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Abstract

In this work we present and analyse a fully-mixed formulation for the nonlinear model
given by the coupling of the Navier-Stokes and Darcy-Forchheimer equations with the
Beavers—Joseph—Saffman condition on the interface. Our approach yields non-Hilbertian
normed spaces and a twofold saddle point structure for the corresponding operator equa-
tion. Furthermore, since the convective term in the Navier-Stokes equation forces the ve-
locity to live in a smaller space than usual, we augment the variational formulation with
suitable Galerkin type terms. The resulting augmented scheme is then written equivalently
as a fixed point equation, so that the well-known Schauder and Banach theorems, combined
with classical results on nonlinear monotone operators, are applied to prove the unique
solvability of the continuous and discrete systems. In particular, given an integer £ > 0,
Raviart-Thomas spaces of order k, continuous piecewise polynomials of degree < k + 1
and piecewise polynomials of degree < k are employed in the fluid for approximating the
pseudostress tensor, velocity and vorticity, respectively, whereas Raviart-Thomas spaces of
order k and piecewise polynomials of degree < k for the velocity and pressure, constitute a
feasible choice in the porous medium. A priori error estimates and associated rates of con-
vergence are derived, and several numerical examples illustrating the good performance of

the method are reported.
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Resumen

En este trabajo presentamos y analizamos una formulacién completamente mixta para
el modelo no lineal que se obtiene al acoplar las ecuaciones de Navier-Stokes y Darcy-
Forchheimer con una condicién de Beavers—-Joseph-Saffman en la interfaz. Nuestro en-
foque genera espacios normados no-Hilbert y una estructura de doble punto de silla para
la ecuacion del operador correspondiente. Ademds, dado que el término convectivo en la
ecuacion de Navier-Stokes obliga a la velocidad a vivir en un espacio mds pequefio de lo
habitual, aumentamos la formulacién variacional con adecuados términos tipo Galerkin. El
esquema resultante se escribe equivalentemente como una ecuacién de punto fijo, de modo
que los conocidos teoremas de Schauder y Banach, combinados con resultados clasicos de
operadores mondtonos no lineales, se utilizan para demostrar la unicidad de los problemas
continuo y discreto. En particular, dado un entero £ > 0, espacios de Raviart-Thomas de
orden £, polinomios continuos a trozos de grado < £+ 1 y polinomios a trozos de grado < k
se emplean en el fluido para aproximar el tensor de pseudoesfuerzo, la velocidad y la vorti-
cidad, respectivamente, mientras que espacios de Raviart-Thomas de orden £ y polinomios
a trozos de grado < k para la velocidad y la presion, constituyen una opcién viable en el
medio poroso. Se derivan las estimaciones de error a priori y las razones de convergencia
asociadas, y se proporcionan varios ejemplos numéricos que ilustran el buen desempefio del

método.
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CHAPTER 1

Introduction

The derivation of suitable mathematical and numerical models for the fluid flow between
porous media and free-flow zones has been widely studied during the last decades, mostly
due to its relevance in the fields of natural sciences, biology, and engineering branches. In
particular, physical phenomena such as vuggy porous media appearing in petroleum ex-
traction, groundwater system in karst aquifers, industrial filtrations, and blood motion in
tumors and microvessels can be modelled by the Navier-Stokes/Darcy (or Stokes/Darcy)
model (see, e.g., [5,118,134,136]), which consists in a set of partial differential equations where
the Navier-Stokes (or Stokes) problem is coupled with the Darcy model through a set of
coupling equations acting on a common interface, which are given by mass conservation,
balance of normal forces, and the so called Beavers—Joseph-Saffman condition. However, in
applications such as the internal ventilation of a motorcycle helmet and reservoir wellbore
(see, e.g., [9,[13] 3]), when the fluid velocity is higher and the porosity is nonuniform, which
holds when the kinematic forces dominates over viscous forces, a better way to study this

phenomenom is modifying the Darcy model in the porous medium by adding the Forch-
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heimer term, which represents inertial effects, thus obtaining the Darcy—Forchheimer model
(see [37,135]).

In this context, and up to the authors” knowledge, one of the first works in analysing
the Navier-Stokes/Darcy—-Forchheimer coupled problem is [3]. In there, the authors study
the coupling of a 2D reservoir model with a 1.5D vertical wellbore model, both written in
axisymmetric form. The physical problems are described by the Darcy—Forchheimer and
the compressible Navier—Stokes equations, respectively, together with an exhaustive energy
equation. Later on, motivated by the study of the internal ventilation of a motorcycle hel-
met, a penalization approach, for both 2D and 3D domains, was introduced and analysed
in [13]. In particular, the authors consider the velocity and pressure in the whole domain as
the main unknowns of the system, and the corresponding Galerkin approximation employs
piecewise quadratic and linear elements for the velocity and pressure, respectively. More re-
cently, in [10] a primal-mixed formulation of the Navier—Stokes/Darcy—Forchheimer system
is analyzed by means of a fixed-point argument and clasical results on nonlinear monotone
operators (see [38]39]). The corresponding mixed finite element scheme employs Bernardi-
Raugel elements for the velocity in the free fluid region, Raviart-Thomas elements of lowest
order for the filtration velocity in the porous media, and piecewise constant elements for the
pressures and the Lagrange multiplier. Meanwhile, a fully-mixed finite element method is
developed and analyzed for the coupling of the Stokes and Darcy-Forchheimer problems
in [2]. This new approach yields non-Hilbertian normed spaces and a twofold saddle point
structure for the corresponding operator equation, whose continuous and discrete solvabil-

ities are analyzed by means of a suitable abstract theory developed for this purpose.

According to the above bibliographic discussion, the purpose of the present thesis is to
extend the results obtained in [10] and [2] to the coupling of the Navier-Stokes and Darcy-
Forchheimer problems with constant density and viscosity, but unlike [10], by considering
now dual-mixed formulations in both domains. We introduce the pseudostress tensor as
in [7] and subsequently eliminate the pressure unknown using the incompressibility condi-
tion. In addition, and in order to impose the symmetry of the pseudostress tensor, similarly

to [22, 2], the vorticity is introduced as an additional unknown. The transmission conditions
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consisting of mass conservation, balance of normal forces, and the Beavers—Joseph—Saffman
law are imposed weakly, which yields the incorporation of additional Lagrange multipliers:
the traces of the porous media pressure and the fluid velocity on the interface. Further-
more, the difficulty that the fluid velocity lives in H'! instead of L? as usual, is resolved as
in [7] by augmenting the variational formulation with residuals arising from the constitu-
tive and equilibrium equations for the fluid flow, and the formula for the vorticity tensor.
The resulting augmented variational system of equations is then ordered so that it shows
a twofold saddle point structure. The well-posedness and uniqueness of both the continu-
ous and discrete formulation is proved employing a fixed point argument and an abstract
theory for twofold saddle point problems (see [20] 22, 2]). In particular, for the continuous
formulation, and under a smallness data assumption, we prove existence and uniqueness of
solution by means of a fixed-point strategy where the Schauder (for existence) and Banach
(for uniqueness) fixed-point theorems are employed. In addition, an a priori error analysis
is performed, and while it is possible to prove that the finite element method is convergent
with a sub-optimal rate, the numerical results suggest that the method is optimally conver-
gent provided the exact solutions are smooth enough. In particular, given an integer £ > 0,
we find that the interior Navier-Stokes variables: pseudostress tensor, velocity and vorticity,
can be approximated using Raviart-Thomas spaces of order %, continuous piecewise poly-
nomials of degree < k + 1 and piecewise polynomials of degree < £, respectively, while the
interior Darcy-Forchheimer variables: velocity and pressure, can be approximated using

Raviart-Thomas spaces of order k and piecewise polynomials of degree < k.

1.1 Outline

The rest of this thesis is organized as follows. The remainder of this chapter describes stan-
dard notations and functional spaces to be employed along the thesis. In Chapter 2| we
introduce the modelling equations for the free-flow zone, the porous medium and the in-
terface, to then in Chapter |3, derive an augmented fully-mixed variational formulation that

will be written as a nonlinear operator equation with a twofold saddle point structure. In
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Chapter 4] we develop an abstract theory for this type of problem, which includes the proper
hypotheses on the spaces and involved operators to be imposed in order to guarantee the
well-posedness of the continuous problem in rather general Banach spaces. Then, in Chap-
ter|5|we use a fixed-point strategy to establish that our variational formulation is well posed.
Next, in Chapter|6| we define the Galerkin scheme and derive general hypotheses on the dis-
crete subspaces ensuring that, on the one hand, the discrete scheme becomes well posed, and
on the other hand, it satisfies a Céa’s estimate. A specific choice of finite element subspaces
satisfying these assumptions as well as a sub-optimal rate of convergence are introduced in
Chapter [7] Then, several numerical examples illustrating the performance of the method,
confirming the theoretical sub-optimal order of convergence, but at the same time suggest-
ing an optimal rate of convergence, are reported in Chapter (8 Finally, in Chapter[9jwe name

some conclusions and proposals for future work.

1.2 Preliminaries

Let O C R", n € {2,3}, denote a domain with Lipschitz boundary I'. For s > 0 and p €
[1,4+00] we denote by LP(O) and W*?(O) the usual Lebesgue and Sobolev spaces endowed
with the norms || - [|1r(0) and || - ||sp:0, respectively. Note that WO?(O) = LP(O). If p = 2,
we write H*(O) in place of W5?(0), and denote the corresponding Lebesgue and Sobolev
norms by || - [|o,0 and || - ||s 0, respectively, and the seminorm by |- |s o. In addition, we denote
by WY/4P(T') the trace space of W'P(0), and let W~/44(T") be the dual space of W'/4P(T")
endowed with the norms || - ||1/q,p;r and ||+ || -1 /q,q;r, respectively, with p, q € (1, 4+-00) satisfying
1/p+1/q = 1. By M and M we will denote the corresponding vectorial and tensorial
counterparts of the generic scalar functional space M, and | - ||, with no subscripts, will
stand for the natural norm of either an element or an operator in any product functional
space. In turn, for any vector fields v = (v;);=1,, and w = (w;);=1,, we set the gradient,

divergence, and tensor product operators, as

8xj 1 8_1']

ov; . " Ov;
Vv = ( Y ) . divv = Z Y% and vew:= (V;w;)i j=1.n-
1,7=1,n j

4
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Furthermore, for any tensor fields 7 = (7;;); j=1, and ¢ = ()i j=1.n, We let divT be the
divergence operator div acting along the rows of 7, and define the transpose, the trace, the

tensor inner product, and the deviatoric tensor, respectively, as

n n 1
T = (Tj)ijm1m, tr(T):= Zm, T:(:= Z 7i;¢; and T =7 — —tr (7)1,
i=1 ij=1
where I is the identity matrix in R™*". In what follows, when no confusion arises, | - | will

denote the Euclidean norm in R” or R"*". Additionally, we recall that
H(div; O) := {7‘ cL*(0): divr e LQ((’))},
equipped with the usual norm
I llavo = 75,0 + lIdivr G o,

is a standard Hilbert space in the realm of mixed problems. On the other hand, the following

symbol for the L*(T") inner product

(€ Ny = /Fw VE N € L(D),

will also be employed for their respective extension as the duality parity between W~/44(T")
and WY/4P(T"). Furthermore, given an integer k > 0 and a set S C R", P;(S) denotes the
space of polynomial functions on S of degree < k. In addition, and coherently with previous
notations, we set P, () := [P,(5)]" and P (S) := [Px(S5)]"*". Finally, we end this chapter
by mentioning that, throughout the rest of the thesis, we employ 0 to denote a generic null
vector (or tensor), and use C' and ¢, with or without subscripts, bars, tildes or hats, to denote
generic constants independent of the discretization parameters, which may take different

values at different places.



CHAPTER 2

The model problem

In order to describe the geometry under consideration we let ()5 and Q0 be bounded and
simply connected open polyhedral domains in R", n = {2, 3}, such that 9Qs N 0p = X # ()
and QsNQp = 0. Then, welet T's := 9O\ %, I'p := dQp \ T, and denote by n the unit normal
vector on the boundaries, which is chosen pointing outward from 2 := Qg U X U Qp and
(25 (and hence inward to {Ip when seen on X). On X we also consider a set of unit tangent
vectors, which is given by t = t; when n = 2 (see Figure below), and by {t;, t2} when
n = 3. The problem we are interested in consists of the movement of an incompressible
viscous fluid occupying §2g which flows towards and from a porous medium 2 through
¥, where (), is saturated with the same fluid. The mathematical model is defined by two

separate groups of equations and by a set of coupling terms.
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2.1 Navier-Stokes equations

In the free fluid domain (), the governing equations are those of the Navier-Stokes prob-
lem with constant density and viscosity, which are written in the following nonstandard

pseudostress-velocity-pressure formulation:

Og = —ps]l + Q[Le(lls) — ,0(115 (%9 lls) in Qs, div us — 0 in QS,
2.1)

—diVO'S:fS in Qs, USZO on Ps,

where o is the nonlinear pseudostress tensor, ug is the fluid velocity and ps is the pressure.
1 .
In addition, e(ug) := 5 {Vus + (Vus)t} stands for the strain tensor of small deformations,

is the viscosity of the fluid, p is the density, and fs € L?({) is a given external force.

Figure 2.1: Sketch of a 2D geometry of our Navier-Stokes/Darcy—Forchheimer model

Now, in order to derive our fully-mixed formulation, we first observe, owing to the fact

that tr e(us) = div ug, that the first two equations in (2.1 are equivalent to
1 .
os = —psl + 2ue(us) — p(us ®ug), ps= —tr (s +plus®ug)) in Qg, (2.2)

and hence, eliminating the pressure pg (which anyway can be approximated later on by
the post-processed formula suggested by the second equation of (2.2)), the Navier-Stokes
problem can be rewritten as

C"(Si = 2,U/e(lls) — p(lls X us)d in Qs, —diVO'S = fs in Qs, us — 0 on Ps. (23)

7



Chapter 2. The model problem

Next, in order to impose weakly the symmetry of the pseudostress tensor and employ the

integration by parts formula, we introduce the additional unknown
1 .
vg = §{Vus - (Vus)t} in Qg, (2.4)

which represents the vorticity. In this way, instead of (2.3), in the sequel we consider the set

of equations with unknowns o, 74 and ug, given by

—G'g = VUS — Ys — ﬁ(us X lls)d in Qs, —diVO’S = fS in Qs, Us = 0 on Fs,
)%
(2.5)

where o is a symmetric tensor in €s.

2.2 Darcy-Forchheimer equations

In the porous medium ), we consider a nonlinear version of the Darcy problem to approx-
imate the velocity up and the pressure pp, which is considered when the fluid velocity is
higher and the porosity is nonuniform. More precisely, we consider the Darcy—-Forchheimer

equations [37, 35]:

PKYap + “faplup + Vpp = f in Qp, divup —gp in Qp, up-n=0 on I'p,
’ ’ (2.6)
where F represents the Forchheimer number of the porous medium, and K € L>(p) is
a symmetric tensor in ) representing the intrinsic permeability & of the porous medium
divided by the viscosity . of the fluid. Throughout the thesis we assume that there exists
Ck > 0 such that
w - K '(x)w > Ck|wl|?, (2.7)

for almost all x € Qp, and for all w € R™. In turn, as will be explained below, f, and
gp are given functions in L3/%(Qp) and L?(Qp), respectively. In addition, according to the

compressibility conditions, the boundary conditions on up and ug, and the principle of mass
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conservation (cf. (2.8) below), gp must satisfy the compatibility condition:

/ agp — 0.
Qp

2.3 Transmission conditions

The transmission conditions that couple the Navier-Stokes and the Darcy—Forchheimer mo-
dels through the interface X are given by
n—1
ug'n=up-n on % and ogn-+ Zw[l(us -t;)t; = —ppn on X, (2.8)
i=1
where {wy,...,w,_1} is a set of positive frictional constants that can be determined experi-
mentally. The first equation in (2.8) corresponds to mass conservation on 3, whereas the

second one establishes the balance of the normal forces and a Beavers—Joseph-Saffman law.



CHAPTER 3

The continuous formulation

In this chapter we proceed analogously to [10, Section 2] (see also [2} 11} 23, 22]) and derive
a weak formulation of the coupled problem given by (2.5), (2.6), and (2.8).

3.1 Preliminaries

We first introduce further notations and definitions. In what follows, given x € {S,D}, we

set
(p> Q)* = / pq, (u7 V)* = / u-v and (O',’T)* = / o:.T.

In addition, in the sequel we will employ the following Banach space,
3 (div; Qp) = {VD eL3(Qp): divvp € L?(QD)},

endowed with the norm

. /
I¥Dlessaiesnn) = (VD lsap) + v vo i3, )

10
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and the following subspaces of L?({2s), H*(Qs) and H?(div ; Qp), respectively
Liew(Qs) = {ms € L2(Qs) 1 m = —ms},
H%S(Qs) = {VS € Hl(Qs) : Vg = 0 on Fs},
H%D (le 3 QD) = {VD S H3(le ) QD) : Vp -1 = 0 on FD}

Notice that H?(div; Qp) = H(div; Qp) N L3(Qp), which guarantees that vp, - n is well defined
for vp € H%D (div; Q2p) (see [10] Section 2.2] for details). In addition, analogously to [22] (see
also [11]) we need to introduce the space of traces HééQ(Z) = [HééQ(E)] n, where

HY2(R) = {v\g Lve H}S(Qs)}.
Observe that, if Eqg : H/2(2) — L2%(9s) is the extension operator defined by

Y on X

Eos() := { Ve e HY2(%),

0 on FS

we have that

Hiy' (%) = {v € HV2(2) : Eos(v) € H2(00s) },

which is endowed with the norm ||4(/12,00,= := [|Eo,s(¥)||1/2,00s- The dual space of H’() is
denoted by Hy,/*(%).
3.2 The augmented fully-mixed variational formulation

We now proceed with the derivation of our augmented fully-mixed variational formula-
tion for the Navier-Stokes/Darcy—Forchheimer coupled problem. To this end, we begin by

introducing two additional unknowns on the coupling boundary

= —us|s € H(l)c/)Q(E)a A= ppls € W/HHA(E),

11



Chapter 3. The continuous formulation

Then, similarly to [24,22] and [10], we test the first equations of and with arbitrary

Ts € H(div;Qg) and vp € H%D (div ; Q2p), respectively, integrate by parts, utilize the fact that

o : 7s = 0% : 7§, and impose the remaining equations weakly, as well as the symmetry

of og and the transmission conditions (2.8) to obtain the variational problem: Find og €
H<diV;QS)7’YS S ]Lz (QS)aCP € H(l)(/)2(2)7uD € H%D(diV;QD)apD € L2(QD)a)\ S W1/3’3/2(E)

skew

and ug in a suitable space (to be specified below), such that

(8 s + (s divr s+ (ram, )y + (16,79 + ol (us D ugl i) = 0.
%(KluD,VD)D + g(\uD\uD,VD)D — (pp,divvp)p — (vp -n,\)y = (fp,vp)p,
—(dives,vs)s = (fs,vs)s,
(gp,divup)p = (9p, 0D,

(0-57 775)8 = 07
- <(P : na§>2 - <uD : na§>2 = 07
<USn7 ¢>Z o <SO, ¢>t,2 + <¢ 1, /\>E = 0,
3.1
for all 75 € H(div; Qs), 15 € L2u(Qs), 9 € Hy)' (%), vp € HE (div;Qp),qp € L2(Qp),€ €
W1/33/2(%3) and vg € L?(Qg), where

n—1
(P )pw =Y wi (-t i)y
=1

Notice here that the term (v - n, &), is well-defined for all ¢ € H./)’(Z) and for all ¢ €
W1/33/2(%) (see [2, Lemma 2.2] for details). Notice also that the fifth term in the first equation
of requires ug to live in a smaller space than L?(Qs). In fact, by applying the Cauchy-
Schwarz and Hélder inequalities and then the continuous injection i. of H!({s) into L*(s)

(see, e.g., [1, Theorem 6.3]), we find that there holds

|(us @ W), 79)s| < [luslluag IWsllLis) ITslloqs < lliell?lusllos Iwsllos 17 llaivies

(3.2)

12



Chapter 3. The continuous formulation

for all ug, wg € H'(Qs) and 75 € H(div; Qg). According to this, we propose to look for the
unknown ug in Hy(€2s) and to restrict the set of corresponding test functions vg to the same
space.

Next, analogously to [22] (see also [11]), it is not difficult to see that the system is not
uniquely solvable since, given any solution (og,vg, us, ¢, up, pp, A) in the indicated spaces,
and given any constant ¢ € R, the vector defined by (og — cl, vg, us, ¢, up, pp + ¢, A + ¢) also
becomes a solution. As a consequence of the above, from now on we require the Darcy—

Forchheimer pressure pp, to be in L({2p), where
L3(2p) = {a € L) : (an, ) =0}.

In turn, due to the decomposition L?(Q2p) = L2(Qp) @ R, the boundary conditions ug = 0 on

I's and up-n = 0 on I'p, the first transmission condition in (2.8), and the fact that (¢gp, 1)p =0,

guarantee that the fourth equation of is equivalent to requiring it for all ¢gp € L3(Qp).
On the other hand, for convenience of the subsequent analysis, we consider the decom-

position (see, for instance, [6] 19])
H(div; Qg) = Hy(div; Qg) & RI,

where

Ho(div; Q) = {’T € H(div;Qg) : (tr7,1)s = 0}

and redefine the pseudostress tensor as os := og + /I, with the new unknowns oy €
Hy(div; Qg) and ¢ € R. In this way the first and the seventh equations of (3.1) are rewritten,

equivalently, as

1 .
ﬂ(o'(siﬁ(si)s + (us, divTs)s + (Tsn, @), + (vg, Ts)s + %((us ®ug)!, Ts)s = 0,

J{p - n, 1>2 = 0, (3:3)

<0-Sna ¢>E - <C,0, ¢>t72 + <Ip -1, )‘>E + ¢ <77b -1, 1>2 - 07

13



Chapter 3. The continuous formulation

for all 75 € Hy(div;Qg), 7 € Rand ¢ € Hé{f(E), respectively. Finally, we augment the

resulting system through the incorporation of the following redundant Galerkin-type terms:

ki(dives,divrs)s = —ki(fs, divrg)s Vs € Ho(div; Qg),
P d L 4 1
_ -5 = H: (Q
Ko (e(us) QM(US ® ug) 2 S,e(vs)>s 0 Vvs e Hp, (), (3.4)

1
K3 (’YS - Q{VUS - (vuS)t}7 nS) =0 vnS € H“zkew<QS)7
S

where k1, ko and k3 are positive parameters to be specified later. Notice that the foregoing
terms are nothing but consistent expressions, arising from the equilibrium and constitutive
equations, and the definition of the vorticity in terms of the velocity gradient (cf. (2.4)).
It is easy to see that each solution of the original system is also a solution of the resulting

augmented one, and hence by solving the latter we find all the solutions of the former.

Now, it is clear that there are many different ways of ordering the augmented mixed
variational formulation described above, but for the sake of the subsequent analysis, we
proceed as in [25] (see also [22, 11]), and adopt one leading to a doubly-mixed structure. For

this purpose, we group the spaces, unknowns, and test functions as follows:
X = Hy(div; Qg) x H%S(Qs) x L2, (), X,:= H%D(diV;QD),
X=X, x Xy, Y :=HT) x W33/2(%),
H:=XxY and Q:=13(p) xR,

o = (JS’US,’YS) < Xl, T = (TS7VS7T]S) € Xl’

|+

= (g,up) € X, ¢:=(p,A\) €Y, p=(p,{) €qQ,

=(r,vp)€X, Y=, €Y, a=(m,)) €qQ,

=

14



Chapter 3. The continuous formulation

where X, X, Y, H and Q are respectively endowed with the norms

I7llx: = lITsllaivies + [Ivsllies + 1nsllo.qs,
rllx = llzllx, + [[vpllas@iv;op),
[Plly = [l¥lli2005 + [€ll1/33/2:5;
I Y)la = [rlx+¢ly,
lalle = llaplloqs + Jl-

Hence, the augmented fully-mixed variational formulation for the system (3.1), and
(3.4) reads: Find ((t, ¢),p) € H x Q such that

[A(us)(t, ), (r,9)] + [B(r, ), p] = [F,(r,9)] V(r,¢)<H, 65)
[B(t ). gl = [G.d VaqeQ,
where, given wg € Hf, (€2s), the operator A(ws) : H — H' is defined by
[A(ws)(t, ), (r, )] := [a(ws)(t), £] + [b(r), @] + [b(t), ¥] — [c(p), ], (3.6)
with the operator a(wg) : X — X' given by
[a(ws)(t),r] := [As(a), 7] + [Bs(ws) (@), 7] + [Ap(up), Vo], (3.7)
with
As(o), ] = i(ag, ’Tg)s + k1 (dives, divTg)s + (ug, divrs)s — (dives, vs)s
(s 7s)s = (s + () = oot e(ve) )
(7 = (Vs = (V). 69
[Bs(ws)(a), 7] = i ((ws @ us)", s — wae(vs))g s
- LK u VD)D a up [Up, VD )p
[Ap(up), vp] = p(K D; VD) + p(\ lup, vp)p,

15



Chapter 3. The continuous formulation

whereas the operators b : X — Y’ and ¢ : Y — Y’ are given, respectively, b
p g p y, by

[b(£)> ] = <‘Tsn, Qp)Z - <VD ' n7€>27 (39)

[C(f)a 77[;] = <907 ¢>t72 + <§0 -1, €>E - <1/) -1, )‘>E ) (310)

and the operator B : H — Q' is defined by

[B(r, ). q] := —(gp,divvp)p + 7 (¢ -n, 1)y . (3.11)

In turn, the functionals F and G are set as

[F, (r,)] := —ki(fs, divrs)s + (fs, vs)s + (fp,vp)p and [G,q] := —(g9p,qp)p.  (3.12)

In all the terms above, | -, - | denotes the duality pairing induced by the corresponding opera-
tors. In addition, weletb’ : Y — X’ and B’ : Q — H' be the adjoint of b and B, respectively,
which satisfy [b'(v), (r)] = [b(r), 4] and [B'(q), (r, )] = [B(r,¥),q] forallr € X;9 € Y

and q € Q. Then, it is clear that (3.5) can be written equivalently as

from which the twofold saddle point structure is evident (see also Table3.T).

16



Chapter 3. The continuous formulation

os ug s up (@, ) (pp, {)
14 .
TS @Aqm“ﬂmvm (us, divTs)s (75, Ts)s (Ts1, )y,
+ k1 (diveg, divTs)g + %Qcm ® ug)!, Ts)s
K
Vs |%Aqmum?m5m Ka(e(us), e(vs))s
— AQm/\Q.m“ <mvm — Rm%AACm &® Cmvmu ®A<mvvm
K
s —(0's,m5)s IWAQ:m — (Vus)',mg)s  Ka(vs: Ms)s
VD Wﬁmlco)\ovo - A<U ‘N, \/vm Ioc? div Suvu
F
+ —(Jup|up, vp)p
p
- Aﬁygvﬁm
(.€) (osn, 1)y, —(up - n, &)y, + (1 - n, Ay, ({¢-n, 1)y
- Awb -1, MVM
(gp,7) —(gp,divup)p 7{e-n, 1)

Table 3.1: Twofold saddle point structure.
17



CHAPTER 4

An abstract theory for twofold saddle point

problems

In this chapter we develop and analyze an abstract theory motivated by the twofold saddle
point problem (3.5). To this end, a modification of what was done in [2] will be employed
(which is already a modification of what was done in [20] and [32]). First we introduce some
definitions that will be utilized next. Let X and Y be reflexive Banach spaces. Then, we say
that a nonlinear operator 7' : X — Y is bounded if 7'(5) is bounded for each bounded set
S C X. In addition, we say that a nonlinear operator 7" : X — X' is of type M if u,, — w,

Tu, — fand limsup [Tu,, u,] < f(u) imply Tu = f. In turn, we say that 7" is coercive if

[Tu, ul
]

— oo as |ul]| = oc.

Now, let X, X5,Y, @ be separable and reflexive Banach spaces, set X := X; x X, and H :=
X xY,andlet X7, X7, Y, Q', X' := X] x X},and H' := X' x Y’, be their respective duals. Let

a : X — X'be anonlinear operatorand b: X = Y’,c:Y = Y’ and B : H — ' be linear

18



Chapter 4. An abstract theory for twofold saddle point problems

bounded operators. We also let ¥’ : Y — X’ and B’ : () — H’ be the corresponding adjoints,

and define the nonlinear operator A : H — H' as:

Alr, ) = [“ b/] [ ' ] e H' V()€ H.
b —c P

Then, we are interested in the following nonlinear variational problem: Given (£, G) € H' x

Q’, find ((t,¢),p) € H x @ such that
A B | | (t¢)
B O p

[A(t, ), (r, )] + [B'(p), (r, )] = [F,(r,4)] V(r,¢) € H,

or, equivalently, such that

(4.1)
[B(t, %), d] = [G,q] VqeQ.

In what follows we proceed as in [2} 20, 22] to derive sufficient conditions under which

is well-posed. We first let V' be the kernel of B, that is

V= {(r,’l,b) €eH: [B(r,v),q =0 Vqe Q}>
and assume that:

(Bo) H is uniformly convex.

(B1) B: H — (' is surjective, which means that there exists § > 0 such that

sup BELLA S 1010 vqe.
o e )
(r,))#0

Then, given G € Q' there exists a unique (t¢, ) € H such that (see [32, Lemma A.1] for
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Chapter 4. An abstract theory for twofold saddle point problems

details):
1
B(te,pg) =G and | (te, ¢6)lln = |[te: eallluy < 3 1Gler, (4.2)

where [tq, oo = {(r, P)EH: (tg—r,po—1) € V} is the equivalence class in the quotient

space H/V. Under the previous assumptions, we can show the following preliminary result.

Lemma 4.1 Assume that hypotheses (By) and (By) hold. Then, the following problems are equiva-

lent:

(a) Find ((t,),p) € H x Q such that

[A(t, ). (r,9)] + [B'(p), (r, )] = [F. (r,9)] V(r,¢p) € H. (4.3)

(b) Find (t, ) € H such that
[A(t, ), (r,9p)] = [F, (r, )] V(r, ) € V. (4.4)

More precisely, if (t,¢) € H is solution of (4.4), we can define p € Q as the unique solution of the
following problem: Find p € @ such that

[B'(p), (r,4)] = [F' = A(t, ), (r, )] V(r,4) € H. (4.5)

Then ((t, ), p) is solution of @.3). Conversely, if ((t,),p) € H x Q is a solution of (£.3), then
(t, ) is solution of and p is solution of ({.5).

Proof. First, let (t,¢) € H solution of (4.4) and notice that (4.5) has a unique solution. In
fact, since (t,¢) is solution of (4.4), then ' — A(t,¢) € °V := {G € H : Gr,¢) =
0 V(r,¢) € V}. Hence, since assumption (B,) also guarantees that the adjoint operator B’

is an isomorphism from () into °V, we deduce that there exists a unique p € () solution of

satisfying

1 1
Iplle < 3 1B'(p)llm = 3 [1E"— A(t, )|z, (4.6)
and therefore ((t, ), p) is solution of (4.3). The second assertion is evident. d

Next, for the subsequent analysis, we let Xand Y subspaces of X and Y/, respectively,
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Chapter 4. An abstract theory for twofold saddle point problems

suchthatV := X x Y. In addition, since F' is linear we are able to define two functionals, F}

and Fy, such that [F, (r, )] = [F1, r] + [F2, ¥]. In this way, we can state the following lemma.

Lemma 4.2 Assume that hypotheses (By) and (By) hold, and let (tg,p) € H satisfying (4.2).
Then, problem (4.1)) is equivalent to: Find (to, @,) € V such that

[A(to + ta, po + @g), (v, 9)] = [F, (r,9)] V(r,¢p) eV, (4.7)

or equivalently, such that

la(to + ta),r] + [V (po + @6).1] = [Fi,r] VreX,
4.8)

[b(t0+tG’)7’¢]_[C(Soo—i_soG)"Qb] = [F27¢] \VIV,/)G?

Moreover, the problem has a unique solution if and only if the problem has a unique

solution.

Proof. The first assertion is evident. On the other hand, let (ty,¢,) € V be the solution of
(4.7). Then we solve the problem @.5) with t = t; + tg and ¢ = ¢, + . Hence, if p is
the unique solution of (4.5), it follows that ((to + tg, ¢, + ¢¢). P) is a solution of (4.T). Now,
for the uniqueness of solution of [.7), we set ((t, ¢), p) as the unique solution of (4.1)), and
define (to, ¢,) = (t, ) — (tg, o) with (tg, ¢) € H satisfying (4.2). The uniform convexity
of H insures that (to, ;) is a unique solution of (4.7). O

According to the previous analysis, we focus now on analyzing the solvability of (4.8).

To that end, let us first assume the following assumptions:

(Ag) X1, X, and Y are uniformly convex.

(A;) there exists constant v > 0 and py, p2 > 2, such that
2 -2
J
la(®) = a()llx <7 3 {utj =il + 1t = xlx, (5 1x, + s lx,) } ,
j=1

forallt = (ty,ty),r = (r1,r2) € X.

21
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(Ay) for each s € X, the operator a(- + s) : X — X'is strictly monotone in the sense that

there exist & > 0 and p1, po > 2, such that

aft +5) — a(r +5),t =1 = o { [t = rul%, + 162 — r2ll%, |,

forallt = (t1,t2),r = (r;,r2) € X.

(As) there exists §; > 0 such that

sup br), ¥ > Billvlly Ve ev.
ey ]| x

Notice that hypothesis (A;) implies (By). Then, we can state the following preliminary

lemma.

Lemma 4.3 Assume that hypotheses (A,) — (As) hold. Then, given ¢ € Y and (tq,p,) € H
satisfying there exists a unique to(v) € X, such that

la(to(1) + te), 1] = [FL — V(¢ + ¢g), 1] VreX. (4.9)
Moreover, there exists Cy, > 0, depending only on «, 3,7, p1, p2 and ||b'||, such that

pi—1 pa—1 1/(pi—1)
[to(9)[Ix < Ch nax (||¢||Y + | Fillx + IGlle + Gl + Gl + HG(O)HX’) :
(4.10)

In addition, given p,, v, € Y for which to(v,) and to(1,)) satisfy @&9), there exists Cy > 0,
depending only on «, p1, p2 and ||b'||, such that

[f(ab1) — to(apa)x < o maxe {lhy —abally/ ™V} @11)

Proof. We begin by noting that hypothesis (A;) implies, in particular, that the nonlinear

operator a is hemi-continuous, that is, for each t,r € X, the mapping

J:R—=>R, 2z~ J(z):=][a(t+2r),1]
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is continuous. In this way, as a consequence of hypotheses (A;) — (A;) we deduce the well-
posedness of the problem (see [10, Theorem 3.1] for details). In turn, given v, v, € Y
for which to(1),) and to(1),) satisfy (£.9), we deduce that

[a(to(w,) + ta) — alto(s) + ta),x] = [V(sy — 41),x] VreX. (4.12)

Then, if we assume that to(1p;) = to(2),), hypotheses (A1) and (A;3), and (4.12), imply that
1, = 1,. Equivalently, this shows that given ¢, v, € Y with 1, # 1, the solutions ty(1),)
and to(v,) of are in fact different. Now, in order to obtain (4.10), we proceed similarly to
[38, Proposition 2.3] (see also [10, Theorem 3.1]). In fact, given 1 € Y, wetaker = to()) € X
in (£.9), and observe that

[a(to(¥) + te) — a(0+ta), to(vp) — 0] = [F7 — b'(¥ + p¢) — alte), to(2)]-
Then, combining hypotheses (A;) — (Az) and (4.2), it is clear that
o oD, + I to(w))2ll%, | < {I1Flx + 1136 + @)l + llalte) x Flito(w6)lx
< a{llglly + IRl +Glle + IGI5 ™ +IGIE™ + la(O)lLc lito(w)x,

with ¢; > 0 depending only on v, 3, p1, p2, and ||t'||, which, after simple algebraic manipula-
tion, yields (4.10) (see [2, Lemma 3.5] for details). In turn, in order to derive (4.11), we take

r = to(¢;) — to(v),) in (4.12), to obtain

[a(to(1),) +ta) — alto(s) +ta), to(y) — to(va)] = [V (s — 1), to(vy) — to(hy)], (4.13)

and proceeding analogously to (4.10), we find that

ie{1,2}

5 (i)
Jeo(aby) (W)l x < 2 max {(al\b’(% ~ 4l } ,

which clearly implies (4.11) and completes the proof. O
According to the above, and given (tq, @) € H satisfying (4.2), problem is equiva-
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lent to: find ¢, € Y such that

L), %] == —[blto(n)), %] + [c(spy), 1] = [F2, 9] Vep €Y, (4.14)

where F, := b(tg) — ¢(p) — Fy. More precisely, given ty(¢,) € X solution of with
@, € Y solution of @14), the vector (to,@,) = (to(wy), @o) € X x Y solves @8). The

conversely is straightforward. Hence, we now focus on proving that L is bijective. To that

end, we assume one more hypothesis:

(A4) cis positive semi-definite on Y, that is,
[c(9), %] 20 Ve e

We begin with the injectivity of L.
Lemma 4.4 L is injective.

Proof. Let 4,1, € Y such that L(v,) = L(t,), that is [L(v,) — L(tp,), 9] = 0 forallep € Y.
Then, from the definition of L (cf. (4.14)) and taking in particular ¢ = v, — v,, we deduce
that

[b(to(vq) — to(1hy)), Py — ] — [c(hy — 1), 9y — 2y = 0.

It follows, employing the identity (4.13) and hypothesis (A,), that

[a(to(vy) +ta) — alto(s) + ta), to(1py) — to(vhy)] <0,

which, together with the assumption (A;), yields to(¢,) = to(¢),), and then, using similar
arguments to those in Lemma 4.3, we deduce that 1, = 1),, which concludes the proof. []

Next, we show the surjectivity of L by means of classical results from nonlinear func-
tional analysis. More precisely, we will see that, under the hypotheses that have been as-
sumed for the solvability of (4.8), the operator L is continuous and monotone, and therefore,
of type M (cf. [39, Lemma II.2.1]). Then, by also proving that L is bounded and coercive [39,
Corollary II.2.2], the surjective of L is ensured. We begin with the type M property of L.
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Lemma 4.5 L is of type M.

Proof. We first prove that L is continuous. Let {t,}nen C Y and v € Y such that |, —
¥|ly — 0as n — oo. Thus, from the definition of L (cf. (4.14)), and using the continuity of b
and ¢, and the estimate (4.11)), we deduce that

IL(%,,) = L)l < [Iblll[to(s) — to(sb,)lIx + liellliep, — lly

1/(pi—1
< Cabl] mas {lab =I5/} + el b, — 2l

where p; > 2 for i € {1,2}, which gives ||L(¢,,) — L(¢)|| — 0 as n — oo, thus proving the

continuity of L. On the other hand, for the monotonicity, given 1,, %, € Y, the definition of
L (cf. (4.14)), assumption (A,) and identity (4.13) imply

[L(31) — L(tha), 91 — s] = [b(to(th2) — to(ah1)), ¥y — o] + [c(ahy — 2ba), 1 — 9]
(4.15)

> [a(to(h,) + ta) — a(to(vy) + ta), to(thy) — to(9hy)],

whence the monotonicity of L follows from (As,). O
Lemma 4.6 L is bounded and coercive.

Proof. Let ¢ € Y. Then, applying triangle inequality, the definition of L (cf. @&14)), and the

continuity of b and ¢, we have that

IL(H)[| < IL(%p) = LO)[ + L) < [[bllIto(2h) — ta(0)][x + [lelllblly + ol ta(0)]]x -

Then, we notice from (4.10) that ||to(0)| x is bounded only in terms of data, which together
with the estimate (4.11) applied to ¥, = % and %, = 0, allow us to conclude that L is

bounded. On the other hand, for the coercivity of L, we use again the definition of L (cf.
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(4.14)), assumption (A,) and identity (4.12), to find that

(L), 9] _ [=b(to(#)), 4] _ [V'(0 — %), to(h)]
l¥lly ¥y 19 ly
(4.16)

where

T(ap) = [a(to(tp) +tc) — a(to(0) + tg), bo(th) — to(0)]

1¥lly
and
Fap) = [a(to(¥) + ta) — a(to(0) + ta), to(o)]'

[ ly
For estimating T(vp) we combine the hypothesis (A3) and the identity (4.12), to obtain

Billlly < lla(to(w) + ta) — a(to(0) + ta)llx Ve €Y. (4.17)

Next, to simplify the notation, we set t := t((1) + tg and t := t((0) + t¢. Then, from #.17),
hypothesis (A;), and the inequality (a +b)? < C(q)(a®+ b%), with C(q) depending only on q,
which is valid for all ¢ > 0 and a,b > 0 [4, Lemma 2.2], we find that

MWWSviﬂmww» (O, + 68D = CaOlx, (Il + Eilx)" )
Z { (1 + ||t |P 2) |(to(20))i — (to(0))illx, + [|(to(ep))s — (tO(O))z‘H%_I},

which, together with the fact that [[t,||x,, with i € {1,2}, is bounded (cf. and (4.10)),
yields
iy < {lita() -~ 6)ls + max {la) - wOR} @

e{1,.2}

with C' > 0 depending only on v, 51, p1, p2, || Fillx/, |Gllgr, and [|a(0)||x/. Then, it is easy to
see that ||to(¢) — to(0)||x — oo as [|¢|ly — oo. In turn, from (4.18) and hypothesis (A,), we
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find that
o i (o) — ()5
T(p) > = ’ | o) — 6Ok, (419)
€\ 1+ max {Ilta(a6) — ta(0) %}

where p; > 2 fori € {1,2}, and hence T()) — oo as ||th||y — co. On the other hand, for

A~

T'(v) it suffices to observe from (4.17) that

A~

T () = =P [1to(0)]|x (4.20)

and, employing again (4.10), conclude that f(’(/)) is bounded independent of 1. Hence,
replacing (4.19) and (4.20) back into (4.16)), the coercivity of L is derived. g

Therefore, the bijective of the operator L is a straightforward consequence of Lemmas

and which means, equivalently, that (4.14) has a unique solution ¢, € Y. The

main result of this chapter is established now.

Theorem 4.7 Let X1, Xs,Y, Q be separable and reflexive Banach spaces, being X1, Xo and Y uni-
formly convex, set X := Xy x Xoand H := X x Y, and let X{, X}, Y' Q" X' := X| x X}, and
H' := X' xY', be their respective duals. In addition, let a : X — X' be a nonlinear operator, and let
b: X =Y, c:Y =Y, and B: H— () belinear bounded operators. We also let b’ : Y — X' and
B’ : Q — H' be the corresponding adjoints and define the nonlinear operator A : H — H' as

[A(t, @), (r, )] := [a(t), ] + [V (), x] + [b(t), ] — [c(p) ] V(t, ), (r,¢p) € H.

In turn, let V' be the kernel of B, that is

vi={@y)eH: [Berw)d=0 Yaeq},

and let X and Y be subspaces of X and Y, respectively, such that V = X x Y. Assume that

(i) there exists constant -y > 0 and py, ps > 2, such that
2 pj—2
Jo(®) ~ allx <3 3 {1t =il + 1t =yl (el + lislle)™ ).
j=1

forallt = (tq1,t2),r = (r1,12) € X.
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Chapter 4. An abstract theory for twofold saddle point problems

(i) for each s € X, the operator a(- + s) : X — X'is strictly monotone in the sense that there

exist a > 0 and p1, p2 > 2, such that
aft +5) —afr +8),t =] = a { [t = mull%, + 162 — rall, |

forall t = (t1,t2),r = (r1,1r2) € X.
(iii) c is positive semi-definite on Y, that is,

(), 9] >0 Vepev.

(iv) b satisfies an inf-sup condition on X x Y, that is, there exists $; > 0 such that

sup L8 S g ity v e T
ox el

(v) B satisfies an inf-sup condition on H x (), that is, there exists 5 > 0 such that

B
(r2p)#0

Then, for each (F,G) € H' x Q' there exists a unique ((t, p),p) € H x ), such that
[A(t, ), (v, )] + [B'(p), (r, )] = [F,(r,4)] V(r,¢) € H,
(4.21)
[B(t,¢),d] = [G.q VqeQ.

Moreover, there exists C' > 0, depending only on «,, 8, b1, p1, P2, ||b]], |||, and ||¢|| such that
(6, ). P)|lHxq < C M(F,G), (4.22)

where
M(F, G) = max { N (F,G)//® =0 N (F,G)/ %0 N (F,G),

N(F, G)(pl—l)/(pz—l)’./\/'(ﬂ G)(pgﬂ)/(prl)} ’
and N (F, G) is defined below in (4.25).
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Chapter 4. An abstract theory for twofold saddle point problems

Proof. We begin by noting that the well-posedness of the problem follows straightfor-
wardly from Lemmas Now, in order to obtain (4.22)), we proceed similarly to [10,
Theorem 3.1]. To that end, we first recall that ((t, ¢),p) = ((to + ta, vy + ¥q),p) € H x Q is
solution of with (tg, ¢,) € V solution of (4.7) and (tg, @) € H satisfying (4.2). Next,

applying (4.10) with ¢ = 0, we get

Ito(O)llx < C1 max {Ni(F, G (4.23)

where N\ (F,G) := ||Fillx + [|Gllo + |Gl 't Gl "+ 1/a(0)||x+. In turn, similarly to the
monotonicity of L (cf. (4.15)), and using the fact that t, = to(¢,), we deduce that

[a(to + t) — a(to(0) + ta), to — to(0)] < [L(wy) — L(0), o] = [F2 — L(0). o],

where Fy = b(t¢) — c(pg) — Fy. In this way, hypothesis (ii) and the definition of the operator
L (cf. (4.14)), yield

o {II(t0)1 = (6a(OD %, + (ko) — (to(0))21I%, |
< 1B = L)y llpolly < CaNa(F, G)llpylv

where N3 (F, G) := || Fy[[yr + e, {M (F,G)"®~D1} Thus, it is clear that
I(t0)i = (60(0))illx, < CNa(F, G) /P lepp |3/ for i€ {1,2}.

Then, from (4.17), the foregoing inequality, the fact that the upper bound in {#.23) can be
bounded by N> (F, G), and the hypothesis (i), we find that

1
lolly < - lla(to + ta) = alte(0) + ta) | x

2
<) {(1+1(to(0) + ta)il% Bt

) I (to)s — (t0(0)); (to)i — (t0(0)):

=1
2
<O Y {(NalF, G+ N, GY P00 o[ 4+ N, G/

=1

/pz}
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Chapter 4. An abstract theory for twofold saddle point problems

with C depending on «, v, 8, 51, p1, P2, ||b]|, [|'||, and ||¢[|. In turn, applying Young’s inequal-

ity conveniently allow us to deduce that

lpolly < CsN(F,G), (4.24)

where

N(F,G) = max {No(F,G)"® =D Ny(F,G)Y®2"D NG(F,G)P 1 No(F, G} (4.25)
Therefore, using that ¢ = ¢, + ¢, and combining and (4.24), we conclude that
lelly < lleolly + lleclly < N(F,.G), (4.26)

with ¢; > 0 depending only on «,~, 3, 51, p1, b2, |0]|, ||V]|, and [|¢||. Similarly, due to t =
to + tg, and employing @.2), (4.10), and (4.24), we conclude that

It x < [[tollx + [tellx < c2 ig?};} {N(F, G)l/(pfl)} 7 (4.27)

with ¢ > 0 depending only on «, v, 3, 81, p1, P2, ||b]], ||t']|, and ||¢[|. On the other hand, from
and (i), we deduce that

Iplle <C {||FHH/ + l1tllx + lleplly + el + el + ||a(0)||X'} : (4.28)
which, together with (4.26) and (4.27), conclude the proof. O

We remark that when p; = p; = 2 and ||a(0)||x is equal to zero, the previous analysis

leads to the classical estimate

I(t, @), )l < C{IFlla + Gl }.

with C' > 0, depending only on «, ~, 3, 51, ||b]|, ||t'[|, and ||¢||.
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CHAPTER 5

Analysis of the continuous formulation

In this chapter we analyze the well-posedness of the continuous problem by using a
fixed-point strategy and the abstract theory on twofold saddle point problems developed in
Chapter fl We begin by collecting some previous results and notations that will serve for

the forthcoming analysis.

5.1 Preliminaries

Concerning the stability properties of the operators in (3.8), (3.9), (3.10), and (3.11)), we first

observe that Ag, b, ¢, and B are all continuous, that is there exist positive constants C 4, Cy,

C., and Cg, such that

[As(e),7]| < Cag llelx, izl [Ib(), 9] < Culixlxlwlly.

le(e), ]| < Cellelvliwly,  |B(r %), dl| < Cs i, ¥)lllale.
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Chapter 5. Analysis of the continuous formulation

whereas from the definition of Bs (cf. (3.8)) and we easily obtain that

P .
[Bs(ws)(@), 7]| < E(l +15) 2 el ws luag lusllos [ Tllx, < Cogllwslh,asllellx, 7],
(5.2)
with Cp, = 2£<1 + k2)12(|i.||?. In turn, from the definition of Ap (cf. (3.8)), 2.7), and the
i

triangle and Holder inequalities, we deduce that there exists L4, > 0, depending only on

i, p, F, K and Qp, such that

| Ap(up) — Ap (VD) || (E3 (aiv i)

< Lap {Ilup = Vollmsan o) + lup = Voo (un o oo + Vol an ) -
(5.3)

for all up, vp € H3(div;Qp). In addition, using the Cauchy-Schwarz and Young’s inequali-
ties, it is not difficult to see that F and G are bounded (cf. (3.12)), that is, there exist constants
Cr,Cg > 0, such that

1Bl < Cr {Ifsllos + 1o lleovaa) } (5.4)

and

|Gller < Callgpllo.op (5.5)

which confirm the announced smoothness of f. On the other hand, from the definition
of Ap (cf. (3.9)), inequality and [28, Lemma 5.1] (see [10, Section 2.3] for details), we
deduce that there exists ap > 0, depending only on p,F and ), such that for each tp €
L3(Qp) there holds

[-AD<UD + tD) - AD(VD + tD), up — VD] 2 ap HUD — VD”%;(QD) VLID,VD € Lg(QD) . (56)

Finally, we recall that there exist positive constants C({2s) and Ck,, such that (see, [6, Propo-

sition IV.3.1] and [6, 26], respectively, for details)

Ca(Qs) I7s5.0s < IIT§ll6.0s + Idivs[S o, Vs € Ho(divs Q) (5.7)
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Chapter 5. Analysis of the continuous formulation

and

Cro [[vslli o5 < lle(vs)lloa,  ¥vs € Hry(9s). (5.8)

Notice that, in particular, (5.8) is known as Korn’s inequality. Then, we establish next the
ellipticity of the operator As.

Lemma 5.1 Assume that for 6, € (0,4u) and 65 € (0, 2) we choose

)
K1 € (O, +OO), Ko € (0,2(51) and K3 € (O, 20}(0/{252 (1 — ﬁ)) .
Then, there exists a constant ag > 0, such that there holds
[As(T), 7] > as||T|k, VT eXi. (5.9)

Proof. Let T = (7g, vs,ng) € X;. Then from we have that

1 .
[As(z), 7] = ﬂllfgllg,gs + ralldiv s[5 o + F2lle(Vs)l5 g + Aallnsllo o

K

- ﬁ(Tg,e(Vs))s - % (VVS - (VVs)tﬂ?s)s-

Hence, we proceed similarly to the proof of [7, Lemma 3.4] and utilize the Cauchy-Schwarz

and Young inequalities to find that for any d,,d, > 0, and for all T € X, there holds

R2

1 .
Az )2 o (1= 52 ) Irdlia, + maldivesiia,

K3 52
+ ko (1 — @) le(vs)Ig s — 2—52||Vs||§,szS + K3 (1 - 5) 515,05

Then, assuming the stipulated hypotheses on 41, 03, k1, k2, and x3, and applying the inequal-
ities and (5.8), we can define the positive constants

@({2s) = min {i (1 - 2%21) »%} , a1({ds) == min {Cd(Qs) ao(9s), %}

0 K S
a2<QS) = CKO/iz (1 - ﬁ) - 2_5327 CY?)(QS) ‘= R3 (1 — 5) 5
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Chapter 5. Analysis of the continuous formulation

which allows us to conclude that
[As(T), 7] > as||zlk, VT eX,

with ag := min {al(QS), as(Qs), ag(Qg)}. O
Now, we recall some properties from [10, Section 3] that will be used later on to prove

the inf-sup conditions for the operators b and B. Given vp € H}_(div;{p), the boundary

condition vp - n = 0 on I'p means
(Vb -1, Bop(€))an, =0 VEE WD),
where Eyp : W/33/2(I'p) — W/33/2(9Qp) is the extension operator defined by

Fop(€) = c on Ip VE € W32y,

0 on X
Additionally, we can identify the restriction of vp - n to ¥ with an element of W~1/33(%),

namely

(vp 1, &)y 1= (vp 1, Ex(£)) 5o, VEE W), (5.10)

where Ey, : WY/33/2(%)) — W/33/2(9Qp) is any bounded extension operator. In turn, given
Y € W/33/2(9Q)p), there exist unique elements vy, € W/33/2(X) and ¢r, € W33/2(I'p)
such that

¥ = Ex(¢¥s) + Eop(¥ry), (5.11)

and there exist C;, Cy > 0, such that
C1{H¢2H1/3,3/2;2 + H¢FDH1/3,3/Q;FD} < |[¥]l1/3,3/2:000 < 02{||1/12||1/3,3/2;z + ||1/1FD||1/3,3/2;FD}-

We end this section by remarking that the explicit expressions yielding the computation
of the ellipticity constant ag of Ag, can be maximized by taking the parameters 0, d5, k2 and

k3 as the middle points of their feasible ranges, and by choosing «; so that it maximizes the
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Chapter 5. Analysis of the continuous formulation

minimum defining o ({1s). More precisely, we simply take

51 = Zlua 52 = 17 Ro = 51 = 2:“7

S 1 . 1 (5.12)
= 1) = I LI W
i = ozt (1 4u> ot F1 =1, (1 2&) 24’
which yields
1 1 ) C .
aO(QS) = @7 al(QS) = @mlﬂ {Od(QS), ]_}7 a2<QS) = a3(QS) — I; M7
and hence

N S Cko
ag:mln{@mln{C’d(Qs),1}7 I;“}

The explicit values of the stabilization parameters r;,7 € {1,2,3}, given by (5.12), will be

employed in Chapter 8| for the corresponding numerical experiments.

5.2 A fixed-point approach

We begin the solvability analysis of by defining the operator T : Hy_(Qs) — Hp (Qs)
by
T(WS) =ug Vwgé€E H%‘S (Qs), (513)

where t := (o5, ug, g, up) is the first component of the unique solution (to be confirmed

below) of the nonlinear problem: Find ((t, ¢),p) € H x Q such that

[A(ws)(t, @), (r,9)] + [B(r,%),p] = [F,(r,9)] V(r,¢)cH,
(5.14)

[B(t, ¢),q] = [G,q| VqeQ.

Hence, it is not difficult to see that ((t,¢),p) € H x Q is a solution of if and only if
us € Hp (Qs) is a fixed-point of T, that is

T(us) = Us. (515)
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In this way, in what follows we focus on proving that T possesses a unique fixed-point.
However, we remark in advance that the definition of T will make sense only in a closed
ball of Hf ().

Before continuing with the solvability analysis of (equivalently of (3.5)), we pro-
vide the hypotheses under which T is well defined. To that end, we first note that, given
ws € Hip (Qs), the problem has the same structure of the one in Theorem There-
fore, in what follows we apply this abstract result to establish the well-posedness of (5.14)), or
equivalently, the well-definiteness of T. We begin by observing that, thanks to the uniform
convexity and separability of LP(Q2) for p € (1, +00), each space defining H and Q shares the

same properties, which implies that H and Q are uniformly convex and separable as well.

We continue our analysis by proving that hypothesis (i) of Theorem [4.7is verified with
p1 = 2and py, = 3.

Lemma 5.2 Let ws € Hy (). Then, there exists v > 0, depending on C 4, Cpg and L4, (cf.
(6.1), G.2), (5.3)), such that

la(ws)(®) — alws) @)llx: < 7 { (1 + IWsllox )l = Zlx, + up = vllssaivion
(5.16)

# [ = Vs o) (1 s o) + IVDllmscavia)

forallt = (o, up),r = (7,vp) € X.

Proof. The result follows straightforwardly from the definition of a(ws) (cf. (3.7)), the triangle

inequality, and the stability properties (5.I), and (5.3). We omit further details. O
Now, let us look at the kernel of the operator B (cf. (3.11)), which can be written, equiv-

alently, as

v={ry)eH: Bry)d=0 YaeQ}=XxY, (5.17)

where

X=X, xX, and Y =H*(Z) x W/33/2(%),

with
X, = {vp € B}, (div:Op) - div (vo) € Po(2p)
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and

B’ () = {w e H'(D) (@ on 1)y =0},

In addition, from a slight adaptation of [2, Lemma 4.2], we deduce that there exist a constant
Cgaiv > 0 such that

Caiv [VD[faivs0p) < VD23 ¥VD € Xo. (5.18)

Thus, in the following result we provide the assumptions under which operator a(wyg) sat-

isfies hypothesis (ii) of Theorem [4.7]

Lemma 5.3 Suppose that the parameters k1, ko, k3, satisfy the conditions required by Lemma

and let wg € Hy(Qg) be such that ||ws||1 o5 < 7 withr € (0,70), and

ag [
= Nl
= AT R AL (6.19)

where ||i.|| is the constant in (3.2)) and asg is the ellipticity constant of the operator Ag (cf. (5.9)).
Then, for each s € X, the nonlinear operator a(ws)( - + s) is strictly monotone on X (cf. (5.17)).

Proof. Let s := (¢, sp) € X fixed, and let wg € Hyp (Qs) as indicated. Then, according to the
definition of a(wg) (cf. (3.7)), the linearity of Ag and Bs(ws), and combining (5.9), and
(5.18), we deduce that

[a(ws)(t +5) —a(ws)(r +s),t —1] > aslle -7k,
+ ap Caiv [[up = Vol aiv 0y + [Bs(ws)(@ — 1), (@ — 1)),
forallt = (o,up), r = (7,vp) € X. In addition, similarly to [11, Lemma 3.1], we know from
the second inequality in that

L
2

[1Bs(ws)(@ — 1), = 71| < (1 + 1) il — T,

which implies
[a(ws)(t +s) —a(ws)(r+s),t — 1]
> {as = (04 1) 2 Pllws s e = 1, + Co o = vo i
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Consequently, by requiring ||ws||1 o4 < 70, with ry defined by (5.19), the foregoing inequality

imply
aws)(t +5) — a(ws)(x +8).6 — 1] > a g~ 2l + lup — Vo lhoninn b (5:20)
> . . Qg .
forall t,r € X, with o := min {7, opCliv } independent of ws. O

We end the verification of the hypotheses of Theorem 4.7, with the positive semi-defini-

teness of ¢ and corresponding inf-sup conditions for the operators b and B, respectively.

Lemma 5.4 There holds
[c(y), | >0 VyeYy. (5.21)

Proof. From the definition of operator c, it readily follows that
n—1
[e(). ] =) wi'l tillix 20 Yy eY,

i=1

which clearly confirms that c is positive semi-definite. O

Lemma 5.5 There exists 3; > 0, such that

b -
aup P2 g gl v e T 5.22)
cex lxllx
r#0

Proof. By using the diagonal character of the operator b (cf. (3.9)), we find that (5.22) is

equivalent to the following two independent inequalities,

Tsn, Y -

Sup s L > Bisl|¥lliz0s YV € H(l)(/)z(E) (5.23)
rseHo(divis) |78 ldiv;os

T5#0

and
vp - I,

sup o mé)e > Bip €llijzzms VEE W), (5.24)
vpeXs HVD||H3(div;Q)
vp#0

Similarly to [24, Lemma 3.6], we consider ¢ = g o+cl € H(div; Qg) with 75y € Hy(div; )
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and ¢ € Py(Q2s). Thus, it is clear that (Tsn,¥)s = (Tson,¢)s for all ¢ € 1:1(1]62(2), and
175l Givias = [ITs0llaivias + 7 ¢*Qs|. Hence, it is enough to prove the supremum (5.23) con-
sidering g living in H(div;()s) instead Hy(div;()g). In fact, given x € Haol/ (%) we let

z € H'({)g) as the unique solution of the boundary value problem

—Az=0 in g z=0 on Is, Vzn=yx on .

Next, we set 7s = Vz in ()5, and observe that divrg = 0 in Qg, 7gn = x on ¥ and
H?SHdiVZQS S CHXHHJOUQ(E)' It fOHOWS that

sup (Tsn,¥)s S (Tsn,¥)x S 1 X, ¥)s

reenaiviag) 1Tsllavios — [Tsllaves — C ¢l =725y
Ts7#0 00

which, considering that x € Haol/ ?() is arbitrary, yields (5.23) with 815 = 1/C. On the
other hand, in order to obtain (5.24) we proceed analogously to [10, Lemma 3.5]. In fact,
given ¢ € W~1/33(%), we define n € W=1/33(9Q)p) as

0, )anp = (6, Vs Vo € W//2(9Qp),

where 15 € W/33/2(%)) is given according to the decomposition (5.11). It is not difficult to

see that 7 is the null extension of ¢ outside ¥, that is

(n, Eop(0))oap, =0 Vo€ WY33/2(Tp),
(5.25)

(n, Ex(0))oay, = (6, 0)s Vo€ W/2(E)

and
70l -1/3,3000 < C9ll-1/335- (5.26)

Next, we set vp := Vz € Qp, with 2 € Wh3(Qp) being the unique solution of the boundary

value problem

1
Az = |Q ‘ <n7 1>BQD in QDa Vz-n= noon aQD’ (Z’ 1)D =0
D

It follows that divvp = = (7, Daq, € Po(€2p), vp - n = 1 on dp, and using (5.26) we find

[2p]
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that

VD [l a2 divion) < cllnll-1/s8000 < C DIl -1/3,3:%-

In addition, employing (5.10) and (5.25)), we deduce that

(Vb 10,85 = (Vo -0, Ex(6)) g, = (0, Bs(©))ga, = (6:6)y  VEE W/H(E)

and
(Vb -m, Eo,D(Q)>aQD = (n, EO,D(Q)>aQD =0 Voe W1/3’3/2(FD) )

the latter meaning that v, € H}_(div; Qp). Thus we obtain

oo gs | mOs] 1 |©0.0s]
sup > > =
vpeXs [vpllas@ivie) — IVblles@ivie) — C 16ll-1/335
vp#0
for all ¢ € W~1/33(%), from which we conclude (5.24). O
Lemma 5.6 There exists 5 > 0 such that
[B(r,v).d]
sip 2L s g, vaeQ (5.27)
waprs 1)
(x.P)#0

Proof. Analogously to Lemma [5.5| we have that (5.27) is equivalent to:

-n, 1
sup M Z ﬁ] |]| V] c ]R, (5.28)
PeH ) (2) [%11/2,00:5
P#0
and
div vp,

sup ( D> ¢D)D > Bp |lgpllooy Vb € LS(QD). (5.29)
VDG;(Z |’VDHH3(div;QD)
VD

Notice that (5.28) reduces to proving that there exists 1, € Hé{f(E) such that (¢, - n, 1)y # 0.
To that end, we proceed similarly to [24, Lemma 3.6] (see also [8, Lemma 3.2]). In fact, for the
two dimensional case, and given z; and z, two points on d€)s such that the line [z, z5] C %,

we let x,, be the midpoint of [z}, x»], and let 23 be a point on J{2g or in the interior of (g, in
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such a way that two triangles 7} and 75 can be constructed. Then, we let v be continuous,
linear on each side of 3, equal to one in the vertex z,,, and zero on all other ones, and define
1, = vn, where n is the normal vector on [z, z,]. Similarly, for the three dimensional case,
given x;, r9, x3 three points on ¥ defining a triangle with barycentric x,,,, we let 2, be a point
in the interior of {25 or on an opposite piece of boundary, chosen in such a way that below x4
three tetrahedra 77,75, T3 can be formed. Then, we let v be continuous, linear on each side
of ¥, equal to one in the vertex z,,, and zero on all other ones, and define 1, := vn, where
n is the normal vector on 77 U Ty U T3. Next, in order to prove (5.29), we proceed as in [10,
Lemma 3.5] (see also [2, Lemma 4.3]). In fact, given ¢p € L3({2p), we set vp := Vz in Qp,

with z € W3(Qp) being the unique solution of the boundary value problem:

Az = o in QD, Vz-n=0 on 8QD and (Z, ]—)D =0.

It follows that divvp = ¢p in Qp and Vp -n = 0 on I'p, whence vp € H}_(div;Qp) and
satisfies

Vo |3 @iv:00) < Cbllapl|o.on-

Thus, from the above arguments we deduce

(div vp, gp)p (div vp, gp)p 1
sup Z T= =z C_HQDHO,QDu
voe, (diviap) [[VllEs@iviop) — [IVollasivap) D
vp#0
which shows (5.29) with 5 = 1/Cp and completes the proof. O

We are now in position of establishing the well-definiteness of T. To that end, and in
order to simplify the subsequent analysis, we first note that, given ws € Hf_ (fQg), there
holds ||a(ws)(0)|[x» = 0. Then, by considering p; = 2 and ps = 3 in Theorem we

introduce the following notation

M<f87 fD7 gD) = Imax {N(fSa fDa gD)1/87N(fSa fDa gD)1/47N(fSa fDa gD)1/27

N(fSafDagD)7N(fSafDagD)QaN(f87vagD)4}a
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with

N (s fp,9p) = [fsllos + [fpllsr2ap) + lgpllocs + llapllGay -

The main result of this section is established now.

Lemma 5.7 Suppose that the parameters k1, ko, k3, satisfy the conditions required by Lemma
Let r € (0, ry), with ry given by and let fs € L2(g), fp € L3/%(Qp) and gp € L2(Qp). Then,
the problem has a unique solution ((t,y),p) € H x Q for each ws € Hy (Qs) such that
|lwsl|| < r. Moreover, there exists a constant cx > 0, independent of wg and the data fs. £, and gp,

such that
|T(ws)l1.0s = [us|lios < (£, @), P)llxo < e M(fs, fo, gp). (5.30)

Proof. It follows from Lemmas and a straightforward application of Theorem In
turn, estimate (5.30) is a direct consequence of (4.22) (cf. Theorem[4.7) and (5.4)-(5.5). O

5.3 Solvability analysis of the fixed-point equation

In this section we proceed analogously to [7, Section 3.3] (see also [15, [11} [10]), and estab-
lish existence of a fixed point of the operator T (cf. (5.13)) by means of the well known
Schauder fixed-point theorem. The uniqueness can then be established by means of the Ba-
nach fixed-point theorem by utilizing the same estimates derived for the existence. We begin

by recalling the first of the aforementioned results (see, e.g., [12, Theorem 9.12-1(b)]).

Theorem 5.8 Let W be a closed and convex subset of a Banach space X, and let T : W — W bea

continuous mapping such that T'(W') is compact. Then T has at least one fixed point.
The verification of the hypotheses of Theorem 5.8|is provided next.
Lemma 5.9 Let r € (0, ro), with rq given by (5.19), let W, be the closed ball defined by
W, = {Ws e H (Qs):  |Iwsllios < 7“} : (5.31)

and assume that the data satisfy
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ct M(fS7 fD7 gD) S r, (532)

with cr the positive constant satisfying (5.30). Then there holds T(W,) C W,..

Proof. 1t is straightforward consequence of Lemma O

We continue with the following results providing an estimate needed to derive the re-

quired continuity and compactness properties of the operator T (cf. (5.13)).

Lemma 5.10 Let r € (0, 79), with o given by (5.19), and let W, given by (5.31). Then there exists
a positive constant Cr, depending on ko, ||i.||, and as (cf. (5.9)), such that

[T (ws) = T(Ws)llLas < CrlIT(Ws)llLasllws — Ws[lLies)  Vws, ws € Wi, (5.33)

Proof. Given wg, wg € W,, we let ug := T(wg) and ug := T(wg). According to the definition

of T (cf. (5.14)), it follows that

[A(ws)(t, @) — A(ws)(t, @), (r,9)] + [B(r, %), p —p] = 0 V(r,9)€H,

In particular, takingr = t — t, Y = ¢ — ¢, and q = p — p in the latter system, and recalling
the definition of A (cf. (3.6)), we get

[a(ws)(t) —a(ws)(t),t —t] + [b(t —t),p -] = 0,
b0~ 8l -[cle-2.0-2 = 0
which clearly implies
[a(ws)(t) —a(Ws) (), t — t] = ~[c(p — @), — . (5.34)

where t = (o, up) and t = (&, Uip). Hence, adding and subtracting Bs(ws)(&) in the second

term of the left-hand side of (5.34), noting that t — t € X, and using the strict monotonicity
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of a(wg) (cf. (5.20)) and the fact that c is positive semi-definite (cf. (5.21))), it follows that

%IIQ — &%, < [a(ws)(t) — a(ws)(t).t — t] < [Bs(Ws — ws)(), @ — g].

In this way, by applying the first inequality in we deduce that

< P+ K3)Y2li

~ |\~ ~ ~
le - ok, < -~ as]105[Ws = Ws|lLg)lle — &l
which implies (5.33) with
1 21/2|5,
CT — p( + I{2) ||1 ||’ (535)
agp
thus completing the proof. O

Owing to the above analysis, we establish now the announced properties of the operator

T.

Lemma 5.11 Given r € (0,r¢), with ro defined by (5.19), we let W, as in (5.31)) and assume that

the data fs, fr, and gp satisfy (5.32). Then, T : W, — W, is continuous and T(W.,) is compact.

Proof. We proceed analogously to [7, Lemma 3.8]. In fact, from (5.33) and the continuity of
the injection i, : H'(Qg) — L*(Qs), it follows that

[T(ws) — T(Ws)|l1,0s < Crllicll|T(Ws)[l1,05llWs — Wsll1,05 Vws, Wg € W,

which proves the continuity of T. Now, given a sequence {ws \ } ,cr of W,, which is clearly
bounded, there exists a subsequence {wé{,l}keR C {ws}trer and wg in H'(Qg) such that
wgi — wg in H'(Qg). In this way, thanks to the compactness of i., we deduce that wg,l — Wg

in L*(Qg), which, combined with (5.33), implies that T(wél,l) — T(wg) in H'(Qg). This

proves that T(W,) is compact. O

We are now in position of establishing the main result of this chapter.

Theorem 5.12 Suppose that the parameters k1, ko, k3 satisfy the conditions required by Lemmal5.1]
In addition, given r € (0, 1), with o defined by (5.19), we let W, as in (5.31)), and assume that the
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data fs, fp and gy satisfy (5.32). Then, the augmented fully-mixed formulation (3.5) has a unique
solution ((t, ), p) € H x Q with ug € W, and there holds

I((t; #), P)llxa < ex M(fs, o, 9p). (5.36)

Proof. The equivalence between (3.5) and the fixed-point equation (5.13), together with Lem-
mas and confirm the existence of solution of as a direct application of the
Schauder fixed-point Theorem In addition, it is clear that the estimate follows
straightforwardly from (5.30). On the other hand, from (5.33), the continuity of the compact
injection i. and the definition of Crt (cf. (5.35)), we obtain

~ r ~ ~
|T(ws) — T(Ws)|l1.04 < T—HWS —Wsllios VWws,wg € W,
0

which, thanks to the Banach fixed-point theorem, implies that the solution is actually uni-

que. U
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The Galerkin scheme

In this chapter we introduce the Galerkin scheme of problem and analyze its well-

posedness by establishing suitable assumptions on the finite element subspaces involved.

6.1 Preliminaries

We first consider a set of arbitrary discrete subspaces, namely

H,,(Qs) € H(div;Qs), H(Qs) € HY(Qs),  La(9s) € L, (9s),

skew

H,(Qp) C H3(div; Qp), AF(D) C H (X)), AR(E) € WY3/2(S),  Ly(Qp) € LA(Qp)
(6.1)

and set
Hy, () = {Ts € H(div;Qs) :  c'r € Hy(Qs) Vce R”}, AJ (D) = [AS (D))",
Hh,()(Qs) = Hh<Qs) N Hg(div; Qs), Hfll,FS<QS) = H}ll(Qs) N Hll"s (QS); (62)

Hh,FD (QD) = Hh<QD) N H%D (le ) QD)> Lh,O(QD) = Lh<QD) N L%(QD)
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Then, defining the global subspaces, unknowns, and test functions as follows

X1 = Hpo(Qs) x Hy 1 (Qs) X Lp(Qs),  Xno = Hpr, (),
Xy o= X1 X Xpa, Y =A%) x AP(2), (6.3)
Hh = Xh X Yh and @h = Lh’()(QD> X ]R7

0y = (osp, usn, Ys ) € Xnt,  Tp = (Tsh: Vsn M) € X,
t, = (an,upp) € Xn, @, = (@p,An) € Y, P, = (Pop ln) € Qn,
v, = (T, Vpu) € Xp, ¥, = (¥4,&) € Yi,  q, = (a0,n,5n) € Qu,

the Galerkin scheme associated with problem reads: Find ((t,, ¢, ),p,) € Hx x Qp, such
that

[A(us,h)(thvfh)’ (lmﬁh)] + [B(lmﬂh)th] = [Fv (Eh’%h)] V(Eh’ﬁh) € Hy,

[B(£h7£h)7(_1h] = [G7gh] vgh € @h'

(6.4)

Now, we proceed similarly to [24] (see also [22} [11]), and derive suitable hypotheses on
the spaces ensuring the well-posedness of problem (6.4). We begin by noticing that,
in order to have meaningful subspaces H), ((f2s) and Lj ,(€2p) we need to be able to elimi-
nate multiplies of the identity matrix and constant polynomials from Hj,({2s) and L;,(Qp),

respectively. This requirement is certainly satisfied if we assume:
(H.0) Py(£2s) := [Po(2s)]™ € Hy(Q2s) and Py(Q2p) C Ly (Qp).

In particular, it follows that I € H,(€2g) for all &, and hence there holds the decomposition

H,,(Qs) = Hyo(Qs) @ Po(Qs) L

Next, we look at the discrete kernel of B, which is given by
V, = {(;h,gh) €H,: B, ¥,).q]=0 Vg, € Qh}. (6.5)

In order to have a more explicit definition of V},, we introduce the following assumption:

(H.l) div Hh(QD) Q Lh(QD)
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Then, owing to (H.1) and recalling the definition of B (cf. (3.11)), it follows that V; =
fch X S?h, where

Xh = Xh71 X th and ?h - K‘fSL(E) x AE(E)’

with
Xh’g = {VD,h c Hher (QD) : o div (VD,h) < PO(QD)}

and
AL(2) = {¢h EAE): (Y, m 1)y = 0}-
In particular, it readily follows that V; C V.

On the other hand, for the subsequent analysis we need to ensure the discrete version of

the inf-sup conditions (5.22) and (5.27) of b and B (cf. (3.9), (3.11)), respectively, namely the

existence of constants 51, E > 0, independent of h, such that

[b(r,),¥,] = _

sup — = > Gy, |y Vi, €Y, (6.6)

Eheih HEhHX

r,#0

and B -
B(r,.v,).q9,] -~

sup MIh 20 s la,lle Va, € Qn 6.7)
(gh,ih)e]}ﬂh H(Efn%h)HH
(£, 3, )70

For instance, applying the same diagonal argument utilized in [24) Section 3] (see also [22,
11, 10]), we deduce that b satisfies the discrete inf-sup condition if and only if the
following hypotheses holds:

(H.2) There exist 5173, ELD > 0, independent of A, such that

TS p0, ~ s
sup {Torh Yyl > BisllYnllizos Y, € Ay(X) (6.8)
75,n€Hp 0(Qs) ”TS,thiv;QS
7s,n 70
and
Vp, - I, -
Sub R > Bipllénllissps Vén € A (D). (6.9)

vp,R€Xp,2 HVD,h”H3(div;QD)
vp,n7#0
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Similarly, employing the same arguments from [22, Section 5.2], we obtain that B satisfies

the discrete inf-sup condition provided that the following hypothesis holds.

(H.3) There exist fp > 0, independent of h, and v, € HééZ(Z), such that

o€ AS(X) Vh and (b, -n, 1)y #0, (6.10)

and )
(divVp hy gD 4)D
sup

vp,n€Hp,rp (D) ||VD,hHH3(div;QD)
vD,n 70

> Bollapalloc, Vapa € Lno(Qp). (6.11)

6.2 Solvability analysis of the discrete problem

In what follows, we assume that hypotheses (H.0), (H.1), (H.2) and (H.3) hold, and, analo-
gously to the analysis of the continuous problem, we apply a fixed-point argument to prove
the well-posedness of the Galerkin scheme (6.4). To that end, we now let T}, : Hj 1 (Qs) —
Hj, 1, (Qs) be the discrete operator defined by

Thp(wsp) :==us, YVwsy € Hy 1 (Qs), (6.12)

where t, := (0's s, Ush, Y5, Up,n) is the first component of the unique solution (to be con-

firmed below) of the discrete nonlinear problem: Find ((t,. ¢, ), p,) € Hy x Qs such that

[A<Ws7h)<1—:h>£h>7 (zhvﬁhﬂ + [B(zhvﬁh%Eh] = [Fv (Ehaih)] v(giwﬂh) € Hy,

[B(ty, ¥,).q,] = [G,q,] Vq, € Q.

(6.13)

Then, the Galerkin scheme (6.4) can be rewritten, equivalently, as the fixed-point problem:
Find ugy, € Hj, 1, such that
Th(ll&h) = Ug. (614)

Next, similarly to the analysis developed in Section 5.2} in what follows we provide suit-
able assumptions under which problem (6.13) is well posed or equivalently T}, is well de-

fined. For this purpose, we will require a discrete version of Theorem .7 In fact, we let
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Xn1, Xneo, Yy and @), be finite dimensional subspaces of X, X5,Y and @), respectively, and
setXh:XthXh’QgX:Xl xXzandHh:ththH:XxY. Letah:Xh—>X,’I
be the discrete version of the nonlinear operator a. Thus, we define the nonlinear operator

Ah:Hh—>H’,as:

ap, v Iy

b —c 3

Ah(rthvbh) = € H;L \V/<I'h,'l,bh) € Hh-

Then, given (F,G) € H' x ', the Galerkin scheme reduces to: find ((t;, ), Pr) € Hp X Qp

such that
[Ah(thv Qoh)’ (rh7 Tph)} + [B/(ph)’ (rh’ wh)] = [F’ (rh’ ’lvbh)] v (rh7 wh) € Hy, (6 15)
[B(th’ (Ph)a qh] - [G, qh] th € Qh'

Next, we let V}, be the discrete kernel of B, that is,
Vii={(en ) € Hy: (Bl a =0 Van € Qul.
and let X , and }N/h be subspaces of X and Y}, respectively, such that V}, = )?h X ffh. The

following result establishes the well-posedness of (6.15).

Theorem 6.1 Assume that

(i) there exist constants ¥ > 0 and py, ps > 2, such that
2 pi—2
lan(t) = an(e) [ <7 {ntj,h =~ tinllx, + e = viallx, (I6sallx, + il ) } ,
j=1
fOT' all th = (tl,h7t2,h)7 r, = (I'17h,1'27h> < Xh-
(ii) for each s) € X, the operator ay(- + sp) : X h o= X ., 1s strictly monotone in the sense that

there exist a > 0 and py, p2 > 2, such that

lan(bn + 1) = oo+ sn), b — 1] = @ b = rralR, + e — 2l |,

fOT’ all t, = (tLh,tQ’h), ry, = (I‘Lh,I'Q’h) c )N(h.
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(iii) c is positive semi-definite on Y,,, that is,
[C(wh)awh] Z 0 v",bh S }7}1.

(iv) b satisfies an inf-sup condition on X n X §7h, that is, there exists 51 > 0 such that

b(ry), ~ ~
sup [brn), il > Billnlly Vb, € Y.
mex, |Tnllx
I‘h7é0

(v) B satisfies an inf-sup condition on Hy, x Qy, that is, there exists 3 > 0 such that

B(ry, 7 ~
sup [B(rs, ¥4), anl > Bllarle Van € Qn.
(vn,0,)E€H), | (th; )|l
(I"h/"/)h);éo

Then, for each (F,G) € H' x Q' there exists a unique ((tn, ;). Pr) € Hp X Qp, such that

[An(tn, 1), (tn, p)] + [B'(Pn), (tn, p)] = [F, (tn, )]V (vn, ) € H,

[B(tfH (Ph)7 qh] = [G7 qh] v qn S Qh'

Moreover, there exists C' > 0, depending only on &,7, B, B1,p1, 2. |6, |0']| and ||c||, such that

[((6n, 1), P)lli1x < C M(Ey, Ga),

where
M(Fh, Gh) = max {N(Fh, Gh)l/(pl_l),N(Fh, Gh)l/(pQ_l),N(Fh, Gh),

N (Fy, Gh)(prl)/(pzﬂ),./\/'(ph, Gh)(pzfl)/(pl—l)}
and N (Fy,, Gy,) is defined in (4.25), with F}, := F|p, and G, := G|g,,

Proof. It reduces to a simple application of Theorem [4.7]to the present discrete setting. [

Then, similarly to the continuous case we must verify that the operators defining the

discrete problem satisfy the hypotheses of Theorem
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Lemma 6.2 Let ws, € Hj, 1 (Qs). Then, there exists ¥ > 0, depending on Cag, Cp,, and L 4, (cf.

(G.1), G-2), (5.3)), such that

la(ws1) () = a(ws) (w)llx <7 { (1+ IWsalhos ) lew = Tolx, + 1o = Vol on)
+ [[upn — voullEsivian) (HUD,hHHS(div;QD) + HVD,hHH3(div;ﬂD>> }v

fOT’ all t, = (Qh, UD,h)7 r, = (ImVD,h) € Xy

Proof. As for the continuous case, the result follows straightforwardly from the definition of

a(wg ) (cf. (3.7)), the triangle inequality, and the stability properties (5.1), and (5.3). We

omit further details. O

In the following result we provide the assumptions under which operator a(wsg ) verifies

hypothesis (ii) of Theorem|6.1]

Lemma 6.3 Suppose that the parameters k1, ko, k3, satisfy the conditions required by Lemma
Let ws, € Hj, 1 (Qg) such that ||ws 105 < 7 withr € (0,r), and ro defined by (5.19). Then, for

each s, € Xy, the nonlinear operator a(ws 1) (- +s,,) is strictly monotone on X, (cf. (6.5)).

Proof. The proof follows analogously to the proof of Lemma Further details are omitted.
U

The following lemma establishes the well-definiteness of operator T}, (cf. (6.12)).

Lemma 6.4 Assume that hypotheses (H.0), (H.1), (H.2) and (H.3) hold. Assume further that the
parameters Ky, ko, k3, satisfy the conditions required by Lemma Let r € (0, ry), with ry defined
by (5.19), and let fs € L2(s), fp € L¥2(Qp) and gp € L2(Qs). Then, problem has a unique
solution ((t;, ¢,),p,) € Hy x Qy for each ws;, € Hj, 1, (Qs) such that |ws 1,05 < r. Moreover,

there exists a constant ¢t independent of wg j, and the data, such that
[Trh(wsp)ll10s < (& ,). P, ) lxe < éx M(fs, o, gp). (6.16)

Proof. Let ws;, € Hj, 1, (Qs) such that |[wg 1,05 < 7. Recalling that H, € H, Q, € Q and
V, C V, a straightforward application of Lemmas and implies, respectively,
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that hypotheses (i), (ii) and (iii) in Theorem hold. In turn, the inf-sup conditions (iv)
and (v) follow from hypotheses (H.2) and (H.3), respectively. Therefore, according to the
above, a direct application of Theorem |6.1|allows us to conclude that there exists a unique
((tr:,),p,) € Hj, x Qy solution to which satisfies (6.16), whit ¢t independent of wyg 5,
and h. O

We are now in position of establishing the well posedness of

Theorem 6.5 Assume that hypotheses (H.0), (H.1), (H.2) and (H.3) hold. Assume further that the
parameters ki, ke, k3 satisfy the conditions required by Lemma In addition, given r € (0,7),
with ro defined by (6.19), we let W' .= {ws,h € H}L,FS(QS) Cwsallias < r}, and assume that
the data fs, fr, and gp satisfy

cr M(fs, fp, gp) <, (6.17)

with ¢y > 0 the constant in (6.16). Then, there exists a unique ((t,,, ¢,), P, ) € Hy x Qy, solution to
(6.4), which satisfies us;, € W', and

1t 2,)p,) i < G M(Es, £, gp). (6.18)

Proof. We first observe, owing to (6.16)), that the assumption (6.17) guarantees that T, (W") C
W!. Next, analogously to the proof of Lemma that is, applying the strict monotonicity

of a(wg 1,), for each wg;, € W', we find that

ITh(Wsn) — Ta(Wsi)llios < Collicl | Th(Wsi)llioslWsn — Wsallios ¥V Wsh, Wsn € W

which, together with (5.35), (6.16)), (6.17) and (5.19), implies

~ T ~ ~
|Th(Ws,n) — Ta(Wsn)ll1,0s < T—||Ws,h —WsallLos VWsn, Wsi € W),
0

thus confirming that T), : W — W is a contraction mapping. Then, the Banach fixed-point
theorem and the equivalence between (6.4) and (6.14) imply the well-posedness of (6.4). In
turn, the estimate (6.18) follows directly from (6.16)). O
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6.3 A priori error analysis

In this section we establish the corresponding Céa estimate. For this purpose, we first in-
troduce some notations and state a couple of previous results. We begin by recalling the
discrete inf-sup condition of B (cf. (6.7)), and a classical result on mixed methods (see, for
instance [19, Theorem 2.6]) ensuring the existence of a constant ¢ > 0, independent of A,
such that:

dist ((t, ), Vy) < edist ((t, @), Hy). (6.19)

In turn, in order to simplify the subsequent analysis, we write e, = o — g}, €,, = up —
Upp, €p = @ — @, and ep = P — P, Then, proceeding similarly to [2, Section 3.3], we

. . R ~ ~1 ~ ~ ~ ~
consider the unique decompositions o, = a; + g}, up, = up,, + uﬁh and p, =9, +e,

with ((&,,Tps),@,) € Vi and (&4, 85,),@;) € Xif x Yj- =: Vi, where
Vi ={sn o) e ((80,0,). (0,1,)) =0 V() € Vil
Next, given arbitrary ((T,,Vp.), Tp n) € V, and qp, € Qp,, we decompose the errors into

eg:ég_éi—i_ng? eUD:(suD_ﬁéJz—i_nuD? e£:5£—§t+n£ and egzdg+n27

(6.20)

with

5g =0 — £h7 ’r’g - fh - éh) duD = up — vD,h) T’uD - vD,h - ﬁD,iM
(6.21)
(sf:f_ﬂh’ "gzﬂh_@hv 6E:B_§h7 ngzgh_gh'
Consequently, the following Galerkin orthogonality property holds:
[A(us)(t, ) — Alus ) (s, ) (£, )] + [B(xs, 9, ), €p] =0,

(6.22)

[B((eg’ eUD)’ e£)7 ﬂh] =0,

forall (r,,%,) := ((z, vpn), ¥,) € Hy and g, € Q.
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We now establish the main result of this section.

Theorem 6.6 Assume that the hypotheses (H.0), (H.1), (H.2), and (H.3), as well as the conditions
on K1, Ko, k3 required by Lemma hold. Let r € (0,rq) with ry defined by (5.19), and assume
further that the data fs, fr,, and g satisfy

ct M(f87 fD: gD) S ) (623)

N 3

with cy the constant satisfying (6.30). Let ((t,),p) := ((g,up,¥),p) € H x Q with & =
(o-SauS?’YS) and us € Wr/ and ((Eh?f;)?Bh) = ((ghauD,hafh)aEh) S Hh X Qh with Op =
(OshsUsp, Ys,p) and usy, € WP, be the unique solutions of problems (3.5) and (6.4), respectively.

Then there exists C' > 0, independent of h and the continuous and discrete solutions, such that

[((t. ). p) = (tr: 2,):P,) |0
(6.24)

<C {dist ((t, ), H,) > + dist ((t, ), Hy,) + dist ((t, ), Hy)? + dist (p, @h)} .

Proof. Given ((T),Vp.n), ¥,) € V), and q;, € Q,, we define 05, 0up,00p,0p, Ny, Myy, My, and
7, as in (6.21). In turn, since ((&;,Upx), ;) € Vi, it follows that ((n,, nuD),nso); Vh.
Thus, from the second equation in (6.22), (6.20), and the fact that [B((n,. 7). ncp)i,c_;[h] =0,
it follows that :

[B((éiv ﬁ]%,h)?@i)’gh] = [B((dzv 611D)’ 6‘P>a qh]’

which together with the continuity and discrete inf-sup condition of B (cf. and (6.7)),
(6.20), (6.21), and the triangle inequality, yields

- - C
(02800 8p) ~ (@80 @) < (14 7‘3) 1((60:8u). 80)ll5. (625)

On the other hand, taking (r,,¥,) == (5. M, ), M) € Vi C Hy in the first row of (6.22),
recalling the definition of the operator A (us) (cf. (3.6)), observing that thanks to (H.1) we
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have that V; C V, we deduce

[a(us>(§) - a(us,h)(th)’ (nga nuD>] + [b(nga nuD>7 e‘P] = 0,

(6.26)
[b(ez’ euD)7 77(,0] - [0(650)7 'rhp] = 0.

In this way, from (6.20) and the first equation of (6.26), we find that

[b(15, My, ) M) = —{[a(us)(ﬁ) —a(us)(t,), (Mg My, )] + [Bs(us — us ) (@), 1]

+ (B, M) 50 — 211}

Hence, noting that (1,7, ) € X, employing the discrete inf-sup condition of b (cf. (6.6)),
inequality (5.16), and the continuity of b and B (cf. (5.1)), and then applying the first in-
equality in (5.2) and bounding ||us — ug||Lsag) by [lic||[|ex|/x,, we deduce that there exist a

constant C; > 0, independent of &, such that

Billnglly < € { (1+ s lhog + s allas ) lleq x,
(6.27)

~ 1
(1 Jupllrs o) + 5o ) lews s am + 18 = @111y |-

Then, recalling that both |jug||1 o, and ||ug ;||1,0s are bounded by 7 (cf. (5.19)), as well as that
both |[up || a3 (div:0p) and || up x|/msdiv.0p) are bounded by data (cf. Theorems and|[6.5), the

estimate (6.27) together with (6.20), (6.21)), and (6.25) allow us to conclude that

Ingliv < Co {118, 8us), 8p) s + | (110 1)l . (6.28)

with Cy > 0 depending only on parameters, data and other constants, all of them indepen-
~ ~| ~ — ~ ~1 ~ ~
dent of h. In turn, noting that t, = t,, + t, witht, = (&,,Up,) € X, and t,, = (T, up ) €

X, and combining the first and second equation of (6.26), we are able to find that

[a(ug ) (T, + &) — alus ) (B + B )s (Mgs ay)] = [a(us ) (F, + 8,) — aus 1) (), (g D))
— [Bs(us —usp)(@),n,] — [b(N,:N4y), €],
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where

[b(ng7 nuD)v ei] - [b(nga nuD)7 6£ - gi] - [b(((sg: 511D) - (éi7 ﬁ]é,h)) 77(,0]

+ [c(6p — ét)a Nl +[c(nyp): nyp)-

Next, using the second inequality in (5.2), bounding ||ug —us s|/1,0¢ by (|05 — 3 [|x, + |7, 1%,/
recalling from (5.36) that ||o||x, < exM(fs,fp, gp), and employing assumption (6.23), we

have

ag ~
Bs(us = us)(@). 1) < {Imollk, + 162 = Eallx Imo lx, |-

Hence, using the strict monotonicity of a(ug ) (cf. Lemma|6.3), the continuity of b, ¢, and B
(cf. (5.1)), the inequalities (5.16) and (6.25), and the positive semi-definiteness property of ¢
(cf. (5.21)), we deduce that there exist C'5, Cy > 0 independents of h, such that

(0]
L)%, + anCas 7, s
< C3 {118 0un). 040 it + (0 B ), 360 P (1 11

+ Cil[((0g, 0up ), 0p) lzlimepl v

which together with (6.28), Young’s inequality and simple algebraic manipulations, yield

(N> M) lIx < € {!\((5@ Sup)s 80) 1 + 1((82 Bu ) 560) 1 + (8, By ), 5@\!%} - (6:29)

In this way, employing (6.20), (6.25), (6.28), (6.29), and the triangle inequality, we obtain

I((eq: eus ), e)llix < 11((0g, Oup, ), 0p) — (415 1), @5 ) lix + (71, 7y, ). 710 1

_ (6.30)
< C {8 0un). 31 + (3 ), 040) st + (8, Ous), oI }

In turn, in order to estimate e;,, we first observe from (6.20) and the first row of (6.22), that

B, ,).mp) = —{[Aus)(t ) — Alus) (b, 9,), (1,9,

+ [Bs(us — usp)(@,), 7] + [Blr, v,), 6] }
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Then, proceeding similarly to (6.27), we employ again the discrete inf-sup condition of B (cf.
(6.7)), the definition of A(us) (cf. (3.6)), the inequality (5.16), and the continuity of b, ¢, B,
and Bs (cf. (5.1), (5.2)), to obtain

Blimplle < Cs { (1+ uslhos + lusnlios, ) lezlx,
(1 I s o) + 100, 5 20 ) s sy + ey + 18plle }-

Thus, using again that both |Jus||1 0, and |Jus||1.0. are bounded by 7y (cf. (5.19)), as well
as that both ||up || g3 (giv;0p) and |[up || as(@iv,0p) are bounded by data (cf. Theorems and
6.5), we find that there exist Cs > 0 depending only on parameters, data and other constants,
all of them independent of h, such that

Imlle < Co {II((ea: eus)-e0)lli + 1630 .

In this way, from (6.20), the triangle inequality, the foregoing bound and (6.30), we conclude
that

lepllo < [19pllo + lIn,llo

. (6.31)
< C {18 0u0) SN + (3 8us), 840 it + (8 D), S0 I + 18l } -

Finally, recalling that ((7,, Vb 1), {Zh) € V;, and q;, € Q, are arbitrary, (6.30) and (6.31) give

(€ 2).p) = (& 2,):P,) g
<C {dist ((t, go),Vh)1/2 + dist ((t, go),Vh) + dist ((’g, f),Vh)2 + dist (p, Qh)} ,

which together with (6.19), concludes the proof. O
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A particular choice of finite element subspaces

We now introduce specific discrete spaces satisfying hypotheses (H.0),(H.1), (H.2), and
(H.3) in 2D and 3D. To this end, we let 7> and 7,” be respective triangulations of the do-
mains Qg and Qp, which are formed by shape-regular triangles (in R?) or tetrahedra (in R?),
and assume that they match in ¥ so that 7,° U 7,” is a triangulation of Qg U ¥ U Qp. We also
let 32, be the partition of ¥ inherited from 7,° (or 7,°). Then for each T’ € 7,° U T,® we set the

local Raviart-Thomas space of order £ as

where x := (21, ..., 2,)" is a generic vector of R".
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Chapter 7. A particular choice of finite element subspaces

7.1 Raviart-Thomas elements in 2D
We define the discrete subspaces in as follows:

Ho(Qs) = {Ts,h € H(div:Os):  7sulr € RTL(T) VT e 7;?}

H!(Qs) = {vs,h c[CER)2:  Vsnlr € Proa(T) VT e 7;?}

La(s) = {msn € Lun(Q) s msylr € B(T) VT € T, 7.)
<

Hy(Qp) = {VD,h € H3(div;Qp) :  vpalr € RTW(T) VT 7;33},

Lh(QD) = {QD,h c LQ(QD> : qD,h]T € Pk(T) VT e ED}

In addition, in order to introduce the particular subspaces A3 (X) and AP (X), we follow the
simplest approach suggested in [24] and [10], respectively. In fact, we first assume, without
loss of generality, that the number of edges of ¥, is even. Then, we let ¥4, be the partition of
¥ that arises by joining pairs of adjacent edges of ¥, and denote the resulting edges still by e.
Since ¥, is automatically of bounded variation (that is, the ratio of lengths of adjacent edges
is bounded) and, therefore, so is ¥9;,. Now, if the number of edges of ¥, is odd, we simply
reduce it to even case by joining any pair of two adjacent elements, and then construct >,
from this modified partition. Hence, denoting by z, and xx the extreme points of 3, we

define
AS(R) = {wh €C(D): Unl €Prale) Vedgeee Do,  tnlzo) = dnlzy) = o}. (7.2)

In turn, since the space [ .., W!™'/PP(e) coincides with W'~1/P?(%), without extra condi-

e€Xy

tions when 1 < p < 2 (in this case p = 3/2) [30, Theorem 1.5.2.3-(a)], it can be readily seen

that a conforming finite element subspace for W'/3%/2(3) can be defined by
AP(R) = {5h S 5 R: &) €Ple) Vedgeee zh}. (7.3)

Then, we define the global spaces Hj, and Q, (cf. (6.3)), by combining (6.2), (6.3), (7-1), (7.2),
and (7.3).
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Chapter 7. A particular choice of finite element subspaces

Now, let TIp : H3(div;Qp) — Hy(Qp) be the Raviart-Thomas operator on Qp, which is
well defined for all vp € H3(div; Qp) (see [10, Section 4.1] and [17, Remark 3.1] for details),

and characterized by
/(VD—HD(VD))'HQ/}ZO ‘v’@bePk(e),VedgeeéﬂD

and
/T(VD — HD(VD)) -n = 0 V’n € Pk_l(T)

Furthermore, if Pp denotes the L?(Q2p)-orthogonal projection, there holds

div (TIIp(vp)) = Pp(divvp) Vvp € H*(div; Op). (7.4)

Next, concerning hypotheses (H.0), (H.1),(H.2) and (H.3), we start mentioning that
(H.0), and (H.1) follow straightforwardly from the definitions in (7.1)). Thus, for the Navier—
Stokes terms of (H.2) and (H.3), the existence of v, € HééQ(Z) satisfying follows as
explained in Lemma In turn, similarly to [22, Section 5.3.1], we define

Op(%) = {¢h 'S5 R: ¢yl €Prle) Vedgeee zh},

and employing [33, Theorem A.1] and [24, Lemma 4.1], we deduce that is equivalent
to the existence of 8; g > 0, independent of %, such that,

¢ 7¢ - ~S
sup M > ﬁlvsH’(/)hHl/Q,OO;Z V¢h c Ah(2>7
PrEPH(D) H¢h||—1/2,z

¢, 70

which follows from [24, Lemma 5.2] and the additional hypotheses of quasi-uniformity in a
neighborhood . of the interface ¥ on the (2s-side. Finally, for the Darcy-Forchheimer terms

in (H.2) and (H.3) (cf. and (6.11), respectively) we stablish the following lemmas.

Lemma 7.1 There exists ELD > 0 independent of h, such that

<VD,h -, fh>2
sup

VD,heih,z ||VD7h ||H3(div :Qp)
vp,h#0

> gl,D||§h||l/3,3/2;Z V&, € AR (D).

Proof. See [10, Lemma 4.5] for details. O
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Lemma 7.2 There exists ED > 0, independent of h, such that

divvpy, q ~
sup ( D1, GD.4)D > Bpllapplloon  VYapn € Luo(Op). (7.5)
vp,n€Hp,rp (2D) "VD,h"H3(diV;QD)
vp,n7#0

Proof. We proceed as in [10, Lemma 4.6]. In fact, let gp , € Ly o(Qp) C L3(Q2p) and apply [27,
Corollary 2.4] to deduce that there exists zp, € H}(2p) such that

divzp = —gpn € Qp and  |[|zpl|1,0, < Cllgpalloon- (7.6)

Now, defining zp;, = Ilp(zp) € H,(Qp), employing the continuity of IIp and (7.4), we
deduce that

1T (zp) |2 div :00) < CbllzpllEs@ivia,) and  divazp, = —gpn € Op. (7.7)

Therefore, (7.6), and the continuous embedding from H'(Qp) into L3(Qp) implies
and conclude the proof. O

7.2 Raviart-Thomas elements in 3D
Let us now consider the discrete spaces:

Hy(Qs) = {Ts,h € H(div:Os):  7salr € RTA(T) VT e 7;?}

HL(Qg) = {vs,h c[CEUR)P:  Venlr € Proa(T) VT e 7;5}

Lia(Qs) = {Us,h € L3 (): mgplr €Pu(T) VT € 7718}’ (7.8)
Hy(Qp) = {vD,h e B3(div; Qp) :  vpalr € RTW(T) VT e T,P},

La(Qp) = {qD,h L) :  qoaulr € PW(T) VT ¢ ThD}.

Now, proceeding analogously to the 2D case, we introduce an independent triangulation >

of 3, by triangles K of diameter 1, and define hy, := {/}; x : K € ¥; }. Then, denoting by 9%
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the polygonal boundary of 3, we define
AS(E) = {wh €C(X): Unlx €EPra(K) YVKES:, 1,=0 on az}. (7.9)

In turn, similarly to (7.3)), we deduce now from [29, Section 2] that a conforming finite ele-
ment subspace for W'/33/2(%)) can be defined by

AP(x) = {5h Y S R: &) € Pu(K) Vface K € zh}. (7.10)

Then, we define the global spaces H), and Qy, (cf. (6.3)), by combining (6.2), (6.3), (7.8),
and (7.10). Now, concerning hypotheses (H.0), (H.1), (H.2) and (H.3), we first observe that

applying the same arguments as for the 2D case, it follows that (H.0), (H.1), and (H.3) hold.
However, for the inf-sup conditions in (H.2) we employ [21, Lemma 7.5] to conclude that
there exists Cy € (0,1) such that for each pair (hg,ﬁg) verifying hy < Co/ﬂg, the inf-sup
condition hold, whereas follows from Lemma [7.1] taking in account now (7.10).

7.3 Rate of convergence

Now, for both cases 2D and 3D domains, we derive the theoretical rate of convergence of our
discrete scheme (6.4). To that end, we first recall recall from [10, Section 5], [19} 26] and [17],
the approximation properties of the finite element subspaces involved, which are named
after the unknowns to which they are applied later on.

(AP?®) For each § € (0, k + 1] and for each 75 € Hy(div; Qg) N H’(Qs) with divrg € H°(Qg),
there holds

dist (75, Hyo(0s) ) = inf s = Tsallava, < OB {Imslsas + Idivrsliso, }-

75,n€HR 0(Ns

(AP}®) For each € (0, k + 1] and for each vs € H}_(Qs) N H'™(Qs), there holds

dist (Vs, H}L,Fs(QS)> = inf ||VS - V57h||17QS S Ohé ||VS||1+6,QS-

VS.h GH}%FS (Q2s
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(AP}®) For each § € (0, k + 1] and for each ng € L% (Qs) NH (), there holds

skew

dist (15, La()) = inf g~ mspllons < CH [nglse,.

Ns,,ELA(N2s)

(AP,>) For each § € (0,k + 1] and for each vp € H}_(div;Qp) N W*3(Qp) with divvp €
H?(Q)p), there holds

dist (Vo, Hiro (O0)) i= _inf Vool oo < B {[vollssan+div vpllse, |-

vp,n€Hp,rp (D)
(APP) For each § € (0, k + 1] and for each v € H)*(X) N HY/2+9(%), there holds

dist (9. ARD) i= i I8 = ullzonss < O [l

LEAS(S)
(AP;) For each 6 € (0, k + 1] and for each ¢ € W%3/2(%2), there holds

d't<aADE>:= inf - » < CRHTYS .
ist { £, Ay (X) ¢ 1/{1]3(2) 1€ = &nlliyzz/2s < 1€]]5,3/2;%

heh

(AP}”) For each 6 € (0, k + 1] and for each gp € L3(Q2p) N H(Qp), there holds

dist <QD;Lh,O(QD)> = inf HQD —aoalloon < CR |lgpllsos.

qD,hE€LR,0 (2D

We remark here, similarly to [10] Section 5], that the sub-optimal approximation property
(AP}) follows from the fact that W'/3%/2(%) is the interpolation space with index 1/(34)
between W>#2(%) and L3/2(X), and from the estimate || — &u[|ps/2(s) < Ch°||€]]s,3/2;5, which
is valid for all ¢ € W%%/2(X) and &, := Px(€), with Px, being the L?(X)-orthogonal projection
onto AP () (cf. [16], Proposition 1.135]). In fact, given ¢ € W%3/2(X) there exists a constant

C > 0, depending on X, such that

1-1/(36) 1/(38)
1€ = &nlliysrzs < cllé = Eullas e 1155 s < OBl s /21

where we have used the fact that &, is piecewise polynomial of degree < k and then for each

0 € (0, k + 1] there holds ||§ — §h||6,3/2;2 < C ||§”573/2;2.
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It follows that there exist positive constants C'(t), C'(¢), and C(p), depending on the
extra regularity assumptions for t, o, and p, respectively, and whose explicit expressions

are obtained from the right-hand side of the foregoing approximation properties, such that
dist (t,X;) < C(t) h°, dist (,Y5) < C(@) K™% and dist (p, Q) < C(p) I’.

Then, we stablish the theoretical rate of convergence of our Galerkin scheme (6.4). No-
tice that, defining s := min{d,k + 1}, at least a sub-optimal rate of convergence of order

O(h*=1/3)/2) is confirmed.

Theorem 7.3 Assume that the hypotheses of Theorem (6.6 hold. Let ((t,¢),p) € H x Q with
us € W, and ((Lh,fh),gh) € H;, x Qp, with ug, € W' be the unique solutions of the continuous
and discrete problems and (6.4), respectively. Assume further that there exists 6 > 0, such
that o5 € H(Qg), divas € H°(Qg), ug € H™(Qg), 74 € H(Qg), up € W3(Qp), divup €
H°(Qp), ¢ € HY2 (), A € WO¥2(S) and pp € H(Qp). Then, defining s := min{d, k+ 1}, there
exists a positive constant C((t, p), p) depending on C(t), C (), and C(p), all them independent of

h and the continuous and discrete solutions, such that

H((L 2)72) o ((Eh’fh>72h)||HxQ

< C’(<1_37£)7E) {h(s—l/S)/Q + hs/2 + hs—l/?) + R+ h2(s—1/3) + h2s} )

Proof. 1t follows from a direct application of Theorem |6.6/and the approximation properties

of the discrete subspaces. We omit further details. O
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Numerical Results

In this chapter we present some examples illustrating the performance of our augmented
mixed finite element scheme (6.4) on a set of quasi-uniform triangulations of the correspond-
ing domains. Our implementation is based on a FreeFem++ code [31]], in conjunction with

the direct linear solver UMFPACK [14].

In order to solve the nonlinear problem (6.4), given 0 # wp € H}_(div; Qp) we introduce
the Gateaux derivate associated to Ap (cf. (3.8)):

F F .
D.AD<WD)(11D,VD) = % <WD—UD

(K_luD7VD)D + ;(|WD|UD7VD)D + ;

for all up,vp € H}_(div;Qp). In this way, we propose the Newton-type strategy: Given
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t) = (a),ud ,) € X, with u, , # 0, for m > 1, find (7 @), py) € Hy x Qj such that

[As(agh,), 7] + [BS(UEEI)(QQh%Ih} + [Bs(ugfh)(ggfgl),zh] + DAD(“S;I)(UBMVD#)
+ [b(x,), @'l + [b(t:), ¥,] — [cle})), ¥, ] + B(x,. ¥, ), p)']

m— m— F m— m—
= [BS(uS,h 1)(Qs,h 1)>Ih] + ;(|uD,h1|uD,h1’ vpn)p + [F, (Ehv%h)]a

[B(—hm7 fh)v ﬂh] = [Gv ﬂhL
8.1)

forall ((r,,,).q,) € Hy X Q.
In all the numerical experiments below, the iterations are terminated once the relative
error of the entire coefficient vectors between two consecutive iterates is sufficiently small,

ie.,

fF ! — coeff™ |2

|coeff™ |2

||coe

< tol,

where || - [|;2 is the standard [?>-norm in RY, with N denoting the total number of degrees of
freedom defining the finite element subspaces Hj, and Qj,, and tol is a fixed tolerance chosen

as tol = 1E — 06. As usual, the individual errors are denoted by:

e(og) = [los — osnllaivas, e(us) = |lus —ugullios, e(¥s) = l7s — Ysalloos

e(ps) == [lps — psnllos, e(up) == [[up — uppllEs@ivion)s  e®p) = [[Pp — Po.illocn,
e(p) = |l —pnllons, e =X = Aallierze),

where pg j, is the postprocessed pressure given by
1 .
Psp = —Etl" (US,h + (uS,h ® us,h>) —{, in QS.

Notice that, since the natural norms to measure the error of the interface unknowns ||A —
Aill1/3:3/2;2 and |l — @4 ]l1/2,00,= are not computable, we have decided to replace them re-

spectively by || - || 32y and || - [/(0,1),5, where the last one is defined based on the fact that
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H'/2(X) is the interpolation space with index 1/2 between H'(X) and L?(X):

2 1/2
1¥llons = [9llos 1] Vi € H(E).

Next, we define the experimental rates of convergence

Hog) = OBCEs)/Clas) . logle(us)/elus)) ) log(e(vs)/¢ ()

log(hs/hs) log(hg/hg) log(hs/hg)
loglelrs)/Cps) L\ logle(un)/e(up) | los(e(yn)/ern))
N TN A e e 7S B S T T
_logle(p)/e'(e)) . logle(V)/€'(A))
r(e) = log(hs /%) ()= log(hs/h%,)

where h, and ) (x € {S,D,X}) denote two consecutive mesh sizes with their respective
errors e and €/, respectively. In turn, we take ilg as two times hy;, which comes from the re-
striction on the mesh sizes hy, < CQ/};Z when considering the constant Cj, = 1/2. The numeric
results confirm that this choice is suitable. The examples to be considered in this chapter are
described next. In all of them, for the sake of simplicity, we choose the parameters u = 1,
p=1w=1and K = I, and according to (5.12), the stabilization parameters are taken as
k1 = 1/(2p), ke = 2p and k3 = Ckopt, where, similarly to [11], Section 7] we choose heuristi-
cally Cx, = 1/2. Additionally, regarding the conditions (tros,1)s = 0 and (pp s, 1)p = 0,

these are imposed via a penalization strategy.
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8.1 Example 1: Tombstone-shaped domain without source in

the porous media.

In our first example we consider a semi-disk-shaped fluid domain coupled with a porous
square, i.e., Qg = {(:cl, T3) ¢ 22+ (29 — 0.5)% < 0.5%, 2y > 0.5}, Qp = (—0.5,0.5)? and
¥ :=(-0.5,0.5) x {0.5}. We consider the Forchheimer number F = 1 and the data fs, fp, and
gp, are adjusted so that the exact solution in the tombstone-shaped domain Q2 = Qs UX U Qp

is given by the smooth functions

cos(mzy) sin(mzs) .
uS(I17$2) = m QSa
— sin(mzy) cos(mzs)
mexp(xy) sin(mxg) )
U.D(.Tl,xg) = m QD;
exp(xy) cos(mxs)

Pi(1, x2) = sin(mxy) sin(mzy) in Q,, with* € {S,D}.

Notice that the source of the porous media is gp = 0. Notice also that this solution satisfies
us -n = up - n on X. However, the Beavers-Joseph—Saffman condition (cf. (2.8)) is not
satisfied, the Dirichlet boundary condition on I's and the Neumann boundary condition on
I'p are both non-homogeneous. In this way, the right-hand side of the resulting system must

be modified accordingly.
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DOF | hg [ elos) | r(os) | e(us) | r(us) | e(vg) | r(vs) | elps) | r(ps)
230 | 0.330 || 2.5485 - 1.4696 - 0.5276 - 0.3729 -
800 | 0.191 || 1.2766 | 1.256 | 0.4464 | 2.165 | 0.2901 | 1.087 | 0.1590 | 1.549

2872 1 0.091 || 0.6185 | 0.983 | 0.1657 | 1.344 | 0.1442 | 0.948 | 0.0762 | 0.997

10991 | 0.049 || 0.3071 | 1.111 | 0.0774 | 1.209 | 0.0729 | 1.082 | 0.0387 | 1.077

43462 | 0.024 || 0.1511 | 1.019 | 0.0365 | 1.081 | 0.0336 | 1.112 | 0.0188 | 1.035

171401 | 0.013 || 0.0763 | 1.155 | 0.0184 | 1.159 | 0.0177 | 1.083 | 0.0094 | 1.175

ho | B | by | e(up) | r(up) | en) | r(mn) | e(p) | (@) | e(N) | r(\) | iter
0373 1/2 | 1/4 [[07464| - [0.1748] - [05282| - |01554| - | 6
0190 | 1/4 | 1/8 | 0.3480 | 1.133 | 0.0639 | 1.495 | 0.2294 | 1.203 | 0.0708 | 1.135

0.095 | 1/8 | 1/16 | 0.1678 | 1.053 | 0.0305 | 1.067 | 0.1075 | 1.094 | 0.0351 | 1.012
0.054 | 1/16 | 1/32 || 0.0856 | 1.172 | 0.0151 | 1.219 | 0.0529 | 1.023 | 0.0175 | 1.008
0.025 | 1/32 | 1/64 | 0.0427 | 0.908 | 0.0075 | 0.916 | 0.0251 | 1.073 | 0.0087 | 1.004
0.015 | 1/64 | 1/128 | 0.0214 | 1.280 | 0.0037 | 1.293 | 0.0128 | 0.971 | 0.0043 | 1.001

e 0 0 N N

Table 8.1: Example 1, Degrees of freedom, mesh sizes, errors, convergence history and New-
ton iteration count for the approximation of the Navier-Stokes/Darcy-Forchheimer prob-
lem with F = 1.
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3 -3.2 -26 -2.0 -l.‘3 -0.72 -01
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I‘D =1 -0.60 -0.20 | ‘0.‘2(‘]‘ 0.60 | 1

Figure 8.1: Example 1. Approximated spectral norm of the pseudostress tensor components
and the skew-symmetric part of the Navier—Stokes velocity gradient (top panel), velocity
streamlines and velocity components on the whole domain (middle panel), and geometry
configuration and pressure field in the whole domain (bottom panel).
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8.2 Example 2: Inverted-L-shaped domain coupled with a

square domain.

In our second example, we consider an inverted-L-shaped domain coupled with a square,
which yields a porous medium partially surrounded by a fluid. More precisely, we consider
the domain Q = Qg U X U Qp, with Qp := (—1,0)?, Qg := (=1,1)*\Qp and 2 := (—1,0) x
{0} U {0} x (—1,0). The Forchheimer number is chosen as F = 1 and the data fs, fp, and ¢p,

are adjusted so that the exact solution in the square (2 is given by the smooth functions

—msin(mxy) cos(mx
us(:m,:tz) = ( " (W 1) (W 2) ) in g,

7 cos(mxy) sin(mas)

sin(mry) exp(xs

uD(xl,xQ) = in QD,

)
exp(xy) sin(mxs)

Py, 19) = cos(may) cos(mwy) in Q,, withx € {S,D}.

Notice that, this solution satisfies ug-n = up -non ¥ and up - n = 0 on I'n. However,
the Beavers—Joseph—Saffman condition (cf. (2.8)) is not satisfied and the Dirichlet boundary
condition for the Navier-Stokes velocity on I's is non-homogeneous and therefore the right-

hand side of the resulting system must be modified accordingly.
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DOF | hg | e(os) |r(os) | e(us) |r(us) | elys) | r(vs) | elps) | rps)
756 | 0.375 || 23.6030 - 5.3592 - 4.6970 - 3.3911 -
2847 | 0.195 || 11.3037 | 1.223 | 2.7705 | 1.006 | 2.5019 | 0.961 | 1.7970 | 0.969
10644 | 0.096 || 5.6685 | 0.977 | 1.3917 | 0.974 | 1.3373 | 0.886 | 0.8695 | 1.027
42043 | 0.052 || 2.7945 | 1.152 | 0.6885 | 1.146 | 0.6898 | 1.078 | 0.4231 | 1.173
165156 | 0.029 || 1.4040 | 1.198 | 0.3452 | 1.201 | 0.3468 | 1.197 | 0.2097 | 1.221
657612 | 0.015 || 0.7003 | 0.993 | 0.1728 | 0.988 | 0.1723 | 0.998 | 0.1057 | 0.978

ho | hs | he | e(up) | r(up) | e(n) [ rlpn) | elp) | r(p) | e(n) | r()) |iter
0373 1/2 | 1/4 [[04384] - [01273] - [20677| - [02560| - | 4
0190 | 1/4 | 1/8 || 0.1974 | 1.185 | 0.0583 | 1.159 | 1.1721 | 0.819 | 0.1151 | 1.154
0.093 | 1/8 | 1/16 || 0.1002 | 0.946 | 0.0306 | 0.900 | 0.5560 | 1.076 | 0.0556 | 1.049
0.051 | 1/16 | 1/32 || 0.0491 | 1.183 | 0.0150 | 1.184 | 0.2832 | 0.973 | 0.0277 | 1.007
0.025 | 1/32 | 1/64 || 0.0247 | 0.982 | 0.0074 | 1.004 | 0.1418 | 0.997 | 0.0138 | 1.003
0.014 | 1/64 | 1/128 || 0.0124 | 1.153 | 0.0037 | 1.147 | 0.0701 | 1.017 | 0.0069 | 1.001

B = s s e

Table 8.2: Example 2, Degrees of freedom, mesh sizes, errors, convergence history and New-
ton iteration count for the approximation of the Navier-Stokes/Darcy-Forchheimer prob-
lem with F = 1.
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Figure 8.2: Example 2. Approximated spectral norm of the pseudostress tensor components
and the skew-symmetric part of the Navier—Stokes velocity gradient (top panel), velocity
streamlines and velocity components on the whole domain (middle panel), and geometry
configuration and pressure field in the whole domain (bottom panel).
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8.3 Example 3: 2D helmet-shaped domain with different For-

chheimer numbers.

In our last example, and inspired by [10], we focus on the performance of the numerical
method (8.1) with respect to the number of Newton iterations required to achieve certain

tolerance given different Forchheimer numbers. Hence, we consider
F € {0,10°,10',10%10°,10%, 10° },

the 2D helmet-shaped domain described by Q2 = QgUXUQp, where Qp := (—1,1) x (—0.5,0),
5= (—1,1) x {0}, and Qg = (—1,1) x (0, 1.25)\ with Qg := (—0.75,0.75) x (0.25, 1.25). The
data fg, fp, and gp, are adjusted so that the exact solution in the 2D helmet-shaped domain

(is given by the smooth functions

— sin(27zy) cos(2mas) ,
us (21, 22) = in- O,
cos(2mzy) sin(2mxs)
sin(27xy) exp(xs) .
up (1, 2) = in €,
exp(z1) sin(27xs)

(1, 22) = sin(mxy) exp(zz) in Q,, with* e {S,D}.

Notice that, this solution satisfies ug - n = up -non X and up - n = 0 on I'n. However,
the Beavers—Joseph—Saffman condition (cf. (2.8)) is not satisfied and the Dirichlet boundary
condition for the Navier-Stokes velocity on I's is non-homogeneous and therefore the right-

hand side of the resulting system must be modified accordingly.
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F h 0.200 | 0.100 | 0.050 | 0.026 | 0.014 | 0.007
0 4 3 3 3 3 3
10° 5 5 5 5 5 5
10 7 8 8 9 9 9
102 8 9 10 10 11 11
10° 9 9 10 11 11 12
10* 9 9 10 11 12 12
10° 9 9 10 11 12 12

Table 8.3: Example 3, Performance of the iterative method (number of Newton iterations)
upon variations of the Forchheimer number F.

DOF | hs || e(os) |r(os) | e(us) [r(us) | elys) | rlvs) | elps) | r(ps)
1264 | 0.188 || 14.7840 - 2.1893 - 1.5363 - 1.4364 -
4833 | 0.100 || 7.1648 | 1.153 | 1.0943 | 1.104 | 0.7868 | 1.065 | 0.6581 | 1.243
17586 | 0.050 || 3.6068 | 0.991 | 0.5431 | 1.011 | 0.4149 | 0.923 | 0.3027 | 1.120
69327 | 0.026 || 1.7936 | 1.054 | 0.2718 | 1.045 | 0.2087 | 1.038 | 0.1477 | 1.083
269604 | 0.014 || 0.8992 | 1.183 | 0.1350 | 1.200 | 0.1044 | 1.187 | 0.0738 | 1.190
1076768 | 0.007 || 0.4490 | 0.932 | 0.0674 | 0.932 | 0.0523 | 0.926 | 0.0368 | 0.935

ho | he | ke | e(up) | r(up) | e(pn) | r(pn) | elw) | r(p) | e() | r(n) |iter

0.200 | 1/4 1/8 || 1.2761 - 0.1131 - 1.1300 - 0.2569 - 7
0.095| 1/8 | 1/16 | 0.6135 | 0.984 | 0.0388 | 1.438 | 0.4481 | 1.335 | 0.0744 | 1.787 | 8
0.049 | 1/16 | 1/32 | 0.3115 | 1.037 | 0.0151 | 1.447 | 0.2129 | 1.074 | 0.0302 | 1.300 | 8
0.026 | 1/32 | 1/64 | 0.1566 | 1.081 | 0.0067 | 1.283 | 0.1003 | 1.086 | 0.0142 | 1.089 | 9
0.013 | 1/64 | 1/128 || 0.0784 | 0.968 | 0.0033 | 0.999 | 0.0502 | 0.997 | 0.0070 | 1.026 | 9
0.007 | 1/128 | 1/256 || 0.0393 | 1.204 | 0.0016 | 1.221 | 0.0249 | 1.011 | 0.0035 | 1.010 | 9

Table 8.4: Example 3, Degrees of freedom, mesh sizes, errors, convergence history and New-
ton iteration count for the approximation of the Navier-Stokes/Darcy—Forchheimer prob-
lem with F = 10.
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Figure 8.3: Example 3. Approximated spectral norm of the pseudostress tensor components
and the skew-symmetric part of the Navier-Stokes velocity gradient (top panel), velocity
streamlines and velocity components on the whole domain (middle panel), and geometry
configuration and pressure field in the whole domain (bottom panel).

77



Chapter 8. Numerical Results

8.4 Summary of examples

In Tables and [8.4 we summarize the convergence history for a sequence of quasi-
uniform triangulations, considering the finite element spaces introduced in Section 7.1 with
k = 0, and solving the nonlinear problem (8.I), which require around eight, four and nine
Newton iterations for the Examples 1, 2 and 3, respectively. We observe that the sub-optimal
rate of convergence O(h*+%/3/2) provided by Theorem 7.3/ (when § = k + 1) is attained in
all the cases (with £ = 0). Even more, the numerical result suggest that there exist a way
to prove optimal rate of convergence O(h*!). In Table [8.3| we show the behaviour of the
iterative method as a function of the Forchheimer number F, considering different mesh
sizes h := max{hs, hp}, and a tolerance tol = 1E — 06. Here we observe that the higher the
parameter F the higher the number of iterations as it occurs also in the Newton method for
the Navier-Stokes/Darcy-Forchheimer coupled problem. Notice also that when F = 0 the
Darcy-Forchheimer equations reduce to the classical linear Darcy equations and as expected

the iterative Newton method (8.1) is faster.

On the other hand, the approximated spectral norm of the pseudostress tensor compo-
nents, the skew-symmetric part of the Navier—Stokes velocity gradient, the velocity stream-
lines, the velocity components on the whole domain, the geometry configuration and the
pressure field in the whole domain of the approximate solutions for the three examples are
displayed in Figures and[8.3] All the figures were obtained with 171401, 657612, and
1076768 degrees of freedom for the Examples 1, 2, and 3, respectively. In particular, we
can observe in Figures 1 and 3 that the second components of ug and up coincide on X as
expected, and hence, the continuity of the normal components of the velocities on X is pre-
served. In turn, we can see that the velocity streamlines are higher in the Darcy—Forchheimer
domain. Moreover, it can be seen that the pressure is continuous in the whole domain and
preserves the sinusoidal behaviour. Finally, similarly to Figures 1 and 3, in Figure 2 we
can also observe the continuity of the normal components of the velocities on X since their
first component of ug and up coincide on {0} x (—1,0), whereas their second components

coincide on (—1,0) x {0}.
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CHAPTER 9

Conclusions and future work

9.1 Conclusions

In this thesis we developed an augmented fully-mixed finite element method for the cou-
pling of the Navier-Stokes and Darcy-Forchheimer equations. We proved solvability of
both continuous and discrete problems as well as their convergence, all illustrated by means

of examples and numerical simulations. The main conclusions of this work are:

1. We obtained an extension of the works done in [2] and [10]. Unlike [2] we consider
the Navier-Stokes equations in the free fluid, and a mixed formulation in this region

instead of the standard velocity-pressure formulation as in [10].

2. A fully-mixed augmented formulation was developed for the problem as well as suf-
ficient conditions to guarantee its continuous and discrete well-posedness by utilizing

classical theory of monotone operators and fixed-point arguments.

3. The fully-mixed finite element method proposed here was shown to be sub-optimally
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convergent. However, the numerical examples presented shows an optimal conver-

gence suggesting that there should exist a way to prove such result.

9.2 Future work

The methods developed and the results obtained in this thesis have motivated several on-

going and future projects. Some of them are described below:

1. As a natural continuation, we are interested in carrying out an a posteriori error analy-
sis for the fully-mixed formulation of the Navier-Stokes/Darcy—Forchheimer coupled
problem in order to improve its robustness in the presence of complex geometries or

solutions with high gradients and singularities.

2. As a complement and motivated by [11], we are interested in analyzing the coupling

of the Navier-Stokes and Darcy Forchheimer equations assuming non-linear viscosity

for the fluid.
3. Numerical experiments with k& > 1 for both cases 2D and 3D, are also planned.

4. The extension of this finite element method to the unsteady state case will be consid-

ering in the future as well.
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