'y
— /B div(p(a)q(2)2)Warr, (2) do. (2.4.23)

Now,
d d
[, div(p(@)a(@)2) W (@) do + 32500, a1 = 34D (@;00), a1,
Jj=1 Jj=1
d 2
= > e, DY (D)o =200+ 1) [ p(@)al) ol Wes () o

Jj=1

where the first equality comes from the definition (2.2.12) and part (i) of Proposition 2.3.2, the
second from part (i) of Proposition 2.3.3 and the third from the definition (2.3.6). Substituting
this into (2.4.23), yields

@+ d)(p, oy = 20 +1) [ p(@)al@) 2] W (2) 4z = 325, s

J=1

Part (i) then follows from the fact that W, () = [|2]* War (2) + War1,(2).

Part (ii) is obviously true if & = 0; otherwise, from part (iii) of Proposition 2.3.3 and part

(i) above,
kA

(Vr e V™) D2, = = 1Dz (2.4.24)

On the other hand, from (2.4.14) and (2.4.15) (with p,, and ¢ there both set as r),

d
DOy, + Do 1D PI2, = 2073 % lISkews(r)]12

1<i<j<d i=1
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d d
+ 37>~ 0y lISkewi(Skew; (m)I2 , + Moy [I7ll5,,

i=1j=1

= (k(k +2X*7) + Mo 7|2, -

Per Proposition 2.4.6, dropping the second, third, fourth and fifth terms from the left-hand side
of the above equality, the remaining first term will be bounded from above by the right-hand
side. Combining the resulting inequality with (2.4.24) and taking square roots results in the
generic case of part (ii). If r is radial, the second, third and fourth terms on the left-hand side

above vanish, and M, can be canceled from both sides; what now remains an equality can

also be combined with (2.4.24).
Given n € Ny and p € TI¢, from (2.3.4), part (ii) above, and the Cauchy—Schwarz inequality,

IPDpllary < DIDD proji™ () las
k=0

n (k4 207 + M, ) (k + )\ Y2 /& - , \1/2
< <Z (k( )a+ 1 A)( )) (Z [projie ) )
k=0

«,

k
a, a, 1/2
(n 4 1)(n 4+ 22%7)(n? + 2X 7n—|—n+2Maﬁ)> ol

:< Ala+1)

Part (iii) then follows after realizing that there exists a positive constant C' depending on «

(DDA It 2 o) < P for all n € No. m

and ~y only such that

Now we prove a lemma with the core of the main result, a bridging corollary and then,

finally, the main result itself.

Lemma 2.4.8. Let a € (—1,00), v € (—1,00)? and | € N. Then, there exists C = C(a,v,1) >
0 such that for allu € H,_,n e N and j € {1,...,d},

a?’y ’

[P0 () — St D) < 0nd D

oy oyil—1"

Proof. Let us first assume that u € C'(B?). Combining part (iv) of Proposition 2.3.1 and part

(iv) of Proposition 2.3.3, we obtain
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D} projiiiy (u) — proji™” (D) u)

= proji" ™7 o projiy (D) — projit s o projy™™ (D) (2.4.25)

Using (2.3.4) to express S(*7) in terms of the prOJ,(C 7 using (2.4.25), noticing that a telescoping

sum results and using part (ii) of Proposition 2.3.1 to expand an appearance of proj(®?) (D§7)u) €

e,

D(’Y)ST(La,'y) (u) . SV(La,v) (D(’Y)u) — Z D( )pI"OJ( ﬁ)( ) Z pI"OJ( a,y) (D('Y)u)

J

k=0 k=0
n—1
= > (D" projiiy (w) — proji™” (D)) — proji ) (D) u)
k=0

— prOng ) o) pro']'?(laﬁ) (D]('Y)U) + proj(Oé ) o pro.]'fz-[{) (D( ) ) _ projgba,'y) (D(’Y)u)

n—1 J j

= projgla M, prOJflJrl)(Dj(V) ) — projlett oproj;a’V)(D§7)u). (2.4.26)

Now, by part (i) of Proposition 2.4.7, the fact that ||proj,,_ et [P ) S and the fact that

I lag1y < IHllo, in L2 (because Wy, < W, ,) we have that, for alln > 1,

n+d/24 30 7;/2 4«
a+1

(a+1, (o,
Iproj; " o projyiy (D )2, < Iproji (D )12, (2:4.27)

Analogous arguments show that, for all n € N,

n+1+d/2+2§:17j/2+a
oy = a+1

||proj O‘H’V)oprojﬁf"ﬂ/)(p(ﬂY w2 [proj{” ( Dy U)Hiy

(2.4.28)
Taking the squared ng norm of both ends of (2.4.26), exploiting the ng orthogonality of
V) and Vet (a consequence of the parity relation (2.3.2)) and the bounds (2.4.27) and

n

(2.4.28) we observe that

) n+1+d/2+Y7,7/2+a
T = a+1

1D 5477 (w) = ${*2(D}w)]

J

1D — SV DO,

As Dj(.y)u € C'=1(B9) (cf. Proposition 2.2.1), we can appeal to Corollary 2.4.5 to obtain the

desired result for u € Cl(ﬁ) after realizing that there exists a constant C' depending only on
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n14+d/24Y 5 v5/2+a

o (n=(=1)2 < C'n?? for all n € N. The general result

then follows via density of C'(B?) in H', _ (Definition 2.2.2). O

a, v and [ such that

Corollary 2.4.9. Let a € (—1,00), v € (—1,00)% and r,1 € N with r < [. Then, there exists
C = Cl(a,~,l,r) > 0 such that, for allu € H,  and n € N,

a?’y

[P S (W) = SEP(DD)w)| < OnP T

o,y - a777l ’

Proof. Let us first note that iterating part (iii) of Proposition 2.4.7 we find that for all » € N

there exists C' > 0 depending on «, 7, and r such that
(VneNy) (Vpelly) (DY) pllay < Cn®lp]l,., - (2.4.29)

We will now operate by induction on r. Taking the square root of the sum with respect to
j of the square of both sides of the inequality in Lemma 2.4.8 the case r = 1 follows almost
immediately. Let us suppose now that our desired result holds for some r € {1,...,[} and that

r+1 <. Then, for all j € {1,...,d}, by the triangle inequality,

| @)y DS () = Si (DD DY )|

a7’y

< H(D(V))TD]@)S,SW) (u) — (D) gl (,DJ("Y)QOHQ,W_FH(D(’Y))TS;TQN) (D](,V)u) — Sl (P ](V)u)‘

— n

a,y

By (2.4.29) and Lemma 2.4.8, the first term is bounded by an appropriate constant times
n2rn3/2-t HD](-W)uHaml,l. By the induction hypothesis and the fact that DJ(-W)U € HL ., the second
term is bounded by an appropriate constant times n?—1/2=(—=1) ||D](-7)u||aml_1. Then, the desired
result in the r + 1 case follows from summing up with respect to j and standard inequalities

connecting vector 1- and 2-norms. O

Proof of Theorem 2.1.1. For every k € {1,...,r},

|y~ @) W)
< 2] (@) - SEU@ )]+ 2[SE7 () 0) - (D) W)
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o k - 1
<GV 5 (5) D2 0+ Co N2 2 < €y N2
where we have used Corollary 2.4.5, Corollary 2.4.9 and C; and C5 depend on «, v, [ and k
only and C5 depends on «, 7, [ and r only. Thus,

ay;l = a3l

- 57

aa’\/;r

< (04 (N+ 1)—2l —|—TC3 N4r—1—2z) ||UH2 < 05 N4r—1—2l HU||2

where we have again used Corollary 2.4.5, Cy depends on «, 7, and [ only and C5 depends on

a, 7, [ and r only. O]

2.5 On the sharpness of the main result

We will say that our main result, Theorem 2.1.1 is sharp if the power on the truncation degree
N appearing there cannot be lowered. We refer to [22, Sec. 5] for an account of sharpness results
for previous incarnations of our main result, to which we should add that the one-dimensional,
Jacobi-weighted variant of [48, Th. 2.6] comes with its own proof of sharpness (for the cases in
which, in our notation, r = [).

We will prove the sharpness of our main result for all dimensions d € N, natural singularity

parameters o > —1 and v € (—1,00)%, but restricted to [ = r = 1.

1

o,s &S proved

We will find it easier to work with an alternative norm, equivalent to that of H
in Proposition 2.5.3 (see [23, Lem. 2.6] for the corresponding result in the v = 0 case). However,

we first need to show that differentiable functions with vanishing Dunkl gradient are constant

in B,

Proposition 2.5.1. Let v > —1, L >0, and p € C'(—L, L) such that
Dp=0 in(—L,L). (2.5.1)

Then, p is constant in (—L, L).

Proof. As @ is a always an even function and so is 0, directly from the definition (2.2.12)

36



Chapter 2. Orthogonal polynomial projection error in Dunkl-Sobolev norms in the ball

of D@, it follows that p’ is an even function. Therefore, p can be expressed as the sum of
a constant and an odd function which also belongs to C'(—L, L). Hence, y := Skew(p)|(07L)

satisfies the Cauchy—FEuler differential equation
zy'(z) +yy(z) =0,

whence it has the form

ylx)=Cax™.
As y extends to a C'(—1,1) function, C' has to vanish. O

Proposition 2.5.2. Let v € (—1,00)¢ and p € CY(B?) such that
DYy =0 in B

Then, p is constant in B?.

Proof. Given two points in B?, they can be connected via a polygonal path consisting exclusively
of segments that are parallel to a coordinate axis. By applying Proposition 2.5.1 in every
segment, it transpires that p is constant along this polygonal path and, in particular, the

evaluations of p at the original two points coincide. O]

Proposition 2.5.3. The following is an equivalent inner product for (C'(B9), (-, -Ya:1)-

(U, V)agirp = (D, D)oy + (557 (), S57(0)) an (2.5.2)

Therefore the topological completion of (C'(B2), (., Vaq1p) equals H}W, with the extension of

(- Vama,p to HY  (cf. Definition 2.2.2) being an equivalent inner product.

Proof. (-,-)a:1,p being an inner product is a direct consequence of Proposition 2.5.2. Clearly,

||'||o¢,'y;17P S ||'||o¢,7,1'

We will now prove the converse bound. Let u € C'(B9). Given N € N, by Parseval’s
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identity (2.3.5),
2

full, =[50+ 3 foreitr . (2.3
n=N+1 ’
As T1% is finite dimensional, there exists a positive constant C' > 0, depending only on N, «

and v, such that

(vpens) lell, < (s, + [P, )

In particular, with p = S](\?’V)u and using part (iv) of Proposition 2.3.3, we have

sl <€ (s s+ [Pse )

a+1,y
=C (HSOQ’7 uH2

gD Do (lssu oo, ). @)

ayy

In turn, as proj{®” (u) € V@ by (2.4.15), (2.4.14), part (iv) of Proposition 2.3.3, part (iii) of

Proposition 2.3.4 and taking into account that [|Skew; ||, < [I|l,, for all i € {1,...,d}, we

ayy
obtain
n(n +2X*7) [proj{™™ (u H = B(proji"” (u), proji*” (u))
— HD(V projglaﬁ)(U)H;M L ]<dHDU proj{® )(U)Hi’y
— 27 zd:%' Skew; projﬁf‘”)(u)Hi LT Ed: YiYi HSkewi Skew; proj{®) (u)”2 X
i—1 5 . .: (o7
< HPTOJ (at+1,y )'D(W)(U)HZ+1 ) HPTOJn U)sz +C Hprojgbozn)(u)HZ}AY , (25.5)

1<i<j<d

where C' = C(a,7) :== 2| A7 L, |l +Z” 1 |7i75]. Let us now fix N € N to any value which
ensures that C' < n(n + 2)\*7) for all n > N. Then, combining (2.5.3), (2.5.4) and (2.5.5) and

using Parseval’s identity (2.3.5) again, we obtain

full, < € (sl + [, )
1

e el Al NIER o
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wd [P0}, <2[p . o

The result follows upon using the bounds ||-|
ay’

a1y = ey
We can now prove our sharpness result.

Theorem 2.5.4. For all a > —1 and v € (—1,00)%, Theorem 2.1.1 is sharp in the case
l=r=1.

Proof. Let P{*?) denote the Jacobi polynomial of parameter (a, ) and degree n [42, Ch. IV].
From [42, Egs. (4.21.7) and (4.3.3)] and [1, Eq. (6.4.21)],

1
}%aﬁy(m)::7l+_a;;lg+_}ﬁaTLﬁ+U(x)’ (2.5.6)
1
pe = [ PO @) (1= 21+ 2) de
—1
B 20+A+1 F'n+a+1)I'(n+5+1) (2:5.7)
S 2n+a+B+1Tn+)I(n+a+B+1)
1
pled)(g) = LTAF BH1 patis) (2) - — b Pt (2, (2.5.8)

n+a+p0+1 " 2n+a+p0+1
the last expression in (2.5.7) must be modified if n = 0. Let us adopt the abbreviation s(vy) =

Z?Zl ;. Given n € N, we define ¢, -, € Hgn by

20+ 207 — 2 _(a,15(7)+ 452 2
P 2 -1
dn + 237 — 2 el -1
2n+s(y)+d—2

4n + 2 7 — 2

tayn(T) =

L
PO g lz? — 1), (25.9)

From [17, Prop. 8.1.5], we learn that the first term defining ¢, ., in (2.5.9) is a member of

V(a 7 and the second is a member of V2 . Therefore

a, 2n 4 2097 — 2 (a,Ls(7)+952)
Ropyn(t) = tapn — Ssal(tann) (@) = T vt TR 2 = 1), (25.10)

As R, is a radial member of V) from part (ii) of Proposition 2.4.7,

2 2n(2n + 2X*7)(2n 4+ A7)
HD(w)RMnHM - " 1 Rarmnll? - (2.5.11)
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Also,

. _ (2n 42007 —2)

” 017"/7n|’a,'y - (4n £ 2\Y — 2)2 /
( )
( )

Ls(y)+ 52 2
Tl - )] Wy (o) do

(2.5.12)

_ 2n+2)\°"7—222 (2+atLs(y)+952) (a 1s(n+42 )‘Sd 1‘
4n + 2\ — 2)2

)

where ’Sdil‘ = Jga—1 Wo () dS(z); the integral was computed by first switching to generalized
gl

spherical coordinates and then performing the change of variable t = 2r? — 1. Given j €

,...,d,

DV ta(e) P2 TSy o AT BT D 2 - 1)
— @n 4 s(y) 4 d—2) PO g 142 - 1)]
29 (on 4+ 207 = 2) i PO (2 )2 - 1),
Hence,
[Pt = nr2xer 27 [l [EEE D 2 ol - 1) W (o)

(2.5.13)
— (2n + 2)\04,7 o 2)22*(2+a+55( ¥)+ %)h( %S( 7)

Y
v

where the integral over B¢ was computed similarly to that in (2.5.12). Therefore, for n > 2,

2
HDW)RQ’%"HQ,V (25.11) 2n(2n 4 2X97)(2n + A*7) ||J'1’a,7,n||i77

2 N 2
IDDta 5l a+t1 DD oyl
(2.5.12),(2.5.13) 2n(2n 4 2X%7)(2n + A7) th 35(N+452)
ot (4n + 2200 — 2)2p@ 30

2.5.7) 4n(2n + 2X*7)(2n 4+ A*7) (2n + A7 — 1)'(n + a + 1)I'(n)
 (a+1)En+2xe7 —2)2 2(2n 4+ X)) (n 4+ a)l(n + 1)
(2n 4 2XA*7)(n + «) 2n — 1

_ 2.5.14
Dt —9) " daty Bnoe (2514

where we have exploited the identity I'(z + 1) = 2I'(z) and we use ~ to denote that the ratio
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of two expressions thus linked tends to 1. As u +— HD(V)UH + HSéa’V)(u)H is an equivalent
ayy oy

norm for HY | (cf. Proposition 2.5.3) and both t,,, and Ry, are L2 _-orthogonal to Vi) i

n > 2, we infer from (2.5.14) that there exists a positive constant C' depending on d, « and ~

only such that
lim Htamn - Ségﬁ%(ta,%n)Haml _

150 ol (20— 1)1

Thus, the [ = r = 1 instance of Theorem 2.1.1 is sharp, because otherwise the left-hand side

limit would vanish. O]
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CHAPTER 3

Characterization of Dunkl-Sobolev orthogonal

polynomials

3.1 Introduction

In Chapter 2, we proved that the orthogonal projector S](\?"A’) satisfies the bound

Theorem 2.1.1. For all integers 1 < r < I, a € (—1,00) and v € (—1,00)%, there exists
C =C(a,7,l,r) >0 such that

(VueH,) |u=SP7(w)] < CONTEE )

o it

As it was mentioned in Section 2.1, the mismatch between the orthogonality that defines
the projection operator S](\?"W) and the Hilbert norm in which the error is measured makes us

expect Theorem 2.1.1 to be non-optimal for general [ and r.

Obviously, considering the orthogonal projector defined by the Dunkl-Sobolev inner product
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Chapter 3. Characterization of Dunkl-Sobolev orthogonal polynomials

(-,*)ay;r (or any other equivalent inner product) would lead to the optimal approximation rate
with respect to N. In order to learn what this optimal approximation rate is, in the light of
the arguments of Chapter 2, we expect it will be useful to characterize orthogonal polynomial
spaces with respect to the aforementioned inner product as eigenspaces of suitable weak Sturm-—

Liouville problems.

The purpose of this chapter is studying and characterizing the orthogonal polynomials
spaces associated to a suitable first order Dunkl-Sobolev inner product equivalent to (-, )a1
(cf. (2.2.22)) in terms of the orthogonal polynomials V7 defined in Chapter 2, culminating in
the characterization as eigenspaces of explicit self-adjoint Sturm—Liouville problems. We expect
that this characterization will lead to quasi-optimal approximation results via arguments much
in the vein of those of Section 2.4. In particular, we expect to be able to smoothly readapt
the arguments used to obtain Corollary 2.4.5 to deduce its analogue in this context; that is,
a bound of the Hj, _-orthogonal projector error measured in ||-, .., in terms of powers on the

degree of approximation.

The work relies heavily in previous results obtained in Chapter 2—specifically the parameter
(non-) shifting properties found in Proposition 2.3.3 and Proposition 2.3.4—and commutator

properties involving Dunkl operators and their derived operators.

The outline of this chapter is as follows. In Section 3.2 we introduce additional notation
and prove basic related results that will be used later. In Section 3.3 we define the Hj, -
orthogonal polynomial spaces associated with a certain inner product equivalent to (-,)a1
and state some of their basic properties. In Section 3.4 we study some commutators between
operators derived from Dunkl operators and use them to decompose the relevant Dunkl-Sobolev
orthogonal polynomial spaces in terms of Liﬁ-orthogonal polynomial spaces. In Section 3.5 we
prove that orthogonal polynomials with respect to the aforementioned equivalent inner product
satisfy two Sturm-Liouville problems strongly related to the one satisfied by Liﬁ—orthogonal

polynomials (cf. (2.4.15)).
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Chapter 3. Characterization of Dunkl-Sobolev orthogonal polynomials

3.2 Preliminary definitions and results

The operator AD (cf. (2.4.2)) is called the h-Laplacian operator associated with the weight
hy(x) := [19_ |z;/”. We say that a polynomial p is h-harmonic if A®p = 0. Given n € Ny,
we denote the space of h-harmonic homogeneous polynomials of degree n by H%(h,). If n <0
we adopt the convention H¢(h,) = {0}. From [17, Th. 7.1.6] we know that the h-harmonic
homogeneous polynomials are orthogonal polynomials with respect to the inner product (p, ¢) —

Jsa-1 pqhydS. Moreover, [17, Th. 7.1.7] gives us an explicit expression for the dimension of

H(hy),
dim (H2(h,)) = (” = 1) - (" ng 3). (3.2.1)

n

For n € Ny, let {Y} dim(#:(4)) be an orthonormal basis of He(h).

v=1
Proposition 3.2.1 ( [17, Prop. 8.1.5]). Let a > —1, v € (=1,00)¢ and n € Ny. Then, the

polynomials P, where j € {0,...,|n/2|} and v € {1,...,dim(H%_,;(h,))}, defined by

G n—2j

: d v, de
(a’n72]+2i=1 %Jr%

(x) == P, >(2 Iz = 1) ¥ (2),

P j

Jv

form an Liﬁ—orthogonal basis of V7.

A consequence of Proposition 3.2.1 is that, for all & > —1 and v € (=1, c0),

Vo7 =span({1}) and V{7 = span ({x > xi}?zl) : (3.2.2)

The following commutator property will help us prove that Dyj) maps HE (h,) to itself.

Proposition 3.2.2. Let i k,l € {1,...,d}, a« € R and v € R%. Then,

D D;(J) - Di(gz) D = 6;4(I +707)D}" — 61(I + vi07) DY

(3.2.3)
= (517le(7)([ —|— ’)/10':) — (SZJ'DI(:)(I + %JO':)
and
(DY) — D) (D)? = 25, D — 6, D)D) (3.2.4)
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Proof. (3.2.3) is a direct consequence of the definitions of the operators D,Ejl) and DEV), the
identity D\ (x1f) = xZD§7)f+(5i7l(I+fyiog‘)f (cf. (2.2.17)) and the fact that the Dunkl operators
D commute with each other. (3.2.4) is obtained using (3.2.3) twice and the identity Dp)af =
—a: D, O

Summing over ¢ € {1,...,d} in (3.2.4), we conclude that

ADY) = D) AD (3.2.5)
and therefore
DML () € HE(R,). (3.2.6)

3.3 Definition of Dunkl-Sobolev orthogonal polynomial

spaces

In Proposition 2.5.3 we proved that the following is an equivalent inner product for (C'(B9), (-, )a.:1)
(U, V)ay1p == <D(7)u, D”)@m + (8577 (1), S5 (V) ay- (3.3.1)

Therefore the topological completion of (C'(B9), (-, -)a~.1.p) equals H. _, with the extension of

a,y?

(-, Yam,p to HY  (cf. Definition 2.2.2) being an equivalent inner product.

Given n € Ny, we denote by V*7! the space of H}W—orthogonal polynomials of degree n

with respect to the inner product (-, )q.1,p; that is,
Vit i={pelly | (Vg € T_,) (0, @annp = 0}. (3.3.2)
By the usual arguments (cf. [17, Sec. 3.1]),

(3.3.3)

dim (Vﬁ"%l) = dim(T1%) — dim(I1¢_)) = (n = 1).
n

Note that, as D1 = 0, given n > 1 and p, € V21, 0 = (D, Dariar = (557 (0n), S57(1)) 0y =
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(S5 (pn), V)any, so VO L, o 1. Thus, we have the following analogue of (3.2.2): Foralla > —1
and v € (=1, 4+00)%,

Vet =span({1}) and V! = span ((x — xi)’;lzl) : (3.3.4)

On account of part (iii) of Proposition 2.3.3, one might expect that, roughly speaking, V7!
must be related to V217, The following result states that this is indeed the case, with equality,

if a >0andn # 2.

Proposition 3.3.1. Let a > 0, v € (=1, +00)? and n € Ny \ {2}. Then, V&1 = pa~ia,

Proof. If n =0 or n = 1 this comes from (3.2.2) and (3.3.4). Let us suppose now that n > 3
and let p, € Vo1, Then, (pp, Dary = (n, 2 = (1 = [|2]°)) a1, = 0, s0 S5 (pn) = 0. Hence,
given ¢ € 11}, (pn, Qanap = <D(7)pn,D(7)q>aﬁ Prop- 23300 () Thig establishes that Vo~
is a subspace of V*7!. As, per (2.3.3) and (3.3.3), dim(V¢~17) = dim(V27!), we obtain the
desired equality. O]

The rest of this chapter can be seen as an effort to extend the consequences of the above

result to the whole natural range for «, namely (—1, c0).

3.4 Decomposition of Dunkl-Sobolev orthogonal poly-

nomial spaces

If a > 0, from part (ii) of Proposition 2.3.3, D(a—l,v* Ve ¢ VIO, Combining this with
part (iii) of Proposition 2.3.3, it is immediate that DY )D(a b ’y*)Va” C V7. Even though the

(a

inclusion D} —h) Ve ¢ Y7 cannot be extended to a > —1, its combination with part (iii)

of Proposition 2.3.3 can, as we prove below in Proposition 3.4.2. First, however, we need the

following commutation relation that will be later use in combination with (3.2.3).

Proposition 3.4.1. Let a € R, y € R? and j € {1,...,d}. Then,

DYDY plerph) — 9Dl 4 208, (1 4 o)), (3.4.1)
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Proof. 1t is a direct consequence of the definition of the operators Dlh), Dj(am*) and D%) in

(2.2.12), (2.3.6) and (2.3.13), and the identity D\ (z; f) = ;D f +6; ;(I+v,07) f (cf. (2.2.17))
0

Proposition 3.4.2. Let a > —1, v € (—1,+00)% and n € Nj.

(i) Leti,je{1,...,d}. Then,

DD e ¢y,

(ii) Leti,j, k,l € {l,...,d}. Then,

DYDY DMy ¢ e,
Proof. Let p, € V7. By (3.4.1) in Proposition 3.4.1, DEV)D](-O‘_I’W)pn coincides with DJ(-Q’W)DZW)])H%—
2D§7j)pn + 2ad; ;(I + v,0;)pn. The first term belongs to V37 because of part (iii) of Proposi-
tion 2.3.3 and part (ii) of Proposition 2.3.3, the second because of part (ii) of Proposition 2.3.4
and the third because of part (ii) of Proposition 2.3.2. Thus, we have proved part (i). Simi-
larly, by (3.2.3) in Proposition 3.2.2, DZ(W)D,%)DJ@_L%*)])” coincides with D,(cvl)Dz@)D](-a_lm*)pn +
dir(I+ 'ym;")Dl(V)D](-a_lm*)pn —0(I + %0;‘)1?,(])2)](9_1”*)19” Each of the resulting three terms
belongs to V7 because of part (i) with the help of part (ii) of Proposition 2.3.4 in the case of
the first and of part (ii) of Proposition 2.3.2 for both the second and third terms. This accounts

for part (ii). O
Proposition 3.4.3. Let a > —1, v € (—1,+00)? and 8 € [No]?. Then, D(ﬁv)’HZ(hy) C Vs

Proof. Let h,, € He(h,). Then, using (2.2.16), A®) (Dzh)hn) = Dp)A(V)hn = 0. Also, given any
z € Bland s > 0, DVh,(sz) = s D (hy(s2)) = s D) (s"hy(2)) = s" Db,y (x). Thus,
DVh, € He_,(h,). The desired result then follows from induction on || and Proposition 3.2.1.

[
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Let M%7 denote the second order differential-difference operator defined by

MO () i= (1= )72 AD (1= 7))

d
(2i6) Z D](~a_ 1,y5%) D](g;y;*) .

i=1

(3.4.2)

Proposition 3.4.4. Let a € (—1,00), v € (=1,00)¢ and j € {1,...,d}. Then, for all u,v €
C*(BY)

<Dj(a 1,7;*)DJ(04 vi%) 7 U>a,~/
= — (D7 (1= 1)) , D7 (= [11P)0) ), = (DD (= IF0))
(3.4.3)

Proof. The first and second equalities of (3.4.3) can be respectively rewritten as

(DD (1= 1) ), = (B (0= 1) DP0), (B

0,

and
(DI @) D (= %)), = (w DD (= %)0)) ., . (3.4.5)

therefore, while (3.4.5) is an instance of part (i) of Proposition 2.3.3, (3.4.4) can be seen as a
formal application of the same result for non-regular enough functions; the proof of the latter

can be easily obtained by readapting the one of part (i) of Proposition 2.3.3. O

Proposition 3.4.5. Let a € (—1,00) and v € (—1,00)? such that o > —1/2 or v; > 0 for all
i€ {l,...,d}. Then M®":C?(Bd) — C(B9) is injective.

Proof. Let u € C?(B4) such that M®7y = 0 in B Suppose at first that o > —1/2, it can

be proved in a similar way as the omitted proof of the first equality of (3.4.3) that for all
je{l,...,d}

(DD, (1= ) )y = — [P (1= 1)) |

07’
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both terms making sense because of the restriction on «. Summing up with respect to j, we
find that DO (1 —||-|*)"**w) = 0 in B Therefore by Proposition 2.5.2 and (1 — [|-[*)!**u
vanishing on the sphere, v must be the null function.

On the other hand, if 7; > 0 for all i € {1,...,d}, then the condition M*7u = 0 in B¢
implies that the function (1 — ||-||*)*** u is h-harmonic in the unit ball and vanishes on the unit

sphere. By the maximum principle [41, Th. 4.2}, it must be the null function. O

Proposition 3.4.6. Let a > —1, v € (=1, +00)%, h € C3(B4) be h-harmonic and p € C*>(B4).
Then,
(DY M (p), DV h)ay = 0.

Proof. Denote by D(®7*) the corresponding gradient associated with Dj(-am*), that is, D@7 f .=
d D(C”*)(f) ej. Let i € {1,...,d}. Given ¢ € C*(B?), using the definition (2.3.6) and the

7j=1

expansion of the Dunkl operator on a product in (2.2.13) we obtain

DD g(w)) = DY (—(1 = [|]*)Dq(x) + 20 q<x>)
=2D"q(z) x — (1 — ||z||)D(Dg(x)) + 2a2,DVq(x) + 2a(q(x) + vig(oiw)) e;
) =D q(z)x+(q(z) +vig(0:x)) e;)

= D" (x) + 20(2, DV g(w) — DVg()x + (g(x) + 7ig(oix)) €:).

= 2(a+1)D{Vq(z)z— (1~ ) DD (D q(x)) +20(x;DVg(x

Setting ¢ = DE““*)p, we find after exploiting the fact that o} is sz—self adjoint, that

(af 17 ;*) (a’ ;*)
<D(7) (Di ! D; ! p)7 Dmh)cm
= (DTID g, DO, + 2a(DI ), (I + 707) D h)a

+ 2« / ) (mip(v)pz(a,v;*)p@) - DZ(W)DZ(a,’Y;*)p(x)I) . D(A’)h(m) Wa,'y(l‘) dz.
B

Due to part (i) of Proposition 2.3.3 and the fact that h is h-harmonic, the first term in the
right-hand side above vanishes. Thus, using the second form of the operator M%7 given in

3.4.2), expressing dot products as sums making the D) operators appear, using part (i) of
i.j
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Proposition 2.3.4 and part (i) of Proposition 2.3.3 again,

(D(V)Ma’"’(p), W)h — 2042 », D f + vio )Dzmmaﬂ;y

d d
—2a Y (D)D), D)y, = —2a S (DT, DD Y,

1,j=1 i,j=1

d
= =20 " (0, D" D)D) ey

ij=1
Now, by direct computation, D(7 (D; 7)h) = 2;D; 7)13 h+ 6 ;(I +~o )D(V)h Dp)(:cﬂ)jmh),

whence

(DM (p), DV h)q —2azp> I +507)D Bay

d
=20 (Zm (@A) a1 + Z p. DI + 507D By g + (p. A (- D<”)h>a+1,v> :

=1 =1
Lastly, using the identities D (z;f) = 2;D f + 6; (I + v07) f (cf. (2.2.17)) and (2.2.15) we
obtain for all 7,7 € {1,...,d}
fDl(’Y)DZ(’Y) (xjp§7)h) — $]D( )D(’Y SfY)h + 251’,]‘1)57)2)](‘7)}%
from where it becomes apparent that, being h an h-harmonic function, so is @ - DOh. The
result then follows. O

Proposition 3.4.7. Leta > —1, v € (—1,+00)? and n € Ng. Then, M7 (Vat17) C Ve &, .,
Vit
Proof. Let p, € V27, From the second form of M*7 given in (3.4.2), M*(p,) € I1%,,.

Now, from all ¢ € TI¢_ |

(3.4.3)

(MO (Pa), Dary = o AL = 1P @ty =0,

where the vanishing of the latter term comes about because A ((1 — ||-||*) ¢) is a polynomial
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Chapter 3. Characterization of Dunkl-Sobolev orthogonal polynomials

of degree equal or less than n — 1. Thus, M*7(p,) L, ¢ ,. As the h-Laplacian operator
and multiplication by centrally symmetric functions preserve the parity of a function, M*7(p,,)
inherits the parity of p, given in (2.3.2), which in turn is the opposite of that of V;7';, whence
M*(pn) Loy Vi O

Lemma 3.4.8. Let a« > —1 and v € (—1,400)? such that « > —1/2 or v; > 0 for all
ie{l,...,d}. Then,

Yoy ifn <2,

n

yonl =
HE(hy) Boyg MOTVET) ifn > 3.

Proof. Directly from the definition (3.3.2), V""" = II¢ = V57, The case n = 1 follows from the
fact that for all p; € V{7 and py € 11, DYVpy = 0 and projg” (p;) = 0. Members of V5"
(*, Yan:1,p-orthogonal to V§"7 for the same reason and (-, ), .1 p-orthogonal to V;"7 because,
using (3.2.2) and part (iii) of Proposition 2.3.3, for each i € {1,...,d}, D g c oy

Let us suppose from now on that n > 3. Let h, € H%(h,). From Proposition 3.2.1,
projo” (hy,) = 0. Hence, for all ¢ € 1¢_,, (hn, Q)ayi1p = f;’/:1<l)§7)hn,Dl@)q)a,7 = 0, the latter
equality following from Proposition 3.4.3 on account of each of the Dp)q belonging to I1¢_,
Therefore, h, € V7L,

Let po_s € V217, Then, M*?(p,_s) € 11 and, from Proposition 3.4.7, projg” (M (p,)) =
0. Also, from part (ii) of Proposition 2.3.3, for every j € {1,...,d}, D§a,w;*)pn_2 € V.. Thus,
for all ¢ € TI¢_,,

d

<Ma,’y (pn72>7 Q>a,'y;1,P = Z<D§’Y)Ma,’y(pn72)’ Dz‘(’Y)(Da;y

i=1

d d
(34.2) Z Z <D(7)D a—1,y; *)D](am*)pn_m D§7)q>

j=1i=1 e

As, per Proposition 3.4.2, each of the Dzh)pj('ailm*) maps V.., into itself and all the Dgw)q
belong to IT7_,, we find that M7 (p,_) € VL.

The injectiveness of M*7 (cf. Proposition 3.4.5) assures that dim (/\/la U )) = dim(V2ty

o1

'Y)_



Chapter 3. Characterization of Dunkl-Sobolev orthogonal polynomials

From Proposition 3.4.6, the vector space M*7(V35)7) is (-, )4~ p-orthogonal to He(h,).

Hence,

dim (Hi(h ) & MY (Ve 7)) = dim (Hd( )) + dim (MCW( ety 7))
@2 (”*CH) - (“““3) ; ("*d—?’) _ (”*CH) L dim (V1)
n n—2 n—2 n

This completes the proof. n

Remark 3.4.9. By direct computation, M*7(1) = 2(a+1) ((2a + 3917 +d) |z||* — (9175 + d)),
which is not (-, -)q;1,p-orthogonal to 1. Thus, Vy' 71 cannot obey the decomposition the V7!

do for n > 3.

3.5 Sturm-—Liouville problems satisfied by H}m-orthogonal

polynomials

Proposition 3.5.1. Let « > —1, v € (—1,+00)? and n € Ny such that o« > —1/2 orv; > 0
foralli € {1,....d}. Then for allk € {1,...,d}, Dyert c Yo

Proof. If n =0 or n = 1 this is immediate. Otherwise, let p, € V7. If n = 2, Lemma 3.4.8
states that p, € V57, so by (3.2.2) and (iii) of Proposition 2.3.3, D{p, € V7. If n > 3,
it transpires from Lemma 3.4.8 that there exist h, € H%(h,) and r,_, € V27,7 such that
Pn = hyp+ M*(r,_5). By Proposition 3.4.3, D,@hn € V7. On the other hand, by the second
form of M®7 given in (3.4.2), DY MO (r,_5) = S, DYDY D™ so through
part (ii) of Proposition 2.3.3 and Proposition 3.4.2 we infer that DZ(V)MCM"Y(T}L_Q) eV, O

Theorem 3.5.2. Let a > —1, v € (—1,+00)¢ such that o > —1/2 or v; > 0 for all i €
{1,...,d}. Let n € Ny and p, € V"', Then,

(Vg€ CA(BY) ((DD)p,, (DD q)asin+ Y. (D)DDp,, DY)DYg),,

1<7,<]<d

d
— 27 Z ~i(Skew; Dy, Skew; D(A’)q)a,7

=1
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Chapter 3. Characterization of Dunkl-Sobolev orthogonal polynomials

d d
+ Z Z 7i7j (Skew; Skew DWp,.. Skew; Skew 7)(7)q>£w =\ p,, Qary1ps (3.5.1)

i=1j=1

where

0 ifn <1,
A2l = (3.5.2)

(n—1)(n+2X*Y —=1) ifn>2.
Proof. If n < 1, all (D™)?p,, and, for all admissible i and j, Dg:’j)D(V)pn and Skew; D"p,, vanish
and the desired result immediately follows. From now on we suppose that n > 2.
We first note that S;”"(p,) = 0. Indeed, 0 = (Pn, Daqyapr = (507 (Pn);1)ay. From
Proposition 3.5.1, for every k € {1,....d}, Dp, € V*. As, for every ¢ € C%(B7),
D,(:)q € CY(Bd), we can substitute n < n — 1, p, <« D,Ej)pn and ¢ D,E/,V)q in (2.4.15),

sum up with respect to k and obtain the desired result upon realizing that, as S5 (p,) = 0,

<’D(7)pn7 D(W)q>a,'y = <pn7 Q>a,7;1,P- O

Next we state analogues of part (ii) of Proposition 2.3.3, part (iii) of Proposition 2.3.3 and
part (ii) of Proposition 2.3.4 for first-order Dunkl-Sobolev orthogonal polynomial spaces.

Proposition 3.5.3. Let a > —1 and v € (—1,+00)¢ such that a > —1/2 or ~v; > 0 for all
ie{l,...,d}. Leti,j €{1,...,d}. Then,

(i) For alln >3,

D(O‘ 1,v;%) V04+171 Cva'yl
j .

(ii) For all n € Ny,
Va'yl CvaJrl'yl.

(iii) For all n € Ny,
DO)yart c yart,

Proof. Let n > 3 and p, € V7l As o+ 1 > 0, from Proposition 3.3.1, p, € V7, and

n )

therefore, by (iii) of Proposition 2.3.3, D( n € V O‘H Hence, by the definition of the operator
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Chapter 3. Characterization of Dunkl-Sobolev orthogonal polynomials

D7) in (2.3.6),

J
D(a—177%*) 1 — D(’Y) 1 2 . =0
( j Pns Doy = —( Py Doty + 20(pn, Tj)ay )

SO SaW(D(a 17*)pn) = 0. Another consequence of the fact that p, € V&7 is that, by Propo-
sition 3.4.2, D(V)Dyy*l’w)pn € [Ve7)4. Thus, given any q € II¢, <D§-a71’m*)pmq>aml7p —
<D(7)D§a_1m*)pn, DMgq),., = 0 and we have proved part (i).

Part (ii) is immediate if n = 0 or n = 1. Now, let n > 2 and p, € V¥"!. From Propo-
sition 3.5.1, D](j)pn e Vo, so SS"”(D](-W)pn) = 0. Also, from part (iii) of Proposition 2.3.3,
D(V)D](-W)pn € V2,79, Then, given any ¢ € 11¢_,, DWgq € [I1¢_,], (D(V)pn,q>a+1m17p =
<D(w)p§7)pn’ DNg) i1, = 0.

If n € {0,1,2}, Lemma 3.4.8 states that V*7! = V7 so part (iii) is inherited directly
from (ii) of Proposition 2.3.4. Now, let n > 3. We recall that, as expressed in (3.2.5), Dl( ])
and the h-Laplacian A®) commute. As the M®7 operator (3.4.2) can be expressed as the
pre- and post—composition of the Laplacian with multiplication with certain radial functions, if
follows that D ) also commutes with M®7. Hence, on account of part (ii) of Proposition 2.3.4,

/\/la”( aHV) C MY (V). Also, from (3.2.6), Di,j "H4(h,) € H%(h,). Thus, by the

decomposmon in Lemma 3.4.8, the remaining cases of (iii) follow. O

Now we show that Dunkl-Sobolev-orthogonal polynomials in V7! satisfy a second-order
Sturm—Liouville problem in strong form. To that end we first deduce the following commutator

property between Sturm-Liouville and Dunkl operators that will prove useful.

Proposition 3.5.4. Leta € R, y € R? and k € {1,...,d}. Then,
D gl plempt) — (2xer — 1)p). (3.5.3)

Proof. By repeated application of (3.2.3) of Proposition 3.2.2 and taking into account the
identity U;DE:}) DZZ)U?‘ (cf. (2.2.15)), we have that for all 4, j satisfying 1 <4 < j < d and
ke{l,... d},
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Chapter 3. Characterization of Dunkl-Sobolev orthogonal polynomials

(D)D) = D) (DD = 66D + o) + 61, D + o))
=D (DO)? = 64, DV (1 + 70p) DY + 8D (1 + o) DLV
— 5 (DD 4 (I + 750DV + ) + 05 (DVDYY — (1 4+ 0 ) D) + o)

:D,(:)(D ) —26,D V)D 420D V)D(V 5k7,~(1+'yj0;-‘)1)§7)(Hﬁka};)—5k7j(]—|—%0;k)13§7)(I+7ka,f;),

(3.5.4)
)
k-1
_ Z (D%)FD’(C’Y) _ —'D](J) Z D(’Y +92 Z D -9 Z DZ(’Y)IDSC)
1<i<j<d 1<i<j<d ekt 1 i—1
: () = ()
+ > (I +50)D (I +ywoy) + D (I +%0])Dy (I + o)
Jj=k+1 i=1
() () d
=-D,) > | 2+ 221) kj ) 4+ D\ Y (I +705) | (I +v0y). (3.5.5)
1§i<j<d =

i#k

By (3.2.3) and (3.4.1) of Proposition 3.2.2 and the fact that DJ(-V) and D" commute, we find
that, for all 7,k € {1,...,d},

D(a7’Y§*)D(’Y)D(’Y) — D(’Y)D(a 1 *)D( ) QDI(;YJ)'D( _ 261/5]”(] + ,yko.k)p(’Y)

J J k k j

= DD IDY (DYDY — 54 (14,00 DY + (1 +,05) D) — 208, ; (I +07) DY,

(3.5.6)
whence
L @) (D)
> D DDy]
j=1

d d d
a—1,y;* * *
=y Yy Dl pl) oS pipl) 2 (Z(I +;0%) + (@ — 1) + W;k)) D

j=1 j=1 Jj=1

d d d
=D Y DD oS DD 2D | S (1 4 00) + ol —pap) |- (3.5.7)
j=1 j=1 j=1
J#k
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Chapter 3. Characterization of Dunkl-Sobolev orthogonal polynomials

By (2.2.18)

d d d
— 2A%7 ) "; Skew; DI(J) + > D7 Skew; Skew; D’(j)

j=1 i=1 j=1
d d d
= Dl(:) — 2X*7 Y "y Skew; —2X%7;, Symy, + > > 4377 Skew; Skew;
=1 2k ]2k

+ 2 7 Symy, Skew; +7; Sym,, ) (3.5.8)
—
J#h

Summing (3.5.5), (3.5.7) and (3.5.8), and taking into account the easily verifiable identity

d d d
YT+ 50T +yoy) =2 (1 +7505) = 2a(] — yop) — 2A*7 Y v; Skew;
i—1 i—1
o o
d d d
— 2“7y, Symy, + Z Z V75 Skew; Skew ; +2 Z ViV Symy,, Skew +’y,§ Sym,,

i=1j=1 j=1
i#k j#k J#k

7j=1
ik

d d d
= —2X*71 > " Skew; + > Y 44 Skew; Skew; —(2A%7 — 1)1

=1 i=1j=1
we conclude (3.5.3). O

Theorem 3.5.5. Let a > —1, v € (=1,+00)? such that « > —1/2 or ~; > 0 for all i €
{1,...,d}. Let n € Ny \ {2} and p, € V&', Then,

L (p,) = n(n +2X*7) p,.

Proof. Let p, € V2! n e Ng\{2}. Given k € {1,...,d}, by Proposition 3.5.1, D,(])pn e V.
Then, by (2.4.1) and (2.4.12), we find that for all k € {1,...,d}

(n — )(n + 22%7 — 1)DWp, = £@NDOp, B2V plpa-tn,  (oyer — 1)p0y, .
that is
(Vkef{l,....d}) D (L (p,) —n(n+22")p,) =0, (3.5.9)
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Chapter 3. Characterization of Dunkl-Sobolev orthogonal polynomials

whence, by Proposition 2.5.2, L1 (p,) — n(n + 2A*"1)p, € IIZ. In order to conclude we
will prove that
Se7 (L7 (pn) = nln + 2X°7)p,) = 0. (3.5.10)

Indeed, if n = 0, p, is constant so £~ (p,) vanishes and so does n(n + 2>, If n = 1,
Vot = Yo (cf. Lemma 3.4.8) consists of polynomials of the form = — vz + ... + vgzg,
v € RY (cf. (3.2.2) and (3.3.4)); by direct computation it is readily checked that £~ applied
to such a polynomial results in another such polynomial, so in this case, S5 (L1 (p,)) =
So M (pn) = 0. Ifn > 3, (Sg7(Pn): Dary = Pns Danap = 0, so S5 (p,) = 0. From part
(iii) of Proposition 3.5.3, AVp, = Zl§i<j§d(Dz(:yj))2pn € V2l so, by the same argument,
SeN(AYp,) = 0. Further,

d d
a—1,y;x) (2.3.6) o
(s (zo L >pn),1> 2 [ S (= D ) Wi

J=1

= <A( )pn7 1>a+1 + 2« Z pna xj> =0.
j=1

where the last equality follows from the fact that, per Proposition 3.5.1 and (iii) of Proposi-
tion 2.3.3, AMp, € V27 and DJ( n € Vo forall j € {1,...,d}.

Finally, we obtain (3.5.10) after realizing that SOO"7 vanishes on every function that is

skew-symmetric in at least one of its variables. O]
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CHAPTER 4

Connection relations of a 2D base

4.1 Introduction

One of the main drivers of the study of orthogonal polynomials is their application to numerical
approximation of solutions of differential equations in what are usually known as spectral
methods (see, for instance, [5,8,44]). To that end, knowing explicit bases of the orthogonal
polynomials spaces to approximate the unknown solution (and, possibly, test some kind of
equation residual) and how the operators encoding the problem act on these polynomials is

very important.

Motivated by this fact, in this chapter we focus on studying specific bases of bivariate

Liﬁ—orthogonal polynomials. Namely, we are interested in studying connection relations of

(Oé7m+ Y1+72

polynomials of the form P, 2 )(2 z||” = 1) YO () (we call them Dunkl-Zernike polyno-

m

mials), where Y,0V) is a h-harmonic homogeneous polynomial of degree m (cf. Section 3.2) whose
explicit expression will be specified within this work. We provide explicit incarnations of some

connection relations obtained in Chapter 2 and cast these results into relations connecting ex-
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Chapter 4. Connection relations of a 2D base

pansion coefficients of functions with respect to those bases with the corresponding coefficients

of operators on these functions.

We are aware of the length and complexity of our relations compared with the elegance of
those of Zernike polynomials found in [47]. We conjecture, based on extensive computational
experimentation, that there is no simultaneous recombination of Dunkl operators and of the

Dunkl-Zernike polynomials that makes, for example, the spectral differentiation relation simple.

The work of this chapter follows an inductive presentation mainly motivated by the structure
of the polynomials Y,(), which are defined in terms of Generalized Gegenbauer polynomials,
which in turn, are defined in terms of Jacobi polynomials. We start by presenting basic prop-
erties of Jacobi polynomials (Section 4.2), then we study Generalized Gegenbauer polynomials
(Section 4.3), then, in turn, A-harmonic homogeneous polynomials (Section 4.4), culminating
with the construction and connection relations of Dunkl-Zernike polynomials (Section 4.5) and

the corresponding relations among expansion coefficients in terms of the latter (Section 4.6).

4.2 Jacobi polynomials

The Jacobi polynomials P{*# are polynomials orthogonal on (—1, 1) with respect to the weight
x> (1 —2)%(1+ 2)”? and normalized according to [42, Eq. (4.1.1)]

pled) (1) = (“+a>. (4.2.1)

n

Their weighted square norm is given by [42, Eq. (4.3.3)]

2 1
|peo|f = / PP (1) (1 — 2)°(1 + 2)° dz
jaca, -1

_ 20+A+1 Fn+a+1)I'(n+4+1)
S 2+a+B+1 In+a+B+1)n!

(4.2.2)

)

for n = 0 the product (2n +a + f+ 1)I'(n + a + B + 1) must be replaced by I'(a + 8 + 2).
The identity I'(z+1) = 2T'(2) for z € C\ {0, —1,—2, -3, ...}, joined with simple arithmetic

manipulations, lets us obtain the following recurrence relations for the weighted square norm
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of Jacobi polynomials:

2

HPQB) 2n+oz+ﬁ+1 n+a+1 n+ﬁ+1HP(a"B)
"ol 2n+a+F4+3nta+pf+1 ntl " lacianp
and
HPMH) Zntatf+l ntf+l HP(aﬁ)2
jacia,B+l m+a+B+2n+a+B+101"  laca,s’
for n = 0, the quotient % must be replaced by 1.

In equations (4.1.3), (4.1.4), (4.21.7) and (4.5.4) of [42] we find the identities
P (=) = (F1)" PP,

P = oy ("),

n

P(O‘ B) _ n+a+ B+ 1P(a+1 ﬁ+1)

2
and
2 a
(A= )Pet = e s (i a s DR — (4 DRY),
2 « Q,
(14 )P = oo (4 B+ D+ (4 DR,

respectively. In [1, Eq. (6.4.21)] we find the identity
(2n+a+ B+ DP) = (n+a+ 5+ P — (4 BRI,
Combining (4.2.10) with the parity relation (4.2.5) we obtain

2n+a+ B+ 1P = (n+a+ B+ 1P 4 (n+ a) P,

(4.2.3)

(4.2.4)

(4.2.5)

(4.2.6)

(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)

Taking the product of 522t and (4.2.10) with 3 shifted upwards by 1 and adding to the

2n+a+54+2
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result the product of #% and (4.2.11) with « shifted upwards by 1 we obtain®

(a0 + B4 n+ 2Pt — (o 4 p 4 1) PO 4 (8 4 n 4 1)PltbA), (4.2.12)

Proposition 4.2.1.
(L4 )PP = (54 n o DR — (84 PP,

Proof. This equality follows from using (4.2.7) to substitute the derivative in its left-hand
side, using (4.2.9) to expand the resulting product of z — (1 4+ ) and a Jacobi polynomial,

using (4.2.10) with 3 < 8 + 1 to substitute P*T""™ and then using (4.2.12) to substitute
Plot1,+1), L

4.3 (Generalized (GGegenbauer polynomials

For A > —7, > —% and n € Ny, the generalized Gegenbauer polynomials C**) are defined
by
1,1
pi 2)(2x2 — 1), ifniseven,
CM () =1 * (4.3.1)

141
x P 2’M+2)(2x2 —1), ifnisodd.

2
They are orthogonal polynomials on —1 < z < 1 with respect to the weight function |x|2“ (1—

22)*~2 and are connected with the S of [2, Ex. 2] through

A+
E/L;;J(j ) ‘S£A71/24t*1/2)' (4.3.2)

LA shifted, scaled and rearranged version of this identity appears without proof at http://functions.
wolfram.com/Polynomials/JacobiP/17/02/02/0006/.
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Also, their weighted square norms are given by

o) = [ @ (1~ 2P do

9—(A\+u) p()‘ b3’ if n is even, (4.3.3)

Y
jac;A—%,u—3
2

2~ (A+ut) ., if nis odd,

jacA— g pt g

‘P(/\:§7M+ 2)

2

where the integral was rewritten, by exploiting the symmetry of the integrand and performing
the change of variable t = 222 — 1.

By using (4.2.3) we can obtain the following recurrence relation for the weighted square

norm of Generalized Gegenbauer polynomials,

n+A+p n+224+1 nt+2p+1 if n is even

H TL+2 Hgg AN n+A+p+2 n4+2 424 n4+2 7 ? (4 3 4)
o 3.
Cy H n+A4p n+2\  n4+2u+2 : :
H EEDWE nAAFp2 nt 231 2u+1  nl if n is odd,
— ; n+Atp 1
for n = 0, the quotient - Tonta, must be replaced by 3.

We remark that our choice of normalization is justified by our desire of extending the range
of the parameter p in the results found in [2] and [17, Def. 1.5.5] concerning this family of
orthogonal polynomials. Indeed, our normalization ensures that for n € Ny, x € R and A > —%
fixed, then p — CM*) () is a polynomial. As a consequence, analytic continuation can be used

to extend the range of validity of the aforementioned results as it will be detailed below.

The following two results are the unidimensional incarnations of (ii) and (i) of Proposi-

tion 2.3.1, respectively, in the present context.

Proposition 4.3.1.

(2X + 2 + 1) COPY () — (2 +n — 1) COB M (), if n is even,
2\ + p+n) O =
(A4 20+ n+ 1) COFD (1) — 2u + n) COE (@), if n is odd.

(4.3.5)
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Proof.

20\ + p+n) CO (2)
(4.2.10) (2A+2p+n) (>\+2u 2)(2332—1) (2u+n—1)P( Ml 2)(2x2—1), if n is even,

1
N+ 2u+n+1 xP(/\+2“+ Y222 — 1) = Qu+n) 2 PY2" (222 Z 1), ifnis odd.
( )

2

wsn) | @A+ 20+ n) COF (@) — (2 +n — 1) CPE (@), if n s even,

A+ 20+ n+ 1) COF0 (1) — (2u + n) CYE (2, if n s odd.

[
Proposition 4.3.2.
. )
(n+2X+1)CO — (n+2)CY%  n even,
2n+ A+ p+1) (1 —-2)CO+m = 2 (4.3.6)
(n+2X) CH™ — (n+1)CYY . n odd.
Proof.
()\+l,lt—l) 2 . .
(1—2?) Py 2" 2(22% — 1), if n is even,
(1 =) 1 (@) 127 i
2 (1—22) PYT2R2) (922 1) if s odd.
2
(1= (222 - 1)) P£A+§’u7§)(2x2 —1), if nis even,
Lo (1— (202 — 1)) POTE 8222 1) i is odd.
11
(42.8) m (("H + )\) (=g 2)(2x -1)— %HP%WJ 2)(2x2 — 1)) , if nis even,
- 1 14l
m (( + Az piants )(217 -1) - %HIP&Q’/H_Q)(QIz - 1)) , if n is odd.
2 2
n A, e
(43.1) m« +)\)C(’\“)( )—ﬂC’( "( )), if n is even,
m ((5 )\) COW (g) — +IC,S+’5)( )) , if n is odd.
[

The following corresponds to the three-term recurrence for Generalized Gegenbauer poly-
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nomials.

Proposition 4.3.3.

2(A+ptn—1) (M) 2u+n—1 ~(Au) . :
Sy O () — A= CLT (), if n is even,

CM () = 1 ’ (4.3.7)
20tptn—l) . C(’l’f) (1) — 5224n=2 C’,({Eg)(x), if n is odd.

22+F2p+n—1 n 22+2p+n—1

Note that if n =1 and A+ p = 0 the terms 22(/\)‘:5;2__11) and 2/\%;\%1;2_1 should be interpreted as

1 and 0, respectively.

Proof. For p > 0, this can be found in [17, Def. 1.5.5] renormalized according to (4.3.2). To
extend the range of p to (—1/2,0), it is enough to multiply (4.3.7) by the common denominator
appearing in the right hand side of the equation, to then interpret the result as an equality of

polynomials with respect to u which can be easily extended via analytic continuation. O]

Proposition 4.3.4.

A, A (A+1,p) . .
C'q(l’\’“)/(x) . MC'T(L m(z) — COM (=) _ (n 42X+ 2u) C;20 " (x),  if nois even, (43.8)
o (n 4 2u) COH (), if n is odd.

Proof. For p > 0, this is [2, Lem. 3.2] renormalized according to (4.3.2). For —1/2 < u < 0,

proceed similarly as in the proof Proposition 4.3.3. O]

4.4 A basis of homogeneous h-harmonic polynomials

In [17, Thm. 7.5.1] an explicit orthogonal basis for H2 (h,) is given. We recall that h.(z) =

|z1|™ |2a]™ (cf. Section 3.2).

Theorem 4.4.1. Let v1,72 > —1. Then, a mutually L*(S', h,)-orthogonal basis for H2, (h) is
given by {Y,ieven) [y (veddY if 4y > 1 and {Yomeven)} if m =0, where

Yn(];even) () =r" CT(,FQ’TI) (cosh),
(241.20) (4.4.1)
Y edd) () = pm sing O 22

o cos 0);
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Y(v;odd) =0.

here we use the polar coordinates v = r(cosd,sin@). We adopt the convention Y,

The labels ‘even’ and ‘odd’ in (4.4.1) allude to even and odd o3-parity, respectively.

Their weighted square norm is given by

2 n
, 2 HC'7(nQQ’ 2) o if [ = even,
il e il 2 _ B
[vio], = /S Y0 ()’ hy (2) dS () = I (4.4.2)
2 HC’m2_1 2 , if I =odd,
gg; 2 +1,3

where the integral was rewritten by first switching to polar coordinates, then exploiting the
symmetry of the emerging integrand and finally performing the change of variable ¢ = cos(6).
By using (4.3.4), we can obtain the following recurrence relation for the weighted square

norm of homogeneous h-harmonic polynomials,

7?:]12:712 ML if [ = even, m is even,
D) 2
ys H mtye  mAn+2 ceg ;
H m+2p,  2m+ 1+ mtyitye+l mAl if [ = even, m is odd, (4.4
) ||? 2m 4+ v, + o + 4 . ‘ -
HYm h e mfﬁzvf;;lﬁ mEntlif | = odd, m is even,
Y
m+y2+2 m+tv e .
m+y1+v2+1 m+1"7 if | = odd, m is odd,

2m+y1+72

i iy, must be replaced by 1.

for [ = even and m = 0, the quotient

Given the definition (4.4.1) in polar coordinates, it will be useful to express Dunkl operators

in this coordinate system,

) B sin(0) y u(r,0) — u(r,m — )
(D" u)(r,0) = cos(0)0,u — Ogu + 5 rcos(0) : (4.4.4)
(D0)(1:0) = sin(0)0+ g + AL, 49

We already know from the proof of Proposition 3.4.3 that Dunkl operators map H% (h.) to

HE,_ (). The following result shows how these operators act on this specific basis of H% (h.,).
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Proposition 4.4.2.

(v;even) . :
(m+v—1Y, "7, if mis even,
POy (reven) _ ! (4.4.6)

(m+’yl)Yn(1 oven), if m is odd.

—(m+m-1) YD) it m s even,
DYy (reven) — . (4.4.7)

—(m + ) Y, if m is odd.

(m+v—1) qu;y_;Odd), if m is even,
DY = 1 (4.4.8)

(m + y2) Y1190, if m is odd.

(m+ 72 — )Y, ifm s even,
DY o) = (4.4.9)

(m -+ 72) Y5, if m is odd.
Proof. In order to not lose legibility we will only proceed assuming that m is even. We state

in advance that all the procedures and techniques that will be used hereunder can be easily

readapted for the opposite parity case.

Using the polar form of the Dunkl operators in (4.4.4) and (4.4.5) and Proposition 4.3.4 in

the even case with n <= m, A <= 2, u < L and x « cos(0),

DOy (reven) — p{7) ( 0(72’71)(008 0))

) (3.3

SN
2

(cosf) — 7(712 3 (—

=mr™ ! cos(f) o ’7)(0059)—1—81112(9) e 10(72’71) (cosO)+ 721 m=1

SN

1

=l (m cos(0) o ’7)(cos 0) 4+ (m + 1 +72) (1 — cos*()) C. 7—#77)(003 0)

+ % cos(f) ( r(n%z’%l)(cos 0) — Cr(r?’?)(— oS 9)) ) (4.4.10)

Using Proposition 4.3.3 in the odd case with n <= m + 1, A <= %, < 2+ and < cos(f) and

Proposition 4.3.2 in the odd case with n <= m — 1, A <= %, u <= 2 and z < cos(f); (4.4.10)
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rewrites as

o2

J2 71 —1 2
D(W)y(veven)zrm ( (m+71+72>0( 22 21)(0089)—}— (m+72 )C(giv )(COSG)

2m+mt 2mtm+y

—-1 2w T
N (m+72—1)(m+m —1—’72)01(712:21)((308&) _mim+m +72)C7(ni1 1)(COSQ))

2m + 71+ 72 2m 4y + 72

= (m + 72 — 1Y

hence (4.4.6) in the m-even case.

Now, for (4.4.7), using Proposition 4.3.4 in the even case with n <= m, X\ <= &, < % and

x < cos(0),

2 M
2

rDé’Y)YTgy;even) _ ng}’) (rm . 7?)(008 0))
=m7r™ *sin(f )C’m2 2 (Cos ) — sin(f) cos()r™~ lCm2 2 (cos®)
(cos(=0))

2

(77771)( (727’“)

2 m cosf) —

2" rsin 6
= "™ 1sin(f) (m C’(TQ’ )(cos ) — cos(0) o) (cos 9))

_|_

o2
m‘,ﬁ

’Y 2 1

(4i8) /rm—l Sin(e) (m Omfaf)(cos 9) — (m + v+ 72) COS(Q) OfnT,TL 2 )(COS 9)

2 n
2772

+3 (C&f’?’(cose) — o )(—cose)) ) (4.4.11)

Using Proposition 4.3.1 with n <—m, A <= %, u < 3 and x ¢ cos(#) and Proposition 4.3.3 in

the even case with n <= m, A <= B +1, i < % and x < cos(f); (4.4.11) rewrites as,

m m

Dy (rieven) — =1 gin (9) (m C’ml’%)(cos 0) — (m + v + 72) cos(6) C(%fl 71)(cos 0))

72 u -1 22 ”1
=yt sin(g) | TN E02) R o) MM E N D) (1 o)
B m(m + vy + 72)0(772“%1)((308 9) — (m+yn—1(m+mn+ 72)0(%2+ ’71)(008 0)
om+y 4y, 2Zm+m+ 7 "
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= —(m+y -1 Y (4.4.12)

proving (4.4.7) in the m-even case. For (4.4.8), using Proposition 4.3.4 in the odd case with
n<m—1, A 241, p<+ B and z < cos(f),

DOy (rodd) — p(¥) <7’m sin(0) Co2 )(cos 9))

("/2 1 1

= mr™ ! cos(6) sin(#) C'(%:rl%l) (cosf)

m

— sin()r™ ! <COS(0) C’T(n%j;rl’%l)(cos 0) — sin®() C'( £ (cos 0))
2 71 72
n %Tm_ISiH(Q)C( 2 ;r T2 )(COSQ) — C’,(,f 1+ ’ )(— cos )
2 cos(0)

o ('YQ 1 71

m—1 (B+1.3) 2 B3
= """ sin(0) ((m —1)cos(8) C,,21 "2 (cosh) +sin“(6) C,,2, "2 (cosh)

2 an o2 1
N ﬂCf,fil 21)(COS ) — C’éfi;rl’ 21)(— Cos 9))

2 cos(0)

(4.3.8 (+1,1

39 1 gin o) ((m ~ 1)cos(8) CE T H) (cos )

b2 1

+ (m 471 = 1)(1 = cos*(0))Cp, 25 (cos )

+ % cos(0) (C’,S}Q;r ’%)(COS 0) — C’,S:Ti:rl%)(— cos «9)) ) . (4.4.13)

Using Proposition 4.3.3 in the even case with n <—m, A <= 2 +1, u <= % and z < cos(); and

Proposition 4.3.2 in the even case with n <= m —2, A <= 2 + 1, < %, and z < cos(0),

2 1

DOy (rodd) — =1 gin (f) ((m +91 — 1) cos(6) Cff_;rl’?)(cos 0)

T (m = 1)1~ cos?(6)) Ol (cos 9))

-1 d2 497 —1 -1 e
=t in(e) [ TN = G0 () 4 Mt = DM N 2 ) G )
2m+ v+ 72 2m + v + 72
1 —1) (2o —1) (%
L mA et DmEmn Z 1 () 9y - MM D )Ck“”%%@)

2m + 71+ 72 2m+m + 72
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= (m+m — 1Y,

which concludes (4.4.8) in the m-even case.

For (4.4.9), using Proposition 4.3.4 in the odd case with n <= m —1, A <= B + 1, p + &

and z < cos(0),

+ Yor™” 10 %)(cos 0)
— et (m sin?(6) CL2 T (cos 0) + cos?(0) CL2 T (cos 0) — cos(0) sin?(0) CLE T (cos )
+ 7 C 7i“’%)(cos 9))
(4.3.8) S

25 =t sin?(8) CLE T (cos ) + cos?(0) CLEy 7 (cos 6)

71

—(m+y1—1) cos(0) sin?(0) C(%i;? 7)(Cos 0)+ 72 sin?(9) (Cr(}iiLél)(COS 6) —C,2

m

Using simultaneously Proposition 4.3.1 in the odd case with n <= m — 1, A «= B + 1, p « &
and x < cos(f); and Proposition 4.3.3 in the odd case with n <= m —1, A <= 242, p < % and
x < cos(f); to then apply Proposition 4.3.2 in the odd case with n <= m—3, A <= Z+1, p < 4
and x < cos(f), and finally make use of Proposition 4.3.1 in the odd case with n <— m — 1,

A= 2, p<— 3 and x < cos(f), we get
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b2 2

= pml ((m + 791 — 1)(1 — cos*(0)) Cr(f_fl%)(cos ) — cos(0) Cff_;z%)(cos 0)}
+(+ ) AT “2”<cose>)

71

2407 2y
(4.3:5),(4.3.7) rml ( — (m 47 — 1)(1 — cos*(6)) C’,(nE;rQ’ 2 )(COS 0)+ (12 +1) Cgf,lﬂ’ 2 )(cos 9))

(m + = 1)(7’)7, B 2) C'(%i;rl%)(cos 0)

)
cosf)+ '
( ) 2m 4y + 2 — 2

(1360 i _(MAmn—Dm+p—1) (a3
2m + 1+ — 2 mes

247
+(2+1) C’T(,fifl’ 21)(Cos 0))

2 —1 B4
MANFTR LB MEN 72 (cos 0)
2m+y + 72 — 2 2m 4y + 72— 2

4.3.5 ;even
U2 (m 4 e = DY (),

=(m+72—1)7“m‘1<

hence (4.4.9) in the m-even case. O

The following will serve in the proof of Proposition 4.5.2.

Proposition 4.4.3.

my(weven)(x) 4 mde—l 2 Y(V?even)(gg), if m is even,

. 2m—+vy1+ m+1 2m—+vy1+ m—1
Y () = T e (4.4.15)
mt1 v (vieven) my 2y (vieven) e
it f2 Lml ($) + m?" Ym—l (l’), me s odd.

mAy1+y2 3/ (v;0dd) _ _mim—1 2y, (v;0dd) . .
x2Y(W;even) (z) = 2m+y1+72 Yot () 2ty | Yol (@), if m is even, (4.4.16)
m - . .
m+vy1+72+1y,-(1;0dd) m+y 2 v (v;0dd) . .
S Ymir(8) = g Bt Yl (), if mds odd.
m (7;0dd) m+y1—1 2 v (7;0dd) . .
. — Y, (x) + o At Y T (2) if m is even
21,70 (x) e T | " (44.17)

mAy+yp+1y(viodd) _mtys .2y (y0dd) . :
2m4y1+y2 Ym'H (:U) + 2m+71+72r Ym—l (LE), me is odd.
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m (7v;even) m+vy2—1 2y (7;even) . .
T 2mtyit2 1Y, if m is even
; 2m+y1+ m+1 + 2m+y1+ m—1 ) ,
w1 (z) = e e (4.4.18)
m+1 (7;even) m+ys 2 v (7;even) . .
It Imtl Bt T Ymel s i meis odd

Proof. Write ;Y0 in polar form for j € {1,2} and [ € {even,odd}. Then, (4.4.15), (4.4.16),
(4.4.17) and (4.4.18) are direct consequences of Proposition 4.3.3 (with n <= m + 1, A < %,
p < ), Proposition 4.3.1 (with n <= m, A <= % and p < %), Proposition 4.3.3 (with n < m,
A< 2 +1and p < %) and Proposition 4.3.2 (with n <= m — 1, A <= Z and pu + %),

respectively. O]

4.5 Dunkl-Zernike polynomials

Given m,n € Ny, we define

(o, m+ y1t2

Z(O"’Y;even)(l’) — p\ 2 )(2 ||33||2 o 1) Yrslv;even) ($)’

m,n

(4.5.1)

rty2

Zir () = BT 2l - 1) Y00 (@),

m,n m

The Z,S;fgﬁven) and the Z,(,fj’n”?‘)dd) are bivariate polynomials of total degree m + 2n, except the
Zéi‘f;()dd), which are null. We adopt the convention that if m < 0 or n < 0 then Z{ev*) = 0

and Z{0dd) = 0.

Given N € Ny, from Proposition 3.2.1 we know that { Z{o7 ™} 50 oo U{ 200700 01 s

m~+2n=N m+2n=N
is an L2 _-orthogonal basis of V7.
For [ € {even, odd}, the weighted square norm is given by
|20 = [, 2@ el ) o
b a,'y B K
4.5.2
— 2—(m+a+—”1;’”2 +2) p<a7m+¥) ? y () 2 ( )
" jac;oa,m-‘rL-;Y2 " hy

where the integral was computed by switching to polar coordinates, exploiting the homogeneity

of Y, and performing the change of variable ¢ = 2r?> — 1 in the appearing radial integral.
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Relations (4.2.3), (4.2.4) and (4.4.3) help us obtain the following recurrence relations for

the weighted square norm of Dunkl-Zernike polynomials,

2
(c;m+ v1;v2)

Pn+1

H i) H2 ‘
m,n+1 an jac;a,er’Yl;’m
- 2

[ea' 2
e, |

+
(a7m+’71272)

Py

jac;oanriﬂ/l;'y2

_2m+dn+2a+mn+n+2 2m+2n+ynt+re+2 nta+l

S 2mAAn 420+ Y+ Y+ 62m+2n+2a+y % +2 n+l (4.5.3)
d
an i) |12 ‘ Pvgoz,m—&-ﬁ;w +2)|1? o
HZ"H'Q’”H@,A/ _ jaca,mA 1512 42 HYmJFQHhW
Zeav|F 4 (aym+2422) 2 yob|? (4:54)
e, e P

jac;a,m—+ 7‘/1'572

2m+4n+2a+y1+v2+2
2m~42n+2a+vy1 +v2+2

for n = 0, the quotient must be replaced by 1. The last relation’s explicit
form has been omitted due to its great length.
The following proposition corresponds to the incarnation of part (ii) of Proposition 2.3.1 in

the present context.

Proposition 4.5.1.

<m Yontat ;L 2, 1> 7o yieven)

= <m tntat B ;72 + 1> Zlotlyeven) _ <m tnt i 72) Zfr‘iﬁ’f;even),

m,n )

<m +2n+a+ ;r L3 1) A

= <m+n+ o+ B ;—72 + 1) Z(etlyodd) _ <m+n+ %—;%) Zﬁi:}fmdd).

m,n

Proof. These follow directly from the definitions in (4.5.1) and the identity (4.2.10). O

The following corresponds to the three-term recurrence [17, Sec. 1.3.2] in our setting.

Proposition 4.5.2.
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a,y;even
AN
mty1+72 (2m+2n+2a+71 +72+2 Z(Ot 7y;even) + 2n+-2a a,y;even )
2m+y1+72 \ 2m+dn+2a+y1+y2+2 “mt1n 2m~+4n+2a+y1+vy2+2 m+1 n—1 Zf m is even
+ m+vy2—1 2m+2n+y1+72 Z(%%e\’en) + 2n+2 a,y;even)\’ ’
— 2m4vy1+y2 \ 2m4-4n+2a+vy1+y2+2“m—1n 2m~+-4An—+2a+y1 +vy2+2 m 1,n+1
m+1 (2m+2n+2a+’yl +v2+2 Z(Ol 7y;even) + 2n+2« a,y;even )
2m+y1+v2 \ 2m+4n+2a+y1+y2+2 “mtln 2m+4n+2a+vy1+72+2 m+1 n—1 if m is odd
M4 2mt2ntyity  playeven) | 242 a,y;even ) )
2m+y1+72 \ 2m+4n-+2a+y1+y2+2 “m—1Ln 2m+4n+2a+v1+72+2 m Lin+1
(4.5.5)
7 (a,yieven)
T2 Ly
m+y1+72 (2m+2n+2a+’yl +72+2 Z(a,’Y odd) + 2n+2a (ayy;0dd) )
2m+vy1+v2 \ 2mtdn+2o+7y1 +y2+2 “mt1n 2mA4-4n+-2a+vy1+v2+2 m‘H n—1 if m is even
__m4y—1 ( 2m+2n+v1+72 Z(aﬁ ;odd) + 2n+2 (ev,y50dd) ) 7
_ 2m+y1+y2 \ 2m+4n+2a+vy1+y2+2 “m—1n 2m-+4n+2a+vy1+72+2 2 ntl
m+vyi+y2+1 (2m+2n+2a+71+72+2 Z(amodd) + 2n+2a (an/ odd)>
2m+y1+y2  \ 2m+dnt2a+y +y2+2 “mt1n 2m-+4n+2a+vy1+y2+2 Zm1m-1 if m is odd
__m+m 2m4-2n+vy1+72 Z(07770dd) + 2n+42 (ayy;0dd) )’
2m+y1+72 \ 2mt4n+2a+y1+y2+2 “m—1n 2mA4-4n+2a+7y1+72+2 m Ln41
(4.5.6)
odd
1 Z5od
m (2m+2n+2a+71+’y2+2 (e,7;0dd) + 2n4-2a (e,7;0dd) )
2m+y1+72 \ 2mtdn+2a+y1 +y2+2 “m+1n 2mA+-4n+2a+vy1+y2+2 m+1 n—1 if m is even
| mtp-l 2mA2nimity  p(ayodd) i 2n+42 (cr,y;0dd) )’ ’
_ 2m+y1+72 \ 2mt4n+2a+y1+vy2+2 “m—1n 2m+4dn+2a+vy1 +y2+2 m Ln+1
m~+v1+y2+1 (2m+2n+2a+’y1+’yg+2 Z(a,'y,odd) + 2n+2a (a,y;0dd) )
2m4v1+v2  \ 2mt4nt2a+y1+y2+2 “mFLn 2mA4-4n+2a+y1+y2+2 m‘H n—1 if m is odd
+ m-+vy2 2m~4-2n—+vy1+v2 Z(a,y;odd) + 2n+4-2 (ayy;0dd) ) '
2m+y1+y2 \ 2m+4n+2a+vy1+y2+2 “m—1n 2m-+4n+2a+vy1+72+2 Zm1 ntl
(4.5.7)
odd
g Zio

)
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2m~+2n+2a+~1+v2+2 ~(o,v;even) + 2n+2a oy;even)
2m+wl +72 \ 2m+4n+2a+y1+724+2 “m+Ln 2mA+4n—+2a+vy1+72+2 m+1 n—1 if m is even
4 mimel 2mA2ntyitys _plevyieven) | 2n+2 a,y;even)\’ ’
— 2m+’yl +v2 \ 2m+4nt2a+y; +y2+2 “m—1n 2m+4An+2o+y1+v2+2 m 1,n+1
m+1 (2m+2n+2a+71 +724+2 Z(a y;even) + 2n+2a a,y;even )
T 2mAyitye \ 2mtdnt2atyr e +2 CmAln 2m+4n+2a+vy1+72+2 m‘H n—1 if m is odd
m-+vy2 2m~+2n-+vy1+72 (ayy;even) + 2n+2 a,y;even)
2m+'yl +72 \ 2m+4n+2a+y1+72+2 “m—1n 2m+4n+2a+v1+72+2 m Lin+1
(4.5.8)

Proof. The result is obtained after using Proposition 4.4.3 to expand z;Y,0%), to then consider
(4.2.9) with g < m — 1+ “gﬁ and (4.2.11) with § < m + VIJ”Q to expand respectively
(1+ (20 — 1)) P\™ 21y, O

)(27‘2 — 1) and the remaining instance of

In order to prove the next result we will make use of the product rule for Dunkl operators

(2.2.13), which we reproduce here for convenience.

; z) —g(ojx
o)) = o)D) S () + F(2)0sg(a) + 2 flor) 2 ITD y5)
j
In particular, setting f < Y, with [ € {even,odd} andm > 1, and g + Ji e (2 117 =

1), we get

(c;m+ “/172“12) 9 .
DY (P 2|17 = DY) ()

(a m+’Y1+’Y

= P @ 0 - DDV () + 42y Y00 () P

2y 2
2 (2= = 1). (4.5.10)

Then, taking into account Proposition 4.4.2 and using Proposition 4.4.3 to expand :Ean(;y;l), to

ama Y12y
then consider Proposition 4.2.1 with 8 < m+422—1 to expand (1—{—(27’2—1))35 ) (2r2—

/
) (2r2 — 1), we obtain the incar-

+
(a7m+712W2

1) and (4.2.7) to expand the remaining instance of P,
nation of part (iii) of Proposition 2.3.3 in our setting.

Proposition 4.5.3. If m > 1,

D%’Y)z(a,v;even)

m,n
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(a—|—1,7,even)
m—1,n

_mtya—1
2m+m+72

o 2 (2m 20 + 20 + 1 + 2 + 2

(2m 4+ 2n + 91 + 72

(a—i—l,’y even)’
m+1,n—1

m+y1
2m—+y1+7y2

2m+2n+2a+vy +72 +2

(2m+2n+ v + 7

(a+1,7 even)’
m+1,n—1

)4
)2
) (a+1,'y even)
)4

m+1
+ 2m+v1+72

D;’Y) Z(a,v;even)

m,n

m —1 a+1,v;0dd
— 2Bl (9m 4 2n + y + 72) Z Y

m a+1,y;0dd)’
+ D (9 4 2n 4 20+ 91 + 72+ 2) 2oy
m+y1

_ Z(a+1a7;0dd)
2m~+y1+7y2

2m +2n 471 +72) Zp1n

+otntetl (9 4 9 + 200+ 1 + 2 + 2) 2

Dp)Z(amodd)

m,n

m+vy1—1

Z(a+1 "\/;Odd)
2m—+y1+7y2

m—1,n

(2m 4 2n + 71 + 72)

(2m +2n+2a04+ v+ + 2)253:11;7 Oldd)

m a+1,v;0dd
Miﬁw@mﬂL?n*'%nL%)Z&j ot

+ 2m+'y1 +72

+7§;11jjfj21 Cm+2n+20+y+% +2)Zymi 00

a+1,y;even)

ML (9m 4 2 + vy + 2) Ze

2m+y1+72

~ i

m+2

2 (2m + 20 + 1+ ) Zyei

___m+l
2m+v1+72

DYV ZS0T™ = (20 4 200+ 1 + 7 + 2) 2400

75

a+1,y;0dd)’

(a+1,y;0dd)’

2m+2n+2a+ v + 2 + 2)Z7(7?j11,;?iefen)
(2m + 20 + 20+ 1 + 9o + 2) Zo e

cx+1 Y5 even)

if m is even
(4.5.11)
if m is odd.

if m is even
(4.5.12)
if m is odd.

if m is even,
(4.5.13)
if m is odd.

if m is even,
(4.5.14)
if m is odd.

(4.5.15)
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DY Z7) = (20 4 200+ + 7, + 2) 28, (4.5.16)

Proof. The only thing left to observe is that the identities (4.5.15) and (4.5.16) are a straight-

forward consequence of (4.2.7). O

4.6 Connection relations for Dunkl-Zernike expansion

coefficients

Let o, y1,72 € (—1,400). In this section we study how the connecting relations presented above
let us know how the Dunkl-Zernike expansion coefficients of a polynomial under the mappings
involved can be computed in terms of the Dunkl-Zernike expansion (potentially with different

parameters) of the polynomial itself.

Namely, in Subsection 4.6.1 we show how to compute the expansion of a polynomial in a (a4
1,v)-Dunkl-Zernike basis in terms of its («, 7)-Dunkl-Zernike expansion. In Subsection 4.6.2 we
obtain the Dunkl analogue of the spectral differentiation formula, more specifically, we show how
to compute the expansion of Dunkl operators applied on polynomials in the (o + 1,7)-Dunkl-
Zernike basis in terms of the («,y)-Dunkl-Zernike expansion of the polynomial itself. Finally,
in Subsection 4.6.3 we show how to compute the the expansion of polynomials multiplied by x;
in the (o, y)-Dunkl-Zernike basis in terms of the Dunkl-Zernike expansion of the polynomial

itself in the same basis.

4.6.1 Raising parameter «
Given k,m,n € Ny let

- -
+1, Bmm:m—i—n—i—a—i—%%—l, Cm,n:m—i—njL%.

+
Ak:k—i—a—l-% L
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Then, from Proposition 4.5.1

Am+2nz(a yseven) _ BmmZT(Tfizl,v;even) Con. nZ a+1 o0 even)7 (4.6.1)
Apyon 20700 = B, Zlorlaoedd) Om,nzn;fﬁ’f;"dd’. (4.6.2)

The relation (4.6.1) holds for all m,n € Ny, yet when n = 0 the second term in its right-hand
side should be ignored because of the convention Z,, (O‘H’%even) = 0. Note that if m =n = 0
and a + 232 = —1, (4.6.1) turns into 0 = 0. The relation (4.6.2) holds for all m > 1 and
n € Ny, yet when n = 0, the second term in its right-hand side should be ignored because of

the convention Z, (QH’V odd) — .

Let N € Ny and u € TI%. Then, u admits a unique expansion with respect to the non-
identically null Dunkl-Zernike polynomials of singularity parameter («,~y) of degree less than

or equal to IV:

yseven a,v;odd

U = Z Um n;even Z( PY ) + Z Um,n;odd Z( 'y ) (463)
m>0,n>0 m>1,n>0
m~+2n<N m+2n§N

Similarly, © admits a unique expansion with respect to the non-identically null Dunkl-Zernike

polynomials of singularity parameter (« + 1,7) of degree less than or equal to N:

= Y 0‘+17 even ~ a+1,y;0dd
U = Z um,n;even Z( ” ) + Z um,n;odd Z,,(nm v ) (464)
m=>0,n>0 m>1,n>0
m+2n<N m+2n§N

Now,

a,y;even
Z Um,nseven Zr(n,;z ’ )

m>0,n>0
m+2n<N
(4.6.1) Bm,” a+1,y;even Om,n (a+1,v;even)
= Z A Um,n;even Zr(n,n 7 ) — Z A Um,n;even Zm,n—
m>0,n>0 < m+2n m>0,n>1 “im+2n
m+2n<N m+2n<N
_ Bm,n Z(a+1,’y,even) Om,n+1 Z(a+1,’y,even) 4.6.5
- Z A Um,n;even m,n Z A Um n+1;even ( -V )
m>0,n>0 < *m+2n m>0,n>0 m+2n+2
m~+2n<N m—+2n<N -2

7
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In the first resulting sum double sum, when m = n = 0 and a + % = —1, the ratio

Binn/Amion is undefined and should be replaced by 1. Also,

a,y;odd
Z um,n;odd Zﬁnﬂz )

m>1,n>0
m+2n<N
(4.6.2) B a+1,v;0dd Crnn (a+1,v;0dd)
= Z A Um,n;odd Z'r(n7n v ) — Z A Um,n;odd Zm,n—l
m>1,n>0 “tm+2n m>1,n>1 “im+2n
m+2n<N m+2n<N
Bon C
— ) a+1,vy;0dd m,n+1 a+1,v;0dd
= Z A Um,n;odd Z7(n,n 7 ) — Z A Um,n+1;0dd Zr(n,n 7 ) (466)
m>1n>0 < m+2n m>1n>0 ‘i m+2n+2
m~+2n<N m—+2n<N—-2

We can use (4.6.5) and (4.6.6) to compare (4.6.3) with (4.6.4) term by term. As those (m,n)
that partake in the first double sum in the last expression of (4.6.5) and (4.6.6) but are excluded

from the corresponding second double sum in each case can be characterized by m+2n > N —1,

we have
Cm n+1 :
R B ﬁum,n—i—l;even lf m + Qn S N - 2,
Um nseven = Aﬂum,n;even - e (467)
mt2n 0 otherwise.
(here, when m =n =0 and o + 71;—” = —1, the ratio By, »/An+2, is undefined and should be
replaced by 1) and
C"m n+1 :
N B Ay amig ImntLiodd ifm+2n<N -2,
Um n;odd = Aﬂum,n;odd - a2 (468)
met2n 0 otherwise.

4.6.2 Dunkl spectral differentiation

Given m > 1 and n € Ny, let

SRl (Om 420+ 91 + 2), if m s even,

D(Leven) _ 2m4y1+72
%(2m +2n+ v + ’)/2), if m is odd.
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2m~+y1+7y2
E(l,even) —
m,n

2m~+y1+72

D(Q,even) _ 2m+y1+2
_%(Qm +2n+ v + ), if misodd.

E(Z,even) _ ) 2mtmtoe
m,n

2m-+y1+y2

p(10dd) %(2’" +2n+791 +72), if mis even,

m,n

%(2m +2n 4y + ), if mis odd.

1,0dd) 2m+71+72
E{edd) =
m,n

2m—+y1+2

M(zm +2n+ 7 +72), if mis even,

D2odd) _ ) 2mimitae
2 (2m + 20 + 71 +72), if m s odd
EF(20dd) _ — s (2m At 2n 420+ 91 + 72 +2), if m s even,

T 2mAyi e
F{b) = 2n + 200+ v + 72 + 2,

F@even) — on 1+ 20 4y + 75 + 2.

Then, from Proposition 4.5.3

DgV)z(a,'y;even) — ngzven) Zﬁjll;;‘ﬁeven) + E (1 even) Zr(r?—:_ll;j e;zen)

m,n

Dé’Y) Zﬁz;;y;even) — D(2,even)Z(O‘+1v"/70dd) + E(2 even)Z(aJFlfY odd)

m,n m—1,n +1,n—1

DSY) Z7(7(L17,7’Ly;odd) _ D(l odd)Z(a‘f‘l,’Y odd) + E(l odd)Z(Oé+17’Y§0dd)

m—1,n m+1n—1

D(w) Z(a,v;odd) — p(20dd) Z(a+1,w;even) + Egﬁdd) Zﬁjl{gielven)

2 m,n m—1,n

D () Zo a,yeven) F ( even)Z a+1,'y even)

)

Dév) Zé)cm;even) — F(2even) Z(a+1 yiodd)

n 1,n—1
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ANER (9 + 20+ 20+ Y, + 2 + 2), if m is even,

mtl (9m + 2n + 20+ 91 + 2 +2), if mis odd.
— =L (Om 4 2n 4y, + y,),  if m s even,
AN (O + 2n 4+ 20+ Y1 + 92 +2),  if m is even,

PNV (9 4 2n + 20 4+ 71 + e + 2), if m is odd.

(2m+2n+2a 4+ +12+2), if mis even,

MmNt (9 4 90 4 200+ v + 2+ 2), if m is odd

L (2m+2n+ 20+ + 72 +2), if mis odd
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The relations (4.6.9), (4.6.10) , (4.6.11) and (4.6.12) hold for all m > 1 and n € Ny, yet when

n = 0 the second terms in their right-hand side should be ignored because of the convention

Z(a+1,’y;even) =0= Z(OH-L’Y;Odd).

m,—1 m,—1
Let N € Ny and u € T1%,. As it is stated in (4.6.3), u is uniquely expanded in terms of the
non-identically null Dunkl-Zernike polynomials of parameters («, ) of degree less or equal to
N.

Similarly, being D](V)u € II%_,, it admits a unique expansion with respect to the non-

identically null Dunkl-Zernike polynomials of parameters (a + 1,7) of degree less or equal to

N -1

. ~ a+1,y;even ~ a+1,y;0dd
Dj"u = Z Um,n;j,even Zr(n,n vievem) 4 E U, nyj0dd Zr(n,n viodd) (4.6.15)
m>0,n>0 m>1,n>0
m+2n<N-1 m+2n<N-—1

Now,

Z um7n;even D%V)Z(O‘a’y;even)

m,n
m>0,n>0,
m—+2n<N
_ (7) r7(a,y;even (7) 7(a,y;even)
= Z Um,n;even Dl Zr(n,V’LY ) + Z U0, n;even Dl ZO,n
m>1,n>0, n>0
m~+2n<N 2n<N
(4.6.9),(4.6.13) 1,even) rr(a+1,v;even) 1,even) r~(a+1,y;even)
= Z um,n;eveann,’n )Zm—l,n + Z um,n;evenEﬁn:n )Zm—i-l,n—l

m>1,n>0, m>1,n>1,

m+2n<N m+2n<N

1,even) r7(a+1,y;even)
+ Z Uo,n;even Fr(L )Zl,n—l 7
n>1
2n<N
— (1,even) r7(a-+1,v;even (1,even) a+1,y;even
o Z uerl,n;evean_Q_Ln Z1(n,n K )+ Z umfl,nJrl;evenEm_l’n_i_lan’n K )
m>0,n>0, m>2,n>0,
m+2n<N—-1 m+2n<N-—1
(1,even) r(a+1,y;even)
+ Z U0,n+1;even Fn+1 Zl,” . (4616)
n>0
M<N—2
Also,
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Z Um,n;0dd D%W) 7(ay;0dd)

m,n
m>1,n>0,
m+2n<N
(4.6.11) 1,0dd) r(a+1,7;0dd) 1,0dd) r7(a+1,y;0dd)
= Z Um,n; oddD( )Zm—l,n + Z Umﬂ"L%OddE( )Zm-l-l n—1
m>2,n>0, m>1,n>1,
m+2n<N m~+2n<N
. (1,0dd) (a41,y;0dd (1,0dd) a+1,y;0dd
= Z um+17n;oddDm+Ln Zﬁn,n v ) + Z Um—1,n+1; oddE -1 n+1Zr(n,n 7 )'
m>1,n>0, m2>2,n2>0,
m+2n<N-1 m+2n<N-1

(4.6.17)

We can use (4.6.16) and (4.6.17) to compare the result of applying D) in (4.6.3) with (4.6.15)

term by term obtaining,

(1,even) . .
Um-l—l,n;eveanJrl,n 5 ifm= 0,
5 — (1,even) (1;even) . .
Um,n;1;even um+1,n;evean+1 n + ug Nt evenFn+1 , ifm=1 ) (4618)
(1,even) (1,even)

Um+1,n;evean+1 n + Um—1 ,n+1; evenEm—l,n—i—lu if m Z 2.

(1;0dd) .
X U+ 1nsodd Dmin m =1, (4.6.19)
Um,n;l,0dd = -
D( ;odd) E(l odd) if > 9
Um+1,n;0dd m+1,n + Um—1 ,n+1;0dd 1,n+1> orm = 4.

On the other hand we have

(’Y) o,y even
Z um,n;evenDQ Zﬁmrj )

m>0,n>0,
m—+2n<N
_ (7) r7(e,y;even v) (e, y;even)
- Z umameVen D? Zr(n,n ) + Z UO n;even D Z 0,n
m>1,n>0, n>0
m+2n<N 2n<N
(4.6.10),(4.6.14) 2.even) 7 (a+1,y;0dd) 2,even) r7(a+1,7;0dd)
- Z um,n;eveann,’n )Zm—l,n + Z Upn,n; evenE( )Zm+1,n—1
m>2,n>0, m>1,n>1,
m+2n<N m—+2n<N
2,even) rz7(a+1,7;0dd)
+ Z U0,n;even Fé )Z 1,n—1
n>1
2n<N
- D (2, even)Z(aJrL»y odd) E(2 ,even) Z a+1’%0dd)
- Um+1,n;even m+1n “mmn + Um—1,n+1;even 1,n+1
m>1,n>0, m>2n>0,
m+2n<N-—1 m+2n<N-—1
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+ Y Ugmiteven S 20 1 (46.20)

n

n>0
M<N—2
and
(V) 7(a,y;0dd
Z um,n;odd DQ Zr(mr;y )
m>1,n>0,
m+2n<N
(4.6.12) 2,0dd (a+1,v even) 2,0dd) r(a+1,7;even)
= Z um,n;oddD( )Z + Z um,n;oddE( )Zerl n—1
m>1,n>0, m>1,n>1,
m+2n<N m+2n<N
_ (2,0dd) 7 (a+1,7v;even (2,0dd) a+1,y;even
- Z uerLn;OddDm—I—Ln ZT(n,n ! ) + Z Um—1,n+1; odd By "1 n+1Z7(n n vieven),
m>0,n>0, m>2,n>0,
m+2n<N-—1 m+2n<N—-1

(4.6.21)

Utilizing (4.6.20) and (4.6.21) to compare the result of applying DY) in (4.6.3) with (4.6.15)

we obtain,
(2,0dd) X
. Um-+1,m50dd D1, 5 if0<m<1,
Um,n;2,even — (2.0dd) (2,04d) (4622)
270 O .
Um+1,n;oddDm+17n + Um—l,n—f—l;oddE —1,n+1s if m Z 2.
(2,even) (2, even) . o
N um+1,n;evean+17n + uO,n—l—l;evenF ifm= 1,
Um,n;2,0dd = ( ) o ) (4623)
2,even even .
um+1,n;evean+1 n T Um—1 n+1; evenEm 1,n+1s if m > 2.

4.6.3 Multiplication by z;

Given m > 0 and n € Ny, let

m4y+7y2 2m+2n+2a+y1+y2+2
G(l’even) ) 2mtyit+y2 2mA4nt-2at+y1 +y2+27

m,n -

if m is even,

m+1 2m+4-2n+2a+y1+v2+2 : .
2m+y1+7y2 2m+4n+2a+y1+y2+27 if m is odd.

m+y1+72 2n+2a : :
H(l’even) ) 2mimity2 2mt4Ant2aty +y2+20 if m is even,
m,n -
mtl 2ntla if m is odd.

2m+y1+7y2 2m+4An+2a+y1+y2+27
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[(1,even)

m,n

J(l,even)

m,n

G(?,even) _

m,n

(2,even)
m,n

I(2,even)

m,n

J(2,even)

m,n

G(l,odd)

m,n

H(l,odd) _

m,n

I(LOdd)

m,n

J(Lodd)

m,n

G(Z,odd)

m,n

m+y2—1 2m+2n+y1+72
2m+y1+72 2m+4n+2a+y1+y2+27

m+v1 2m~+2n+v1+72
2m4y1+7y2 2m4-4n4-2a+y1+y2+2°

m+y2—1 2n+2
2m~4y1+72 2mt4n+2aty1+y2+2°

m+v1 2n+2
2m—+vy1+7y2 2m+4An+2a+y1+y2+27

m+ty1+y2 2m42n+2a471+72+2
2m—4y1+7y2 2m~+4An+2a+y1+v2+2°

m+y1+y2+1 2m+2n+2a+~v1 +y2+2
2m+vyi1+y2 2mt4Ant2a+y1+y2+27

m+y1+7y2 2n+2a
2mA4y1+y2 2m+4n+2a+y1+y2+2”

m+y1+y2+1 2n+2«
2m+y1+y2 2mt4nt2at+y1+y2+27

m+vy1—1 2m+4-2n+vy1+72
2m+y1+72 2mt4n+2a+y1 +y2+27

m+m 2m+2n+y1+72
2m+y1+7y2 2m+4An+2a+y1+y2+27

_ mim—1 2n+2
2m~+y1+7v2 2m+4n+2a+y1 +v2+27

m+vy1 2n+2
2m+vy1+7y2 2m+4An+2a+y1+y2+2°

m 2m+2n+2a+71+72+2
2m~+vy1+7y2 2m-t4An+2a+y1+y2+2°

m+y1+y2+1 2m+2n+2a+vy1 +y2+2
2mtyi+y2 2mt4nt2aty1+y2+27

m 2n+4-2a
2m+y1+72 2mt4n+2a+y1+y2+27

m4y1+72+1 2n+2a
2m+y1+v2 2m44n—+2a+v1+72+27

m+y1—1 2m+2n+y1+72
2m4y1+7y2 2m4-4n4-2a+y1+y2+2°

m+y2 2m+2n+v1+72
2m—+vy1+7y2 2m+4An+2a+y1+y2+27

m+vy1—1 2n+2
2m—+vy1+7y2 2m+4An+2a+y1+y2+27

m+y2 2n+2
2mAm1 472 2mt4nt2a+y1+y2+27

. m 2m+-2n+2a+vy1 +v2+2
2m+y1+72 2mt4dn+2a+y1+y2+27

__ m+41  2mA2n+2a+y1+y2+2
2m—+y1+7y2 2mt4n+2a+y1 +y2+27
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if m is even,

if m is odd.

if m is even,

if m is odd.

if m is even,

if m is odd.

if m is even,

if m is odd.

if m is even,

if m is odd.

if m is even,

if m is odd.

if m is even,

if m is odd.

if m is even,

if m is odd.

if m is even,

if m is odd.

if m is even,

if m is odd.

if m is even,

if m is odd.
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_ m 2n+2a . .
F(20dd) _ 2m41+72 2mAAn+204y1+ya+2” if m is even,
m,n -
__ m+l 2n+2« . .
DTN o P, PSR, § it m is odd.
miyp—l _2ma2ndy 4y if m is even
](2,odd) ) 2mAyity2 2mtAnd2a4y 2420 )
m,n -
m+y2 2m+2n+y1 +72 : :
St It st T3y i mis odd.
m+ys—1 2n+2 : .
J(2odd) _ ) 2mimas 2mtdnt2atyi 7242 if m is even,
m,n -
m-+7y2 2n+2 . .
2mA4vy1+y2 2mt-dnt2a+y1+y2+27 if m is odd.

Then, from Proposition 4.5.2

T Zygloi;;y;even) _ G(l’even) Z(oz,’y;even) + Hygllﬁven) Z(a,’y;even) + L(]%;ven) Z(a,’y;even) + Jy(;ﬁven) Z(a,’y;even)

m,n m+1,n m+1n—1 m—1n m—1n+1>

(4.6.24)

T Z(a,'y;even) — G(2,even) Z(Oé()’;Odd) + H(2,even) Z(%’Y;Odd) + [T(ri,zven) Zr(r?:yl;,(;dd) + Jr(ri,sven) Z(a,’Y;Odd)

m,n m,n m—+1,n m,n m—+1,n—1 m—1n+1>
(4.6.25)

(ayy;0dd) _ ¥(1,0dd) (ayy;0dd) (1,0dd) (ayy;0dd) (1,0dd) (av,y;0dd) (1,0dd) (ayy;0dd)
L1 Zm,n - Gm,n Zm-l—l,n + Hm n Zm+1,n—1 + [m,n Zm—l,n + Jm,n Zm—l,n—l—lv

(4.6.26)

(a,y;0dd) __ v(2,0dd) rr(a,y;even) (2,0dd) rr(a,y;even) (2,0dd) rr(a;y;even) (2,0dd) rr(a,y;even)
L2 Zm,n - Gm,n Zm-‘,—l,n + Hm,n Zm—l—l,n—l + Im,n Zm—l,n + ']m n Zm—l,n+1 .

(4.6.27)

Let N € Ny and u € I1%. As it was stated in (4.6.3), u is uniquely expanded in terms of the

non-identically null Dunkl-Zernike polynomials of parameters («, ) of degree less or equal to

N.

Similarly, being z;u € II% 41, it admits a unique expansion with respect to the non-

identically null Dunkl-Zernike polynomials of (a, ) of degree less or equal to N + 1

= U oyyieven y a,y;0dd
Ly = Z Um,n;j,even Z7(n,n ) + Z Um,n;j,0dd 7(71771 )- (4628)
m>0,n>0 m>1,n>0
m+2n<N+1 m+2n<N+1

We have
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a,y;even
Z um,n;even 1 Z;n’y’;/ )

m>0,n>0,
m+2n<N
(4'6'24) 1 even ( ,’y,even) 1,even (a,’y;even)
- Z um,n;evenG( m+1 n + Z um,n;evenHTS@:n )Zm—l—l,n—l
m>0,n>0, m>0,n>1,
m+2n<N m+2n<N
1,even) rr(a,y;even) 1,even) rr(a,y;even)
+ Z um,n;evenlr,(n n )Zm 1n + Z um,n;even J'y(n n )Z —1,n+1
m>1,n>0, m>1,n>0,
m+2n<N m+2n<N
. G(l,even) Z( 7’}/7even) H 1 even Z ,'y even
- umfl,n;even m—1,n m,n + umfl,nJrl;even m—1,n+1
m>1,n>0, m>1,n>0,
m+2n<N+1 m+2n<N-—1
(1,even) /y;even (1,even) yy;even
+ Z um+1,n;evenl +1,n Z?Sm n ) + Z Um+1,n—1; evenJm+1 n— 1Z( ) (4629)
m>0,n>0, m>0,n>1,
m+2n<N-—1 m+2n<N+1
and

Z Um,n;odd T1 Z(a viodd)

m>1,n>0,
m+2n<N

(4.6.26) 1,0dd) r7 (0, 7;0dd) 1odd (amodd)
=Y oG ZEN S mead 2

m>1,n>0, m>1,n>1,
m—+2n<N m+2n<N
(1,0dd) (a %odd) 1,0dd) rr(e,v;0dd)
+ Z um,n;odd—[ Z + Z um,n;oddjr(n,n )Zm—l,n+1
m>2,n>0, m>2,n>0,
m—+2n<N m—+2n<N
_ 1 Odd) [e'R 7odd (1 Odd) (o2} ;Odd
= Z Um—1,n; oddGm 1,n Z7(n 77 ) + Z um—lm-ﬁ-l;oddH -1 11—&—127(71,7’1y )
m>2,n>0, m>2,n>0,
m+2n<N+1 m+2n<N-—1
(1,0dd) (e, y;0dd (1,0dd) yy;0dd
+ Z um+1,n;odd[ +1,n Z( W ) + Z um+1,n—1;odd<] +1,n— 1Z( ) ) (4630)
m>1,n>0, m>1,n>1,
m+2n<N-—1 m+2n<N—+1

We can use (4.6.29) and (4.6.30) to compare (4.6.28) with the result of multiplying (4.6.3) by
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x1, obtaining

um,n;l;even

Um+1,n; evenlglei?)?
umfl,n;evenGgL e\lle:;) + Um—1 n+1, evenHr(r} eIe;:—)&-l
+um+1 n; evenl7(nl-lf1]e7?)
um—i—l n; evenlgffey?) + um+1 n—1; evenJr(ri-frerI;) 1
umfl,n;evenGg e\{errrzl) + U1 ;n+1; evenH'r()i’—eTe;—)i-l
B +um+1 n; evenIr(r}-er;l) + um+1 n—1; evenjy(nl-fre;:) 1
07
um—l,n;evenGgf\f:;) y
uerl n—1 even']qgf}-f;eq?) 1
Um—1,n; evenGgrlL e‘lle:;) + Um+1,n—1; evenJS-freél) 1
am,n;l;odd
um+1,n;odd1(1ff?z)7
Um—1,n; oddGnly, 0(11(13 + U1 n+1, odd[—[(l Oii(jz)Jrl
+um+1,n;odd[(1—fii(riz)
um+1,n;odd[(1-ffi) + Um+1,n—1; ode(l-i?ld('riL 1
um—l,n;odngrlLf(lj,dn) + um—l,n—i—l;oddH(l Of(i)+1

- (1,0dd) (1,0dd)
+um+1,n;oddI +1,n + uerl,nfl;ode +1,n—1

0,

(1,0dd)
U — lnoddGm 1,n>»

J (1,0dd)
Um+1,n—1,0dd +1n 1

(1,0dd) (1,0dd)
Um—1 n; oddGm 1,n + uerl n—1; odem+1 n—1»

On the other hand, we have
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ifm=0,n=0,m+2n<N -1

ifm>1,n=0,m+2n< N —1,

iftm=0n>1,m+2n< N —1,
ifmn>1m+2n <N —1,
iftm=0,n=0,m+2n> N,
ifm>1,n=0 m+2n> N,

iftm=0n>1,m+2n>N

ifm,n>1 m+2n>N.

iftm=1,n=0m+2n< N -1
itm>2n=0m+2n< N —1,

iftm=1,n>1,m+2n< N —1,

iftm>2n>1,m+2n< N —1,

itm=1,n=0 m+2n> N,
itm>2n=0 m+2n> N,

ifm=1,n

v

I, m+2n>N

iftm>2,n>1 m+2n > N.

(4.6.31)
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a,y;even
Z um,n;even ) Z;n’y’;/ )

m>0,n>0,
m+2n<N
(4.6.25) 2.even) r7(a,y;0dd) 2,even) r7(a,y;0dd)
- Z um,n;evenng:n )Zm—l-l,n + Z um,n;evenHT(n:n )Zm—l-l,n—l
m>0,n>0, m>0,n>1,
m+2n<N m~+2n<N
2,even) r7(a,y;0dd) 2,even) rz7(a,y;0dd)
+ Z um n; evenI( )Zm 1n + Z um,n;evenJ( )Z —1n+1
m>2,n2>0, m>2n2>0,
m+2n<N m+2n<N
_ (2,even) ,v;odd (2,even ,v;0dd)
— Z umfl,n;evenGm—Ln Zy(ny;y ) + Z umfl,nJrl;evenHm 1 n+1Z 7
m>1,n>0, m>1,n>0,
m+2n<N+1 m+2n<N-—1
(2,even) r(a,y;0dd (2,even) ;y;0dd
+ Z Um+1,n; evenIm+1 n Z»,g%»,;y ) + Z Um+1,n—1; evenJm+1 n— 1Z( ) ) (4632)
m>1,n>0, m>1,n>1,
m+2n<N—1 m+2n<N+1

and

Z Um,n;odd T2 Z(a viodd)

m>1,n>0,
m—+2n<N

(4.6.27) 2,0dd) r7(a,y;even) 2,0dd) r7(a,y;even)
= Z Um,n; oddG( Zm+1,n + Z um,mOddH?(n,’n )Zerl,ﬂ*l

m>1,n>0, m>1,n>1,
m-+2n<N m—+2n<N
2,0dd) r7(a,y;even) 2,0dd) r~(a,v;even)
+ Z Um,n;oddlr(n,n )Zm—l,n + Z um,n;oddjr(n,n )Zm—l,n+1
m>1,n>0, m>1,n>0,
m—+2n<N m~+2n<N
_ (2,0dd) r(a,v;even (2,0dd) a,y;even
= Z Um—1,n; oddGm 1,n Z,,(n,,,;y ) + Z um—lm-ﬁ-l;oddH -1 11—&—127(71,7’1y )
m>2,n>0, m>2,n>0,
m+2n<N+1 m+2n<N-—1
(2 Odd) even 2 Odd «,y;even
+ Z um—i—l,n;odd] +1,n Z( 7 ) + Z um—l—l,n—l;odd‘] +1,n— 1ZT(n,77 ) (4633)
m>0,n>0, m>0,n>1,
m+2n<N-—1 m+2n<N+1

Utilizing (4.6.32) and (4.6.33) to compare (4.6.28) with the result of multiplying (4.6.3) by 3,
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we obtain

Um,n;2;even

(2,0dd)

Um—i-l,n;odd]erl,n’ f0<m<1l,n=0m+2n<N -1
(2,0dd) (2,0dd)
Um—1m:0ddGm_1m + Um—1n+1.0dd 1 et .
m—1,n;0 m—1,n m—1,n+1,0 m(2,nd-‘;)7 1fm22,n:()7m—|—2n§N—1,
,0
+Um+1,n;oddlm+1,n
2,0dd 2,0dd :
Um-l—l,n;odd]?g@:l,n) + Um—&-l,n—l;oddjr(nfl,n)fla f0<m<lL,n>1m+2n<N -1,
(2,0dd) (2,0dd)
Um—1,n; ddG “1m T Um—1n+1;0dd —1,n+1 .
B m—1,n;0 m—1,n m—1,n+10 m—1,n+ ifm>2n>1,m+2n< N —1,
= (2,0dd) (2,0dd)
+um+1,n;odd]m+1,n + Um+1,n—1;odem+1,nfl
0, ifo<m<1,n=0m+2n>N,
Um—l,n;oddGq(quidn)a if m > 27 n = O? m+2n > N’
um+1,n71,0de7(an{ijz)—17 if0<m<1l,n>1,m+2n>N
2,0dd 2,0dd :
U1 nioddGant + Um 1 1odd Jyeiige1, M >2, 0> 1, m+2n > N.
am,n;Q;odd

(2,even) (2,even)
um—l,n;evenGm—l,n + Um—l,n-l—l;evenHmfl,nJrl .
, ifn=0 m+2n< N -1,
I(Q,even)

"‘uerl,n;even m+1,n

(2,even) (2,even)
Um—l,n;evenGm—l,n + Um—l,n—i—l;evenHm—l,n—i-l .
iftn>1,m+2n <N —1,

= (2,even) (2,even) ’
+um+1,n;even]m+1,n + um—f—l,n—l;even‘]erl,nfl
G(Q,even) ifn=0 on>N
Um—1,n;even m—1,n » nn="u, man 2 ’

(2,even) (2,even) .
um—l,n;evenGm—l,n + Um+1,n—1;evenjm+1,n—17 if n 2 17 m+2n Z N.

(4.6.34)
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CHAPTER b

Tools for numerical computations with

orthogonal polynomials

5.1 Introduction

In this chapter we present and describe the basic mechanisms behind a recently developed Julia
1.2.0 package DunklZernikeExpansions [3] which exploits the connection relations obtained in
Chapter 4 in order to perform basic computations with bivariate polynomials in the unit ball

expressed as a linear combination of Dunkl-Zernike polynomials.

This package was developed inspired by some traits of the Chebfun [10,40] and ApproxFun
[29,37] Julia packages; it can be considered the successor of ZernikeSuite [21], although the
latter exploits the elegance of the basis found in [47].

We used our DunklZernikeExpansions package to verify identities of Chapter 2 and Chap-

ter 3 considerably faster than it is possible with symbolic computation.

89



Chapter 5. Tools for numerical computations with orthogonal polynomials

5.2 The code

The code that will be presented in the following sections corresponds to the file
DunklZernikeExpansions. j1 in the Git repository of the package DunklZernikeExpansions [3]

in the exact version retrievable as its commit da6d16f.

5.2.1 Basic constructions

As it was stated in (4.6.3), given u a bivariate polynomial of degree N, it admits a unique
expansion with respect to the non-identically null Dunkl-Zernike polynomials of parameter

(cr,y) of degree less than or equal to NV

a,y;even a,v;odd
u = Z um,n;even Zﬁmrj ) + Z um,n;odd Zy(n,y;y ) (521)
m>0,n>0 m>1,n>0
m+2n<N m+2n<N

That is, we can uniquely represent every bivariate polynomial by its expansion coefficients and
the parameter («,~); this is the main and basic idea behind this package.

One of the main obstacles in storing the expansion coefficients is dealing with their triple,
non-tensorial, indexation. To address this problem we implemented some auxiliary functions
that allow us, for example, to know which position in the coefficients vector (unidimensional

array) corresponds to the coefficient w,, 5 even-

Listing 5.1: Basic configuration of the package

module DunklZernikeExpansions

import Base: +, -, x, /, ==, isapprox

=W N =

import Jacobi: jacobi

import SpecialFunctions:gamma

~N o ot

export DZFun, DZParam, DZPoly, wip, evalDZ, mbxl, mbx2, symxl, symx2, skewxl, skewx2, Dunklxl, Dunklx2,

DunklAngular, project, mbr, adjointDunklxl, adjointDunklx2

In Listing 5.1 we name the module (package), import some functions from other packages—
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Chapter 5. Tools for numerical computations with orthogonal polynomials

arithmetic operators, Jacobi polynomials and the Gamma function—that will be used later,
and specify which Julia objects of the package will be exported; i.e., directly available to the

user.

Listing 5.2: Deduce the degree of a polynomial from the number of expansion coefficients

9 function inferDegree(l::Int64)

10 # Given 1 it returns two integers; the first one is the lowest integer n such that (n+1) (n+2)+2 > 1;
11 # the second one is the residual (n+1) (n+2)+2 - 1

12 n = (-3 + sqrt(1+8%1))/2 # This will be a float

13 cn = convert(Int64, ceil(n))

14 cn, (cn+1)*(cn+2)+2-1

15 end

In Listing 5.2 we implement a function that determines the degree of a polynomial from the

number of expansion coefficients.

Listing 5.3: Dimension of IT%, (number of coefficients to uniquely expand its members)

17 polyDim(deg::Int64) = (deg+l)*(deg+2)+2

Listing 5.4: Parameter structure

19 struct DZParam

20 v1::Float64

21 v2::Float64

22 a: :Float64

23 function DZParam(yl, ¥2, a)

24 Oassert 41 > -1 & 42 > -1 & a > -1
25 new(yl, v2, o

26 end

27 end

28

29 function isapprox(xl::DZParam, 2::DZParam)
30 a = 1.0e-12

31 isapprox(kl.y1,k2.7v1;atol=a) && isapprox(kl.y2,k2.72;atol=a) && isapprox(kl.a,k2.a;atol=a)
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Chapter 5. Tools for numerical computations with orthogonal polynomials

32 end

In Listing 5.4 we define a structure called DZParam which represents the parameter of the
expanding Dunkl-Zernike polynomials. Also, we define a binary operation between DZParam

elements which allows us to determine when two of them are approximately equal.

Listing 5.5: Dunkl-Zernike expansion structure

34 struct DZFun

35 K::DZParam

36 degree: :Int64

37 coefficients::Vector{Float64}

38 # The coefficients of a polynomial are ordered by degree first;

39 # within each degree, the coefficients accompanying generalized cosines appear in the odd-indexed

positions and generalized sines in the even-indexed positions;
40 # within the odd (resp. even) positions the coefficients accompanying Dunkl-Zernike polynomials

involving spherical harmonics of higher degree appear first

41 function DZFun(k, degree, coefficients)

42 @assert 2*length(coefficients) == (degree+l)*(degree+2)

43 new(x, degree, coefficients)

44 end

45 end

46

47 function DZFun(k::Tuple{T1,T2,T3}, degree::Int64, coefficients::Vector{Float64}) where {T1<:Real, T2<:Real,
T3<:Reall}

48 param = DZParam(k...)

49 DZFun(param, degree, coefficients)

50 end

51

52 function DZFun(k::Vector{T}, degree::Int64, coefficients::Vector{Float64}) where T<:Real

53 Oassert length(k) == 3 "If the parameter is given as a vector it must be of length 3"
54 param = DZParam(k...)

55 DZFun(param, degree, coefficients)

56 end

57

58 function DZFun(k, coefficients::Vector{T}) where T<:Real

59 n, res = inferDegree(length(coefficients))

60 cl = polyDim(n)

61 newcoefficients = zeros(Float64, cl)

62 newcoefficients[1:length(coefficients)] = coefficients
63 DZFun(k, n, newcoefficients)
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64 end

In Listing 5.5 we find the core of this package. Here we define a structure called DZFun which
represents the Dunkl-Zernike expansions. To initialize a DZFun one only needs the parameter
(as a three-element vector or DZParam) of the expanding Dunkl-Zernike polynomials, and the
expansion coefficients. Optionally, one can provide the degree of the polynomial being expanded
to assert that the inputted coefficients are actually expanding a polynomial of that degree. As
it is mentioned in lines 3840, the coefficients of the polynomial are order by degree first; within
each degree, the coefficients accompanying ,(,‘L’jﬂ?even) appear in the odd-indexed positions and
the ones accompanying Z,(,fjﬂ?"dd) in the even-indexed positions; within the odd (resp. even)
positions, the coefficients accompanying Dunkl-Zernike polynomials involving A-harmonics of

higher degree appear first.

Listing 5.6: Basic operations with DZFun

66 function ==(f::DZFun, g::DZFun)

67 equalk = f.k == g.K

68 f1 = length(f.coefficients)

69 gl = length(g.coefficients)

70 maxl = max(fl,gl)

71 equalc = [f.coefficients;zeros(maxl-f1)] == [g.coefficients;zeros(maxl-gl)]
72 equalk && equalc

73 end

74

75 function isapprox(f::DZFun, g::DZFun)

76 equalk = f.k =~ g.K

7 f1l = length(f.coefficients)

78 gl = length(g.coefficients)

79 maxl = max(fl,gl)

80 equalc = [f.coefficients;zeros(maxl-f1)] ~ [g.coefficients;zeros(maxl-gl)]
81 equalk && equalc

82 end

83

84 # Unary operations
85 -(f::DZFun) = DZFun(f.k, f.degree, -f.coefficients)
86

87 # Binary operations
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88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124

for op = (:+, :-)
QGeval begin
function ($op) (f::DZFun, g::DZFun)
Qassert f.Kx =~ g.K

f1l = length(f.coefficients)

gl = length(g.coefficients)
retl = max(fl, gl)
retd = max(f.degree, g.degree)
retcoefficients = zeros(Float64, retl)
retcoefficients[1:f1] = f.coefficients;
retcoefficients[1:gl] = ($op) (retcoefficients[l:gl], g.coefficients);
DZFun(f.k, retd, retcoefficients)
end
end

end

# Operations with scalars
for op = (:+, :-)
Q@eval begin
function ($op) (f::DZFun, a::Number)
($op) (£, DZFun(f.x, 0, [al))
end
end
end
for op = (:*, :/)
Q@eval begin
function ($op) (f::DZFun, a::Number)
DZFun(f .k, f.degree, ($op)(f.coefficients, a))
end
end
end
for op = (:+, :%)
Q@eval begin
($op) (a: :Number, f::DZFun) = ($op) (f, a)
end
end

-(a::Number, f::DZFun) = a + (-f)

In Listing 5.6 we implement basic operations with DZFun, including comparative operators

== and ~, sum, subtraction and multiplication by scalar.

94



Chapter 5. Tools for numerical computations with orthogonal polynomials

126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143

Listing 5.7: Bijection between triple indexation and position in coefficients vector

# Position range of coefficients of given degree

positionRange(deg: :Integer) = (polyDim(deg-1)+1) :polyDim(deg)

function pairing(m::Int64, n::Int64, even::Bool)
Qassert m>0 && n>0
Q@assert m>0 || even
deg = m+2n
1+polyDim(deg-1)+(~even)+2+n

end

function inversepairing(i::Int64)
@assert i>0
deg, res = inferDegree(i)
n = (deg-res)+2
m = deg-2*n
even = ~Bool((deg-res)%2)
(m,n,even)

end

The functions pairing and inversepairing establish the bijection between the triple in-

dexation of the expansion coefficients appearing in (5.2.1) and their positions in the coefficients

vector defining a DZFun.

145
146
147
148
149
150
151
152
153
154
155
156
157
158
159

Listing 5.8: Single Dunkl-Zernike polynomial as DZFun

# Dunkl-Zernike polynomials
function DZPoly(k::DZParam, m::Int64, n::Int64, even::Bool)
i = pairing(m, n, even)
v = zeros(Float64, i)
v[i] = 1.0
DZFun(k, v)

end

function DZPoly(k::Tuple{T1,T2,T3}, m::Int64, n::Int64, even::Bool) where {T1<:Real, T2<:Real, T3<:Real}
param = DZParam(k...)
DZPoly(param, m, n, even)

end

function DZPoly(k::Vector{T}, m::Int64, n::Int64, even::Bool) where T<:Real

Oassert length(k) == 3 "If the parameter is given as a vector it must be of length 3"
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160
161
162

param = DZParam(k...)
DZPoly(param, m, n, even)

end

DZPoly lets us represent a single Dunkl-Zernike polynomial by a DZFun structure.

5.2.2 Computations with DunklZernikeExpansions

164
165
166
167
168
169
170

Listing 5.9: Computation of S](\?”Y)

function project(f::DZFun, N::Int64)
if f.degree<N
f
else
DZFun(f.k,f.coefficients[1:polyDim(N)])
end

end

The function project expresses the result of applying S](\?’V) on a polynomial represented

by a DZFun in a new DZFun with the same parameter.

172
173
174
175
176
177
178
179
180
181
182
183
184
185

Listing 5.10: Raising parameter «

i

Express a DZFun in a base with « raised by 1

nin

function raise(f::DZFun)

vl = f.k.y1
¥2 = f.k.y2
a=1f.Kka

N = f.degree
outk = DZParam(yl, 2, a+l)
outcoefs = zeros(Float64, length(f.coefficients))
for n = 0:N+2
poscos = pairing(O,n,true)
if n ==

outcoefs[poscos] = f.coefficients[poscos]
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186 else

187 outcoefs[poscos] = (n+at(y1+y2)/2+1)/ (2n+ort (y1+y2) /2+1) *f . coefficients [poscos]

188 end

189 if 2n<N-2

190 poscosup = pairing(0,n+1,true)

191 outcoefs[poscos] -= (n+1+(y1+y2)/2)/(2n+or+3+(y1+y2) /2) *f . coefficients [poscosup]
192 end

193 for m = 1:N - 2n

194 poscos = pairing(m,n,true)

195 possin = pairing(m,n,false)

196 outcoefs[poscos] = (m+n+ot(y1+y2)/2+1)/ (m+2n+art+ (y1+v2) /2+1) *f . coefficients [poscos]
197 outcoefs[possin] = (m+n+at(y1+y2)/2+1)/ (m+2n+or (y1+y2) /2+1) *f . coefficients [possin]
198 if m+2n<N-2

199 poscosup = pairing(m,n+1,true)

200 possinup = pairing(m,n+1,false)

201 outcoefs[poscos] -= (mtn+1+(y1+y2)/2)/(m+2n+a+3+(y1+y2) /2) *f . coefficients [poscosup]
202 outcoefs[possin] -= (mtn+1+(y1+y2)/2)/(m+2n+a+3+(y1+y2) /2) #f . coefficients [possinup]
203 end

204 end

205 end

206 DZFun(outk, N, outcoefs)

207 end

The function raise reexpress a polynomial represented by a DZFun in a new DZFun with «

raised by 1. Its implementation is based on Subsection 4.6.1.

Listing 5.11: Lowering parameter «

209 nnn
210 Express a DZFun in a base with a lowered by 1
211 nnn

212 function lower (f::DZFun)

213 vl = f.k.v1

214 ¥2 = f.k.7y2

215 a==f.ka-1#lew o

216 Oassert a>-1

217 N = f.degree

218 outk = DZParam(yl, 72, o)

219 origcoefs = f.coefficients

220 outcoefs = zeros(Float64, length(origcoefs))
221 for n = N+2:-1:0
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222 m=0

223 poscos = pairing(m,n,true)

224 if n ==

225 if m+2n>N-2

226 outcoefs[poscos] = origcoefs[poscos]

227 else

228 poscosup = pairing(m,n+1,true)

229 outcoefs[poscos] = origcoefs[poscos] + (m+n+1+(yl+y2)/2)/ (m+2n+3+art (y1+y2)/2) *outcoefs[
poscosup]

230 end

231 else

232 if m+2n>N-2

233 outcoefs[poscos] = (m+2n+at(y1+y2) /2+1) / (m+n+ort (y1+y2) /2+1) *origcoefs [poscos]

234 else

235 poscosup = pairing(m,n+1,true)

236 outcoefs[poscos] = (m+2n+art (y1+y2) /2+1) / (mtn+at (y1+2) /2+1) % ( origcoefs[poscos] + (m+n+1+(
Y1+v2) /2) / (m+2n+3+at+ (y1+v2) /2) xoutcoef's [poscosup] )

237 end

238 end

239 for m = 1:N-2n

240 if m+2n>N-2

241 poscos = pairing(m,n,true)

242 possin = pairing(m,n,false)

243 outcoefs[poscos] = (m+2n+a+(y1l+y2)/2+1)/ (m+n+at (y1+v2) /2+1) *origcoefs [poscos]

244 outcoefs[possin] = (m+2n+at(y1+y2)/2+1)/ (m+n+ort (y1+y2) /2+1) *origcoefs [possin]

245 else

246 poscos = pairing(m,n,true)

247 possin = pairing(m,n,false)

248 poscosup = pairing(m,n+1,true)

249 possinup = pairing(m,n+1,false)

250 outcoefs[poscos] = (m+2n+a+(y1l+y2)/2+1)/ (m+n+at (y1+v2) /2+1) % ( origcoefs[poscos] + (m+n+1+(
v1+y2) /2) / (m+2n+3+a+ (y1+y2) /2) xoutcoefs [poscosup] )

251 outcoefs[possin] = (m+2n+a+(y1+y2) /2+1) / (m+n+o+ (y1+y2) /2+1) % ( origcoefs[possin] + (m+n+1+(
v1+v2) /2) / (m+2n+3+ar+ (y1+y2) /2) xoutcoefs [possinup] )

252 end

253 end

254 end

255 DZFun(outk, N, outcoefs)

256 end

The function lower corresponds to the inverse function of raise.

98



Chapter 5. Tools for numerical computations with orthogonal polynomials

Listing 5.12: Auxiliary functions for point evaluation and computation of weighted inner prod-

uct of DZFun

258 e

259 Evaluate Generalized Gegenbauer

260 "t

261 function genGeg(x::Number,n::Integer,lam: :Number,mu: :Number)
262 if iseven(n)

263 return jacobi(2x"2-1,n+2,lam-0.5,mu-0.5)
264 else

265 return x*jacobi(2x"2-1,(n-1)+2,lam-0.5,mu+0.5)
266 end

267 end

268

269 v

270 Square norm of a Jacobi polynomial

271 v

272 function jacsqn(n::Integer,a::Float64,/3: :Float64)
273 if n == 0 && otf+1x0

274 27 (a+f+1) xgamma (ort1) *gamma (8+1)

275 else

276 (27 (artfp+1) / (2ntat+P+1) ) x ( (gamma (n+ort1) *gamma (n+3+1) ) / (gamma (n+a+fB+1) *factorial (n)) )
277 end

278 end

279

280 v

281 Square norm of a Generalized Gegenbauer polynomial
282

283 function ggsqn(n::Integer,lam: :Number,mu: :Number)
284 if iseven(n)

285 jacsqn(n+2,lam-0.5,mu-0.5) /2" (lam+mu)

286 else

287 jacsqn((n-1)+2,1am-0.5,mu+0.5) /2" (lam+mu+1)
288 end

289 end

290

291 e

292 Square norm (on the circle) of hharmonic

293 e

294  function hhsqn(m::Integer,yl::Float64,y2::Float64,even: :Bool)
295 if even

296 2xggsqn(m,y2/2,v1/2)

297 else

298 2+ggsqn (m-1,v2/2+1,v1/2)

299 end
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300
301
302
303
304
305
306
307
308
309
310

311
312

313
314
315

316
317

318
319
320

321
322
323
324
325
326
327
328
329
330
331

332
333
334
335
336
337
338

end

Square norm of an element of a Dunkl-Zernike polynomial

nnn

function DZsgn(m::Integer,n::Integer,a: :Float64,yl::Float64,v2::Float64,even: :Bool)
jacsqn(n,o,m+ (y1+v2) /2) /27 (m+ort (y1+y2) /2+2) ¥hhsqn (m,y1,72, even)

end

Compute the ratio between the weighted square norms of two consecutive Jacobi polynomials of same
parameters

JacDegreeRatio(n: :Integer,a: :Float64,8: :Float64) = ((2n+at+f+1)/ (2n+at+f5+3)) * ((n+atl) / (n+atf+1) ) * ((n+p+1) / (n+
1))

i

Compute the ratio between twe weighted square norm of two Jacobi polynoamials of same degree and first
parameter but differing in its second parameter in two units

JacParameterRatio(n: :Integer,a: :Float64,8: :Float64) = 4x((2n+a+f+1)/(2n+at+f+3))* ((n+f+2) / (n+ta+5+2) ) * ((n+f+1
)/ (nta+fB+1))

i

Compute the ratio between the weighted square norm of two Generalized Gegenbauer polynomials of same
parameters but differing in the degree in two units.
function GGRatio(n::Integer,A::Float64,u::Float64)
if iseven(n)
JacDegreeRatio(n+2,A-0.5,4-0.5)
else
JacDegreeRatio((n-1)+2,A-0.5,u+0.5)
end

end

Compute the ratio between the weighted square norm of two h-harmonic polynomials of same parameters but
differing in the degree in two units
Wi
function hhRatio(m::Integer,vyl::Float64,y2::Float64,even: :Bool)
if even
GGRatio(m,y2/2,v1/2)
else
GGRatio(m-1,v2/2+1,v1/2)

end
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339
340
341
342

343
344

345
346
347

348
349

351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374

end

Compute the ratio between the weighted square norm of two DZ polynomials of same parameters but differing

in n in one unit

i

DZnRatio(m: :Integer,n::Integer,a: :Float64,yl::Float64,y2: :Float64,even: :Bool) = JacDegreeRatio(n,a,m+(y1l+y2
)/2)

Compute the ratio between the weighted square norm of two DZ polynomials of same parameters but differing

in m in two units

i

DZmRatio(m: :Integer,n::Integer,a: :Float64,yl::Float64,v2: :Float64,even: :Bool) = .25xJacParameterRatio(n,a,m
+(y1+y2) /2) *hhRatio (m,v1,v2,even)

Listing 5.13: Computation of weighted inner product between two DZFun

Compute weighted inner product between two DZFun with the same parameters

i

function wip(f::DZFun,g: :DZFun)

Qassert f.k = g.Kk

vl = f.rk.v1

¥2 = f.k.72
a=1f.rka

vf = f.coefficients

vg = g.coefficients
N = min(f.degree,g.degree)

out = 0.0

for even=[true,false]

pivotl = DZsgn(l-even,O,a,v1,7y2,even)

pivot2 = DZsqn(2-even,0,a,v1,72,even)
for m=(l-even) :N
aux = pivotl
for n=0: (N-m)+2
ix = pairing(m,n,even)
out += vf [ix]*vgl[ix]*aux
aux = DZnRatio(m,n,a,y1l,72,even)*aux

end
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375 (pivotl,pivot2) = (pivot2,DZmRatio(m,0,c,vy1,72,even)*pivotl)
376 end

377 end

378 out

379 end

The function wip computes the weighted inner product (-, ), between two polynomials
represented by DZFun with parameter («, ). Its implementation avoids computing the weighted
square norms of Dunkl-Zernike polynomials via (4.5.2) (except for a few low degree ones), but
takes advantage of the recurrence relations (4.5.3) and (4.5.4). This way, we avoid the very

present risk of numerical under- and overflow, while ensuring good speed performance.

Listing 5.14: Evaluate DZFun

381

382 Evaluate DZFun

383

384 function evalDZ(f::DZFun,x::Number,y: :Number)

385 out = 0.0

386 coefficients = f.coefficients

387 a=f.ka

388 vl = f.rk.v1

389 v2 = f.k.y2

390 T2 = X 2+y"2

391 t = atan(y,x)

392 for j = 1l:length(coefficients)

393 (m,n,even) = inversepairing(j)

394 if even

395 out += coefficients[jl*r2” (m/2)*genGeg(cos(t) ,m,y2/2,v1/2)*jacobi(2r2-1,n,a,m+(y1+y2)/2)

396 else

397 out += coefficients[j]l*r2” (m/2)*sin(t)*genGeg(cos(t),m-1,72/2+1,v1/2)*jacobi(2r2-1,n,a,m+(yl+y2
)/2)

398 end

399 end

400 out

401 end

The function evalDZ let us evaluate a polynomial represented by a DZFun at a given point
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(2,9).
Listing 5.15: Auxiliary functions for Dunkl spectral differentiation

403 function Dleven(m::Integer,n::Integer,a::Float64,vyl: :Float64,y2::Float64)
404 if iseven(m)
405 (m+y2-1) * (2m+2n+y1+y2) / (2m+y1+y2)
406 else
407 (m+y1) * (2m+2n+y1+y2) / (2m+y1+y2)
408 end
409 end
410 function Eleven(m::Integer,n::Integer,a::Float64,vy1l: :Float64,y2::Float64)
411 if iseven(m)
412 (m+y1+7y2) * (2m+2n+20e+y 1+7y2+2) / (2m+y 1+y2)
413 else
414 (m+1) * (2m+2n+20+y 1+92+2) / (2m+y 1+7y2)
415 end
416 end
417 function D2even(m::Integer,n::Integer,a: :Float64,vyl: :Float64,y2: :Float64)
418 if iseven(m)
419 - (m+y1-1) * (2m+2n+y1+72) / (2m+y1+y2)
420 else
421 = (m+y1) * (2m+2n+y1+y2) / (2m+y1+v2)
422 end
423 end
424 function E2even(m::Integer,n::Integer,a::Float64,vyl: :Float64,y2: :Float64)
425 if iseven(m)
426 (m+y1+y2) * (2m+2n+20+y1+y2+2) / (2m+y1+v2)
427 else
428 (m+y1+y2+1) * (2m+2n+20+y 1+y2+2) / (2m+vy1+v2)
429 end
430 end
431 function Dlodd(m::Integer,n::Integer,a::Float64,yl::Float64,v2: :Float64)
432 if iseven(m)
433 (mty1-1) * (2m+2n+y1+y2) / (2m+y1+y2)
434 else
435 (m+y2) * (2m+2n+y1+y2) / (2m+y1+y2)
436 end
437 end
438 function Elodd(m::Integer,n::Integer,a::Float64,yl::Float64,v2::Float64)
439 if iseven(m)
440 m* (2m+2n+20+y 1+y2+2) / (2m+y 1+7y2)
441 else
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442 (m+y1+y2+1) * (2m+2n+20+y 1+y2+2) / (2m+y1+v2)
443 end
444  end

445 function D2odd(m::Integer,n::Integer,a: :Float64,yl::Float64,v2: :Float64)

446 if iseven(m)

447 (m+y2-1) * (2m+2n+y1+y2) / (2m+y1+y2)
448 else

449 (m+y2) * (2m+2n+y1+y2) / (2m+y1+y2)
450 end

451 end

452 function E2odd(m::Integer,n::Integer,a::Float64,yl::Float64,v2: :Float64)

453 if iseven(m)

454 —m* (2m+2n+20+y 14+y2+2) / (2m+y 1+y2)
455 else

456 - (m+1) * (2m+2n+204+y1+y2+2) / (2m+y1+y2)
457 end

458 end

459 Fleven(n::Integer,a::Float64,yl::Float64,v2: :Float64) = 2n+2atyl+y2+2
460 F2even(n::Integer,a::Float64,yl::Float64,v2: :Float64) = 2n+2atyl+y2+2

The functions in Listing 5.15 compute the constants appearing at the beginning of Subsec-

tion 4.6.2.

Listing 5.16: Shifted Dunkl operators acting in DZFun

462 "o

463 Dunkl-x1 operator with shift
464 "

465 function DunklShiftx1(f::DZFun)

466 OrigCoeff = f.coefficients

467 a=f.rka

468 vl = f.k.y1l

469 2 = f.k.72

470 N = f.degree

471

472 OutDegree = max(0,N-1)

473 OutCoeff = zeros(polyDim(OutDegree))
474

475 m=0

476 for n=0:f1d(N-1,2)

477 ixMN = pairing(m,n,true) # Index associated to (0,n,Even)
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478
479
480
481
482
483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498

499
500
501
502
503

504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520

ixMpN = pairing(m+l,n,true) # Index associated to (1,n,Even)
OutCoeff [ixMN] = OrigCoeff [ixMpN]+*Dleven(m+1,n,a,v1,v2)

end

m=1

for n=0:f1d(N-1-m,2)
ixMN = pairing(m,n,true) # Index associated to (1,n,Even)
ixMpN = pairing(m+l,n,true) # Index associated to (2,n,Even)
ixMmNp = pairing(m-1,n+1,true) # Index associated to (0,n+1,Even)

OutCoeff [1xMN] = OrigCoeff [ixMpN]+*Dleven(m+1,n,ca,v1,7y2) + OrigCoeff [ixMmNp]*Fleven(n+l,a,v1,v2)

ixMN = pairing(m,n,false) # Index associated to (1,n,0dd)
ixMpN = pairing(m+l,n,false) # Index associated to (2,n,0dd)
OutCoeff [ixMN] = OrigCoeff [ixMpN]*Dlodd(m+1,n,a,v1,v2)
end
for m=2:(N-1)
for n=0: (N-1-m)+2
ixMN = pairing(m,n,true) # Index associated to (m,n,Even)
ixMpN = pairing(m+1,n,true) # Index associated to (m+1,n,Even)
ixMmNp = pairing(m-1,n+1,true) # Index associated to (m-1,n+1,Even)
OutCoeff [ixMN] = OrigCoeff [ixMpN]#*Dleven(m+1,n,a,y1,¥y2) + OrigCoeff [ixMmNp]*Eleven(m-1,n+1,a,v1
Y2)

ixMN = pairing(m,n,false) # Index associated to (m,n,0dd)
ixMpN = pairing(m+l,n,false) # Index associated to (m+1,n,0dd)
ixMmNp = pairing(m-1,n+1,false) # Index associated to (m-1,n+1,0dd)
OutCoeff [ixMN] = OrigCoeff [ixMpN]#*Dlodd(m+1,n,c,v1,72) + OrigCoeff [ixMmNp]*Elodd(m-1,n+1,a,7v1,
~v2)
end
end
DZFun([y1,72,a+1] ,0utDegree,OutCoeff)

end

Dunkl-x2 operator with shift
i
function DunklShiftx2(f::DZFun)
OrigCoeff = f.coefficients
a=Tf.ka
vl = f.k.v1
¥2 = f.k.7y2
N = f.degree

OutDegree = max(0,N-1)

OutCoeff = zeros(polyDim(OutDegree))
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521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545

546
547
548
549
550

551
552
553
554

m =0

for n=0:f1d(N-1,2)
ixMN = pairing(m,n,true) # Index associated to (0,n,Even)
ixMpN = pairing(m+l,n,false) # Index associated to (1,n,0dd)
OutCoeff [1xMN] = OrigCoeff [ixMpN]*D2odd (m+1,n,c,v1,v2)

end

m =1

for n=0:f1d(N-1-m,2)
ixMN = pairing(m,n,true) # Index associated to (1,n,Even)
ixMpN = pairing(m+l,n,false) # Index associated to (2,n,odd)

OutCoeff [1xMN] = OrigCoeff [ixMpN]*D2odd (m+1,n,a,v1,v2)

ixMN = pairing(m,n,false) # Index associated to (1,n,0dd)
ixMpN = pairing(m+l,n,true) # Index associated to (2,n,Even)
ixMmNp = pairing(m-1,n+1,true) # Index assoaciated to (0,n+1,Even)
OutCoeff [1xMN] = OrigCoeff [ixMpN]+*D2even(m+1l,n,a,v1l,7y2) + OrigCoeff [ixMmNp]*F2even(n+l,a,v1,72)
end
for m=2:(N-1)
for n=0: (N-1-m)+2
ixMN = pairing(m,n,true) # Index associated to (m,n,Even)
ixMpN = pairing(m+l,n,false) # Index associated to (m+1,n,0dd)
ixMmNp = pairing(m-1,n+1,false) # Index associated to (m-1,n+1,0dd)
OutCoeff [ixMN] = OrigCoeff [ixMpN]*D2odd (m+1,n,c,v1,72) + OrigCoeff [ixMmNp]*E2o0dd(m-1,n+1,a,7v1,
v2)

ixMN = pairing(m,n,false) # Index associated to (m,n,0dd)
ixMpN = pairing(m+l,n,true) # Index associated to (m+1,n,Even)
ixMmNp = pairing(m-1,n+1,true) # Index associated to (m-1,n+1,Even)
OutCoeff [ixMN] = OrigCoeff [ixMpN]*D2even(m+1,n,a,y1,¥2) + OrigCoeff [ixMmNp]*E2even(m-1,n+1,a,v1
Y2
end
end
DZFun([y1,v2,a+1] ,0utDegree,OutCoeff)

end

The function Dunk1Shiftx1 (resp. DunklShiftx2) expresses the result of applying the

Dunkl operator D (resp. D) on a polynomial represented by a DZFun in a new DZFun with «

raised by 1. The implementation is based on Subsection 4.6.2.
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556
557
558
559
560

Listing 5.17: Unshifted Dunkl operators acting in DZFun

nin

Unshifted Dunkl operators

i

Dunklx1(f::DZFun) = lower (DunklShiftx1(f))
Dunkl1x2(f::DZFun) = lower (DunklShiftx2(f))

The function Dunklx1 (resp. Dunk1x2) expresses the result of applying the Dunkl operator

D] (resp. DJ) on a polynomial represented by a DZFun in a new DZFun with the same parameter.

562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590

Listing 5.18: Auxiliary functions for multiplication by x;

function Gleven(m::Integer,n::Integer,a: :Float64,yl: :Float64,y2: :Float64)
if isodd(m)
(m+1) * (2m+2n+20e+y1+y2+2) / (2m+y1+y2) / (2m+4n+20rty 1+y2+2)
elseif m > 0O
(m+y1+y2) * (2m+2n+2a+y1+y2+2) / (2m+y1+y2) / (2m+dn+2a+y 1+y2+2)
elseif n > 0O
(2m+2n+20+y1+y2+2) / (2m+4n+20+y1+y2+2)
else
1.0
end

end

function Hleven(m::Integer,n::Integer,a::Float64,yl::Float64,v2: :Float64)
if isodd(m)
(m+1) * (2n+2a) / (2m+y1+y2) / (2m+4n+2ay1+y2+2)
elseif m > 0O
(m+y1+y2) * (2n+2a) / (2m+y1+72) / (2m+4n+20+y 1+y2+2)
else
(2n+2c0) / (2m+4n+2arty1+y2+2)
end

end

function Ileven(m::Integer,n::Integer,a::Float64,yl::Float64,v2: :Float64)
if isodd(m)
(m+y1) * (2m+2n+y1+v2) / (2m+y1+y2) / (2m+4n+20+y 1+y2+2)
else
(mty2-1) * (2m+2n+y1+y2) / (2m+y1+y2) / (2m+4n+2arty 1+y2+2)
end

end
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591

592 function Jleven(m::Integer,n::Integer,a::Float64,yl::Float64,v2: :Float64)
593 if isodd(m)

594 (m+y1) * (20+2) / (2m+y1+v2) / (2m+4n+20t+y1+y2+2)

595 else

596 (m+y2-1) % (2n+2) / (2m+y1+y2) / (2m+4n+200y1+y2+2)

597 end

598 end

599

600 function G2even(m::Integer,n::Integer,a::Float64,yl::Float64,v2: :Float64)

601 if isodd(m)

602 (m+y 1+ 2+1) * (2m+2n+200+y 1+72+2) / (2m+y1+y2) / (2m+4n+200+y 1+y2+2)
603 elseif m > 0

604 (m+y1+y2) * (2m+2n+20+y 1+72+2) / (2m+y1+72) / (2m+4n+20c+y 1+y2+2)
605 elseif n > 0

606 (2m+2n+20rty14+y2+2) / (2m+4n+20r+y 1+72+2)

607 else

608 1.0

609 end

610 end

611

612 function H2even(m::Integer,n::Integer,a::Float64,y1l::Float64,y2::Float64)

613 if isodd(m)

614 (m+y1+y2+1) * (20+20) / (2m+y1+y2) / (2m+4n+20ry 1+y2+2)
615 elseif m > 0

616 (m+y1+y2) * (2n+2a) / (2m+y1+72) / (2m+4n+20+y1+y2+2)
617 else

618 (2n+2ac0) / (2m+4n+20+y1+y2+2)

619 end

620 end

621

622 function I2even(m::Integer,n::Integer,a::Float64,yl::Float64,v2: :Float64)
623 if isodd(m)

624 = (m+y1) * (2m+2n+y1+y2) / (2m+y1+y2) / (2m+4n+2a4+y 1+y2+2)

625 else

626 = (m+y1-1) * (2m+2n+y1+y2) / (2m+y1+7y2) / (2m+4n+20+y 1+y2+2)

627 end

628 end

629

630 function J2even(m::Integer,n::Integer,a::Float64,yl::Float64,v2: :Float64)

631 if isodd(m)

632 = (m+y1)* (2n+2) / (2m+y1+y2) / (2m+4n+20cty 1+y2+2)
633 else

634 - (mty1-1) *(20+2) / (2m+y1+72) / (2m+4n+20rty1+y2+2)
635 end
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636 end

637

638 function Glodd(m::Integer,n::Integer,o::Float64,yl::Float64,y2::Float64)
639 if isodd(m)

640 (m+y 1+ 2+1) * (2m+2n+20e+y 1+y2+2) / (2m+y1+y2) / (2m+4n+20e+y 1+y2+2)

641 else

642 m (2m+2n+204+y1+y2+2) / (2m+y1+72) / (2m+4n+20+y1+y2+2)

643 end

644 end

645

646 function Hlodd(m::Integer,n::Integer,o::Float64,v1::Float64,y2::Float64)

647 if isodd(m)

648 (m+y1+y2+1) * (20+2) / (2m+y1+y2) / (2m+4n+200y 1+y2+2)

649 else

650 m* (2n+2a) / (2m+y1+v2) / (2m+4n+2aty1+y2+2)

651 end

652 end

653

654 function Ilodd(m::Integer,n::Integer,o::Float64,v1::Float64,y2::Float64)
655 if isodd(m)

656 (m+y2) * (2m+2n+y1+y2) / (2m+y1+y2) / (2m+4n+20e+y 1+y2+2)

657 else

658 (m+y1-1) * (2m+2n+y1+y2) / (2m+y1+y2) / (2m+4n+2a+y 1+y2+2)

659 end

660 end

661

662 function Jlodd(m::Integer,n::Integer,a::Float64,v1::Float64,y2::Float64)
663 if isodd(m)

664 (m+y2) * (2n+2) / (2m+y1+y2) / (2m+4n+2ay1+y2+2)

665 else

666 (m+y1-1) % (2n+2) / (2m+y1+y2) / (2m+4n+20+y1+y2+2)

667 end

668 end

669

670 function G2odd(m::Integer,n::Integer,a::Float64,v1::Float64,y2::Float64)
671 if isodd(m)

672 = (m+1) * (2m+2n+200ty1+y2+2) / (2m+y1+y2) / (2m+4n+200+y1+7y2+2)

673 else

674 —m* (2m+2n+200+y 1+y2+2) / (2m+y1+y2) / (2m+4n+2a+y1+y2+2)

675 end

676 end

677

678 function H2odd(m::Integer,n::Integer,o::Float64,v1::Float64,y2::Float64)
679 if isodd(m)

680 - (m+1)* (2n+200) / (2m+y1+72) / (2m+4n+204+y1+y2+2)
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681 else

682 —m* (2n+200) / (2m+y1+y2) / (2m+4n+20rty 1+y2+2)

683 end

684 end

685

686 function I2odd(m::Integer,n::Integer,o::Float64,v1::Float64,y2::Float64)
687 if isodd(m)

688 (m+y2) * (2m+2n+y1+72) / (2m+y1+y2) / (2m+4n+200+y 1+y2+2)

689 else

690 (m+y2-1) * (2m+2n+y1+y2) / (2m+y1+y2) / (2m+4n+2a+y1+y2+2)

691 end

692 end

693

694 function J2odd(m::Integer,n::Integer,o::Float64,v1::Float64,y2::Float64)
695 if isodd(m)

696 (m+y2) * (2n+2) / (2m+y1+v2) / (2m+4n+20+y 1+y2+2)

697 else

698 (m+y2-1) % (2n+2) / (2m+y1+y2) / (2m+4n+200y1+y2+2)

699 end

700  end

The functions in Listing 5.18 compute the constants appearing at the beginning of Subsec-

tion 4.6.3.

Listing 5.19: Multiplication by x;

702 v

703 Compute the result of multiplying a DZFun by x1
704 v

705 function mbx1(f::DZFun)

706 OrigCoeff = f.coefficients
707 a=1f.ka

708 vl = f.k.v1

709 Y2 = f.k.72

710 N = f.degree

711

712 OutCoeff = zeros(polyDim(N+1))
713

714 # Even part

715

716 m =0
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717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733

734
735
736
737
738
739
740
741
742
743
744
745

746
747
748
749
750
751
752
753
754
755
756
757
758
759

n =

0

ixMN = pairing(m,n,true) # Index associated to (0,0,Even)

if m+2n<N-1

else

end

n =

for

end

for

end

for

ixMp!
OutC

OutC

0

m =

ixMN

N = pairing(m+l,n,true) # Index assoacited to (1,0,Even)

oeff [ixMN] = OrigCoeff [ixMpN]*Ileven(m+l,n,c,v1,v2)

oeff[ixMN] = O

1:N+1-2n

= pairing(m,n,true) # Index associated to (m,0,Even)

ixMmN = pairing(m-1,n,true) # Index associated to (m-1,0,Even)

if m

else

end

0

n =

ixMN

ixMp

if m

else

end

n =

+2n<N-1

ixMmNp = pairing(m-1,n+1,true) # Index associated to (m-1,1,Even)

ixMpN = pairing(m+l,n,true) # Index associated to (m+1,n,Even)

OutCoeff [1xMN] = OrigCoeff [ixMmN]*Gleven(m-1,n,a,y1,¥2) + OrigCoeff [ixMmNp]*Hleven(m-1,n+1,c,v1
,v2) + OrigCoeff [ixMpN]*Ileven(m+1,n,a,v1l,72)

OutCoeff [ixMN] = OrigCoeff [ixMmN]*Gleven(m-1,n,a,v1,v2)

1: (N+1-m)+2
= pairing(m,n,true) # Index associated to (0,n,Even)
Nm = pairing(m+1,n-1,true) # Index associated to (1,n-1,Even)
+2n<l-1
ixMpN = pairing(m+l,n,true) # Index associated to (1,n,Even)
OutCoeff [ixMN] = OrigCoeff [ixMpN]*Ileven(m+1l,n,a,y1,¥2) + OrigCoeff [ixMpNm]*Jleven(m+1,n-1,ca,v1
Y2

OutCoeff [ixMN] = OrigCoeff [ixMpNm]*Jleven(m+1,n-1,a,v1,v2)

1:(N+1)+2

for m = 1:N+1-2n

ixMN = pairing(m,n,true) # Index associated to (m,n,Even)

ixMmN = pairing(m-1,n,true) # Index associated to (m-1,n,Even)

ixMpNm = pairing(m+1,n-1,true) # Index associated to (m+1,n-1,Even)

if m+2n<N-1
ixMmNp = pairing(m-1,n+1,true) # Index associated to (m-1,n+1,Even)
ixMpN = pairing(m+l,n,true) # Index associated to (m+l,n,Even)

OutCoeff [ixMN] = OrigCoeff [ixMmN]*Gleven(m-1,n,a,v1,7y2) + OrigCoeff [ixMmNp]*Hleven(m-1,n+1,
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760
761

762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
T
778
779
780
781
782
783
784
785

786
787
788
789
790
791
792
793
794
795
796
797

798
799

a,y1,72) + OrigCoeff [ixMpN]*Ileven(m+1,n,a,y1,¥2) + OrigCoeff [ixMpNm]*Jleven(m+l,n-1,«a
11,92)
else
OutCoeff [ixMN] = OrigCoeff [ixMmN]*Gleven(m-1,n,a,v1l,7y2) + OrigCoeff [ixMpNm]*Jleven(m+l,n-1,
a,v1,v2)
end
end

end

# 0dd part

m=1

n =20

ixMN = pairing(m,n,false) # Index associated to (1,0,0dd)

if m+2n<N-1
ixMpN = pairing(m+1l,n,false) # Index assoacited to (2,0,0dd)
OutCoeff [1xMN] = OrigCoeff [ixMpN]*Ilodd(m+1l,n,,v1,v2)

else
OutCoeff [ixMN] = 0O

end

n=20
for m = 2:N+1-2n
ixMN = pairing(m,n,false) # Index associated to (m,0,0dd)
ixMmN = pairing(m-1,n,false) # Index associated to (m-1,0,0dd)
if m+2n<N-1
ixMmNp = pairing(m-1,n+1,false) # Index associated to (m-1,1,0dd)
ixMpN = pairing(m+l,n,false) # Index associated to (m+1,n,0dd)
OutCoeff [ixMN] = OrigCoeff [ixMmN]*Glodd(m-1,n,a,y1,72) + OrigCoeff [ixMmNp]+*Hlodd(m-1,n+1,a,v1,
v2) + OrigCoeff [ixMpN]*Ilodd(m+1,n,c,v1,v2)
else
OutCoeff [ixMN] = OrigCoeff [ixMmN]*Glodd(m-1,n,c,v1,72)
end

end

m=1
for n = 1:(N+1-m)+2
ixMN = pairing(m,n,false) # Index associated to (1,n,0dd)
ixMpNm = pairing(m+1,n-1,false) # Index associated to (2,n-1,0dd)
if m+2n<N-1
ixMpN = pairing(m+l,n,false) # Index associated to (2,n,0dd)
OutCoeff [ixMN] = OrigCoeff [ixMpN]*Ilodd(m+1,n,a,y1,72) + OrigCoeff [ixMpNm]#*Jlodd(m+1,n-1,a,71,
~2)
else

OutCoeff [ixMN] = OrigCoeff [ixMpNm]*Jlodd(m+1,n-1,c,v1,v2)
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800
801
802
803
804
805
806
807
808
809
810
811

812
813

814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841

end

end

for n = 1:(N+1)+2
for m = 2:N+1-2n
ixMN = pairing(m,n,false) # Index associated to (m,n,0dd)
ixMmN = pairing(m-1,n,false) # Index associated to (m-1,n,0dd)
ixMpNm = pairing(m+1,n-1,false) # Index associated to (m+1,n-1,0dd)
if m+2n<N-1

ixMmNp = pairing(m-1,n+1,false) # Index associated to (m-1,n+1,0dd)

ixMpN = pairing(m+l,n,false) # Index associated to (m+1,n,0dd)

OutCoeff [ixMN] = OrigCoeff [ixMmN]*Glodd(m-1,n,c,v1,72) + OrigCoeff [ixMmNp]+*Hlodd(m-1,n+1,c,
¥1,72) + OrigCoeff [ixMpN]*Ilodd(m+1,n,c,v1,72) + OrigCoeff [ixMpNm]*Jlodd(m+1,n-1,a,v1,
v2)

else
OutCoeff [ixMN] = OrigCoeff [ixMmN]*Glodd(m-1,n,a,y1,v2) + OrigCoeff [ixMpNm]*Jlodd(m+1,n-1,c,
v1,v2)
end
end
end
DZFun([y1,72,a] ,N+1,0utCoeff)

end

Compute the result of multiplying a DZFun by x2

i

function mbx2(f::DZFun)

OrigCoeff = f.coefficients

a=Tf.ka
vl = f.k.y1
¥2 = f.k.y2

N = f.degree

OutCoeff = zeros(polyDim(N+1))

# Even part

n =20
for m = 0:1
ixMN = pairing(m,n,true) # Index associated to (m,0,Even)
if m+2n<N-1
ixMpN = pairing(m+1l,n,false) # Index associated to (m+1,0,0dd)
OutCoeff [1xMN] = OrigCoeff [ixMpN]*I2odd(m+1l,n,c,v1,72)
else

OutCoeff [ixMN] = O
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842 end

843 end

844

845 n=20

846 for m = 2:N+1-2n

847 ixMN = pairing(m,n,true) # Index associated to (m,0,Even)

848 ixMmN = pairing(m-1,n,false) # Index associated to (m-1,0,0dd)

849 if m+2n<N-1

850 ixMmNp = pairing(m-1,n+1,false) # Index associated to (m-1,1,0dd)

851 ixMpN = pairing(m+l,n,false) # Index associated to (m+1,n,0dd)

852 OutCoeff [1xMN] = OrigCoeff [ixMmN]*G2odd(m-1,n,c,v1,72) + OrigCoeff [ixMmNp]*H2o0dd (m-1,n+1,a,71,

¥2) + OrigCoeff [ixMpN]*I20dd (m+1,n,c,v1,v2)

853 else

854 OutCoeff [ixMN] = OrigCoeff [ixMmN]*G2odd (m-1,n,,v1,72)

855 end

856 end

857

858 for m = 0:1

859 for n = 1: (N+1-m)+2

860 ixMN = pairing(m,n,true) # Index associated to (m,n,Even)

861 ixMpNm = pairing(m+1,n-1,false) # Index associated to (m+1,n-1,0dd)

862 if m+2n<N-1

863 ixMpN = pairing(m+1,n,false) # Index associated to (m+1,n,0dd)

864 OutCoeff [ixMN] = OrigCoeff [ixMpN]*I2odd(m+1,n,c,v1,¥2) + OrigCoeff [ixMpNm]*J20dd(m+1,n-1,cr,
~v1,v2)

865 else

866 OutCoeff [ixMN] = OrigCoeff [ixMpNm]*J20dd (m+1,n-1,a,v1,72)

867 end

868 end

869 end

870

871 for n = 1:(N+1)+2

872 for m = 2:N+1-2n

873 ixMN = pairing(m,n,true) # Index associated to (m,n,Even)

874 ixMmN = pairing(m-1,n,false) # Index associated to (m-1,n,0dd)

875 ixMpNm = pairing(m+1l,n-1,false) # Index associated to (m+1,n-1,0dd)

876 if m+2n<N-1

877 ixMmNp = pairing(m-1,n+1,false) # Index associated to (m-1,n+1,0dd)

878 ixMpN = pairing(m+l,n,false) # Index associated to (m+1,n,0dd)

879 OutCoeff [ixMN] = OrigCoeff [ixMmN]*G2odd(m-1,n,a,v1,¥2) + OrigCoeff [ixMmNp]*H20dd(m-1,n+1,cr,
v1,72) + OrigCoeff [ixMpN]*I20dd (m+1,n,c,y1,v2) + OrigCoeff [ixMpNm]*J20dd (m+1,n-1,a,v1,
~v2)

880 else

881 OutCoeff [ixMN] = OrigCoeff [ixMmN]*G2odd(m-1,n,a,v1,¥2) + OrigCoeff [ixMpNm]*J20dd(m+1,n-1,cr,
v1,72)
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882
883
884
885
886
887
888
889
890
891
892
893
894
895

896
897
898
899
900
901
902
903
904
905
906

907
908

909
910
911
912
913

end
end

end
# 0dd part

for m = 1:N+1
n=20
ixMN = pairing(m,n,false) # Index associated to (m,0,0dd)
ixMmN = pairing(m-1,n,true) # Index associated to (m-1,0,Even)
if m+2n<N-1
ixMmNp = pairing(m-1,n+1,true) # Index associated to (m-1,1,Even)
ixMpN = pairing(m+1,n,true) # Index associated to (m+1,0,Even)
OutCoeff [ixMN] = OrigCoeff [ixMmN]*G2even(m-1,n,a,v1,¥2) + OrigCoeff [ixMmNp]*H2even(m-1,n+1,a,v1
,¥2) + OrigCoeff [ixMpN]*I2even(m+1,n,a,vy1l,v2)
else
OutCoeff [ixMN] = OrigCoeff [ixMmN]*G2even(m-1,n,a,v1,v2)
end
for n = 1: (N+1-m)+2
ixMN = pairing(m,n,false) # Index associated to (m,n,0dd)
ixMmN = pairing(m-1,n,true) # Index associated to (m-1,n,Even)
ixMpNm = pairing(m+1,n-1,true) # Index associated to (m+1,n-1,Even)
if m+2n<N-1
ixMmNp = pairing(m-1,n+1,true) # Index associated to (m-1,n+1,Even)
ixMpN = pairing(m+l,n,true) # Index associated to (m+l,n,Even)
OutCoeff [ixMN] = OrigCoeff [ixMmN]*G2even(m-1,n,a,v1,72) + OrigCoeff [ixMmNp]*H2even(m-1,n+1,
a,y1,72) + OrigCoeff [ixMpN]*I2even(m+1,n,a,y1,¥2) + OrigCoeff [ixMplNm]*J2even(m+l,n-1,«a
71,92)
else
OutCoeff [ixMN] = OrigCoeff [ixMmN]*G2even(m-1,n,a,v1,72) + OrigCoeff [ixMpNm]*J2even(m+1,n-1,
a,v1,v2)
end
end
end
DZFun([y1,72,a] ,N+1,0utCoeff)

end

The function mbx1 (resp. mbx2) expresses the result of multiplying a polynomial, represented

by a DZFun, by x; (resp. z3) in a new DZFun with the same parameter. The implementation is

based on Subsection 4.6.3.
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Listing 5.20: Other useful operators

915 function symx1(f::DZFun)

916 outcoefs = deepcopy (f.coefficients)
917 for i = 1:polyDim(f.degree)

918 (m,n,even) = inversepairing(i)
919 meven = iseven(m)

920 if xor(even,meven)

921 outcoefs[i] = 0.0

922 end

923 end

924 DZFun(f.k, f.degree, outcoefs)

925 end

926

927 function skewx1(f::DZFun)

928 outcoefs = deepcopy(f.coefficients)
929 for i = 1:polyDim(f.degree)

930 (m,n,even) = inversepairing(i)
931 meven = iseven(m)

932 if ~xor(even,meven)

933 outcoefs[i] = 0.0

934 end

935 end

936 DZFun(f.k, f.degree, outcoefs)

937 end

938

939 function symx2(f::DZFun)

940 outcoefs = deepcopy(f.coefficients)
941 for i = 1:polyDim(f.degree)

942 (m,n,even) = inversepairing(i)
943 if ~even

944 outcoefs[i] = 0.0

945 end

946 end

947 DZFun(f.k, f.degree, outcoefs)

948 end

949

950 function skewx2(f::DZFun)

951 outcoefs = deepcopy(f.coefficients)
952 for i = 1:polyDim(f.degree)

953 (m,n,even) = inversepairing(i)
954 if even

955 outcoefs[i] = 0.0

956 end

957 end
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958 DZFun(f.k, f.degree, outcoefs)

959 end

960

961 v

962 Compute the result of applying the angular Dunkl operator D_{12} to a DZFun without shifting parameters.
963 "

964 DunklAngular(f::DZFun) = mbx1(Dunklx2(f)) - mbx2(Dunklx1(f))

965

966 """

967 Compute the result of multiplying a DZFun by (1-x172-x272)

968

969 mbr(f::DZFun) = f-mbx1(mbx1(f))-mbx2(mbx2(f))

970

971 v

972 Compute the (a,7y)-adjoint of the Dunkl operator applied in a DZFun

973

974 adjointDunklx1(f::DZFun,a: :Float64) = -mbr(Dunklx1(f)) + 2*(a+1)*mbx1(f)
975 adjointDunklx2(f::DZFun,c::Float64) = -mbr (Dunklx2(f)) + 2x(a+1)*mbx2(f)

976 end # module

The functions symx1, symx2, skewx1 and skewx?2 express the result of applying Sym,, Sym,,
Skew; and Skews, respectively, on a polynomial represented by a DZFun in a new DZFun with
the same parameter. The function mbr computes the action of multiplying by 1 —||z||* via mbx1
and mbx2. adjointDunklx1l and adjointDunklx2 computes the action of applying D{*7* and

D) respectively.
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CHAPTER 6

Conclusions and future work

6.1 Conclusions

In Chapter 2 we proved our mismatched approximation result Theorem 2.1.1 and its sharpness
for special values of the regularity parameters of the function being approximated and the norm
used to measure the error. On the way, we developed a suite of auxiliary results connecting

Dunkl operators and Liﬁ—orthogonal polynomials.

In Chapter 3 we characterized, for restricted parameters, H}m—orthogonal polynomials with
respect to (-, *)o~.1p in terms of hA-harmonic polynomials and L2 +1~-0rthogonal polynomials.

Moreover, we showed that these orthogonal polynomials satisfy the same second order Sturm-—

2

a—1,-0rthogonal polynomials, even when o < 0. Along the way,

Liouville problem satisfied by L
we developed auxiliary results connecting Dunkl operators and Héﬁ—orthogonal polynomials and

1 : 2 :
proved that Dunkl operators map H, . -orthogonal polynomials to L7, _-orthogonal polynomials.

In Chapter 4 we obtained connecting relations between specific bases of bivariate ng—

orthogonal polynomials; more precisely, we obtained explicit incarnations of the three-term-
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recurrence, part (i) of Proposition 2.3.1 and part (iii) of Proposition 2.3.3. Moreover, we

generalized this relations to arbitrary expansions of polynomials in terms of these bases.

In Chapter 5 we described DunklZernikeExpansions [3], a recently developed Julia 1.2.0

package by Gonzalo A. Benavides and Leonardo E. Figueroa which implements the connecting

relations mentioned in the previous paragraph and allows for easy and fast numerical compu-

tation with polynomials expressed in terms of Dunkl-Zernike polynomials.

6.2

Future work

Starting from this work, some avenues of further work that we detect are:

(i)

Adapt our arguments used in Chapter 2 and Chapter 3 to weights invariant with respect

to other reflection groups.

Explore how Theorem 2.1.1 fares under polynomial-preserving mappings onto other do-

mains, simplices foremost.
Find analogues of Dunkl operators that raise or lower components of v instead of a.

Study orthogonal polynomials spaces with respect to equivalent inner products for H,
with m > 2, and decompose them in terms of lower order Dunkl-Sobolev orthogonal

polynomials.

Take advantage of the characterization of Dunkl-Sobolev orthogonal polynomial spaces as
eigenspaces of the Sturm—Liouville problems Theorem 3.5.2 and Theorem 3.5.5 to obtain
a suitable analogue of Theorem 2.1.1 by considering the orthogonal polynomial projector

associated to (-, )a,1,p-

Get rid of the restriction o > —1/2 or ; > 0 for all i € {1,...,d} in Proposition 3.4.5

and its consequences.

Construct quadrature rules and efficient interpolation procedures from the bases studied in

Chapter 4 and implement them in the Julia package DunklZernikeExpansions described

119



Chapter 6. Conclusions and future work

in Chapter 5 in order to enable eventual numerical resolution of bivariate differential-

difference equations.

(viii) Confirm or falsify the conjecture that there is no nice Wiinsche-like basis of Dunkl-Zernike

polynomials (cf. Section 4.1).
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