Universidad de Concepcion
Direcciéon de Postgrado
Facultad de Ciencias Fisicas y Matematicas

Programa de Doctorado en Ciencias Aplicadas
con Mencion en Ingenieria Matematica

METODOS DE ELEMENTOS FINITOS MIXTOS PARA PROBLEMAS
ACOPLADOS NO LINEALES EN MEDIOS POROSOS Y FLUJOS
NO ISOTERMICOS

(MIXED FINITE ELEMENT METHODS FOR NONLINEAR COUPLED
PROBLEMS IN POROUS MEDIA AND NON-ISOTHERMAL FLOWS)

Tesis para optar al grado de Doctor en Ciencias
Aplicadas con mencién en Ingenieria Matematica

SERGIO ANDRES CAUCAO PAILLAN
CONCEPCION-CHILE
2017

Profesor Guia: Gabriel N. Gatica Pérez
CI?MA y Departamento de Ingenieria Matematica
Universidad de Concepcion, Chile

Cotutor: Ricardo Oyarztua Vargas
GIMNAP-Departamento de Matematica y CI°MA
Universidad del Bio-Bio y Universidad de Concepcion, Chile



Mixed Finite Element Methods for Nonlinear Coupled
Problems in Porous Media and Non-Isothermal Flows

Sergio Andrés Caucao Paillan

Directores de Tesis: Gabriel N. Gatica, Universidad de Concepcién, Chile.
Ricardo Oyarzta, Universidad del Bio-Bio, Chile.

Director de Programa: Raimund Biirger, Universidad de Concepcion, Chile.
COMISION EVALUADORA

Prof. Marco Discacciati, Loughborough University, UK.
Prof. Serge Nicaise, Université de Valenciennes et du Hainaut Cambrésis, France.
Prof. Markus Sarkis, Worcester Polytechnic Institute, USA.

Prof. Ivan Yotov, University of Pittsburgh, USA.

COMISION EXAMINADORA

Firma:

Prof. Eligio Colmenares, Universidad del Bio-Bio, Chillan, Chile.

Firma:

Prof. Thomas Fiihrer, Pontificia Universidad Catolica de Chile, Chile.

Firma:

Prof. Gabriel N. Gatica, Universidad de Concepcion, Chile.

Firma:

Prof. Ricardo Oyarziia, Universidad del Bio-Bio, Concepcion, Chile.

Firma:

Prof. Manuel Solano, Universidad de Concepcién, Chile.

Calificacion:

Concepcion, 29 de Diciembre de 2017



Abstract

The aim of this thesis is to analyse, develop and implement several mathematical and numerical
techniques, based on mixed finite element methods and fixed-point strategies, with the purpose of
establishing the solvability of linear and non-linear problems arising in the context of fluid mechanics,
more precisely, coupled problems in porous media and non-isotermal flows.

We firstly derive an augmented fully-mixed finite element method for the coupling of fluid flow
with porous media flow. The flows are governed by the Navier-Stokes equations (with nonlinear
viscosity) and linear Darcy equations, respectively, and the transmission conditions are given by mass
conservation, balance of normal forces, and the Beavers—Joseph—Saffman law. We apply dual-mixed
formulations in both domains, and the nonlinearity involved in the Navier—Stokes region is handled
by setting the strain and vorticity tensors as auxiliary unknowns. In turn, since the transmission
conditions become essential, they are imposed weakly, which yields the introduction of the traces of
the porous media pressure and the fluid velocity as the associated Lagrange multipliers. Furthermore,
since the convective term in the fluid forces the velocity to live in a smaller space than usual, we
augment the variational formulation with suitable Galerkin redundant terms. The resulting augmented
scheme is then written equivalently as a fixed point equation, so that the well-known Schauder and
Banach theorems, combined with classical results on bijective monotone operators, are applied to prove
the unique solvability of the continuous and discrete systems. We also derive a reliable and efficient
residual-based a posteriori error estimator for the coupled problem.

Next, we discuss the analysis of a mixed finite element method for the coupling problem of Navier—
Stokes/Darcy—Forchheimer with constant density and viscosity. We consider the standard mixed for-
mulation in the Navier—Stokes domain and the dual-mixed one in the Darcy—Forchheimer region, which
yields the introduction of the trace of the porous medium pressure as a suitable Lagrange multiplier.
The well-posedness of the problem is achieved combining a fixed point strategy, classical results on
nonlinear monotone operators and the well-known Schauder and Banach theorems. In particular, we
employs Bernardi—-Raugel and Raviart—Thomas elements for the velocities, and piecewise constant ele-
ments for the pressures and the Lagrange multiplier. We show stability, convergence, and a priori error
estimates for the associated Galerkin scheme.

Finally, we close this thesis with the a priori and a posteriori error analysis of an augmented fully-
mixed finite element method for the non-isothermal Oldroyd—Stokes problem. For convenience of the
analysis, the strain, the vorticity, and the stress tensors are introduced as further unknowns (besides
the polymeric part of the extra-stress tensor, the velocity, the pressure, and the temperature of the
fluid). This allows to join the polymeric and solvent viscosities in an adimensional viscosity, and
to eliminate the polymeric part of the extra-stress tensor and the pressure from the system, which,
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together with the solvent part of the extra-stress tensor, are easily recovered later on through suitable
postprocessing formulae. In this way, a fully mixed approach is applied, in which the heat flux vector
is incorporated as an additional unknown as well. Furthermore, since the convective term in the
heat equation forces both the velocity and the temperature to live in a smaller space than usual, we
augment the variational formulation by using suitable Galerkin redundant terms. We prove solvability
of both the continuous and discrete problems, with its corresponding a priori estimate. Regarding the
a posteriori error analysis, two reliable and efficient residual-based estimators are derived.

For all the problems described above, several numerical experiments are provided which illustrate
the good performance of the proposed methods and confirm the theoretical results of convergence as
well as reliability and efficiency of the respective a posteriori error estimators.



Resumen

El objetivo de esta tesis es analizar, desarrollar e implementar diversas técnicas matematicas y numéri-
cas, basadas en métodos de elementos finitos mixtos y estrategias de punto fijo, con el proposito de
establecer la solubilidad de problemas lineales y no lineales que surgen en el contexto de la mecanica
de fluidos, més precisamente, problemas acoplados en medios porosos y flujos no isotérmicos.

En primer lugar, derivamos un método de elementos finitos completamente mixto aumentado para
el acoplamiento de fluidos con flujo en medio poroso. Los flujos son modelados por las ecuaciones
de Navier-Stokes (con viscosidad no lineal) y las ecuaciones de Darcy lineal, respectivamente, y las
condiciones de transmision estan dadas por la conservacion de masa, el balance de fuerzas normales, y
por la ley de Beavers—Joseph—Saffman. Aplicamos formulaciones dual-mixtas en ambos dominios, y la
no linealidad en la region de Navier—Stokes es controlada introduciendo los tensores de pequenas defor-
maciones y vorticidad como incégnitas auxiliares. A su vez, ya que las condiciones de transmision son
escenciales, ellas son impuestas débilmente, lo cual motiva la introduccién de las trazas de la presién
en el medio poroso y de la velocidad del fluido como multiplicadores de Lagrange. Ademas, ya que el
término convectivo en el fluido fuerza a la velocidad a vivir en un espacio méas pequeno que el usual,
aumentamos la formulacién variacional con adecuados términos de Galerkin. El resultante esquema
aumentado es escrito equivalentemente como una ecuacién de punto fijo, de modo que los teoremas de
Schauder y Banach, combinados con resultados clasicos de operadores monétonos bijectivos, son apli-
cados para probar la unicidad de los problemas continuo y discreto. Ademas, obtuvimos un estimador
de error a posteriori confiable y eficiente para el problema acoplado.

Luego, abordamos el analisis de un método de elementos finitos mixto para el problema acoplado de
Navier—Stokes/Darcy—Forchheimer con densidad y viscosidad constantes. Consideramos la formulacion
mixta estandard en el dominio Navier—Stokes y la dual-mixta en la region Darcy—Forchheimer, lo cual
motiva la introduccion de la traza de la presion en el medio poroso como un multiplicador de Lagrange.
La solubilidad del problema se obtiene combinando una estrategia de punto fijo, resultados clasicos
de operadores moné6tonos no lineales y los teoremas de Schauder y Banach. En particular, empleamos
elementos de Bernardi-Raugel y Raviart—Thomas para las velocidades, y elementos constantes a trozos
para las presiones y el multiplicador de Lagrange. Mostramos estabilidad, convergencia, y estimaciones
de error a priori para el esquema de Galerkin asociado.

Finalmente, cerramos esta tesis con el analisis de error a priori y a posteriori de un método de
elementos finitos completamente mixto aumentado para el problema de Oldroyd—Stokes no isotérmico.
Por conveniencia del anélisis, el tensor de pequenas deformaciones, la vorticidad, y el esfuerzo son
introducidos como incognitas adicionales (ademas de la parte polimérica del tensor de extra-esfuerzo,
la velocidad, la presion, y la temperatura del fluido). Esto permite unir las viscosidades polimérica y
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solvente en una viscosidad adimensional, y eliminar del sistema la parte polimérica del tensor de extra-
esfuerzo y la presion, las que, junto con la parte solvente del tensor de extra-esfuerzo, son facilmente
recuperadas a través de una féormula de postproceso. En este sentido, una aproximacién completamente
mixta es aplicada, en la cual el vector de flujo de calor es incorporado como una incoégnita adicional.
Ademas, ya que el término convectivo en la ecuacion de calor fuerza tanto a la velocidad como a la
temperatura a vivir en un espacio mas pequeno que el usual, aumentamos la formulacién variacional
usando adecuados términos de Galerkin. Demostramos solubilidad de los problemas continuo y discreto,
con su estimacién a priori correspondiente. Con respecto al anélisis de error a posteriori, se derivan
dos estimadores confiables y eficientes de tipo residual.

Para todos los problemas descritos anteriormente se proporcionan varios experimentos numéricos
que ilustran el buen desempeno de los métodos propuestos, y que confirman los resultados tebricos de
convergencia asi como de confiabilidad y eficiencia de los estimadores de error a posteriori respectivos.
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Introduction

The modelling of natural phenomena arising from processes described by using continuum mechanics,
as well as the design of appropriate numerical methods to approximate the solution of the corresponding
systems of partial differentials equations, is still a field of research that keeps an important part of the
scientific community dedicated to the area of numerical analysis very active. In particular, physical
phenomena such as: flows in porous media appearing in petroleum extraction, groundwater system in
karst aquifers, reservoir wellbore, industrial filtrations, internal ventilation of a motorcycle helmet, the
penetration of air into lungs, blood motion in tumors and microvessels can be modelled by the coupling
of incompressible viscous fluids (described by the Navier-Stokes or Stokes equations) with flow in a
porous medium (described by the Darcy—Forchheimer or Darcy model). In turn, some applications in
the field of engineering such as: design of heat exchangers and chemical reactors, cooling processes and
polymer processing, can be modelled by non-isothermal incompressible viscoelastic fluids (described by
the coupling of Stokes-type equation for Oldroyd or Giesekus viscoelasticity with the heat equation).
Many of these natural phenomena involve linear and nonlinear couplings, for which suitable numerical
approximations of the stress, pseudostress, velocity, pressure, temperature, and other fields are usually
required.

In general, the equations that describe these models are difficult to solve analytically, therefore,
the resolution and computational simulation of these problems, in a precise and efficient way, is in-
dispensable. In these types of scenarios, mixed finite element methods are very appropriate since,
in addition to the original unknowns, they allow us to calculate directly other variables of physical
interest such as vorticity, strain tensor of small deformations, gradient of velocity or heat-flux vector
(see, e.g., [91, 116, 115, 23, 25, 24, 30, 28, 52, 51, 50]), to name a few. In particular, for the Navier—
Stokes/Darcy-Forchheimer (or Navier-Stokes/Darcy, Stokes/Darcy) coupled problem, in literature we
can find a significant amount of works related to this topic (see [11, 40, 43, 45, 63, 64, 65, 27, 92, 94, 96]
and the references therein), which include for example formulations for the stress and velocity in the
region modelled by the Navier—Stokes (or Stokes) equations. These are characterized by the advantage
(with respect to the standard velocity-pressure formulation) that the auxiliary variables of interest
are calculated directly, without apply any type of post-process of the system solution, which usually
produces a major loss in accuracy.

In addition, other mathematical techniques like as fixed-point strategies and augmented mixed finite
element methods by means of suitable Galerkin redundant terms (see, e.g., [2, 26, 27, 28, 29, 30, 88, 93]),
allow us to derive and analyse new variational formulations and numerical schemes that lead to the
numerical solution of a wide range of problems that arise in fluid mechanics. We emphasize that
one of the advantages presented by the augmented methods is, on the one hand, greatly simplify the



continuous and discrete analysis, and on the other hand, allow us to employ standard finite elements
spaces for the numerical approximations of the unknowns of interest.

According to the above, the aim of this thesis is to employ and develop several mathematical and
numerical techniques, typical of the mixed finite element methods and Galerkin schemes, with the
purpose of analyse the solvability of some linear and nonlinear problems (modelled by systems of
partial differential equations) that arise in fluid mechanics, more precisely, coupled problems in porous
media and non-isothermal flows, namely the Navier—Stokes/Darcy, Navier—Stokes/Darcy—Forchheimer
coupled problem and the non-isothermal Oldroyd—Stokes problem. For the problems to be considered
in this thesis, we are interested in:

[ Establishing well-posed models for an appropriate analysis of the problem.

O Developing suitable variational formulations in order to establish existence and uniqueness of the
continuous solution of the problem.

[J Establishing the corresponding Galerkin scheme and employ suitable finite element spaces.

[0 Analysing the solvability of the Galerkin scheme and establish the corresponding stability and
convergence results.

O Deriving a posteriori error estimators in order to establish adaptive methods that allow us to im-
prove the precision of the numerical approximations, specially under the presence of singularities
or high gradients of the solution.

O Validating the theoretical results through essays and illustrative numerical simulations, which
include academic and application-oriented examples.

The present work is organized as follows. In Chapter 1, we extend the results obtained in [88] to the
coupled nonlinear Navier—Stokes and linear Darcy problem with constant density and variable viscosity
in the fluid region. To this end, we consider a similar approach to the one presented in [28| for the
Navier-Stokes domain. Next, we define the nonlinear stress tensor as in [30] and subsequently eliminate
the pressure unknown using the incompressibility condition. The transmission conditions consisting of
mass conservation, balance of normal forces, and the Beavers—Joseph—Saffman law are imposed weakly,
which results in additional Lagrange multipliers: the traces of the porous media pressure and the fluid
velocity on the interface. We consider dual-mixed formulations in both domains. In addition, similarly
to [91, 88], and in order to handle the nonlinearity in the fluid, the strain and vorticity tensors are
introduced as additionals unknowns. Furthermore, the difficulty that the fluid velocity lives now in H'
instead of L? as usual, is resolved as in [28] by augmenting the variational formulation with suitable
Galerkin redundant terms. The resulting augmented variational system of equations is then re-ordered
so that it shows a twofold saddle point structure. This continuous problem is rewritten as a fixed point
operator equation, so that the well-known Schauder and Banach theorems, combined with classical
results on bijective monotone operators, are applied to prove the unique solvability of the continuous
and discrete systems. The contents of this chapter gave rise to the following paper:

[40] S. Caucao, G.N. GaticA, R. OYARZUA, AND 1. SEBESTOVA, A fully-mized finite element

method for the Navier—Stokes/Darcy coupled problem with nonlinear viscosity. Journal of
Numerical Mathematics, vol. 25, 2, pp. 55-88, (2017).



In Chapter 2, we develop an a posteriori error analysis for the model problem studied in Chapter 1.
More precisely, we derive a reliable and efficient a posteriori error estimator, which allows us to establish
appropriate adaptive methods to guarantee greater precision of the numerical approximations, and
mainly the convergence of the Galerkin scheme in situations in which there are singularities or high
gradients of the solution. The finite elements considered are piecewise constants, Raviart—Thomas
elements of lowest order, continuous piecewise linear elements, and piecewise constants for the strain,
stress, velocity, and vorticity in the fluid, respectively, whereas Raviart—Thomas elements of lowest
order for the velocity, piecewise constants for the pressure, and continuous piecewise linear elements
for the traces, are considered in the porous medium. The proof of reliability of the estimator relies
on a global inf-sup condition, suitable Helmholtz decompositions in the fluid and the porous medium,
the local approximation properties of the Clément and Raviart—Thomas operators. In turn, inverse
inequalities, the localization technique based on bubble functions, and known results from previous
works are the main tools yielding the efficiency estimate. The contents of this chapter gave rise to the
following paper:

[38] S. Caucao, G.N. Gatica, AND R. OYARZUA, A posteriori error analysis of a fully-
mized formulation for the Navier—Stokes/Darcy coupled problem with nonlinear viscosity.
Computer Methods in Applied Mechanics and Engineering, vol. 315, pp. 943-971,
(2017).

In Chapter 3, we extend the result obtained in [65, 92, 94| to the Navier—Stokes/Darcy—Forchheimer
coupled problem with constant density and viscosity. We consider the standard velocity-pressure
formulation for the Navier-Stokes equation and unlike [65], in the porous medium we consider the
Darcy—Forchheimer equation in its dual-mixed formulation. In this way, we obtain the velocity and
the pressure of the fluid in both media as the main unknowns of the coupled system. Since one of the
interface conditions becomes essential, we proceed similarly to [124, 92] and incorporate the trace of
the porous medium pressure as an additional unknown. The well-posedness and uniqueness of both the
continuous and discrete formulation is proved employing a fixed-point argument and clasical results on
nonlinear monotone operators (see [144, 145]). In particular, we consider Bernardi-Raugel elements
for the velocity in the free fluid region, Raviart—-Thomas elements of lowest order for the filtration
velocity in the porous media, piecewise constants with null mean value for the pressures, and piecewise
constants elements for the Lagrange multiplier on the interface. This chapter is constituted by the
following preprint:

[36] S. CAaucao, M. DiscacciATI, G.N. GATICA, AND R. OYARZUA, A conforming mized finite
element method for the Navier—Stokes/Darcy—Forchheimer coupled problem. Preprint 2017-
29, Centro de Investigacion en Ingenieria Matematica (CI?’MA), Universidad de Concepcion,
Chile, 2017.

In Chapter 4, we develop and analyse a new mixed formulation for the Oldroyd—Stokes problem
for non-isothermal viscoelastic fluids. To that end, unlike to [56] and [73|, and in order to obtain a
new fully-mixed formulation of this coupled problem, we first introduce the strain tensor as a new
unknown, which allows us, on one hand, to eliminate the polymeric part of the extra-stress tensor from
the system and compute it as a simple post-process of the solution, and on the other hand, to join the



polymeric and solvent viscosities in an adimensional viscosity. In addition, similarly to Chapter 1 and
for convenience of the analysis, we also consider the stress and vorticity tensors as auxiliary unknowns,
thanks to which the pressure can be eliminated from the system and approximated later on by a
postprocessing formula. In turn, for deriving the mixed formulation of the heat equation we proceed
similarly to [73] (see also [51, 52|) and set the heat-flux vector as a further unknown. Furthermore, the
difficulty given by the fact that the fluid velocity and the temperature lives in H! instead of L? as usual,
is resolved as in [51, 52| by augmenting the variational formulation with suitable Galerkin redundant
terms. Then, following [51] and [2], we prove solvability of both the continuous and discrete problems,

with its corresponding a priori estimate. This chapter is constituted by the following preprint:

[37] S. Caucao, G.N. GATICA, AND R. OYARZUA, Analysis of an augmented fully-mized for-
mulation for the non-isothermal Oldroyd—Stokes problem. Preprint 2017-21, Centro de In-
vestigacion en Ingenieria Matematica (CI2MA), Universidad de Concepcion, Chile, 2017.

Finally, in Chapter 5, we develop an a posteriori error analysis for the variational formulation
described in Chapter 4. More precisely, we proceed similarly to [3, 54, 53, 97|, and develop two
reliable and efficient residual-based a posteriori error estimators. This means that our analysis begins
by applying the uniform ellipticity for the bilinear form defining the continuous formulation. Next,
similarly to Chapter 2, we apply suitable Helmholtz decompositions, local approximation properties of
the Clément and Raviart—Thomas interpolants, and others known estimates, to prove the reliability of
a residual-based estimator. In turn, some of the main tools used to prove the efficiency of the estimators
are inverse inequalities and localization techniques based on bubble functions. Alternatively, a second
reliable and efficient residual-based a posteriori error estimator not making use of any Helmholtz
decomposition is also proposed. This chapter is constituted by the following preprint:

[39] S. Caucao, G.N. GATICA, AND R. OYARZUA, A posteriori error analysis of an augmented
fully-mized formulation for the non-isothermal Oldroyd—Stokes problem. Preprint 2017-25,
Centro de Investigacion en Ingenieria Matematica (CI?MA), Universidad de Concepcion,
Chile, 2017.

Throughout the five chapters of this thesis, the theoretical results such as: orders of convergence,
reliability and efficiency of the corresponding residual-based a posteriori error estimators, are illustrated
through several numerical examples, which also highlight the good performance of the proposed discrete
schemes and the associated adaptive algorithms. The computational implementations were obtained
using the free access software for finite elements FreeFemm ++ and the illustrator ParaView.

Preliminary notations

Let O C R", n € {2,3}, denote a bounded domain with Lipschitz boundary I' = T'p U 'y, with
I'pNIy =0 and |T'pl,|T'n| > 0, and denote by n the outward unit normal vector on I'. For s > 0 and
p € [1,+o0], we define by LP(O) and W*P(QO) the usual Lebesgue and Sobolev spaces endowed with
the norms | - [|1r(0) and || - [lwsnr (o), respectively. Note that WOP(O) = LP(O). If p = 2, we write
H*(O) in place of W*2(O), and denote the corresponding Lebesgue and Sobolev norms by | - [lo.0
and | - ||s,0, respectively, and the seminorm by |- |; 0. In addition, we denote by W%’p(f‘) the trace



space of WLP(O) and W_%’q(F) the dual space of W%’p(f‘) endowed with the norms || - |1 and
|- |l_1 .. respectively, where p,q € (1,400) with 1/p+1/q = 1. By M and M we will denote the
Correstlzoonding vectorial and tensorial counterparts of the generic scalar functional space M, and || - ||,
with no subscripts, will stand for the natural norm of either an element or an operator in any product
functional space. In turn, for any vector fields v = (v;)i=1,, and w = (w;)i=1,, we set the gradient,
divergence, and tensor product operators, as

Ov; . " Ov;
Vv .= <8 ! , divv:= —  and vew:= (Viw;)i j=1,n-
17/ i,5=1n

=1

Furthermore, for any tensor fields 7 = (74;)i j=1,n» and ¢ = ((jj)i,j=1,n, We let divT be the divergence
operator div acting along the rows of 7, and define the transpose, the trace, the tensor inner product,
and the deviatoric tensor, respectively, as

n n
1
t d
Tt () — y S = e —
(Tji)ij=1,n, tr(7T) ZTM, T:¢ Z 7iiGij, and T T ntr ()L,
=1 4,7=1
where I is the identity matrix in R™*™. In what follows, when no confusion arises, | - | will denote the

Euclidean norm in R™ or R™*™. Additionally, we recall that
H(div; ) := {r cL2(0): divr € L2(<’))},

equipped with the usual norm

ITl&v0 = T30 + Idivrl o,

is a standard Hilbert space in the realm of mixed problems. On the other hand, the following symbol
for the L2(I") inner product

(&, M ::/Fa Ve, N\ e LD,

will also be employed for their respective extension as the duality parity between W_é’q(f‘) and
Wi (I"). Furthermore, given an integer & > 0 and a set S C R", P(S) denotes the space of
polynomial functions on S of degree < k. In addition, and coherently with previous notations, we
set Pr(S) := [Px(S)]" and Pr(S) := [Px(S)]™*"™. Finally, we end this section by mentioning that,
throughout the rest of the paper, we employ 0 to denote a generic null vector (or tensor), and use C'
and ¢, with or without subscripts, bars, tildes or hats, to denote generic constants independent of the
discretization parameters, which may take different values at different places.



Introduccion

El modelamiento de fenémenos naturales asociados a procesos descritos a través de la mecanica de
medios continuos, asi como el disefio de métodos numéricos apropiados para aproximar la soluciéon de los
sistemas de ecuaciones diferenciales parciales correspondientes, sigue siendo un campo de investigacion
que mantiene muy activa a una parte importante de la comunidad cientifica dedicada al area del anélisis
numérico. En particular, fenémenos fisicos tales como: flujos en medios porosos que aparecen en la
extraccion de petroleo, sistema de aguas subterrdneas en los acuiferos kérsticos, pozo de reserva de
petroéleo, filtraciones industriales, ventilacién interna de un casco de motocicleta, ingreso del aire en
los pulmones, el movimiento de la sangre en tumores y vasos sanguineos, pueden ser modelados por
el acoplamiento de fluidos viscosos incompresibles (descritos por las ecuaciones de Navier—Stokes o
Stokes) con flujo en un medio poroso (descrito por el modelo de Darcy—Forchheimer o Darcy). A su
vez, algunas aplicaciones en el campo de la ingenieria tales como: diseno de intercambiadores de calor
y reactores quimicos, procesos de enfriamiento y procesamiento de polimeros, pueden ser modelados
por fluidos viscoelésticos incompresibles no isotérmicos (descritos por el acoplamiento de la ecuacion de
tipo Stokes para la viscoelasticidad de Oldroyd o Giesekus con la ecuacion del calor). Muchos de estos
fenémenos naturales involucran acoplamientos lineales y no lineales, para los cuales por lo general se
requieren aproximaciones numéricas adecuadas del esfuerzo, pseudo-esfuerzo, la velocidad, la presion,
la temperatura, entre otros campos.

En general, las ecuaciones que describen estos modelos son dificiles de resolver analiticamente, por
lo cual, la resolucién y simulacion computacional de estos problemas, de manera precisa y eficiente
se hace indispensable. En este tipo de escenarios, los métodos de elementos finitos mixtos resultan
muy apropiados ya que, ademés de las incégnitas originales, ellos permiten calcular de manera directa
otras variables de interés fisico tales como la vorticidad, tensor de pequenas deformaciones, gradiente
de la velocidad o el vector de flujo de calor (ver, por ejemplo [91, 116, 115, 23, 25, 24, 30, 28, 52,
51, 50]), por nombrar algunas. En particular, para el problema acoplado de Navier—Stokes/Darcy—
Forchheimer (o Navier—Stokes/Darcy, Stokes/Darcy), en la literatura podemos encontrar una cantidad
importante de trabajos relacionados a este tema (ver [11, 40, 43, 45, 63, 64, 65, 27, 92, 94, 96] y sus
referencias), incluyendo por ejemplo formulaciones para el esfuerzo y la velocidad en la region modelada
por las ecuaciones de Navier—Stokes (o Stokes). Estas se caracterizan por la ventaja (con respecto a
las formulaciones velocidad-presion estandar) de que las variables auxiliares de interés se calculan
directamente, sin la necesidad de aplicar ningin tipo de post-proceso de la solucién del sistema, que
por lo general produce una pérdida importante en la precision.

Ademas, otras técnicas matematicas tales como estrategias de punto fijo y métodos de elementos
finitos mixtos aumentados con términos de Galerkin adecuados (ver por ejemplo [2, 26, 27, 28, 29,



30, 88, 93]), permiten derivar y analizar nuevas formulaciones variacionales y esquemas numéricos que
conducen a la solucién numérica de una amplia gama de problemas que surgen en la mecanica de
fluidos. Destacamos que una de las ventajas que presentan los métodos aumentados es, por un lado,
simplicar enormemente el analisis continuo y discreto, y por otro lado, permitir emplear espacios de
elementos finitos estandar para las aproximaciones numéricas de las incognitas de interés.

Acorde a lo expuesto anteriormente, el objetivo de esta tesis es emplear y desarrollar diversos aspectos
matematicos y numéricos, propios de los métodos de elementos finitos mixtos y esquemas de Galerkin,
con el propoésito de analizar la solubilidad de algunos problemas lineales y no lineales (modelados
por sistemas de ecuaciones diferenciales parciales) que surgen en la mecanica de fluidos, mas precisa-
mente, problemas acoplados en medios porosos y flujos no isotérmicos, a saber, problemas acoplados de
Navier—Stokes/Darcy, Navier—Stokes/Darcy—Forchheimer y el problema de Oldroyd—Stokes no isotér-
mico. Para los problemas a considerar dentro del desarrollo de esta tesis, estamos interesados en:

0 Establecer modelos bien planteados para un anélisis apropiado del problema.

[0 Desarrollar formulaciones variacionales apropiadas para establecer existencia y unicidad de la
solucién continua del problema.

[J Establecer el esquema de Galerkin correspondiente y emplear espacios de elementos finitos apro-
piados.

0 Analizar la solubilidad del esquema de Galerkin y establecer los resultados de estabilidad y
convergencia correspondientes.

[ Derivar estimadores de error a posteriori para establecer métodos adaptativos que permitan
mejorar la precision de las aproximaciones numéricas, principalmente bajo la presencia de singu-
laridades o altos gradientes de la solucion.

0 Validar los resultados tedricos a través de ensayos y simulaciones numéricas ilustrativas, que
incluyan ejemplos académicos y orientados a aplicaciones.

El presente trabajo se organiza de la siguiente manera. En el Capitulo 1, extendemos los resultados
obtenidos en [88] al problema no lineal acoplado de Navier—Stokes y Darcy lineal con densidad constante
y viscosidad variable en la region del fluido. Para este fin, consideramos un enfoque similar al presentado
en [28] para el dominio de Navier-Stokes. Luego, definimos el tensor de esfuerzo no lineal como en
[30] y eliminamos la presion usando la condicién de incompresibilidad. Las condiciones de transmision
dadas por la conservacion de masa, equilibrio de fuerzas normales, y la ley de Beavers—Joseph—Saffman
son impuestas débilmente, lo cual resulta en multiplicadores de Lagrange dados por: las trazas de la
presion en el medio poroso y la velocidad del fluido sobre la interfaz. Consideramos formulaciones
dual-mixta en ambos dominios. Ademaés, de manera similar a [91, 88|, y para controlar la no linealidad
en el fluido, el tensor de pequenas deformaciones y la vorticidad son introducidas como incognitas
adicionales. Ademas, la dificultad de que la velocidad del fluido viva ahora en H' en lugar de L2
como es usual, es resuelto como en [28] aumentando la formulacién variacional con adecuados términos
de Galerkin. El sistema aumentado se reordena para que muestre una estructura de doble punto de
silla. Este problema continuo se reescribe como una ecuacién de punto fijo, de modo que los teoremas
de Schauder y Banach, combinados con resultados clasicos de operadores monétonos bijectivos, son



aplicados para probar la unicidad de los problemas continuo y discreto. Esta investigaciéon dio origen
a la siguiente publicacién:

[40] S. Caucao, G.N. Gatica, R. OYARzZUA, AND 1. SEBESTOVA, A fully-mized finite element
method for the Navier—Stokes/Darcy coupled problem with nonlinear viscosity. Journal of
Numerical Mathematics, vol. 25, 2, pp. 55-88, (2017).

En el Capitulo 2, desarrollamos un andlisis de error a posteriori para el modelo estudiado en
el Capitulo 1. En este trabajo se deriva un estimador de error a posteriori, confiable y eficiente,
el cual permite establecer métodos adaptativos apropiados para garantizar mayor precision de las
aproximaciones numéricas, y principalmente la convergencia del esquema de Galerkin en situaciones
en las que hay presencia de singularidades o bien altos gradientes de la solucion. Los elementos finitos
considerados son elementos constantes a trozos, elementos de Raviart—Thomas de bajo orden, elementos
lineales continuos a trozos, y elementos constantes a trozos en el fluido para aproximar el tensor de
pequenas deformaciones, esfuerzo, velocidad, y vorticidad, respectivamente, mientras que espacios de
Raviart-Thomas de bajo orden y elementos constantes a trozos para la velocidad y presion, junto
con elementos lineales continuos a trozos para las trazas, constituyen opciones factibles en el medio
poroso. En la demostraciéon de confiabilidad del estimador se utilizan descomposiciones de Helmholtz
y propiedades de aproximacion local de los interpolantes de Clément y Raviart—Thomas. Por otro
lado, algunas de las principales herramientas utilizadas para demostrar la eficiencia del estimador son
desigualdades inversas y técnicas de localizacién basadas en funciones burbujas. Esta investigacion dio
origen a la siguiente publicacién:

[38] S. Caucao, G.N. Gatica, AND R. OYARZUA, A posteriori error analysis of a fully-
mized formulation for the Navier—Stokes/Darcy coupled problem with nonlinear viscosity.
Computer Methods in Applied Mechanics and Engineering, vol. 315, pp. 943-971,
(2017).

En el Capitulo 3, extendemos los resultados obtenidos en [65, 92, 94| al problema acoplado de
Navier—Stokes/Darcy—Forchheimer con densidad y viscosidad constante. Consideramos la formulacion
velocidad-presion estandar para la ecuacion de Navier—Stokes y a diferencia de [65], en el medio poroso
consideramos la ecuacién de Darcy—Forchheimer en su formulacion dual-mixta. De este modo, obtene-
mos la velocidad y la presién del fluido en ambos medios como las incégnitas principales del sistema
acoplado. Dado que una de las condiciones de interfaz es esencial, procedemos de manera similar
a [124, 92] e incorporamos la traza de la presion en el medio poroso como una incoégnita adicional.
Demostramos que las formulaciones continua y discreta estan bien puestas empleando un argumento
de punto fijo y resultados clasicos en operadores monétonos no lineales (ver [144, 145]). En particular,
consideramos los elementos de Bernardi-Raugel para la velocidad en la region del fluido, elementos de
Raviart—-Thomas de bajo orden para la velocidad de filtracién en el medio poroso, constantes a trozos
con medida nula para las presiones, y elementos constantes a trozos para el multiplicador de Lagrange
sobre la interfaz. Este capitulo esta constituido por la siguiente pre-publicacion:

[36] S. Caucao, M. DiscAcciATI, G.N. GATICA, AND R. OYARZUA, A conforming mized finite
element method for the Navier—Stokes/Darcy—Forchheimer coupled problem. Preprint 2017-
29, Centro de Investigacion en Ingenieria Matematica (CI?MA), Universidad de Concepcion,

Chile, 2017.



En el Capitulo 4, derivamos y analizamos una nueva formulaciéon mixta para el problema de
Oldroyd-Stokes para fluidos viscoelésticos no isotérmicos. Para ello, a diferencia de [56] y [73], y para
obtener una nueva formulacién completamente mixta de este problema acoplado, primero introducimos
el tensor de pequenias deformaciones como una nueva incognita, lo cual nos permite, por un lado,
eliminar la parte polimérica del tensor de extra-esfuerzo del sistema y recuperarlo por un simple post-
proceso de la solucién, y por otro lado, unir las viscosidades polimérica y solvente en una viscosidad
adimensional. Ademaés, de manera similar al Capitulo 1 y por conveniencia del analisis, también
consideramos los tensores de esfuerzo y vorticidad como incognitas auxiliares, gracias a lo cual la
presion puede ser eliminada del sistema y luego aproximada con una formula de postprocesamiento. A
su vez, para derivar la formulacion mixta de la ecuacion de calor procedemos de manera similar a [73]
(ver también [51, 52]) e incluimos el vector de flujo de calor como una incognita adicional. Ademas, la
dificultad de que la velocidad del fluido y la temperatura vivan en H' en lugar de L? como es usual, es
resuelta como en [51, 52] aumentando la formulacién variacional con adecuados términos de Galerkin.
Entonces, siguiendo [51] y [2], demostramos solubilidad de los problemas continuo y discreto, con su
estimacién a priori correspondiente. Este capitulo esta constituido por la siguiente pre-publicacion:

[37] S. Caucao, G.N. GATICA, AND R. OYARZUA, Analysis of an augmented fully-mized for-
mulation for the non-isothermal Oldroyd—Stokes problem. Preprint 2017-21, Centro de In-
vestigacion en Ingenieria Matematica (CI2MA), Universidad de Concepcion, Chile, 2017.

Finalmente, en el Capitulo 5 desarrollamos un analisis de error a posteriori para la formulaciéon
variacional descrita en el Capitulo 4. Mas precisamente, procedemos de manera similar a [3, 54, 53, 97|,
y desarrollamos dos estimadores de error a posteriori confiables y eficientes basados en residuos. Esto
significa que nuestro anélisis comienza con la elipticidad uniforme de las formas bilineales de las for-
mulaciones continuas. Luego, de manera similar al Capitulo 2, aplicamos adecuadas descomposiciones
de Helmholtz, propiedades de aproximacion local de los operadores de Clément y Raviart—Thomas, y
otras estimaciones conocidas, para demostrar la confiabilidad del estimador. A su vez, algunas de las
principales herramientas utilizadas para demostrar la eficiencia de los estimadores son desigualdades
inversas y técnicas de localizacion basadas en funciones burbujas. Ademas, se propone un estimador de
error a posteriori alternativo (también confiable y eficiente) basado en residuos, donde la descomposi-
cion de Helmholtz no es utilizada en la demostracion de la confiabilidad. Este capitulo esta constituido
por la siguiente pre-publicacion:

[39] S. Caucao, G.N. GATICA, AND R. OYARZUA, A posteriori error analysis of an augmented
fully-mized formulation for the non-isothermal Oldroyd—Stokes problem. Preprint 2017-25,
Centro de Investigacién en Ingenierfa Matematica (CI?MA), Universidad de Concepcion,
Chile, 2017.

A lo largo de los cinco capitulos que conforman esta tesis, los resultados teéricos como: 6rdenes de
convergencia, confiabilidad y eficiencia de los estimadores de error a posteriori de tipo residual corres-
pondientes, son ilustrados a través de varios ejemplos numéricos, que destacan el buen desempenio de
los esquemas discretos propuestos y los algoritmos adaptativos asociados. Las implementaciones com-
putacionales se obtuvieron empleando el software para elementos finitos de acceso libre FreeFemm++
y el ilustrador ParaView.



CHAPTER 1

A fully-mixed finite element method for the Navier—Stokes/Darcy
coupled problem with nonlinear viscosity

In this chapter we analyse an augmented mixed finite element method for the coupling of fluid
flow with porous media flow. The flows are governed by the Navier-Stokes equations (with
nonlinear viscosity) and the linear Darcy model, respectively, and the transmission conditions are
given by mass conservation, balance of normal forces, and the Beavers—Joseph—Saffman law.

1.1 Introduction

The coupling of fluid flow, governed by the Navier—Stokes equations, and porous media flow, governed
by the Darcy equations, has been intensively studied in recent decades (see, e.g., [11, 22, 32, 45,
65, 66, 101, 152]) for the steady-state case and [42, 43| for the time dependent case. Applications
include the interaction between surface and subsurface flows, modelling of blood flow, and others. In
particular, a discontinuous Galerkin (DG) discretization for this coupled problem has been introduced
and analyzed in [101]. The approach there considers diverse combinations of techniques, including
the usual nonsymmetric, symmetric and incomplete interior penalty discretizations of the Laplacian
in both media, and the upwind Lesaint—Raviart discretization of the convective term in the free fluid
domain. In turn, in [11] the authors extend previous results on the Stokes—Darcy coupling (see [63]
and [64]) and introduce an iterative subdomain method employing the velocity-pressure formulation
for the Navier—Stokes equation and the primal one for the Darcy equation. More recently, a conforming
mixed method for the coupled system has been introduced and analyzed in [65]. This work, which
extends the previous results from [92], utilize the velocity-pressure formulation for the Navier—Stokes
equation and the dual-mixed approach in the Darcy region, which yields the introduction of the trace
of the porous medium pressure as a suitable Lagrange multiplier.

Now, in the context of incompressible fluid flows, the utilization of pseudostress- and stress-based
formulations has gained considerable attention during the last decades due to the fact that, on one hand,
it allows to unify the analysis for Newtonian and non-Newtonian flows, and on the other hand, besides
the original unknowns, they yield direct approximations of several other quantities of physical interest
(see, for instance [91, 116, 115, 23, 25, 24, 30, 28]). More precisely, the pseudostress-velocity formulation
has been studied in [23] and [24] for the Stokes and Navier—Stokes equations, respectively, whereas

10
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the pseudostress-pressure-velocity formulation has been introduced and analysed in [25] for both, the
Stokes and Navier—Stokes equations as well. While the latter formulation leads to a larger algebraic
system, a hybridization technique can be used, however, to eliminate the pseudostress unknowns and,
hence, to reduce its size. It is worth noting that, in the case of the Navier-Stokes problem, the
methods proposed in [24] and [25] are quasi-optimal. More recently, a new dual-mixed method for
the Navier—Stokes equations, which introduces a nonlinear stress-like quantity that connects the stress
and the convective term as a primary unknown together with the velocity and its gradient, has been
proposed and analysed in [116]. The main advantage of this idea is that it allows for a unified analysis
of Newtonian and non-Newtonian fluids. Moreover, the skew symmetry of the nonlinear terms is
preserved, and therefore the classical theory for the mixed methods extends easily to that setting.
On the other hand, it turns out that natural finite element candidates do not fulfill Babuska—Brezzi
conditions for the associated discrete scheme and consequently construction of special finite elements
is required.

The idea of a stress augmentation by the convective term has been later modified by connecting the
pseudostress with the convective term in [30], where a new augmented mixed finite element method
for the Navier—Stokes problem is proposed and analysed. The main unknowns are comprised only of
the velocity and the aforementioned nonlinear pseudostress in this case. However, depending on the
needs of the user, further variables of interest, such as velocity gradient, vorticity, and pressure, can
be easily recovered by means of a simple postprocess of the solution, and without the necessity of
performing numerical differentiation at the discrete level. In order to guarantee the well-posedness of
the resulting variational formulation, certain Galerkin least-square terms arising from the constitutive
and equilibrium equations, and the Dirichlet boundary condition are introduced. The idea of the
augmented variational formulations goes back to 78] and later has been used for different kind of
problems (see, e.g., [68, 79, 20, 77]). In order to prove well-posedness of both the continuous and
discrete problems in [30], it suffices to apply the Lax-Milgram and Banach fixed point theorems,
which means, in particular, that no discrete inf-sup conditions are required there. As a consequence,
arbitrary finite element subspaces of corresponding continuous spaces can be used. Moreover, unlike
previous results on stress-like methods for the Navier—Stokes problem (see e.g. |24, 25]), the method
in [30] is optimally convergent. The results of [30] have been further extended in [28] to the Navier—
Stokes equations with constant density and variable viscosity. In particular, the analysis in [28] focuses
in developing a mixed finite element approach for those quasi-Newtonian fluids whose viscosity is
a nonlinear function of the magnitude of the gradient of velocity. Another application of the idea
of introducing the aforementioned nonlinear pseudostress has been done in [50] for the Boussinesq
problem. In turn, in the context of stabilized methods, we can refer to [35|, where two three-field
(deviatoric stress-velocity-pressure) subgrid-scale type formulations of the Navier—Stokes problem with
nonlinear viscosity has been studied. This approach allows to employ the same interpolation for all
unknowns even in the convection-dominant case.

The purpose of this chapter is to extend the results obtained in [88] to the coupled nonlinear Navier—
Stokes and linear Darcy problem with constant density and variable viscosity in the fluid region. To
this end, we consider a similar approach to the one presented in [28] for the Navier-Stokes domain,
which means that we aim to obtain an optimally convergent method, and allow the possibility of
calculating additional variables of interest. Unlike [28], in our model the viscosity depends nonlinearly
only on the strain tensor, not on the whole gradient of the velocity, which adds an additional difficulty



1.2. The continuous formulation 12

to the analysis since the symmetry of the stress must be taken into account. We overcome this
drawback by imposing the symmetry weakly, which yields the vorticity of the fluid as the corresponding
Lagrange multiplier. We define the nonlinear stress tensor as in [30] and subsequently eliminate the
pressure unknown using the incompressibility condition. The transmission conditions consisting of
mass conservation, balance of normal forces, and the Beavers—Joseph—Saffman law are imposed weakly,
which results in additional Lagrange multipliers: the traces of the porous media pressure and the fluid
velocity on the interface. We consider dual-mixed formulations in both domains. In addition, similarly
to [91, 88|, and in order to handle the nonlinearity in the fluid, the strain tensor is introduced as
an additional unknown. Furthermore, the difficulty that the fluid velocity lives now in H'! instead
of L? as usual, is resolved as in [28] by augmenting the variational formulation with residuals arising
from the constitutive and equilibrium equations for the fluid flow, and the formulas for the strain and
vorticity tensors. The resulting augmented variational system of equations is then re-ordered so that it
shows a twofold saddle point structure. This continuous problem is rewritten as a fixed point operator
equation, which is shown first to be well-defined thanks to the generalized Babuska—Brezzi theory
developed in [88] (see also [84]), and whose unique solvability is then established by applying the same
arguments utilized in [28]. Proceeding in a similar fashion we can conclude the well-posedness of the
corresponding Galerkin scheme. We point out here that our approach differs from previous works on
the Navier—Stokes/Darcy coupling since all of them consider a simplified model with constant viscosity
(see e.g. |11, 22, 32|), and hence the present work constitutes the first contribution dealing with both
a stress-based mixed formulation in the fluid and a nonlinear viscosity.

The rest of the chapter is organized as follows. In Section 1.2 we introduce the continuous problem
and identify the twofold saddle point structure of the corresponding variational system. The augmented
fully-mixed variational formulation is then derived in Section 1.3, and, under the assumption that the
data are sufficiently small, its well-posedness is proved there by combining fixed point theorems with
the generalized Babuska—Brezzi theory. Next, hypotheses on the finite element spaces aiming to ensure
the well-posedness of the corresponding Galerkin scheme are established in Section 1.4, and the discrete
analogue of the theory applied to the continuous case is employed here for the respective proof. In
turn, the associated a priori error estimate is derived in Section 1.5, whereas particular choices of
discrete subspaces satisfying the hypotheses from Section 1.4 together with the rates of convergence of
the Galerkin schemes, are specified in Section 1.6. Finally, we illustrate the accuracy of the augmented
mixed finite element method with some numerical examples in Section 1.7.

1.2 The continuous formulation

In this section we introduce the model problem and derive the corresponding weak formulation.

1.2.1 The model problem

In order to describe the geometry under consideration we let Qg and 2p be bounded and simply
connected open polyhedral domains in R", such that Qg N Qp = @ and 9Qgs N INp = X # (). Then,
we let I's := 00g \ 3, I'p := 9Qp \ X, and denote by n the unit normal vector on the boundaries,
which is chosen pointing outward from €2 := Qg U3 U Qp and Qg (and hence inward to Qp when seen
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on ¥). On X we also consider unit tangent vectors, which are given by t = t; when n = 2 (see Fig.
1.1 below) and by {ti,t2} when n = 3. The problem we are interested in consists of the movement
of an incompressible quasi-Newtonian viscous fluid that occupies §2g and that flows towards and from
Qp through ¥, where Qp is saturated with the same fluid. The mathematical model is defined by two
separate groups of equations and by a set of coupling terms. In g, the governing equations are those
of the Navier—Stokes problem with constant density and variable viscosity, which are written in the
following nonstandard stress—velocity—pressure formulation:

os = p(le(ug)|)e(ug) — (ug @ ug) —psl in g, divug=0 in g,

(1.1)

—diveg =fs in (g, ugs=0 on Iy,

where og is the nonlinear stress tensor, ug is the velocity, ps is the pressure, u : RT — RT is the
1
nonlinear kinematic viscosity, e(ug) = i{Vug + (Vug)'} is the strain tensor (or symmetric part of

the velocity gradient) and fs € L2({g) is a known volume force.

Figure 1.1: Sketch of a 2D geometry of our Navier-Stokes/Darcy model

Furthermore, we assume that u is of class C', and that there exist constants 1, uo > 0, such that
pn < p(s) <ppoand gy < p(s) +sp'(s) <pe Vs >0, (1.2)

which, according to the result provided in [98, Theorem 3.8|, implies Lipschitz continuity and strong
monotonicity of the nonlinear operator induced by u. This fact will be used later on in Section 1.3. In
addition, it is easy to see that the forthcoming analysis also applies to the slightly more general case
of a viscosity function acting on Q x R™, that is u : Q x Rt — R. Some examples of nonlinear p are
the following:

wu(s) =2+ and  pu(s) == ag + ag (1 4 s2)B=2/2, (1.3)

1+s
where ag, a1 > 0 and 8 € [1,2]. The first example is basically academic but the second one corresponds
to a particular case of the well-known Carreau law in fluid mechanics. It is easy to see that they both
satisfy (1.2) with (u1, u2) = (2,3) and (u1, p2) = (g, oo + a1), respectively.

Now, in order to derive our fully-mixed formulation, we first observe, owing to the fact that tre(ug) =
div ug, that the first two equations in (1.1) are equivalent to

os = p(le(us)|)e(us) — (us ® ug) —psl  and ps = —%tr (os+(us®@ug)) in Qs (1.4)
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and hence, eliminating the pressure pg (which anyway can be approximated later on by the postpro-
cessed formula suggested by the second equation of (1.4)), the Navier-Stokes problem (1.1) can be
rewritten as

U(Si = p(le(ug)|)e(us) — (ug ® us)d in Qg, —diveg=fs in g, us=0 on Is. (1.5)

Next, in order to handle the nonlinearity in og given by the term u(le(us)|)e(us), and employ
the corresponding integration by parts formula, we adopt the approach from [91] (see also [89]) and
introduce the additional unknowns

1
ts :=e(ug) and pg:= 3 {Vus — (Vug)'} in Qs, (1.6)

where pg is the vorticity (or skew-symmetric part of the velocity gradient). In this way, instead of
(1.5), in the sequel we consider the set of equations with unknowns tg, ug, os and pg, given by

ts=Vug —pg in Qg, o8 = p(|ts)ts — (us ®ug)? in  Qg, )
—diVO’S = fs in Qs, us = 0 on Fs, -

where both tg and og are symmetric tensors, and tr (tg) = 0 holds in Qg.

On the other hand, in Q2p we consider the linearized Darcy model with homogeneous Neumann
boundary condition on I'p:

uD:—KVpD in QD, diVllD:fD in QD, uD-n:0 on FD, (18)

where up and pp denote the velocity and pressure, respectively, fp € L?(Qp) is a source term satisfying
fQD fp =0, and K € [L>®(Qp)]"*" is a positive definite symmetric tensor describing the permeability
of Qp divided by a constant approximation of the viscosity, satisfying with Cx > 0

w- K™ (x)w > Ck|w|?, (1.9)

for almost all x € Qp, and for all w € R™. Finally, the transmission conditions on X are given by

n—1
usn=upn on Y, osn-+ Zwl_l(ug-tl)tl = —ppn on 3, (1.10)
=1
where {w1,...,wp—1} is a set of positive frictional constants that can be determined experimentally.

The first equation in (1.10) corresponds to mass conservation on 3, whereas the second one establishes
the balance of normal forces and a Beavers—Joseph—Saffman law.

1.2.2 The augmented fully-mixed variational formulation

In this section we proceed analogously to [88] (see also [93]) and derive a weak formulation of the
coupled problem given by (1.7), (1.8), and (1.10). To this end, let us first introduce further notations
and definitions. In what follows, given x € {S,D}, u,v € L?(Q,), u,v € L2(Q,), and o, 7 € L?(1,),

we set
(u,v)s :—/ wo, (u, V) :—/ u-v, and (o,7). :—/ o:T.



1.2. The continuous formulation 15

In addition, we let L2, (Qg) and L3

Sym Seew (§2s) be the subspaces of symmetric and skew-symmetric tensors

of L2(Qg), respectively, that is
Lgym(Qs) = {I‘s S LZ(Qs) : I‘tS = rs} ,

Liew(Qs) ={ns € L*(Qs): n§=-ng}.
Furthermore, we need to define the spaces

Hy(div;Qp) :={vp € H(div;Qp): vpn=0 on Ip},
L%r (Qg) = {I‘S cl? (Qg): trrg= 0},

sym
1/2 1/2 /s 1n
and the space of traces Hyy"(X) := [Hy) " (2)]", where
HSéQ(Z) ={vlz:ve H'(Qg), v=0 on Ig}.
Observe that, if Egg : HY/2(X) — L?(99s) is the extension operator defined by

¥ on X

Vi € HY2 (D),
0 OHFS w ()

Eos(v) = {

we have that
Hif*(9) = {4 e HY(D):  Eos(v) € HY(09)},

endowed with the norm |[9|; /2005 := [[Eo,s(¥)|l1/2,00s- The dual space of Hé{f(ﬂ) is denoted by
-1/2
Hy, (%),
Now, we proceed with the derivation of our weak formulation. We begin by introducing two addi-
tional unknowns on the coupling boundary

@ = —ugly € HYXS) and X:=pply € H/2(D).
Then, to derive the weak formulation of the coupled system (1.7)-(1.8)-(1.10) we proceed similarly
to [88] (see also [27, 93]), that is, we test the first equations of (1.7) and (1.8) with arbitrary 7g €
H(div;Qg) and vp € Hy(div;Qp), respectively, integrate by parts, utilize the identity (ts,7s)s =
(ts, ’T%)S (which follows from the fact that tg : I = trtg = 0), and impose the remaining equations
weakly, as well as the symmetry of og, to obtain the variational problem: Find tg € Lfr (Qg), o5 €

H(div; 0s), pg € L3, (2s), up € Ho(div; Qp), ¢ € Hy)* (%), A € HY2(S), pp € L*(Qp) and us in
a suitable space (to be specified below), such that
(ts, 78)s + (divrs,ug)s + (Tsn, @)y + (75,p5)s = 0,
(K‘luD,vD)D — (divvp,pp)p — (vD'm, A)y, = 0,
(u(ltsDts, rs)g — (rs,08)s — ((us ® ug)d,rg)s = 0,
—(diveg,vs)s = (fs,vs)s,
(1.11)
(divup,gp)p = (fp,9D)D;
(0-57778)3 = 07

- <¢'n7£>2 - <11D‘l’l,§>2 = 0,

<O-Sn’¢>2 - <¢7¢>t72 + <’1/J'1’1, )‘>Z = 0,
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for all rg € L2 (), Ts € H(div; Qg), ng € L2, (Qs), vp € Ho(div; Qp), ¥ € HL (R), € € HY2(S),
qp € L*(Qp) and vg € L%(Qg), where

n—1
<LP7 ¢>t72 = Zwl_l <(P'tl7’¢y'tl>2 .
=1

Notice that the third term in the third equation of the foregoing system requires ug to live in a smaller
space than L2(Qg). In fact, by applying the Cauchy Schwarz and Hélder inequalities and then the
continuous injection i. of H'(Qg) into L*(Qs) (see e.g. [1, Theorem 6.3] or [139, Theorem 1.3.5]), we
find that there holds

((us @ ws)?, rs)s| < |lus|lLaqag) IWsllLa@glIrsllons < llicll*lluslloslwslliaslrsloos, — (1.12)

for all ug, wg € H'(Qg) and rg € L2(Qg). According to this, we propose to look for the unknown ug
in HILS (Q2s) and to restrict the set of corresponding test functions vg to the same space, where

Hr (Qs) := {vs € H'(Qg) : vg|rg = 0}

Next, analogously to [88], it is not difficult to see that the system (1.11) is not uniquely solvable
since, given any solution (tg, os, pg, up, @, A, pp, ug) in the indicated spaces, and given any constant
¢ € R, the vector defined by (ts,os — cl, pg,up, ¥, A + ¢, pp + ¢, ug) also becomes a solution. As a
consequence of the above, from now on we require the Darcy pressure pp to be in L%(QD), where

L2(Qp) = {q e L2(Qp) : (¢, 1)p = o}.

In turn, due to the decomposition L?(Qp) = L3(Qp) @ R, the boundary conditions up-n = 0 on I'p
and ug = 0 on T'g, the first transmission condition in (1.10), and the fact that fQD fp = 0, guarantee
that the fifth equation of (1.11) is equivalent to requiring it for all qp € LZ(Qp).

On the other hand, for convenience of the subsequent analysis, we consider the decomposition (see,
for instance, [19],[81])
H(div; Qg) = Hy(div; Q) & RI, (1.13)

where

Ho(div; Qg) = {7’ € H(div:Qg) :  (tr7,1)g = 0},

and redefine the stress tensor as og := og + I, with the new unknowns og € Hy(div;Qg) and [ € R.
In this way the first and last equations of (1.11) are rewritten, equivalently, as

(ts, 78)s + (divrs,us)s + (Tsn, @)5 + (75,p5)s = 0 Vrg € Ho(div; Qg),

jle-ml)y = 0 VjeR, (1.14)

(osn, )y — (.9 ey + (P Ny + 1,1y = 0 Vi € Hy) ().

Finally, with the choice of the corresponding space for ug, and in order to be able to analyze the
present variational formulation of (1.7), (1.8), and (1.10), we augment the resulting system through
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the incorporation of the following redundant Galerkin-type terms:
K1 (dél — p(|ts))ts + (usg ® uS)d,Tg)S =0 V1g € Hp(div; £g),

ko (diveg, divrg)g = —ka (fs, divTg)g V1g € Hy(div; £g),

w3 (e(us) —ts,e(vs))s =0  Vvs € Hy (Qs), (1.15)

K4 <Ps - % (Vus — (Vus)") J?s)s =0 VngeLd,, (),
where k1, k9, k3, and k4 are positive parameters to be specified later. Notice that the foregoing terms are
nothing but consistent expressions, though tested differently from (1.11), arising from the equilibrium
and constitutive equations, the relation between the strain tensor and tg, and the definition of the
vorticity in terms of the velocity gradient. It is easy to see that each solution of the original system is
also a solution of the resulting augmented one, and hence by solving the latter we find all the solutions

of the former.

Now, it is clear that there are many different ways of ordering the augmented mixed variational
formulation described above, but for the sake of the subsequent analysis we proceed as in [88] (see
also 93, 27]), and adopt one leading to a doubly-mixed structure. To that end, we group the spaces,
unknowns, and test functions as follows:

X := L2 (925) x Ho(div; Qs) x HE_(Qs) x L2 (Qs) x Ho(div; Qp), M = Hy)*(X) x HY*(Z),

skew

X:=XxM, and M:=L3(Qp) xR,

|+

= (ts,o5,us, ps,up) € X, @:=(p,\) €M, p:=(pp,l) €M,
r:=(rs,7Ts,vs, Mg, vp) € X, Y= (,§) €M, q:=(qp,]) € M,

where X, M, X, and M are respectively endowed with the norms
[l[x = [lrslloos + [ Tsllaiv.as + [[vsllies + [msllo.es + [[vpllaiv op,

[llne = lIll1/2.005 + €l 2m, (e P)llx = llelx + [[lv - and - [gllm = llgpllo.ep + |-

Hence, the augmented fully-mixed variational formulation for the system (1.11) with the new equations
(1.14) and (1.15) reads: Find ((t, ), p) € X x M such that

[A(US)(E, f)? (L Q)] + [B(L i)?i] = [F7 (L Q)] V(L %) €X,
(1.16)

[B(t, ), d] = [G,q] Vq € M,

where

[F, (r,9)] = [Fx] and [G,q]:= [G,qp], (1.17)

with
[F,x] := —ra(fs, divrs)s + (fs, vs)s and [G,qp] := —(fb,qp)D -
In addition, given zg € H%S(Qs), the operator A(zg) : X — X' is defined by

[A(zs) (L, ), (r,9)] := [a(2)(t), r] + [b(t), ] + [b(r), ] — [c(p), ¥], (1.18)
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with
[a(zs)(t),x] = [a1(t), x] + [a2(zs)(t), 1],
a1 (t), 1] = (ulltsts, rs)s — (rs,08)s + (bs, 78)s + r1(0§ — u(lts|)ts, 78)s
tha(dives, divrg)s + (divrs, ug)s — (dives, vs)s

(Ts,Ps)s — (0s,m3)s + k3(e(us) — ts, e(vs))s

. (1.19)
+ Ky <ps — E(Vug — (Vug)"), ns> + (K tup, vp)p,
S
[a(2s)(t),x] = ((zs ®ug), k179 —rg)s,
[b(x), Y] = (Tsn, ¥)y — (vDm, &)y,
[c(), Y] = (pn, )y — (Y0, Ns + (P, P) 5,
whereas B : X — M’ is given by
[B(r,v),d] := [Bi(r), o] + [B2(¥), jl, (1.20)

with
[Bi(r),qp] := —(divvp,gp)p and [B2(%),j] := j(¢¥n,1)5.

In all the terms above, [+, ] denotes the duality pairing induced by the corresponding operators.

1.3 Analysis of the continuous formulation

In this section we analyse the well-posedness of problem (1.16) by means of a fixed point argument and
a result on the solvability of twofold saddle point problems. To that end we first collect some previous
results and notations that will serve for the forthcoming analysis.

1.3.1 Preliminaries

We begin by recalling the following theorem to be employed next.

Theorem 1.1. Let X1, My, and M be Hilbert spaces, set X := X1 x My, and let X|, M{, M’, and
X' = X x M, be their respective duals. Let Ay : X1 — X{ be a nonlinear operator, and S : My — Mj,
By : X1 — Mj, and B : X — M’ be linear bounded operators. We also let B} : M1 — X{ and
B’ : M — X' be the corresponding adjoints and define the nonlinear operator A : X — X', as:

[A(S7 d))? (I‘, d})] = [AI(S),I‘] + [Bi(d))vr] + [Bl(s)v"vb] - [S<¢)7¢] V(S, ¢)7 (r7¢> € X. (121)
Finally, we let V' be the kernel of B, that is
Vi={(r,¢)eX: [B(r,¢),q=0 Vqe M},

and let Xl and Ml be subspaces of X1 and My, respectively, such that V = Xl X Ml.
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Assume that

i) Ale t X1 — X! s Lipschitz continuous and strongly monotone, that is, there exist constants
bel 1
v, > 0 such that
[A1(s) = Ar(r)ll g, <vlls—rllx, Vs;reXy

and
[A1(s) — Ai(r),s — 1] > als —r|%, Vs,re Xi.

i) For each pair (r,r) € X1 x X3 there holds the pseudolinear property
1
Af(r +r1t) = Ai(r) + A (o).
(iii) S is positive semi-definite on M;, that is,

(iv) By satisfies an inf-sup condition on Xl X Ml, that is, there exists 51 > 0 such that

sup POl 5 s vap € .
S e
r#0

(v) B satisfies an inf-sup condition on X x M, that is, there exists 5 > 0 such that

B
sup [B(r.9).q ]_ﬁIICJHM Vg € M.
wawyex 1T ¥)lx
(r) £0

Then, there ezists a unique ((t,p),p) € X x M, such that

[A(t, ), (r, )] + [B'(p), (v, )] = [F,(r,9)] V(r,¢) € X,

(1.22)
[B(t, ). d] = [G.q] Vg e M.
Moreover, there exists C > 0, depending only on a7y, 1, 5, ||S||, and ||B1|| such that
1((t, @), p)[[xxar < CHIF I xr + 1Gl[aa} -
Proof. See 88, Theorem 3.1]. O
Next, we recall that for each r,s € L?(Q2) (see [98, Theorem 3.8] for details) there holds

(e Pr = p([sDslloe < Lulr = sllo.0; (1.23)
| Gl = s (e =) = s = sl (124)

where L, := max{uz,2u2 — p11}, with gy and pg being the bounds of y given in (1.2).
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1.3.2 A fixed point approach

We begin the solvability analysis of (1.16) by defining the operator T : H%s (Qs) — H%S(Qs) by
T(Zs) =ug Vzsg € H%S (Qs), (1.25)

where ug is the third component of t € X, which in turn is the first component of the unique solution
(to be confirmed below) of the nonlinear problem: Find ((t, ), p) € X x M, such that

[A(zs)(t, @), (r,¥)] + B(r,¥),p] = [F,(r,9)] V(r,¢)eX,
(1.26)

[B(t, ), d = [G,q] Vg € M.

It follows that ((t, ), p) € X x M is a solution of (1.16) if and only if ug € H%S (Qg) satisfies
T(ug) = us. (1.27)

However, we remark in advance that the definition of T will make sense only in a closed ball of
H%S(QS). Now, it is clear that problem (1.26) has the same structure as the one in Theorem 1.1.
Therefore, in what follows we apply this result to establish the well-posedness of (1.26), equivalently
the well-definiteness of T. To that end, we first observe that the kernel of the operator B (cf. (1.20))
can be written, equivalently, as

Vi={(r,4) eX: [B(r,9).q/ =0 YqeM}=XxM,

where
X =L (Qs) x Ho(div; Qs) x Hp (Qs) x Ly (Qs) x Ho(div; Op)
and
M = Hg)* () x H'2(%),
with
Hy(div;Qp) := {vp € Hy(div;Qp) : div(vp) € Po(p)}
and

Hy'(2) = {w e Hi*(2): (m, 1)y, =0}

At this point we recall, for later use, that there exist positive constants ¢;(€g), Cyqiv, and Cko, such
that (see, |19, Proposition 3.1, Chapter IV], |93, Lemma 3.2|, and [19, 100], respectively, for details)

c(Q9)ITslfas < 1786 s + IIdivrs|fa,  V7s € Ho(div; Qg), (1.28)
IvDl§.ap = Caiv IVDllaiv.a,  Vvp € Ho(div; Qp), (1.29)

and
le(vs)5.0s = Collvsllias  Vvs € Hi(Qs), (1.30)

where, in particular, (1.30) is known as Korn’s inequality. Regarding this result, we notice that in
general Ck, is unknown. However, for the numerical results reported below in Section 1.7 we employ
a heuristic approximation of this constant.

In what follows, and through the verification of the hypotheses of Theorem 1.1, we provide sufficient
conditions under which the operator T is well-defined. We begin with the Lipschitz-continuity and
strong-monotonicity of a(zg)(-) for a given zg € H%S(Q)
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Lemma 1.2. Assume that

L
K1 € (0, 25””) , K3 € (0,252 (,ul _n “)) and kyq € (O, 203CKokK3 (1 — 52)) ,
LM 2(51 2

2
with 01 € <0, L>’ 09 € (0,2), 03 € (0,2), and that ke > 0. Then, there exists ro > 0 such that for
o

each r € (0,79), the nonlinear operator a(zs)(-) is strongly-monotone on X and Lipschitz-continuous
on X, for each zg € H%S(QS) such that ||zg|l1 o < 7, with respective constants a(2) > 0 and v(2) > 0,
independent of zs.

Proof. Let zg € H%S (Qg) such that ||zg||10s < r, with r € (0,79) and ry to be defined below. We
first observe that a; and a2(zg), and consequently a(zs) (cf. (1.19)), are Lipschitz-continuous. In fact,
using the Cauchy—Schwarz inequality, and the Lipschitz-continuity of the operator induced by g (cf.
(1.23)), we deduce from (1.19) that a; is Lipschitz continuous with a positive constant L, , depending
on L,, and the parameters x;,7 € {1,...,4}, that is

lar(t) — ar(®)llxs < Loyt —xfx Vi reX. (1.31)
In addition, from (1.12) and (1.19) we easily obtain that

laz(zs)(8), 2] < (k] + 1)"?|1zs]|n2 (o) sl ag xlx

(1.32)
< e2(2s)(K7 + 1)1 ||zs |06 [t x [l x  Vt,reX,
which, together with the linearity of as(zs), and the Lipschitz-continuity of a;, implies that
la(zs)(t) — a(zs) ()|l < (Lay + e2(Q8) (K] + 1) |1zs]|100) It — xllx (1.33)

<A@t —xlx VireX,

with 7(Q) := La, + ¢2(Qs)(k? + 1)Y/?r. Now, for the strong monotonicity of a(zs), we observe from
the definition of a; (cf. (1.18)) that it readily follows that

[a1(t) — a1 (r),t — 1] = (u([ts|)ts — p(lrs))rs, ts — rs)s + k1| (os — 7)Y o
— r1(u([ts])ts — p(lrs))rs, (s — 78)Ns + Kel[div(os — 7)[I3 o

+ kalle(us — vs)|[5 a5 — Ka(ts — rs,e(us — vs))s + rall ps — nsllf g
1 _
= 5ra(V(us = vs) = (V(us = vs))', ps = m)s + (K~ (up — vp), up — vp)p.
Hence, we proceed similarly to the proof of [28, Lemma 3.4], utilize the Cauchy—Schwarz and Young’s
inequalities, and apply (1.9), (1.23) and (1.24) to obtain that for any d1, d2,03 > 0, and for all t,r € X,
HILM

there holds
2
: )

[a1(t) — a1(r),t — ] > pallts — rs||§ oy + F1ll(os — 7))
+ ro||div(os — 75) 5.0 + K3lle(us — vs)[§.ax

2
O7QS

1
{§1ts = x5l o, + s - "

K3 1
2 {ch”ts ~1sll50 + d2fle(us - VS)||3,QS} + kallps — ms

2
2 0,25
R4

1
— {53|rus — v o + dsllos — nsuaas} + Cxlhp = vpll5p-
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which, together with (1.29) and Korn’s inequality (1.30), implies

HlL K3
@)~ ar(e) e~ > { (s = 55 ) = 52 s — sl

o1 L .
+ (1 252 ) (os — 79 B 0, + raldiviors - 7o),

2 K4
+ {CKOE;), (1 — 2) — 253} |lus — VS”%,QS

3
+ K4 (1 - 2) s = m5116.0s + CkCaiv [lup = vbl[3iy qp -

(1.34)

Then, assuming the stipulated hypotheses on 1, k1, k3, d2, 03, K4, and ko, and applying the inequality
(1.28), we can define the positive constants

@)= (m="55") =52 a0 = min{ (12252 ) 2
as(@s) = min {aa(@9)a(99), %}, a(0) = Cheora (1- %) = 5L,
0s(08) = s (1 _ ‘523) , a6() == CxCay,
which allow us to deduce from (1.34) that
[a1(t) —ai(x),t — 1] > ()t — Ik Vi reX, (1.35)
where
ao(Q) == min { i {u(0s)}  as(9p) } (1.36)

is the strong monotonicity constant of a;. Moreover, according to the definition of a(zg) (cf. (1.19)),
and combining (1.32) and (1.35), we obtain

[a(2s)(t) — a(zs)(x), t —x] > {Oéo(Q) — 2(Qs)(r1 + 1)"/? s

Los it~k

Oé()(Q)

for all t,r € X. Consequently, by requiring |zs||1,05 < 70, with

= , 1.37
T () (R + 1)1 (1.37)
Q
the strong monotonicity of a(zg) is ensured with a constant «(Q2) := 060; ) independent of zg, that is
) ~
a(z)(®) — alzs)).t 2 > e xp verex. (1.38)
O

At this point we remark that the condition ||zg||1,os < 70 imposed in the above proof, with ry given
by (1.37), does not actually have a physical meaning, but only constitutes a condition guaranteeing
that a(zg) is strongly monotone independently of zg in the closed ball of H%S(Qs) with center at the
null function and radius rg.

We continue with the pseudolinearity of a(zs)(-) (cf. (1.19)).
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Lemma 1.3. Given zg € H%s (Qg), for each pair (t,t1) € X x XL there holds
a(zs)(t +t*) = a(zs)(t) + al(zs)(t™). (1.39)

Proof. Let zg € H%s (Qs). We first decompose X as X = X! x X, with X! := L2 (Qg) and X' :=
Hp(div; Qg) x H%S(Qs) x L2 (Qg) x Ho(div; Qp). In addition, since B (cf. (1.20)) does not depend

skew

on the variable from X!, we easily obtain that X = X! x X', with
X" := Ho(div; Qs) x Hf (Q8) x Ly (Qs) x Ho(div; Qp) € X",

which yields X+ = {0} x (X*)*. In turn, given s = (0,s"), with s* = (g, us, ps,up) € X" and
r= (rS)TSJVS7nS,VD) S X, there holds

la(zs)(s),r] = —(rg, acsl)s + ﬁl(acsl, T%)S + ko(diveg,divrs)s + (divrg, ug)s — (diveog, vg)s

+ (T3, pg)s — (073, Mg)s + k3(e(ug), e(vs))s + K4 (Ps - %(Vus - (Vus)t)ﬂ?s>

+ (K 'up, vp)p + ((z ® ug)?, k178 — rg)s,

S

which shows that a(zg) is linear in {0} x X"*. Similarly, from the definition of a(zg), we also find that
for each t := (ﬂ,f) € X = X! x X" and for each r € X, there holds

[a(25)(0, ") + a(zs)(t', 0),x] = [a(zs)(t), x].

According to the previous analysis, it readily follows that a(zg) satisfies (1.39). O

Now, we establish the positive semi-definiteness of ¢ (cf. (1.19)).
Lemma 1.4. There holds
[c(¥),] >0 Ve M. (1.40)

Proof. From the definition of operator c, it readily follows that

ECORTE Zw; [ptif3s >0 YeeM, (1.41)

which clearly confirms that ¢ is positive semi-definite. O

We end the verification of the hypotheses of Theorem 1.1 with the corresponding inf-sup conditions
for the bilinear forms b and B (cf. (1.19) and (1.20), respectively).

Lemma 1.5. There exist positive constants 81 and (3, such that

b ~
sup PELBL S g i v e (1.42)
SUP el
r#0
wnd ¥).q
sup =L > Blglly Ya e M. (1.43)

eprex 1T P)lx
(x,)#0
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Proof. For the proof of (1.42) we refer the reader to [88, Lemma 4.3] whereas a slight modification of
[87, Lemma 4.3] implies (1.43). We omit further details. O

We are now in position of establishing the well-posedness of (1.26) (equivalently the well-definiteness
of T).

Lemma 1.6. Let r € (0,rg), with ro given by (1.37). Assume that

2 L
K1 € (0, 51#1) , K3 € (0,2(52 <,LL1 _M H)) and Ky € <0, 203CKok3 <1 — 52)) R

2
with §; € (O, L)’ d2 € (0,2), 03 € (0,2), and that Ky > 0. Then, the problem (1.26) has a unique
7
solution for each zg € HILS (Qg), such that ||zg||1,0s < 7. Moreover, there exists a constant ey > 0,

independent of zg and the data fs and fp, such that there holds

vos < (@) Pl < or {lfsloas + Ifpllocn p - (144)

[T (zs)l[1,05 = llus

Proof. Given zg € H%S (Qg), such that ||zg||; oy < r, the well-posedness of (1.26) follows from Lemmas
1.2 — 1.5, and a straightforward application of Theorem 1.1. Now, concerning the estimate (1.44), we
first deduce from the definitions of F and G (cf. (1.17)), and from the Cauchy—Schwarz and Young’s
inequalities, that there exist constants cg > 0 and cg > 0, such that

IFllx: < crllfsllons and [|Gllw < callfplloop- (1.45)

This fact and Theorem 1.1 imply the estimate

(6 9).D)lss < ex {Ifsllons + Iollos )

with e independent of zg, which implies (1.44) and concludes the proof. O

We end this section by remarking that the constant ag(2) yielding the strong monotonicity of both
ay and a(zg) can be maximized by taking the parameters 01, K1, 02, K3, d3, and k4 as the middle points
of their feasible ranges, and by choosing ko so that it maximizes the minimum defining ay(£2g). More
precisely, we simply take

1 0 L
0 = — m:li#l:ﬂ’ oy =1, H3=52<u1—ﬂ2151“)=l;1, 03 =1,

0 5L
kg = 03CKok3 (1 - ;) = CKO%» and kg = 2K <1 - 12 “) = /If%’

which yields

ar(Qs) = B, a2(9s) = 15, as(Qs) = miner(2),1} 7

2 2L
M1 M1
as(Qg) = CK0§7 as(Qg) = CKoga a6(Sdp) = Ck Caiy »
and hence

8
The explicit values of the stabilization parameters x;, i € {1,...,4}, given in (1.46), will be employed

ap(2) = min {min {CKO, 1}&, min {cl(Qs), 1}ﬂ CkCaiv } .

in Section 1.7 for the corresponding numerical experiments.
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1.3.3 Solvability analysis of the fixed point equation

In this section we proceed analogously to |28, Section 3.3] and establish existence of a fixed point of
the operator T (cf. (1.25)) by means of the well known Schauder fixed point theorem. The uniqueness
can then be established by means of the Banach fixed point theorem by utilizing the same estimates
derived for the existence.

We begin by recalling the first of the aforementioned results (see, e.g. [47, Theorem 9.12-1(b)]).

Theorem 1.7. Let W be a closed and conver subset of a Banach space X, and let T : W — W be a
continuous mapping such that T (W) is compact. Then T has at least one fixed point.

The verification of the hypotheses of Theorem 1.7 is provided next.
Lemma 1.8. Let r € (0,79), with ro given by (1.37), let W, be the closed ball defined by W,

{zs € Hll“s(QS) s lzsllas < r}, and assume that the data satisfy
er{lIfsllo.os + Il follogn } < 7 (1.47)

with cr the positive constant satisfying (1.51). Then there holds T(W,) C W,.
Proof. 1t is a straightforward consequence of Lemma 1.6. O

We continue with the following result providing an estimate needed to derive next the required
continuity and compactness properties of the operator T (cf. (1.25)).

Lemma 1.9. Letr € (0,r), with ro given by (1.37), and let W, := {zs € HILS (Qs) 1 lzs|li,06 < r}.
Then there exists a positive constant Cr, depending on k1, ||ic||, and ap(Q2) (c¢f. (1.36)), such that

IT(2s) — T(zs)ll1.05 < CrllT(2s)l1.0sllzs — 2sllLis) V28,25 € Wi (1.48)

Proof. Given r as indicated and zg,zg € W, we let ug = T(zg) and ug = T(zs). According to the
definition of T (cf. (1.25)), it follows that

[A(zs)(t, ¢), (r,9)] + [B(r,¥),p] = [F,(r,9)] Y(r,¢)eX

[B(t, »),4d] = [G,q] Vq € M,
and

[A(25)(E, @), (r,9)] + [B(r,9),p] = [F,(r,9)] V(r,9)€X,

Bt @), ql = [G,q] Vq € M.

Then, recalling the definition of A, B, F and G, in (1.18), (1.20) and (1.17), respectively, we subtract
both problems to obtain

[(a1 + as(2s))(t) — (a1 + az(2s)) (&), x] + [b(x), @ — @] + [Bi(x),pp — pp] = O,
bt — &), 9] — [l — @), 9] + [Ba(p). 1 — ] =0
[Bi(t — t), qp] =0
[ 0

By (¢ — @), J] =
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for all (r,v,qp,j) € X x M x L:(Qp) x R. In particular, taking r = t — t, Y =¢—9,qp=pp—PD
and j =1 — [ in the latter system, we get

[(a1 + a2(28))(t) — (a1 + a2(2s))(}), t — t] = ~[c(¢ — @), — &]. (1.49)

Hence, adding and substracting as(zg)(t) in the second term on the left hand side of (1.49), and using
the strong monotonicity of a(zg) = a1 + aa(zs) (cf. (1.38)), and the fact that ¢ is positive semi-definite
(cf. (1.40)), it follows that

ap(§2 - . - -
D 8% < fas(as — 25) (D). & ).
In this way, by applying the first inequality in (1.32) and then bounding |[as|[r4(qg) by [|iclll[Gs]1,0s,
we deduce that ) 12
: 201 + 1) el .
It —t]x < 20 18s /1,06 llzs — ZsllLa(og),
which implies (1.48) with
2(r7 + 1) lic]
Cp =1t <, 1.50
T o) (1.50)
thus completing the proof. O

Owing to the above analysis, we establish now the announced properties of the operator T.

Lemma 1.10. Given r € (0,79), with ro defined by (1.37), we let W, := {zg € H%S(QS) s lzs||1,04 <
r}, and assume that the data fs and fp satisfy (1.47). Then, T : W, — W, is continuous and T (W)
18 compact.

Proof. The required result follows straightforwardly from estimate (1.48) and the compactness of i. :
H!(Qs) — LY(Qg). We omit further details and refer to [28, Lemma 3.8]. O

We are now in position of establishing the main result of this section.

Theorem 1.11. Suppose that the parameters k;, i € {1,...,4}, satisfy the conditions required by
Lemma 1.6. In addition, given r € (0,79), with ro defined by (1.37), we let W, := {zg € H%S(Qs) :
llzslli,0s < 7}, and assume that the data fs and fp satisfy (1.47). Then, the augmented fully-mized
formulation (1.16) has a unique solution ((t, ), p) € X x M with ug € W;., and there holds

(& @), D)llan < ex {Ifslo.as + Iollos }- (151)

Proof. The equivalence between (1.16) and the fixed point equation (1.27), together with Lemmas 1.8
and 1.10, confirm the existence of solution of (1.16) as a direct application of the Schauder fixed point
Theorem 1.7. In addition, it is clear that the estimate (1.51) follows straightforwardly from (1.44). On
the other hand, using the estimate (1.48), the continuity of the compact injection i., and the definitions
of Cr (cf. (1.50)) and 7o (cf. (1.37)), we easily obtain

- r -
IT(zs) — T(zs)|1,05 < %HZS — 751,04,

which, thanks to the Banach fixed point Theorem, implies that the solution is actually unique. O
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We end this section by remarking, similarly as we did for one of the hypotheses of Lemma 1.2 right
after its proof, that condition (1.47), rather than having a physical meaning, is an assumption ensuring
existence and uniqueness of solution of problem (1.16), which is consistent with the classical results
for the Navier—Stokes equation ([100, Chapter IV, Section 2]|), as well as with recent results for the
Navier—Stokes/Darcy coupled problem ([11, 65]).

1.4 The Galerkin scheme

In this section we introduce the Galerkin scheme of problem (1.16) and analyse its well-posedness by
establishing suitable assumptions on the finite element subspaces involved.

1.4.1 Discrete setting

We first introduce a set of arbitrary discrete subspaces, namely

Ly(Q) € LA(Q), Hu(Q) C H(div; ), * € {S,D},

(1.52)
H} () € HOs), L (05) € L, (O5). AR(E) C Hop (%), AR(E) € HYA(D),
and set
Hy(Qg) = {75 € H(div;Qs) : c'7 € Hy(Qg) Ve e R"},
Hpo(Qs) = Hp(Qs) NHy(div;Qg),
H; 1. (Qs) = H;(9s) NHp (Qs),
H;,o(Qp) := Hu(Qp) N Hy(div; Qp), (1.53)
LE 5(Qs) = [L3(Qs)™" NLE (Qs),
L2o(@p) = L}(Qp)NL3(Qp),
AR (D) = (AR
Then, defining the global spaces, unknowns, and test functions as follows
Xp = L?r,h(QS) x Hp,0(S2s) x H}L,Fs(QS) x Lgkew,h(gs) X Hpo(€) ,
My, = AS(S) x AP(S), Xp =X, xMy,, M,:=Lj(Qp) xR,
ty = (ts,h, TS s US h, Ps s UDR) € Xpy @, 1= (Pps An) € My, (1.54)

Ty = (TS0 TSy VS, NS s VD) € Xps b, 1= (Y, 8n) € M,

P, = (pp,p:ln) €My, and q, := (gp,n,Jn) € Ma,
the Galerkin scheme associated with problem (1.16) reads: Find ((t;, ¢, ),p,) € Xp x M), such that

[A(us,h)(thvfh% (Ehagh)] + [B(Ehaih)vgh] - [Fv (Ehvﬂh)] V(Ehvgh) € Xp,

(1.55)
[B(Eh’fh)vgh] = [G’gh] Vgh € Mjy,.
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Now, we proceed similarly to [93] and [88] (see also [27]), and derive suitable hypotheses on the
spaces (1.52) ensuring the well-posedness of problem (1.55). We begin by noticing that, in order to
have meaningful spaces Hy, o(€2g) and L,QZ’O(QD), we need to be able to eliminate multiples of the identity
matrix and constant polynomials from Hy, (§2g) and L%(QD), respectively. This requirement is certainly
satisfied if we assume:

(H.0) [Py(02)]" € Hp(2s) and Py(Qp) C L2 (Qp), where Py(Qs) and Py(§2p) are the spaces of cons-
tant polynomials on Qg and Qp, respectively. In particular, it follows that I € Hj(Qg) for all h, and
hence there holds the decomposition

Hy, (2s) = Hip0(2s) © Po(Q2s)1L. (1.56)

Next, we look at the discrete kernel of B, which is given by

Vp, = {(Ehvﬁﬁ €Xp: [Blrp.%,).q,]=0 Vvq, € Mh}'

In order to have a more explicit definition of Vj, we introduce the following assumption:

(H.1) divH(Qp) C L2(Qp).

Then, owing to (H.1) and recalling the definition of B (cf. (1.20)), it follows that Vj, = X}, x My,
where
Xp = L3 5(Qs) x Hpo(Qs) x Hj, pg (28) X Ly 4 (2s) x Hyo(Qp)

and
My, = Ap(%) x AR(D),
with
Hy,0(p) = {VD,h € Hyo(Qp): div(vpn) € P0<QD)} ;
and

~S
A(®) = {$n € AS®) s (ym, 1)y =0} (1.57)
In particular, it readily follows that V;, C V.

On the other hand, for the subsequent analysis we need to ensure the discrete version of the inf-sup
conditions (1.42) and (1.43) of b and B (cf. (1.20)), respectively, namely the existence of constants
51, B > 0, independent of A, such that

[b(ih)/d) ] ~ ~

sup — == > Billg, lm Vi, € My, (1.58)

r, Xy, HEhHX

r,#0

" B(sy.v,).q,)
L »d ~

sup P > Bllg, m Va, € M. (1.59)
(zh,yh)exh H(Eiugh)”x
(K}Nih)#O

For (1.58) we apply the same diagonal argument utilized in [88, Section 5.2] (see also [93, Lemma
3.8]) to deduce that b satisfies the discrete inf-sup condition (1.58) if and only if the following hypothesis
holds:
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(H.2) There exist BS, BD > 0, independent of h, such that

<Tszhn7 Il)h> = ~9
sup = 4 TTRIE Bsllvnlli/z.00,5 Vapy, € Ay (2), (1.60)
rs.n€Hy(@Qs) |1T8.nlldiv.0s
Ts,n 70
(VD,h'n7 £h> ~
sup = > Oy Ve € AR (D). (1.61)
vp,h€H (D) HVD,thiv p
vp,n7#0

Similarly, employing the same arguments in [88, Section 5.2] we obtain that B satisfies the discrete
inf-sup condition (1.59) provided that the following hypothesis holds

(H.3) There exist Ap > 0, independent of h, and v, € H(l)(/)Q(E), such that
Po €AR(E) Vh and (g, 1)y #0, (1.62)
(div vp,n, gD ,n)
sup

VDthH}%o(QD) HVD,/’LHdiV 2D
VD, #0

b -
> Bollapalloey Yapu € L o(Op). (1.63)

1.4.2 Well-posedness of the discrete problem

In what follows, we assume that hypotheses (H.0), (H.1), (H.2), and (H.3) hold, and, analogously
to the analysis of the continuous problem, apply a fixed point argument to prove the well-posedness of
the Galerkin scheme (1.55). To that end, we let T}, : H}L,FS(QS) — Hil“ul‘s (Qs) be the discrete operator
defined by

Th(ZS,h) I=ugph VZSJZ < HflL,FS (Qs), (1.64)

where ug, is the third component of t;, which in turn is the first component of the unique solution
(to be confirmed below) of the discrete nonlinear problem: Find ((t4.¢,),P,) € X5 x M, such that

[A(Zh)(ih’fh)v (Ehvgh)] + [B(Emﬁh)aEh] = [F’ (ghvgh)] V@h’ﬁh) € th
[B(Ehjfh)?gh] = [G7gh] Vgh € M.

(1.65)

Then, similarly as for the continuous case, the Galerkin scheme (1.55) can be rewritten, equivalently,
as the fixed point problem: Find ugj € H}L,FS(QS) such that

T} (us,n) = ug . (1.66)

Now, in order to prove the well-posedness of problem (1.55), or equivalently the well-definiteness of
operator T}, (cf. (1.64)), we will require the following discrete version of Theorem 1.1 (cf. [88, Theorem
3.3]).

Theorem 1.12. In addition to the spaces and operators defined in Theorem 1.1, let Xy p, My p, and
My, be finite dimensional subspaces of X1, M1, and M, respectively, and let Xp, := Xy 5, X My C X :=
X1 X My. In turn, let Vy, be the discrete kernel of B, that is,

Vh = {(I‘h,’l,bh) € Xh : [B(rhaqph)?Qh] =0 VQh < Mh} ’
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and let leh and Ml,h be subspaces of Xy and My j, respectively, such that Vj, = leh X Ml,h- Assume
that

(i) Al|)~(1 W Xl,h — Xi,h 1s Lipschitz continuous and strongly monotone, that is, there exist constants
Y, ap > 0 such that

[Av(sn) = Ar(en)llg; < mllsn —rnllx,  Vsn, 1 € Xip

and
[A1(sn) — A1(rn),sn — 1] > apllsy —ral%, Vsn, 1 € X1

(ii) For each pair (rp, rﬁ) € leh X Xf:h there holds the pseudolinear property
Al(rh + I‘f;) = Al(rh) + Al(rﬁ)
(111) S is positive semi-definite on MLh, that is,

[S(y),9p] >0 Vb, € My,.

(iv) Bi satisfies an inf-sup condition on Xl,h X Ml,h; that is, there exists B1p > 0 such that

Bl rp 71[) ~,
sup BUEBul 5 g, Vb € .
e, Tnllx
I‘h7£0

(v) B satisfies an inf-sup condition on Xj, x My, that is, there exists B, > 0 such that

sup [B(rh, %), qn

enpr)exn 1(Tns¥r)llx
(th,p)#0

> Bullanllar Y an € My,

Then, there exists a unique ((tp, @), pn) € Xp X My, such that

[A(th, p), (th, ®p)] + [B'(pn), (th,p)] = [F (th, )] YV (th, ) € X, 167
[B(th7(70h)7Qh] = [G,Qh] VQh € Mh- '

Moreover, there exists Cp, > 0, depending only on o, Y, B, Br, S|, and || Bi|| such that
I (Cns en)s o) lxenr < o {IF L, Ly + G, g | -

The following lemma establishes the well-definiteness of operator T}, (cf. (1.64)).

Lemma 1.13. Assume that hypotheses (H.0), (H.1), (H.2), and (H.3) hold. Assume further that
ki, 1 € {1,...,4} satisfy the conditions required by Lemma 1.6. Then, for each r € (0,rg), with ro given
by (1.37), the problem (1.65) has a unique solution ((t,,).p,) € X x M for each zs , € H}L,FS(QS)
such that ||zs p||1,05 < r. Moreover, there exists a constant ér > 0, independent of zsp, and the data
fs and fp, such that there holds

ITw(s)lhos < 1t 2,).2)loar < ox {Ifslloos + I fblloa | (1.68)
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Proof. Let zg ), € H}L,FS(QS) such that ||zg pl/1,0s < 7. Recalling that X;, € X, M, C M (cf. (1.54))
and Vj, C V, a straightforward application of Lemmas 1.2, 1.3 and 1.4, implies, respectively, that
hypotheses (i), (ii) and (iii) in Theorem 1.12, hold. In turn, as already discussed in Section 1.4.1,
the inf-sup conditions (iv) and (v) follow from hypotheses (H.2) and (H.3), respectively. Therefore,
according to the above, a direct application of Theorem 1.12 allows us to conclude that there exists a
unique ((t4,,).P,) € Xp x M, solution to (1.65), which satisfies

(6, 2,)-0,) s < ex {[Ifsllos + [ plloan

with ¢t independent of zg;, and h. O

We are now in position of establishing the well-posedness of (1.55).

Theorem 1.14. Assume that hypotheses (H.0), (H.1), (H.2), and (H.3) hold. Assume further that
Ki, 1 € {1,...,4} satisfy the conditions required by Lemma 1.6. In addition, given r € (0,79), with ro
defined by (1.37), let W = {Zs,h eH} re(Q2s) * l|Zsnll,0s < r}, and assume that the data fs and fp
satisfy

ér { s
with ¢ > 0 the constant in (1.68). Then, there exists a unique ((t4,%,),P,) € Xp x M, solution to
(1.55), which satisfies ugp, € W and

0,05 + ||fD||0,QD} <r, (1.69)

(6, 2,)- ) I < ex {Ifslloas + I /plloes | - (1.70)

Proof. We first observe, owing to (1.68), that the assumption (1.69) guarantees that Ty, (W) C W}
Next, proceeding analogously to the proof of Lemma 1.9, that is, applying the strong monotonicity of
a(zgp) : Xp — X;L for each zg}, € th, and using again the boundedness of the compact injection i,
we find that

I Th(zsh) — Th(zsp)llios < Crllicll| Ta(Esp)ll1,0sl|zsh, — Zspllios  Vzsp, Zsp € W

which, together with (1.50), (1.68), (1.69), and the definition of rg (cf. (1.37)), implies
~ r ~ ~
ITh(zs.0) = Ta(@sw)llos < —lizsn = Zsallies Vzsn 25 € W,
thus confirming that T}, : Wf‘ — Wf is a contraction mapping. Then, the Banach fixed point Theorem

and the equivalence between (1.55) and (1.66) imply the well-posedness of (1.55). In turn, the a priori
estimate (1.70) follows directly from (1.68). O

1.5 A priori error estimate

In this section, we derive an a priori error estimate for the Galerkin scheme (1.55). To that end, we
first establish some preliminary results that will be utilized in our subsequent analysis.
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1.5.1 Preliminaries

We begin with the following Strang-type lemma,

Lemma 1.15. Let X and M be Hilbert spaces, F € (X x M) :=X'"xM', and P: X x M — X' x M’
a nonlinear operator. In addition, let { X} nen and {My,}nen be sequences of finite dimensional
subspaces of X and M, respectively, and for eachn € N consider a nonlinear operator Py, : X, x M, —
(X x M,) = X], x M}, and a functional F,, € X, x M. Assume that the family {P} U {Py}nen
1s uniformly Lipschitz continuous with constant Cpc > 0. Moreover, assume that P, has a hemi-
continuous first-order Gateauzr derivative DP,(S)(-,-), for all S € X x M, which satisfies the global
inf-sup condition o
Celgall € sup DPn(8)(8n, Tn)

£ € X x My, (|
0

V8§, € Xy, x M, (1.71)

with a constant Cq > 0 independent of §. Furthermore, let t := ((t,),p) € X x M and t, =
((tn, @p)s Pn) € Xy X M, be such that

[P(t),7] = [F,f] V&:=((r,¥),q) € X x M (1.72)

and
[P (), Tn] = [FyTn] Vin = ((tn,¥,),an) € X X M, . (1.73)

Then for each n € N, there holds

It —tall < Csr sup L7 En) — Fn, Tl
FnG_XnXMn HrnH
" (1.74)
— P =g = _ P — —
+ inf | |[€-8)+ sup [[P(5n), Fal — [Pa(Sa).all | |
Sn€Xn X Mnp Fr€Xnx My ”I‘nH
$n70 T rt0

with Cst == Cg' max {1,Cg + Crc}.

Proof. We proceed as in the proof of [84, Theorem 3.3] (see also [88, Theorem 3.5]). In fact, given
tn, S, € X,, X M,,, we first observe that the hemi-continuity of DP,, implies that there exists po € (0,1),
such that

1
[Pn(tn), Tn] — [Pn(Sn), Tn] = / DPy(ptn + (1 = 11)8n) (bn — Sp, Tn)dp
0
= DPn(NOEn + (1 - ,UfO)gn)(En - §n7 I_:n) ’
and hence, by taking § = pgt, + (1 — 110)8, in (1.71), we find that
- Po(ty), ] — [Po(8n), T
1, — 8| < CEI sup [Pn(tn), Tn] — [Pn(8hn) rn]'

£ € X0 x M, [l
'p£0

(1.75)

In turn, using (1.72) and (1.73), and adding and subtracting appropriate terms, we easily obtain

[Pn(gn)’f:n] - [Pn(gn)>f'n] = [men] - [Fv Fn] + [P(E)afn] - [P(gn)afn] + [P(gn)vfn] - [Pn(gn)afn]a
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which, together with the Lipschitz continuity of P, implies

[Pa(tn), ] = [P(8n), Ty

< ‘[F, Fo] = [F, Bl |+ OL 1€ = 8all[|Fn | + |[P(8n), ] = [Pa(8n), T |, (1.76)

for all 8, € X,, x M,,. In this way, from (1.75), (1.76) and the triangle inequality we readily obtain
(1.74), which concludes the proof. O

In addition, we will require the following linear version of Theorem 1.12.

Theorem 1.16. Consider the notations and definitions given in Theorem 1.12. Assume that

(i) Ailx,, + Xin — X{,h 1s linear, bounded and XLh—elliptic, that is, there exist vy, ap > 0, such
that
1AL (rn)llx;, < mllrnllx Ve, € Xip,
and
[A1(rn), th] > onllrnll%,  Vra € Xip

(i) The conditions (iii)-(v) from Theorem 1.12 are satisfied.

Then, there exists a unique ((tn,@p),pn) € X X M solution of (1.67). Moreover, there exists Cp, > 0,
depending only on an, Yn, Bih, Bh, S]] and ||By||, such that

16 o), ) lxcxar < ChlllFlx, i, + G, lag; - (L.77)

Proof. Tt reduces to verify the hypotheses of Theorem 1.12. We omit further details O

We observe here that (1.77) is equivalent to the global inf-sup condition

[A(sh, &n), (v, ¥)] + [B'(pn), (x, ¥)] + [B(sn, én), 4]
1((r, %), @)l x < s ’

(1.78)

(s, %), o)l x s < Ch sup
((rp).q) €Xnx My \O

for all ((sn,p), pr) € Xpn x M.

1.5.2 The main result

In what follows, we establish the corresponding a priori error estimate of our Galerkin scheme (1.55).
To that end, and for the sake of simplicity, hereafter we denote by t := ((t, ®),p) € X x M and
t) = ((tn, #,,),P;,) € Xpp x My, the solutions of problems (1.16) and (1.55), respectively. In turn, we
let P: X x M — (XxM) =X xM and Py, : Xj, x M, = (X x M,)" := X], x M, be the nonlinear
operators obtained after adding on the left hand side of (1.16) and (1.55), respectively, that is

[P(8), 7] := [(a1 + az(us))(s),x] + [b(s), ] + [b(r), @] — [c(@), Y]

+ [B(r,¥),m| + [B(s, ¢),4q,

(1.79)
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and
[Pr(8h), Th] == [(a1 + az(usn))(sp), rp) + [b(sy), ¥, ] + [b(ry), @, ] — [c(@,). ¥, ]
+ [B(zh’%h)vmh] + [B(§h7?h)vgh]a

for all § = ((§a ?)am% r= ((2»%)73) € XxM and §h = ((ghaéh)’mh)v Fh = ((Ehafh%ﬂh) € Xp x M,
respectively, where ug € W, and ug, € W are the velocity solutions of (1.16) and (1.55), respectively.

(1.80)

According to the above, and denoting by F := (F,G) € X' x M, it follows that
P@E),8 = [F.§]  VE= ((r,9),a) € X x M (1.81)

and
[Ph(gh),Fh] = [JT, Fh] V1), = ((Eh’gh)’gh) e Xy, x My,. (1.82)

Next, since the Lipschitz-continuity of a; (cf. (1.31)) holds at the continuous and discrete levels with
the same constant, as well as the continuity of as, b, ¢ and B, we observe that the family {P}U{P}}r~0
is uniformly Lipschitz-continuous with constant denoted from now on by Cpc > 0.

On the other hand, owing to the fact that y is assumed to be of class C* (cf. (1.2)), it is not difficult
to see that a; : X — X’ has hemi-continuous first order Gateaux derivative Da; : X — L(X,X'),
which in particular implies that for any s,r € X, the mapping R 3 u — Day(s + pr)(r)(-) € X' is
continuous. Moreover, we have the following lemma.

Lemma 1.17. For any s € X, the Gateaux derivative Dai(s) constitutes a bounded bilinear form on
X x X that becomes elliptic on X x X, with boundedness and ellipticity constants Ly, (cf. (1.31)) and
ap() (cf. (1.36)), respectively.

Proof. Given s € X, the Gateaux derivative Daq(s) is the operator in £(X,X’) (equivalently, the
bilinear form on X x X) defined by

Day(s)(r, £) := lim las(s + “)’i] — [a1(s), 1]

Vr,r e X.

The rest of the proof follows as in [84, Lemma 3.1] by employing the properties (1.31), (1.35) and the
continuity of the mapping R 5 y — Day (s + pr)(r)(-) € X'. We omit further details. O

Now, due to the hemi-continuity of the first order Gateaux derivative Daj, and since the operators
defining P}, (besides a;) are linear, we easily obtain that, given § = ((s, ¢),m) € X x M, the Gateaux
derivative of Py, at § is obtained by replacing [a1(t},),r),] in (1.80) by Dajy(s)(ty, ), that is

DP(8)(th, 1) := Dai(s)(ty, rp) + laz(usp)(bs),ra] + [b(t4), ] + b(x), @, ]

= [ce,), %] + B, ¥,),p,] + Blty, ¢,),q,],

(1.83)

for all t), := ((6p-,,): P, ), Th := ((rp, ¥, ). q,) € Xpp X My, which, according to Lemma 1.17, becomes
a bounded bilinear form on (X; x My,) x (X, x Mj,). Moreover, since ¢ is positive-semidefinite, and
assuming for a moment that (H.0), (H.1), (H.2) and (H.3) hold, we obtain that the conditions (i) (v)
in Theorem 1.12 are verified, and as a result, having in mind Lemma 1.17, the bilinear form DP},(S)(, -)
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satisfies the hypotheses of Theorem 1.16. Moreover, in virtue of (1.78), there holds the global inf-sup
condition DP,() (5, )
- r(S)(Sph,Th

Colspll < sup ——oF7—=

£ €Xo X M), (75|
7,0

Vs, € Xp, x My, . (184)

According to the foregoing analysis, it follows that the family of operators {P} U {Pp},>0 satisfy
the hypotheses of Lemma 1.15, and consequently we can establish now the main result of this section.

Theorem 1.18. Assume that the hypotheses (H.0), (H.1), (H.2) and (H.3), as well as the conditions
on Ki,i € {1,...,4} required by Lemma 1.6, hold. Let r € (0,19), with ro defined by (1.37) and assume
further that the data fs and fp satisfy

,
er {Islo.0s + I /ollog | <

ao(Q2)Csr’
with e and ag(2) being the positive constants satisfying (1.51) and (1.36), respectively. In addition,
let t := ((t,),p) € X x M with us € W, and ty = ((th:,):P,) € Xp x My, with ug ), € W be
the unique solutions of problems (1.16) and (1.55), respectively. Then there exists a positive constant

(1.85)

C > 0, depending only on ap(?) and Csr, such that
HE— EhHXXM < Cdist (a X}, X Mh). (1.86)

Proof. From the Strang-type estimate (1.74) and from (1.81) and (1.82), we first obtain

[P(8h), Th] — [Pr(Sh), Th]

Hg— EhHXXM < Cyqr . inf Hg— §h||X><M + sup — (1.87)
§,€X, XMy, £,€X, xM), |5 |Ix v
.70
In turn, utilizing the definition of P and P}, (resp. (1.79) and (1.80)), applying the estimate (1.32),
adding and subtracting t, and bounding both |lus||1 .o and |[us|1.0s by 70 = m, we find
that '
[P (84, 1) — [Pa(83). Tl | = |[aa(us — ) (84). 7]

< () (K7 + 1)V2|lug — ug p,

v 1€ = Salloxan + M€l I s

< {22(925) (3 + 1)V2r0lIE — S llrcan + 2(928) (53 + 1)Vl s — us allvs § 15 oo

= {Oéo(Q)HE— Snllxem + €2(Q8) (62 + 1)Y2|[€]|xxmus — us sl ms} [IFFYs

which, substituted back into (1.87), taking infimun, and using that |[us — usll1.0s < [ — tallxxn,
yields

1€ — Ehllxxne < Csr{1 + ao(Q)}hdist (€, Xp x M) + Csrea(Qs) (57 + 12 [ €]lsml[€ — Eallscxna. (1.88)

Finally, recalling from (1.51) that ||t]|lxxm < et {Hfs”()’ﬂs + /o

< O,QD}, and employing assumption
(1.85), we obtain that

> 1
Csrea(Qs) (k7 + 1) [[€]ls0a < 3 (1.89)
which, together with (1.88), implies (1.86) with C' = 2Cs1{1 + ao(€?)}, thus ending the proof. O
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1.6 Particular choices of discrete spaces

We now introduce specific discrete spaces satisfying hypotheses (H.0), (H.1), (H.2), and (H.3) in 2D
and 3D. To this end, we let 7715 and 7;LD be respective triangulations of the domains {25 and 2p, which
are formed by shape-regular triangles (in R?) or tetrahedra (in R?) of diameter hr, and assume that
they match in 3 so that 77LS U 7;LD is a triangulation of Qg U 3 U Qp. We also let ¥j be the partition
of ¥ inherited from 7,° (or 7,P). Then, given an integer k > 0, we set for each T € T,° U T,P the local
Raviart-Thomas space of order k as

RTk(T) = Pk(T) D Pk(T)X,

where x := (z1,...,7,)" is a generic vector of R™.

1.6.1 Raviart—Thomas elements in 2D

We define the discrete subspaces in (1.52) as follows:

L2() = {an € L* (W) : anlr € P(T) VT €T}, *€{S,D},
H, (%) = {mmeH(div;U%): mlr e RTR(T) VT €T}}, =e€{S,D},
H} (Qs) = {vie[C(Q)]?: vplr € Py(T) VT € TS}, (1.90)
LZ ,(Qs) = {rn €L (Qs): rulr €PR(T) VT €T3},
Liewn(2s) = {m, € L3 (Qs): mylr € Pu(T) VT € TP}

In addition, in order to introduce the particular subspaces A%(Z) and AE(Z), we follow the simplest
approach suggested in [93] and [126]. To this end, we first assume, without loss of generality, that the
number of edges of Xy, is even. Then, we let X9p be the partition of ¥ arising by joining pairs of adjacent
edges of ¥j. Note that, since ¥ is inherited from the interior triangulations, it is automatically of
bounded variation (that is, the ratio of lengths of adjacent edges is bounded) and, therefore, so is 3op,.
Now, if the number of edges of ¥}, is odd, we simply reduce it to the even case by joining any pair of
two adjacent elements, and then construct o5 from this reduced partition. In this way, denoting by
o and z the extreme points of X, we set

AN(E) = {Yn€C(X): tnle € Poyi(e) Vedgee € Do, p(x0) = thn(wn) =0},

(1.91)
AP(E) = {6 €C(X):  &le € Prri(e) Vedgee€ o}

Then, we define the global spaces X, and My, (cf. (1.54)) by combining (1.53), (1.54), (1.90) and
(1.91). Now, concerning hypotheses (H.0)—-(H.3), we start mentioning that (H.0) and (H.1) are
straightforward from the definitions in (1.90). In turn, it is well known that the discrete inf-sup
condition (1.63) in (H.3) holds (see for instance [19, Chapter IV] or [81, Section 4.2]). In addition, the
existence of ¥, € Hééz(Z) satisfying (1.62) follows as explained in |93, Section 2.5] or |96, Section 3.2].
Finally, the inf-sup conditions (1.60) and (1.61) in (H.2) can be derived by combining the results in
[93, Section 2.5] and [126, Theorem A.1|. We omit further details and refer the reader to [88, Section
5.3.1| for the verification of these inf-sup conditions.
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According to the above, we conclude that the Galerkin scheme (1.55) defined with the spaces in
(1.90) is well posed. Moreover, by employing the approximations properties of the finite element
subspaces involved (see, e.g. [19, 81, 100, 112]), and the a priori estimate (1.86), we can easily obtain
the following result.

Theorem 1.19. Assume that the hypotheses of Theorem 1.18 hold. Let t := (t,p),p) € X xM
with ug € W, and t), := ((Lh,fh),gh) € Xp, x My, with ugy, € W be the unique solutions of the
problems (1.16) and (1.55), respectively. Assume further that there exists & > 0, such that ts € H°(Qg),
os € H(Qg), dives € H(Qg), ug € H'(Qg), ¢ € H/?H(X), pg € HY(Qg), up € H*(Qp), and
divup € H (Qp). Then, pp € H'(Qp), A € HY/29(), and there exists C > 0, independent of h,
such that

It — Ehllxxng < C pintohtL) {Ilts 505 + loslls.as + [[dives|lsas + [[us|l1+5,05

+ Ipsllsas + lupllsay, + 4iv upllsa, + [ppllisay | -

Proof. From the second equation of (1.11), we readily obtain that Vpp = —K 'up, which implies
that pp € H'T9(Qp), whence A = pp|y € H'/?t9(X). The rest of the proof follows from the a priori
estimate (1.86), the approximation properties of the discrete spaces involved and the fact that, owing
to the trace theorems in Qg and €p, respectively, there holds

||<P||1/2+5,2 < CHUSHH&QS and H)\||1/2+5,z < CHPD||1+6,QD-

O

1.6.2 Raviart—Thomas elements in 3D
Let us now consider the discrete spaces:

L%(Q*) = {q}z € LQ(Q*) : Qh|T € Pk(T) VI e 771*}’ * € {SaD}v

H,(Q,) = {meH(div;Q): m|r e RT(T) VT €T}, *e€{S,D},

H}(Qs) = {vi€eC(W)®: vnlr €Prt(T) VT € TS}, (1.92)

L2 5 (Qs) = {rn €L (Qs): rulr €Pu(T) VT TP},
]Lgkew,h(QS) = {nh € ]Lgkew(QS) : nh’T € ]P)k(T) VT e ThS} :

Now, in order to define the discrete spaces for the unknowns on the interface ¥, we introduce an
independent triangulation Y7 of ¥, by triangles K of diameter h, and define hy, := max{hg : K € EE}'
Then, denoting by 0% the polygonal boundary of X, we define
A = {YneC®): Unlk € P(K) VK €X;, =0 on 0K}, (1.93)
A}?(E) = {fh S C(E) : §h|K € Pk_H(K) VK € Eﬁ} .
In this way, we define the global spaces X}, and M}, by combining (1.53), (1.54), (1.92), and (1.93).

Now, for the verification of hypotheses (H.0)—(H.3) we first observe that applying the same ar-
guments as for the 2D case, it follows that (H.0), (H.1) and (H.3) hold. However, for the inf-sup
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conditions in (H.2) we need to proceed differently and apply [86, Lemma 7.5]. More precisely, utilizing
[86, Lemma 7.5 we conclude that there exists Cp € (0, 1) such that for each pair (hy, hy) verifying
hy, < Cphy, the inf-sup conditions (1.60) and (1.61) hold.

Having verified hypotheses (H.0)—(H.3) we conclude that the Galerkin scheme (1.55) defined with
the spaces in (1.92) is well posed. In addition, owing again to the approximations properties of the
finite element subspaces involved (see, e.g. [19, 81, 100, 112]), and the a priori estimate (1.86), the
following result holds.

Theorem 1.20. Assume that the hypotheses of Theorem 1.18 hold. Let t := ((t,),p) € X xM
with ug € W, and t), := ((gh,fh),gh) € Xy, x My, with ugy, € W be the unique solutions of the
problems (1.16) and (1.55), respectively. Assume further that there exists 6 > 0, such that ts € H°(Qg),
os € H(Qg), diveg € HY(Qg), ug € H'9(Qg), ¢ € HY/?H(X), ps € H(Qg), up € H(Qp), and
divup € H*(Qp). Then, pp € H'(Qp), A € HY/?9(X), and there exists C > 0, independent of h,
such that

[t — Ehllxcxng < C pmin{okt1} {||ts 505 tllosllsos + [divesllsog + [[us]li4s,0s

+ llpsllsos + [[uplls.ap + ldivup|isop, + HpDII1+a,QD} :

1.7 Numerical results

In this section we present three examples illustrating the performance of our augmented mixed finite
element scheme (1.55), and confirming the rates of convergence provided by Theorem 1.19. Our
implementation is based on a FreeFem++ code (see [111]), in conjunction with the direct linear solver
UMFPACK (see [62]). Regarding the implementation of the Newton iterative method, the iterations
are terminated once the relative error of the entire coefficient vectors between two consecutive iterates

is sufficiently small, i.e.,
|coeff™ ™ — coeff™||;2
< tol,

||coeff™ |2 N
where || - ||;2 is the standard [2-norm in RY, with N denoting the total number of degrees of freedom
defining the finite element subspaces Lfnh(ﬂs), Hp, 0(Qs), H}LIS(QS), ]Lgkew’h(Qs), H;, 0(Op), A%(E),
AP(¥), and L%,0<QD)7 and tol is a fixed tolerance to be specified for each example. As usual, the

individual errors are denoted by:

e(ts) := [[ts — tsnllons, e(os) :=|los — osnllaivos, e(us) := [jus — us 1,04,

e(ps) == llps — pspllons,  e@s) == [lps — psulloos,  e(up) = [[lup — up alldiv op»

e(pp) :=|lpp — Poulloon, elp) =¥ — 90h||1/2,oo,2, e(A) == || — )‘hHl/Q,D

where pg j, is the postprocessed pressure given by

1 .
DS,h = _Etr (O'S,h + (uS,h &® us7h)) —1l; in Qg.
In addition, we define the experimental rates of convergence

o) i J0B(e(0)/E(0)

—~ for ea‘ChOE tSuaS7uS7p )p87uD)pD)(P7)\ )
log(h/h) { i }
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where e and € denote errors computed on two consecutive meshes of sizes h and h, respectively.

The examples to be considered in this section are described next. In all of them we choose K =1,
w = 1, and according to (1.46), the stabilization parameters are taken as k; = ,ul/Li, with L, =
max{ o, 2u2 — 1}, K2 = K1, kK3 = p1/2, and kg = Ckop1 /4. In this regard, and since Ck, is not known
for H%S (Qs), in what follows we propose a heuristic approximation of this constant by observing first

from (1.30) that Ck, can be defined as

2
e(vs
CKO = inf %
vseH%S(Qs) HVSHI,QS
vg#0

Then, noting that certainly H{(2s) C H%s (Qs), and recalling from [128, Theorem 10.1] (see also [114,
eq. (2.11)]) that

2

1 e(vs

= < % Vvs € Hj(Qs), vs #0,

2 Vsl o

we readily deduce that
2

~ e(vg 1 ~

Cko < Cio = inf % and = < Cko,
vgEH} (Qg) HVSHLQS 2
vg#0

which suggests to choose this lower bound of 5}(0, that is 1/2, as the required approximation of Ck,.
In addition, the conditions fQS trog, =0 and fQD pp,n = 0 are imposed via a penalization strategy.

In our first example we consider a porous unit square, coupled with a semi-disk-shaped fluid domain,
i.e., Qp := (—0.5,0.5)% and Qg := { (w1, 22) : 22 + (x2 — 0.5)? < 0.25, 2 > 0.5} (see bottom left panel
of Figure 1.2). In this case, we set the nonlinear viscosity to

for s > 0.

1+s

The data fg and fp are chosen so that the exact solution in the tombstone-shaped domain §2 is given
by the smooth functions

ps(x) = sin(mz) sin(rze), ug(x) = —curl (cos(mzy) cos(mxz)),

for all x := (z1,22) € g, and

pp(x) = sin(mx1) sin(7wx) Vx = (21, 22) € Qp),
t
where curl (v) = (88—;2, —%) for any sufficiently smooth function v. Notice that this solution

satisfies ug'n = up-'n on ¥ and the boundary condition up-n = 0 on I'p. However, the Dirichlet
boundary condition for the Navier—Stokes velocity on I's is non-homogeneous. Then, we need to
modify accordingly the functional F (cf. (1.17)), as follows

[Fa (Ea g)] = _’{Q(fSa diVTS)S + (fSa VS)S + <7'Sn, g>FS v (£7 f) €X,

where g := ug|r, € HY/2(T'g).
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In our second example we consider the regions Qg := (0,1)? and Qp := (0,1) x (—1,0). The viscosity
follows a Carreau law (cf. (1.3)), that is

() == ag + a1 (1+s2)F=2/2 for s >0,

and the data fg and fp are chosen so that the exact solution is given by

ps(x) = 22 — 23, ug(x) = curl (z1(z; — 1)(zo — 1) sin(wz;) sin(rzs))

for all x := (z1,x2) € Qg, and

pp(x) = cos(mz) cos(maa) Vx = (x1,22) € Qp.

Finally, in Example 3 we consider Qg := (0,1)? and let Qp be the L-shaped domain given by
(—1,1)2\ Qg. The viscosity follows a Carreau law with ag = 0.5, a3 = 0.5, and 8 = 1.5, that is

u(s) == 0.5+ 0.5(1 + s2)"Y* for s > 0.
The data fg and fp are chosen so that the exact solution is given by
ps(x) = cos(mxy) cos(mze), ug(x) = curl (sin(nzx;)sin(rzs))
for all x := (21, z2) € g, and

pp(x) = cos(mx1) cos(mza) Vx = (x1,22) € Op.

In Tables 1.1, 1.2 and 1.4 we summarize the convergence history for a sequence of quasi-uniform
triangulations, considering the finite element spaces introduced in Section 1.6.1 with £ = 0, and solving
the nonlinear problem with a tolerance tol = 1E — 6, which required around five Newton iterations.
In Table 1.2 it has been considered ag = 0.5, 3 = 0.5, and S = 1 in the Carreau law. We observe
that the rate of convergence O(h**1) predicted by Theorem 1.19 (when § = k + 1) is attained in all
the variables (with k£ = 0). Next, in Table 1.3 we present the behaviour of the iterative method and
CPU time applied to Example 2, considering a decreasing parameter og and different mesh sizes. We
observe there that the number of iterations remains bounded even for small values of ag. In addition,
although the CPU time increases for small values of hg, it also remains bounded as «g decreases.
In addition, some components of the approximate solutions for the three examples are displayed in
Figures 1.2, 1.3 and 1.4. All the figures were obtained with 785349, 1470527 and 2190236 degrees of
freedom for the Examples 1, 2, and 3, respectively. In particular, we can observe in Figure 1.2 that
the second components of ug and up coincide on ¥ as expected, and hence, the continuity of the
normal components of the velocities on X is preserved. Moreover, it can be seen that the pressure is
continuous in the whole domain and preserves the sinusoidal behaviour. Next, similarly to Figure 1.2,
in Figure 1.3 we can also observe the continuity of the normal components of the velocities on 3 since
their second components coincide on the interface.
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dof hs  e(tg) r(ts) e(os) r(og) e(us) r(us) e(ps) r(ps) elps) r(ps)
859 0191 0415 - 4675 - 0931 - 1206 - 0624 -
3205  0.091 0.206 1.054 2472 00958 0471 0946 0.705 0.807 0.341 0.908
12542 0.049 0.104 0.994 1.280 0964 0.239 1.037 0.354 1.009 0.153 1.174
50281  0.024 0.048 1.100 0.639 00991 0.114 1058 0.168 1.063 0.069 1.142
198922 0.013 0.025 0.970 0.349 0.889 0.058 1.021 0.088 0.947 0.036 0.935
785349 0.008 0.013 0.979 0.174 1.009 0.029 1.002 0.045 0.973 0.018 0.987
dof hp e(up) r(up) e(pp) r(pp) e(p) rle) e(A) r(A) iter
859 0190 118 - 0059 - 1067 - 0203 - 5
3205 0.098 0.605 1.033 0.030 1.034 0.557 0.937 0.098 1.056 5
12542 0.054 0.305 1.007 0.015 1.007 0270 1.044 0.048 1.032 5
50281 0.025 0.152 1.015 0.008 1.015 0.134 1.008 0.024 0978 5
198922 0.015 0.076 1.002 0.004 1.003 0.067 0.997 0.012 1.025 5
785349 0.007 0.038 1.007 0.002 1.007 0.034 1.003 0.006 1.003 5
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Table 1.1: EXAMPLE 1, Degrees of freedom, mesh sizes, errors, convergence history and Newton

iteration count for the augmented finite element formulation.

dof hs  e(ts) r(ts) e(os) r(os) e(us) r(us) e(ps) r(ps) elps) r(ps)
1595 0.196 0.241 - 1.055 - 0.510 - 0.643 - 0.123 -
5975 0.100 0.116 1.101 0.550 0.981 0.251 1.068 0.375 0.812 0.060 1.084
23486 0.049 0.056 1.071 0.269 1.046 0.120 1.076 0.184 1.038 0.030 1.028
93248 0.025 0.028 0.989 0.137 0.978 0.061 0.988 0.101 0.876 0.015 1.002
373093  0.014 0.014 1.026 0.067 1.025 0.030 1.003 0.050 1.000 0.007 1.067
1470527 0.007 0.007 1.064 0.033 1.022 0.015 1.047 0.026 0.983 0.003 1.110
dof hp  e(up) r(up) e(pp) r(pp) ele) rle) e(A) r(A) iter
1595  0.190 1221 - 0061 - 0511 - 0220 - 5
5975 0.095 0.600 1.087 0.030 1.097 0.214 1.258 0.100 1.133 5
23486 0.048 0.303 1.003 0.015 1.002 0.103 1.0563 0.049 1.018 5
93248 0.026 0.152 1.007 0.008 1.007 0.055 0.903 0.025 1.007 5
373093  0.014 0.076 1.001 0.004 1.001 0.027 1.063 0.012 1.007 5
1470527 0.007 0.038 1.004 0.002 1.003 0.014 0.935 0.006 0.980 5

Table 1.2: EXAMPLE 2, Degrees of freedom, mesh sizes, errors, convergence history and Newton

iteration count for the augmented finite element formulation.
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h

ap s =0.1964 cpuls] hg=0.0997 cpuls] hg=0.0487  cpuls|
1 4 1.3648 4 3.0490 4 8.9298
1/2 5 1.4532 ) 3.6315 ) 10.9285
1/4 5 1.4801 ) 3.8027 ) 10.5086
1/8 6 1.7455 ) 3.6785 ) 10.1666
1/16 6 1.8367 6 4.3328 6 12.0209
1/32 6 1.7321 6 4.3937 6 12.0770
1/64 7 1.9799 7 4.8938 6 12.1350
1/128 7 1.9292 7 4.9459 7 13.6913
ap  hg=0.0250 cpuls] hg=10.0136 cpuls] hg = 0.0072 cpuls]|
1 4 36.1339 4 1400.5835 4 19934.6071
1/2 5 43.7478 5 1217.9274 5 24872.5168
1/4 5 43.9839 5 371.6146 5 22011.6552
1/8 5 43.0072 5 357.1378 5 4284.1578
1/16 6 50.0509 6 392.7867 6 2313.1802
1/32 6 50.3200 6 393.5295 6 2269.6475
1/64 6 57.2579 6 399.4585 6 2282.7094
1/128 6 51.0813 6 405.1886 6 2297.5849

Table 1.3: EXAMPLE 2, Behaviour of the iterative Newton’s method with respect to the viscosity pu,

considering a Carreau law with parameters cv; = 0.5 and g = 1.

dof hs  ets) r(ts) e(os) r(os) e(us) r(us) e(ps) r(ps) e(ps) r(ps)
2317 0.196 0.856 - 3.729 - 1.556 - 2.991 - 0.625 -
8754 0.099 0.452 0.962 1958 0.972 0.787 1.028 1.806 0.761 0.357 0.846
34744 0.049 0.209 1.127 0.962 1.038 0.388 1.032 0.961 0.920 0.150 1.264
138089  0.025 0.106 0.981 0.482 1.000 0.195 0.999 0.486 0.989 0.076 0.984
552690  0.014 0.052 1.019 0.241 1.001 0.096 1.014 0.249 0.965 0.037 1.031
2190236 0.007 0.024 1.133 0.119 1.032 0.047 1.051 0.122 1.044 0.018 1.083
dof hp e(up) r(up) e(pp) r(pp) e(p) rlp) e(N)  r(A) iter
2317 0.217 2.151 - 0.123 - 1.480 - 0.523 - 5
8754 0.103 1.088 1.024 0.055 1.213 0.789 0908 0.218 1.260 5
34744 0.059 0.539 1.013 0.027 1.036 0.399 0985 0.095 1.202 5
138089  0.029 0.271 1.000 0.014 1.002 0.188 1.082 0.053 0.853 5
552690  0.016 0.135 0.999 0.007 1.000 0.093 1.014 0.027 0977 5
2190236 0.008 0.068 1.003 0.003 1.000 0.047 0.993 0.012 0975 5

Table 1.4: EXAMPLE 3, Degrees of freedom, mesh sizes, errors, convergence history and Newton

iteration count for the augmented finite element formulation.
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Figure 1.2: Example 1: Approximated spectral norm of the stress tensor components and the strain ten-
sor (top panels), skew-symmetric part of the Navier—Stokes velocity gradient, Navier—Stokes pressure
field, and Darcy pressure field (centre panels), and geometry configuration and velocity components

on the whole domain (bottom row).
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Figure 1.3: Example 2: Approximated spectral norm of the stress tensor components and the strain ten-
sor (top panels), skew-symmetric part of the Navier—Stokes velocity gradient, Navier—Stokes pressure
field, and Darcy pressure field (centre panels), and geometry configuration and velocity components
on the whole domain (bottom row).
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Figure 1.4: Example 3: Approximated spectral norm of the stress tensor components and the strain ten-
sor (top panels), skew-symmetric part of the Navier—Stokes velocity gradient, Navier—Stokes pressure
field, and Darcy pressure field (centre panels), and geometry configuration and velocity components
on the whole domain (bottom row).



CHAPTER 2

A posteriori error analysis of a fully-mixed formulation for the
Navier—Stokes/Darcy coupled problem with nonlinear viscosity

In this chapter we develop an a posteriori error analysis for the coupled problem studied in
Chapter 1. We derive a reliable and efficient residual-based a posteriori error estimator to establish
adaptive methods allowing to improve the accuracy of the numerical approximations, mainly under
presence of singularities or high gradients of the solution.

2.1 Introduction

Over the last decades, a wide range of numerical methods capturing the behaviour of a free fluid
flow interacting with a porous medium have been proposed. The reason of such an interest by the
numerical analysis community relies on the fact that, in industry, engineering sciences and several
other disciplines, several interesting phenomena can be described under the framework of this kind of
interaction problems. In particular, for specific applications we refer to flow in vuggy porous media
appearing in petroleum extraction (see, e.g. [6], [7]), groundwater system in karst aquifers (see, e.g.
[74], [129]), reservoir wellbore (see, e.g. [8]), industrial filtrations (see. e.g. [110], [132]), topology
optimization (see, e.g. [107]), and blood motion in tumors and microvessels (see, e.g. [138], [146]).
One of the most popular models utilized to describe the aforementioned interaction is the Navier—
Stokes/Darcy (or Stokes/Darcy) model, which consists in a set of differential equations where the
Navier—Stokes (or Stokes) problem is coupled with the Darcy model through a set of coupling equations
acting on a common interface given by mass conservation, balance of normal forces, and the so called
Beavers—Joseph—Saffman condition. In [11, 40, 43, 45, 63, 64, 65, 27, 92, 94, 96|, and in the references
therein, we can find a large list of contributions devoted to numerically approximate the solution of this
interaction problem, including primal and mixed conforming formulations, as well as nonconforming

methods.

In Chapter 1, it has been introduced and analyzed a new augmented-mixed finite element method
for the Navier—Stokes/Darcy coupled problem with nonlinear viscosity. The formulation there consid-
ers dual-mixed formulations in both domains, and in order to deal with the nonlinear viscosity, the
strain tensor and the vorticity are introduced as auxiliary unknowns. In turn, since the transmission
conditions become essential, they are imposed weakly, which yields the introduction of the traces of the

46
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porous media pressure and the fluid velocity as associated Lagrange multipliers. Furthermore, since
the convective term in the fluid forces the velocity to live in a smaller space than usual, similarly to
[28] and [30], the variational formulation is augmented with suitable Galerkin type terms arising from
the constitutive and equilibrium equations of the Navier—Stokes model, as well as from the relations
defining the strain and vorticity tensors. The resulting augmented variational system of equations is
then suitably ordered so that it exhibits a twofold saddle point structure, which is similar to the one
analyzed in [88] for the Stokes—Darcy coupled problem with nonlinear viscosity. The formulation is
then written equivalently as a fixed point equation, and the well-known Schauder and Banach theo-
rems, as well as the abstract theory developed in [88], which is based on classical results on bijective
monotone operators, are applied to prove the unique solvability of the continuous and discrete sys-
tems. A feasible choice of finite element subspaces for the formulation introduced in Chapter 1 is given
by piecewise constants, Raviart—Thomas spaces of lowest order, continuous piecewise linear elements,
and piecewise constants for the strain, Cauchy stress, velocity, and vorticity in the fluid, respectively,
whereas Raviart—Thomas spaces of lowest order and piecewise constants for the velocity and pressure,
together with continuous piecewise linear elements for the Lagrange multipliers, can be utilized in the
Darcy region. Optimal a priori error estimates were also derived.

Now, it is well known that under the eventual presence of singularities, as well as when dealing with
nonlinear problems, as in the present case, most of the standard Galerkin procedures such as finite
element and mixed finite element methods inevitably lose accuracy, and hence one usually tries to
recover it by applying an adaptive algorithm based on a posteriori error estimates. In this direction,
and particularly for the coupling of fluid flows with porous media flows, we refer to [10, 27, 44, 58,
59, 95, 96, 108, 127, 133, 151] where different contributions addressing this interesting issue, most of
them devoted to the Stokes—Darcy coupled problem, can be found. Up to the authors’ knowledge, the
first work dealing with adaptive algorithms for the Navier—Stokes/Darcy coupling is [108], where an
a posteriori error estimator for a discontinuous Galerkin approximation of this coupled problem with
constant parameters is proposed.

According to the above discussion, and in order to complement the study started in Chapter 1 for
the Navier-Stokes/Darcy equations with variable viscosity, in this chapter we proceed similarly to
[95, 96] and [27|, and develop an a posteriori error analysis for the finite element method studied in
Chapter 1. More precisely, assuming a smallness condition on the data, we derive a reliable and efficient
residual-based a posteriori error estimator for the three dimensional version of the augmented-mixed
method introduced in Chapter 1. The global inf-sup condition, a suitable Helmholtz decomposition
recently provided in [82], and the approximation properties of the Clemént and Raviart—-Thomas ope-
rators, among others, are the main tools yielding the reliability. In turn, the efficiency estimate is
consequence of standard arguments such as inverse inequalities, the localization technique based on
bubble functions, and other known results to be specified later on in Section 2.3.4. The rest of this
chapter is organized as follows. In Section 2.2 we recall from Chapter 1 the model problem and its
continuous and discrete augmented fully-mixed variational formulations. In Section 2.3, we derive the
a posteriori error estimator. The reliability analysis is carried out in Section 2.3.3, whereas in Section
2.3.4 we provide the efficiency analysis. Finally, some numerical results confirming the reliability
and efficiency of the a posteriori error estimator and showing the good performance of the associated
adaptive algorithm for the fully-mixed finite element method, are presented in Section 2.4.
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2.2 The Navier—Stokes/Darcy coupled problem

In this section we recall from Chapter 1 the Navier—Stokes/Darcy model, its fully-mixed variational
formulation, the associated Galerkin scheme, and the main results concerning the corresponding

solvability analysis.

2.2.1 The model problem

In order to describe the geometry under consideration we let (g and Qp be bounded and simply
connected open polyhedral domains in R™, such that Qg N Qp = ) and Qs N INp = ¥ # (). Then,
we let I's := 00g \ 3, I'p := 9Qp \ X, and denote by n the unit normal vector on the boundaries,
which is chosen pointing outward from Q := Qg U X U Qp and g (and hence inward to Qp when seen
on X). On X we also consider unit tangent vectors, which are given by t = t; when n = 2 (see Fig.
2.1 below) and by {t1,t2} when n = 3. The problem we are interested in consists of the movement of
an incompressible quasi-Newtonian viscous fluid occupying €2g which flows towards and from a porous
medium Qp through X, where Qp is saturated with the same fluid. The mathematical model is defined
by two separate groups of equations and by a set of coupling terms. In (g, the governing equations
are those of the Navier—Stokes problem with constant density and variable viscosity, which are written
in the following nonstandard stress-velocity-pressure formulation:
os = p(le(us)|)e(us) — (us®@ug) —psl in Qs,  divug=0 in Qs

(2.1)
—diveg =fy in g, us=0 on I,

where og is the nonlinear stress tensor, ug is the velocity, ps is the pressure, u : R™ — RT is the
1
nonlinear kinematic viscosity, e(ug) = i{Vus + (Vug)'} is the strain tensor (or symmetric part of

the velocity gradient) and fs € L2({g) is a known volume force.

Figure 2.1: Sketch of a 2D geometry of our Navier-Stokes/Darcy model

Furthermore, we assume that j is of class C!, and that there exist constants 1, po > 0, such that
pn < p(s) <pp o and  pn < p(s) +sp'(s) Spe Vs >0, (2.2)

which, according to the results provided in [98, Theorem 3.8|, implies Lipschitz continuity of the
nonlinear operator induced by p. This fact will be used later on in Sections 2.3.3 and 2.3.4. In
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addition, it is easy to see that the forthcoming analysis also applies to the slightly more general case
of a viscosity function acting on Q x RT, that is g : Q x R™ — R. Some examples of nonlinear j are
the following:

1
wu(s) =2+ s and  p(s) := g + o (1 + s2)F72/2, (2.3)

where o, a1 > 0 and 8 € [1,2]. The first example is basically academic but the second one corresponds
to a particular case of the well-known Carreau law in fluid mechanics. It is easy to see that they both
satisfy (2.2) with (u1, u2) = (2,3) and (u1, u2) = (o, oo + 1), respectively.

Next, we adopt the approach from [40] (see also [91, 89]) and introduce the additional unknowns
ts 1= e(ug) and pg := 3 (Vug — (Vug)'), where pg is the vorticity (or skew-symmetric part of the
velocity gradient). In this way, we observe that the equations in (2.1) can be rewritten equivalently as

ts =Vug —pg in Qg, U(Si = u(|ts))ts — (ug ® us)d in Qg,

1 (2.4)

—diveg=fs in Qg, ps=-——tr(es+(us®ug)) in NQs, ug=0 on TIfg.
n

Note that the fourth equation in (2.4) allows us to eliminate the pressure pg from the system and
compute it as a simple post-process of the solution.

On the other hand, in Q2p we consider the linearized Darcy model with homogeneous Neumann
boundary condition on I'p:

uD:—KVpD in QD, diVllD:fD in QD, uD-n:0 on FD, (2.5)

where up and pp denote the velocity and pressure, respectively, fp € L2(Qp) is a source term satisfying
fQD fp =0, and K € [L*®(Qp)]"*" is a positive definite symmetric tensor describing the permeability
of Qp divided by a constant approximation of the viscosity.

Finally, the transmission conditions are given by

n—1
us'n = up-n  and Usn+ZWf1(us-tl)tl = —ppn on X, (2.6)
=1
where {wi,...,wy—1} is a set of positive frictional constants that can be determined experimentally.

The first equation in (2.6) corresponds to mass conservation on ¥, whereas the second one establishes
the balance of normal forces and a Beavers—Joseph—Saffman law.

2.2.2 The fully-mixed variational formulation

In this section we introduce the weak formulation derived in Chapter 1 for the coupled problem given
by (2.4), (2.5), and (2.6). To this end, let us first introduce further notations and definitions. In what
follows, given « € {S,D}, u,v € L2(,), u,v € L?(Q,), and o, T € L2(Q,), we set

(u,v)*::/*uv, (u,v)*::/*u‘v, and (0',7')*::/*0':7'.
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In addition, we let L2, (Qg) and L3

Sym Seew (§2s) be the subspaces of symmetric and skew-symmetric tensors

of L2(Qg), respectively, that is
L2,n(Qs) = {I‘s eL?(Qg): ry= fs},
L2 () = {ns €L%(Qs): mf=-ns}.
Furthermore, we define the spaces
Ho(div: Qp) = {VD € H(div:Qp): vpn=0 on PD},
L2 (Qg) = {rs €12,,(s): trrg = o},
HL (Qs) = {vs cH'(Qg): wvs=0 on rs}, HL_(Qs) = [HE ()],
and the space of traces
Mo (%) = {vls: veHb (@)}, Hi(®) = [H (2)]".
Equivalently, if Eyg : HY/2(2) — L2(09g) is the extension operator defined by

¥ on X

vip € HY2(D),
0 OHFS w ()

Eos(y) = {

we have that

He' (%) = {v e HYA(®):  Fos(v) € HY2(005) } |
which is endowed with the norm [[9)|1 /2,005 := [[Eo,5(¥)|l1/2,00s- In addition, || - [|1/2,00,5 also stands
for the corresponding product norm of H(l)(/)2(2). In turn, HEOI/Z(E) and H501/2(E) are the dual spaces
of H(l)(/)Q(Z) and H(l)(/)Q(E), respectively, with norms denoted in both cases by || - [|=1/2,00,5-

Now, in order to deduce our variational system we need to add two auxiliary unknowns on the

coupling boundary
@ = —ugly € Hé{f(E) and A :=pp|s € HY/3(D).

In this way, our variational system will be written in terms of the unknowns t := (ts, g, ug, pg, up),
@ = (p, ) and pp. Let us recall from [40, Section 2.3] that, given any constant ¢ € R, the vector
defined by ((tg, os — cl, ug, pg,up), (¢, A+ ¢), pp + ¢) also becomes a solution of the problem defined
below. Hence, in order to ensure uniqueness of solution, we will require the Darcy pressure pp to live
in L3(Qp), where

L3(@p) = {g € LX) : (¢.1)p =0}
Then, defining the spaces
X =L (2s) x H(div; Qs) x Hp (Qs) x L2

skew

(Qs) x Hy(div; Qp),
M = Hi/2(Z) x H/2(S), X:=XxM, and M :=LQp),
with X, M, X and X x M endowed with the product norms
zllx := lIrsllo.os + [I7sllaiv.os + [1vsliLes + [msllo.s + [[vollaiv oo
[llve == 1%l /2002 + 1€l 250 1 )]k == llellx + [l llm,
[((r, ), qp)llxxm == [[(x, %) [x + l[gpllo,0;
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as explained in [40, Section 2.2|, we arrive at the following modified variational formulation for (2.4),
(2.5), and (2.6): Find ((t, ¢),pp) € X x M such that

[A(us)(t, @), (r, )] + [B(r,¥),pp] = [F,(r,9)] V(r,¢)€X,

(2.7)
[B (Ea f)a QD] = [Ga QD] VQD € M,
where, given zg € H%s (Qg), the operator A(zg) : X — X' is defined by
[A(zs) (L, @), (r,¥)] = [a(zs)(E), r] + [b(t), Y] + [b(r), ] — [c(w), ¥, (2.8)
with
[a(zs)(t),r] = lai(t),x] + [aa(zs)(t), 1],
[a1(t), 1] = (u(|ts)ts, rs)s — (rs, 08)s + (b5, 7§)s + w1 (0§ — ullts|)ts, T§)s
+ Ke(dives,divrs)s + (divrs, us)s — (divos, vs)s
+ (75, ps)s — (0s,mg)s + r3(e(us) — ts, e(vs))s
1 _
4 = 5(Tus — (Vus))oms ) -+ (K up, vo)o, 29)
S
laz(zs)(t),x] = ((zs @ ug), w179 —rg)s,
[b(£)7$] = <TSna ¢>E - <VD'1’1, §>Z s
n—1
[C(f)vi] = <90'na§>2 - <’l,b'l’l, )‘>E+Zwl_1 <(P'tl,'l,b't[>z,
I=1
whereas the operator B : X — M’ and the functionals F : X — R and G : M — R are given by
[B(Eaf)an] = *(diVVDan)Da (210)
and
[F, (r,9)] := —ka(fs,divrs)s + (fs,vs)s and [G,qp] := —(fp,qD)D- (2.11)
In all the foregoing terms, [-, -] denotes the duality pairing induced by the corresponding operators and
ki, 1 € {1,...,4}, are positive parameters to be specified below in Theorem 2.1.

Furthermore, we notice from (2.9) that, owing to the Cauchy—Schwarz and Hélder’s inequalities, and
the continuous injection i, of H(Qg) into L*(Qs) (see e.g. [1, Theorem 6.3] or [139, Theorem 1.3.5]),
there holds

las(zs) (£), x]| < 2(2s) (k7 + 1)"?||zs]h,0uslLoslx  Vi,reX, (2.12)

where cp(€2g) := |ic||?>. Additionally, we observe that (2.7) is equivalent to the variational formulation
defined in [40, Section 2.2|, in which &g is decomposed as os = o + I, with o € Hy(div;{g) and
[ € R, where

Hy(div; Qg) == {T € H(div;Qg) :  (tr7,1)s = 0} .

The following result taken from [40] establishes the well-posedness of (2.7).
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Theorem 2.1. Assume that

20 L )
k1 € (0, 14 , ko>0, r3e |0, 209 n1 — L , and k4 € 0, 205CKok3 | 1 — 2 R
L, 20, 2

2
with L, := max{p2,2u2 — 1}, Cko the Korn’s constant given by [40, eq. (3.10)], 61 € <O,L>,

m
92 € (0,2), and d3 € (0,2). In addition, given r € (0,79), with

S ao(92)
O 205 (Qg) (K2 + 1)1/2”

(2.13)

where c2(Qg) is the constant in (2.12) and ap(RY) is the strong monotonicity constant of the nonlinear
operator a (see |40, eq. (3.16)]), we let W, := {zs € H%S(Qs) c |lzs|los < r}, and assume that the
data fs and fp satisfy

er {IIfsllo.0s + /ploan | < 7, (2.14)

where cr is the positive constant, independent of the data, provided by [40, Lemma 3.6]. Then, the
augmented fully-mized formulation (2.7) has a unique solution ((t,®),pp) € X x M with ug € W,,
which satisfies

(6 @), p0) st < ex {Ifslloa + ollos }- (2.15)

Proof. See |40, Theorem 3.11] for details. O

2.2.3 The fully-mixed finite element method

Here, for clarity of exposition of the a posteriori error estimator to be defined next in Section 2.3, we
restrict ourselves to the particular case provided in [40, Section 6.2] with & = 0 and introduce a Galerkin
scheme for the 3D version of (2.7). To that end we let 7,% and 7;P be respective triangulations of the
domains €2g and €lp, which are formed by shape-regular tetrahedra T of diameter A, and assume that
they match in ¥ so that 7;LS U ’771D is a triangulation of ) := Qg U X UQp. Then, for each T € 7',? U ’771D
we set the local Raviart—Thomas space of lowest order,

RT()(T) = Po(T) + P()(T)X,

where x is a generic vector in R3. We also let ), be the partition of ¥ inherited from 7, (or T,P),
which is formed by triangles e of diameter he, and set hy := max{h : e € ¥;}. Furthermore, we
introduce the following discrete subspaces

L72() ={an € L* (%) : qulr € Po(T) VYT €T}, *€{S,D},

() =A{m e H(div; Q) : m|r € RTo(T) VT €T}, *€{S,D},
H;(Qs) = {va € [C(Q)P: valr € Pi(T) VT €Ty},

(Qs) = {rn €L (Qs) : valr € Po(T) VT €T3},
Liewn(Q28) = {my € L2y, (Qs) : mylr € Po(T) VT € T}
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In turn, in order to define the discrete spaces for the unknowns on the interface ¥, we introduce an
independent triangulation 3; of ¥, by triangles € of diameter hg, and define the associated meshsize

hg = max{hz: € € ih} Then, denoting by 0¥ the polygonal boundary of 3, we define

AS() = {wh €C(X): UnloeP@) YeeSh ¢n=0 on az} :

(2.16)
M) i={acc®: GleP@ veeSy}).
Employing the above notations, we set
Hp(Qs) := {75 € H(div;Qg) : c'T € Hy(Qs) VceR},
Hpo(Q2s) = Hp(2s) NHo(div; Qs),
Hj 1 (Qs) = H;(Qs) N Hy (D),
Hj0(p) = Hp(p) N Hy(div; Qp),
L} o(Qp) = Lj;(p) NL§(Qp),
A(ZD) = [AR(D)P.
Then, defining the global spaces, unknowns, and test functions as follows
Xp = L7, 1, (Qs) x Hp0(Qs) x Hj 1 (D) X Ly 1 (2s) X Hpo(2p)
My, == AR(S) x AP(E), Xp:=XpxM;,, M, :=Lj (),
ty = (ts,h: 08 by US s Ps s UDR) € Xy, i= (1, An) € M,
Ty = (TS hs TSk, VS,hs NS, VD) € Xpy ¥, 1= (¥, &) € My,
pp,n € My, and gp € My,
the Galerkin scheme for problem (2.7) reads: Find ((t;, ¢, ), pp,n) € Xp x M, such that
[A(usn) (b @),), (n, ¥, )] + Blry, ¥,), pon] = [F, (%)) V(r,,4,) € X, 2.17)
[B(th, #,,), ap,n] = [G.qp] Vap,n € Mp.

The following theorem, also taken from [40], provides the well-posedness of (2.17), the associated
Céa estimate, and the corresponding theoretical rate of convergence.

Theorem 2.2. Assume that the conditions on k;,i € {1,...,4}, required by Theorem 2.1 hold. In
addition, given r € (0,10), with ro defined by (2.13), we let
wh = {Zs,h €HL 1 (Qs) 1 lzspllos < T},

and assume that the data fs and fp satisfy

e fslloos + /o

0.0p ) <7, (2.18)
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where & is the positive constant, independent of the data, provided by |40, Lemma 4.2|. Then there
exists a constant Cy > 0 such that, whenever hy < Cohg, there exists a unique ((Eh,fh)apD,h) €
X, x My, solution to problem (2.17) with ug ), € Wh. In addition, there holds

1((trs 2,,) P, [[5xxm < ET{HfSHo,Qs + HfDHonD} : (2.19)

and there exists C1 > 0, independent of h, hy, and hg, such that

H((L f)apD) - ((§h7£h)7pD,h)HXXM < Chdist (((Lf)va)aXh X Mh)

Assume further that there exists § > 0 such that tg € H5(QS), og € H5(QS), diveg € H‘;(Qs), ug €
H!(Qg), p € H/?H(%), ps € H* (), up € H(Qp), and divup € H (Qp). Then pp € H'1O(Qp),
A\ € HY?H(S), and there exists Co > 0, independent of h, hy, and hg, such that

I((t, ©),p) — ((tn, ©,), po1) s < Co h° {Htsllms +lloslls.os + [ldives|lsos + [lus]li+s05

+ lleslisas + Ilpllsop + I4iv upllsay + Ipolison | -

Proof. We refer the reader to [40, Theorems 4.3, 5.4, and 6.2| for details. O

We end this section by pointing out that the assumption hy, < Cphg required in Theorem 2.2 is
needed to prove the discrete inf-sup condition for the bilinear form b (cf. (2.9)). We omit further
details about this issue and refer the reader to [86, Lemma 7.5] for more details.

2.3 A residual-based a posteriori error estimator

In this section we derive a reliable and efficient residual-based a posteriori error estimator for the three
dimensional Galerkin scheme (2.17). The corresponding a posteriori error analysis for the 2D case
should be quite straightforward. We remark in advance that most of the proofs here make extensive use
of estimates already available in the literature. In particular, we apply results from [82, 80, 89, 93, 97],
among others.

2.3.1 Preliminaries

We begin by introducing further notations and definitions. First, given T' € 7,5 U T,2, we let £(T) be
the set of faces of T, and denote by &, the set of all faces of 7'hS U 7;LD, subdivided as follows:

&L = Sh<rs) U 5h(FD) U Sh<Qs) U gh(QD) U Sh(E),

where E,(Ty) :={e € &, : e C I} En() i={e € & : e C O}, for x € {S,D}, and the faces of
En(X) are exactly those forming the previously defined partition ¥y, that is £,(X) :=={e € &, : e C X}.
Also, for each e € &£,(Q4) we fix a unit normal n., and then, given v = (v1,v2,v3)" € L%(Q) and 7 :=
(Ti7)3x3 € L2(£2) such that v|r € C(T) and 7|7 € C(T) on each T € Ty, we let [vxn.] and [7xn.] be
the corresponding jumps of the tangential traces across e. In other words, [vxn.] := (V|7 —v|7/)|exn,
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and [Txn.] := (7|7 — 7|17)|e X0, respectively, where T' and T are the elements of 7;* having e as a
common face and
(711, T12, T13) X D¢
T X Ne 1= (7’21,7‘22,7’23) X e
(731,732, T33) X N

From now on, when no confusion arises, we simple write n instead of n.. In the sequel we will also

make use of the following differential operators:

1 = =
cur (V) Vixv 8%2 81’3, 8:63 8.%17 8331 81’2

and
curl (711, T12, T13)

curl (1) := curl (721, 22, T23)

CUI‘I (’7’31, 732, ng)

In turn, the tangential curl operator curlg : H/2(X) — L(HY/2(X)), with L(H™'/2(X)) denoting the
tangential vector fields of order —1/2, will also be needed. This operator which can be defined by
curlg(§) = VExn for any sufficiently smooth function &, is linear and continuous (see [21, Proposi-
tions 3.4 and 3.6] for details). A tensor version of curlg, say curls : HY/2(X) — £(H~Y/2(%)), which
is defined component-wise by curlg, will be also utilized.

Let us now recall the main properties of the Raviart-Thomas interpolator of lowest order (see
[19, 81, 100]) and the Clément operator onto the space of continuous piecewise linear functions [49].
We begin with the aforementioned Raviart-Thomas operator IT} : H'(€) — Hj (%) (recall the
definition of Hj(2,) in Section 2.2.3), x € {S, D}, which is characterized by the identity

/ Zv-n:/v-n V face e of T (2.20)
As a consequence of (2.20), there holds
div (IIyv) = Py (div v), (2.21)

where Py is the L?({,)-orthogonal projector onto the piecewise constant functions on €2,. A tensor
version of 1T}, say IT} : H'(€2) — Hy (), which is defined row-wise by II}, and a vector version of
Py, say Py, which is the L?(£2,)-orthogonal projector onto the piecewise constant vectors on €2, might
also be required. The local approximation properties of II} (and hence of II}) are established in the
following lemma. For the corresponding proof we refer to [19] (see also [81]).

Lemma 2.3. For each x € {S,D} there exist constants c1,co > 0, independent of h, such that for all
v € HY(Q) there hold

v —1Gvlor < ethrllvlir VT €Ty,

and
v n—Tv-nloe < e2h?|viiz, V face e of Ty,

where Tt is a tetrahedron of T;* containing e on its boundary.
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In turn, the Clément operator I} : H'(€,) — Hj (€), with
HL(Q,) = {v €C(@,): vlr € P(T) VT e 7;;} ,

approximates optimally non-smooth functions by continuous piecewise linear functions. The local
approximation properties of this operator are established in the following lemma (see [49]).

Lemma 2.4. For each x € {S,D} there exist constants cs,cq > 0, independent of h, such that for all
v € HY(Q,) there holds
v = Thvllor < eshrllvllia, )y VT €Ty,

and
lo = Lolloe < cahtllollia,e Ve € &,

where

AL(T) = u{T’eTh*; T’QT#(Z)} and A, (e) = u{T’eﬁ:; T’ﬂe#(b}.

In what follows, a vector version of I}, say Iy : H!(€2,) — H} (Q,), which is defined component-wise
by I, will be needed as well.

For the forthcoming analysis we will also utilize a couple of results providing stable Helmholtz
decompositions for H(div; ) and Hy(div;Qp). In this regard, we remark in advance that the de-
composition for Hy(div ; p) will require the boundary I'p to lie in a “convex part’ of Qp, which means
that there exists a convex domain containing €)p, and whose boundary contains I'p. More precisely,
we have the following lemma.

Lemma 2.5.

a) For each s € H(div;Qg) there exist n € H?(Qg) and x € HY(Qs) such that
Ts=Vn+curlxy in Qs and |nlz0s + lIXllLes < CsllTsllaiv.os, (2.22)
where Cs is a positive constant independent of all the foregoing variables.

b) Assume that there exists a convex domain = such that Qp C ZE and I'p C J=. Then, given
vp € Hy(div;Qp) there exist w € H?(Qp) and B € H%D (Qp) such that

vp=Vw+curl@ in Qp and ||wl2o,+ |8

125 < Opl[vp|laivop, (2.23)

where Cp is a positive constant independent of all the foregoing variables, and
H}, (Qp) = {8 € H'(2):  Bir, € Po(Tp) }.

Proof. See |82, Theorems 3.1 and 3.2|. O

We end this section with a lemma providing estimates in terms of local quantities for the Haol/ 2(2)
and H~Y/2(X) norms of functions in particular subspaces of L2(X) and H~'/2(X) N L%(X), respectively.
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More precisely, having in mind the definitions of A () and AP(X) (cf. (2.16)), which are subspaces
of HééQ(E) and H'/2(X), respectively, we introduce the orthogonal-type spaces
A ) = e 2®): (s =0 Yo e A5} (2.24)
and
APL(m) = {A cH V2(2)NLAD): (M&)s=0 V& € AE(Z)}. (2.25)
Then, the announced lemma is stated as follows.

Lemma 2.6. Assume that for each e € X, there exists € € ih such that e C € and hy < Cf he,
with a constant Cy > 0 independent of hy and hg. Then, there exists C' > 0, independent of the
aforementioned meshsizes, such that

S 1
“A"zl/Z,OO,E <C Z he H)‘Hg,e VA e Ay (X)), (2.26)
ecyy,
and
A2 o < C D hellMlge YA € AJH(D). (2.27)
ecyy

Proof. Given \ € Ai’J‘(Z), we first observe that A € Haol/ ?(¥) and that

A A
||)\H—1/2,00,2 = sup & <  sup % (2.28)
5€H(1)(/JQ(E) HEHl/Z,OO,E UEH%S(QS) HUHLQS
€70 vio

Next, we let ﬁs be a regular triangulation of the domain 2g which coincides with f]h on X, and let
B H'(Qs) = B 1= v €C@s) : vlr € PA(T) YT €75}

be the usual Clément operator (see Section 2.3.1). Then, since I (v)|s € AS(E) Vo e HILS (Qg), it
follows from (2.24), (2.28), and the Cauchy-Schwarz inequality, that

~ > IMoellv = In(@)lloe
ANv—1
Al ysgos < sup 0= Ine o, e , (2.29)
vet (@) lvllnos veHL (0) [v]1,08
v#£0 v#£0

where we also use that ||v — fh(v)HQe < v — IAh(v)HO,g. In turn, applying the second approximation

property from Lemma 2.4, the estimate hgy < C] he, and the fact that the number of triangles of the
macro-elements A(e) are uniformly bounded, we find that

= 1/2
S Moellv = Tn@)lloe < Y 2 IMlloe lolh,ae)

e€Xp ecdly,
1/2 1/2 1/2
< 9> helAlGe > ol a < C LY hel Al [ol[1.05
(:‘Ezh €EEh eeEh

which, replaced back into (2.29), gives (2.26). The proof of (2.27), being similar to that of (2.26), is
omitted. O
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2.3.2 The main result

In what follows we assume that the hypotheses of Theorem 2.1, Theorem 2.2, and Lemma 2.6, hold
and let t := ((t,),pp) € X x M and t), = ((tr:,,),PD,0) € Xpp x My, be the unique solutions of
problems (2.7) and (2.17), respectively. Then, our global a posteriori error estimator is defined by:

1/2
©:={ > ©3r+ > Obrp . (2.30)
TeTS TeTP
where the local error indicators @%,T (with T € T,%) and @%I (with 7' € T,P) are given by

2

1
O = |Ifs + diVUs,hHg,T + ||fs — P%(fs)HO,T + ‘ Psh— 3 (Vugp, — (Vugp)')

0,T

2
2
+ lleCusn) ~ tsallly + llosa = oS ullor + o — mltsabtsn + (asn @ usn)?|

+ h3||[Vug s — (tsh + psp) H(Z)T + hi || curl (ts, + Ps,h)H(Q),T

(2.31)
+ Z he [ [(ts,n + psp) xn] Hi,e + Z he || (ts,n + Ps.n) XnHz,e
GEE(T)ﬂgh(Qs) EES(T)ﬁgh(Fs)
+ Z {heH(tS,h"i‘PSJl) ><n+%rls<,0hH(2)7e+he||goh+us,h\(2)76}
BEE(T)QE}L(E)
2
2
+ Z he O'S’hn—Zwl_l(goh-tl)tl-f-)\hn‘o ,
e&(T)NER(D) 1=1 ©
and
@2D,T = HfD — div uD,hH(Q)yT + h% HK_luD:hH?),T + h% HCIlI‘l (K_luD,h)H(QLT

> kel twpgolflg 30 ke K Tap g,
eES(T)ﬁSh(QD) eeé'(T)ﬂSh(FD)

+Z{he

c€E(T)NEL (D)

2
K_luD,hxn + curls)\hHO + he |lppp — Ah”é,e + he [Jup '+ <ph-n|]§7e } .
e
(2.32)

The main goal of the present Section 2.3 is to establish, under suitable assumptions, the existence
of positive constants Cre1 and Cess, independent of the meshsizes and the continuous and discrete
solutions, such that

Cets © + hoot. < HE—E}LHXXM < Cre1 9, (2.33)

where h.o.t. stands, eventually, for one or several terms of higher order.

The upper and lower bounds in (2.33), which are known as the reliability and efficiency of ©, are
derived below in Sections 2.3.3 and 2.3.4, respectively.
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2.3.3 Reliability of ©

Proceeding analogously to [40, Section 5.2], we first let P : X x M — (X x M) := X' x M’ and
Py, - X, x My, — (X, x M) := X}, x M, be the nonlinear operators suggested by the left hand sides
of (2.7) and (2.17) with the given velocity solutions ug € W, and ugj;, € W/, that is

[P(s),7] := [(a1 + az(us))(s),x]
+ [B(Eaﬁ)er]
for all § = ((s,¢),rp), T = ((r,%),qp) € X x M, and

+ [b(s), ¢] + [b(x), @] — [c(), ¥]
(2.34)
_|_

[B(s, ¢),qp],

[Pr(Sh), h] = [(a1 + az(aspn))(sp), tp] + [b(sp), ¥, | + [b(rp), @,] = [c(@),), )]

- (2.35)
+ [B(ry. ¥,):rop] + B(si: @), 40,0l

for all 8, = ((sy,, @,): D), Fr = ((th: ¥, ), ap,n) € Xp X M. Then, setting F := (F,G) € X' x M/, it
is clear from (2.7) and (2.17) that P and P}, satisfy

[P(t),7] = [F,f] VFeXxM (2.36)

and
[Pu(tn), ] = [F,Fn] VT, € Xy x My, (2.37)

respectively. In addition, since p is assumed to be of class C! (cf. (2.2)), we find, as explained in [40,
Section 5.2, that a; (cf. (2.9)) has hemi-continuous first order Gateaux derivative Da; : X — L(X, X').
In this way, the Gateaux derivative of P at § is obtained by replacing [a1(-), -] in (2.34) by Day(S)(:, )
(see |40, Lemma 5.3] for details), that is

DP(8)(t,F) := Dai(s)(t.x) + [az(us)(t), x] + [b(t), %] + [b(r), @] — (), %]
+ [B(Ea $)>pD] + [B(L f)a QD} ’

for all £ = ((t,¢),pp), T = ((r,9),qp) € X x M, which, according to [40, Lemma 5.3], becomes a
uniformly bounded (with respect to §) bilinear form on (X x M) x (X x M). Moreover, thanks to the
assumptions on k;, i € {1,...,4}, required by Theorem 2.1, recalling that ¢ is positive-semidefinite,
employing the continuous version of [40, Theorem 5.2|, and proceeding again as in [40, Section 5.2|,
we deduce the existence of a positive constant Cp, independent of § and the continuous and discrete

solutions, such that the following global inf-sup condition holds

¢ DP(5)(C, ¥
Cp ||C||X><M < sup M

- Ve X xM. (2.38)
fexxM Tl xxm
740

We are now in position of establishing the following preliminary a posteriori error estimate.

Theorem 2.7. Given r € (0,1¢), with ro defined by (2.13), assume that the data fs and fp satisfy

. Cpr
< .
o {Ifsloqs + Iplonn} < 7oy (2.39)
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where ép and ap(Q) are the positive constants, independent of the data, provided by |40, Lemma 4.2
and eq. (3.16)], and Cp is given above in (2.38). Then, there holds

R 2
It — thllam < = HRII(

< & (2.40)

XxM)"’
where R : X x M — R is the residual functional given by R(F) := [F — Pp(ty),F] VFe XxM,
which satisfies

R(I_"h) =0 th S Xh X Mh. (2.41)

Proof. Since t and tj, belong to X x M, a straightforward application of the mean value theorem yields
the existence of a convex combination of t and ty, say 8, € X x M, such that (see for instance the
proof of [97, Lemma 3.5|)

—,

DP(8),)(t — ty,T) = [P(t) — P(t,),f] VreXxM.

Then, using that [P(t), ] = [F,] (cf. (2.36)), and adding and subtracting [P},(t), ], it readily follows
from the foregoing identity that

DP(5,)(t — ty,T) = R(F) + [Pu(th) — P(tn),f] Vie X xM. (2.42)

In turn, applying (2.38) with § = §j; and E = t — t, and employing (2.42), we deduce after minor
algebraic manipulations that

)’+ sup [Ph(gh)_P(gh)JF] (243)

reXxM ||FHX><M
F£0

Op It — s < HRH(XxM

Next, according to the definitions of P and Py, (cf. (2.34) - (2.35)), and using the estimates (2.12) and
(2.19), and the definition of r¢ (cf. (2.13)), we obtain

[P1(E) = P(En). 71| = [lazluss — us)(ta).x]

< () (k1 + 1)V |lug

1,05 [Jus —uspll1,0s Ixllx

2(Qs) (k3 4+ 1)V 1€ lxxm 1T — Enllxxm [|zllx

C
Oé()Q . S5 S
< 9 o {Utsllons + 1plon b IE = Ellcese xlx

<

which, thanks to the assumption (2.39) and the fact that - <1, yields
0

- - Cp ~» -
[P (@) — PE), 71| < =2 1= Elloana Il

Thus, replacing this estimate back into (2.43) we arrive at (2.40). Finally, the fact that R vanishes in
X, x My, that is (2.41), follows straightforwardly from (2.37). O

According to the upper bound (2.40) provided by the previous lemma, it only remains now to

estimate ||R|| ( )/. To this end, we first observe that the functional R can be decomposed as

XxM

R(F) := Ri(7s) + Ra(vs) + Ra(ng) + Ra(rs) + Rs(vp) + Re(gp) + R7(9) + Rs(§)
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for all ¥ = ((r,),qp) € X x M, where
Ri(7s) := —ro(fs +divogy,divrs)s — k1 (0’%7,1 — u([tspl)ts p + (ugp ® us’h)d, T(él)s
_(ts,ha TCSI)S - (7-87 pS,h)S - (diVTS) uS,h)S - <'TSII7 90h>2 ’

Ra(vs) := (fs +divogy, vs)s — ks(e(usn) — tsn, e(vs))s,

1
R3(ng) == (osn,Ms)s — k4 <Ps,h ~3 (Vugp, — (Vugp)) ﬂ75> :
S

Ra(rs) = (0§, — p(ltsn)tsn + (usp @ usp)?,rs)g,
R5(VD) = —(Kﬁlu]lh, VD)D =+ (diV VDpr,h)D =+ <VD'n, )\h>2 ,
Re(gp) := —(fp —divupp,qp)p,

2
R7(¢) == —(osun, )y + Zwl_l (Pt Pty — (Ym, Ay,
=1

Rs(€) = (@pm, &)y + (upsm, £)sy

In this way, it follows that

IRl gy < { IRy + IRl ey + IRalls, ey + IRz sy o

+ [R5 1o (diviop)y + [RellLz@py + HR7HH(;01/2(E) + ”RSHH—U?(E)} ;

and hence our next purpose is to derive suitable upper bounds for each one of the terms on the
right hand side of (2.44). We start with the following lemma, which is a direct consequence of the
Cauchy—Schwarz inequality.

Lemma 2.8. There exist Co, C'5 > 0, independent of the meshsizes, such that
1/2

. 2 2
IRalliay (g < C2§ D lifs +divosullgy + lle(usn) — tsallg r
TeTy

and

1/2
) /

[IRallp.2

skew

1
Psh— 5 (Vugy, — (Vugp)')

o o3 X lorss—obull s |

TeTS 0T

In addition, there holds
1/2

2
d d
Rallez gy < 4 D HGS,h — p([tspl)tsp + (usp @ usp) HOT
TEeTS ’

and
1/2

. 2
Rsllrzpy < § D Ifo—divup
TeT,?
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Next, we derive the upper bounds for R7 and Rg, the functionals acting on the interface 3.

Lemma 2.9. There exist C7, Cs > 0, independent of the meshsizes, such that

1/2
2
2
IRl gy 1725y = Cr > hellosan =Y w et + /\hn’ o ; (2.45)
e€&n (%) I=1 7
and
1/2
2
eegh(E)
Proof. 1t is clear from the definition of R7 that
2
- 1/2
R7(¢) = —<Us,hn =D w et + )\hn>¢>2 ¥1p € Ho)X(%)
I=1
which certainly yields
2
_ —1
HR7HH501/2(2) = HUS,hn - ;Wz (n - t)tr + )\hnH—l/z,oo,z : (2.47)

Then, taking 4, € AP (¥) and then (rp,¥,) = (0,(¥4,0)) € Xp, in the first equation of (2.17), we
deduce that

2
<0'S,hn — Zw[l(goh-tl)tl + Apn, 1;bh>2 =0 Vi, e AN(D),
=1

which says that each component of g ;n — Z?zl w; (- t1)t, + Apn belongs to AE’L(Z) (cf. (2.24)).
In this way, (2.45) follows from (2.47) and a direct component-wise application of (2.26) (cf. Lemma
2.6). In turn, the proof of (2.46) proceeds analogously by noting now that up n+ ¢,-n € A],:L)’L(E)
(cf. (2.25)), and then by applying (2.27) (cf. Lemma 2.6). O

Our next goal is to derive the upper bound for R;, for which, given 7g € H(div;g), we consider
its Helmholtz decomposition provided by part a) of Lemma 2.5. More precisely, we let n € H2(Qg)
and x € H!(Qg) be such that 7 = V7 + curl x in s, and

[Imll2,05 + Ixll10s < Cs lITsllaiv,q - (2.48)

Then, defining 755, := I} (Vn) + curl (I3 x) € Hy,(Qs) (cf. Section 2.3.1), which can be seen as a
discrete Helmholtz decomposition of 7g j,, and applying from (2.41) that Ri(7s ) = 0, we can write

Ri(ts) = Ri(rs — 7s5) = Ri(Vn —IL}(Vn)) + Ry(curl (x — Lx)).

Consequently, we now require to bound the expressions on the right hand side of the foregoing
equation, which is provided by the following two lemmas.
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Lemma 2.10. There exists C > 0, independent of the meshsizes, such that for each n € H?(Qdg) there

holds
1/2

Ri(Vn —IL(VR) < C 4 > 6irp n
TeTy

2,0 (2.49)

where
02, = hx|lod, — u(ltsa)t d||? fs — PS5 ()13
17 = hr||os, — w(tsal)tsn + (usp ®usp) o + s (£
’ (2.50)

+ B3 |[Vusy = (st psp)llor + D, helen+usalde.

c€E(T)NEL ()

Proof. 1t follows almost straightforwardly from a slight modification of the proof of [97, Lemma 3.10|
(see also [93, Lemma 3.6]). We omit further details. O

Lemma 2.11. There exists C > 0, independent of the meshsizes, such that for each x € H(Qg) there
holds

1/2
Ri(curl (x —Tix)| < € D> 0370 lxlhos, (2.51)
TeTS
where
~ 2
O3 = HU(Si,h — p([tsal)ts,n + (usp ®us,h)dH0T + h7 ||curl (ts ), + pS,h)H(?T
+ o he|[tssatpsm]lls, + Y0 ke [[(6sn+ psi)xmlg, (2.52)
e€E(T)NER(Qs) e€&(T)NER(T's)
+ Z he H(tS,h+pS,h)><n+%rls‘PhH(2)7e .

c€E(T)NEL(D)

Proof. Given x € H!(Qg), we first notice from the definition of Ry that there holds

~

Ri(curl (x — Iix)) = Ti(x) + T1(x),

where
Ti(x) == —r1(08), — n(ltspl) tsn + (usp ®ugy)?, curl (x — Iix))q

and, denoting ¢, 1= tsn + Pg p,

Ti(x) = — (Cpocurl (x — Bx))s — (curl (x — Lix)n, @3 )y, -

For estimating 'Tl(x) we proceed as in the proof of |97, Lemma 3.9] and apply the boundedness of
I : HY(Qs) — HY(Qs) ([69, Lemma 1.127, pag. 69]), as well as the Cauchy-Schwarz and triangle
inequalities, to obtain

1/2

~ 2
Tl <8 (ot —nlltsaltsn + (usn @usn)®| b Ixlas.  (253)
TETS ’
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Next, for Tl(x) we first apply the identities from [100, Chapter I, eq. (2.17) and Theorem 2.11] to
deduce that

(curl (x — Tix)n, ¢y, = (curlepy, x —Tix)s = Y /curlscph —-Tix). (2.54)
eeé‘h

Then, analogously to the proof of [97, Lemma 3.9], we integrate by parts (¢}, curl (x — sz))S on each
T € ’7;18, and add (2.54) to the resulting expression, to obtain

g;/wﬂ@ > [l (=T

TeTS e€&n(Qs)

— Z Cpxn: (x Z /Chxn+curlscph) (x —Ix).

eeé‘h

(2.55)

In this way, applying the Cauchy—Schwarz inequality, the approximation properties of the Clément
interpolator I (cf. Lemma 2.4) and the fact that the number of triangles of the macro-elements
Ag(T) and Ag(e) are uniformly bounded, we deduce from (2.55) that

Tix)l < Y Shrllewl (Clisr + Y ke IS xall,

TcTS ecE(T)NER(Ns)
D> helGuxmllge + Y0 heliGpxn+ curlsgylg,
e€E(T)NER(TS) c€E(T)NER(E)
which together with (2.53) implies (2.51) and concludes the proof. O

As a direct consequence of Lemmas 2.10 and 2.11, and the stability estimate (2.48) for the Helmholtz
decomposition, we obtain the following upper bound for ||R1|[m(div:0s) -

Lemma 2.12. There exists Cy > 0, independent of the meshsizes, such that

1/2
[R1llm@iviasy < C1 Z Odr ,
TeTS
where ;
O2r = 62r + O%p — b ||od, — nlltsatsn + (usp@us)?|

that is

. ) )

Oz = fs - PfSL(fS)HQT + H‘T(si,h — p([tsnl)tsn + (usp ® us,h)dHOT

)

+ 3 |[Vusp — (b5 + ps.) g + 17 leurl (b5 + ps ) g 1

+ S he|llsnp+ps)xnlllo,+ Y0 hell(tsn+psa)xnll;,
ec&(T)NERL(Qs) ec&(T)NEL(Ts)

T Z {he [ (ts.n + ps.p) Xn+%ﬂS‘PhH§,e+heH‘Ph+“87h||g,e }
c€E(T)NER ()
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Proof. Tt suffices to see that the first term defining @%T (cf. (2.50) in Lemma 2.10) is dominated by
the first term defining @%T (cf. (2.52) in Lemma 2.11), which explains the substraction of the former
in the original definition of @% e O

Finally, the corresponding estimate for Ry is given by the following lemma.

Lemma 2.13. Assume that there exists a convexr domain = such that Qp C = and I'p C 0=. Then
there exists Cs > 0, independent of the meshsizes, such that

1/2
[R5 [l #10(div;0n) < Cs Z @2D7T ;

TeTP

where N ) )
®2D7T = h% HK_luDJlHo,T + h% chrl (K_luD,h)H(LT

+ 3 heH[[K’luD,hxn]]Hae—i— 3 heHK’lthXnHé?e
ee&(T)NERL(OD) ecE(T)NER(TD)

+ ) {he K up pxn -+ eurl Mul|g , + he l[pos — Ml }
ecE(T)NER(S)

Proof. The result follows analogously to the proof of Lemmas 2.10, 2.11, and 2.12, taking into account
now the Helmholtz decomposition provided by part b) of Lemma 2.5, the fact that Rs(vpp) = 0
Vvpn € Hpo(Qp) (which also follows from (2.41)), and the analogue of the integration by parts
formula (2.54), which here becomes

(curl ¢ -m, \p)y = (curlghpy, d)y, Vo € H(Qp),

where curlyg is the operator defined in Section 2.3.1. Additionally we refer to [93, Lemma 3.9] for the
proof of the 2D version of this lemma. We omit further details. ]

We end this section by concluding that the reliability of ©, that is the upper bound in (2.33), is a
straightforward consequence of Lemmas 2.8, 2.9, 2.12, and 2.13.

2.3.4 Efficiency of O

We now aim to establish the lower bound in (2.33). For this purpose, we will make extensive use of the
original system of equations given by (2.4)—(2.5)—(2.6), which is recovered from the augmented-mixed
continuous formulation (2.7) by choosing suitable test functions and integrating by parts backwardly
the corresponding equations.

We begin the derivation of the efficiency estimates with the following result.
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Lemma 2.14. There hold

HfS — PS fS HOT < 2”0’3 — O, thlvT VT e TS,

Ifs + divosallyp < o

VT e TP,

[fo —divuppllgr < |
and there exist constants ¢; > 0, i € {1,...,4}, independent of the meshsizes, such that
losn —o§ulor < allos—osulyy YT €Ty,

, } YT e TS,

le(us )~ tsnllor < caf

7 } YT e TS,

< 03{”08 -
0T

1
Psh~ 5 (Vugp, — (Vugp)')

S,h — S,h S,h > 4 S — USall1,T S — LS,hll0,T S = Ps,nlloT h
Vuss — (tss+psn) || < eafllus —usalir + ts — tsalloz +llos — psplor ) VT €T

and

0T
Proof. 1t suffices to recall that fs = —diveyg, fp = divup, tg = e(ug), pg = %(Vus — (Vus)t),
and og = of. In particular, for the first estimate we refer to [97, Lemma 3.13]. Further details are
omitted. O

Now we turn to provide the corresponding estimates for the rest of terms defining ©g and Op.
To do that, we proceed similarly as in [93], [97], and [83] and apply some known results based on
inverse inequalities (see [47]) and the localization technique (see [150]) based on tetrahedron-bubble
and face-bubble functions. In particular, the following lemma provides local efficiency estimates for

several terms on X.

Lemma 2.15. There exist constants ¢; > 0, i € {5,6,7,8}, independent of the meshsizes, such that

b

a) hellpos = Mle < e {Ilpo = poalld s, + un -
for all e € E,(X), where T, is the tetrahedron of 77? having e as a face,

b) helluppn+ @, nlf. < (up — up ) |13
for all e € E,(X), where T, is the tetrahedron of T, having e as a face,

2

c)

Zwl Wt tl—l—)\hn‘

,6

(05— asn)ll 1, 3o+ helld = Ml b

< 07{Hds—

for all e € E,(X), where Ty is the tetrahedron 0f7',§S having e as a face,

Q) hellus +@nllde < es {hus -
for all e € E,(X), where T, is the tetrahedron 0f7',§S having e as a face.
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Proof. We notice that all the estimates here can be easily obtained by adapting the proofs of their two-
dimensional counterparts. In fact, the estimate in a) can be easily obtained after a slight modification
of [10, Lemma 4.12|, whereas the proofs of b), c¢), and d) readily follow from [93, Lemmas 3.15, 3.16
and 3.17|, respectively. O

The sixth residual expression defining @%,T (cf. (2.31)), that is the one containing the nonlinear
operator and the convective term, as well as the rest of terms acting on X, are estimated now.
Lemma 2.16. There exist ¢; > 0, i € {9,10, 11}, independent of the meshsizes, such that

) o s = it ats.n + (s @ )’

Ovﬂs

)

< o {llos — osnlloas + libs — tsnllogs + lus — usl

b) Z he ||(ts.n + psp) xn+ @S‘PhH(Q),e
e€&r (%)

TR <HtS_tS,h

€& ()

B, +llos = psaldr.) + e = eulox |

and

<) Z he HK_luDvhxn + curls)\hHae < c11 Z |lup —up
ec&h (%) e€&p (%)

|(2),Te + A= Ah”%/zz )

where, given e € Ep(X), T, is the tetrahedron of 77LD having e as a face.

Proof. The efficiency estimate a) follows exactly as in the first part of the proof of [97, Theorem 3.12].
Indeed, after introducing the identity o8 — u(|ts|)ts + (us ® ug)? = 0, the rest of the proof reduces
to employ the Lipschitz-continuity of the nonlinear operator induced by p (cf. [91, Lemma 2.1]), the
compact imbedding i. : H'(Qs) — L*(Qs), and the fact that ||us||1,0s and ||us »||1,0s are both bounded
by r, thus obtaining

[u(lts)ts — u(lts nDtsnlloos < Lpllts —tsnlloas

and
Jus ®us —usp @ uspllg o < [[(us —usp) @usllgo + lusp ® (us —usp) o,
< lie? {HuSHLQs + HuS,hHLQS} lug —ugpllios < 2/l 7 lus — ugpllios -

Further details are omitted. In turn, the proofs of b) and c) follow after a straightforward adaptation
of that of [85, Lemma 20|, and recalling from [21, Proposition 3.6] that the operators curl s and curlg
are bounded. O

We observe here that b) and c¢) are the only non-local efficiency bounds obtained so far. However,
the following lemma shows that local estimates can still be derived for these terms under additional
regularity assumptions on ¢ and A.
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Lemma 2.17. Assume that ¢|. € Hl(e) and N, € H'(e), for each e € E,(X). Then there exist
c12, c13 > 0, independent of the meshsizes, such that for each e € E,(X) there hold

he || (ts,n + Ps 1) ><Il+%r1s<PhH§,e (2.57)
2.57

< iz {llbs — tslfr + los — psallir + he lleurls(e — )3, }

and
_ 2
he [|K~ up o+ curl Mo, < er {HuD —up |2 + he eurl (A — )\h)HaG} , (2.58)

where T, is the tetrahedron of 7;LS (respectively 7;LD) having e as a face.

Proof. The proof of both estimates follow exactly as in the proof of [85, Lemma 21]. We omit further
details. O

Finally, the following lemma provides the corresponding upper bounds for the remaining terms
defining @§7T and ®2D7T. In particular, in order to deal with those involving K~!, we assume from now
on that K_luDvh is polynomial on each T € 7;1D. Otherwise, assuming suitable regularity hypotheses
and proceeding similarly as in [41, Section 6.2], higher order terms are obtained, which explains the
expression h.o.t. in the lower bound of (2.33).

Lemma 2.18. There exist positive constants c;, i € {14,...,20}, independent of the meshsizes, such
that

a) W7 ||K 'up g < cua {IIPD — poullor + hyllup — uD,hHg,T} VT €T,

— 2
b) h%—v chrl (K 1uD7h’)HO,T < C15 ||uD — uDth?),T VT € TD’

_ 2
¢) he ||[K™tap pxn][|g . < ei6llup — up allg,,
for all e € E,(Qp), where the set we is given by we := U{T’ €eTP:ec S(T/)},

_ 2
d) he K uppxnlfs, < 7 Jup —upll3 .
for all e € E,(T'p), where T, is the tetrahedron of 7;LD having e as a face,

2
e) hi [|lcurl (s + Ps,h)HO,T < cig {||ts —tsnllgr + llps — Ps,h||3,T} VT €T3,

2
) he | [(tsn+psi)xa] o, < o {llts = tsal, +llos = psalle.
for all e € £,(Q2s), where the set we is given by we := U{T" € TS:ec€ &M},

2
8) he [[(tsn+ psa)xnlls, < cao {libs — tsnll, + llos — psald s, |
for all e € E,(T's), where T, is the tetrahedron of 7;? having e as a face.

Proof. For a) we refer to [34, Lemma 6.3] or alternatively [15, Lemma 4.3] (see also [90, Lemma 4.9]).
In turn, noting that

curl (K™'up) = —curl (Vpp) =0 and curl (ts + pg) = curl (Vug) = 0,
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we find that the proofs of b) and e) are direct consequences of |83, Lemma 4.9]. Similarly, the proofs of
c), d), f) and g) follow after a straightforward application of [83, Lemma 4.10] (see also |34, Lemma 6.2]
and [15, Lemma 4.4]). O

We end this section by observing that the required efficiency of the a posteriori error estimator ©
(cf. lower bound in (2.33)) is a direct consequence of Lemmas 2.14, 2.16, 2.18, and 2.15. In particular,
the terms hel|A — An||§ . and hell — @[5 . appearing in Lemma 2.15 (items a) — d)), are bounded as
follows:

ST B A= MlEe < AN - Ml < ChIA =Ml o
e€&L(X)

and

Y helle—eulse < Blle—@nlds < Chlie —@ulli 2005 -
eeSh(E)

2.4 Numerical results

We now turn to the implementation of some numerical tests that confirm the predicted reliability
and efficiency of the proposed a posteriori error estimator. For the sake of simplicity, here we restrict
ourselves to the two-dimensional case. To do that we remark that the 2D version of the a posteriori
error indicators Og and ©p described in (2.31) and (2.32) are defined exactly as their 3D counterparts,

considering where appropriate (with v := (v1,v)" and T := (7;j)ax2), v - t and 7t instead of v x n
and T X n,
otvo= 22 -0 4 rotr = <‘9Tl2_311 3722_‘321>t
' 83}1 81’2 ’ ' 61’1 81‘2 ’ 6%1 81‘2 ’

instead of curl v and curl 7, and d;’% and dj‘—sh instead of curlsy; and curlg)\,, respectively, where

d:ips” and % stand for the tangential derivatives of ¢; and A, respectively, along .

Our implementation is based on a FreeFem++ code (see [111]), in conjunction with the direct
linear solver UMFPACK (see [62]). Regarding the implementation of the Newton iterative method, the
iterations are terminated once the relative error of the entire coefficient vectors between two consecutive

iterates is sufficiently small i.e.,
|coeff™ ™! — coeff™|| 2
< tol,

[|coeff™ 2 -
where || - [|;2 is the standard [2-norm in RY, with N denoting the total number of degrees of freedom
defining the finite element subspaces Lfr n(Qs), Hp(Qs), H}l FS(QS), ]Lgkewh(ﬂs), H,,0(Op), A%(E),
AP(2), and L2 ,(Q2p), and tol is a fixed tolerance to be specified later. As usual, the individual errors

are denoted by:

e(ts) := [[ts —tsullons, e(os) :=llos —osnldivos, e(us) = [lus —usn|1,05,

e(ps) = llps — pspllons,  e@s) == [lps — psulloos,  e(up) = [[lup — up llaiv op»

e(pp) := [lpp — popllogn,  elp) = llp — 90h||1/2,00,27 e(A) = IA - >\hH1/2,27
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where pg j, is the postprocessed pressure given by

1 .
psp = 5t (ogn+ (ugp, ®ugyp)) in Qg

In turn, the global error is computed as

—,

e(t)

whereas the effectivity index with respect to © is given by

{e(ts)2 +e(05)” +e(ug)” +e(ps)” + e(up)” + e(pp)* + e(p)” + e()‘)2}1/2 ’

eff(0) = eg).

In addition, we define the experimental rates of convergence

_ log(e(o)/€/(<)
T = T oath )

where e and € denote errors computed on two consecutive meshes of sizes h and h’, respectively.

fOI‘ each ¢ € {t57 gs,us, Ps, Ps, uD, PD, P, )\7E} )

However, when the adaptive algorithm is applied (see details below), the expression log(h/h’) appearing
in the computation of the above rates is replaced by —%log(N/N’), where N and N’ denote the
corresponding degrees of freedom of each triangulation.

The examples to be considered in this section are described next. In all of them we choose K =1,
w1 = 1, and according to [40, eq. (3.26) in Section 3.2|, the stabilization parameters are taken as
Kl = ,ul/Li, with L, := max{pa,2us — 11}, k2 = K1, k3 = p1/2, and kg = Ckop1/4. Since the
Korn inequality constant is not known when considering mixed boundary conditions, Ck, is taken here
heuristically as 0.5 (see [40, Section 7| for details). In addition, the tolerance tol is taken as 1E — 6 in

all the examples.

Example 1 is used to corroborate the reliability and efficiency of the a posteriori error estimator ©,
whereas Examples 2 and 3 are utilized to illustrate the behaviour of the associated adaptive algorithm,
which applies the following procedure from [149]:

(1) Start with a coarse mesh Tj, := T, U T,P.
(2) Solve the discrete problem (2.17) for the current mesh 7p,.

)

)
(3) Compute Op := O, 1 for each triangle T' € T,*, x € {S,D}.
(4) Check the stopping criterion and decide whether to finish or go to next step.
)

(5) Use blue-green refinement on those 7 € Tj, whose indicator O satisfies

1
r > = : T }
Or 2 5 px(Or: T

(6) Define resulting meshes as current meshes 7}? and 7;LD, and go to step 2.
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In Example 1 we consider the regions Qg := {($1,SU2) (1 —0.5)2 + (2 — 1)2 < 0.25, 29 > 1} and

Qp := (0,1)2. In this case, we set the nonlinear viscosity to

p(s) =2+ for s > 0.

1+s

The data fg and fp are chosen so that the exact solution in the tombstone-shaped domain {2 is given
by the smooth functions

ps(x) = cos(mxy) cos(mxe), wug(x) = —curl (sin(7wzy) sin(wzs)),
for all x := (z1,22) € Qg, and
pp(x) = cos(mxy) cos(mxza) Vx := (r1,22) € Qp,

t
where curl (q) := <8‘97q2, —%) for any sufficiently smooth function ¢. Notice that this solution satisfies

ug-n = up-n on % and the boundary condition up-n = 0 on I'p. However, the Dirichlet boundary con-
dition for the Navier—Stokes velocity on I'g is non-homogeneous. Then, we need to modify accordingly
the functional F (cf. (2.11)), as follows

[F, (r,9)] := —ra(fs, divrs)s + (fs, vs)s + (Tsn, g)p,  V(r, ) €X,
where g := ug|r, € HY/2(T'g).

In Example 2 we consider the inverted L-shaped domain Q = Qg U Qp, where Qs = (0,1)? and
Qp :=(—1,1) x (—1,0), representing a fluid channel on top of a porous basin. The viscosity follows a
Carreau law with ag = 0.5, a3 = 0.5, and g = 1.5, that is

u(s) == 0.5+ 0.5(1 +s2)"Y* for s >0,
and the data fg and fp are chosen so that the exact solution is given by
ps(x) = cos(mxy) cos(mxe), ug(x) = curl (x%(ml —1)223(zo — 1)2) ,
for all x := (z1,x2) € Qg, and

(2] — 1)*a3 (a2 +1)?
(z1 +0.01)2 + (y — 0.01)2

pD(X) = VX = (.T1,.T2) € Qp.

Notice that the Darcy velocity and pressure exhibit high gradients near the origin.

Finally, in Example 3 we consider Qp := (—1,0)? and let Qg be the L-shaped domain given by
(—1,1)2\ Qp, which yields a porous medium partially surrounded by a fluid. The viscosity follows
again a Carreau law (cf. (2.3)) with oy = 0.5, @3 = 0.5, and § = 1, that is

u(s) == 0.5+ 0.5(1 +s%)"Y2 for s >0,

and the data fg and fp are chosen so that the exact solution is given by

1
~100(2? + 23) +0.01°

ps(x) us(x) = curl (0.1(z3 — 1)*sin*(rz1)),
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for all x := (z1,22) € Qg, and
pp(x) = cos(mxy) cos(mza) Vx := (z1,22) € Op.

Note that the fluid pressure pg has high gradients around the origin.

Concerning a priori regularity estimates for the Navier—Stokes problem on polygonal domains, which
can be used to explain the singularities of the manufactured solutions of the examples, we refer in
particular to [61], where the corresponding results are derived first for the Stokes system, and then
extended to the nonlinear case through a linearization procedure. Related contributions for general
elliptic problems in non-smooth domains can be found in the classical references [105] and [106].

In Table 2.1 we summarize the convergence history of the fully-mixed finite element method (2.17),
as applied to Example 1, for a sequence of quasi-uniform triangulations of the domain, considering the
finite element spaces introduced in Section 2.2.3, and solving the nonlinear problem with around five
Newton iterations. We observe there, looking at the corresponding experimental rates of convergence,
that the O(h) predicted by Theorem 2.2 (here 6 = 1) is attained in all the unknowns. In addition, we
notice that the effectivity index eff(©) remains always in a neighbourhood of 0.98, which illustrates
the reliability and efficiency of © in the case of a regular solution.

Next, in Tables 2.2, 2.3, 2.4, and 2.5, we provide the convergence history of the quasi-uniform and
adaptive schemes, as applied to Examples 2 and 3, solving the nonlinear problem with around three
and six Newton iterations, respectively. We observe that the errors of the adaptive procedure decrease
faster than those obtained by the quasi-uniform ones, which is confirmed by the global experimental
rates of convergence provided there. This fact is also illustrated in Figures 2.2 and 2.4 where we display
the total errors e(t, ¢, pp) vs. the number of degrees of freedom N for both refinements. As shown
by the values of r(t, ¢, pp), the adaptive method is able to keep the quasi-optimal rate of convergence
O(h) for the total error. Furthermore, the effectivity indexes remain bounded from above and below,
which confirms the reliability and efficiency of © in these cases of non-smooth solutions. Intermediate
meshes obtained with the adaptive refinements are displayed in Figures 2.3 and 2.5. Note that the
method is able to recognize the region with high gradients in Examples 2 and 3.
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dof hs e(ts) r(ts) e(os) r(os) e(us) r(us) e(ps) r(ps)
854 0.1905 0.5866 — 4.6754 — 0.9306 — 1.7056 —
3195 0.0911 0.2909 1.0633 2.4721 0.9660 0.4707 1.0332 0.9970 0.8139
12543  0.0486 0.1460 1.0085 1.2793 0.9634 0.2381 0.9968 0.5015 1.0050
50188  0.0242 0.0679 1.1031 0.6398 0.9995 0.1142 1.0593 0.2371 1.0804
198838 0.0129 0.0352 0.9553 0.3493 0.8791 0.0580 0.9843 0.1256 0.9231
783886 0.0068 0.0179 0.9822 0.1742 1.0143 0.0294 0.9912 0.0639 0.9862

dof hs hp e(ps) r(ps) e(up) r(up) e(pp) r(pp)

854 0.1905 0.1901 0.6240 - 1.2480 - 0.0619 -

3195 0.0911 0.0966 0.3409 0.9165 0.6004 1.1092 0.0296 1.1159

12543  0.0486 0.0573 0.1470 1.2302 0.3035 0.9975 0.0150 0.9962

50188  0.0242 0.0259 0.0686 1.0987 0.1516 1.0018 0.0075 1.0023

198838 0.0129 0.0135 0.0364 0.9227 0.0756 1.0106 0.0037 1.0105

783886 0.0068 0.0070 0.0183 1.0003 0.0382 0.9945 0.0019 0.9935
dof h e(p) r(p) e(\) r(A) e(f) r(f) C) eff(®) iter
854 1/4  1.0668 - 0.2038 - 5.3590 - 5.5271 0.9696 5
3195 1/8  0.5573 0.9844 0.0980 1.1090 2.8448 0.9600 2.9156 0.9757 5
12543 1/16  0.2710 1.0545 0.0479 1.0485 1.4609 0.9746 1.4804 0.9868 5
50188 1/32  0.1345 1.0104 0.0243 0.9767 0.7245 1.0116 0.7312 0.9908 5
198838 1/64 0.0675 1.0025 0.0119 1.0336 0.3909 0.8963 0.3938 0.9926 5
783886 1/128 0.0336 1.0168 0.0064 0.9157 0.1956 1.0098 0.1967 0.9940 5

Table 2.1: EXAMPLE 1, quasi-uniform scheme.

dof hs hp e(ts) e(os) e(us) e(pg) e(ps) e(up) e(pp)
588 0.2926 0.3297 0.2022 0.5672 0.1893 0.3651 0.1754 39.9583 0.4761
1931 0.1964 0.1901 0.1811 0.3955 0.2030 0.3665 0.1092 73.9004 0.4069
7317 0.0997 0.1000 0.0724 0.1796 0.0814 0.1344 0.0572 59.6887 0.1433
28860  0.0487 0.0534 0.0172 0.0726 0.0068 0.0425 0.0172 76.9741 0.0140
115506 0.0250 0.0263 0.0084 0.0363 0.0034 0.0206 0.0082 66.9770 0.0055
459154 0.0136 0.0147 0.0042 0.0181 0.0015 0.0106 0.0041 54.0296 0.0028

dof h e(p) e(\) e(t) r(t) S eff(®) iter

588 1/2  0.2161 0.8872 39.9782 - 40.2227 0.9939 4

1931 1/4  0.2601 1.2136 73.9144 - 74.0108 0.9987 4

7317 1/8 0.0931 0.6470 59.6930 0.3208 59.7396 0.9992 4

28860  1/16 0.0092 0.1010 76.9742 - 76.9937 0.9997 3

115506 1/32  0.0057 0.0485 66.9770 0.2006 66.9905 0.9998 3

459154 1/64 0.0029 0.0320 54.0296 0.3113 54.0370 0.9999 3

Table 2.2: EXAMPLE 2, quasi-uniform scheme.
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dof e(ts) e(os) e(us) e(ps) elps)  e(up) e(pp)
588 0.2022 0.5672 0.1893 0.3651 0.1754 39.9583 0.4761
784 0.1505 0.5215 0.1347 0.2404 0.1385 65.1904 0.1957
1019 0.1031 0.4988 0.0802 0.1297 0.1271 73.1960 0.0295
1431 0.0996 0.4973 0.0889 0.0982 0.1536 55.1764 0.0284
2111 0.0991 0.4995 0.0891 0.0863 0.1419 29.5771 0.0283
3185 0.0994 0.5011 0.0890 0.0805 0.1364 12.6187 0.0282
5555 0.0999 0.5028 0.0893 0.0777 0.1493 7.1633 0.0280
9680 0.0996 0.5023 0.0887 0.0848 0.1481 5.2107 0.0208
17147  0.0916 0.3984 0.0628 0.1351 0.1290  3.8253 0.0152
31110  0.0691 0.3124 0.0398 0.1078 0.0935 2.8216 0.0124
59678  0.0490 0.1961 0.0197 0.0866 0.0536  2.0190 0.0076
112409 0.0394 0.1672 0.0165 0.0653 0.0484 1.4593 0.0063
221370 0.0245 0.1003 0.0084 0.0389 0.0271 1.0402 0.0038
427000 0.0206 0.0870 0.0068 0.0327 0.0226 0.7425 0.0032
dof e(p) e(N) e(g) r(g) (C] eff(®) iter
588 0.2161 0.8872 39.9782 — 40.2227 0.9939 4
784 0.1439 0.8114 65.1987 — 65.2262 0.9996 4
1019 0.0634 0.1014 73.1980 — 73.2245 0.9996 3
1431 0.0504 0.0475 55.1790 1.6645 55.2056 0.9995 3
2111 0.0444 0.0201 29.5818 3.2070 29.6221 0.9986 3
3185 0.0428 0.0155 12.6297 4.1387 12.7177 0.9931 3
955955 0.0416 0.0152 7.1828 2.0292 7.3110 0.9825 3
9680 0.0459 0.0130 5.2375 1.1374 5.3244 0.9837 3
17147 0.0479 0.0118 3.8503 1.0763 3.9225 0.9816 3
31110 0.0255 0.0060 2.8422 1.0192 2.8947 0.9819 3
59678 0.0217 0.0039 2.0312 1.0314 2.0692 0.9816 3
112409 0.0136 0.0021 1.4710 1.0192 1.4982 0.9818 3
221370 0.0085 0.0012 1.0461 1.0059 1.0651 0.9822 3
427000 0.0072 0.0006 0.7487 1.0184 0.7625 0.9819 3

Table 2.3: EXAMPLE 2, adaptive scheme.
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dof hs hp e(ts) e(os) e(ug) e(pg) e(ps) e(up) e(pp)
1037 0.3529 0.3019 1.2001 19.6901 2.6722 2.8717 0.6257 2.1914 0.1139
3664 0.1947 0.1964 2.1724 58.3515 4.5117 3.3283 1.1404 1.2395 0.0657
13956  0.0960 0.1025 2.4894 114.3013 5.8122 4.1176 1.0524 0.6207 0.0314
55663  0.0520 0.0495 1.7729 94.6633 3.2125 2.7450 0.8685 0.3093 0.0153
220100 0.0293 0.0260 0.8835 51.4952 1.0053 1.4521 0.5310 0.1513 0.0075
879198 0.0145 0.0143 0.5353 33.8233 0.3295 1.2531 0.3642 0.0759 0.0037
dof h e(p) e(\) e(t) r(t) © eff(®) iter
1037 1/2  1.3033 0.9173  20.2949 - 20.6086 0.9848 5
3664 1/4  2.0423 0.6667 58.7129 - 58.7574  0.9992 5
13956 1/8 24754 0.4053 114.5792 - 114.5746 1.0000 5
55663  1/16 1.8369 0.2100 94.7926 0.2741 94.7831 1.0000 5
220100 1/32 0.7827 0.0855 51.5392 0.8865 51.5419 0.9999 5
879198 1/64 0.5891 0.0577 33.8576 0.6068 33.8559 1.0000 5

Table 2.4: EXAMPLE 3, quasi-uniform scheme.

—&— quasi-uniform refinement
~=+ adaptive refinement

Figure 2.2: Example 2, e(t, ¢,pp) vs. N for quasi-uniform/adaptive schemes.
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dof e(ts) elos) e(us) elps) e(ps) e(up) e(pp)
1037 1.2001 19.6901 2.6722 2.8717 0.6257 2.1914 0.1139
1579 3.0393 98.1488 6.1149 4.8488 1.2574 1.9106 0.0933
2092 2.0017 84.5704 2.9416 2.9343 1.0256 1.8860 0.0929
2766 0.7046 42.4930 0.8777 1.4751 0.3717 1.8982 0.0936
4748 0.5235 16.4829 0.7695 1.4233 0.2375 1.9012 0.0938
9936 0.4928 8.2112 0.7622 1.4148 0.2143 1.5623 0.0779
18993 0.3580 5.6827 0.5430 1.0980 0.1401 1.0019 0.0495
33974  0.2681 4.2302 0.3972 0.9634 0.1096 0.7945 0.0395
64472  0.1785 3.0476 0.2581 0.7001 0.0752 0.5697 0.0282
122011 0.1438 2.2169 0.2111 0.5401 0.0643 0.4319 0.0215
237874 0.0928 1.5864 0.1340 0.3908 0.0407 0.3042 0.0151
460024 0.0708 1.1390 0.1038 0.3028 0.0301 0.2232 0.0111
915408 0.0456  0.8086  0.0667 0.2074 0.0201 0.1567 0.0078
dof e(p) e(N) e(g) r(g) (C] eff(®) iter
1037 1.3033 0.9173 20.2949 — 20.6086 0.9848 5)
1579 5.6381 1.0470 98.6908 — 98.8258  0.9986 5
2092 3.5592 0.5382 84.7936 1.0790 84.8825 0.9990 5
2766 0.6262 0.4790 42.5832 4.9324 42.6743 0.9979 5
4748 0.4162 0.4813 16.6915 3.4667 16.9205 0.9865 5
9936 0.3749 0.4612 8.5469 1.8128 &8.7791 0.9736 5
18993 0.3330 0.2994 5.9270 1.1300 6.1023 0.9713 5
33974 0.2066 0.2053 4.4464 0.9885 4.5652 0.9740 5
64472 0.1455 0.1665 3.2017 1.0252 3.3074 0.9680 5)
122011 0.1153 0.1202 2.3423 0.9799 2.4071 0.9731 5)
237874 0.0839 0.0852 1.6742 1.0060 1.7299 0.9678 5
460024 0.0552 0.0664 1.2092 0.9865 1.2446 0.9716 5
915408 0.0436 0.0463 0.8556  1.0055 0.8850  0.9668 5

Table 2.5: EXAMPLE 3, adaptive scheme.
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Figure 2.3: Example 2, adapted meshes with 588, 1019, 9680, 31110, 112409, and 447000 degrees of
freedom.
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Figure 2.4: Example 3, e(t, ¢, pp) vs. N for quasi-uniform/adaptive schemes.
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CHAPTER 3

A conforming mixed finite element method for the
Navier—Stokes/Darcy—Forchheimer coupled problem

In this chapter we analyse a mixed finite element method for the Navier-Stokes/Darcy—
Forchheimer coupled problem with constant density and viscosity. We consider the standard
velocity-pressure formulation for the Navier—Stokes equation and in the porous medium we con-
sider the Darcy—Forchheimer equation in its dual-mixed formulation.

3.1 Introduction

The modelling and numerical simulation of incompressible fluid flows in regions partially occupied by
porous media has become a very active research area during the last decades, mostly due to its rele-
vance in the fields of natural sciences and engineering branches. In particular, these kind of phenomena
can be found in several applications such as in vuggy porous media appearing in petroleum extrac-
tion (see, e.g., [7],[6]), groundwater system in karst aquifers (see, e.g., [74], [129]), reservoir wellbore
(see, e.g., [5, 8]), internal ventilation of a motorcycle helmet (see, e.g., [31, 48]), and blood motion
in tumors and microvessels (see, e.g., [138], [146]), to name a few. One of the most popular models
utilised to describe the aforementioned interaction is the Navier—Stokes /Darcy—Forchheimer (or Navier—
Stokes/Darcy, Stokes/Darcy) model, which consists in a set of differential equations where the Navier—
Stokes (or Stokes) problem is coupled with the Darcy-Forchheimer (or Darcy) model through a set of
coupling equations acting on a common interface, which are given by mass conservation, balance of nor-
mal forces, and the so called Beavers—Joseph—Saffman condition. In [64, 63, 43, 92, 11, 94, 93, 96, 65, 40],
and in the references therein, we can find a large list of contributions devoted to numerically approxi-
mate the solution of this interaction problem, including primal and mixed conforming formulations, as
well as nonconforming methods. At this point we remark that the Navier—Stokes/Darcy—Forchheimer
model is considered when the fluid velocity is higher and the porosity is nonuniform, which holds when
the kinematic forces dominates over viscous forces. We refer the reader to [9, 102, 135, 142] for the
derivation and analysis of the Darcy—Forchheimer equations.

Up to the authors’ knowledge, one of the first works in analysing the coupling of Navier—Stokes and
Darcy—Forchheimer equations is [5]. In that work, the authors study the coupling of a 2D reservoir
model with a 1.5D vertical wellbore model, both written in axisymmetric form. The physical problems
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are described by the Darcy—Forchheimer and the compressible Navier—Stokes equations, respectively,
together with an exhaustive energy equation. Later on, motivated by the study of the internal ven-
tilation of a motorcycle helmet, a penalization approach was introduced and analysed in [48]. In
particular, the authors consider the velocity and pressure in the whole domain as the main unknowns
of the system, and the corresponding Galerkin approximation employs piecewise quadratic elements
and piecewise linear for the velocity and pressure, respectively. Notice that this method is applied to
both 2D and 3D domains. More recently, in [147] a 3D discrete dynamical system was derived from the
generalized Navier—Stokes equations for incompressible flow with nonlinear drag forces (represented by
Forchheimer terms) in porous media via a Galerkin procedure. We observe that this method can be
employed in subgrid-scale models of synthetic-velocity form for large-eddy simulation of turbulent flow
through porous media.

Furthermore, and concerning simpler related models, we highlight that a conforming mixed method
for the Stokes-Darcy coupled problem has been introduced and analysed in [92]. In this work, the
velocity-pressure formulation in the Stokes equation and the dual-mixed approach in the Darcy region
is considered, which yields the introduction of the trace of the porous medium pressure as a suitable
Lagrange multiplier. Later on, it was shown in [94] that the use of any pair of stable Stokes and
Darcy elements guarantees the well-posedness of the corresponding Stokes—Darcy Galerkin scheme.
More recently, in [65] the authors extend the results from [92] to the Navier—Stokes/Darcy coupled
problem. Since this coupled system is nonlinear (due to the convective term in the free fluid region),
the analysis of the continuous problem begins with the linearisation of the Oseen problem in the free
fluid domain. This simplified model is then studied by means of the classical Babuska—Brezzi theory,
similarly as it was done for the Stokes—Darcy coupling in [92]. Then, a fixed-point strategy based on the
aforementioned linearisation is associate to the nonlinear coupling, which allows to establish existence
and uniqueness of solution thanks to Schauder’s and Banach’s fixed point theorems, respectively.

According to the above bibliographic discussion, in this chapter we aim to extend the results obtained
in [65, 92, 94| to the Navier-Stokes/Darcy-Forchheimer coupled problem. We consider the standard
velocity-pressure formulation for the Navier—Stokes equation and unlike [65], in the porous medium
we consider the Darcy—Forchheimer equation in its dual-mixed formulation. In this way, we obtain
the velocity and the pressure of the fluid in both media as the main unknowns of the coupled system.
Since one of the interface conditions becomes essential, we proceed similarly to [65, 92| and incorporate
the trace of the porous medium pressure as an additional unknown. The well-posedness of both the
continuous and discrete formulations is proved, employing a fixed-point argument and clasical results
on nonlinear monotone operators (see [144, 145]). In particular, for the continuous formulation, under
a smallness data assumption, we prove existence and uniqueness of solution by means of a fixed-point
strategy where the Schauder (for existence) and Banach (for uniqueness) fixed-point theorems are
employed. Using similar arguments (but applying Brower’s fixed-point theorem instead of Shauder’s
for the existence result) we prove the well-posedness of the discrete problem for a specific choice of
discrete space. More precisely, we consider Bernardi-Raugel elements for the velocity in the free
fluid region, Raviart—Thomas elements of lowest order for the filtration velocity in the porous media,
piecewise constants with null mean value for the pressures, and piecewise constant elements for the
Lagrange multiplier on the interface.

The rest of this chapter is organised as follows. In Section 3.2 we introduce the model problem and
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derive the variational formulation. Next, in Section 3.3, we establish that our variational formulation
is well posed. The corresponding Galerkin scheme is introduced and analysed in Section 3.4. In
Section 3.5 we derive the corresponding Céa’s estimate and a sub-optimal rate of convergence. Finally,
several numerical examples illustrating the performance of the method, confirming the theoretical sub-
optimal order of convergence and suggesting an optimal rate of convergence, are reported in Section 3.6.

3.2 The continuous formulation

In this section we introduce the model problem and derive the corresponding weak formulation. For
simplicity of exposition we set the problem in R?. However, our study can be extended to the 3D case
with few modifications, which we will be pointed out appropriately in the paper.

3.2.1 The model problem

In order to describe the geometry, we let 25 and 2p be two bounded and simply connected polygonal
domains in R? such that 9QgNIQp = £ # 0 and QsNQp = 0. Then, let I's := 905\, I'p := 00p\ &,
and denote by n the unit normal vector on the boundaries, which is chosen pointing outward from
Q:=QsUXUQp and Qg (and hence inward to Qp when seen on ¥). On ¥ we also consider a unit
tangent vector t (see Figure 3.1 below). The problem we are interested in consists of the movement
of an incompressible viscous fluid occupying €2g which flows towards and from a porous medium Qp
through ¥, where Qp is saturated with the same fluid. The mathematical model is defined by two
separate groups of equations and by a set of coupling terms. In the free fluid domain €25, the motion
of the fluid can be described by the incompressible Navier—Stokes equations:

og = —psl + 2,ue(us) in Qg, -—divog+ p(Vus)uS =fy in Qg, (3 1)
divug=0 in Qg, us=0 on I§g, .
where the unknowns are the fluid velocity ug, the pressure pg, and the Cauchy stress tensor og. In
1
addition, e(ug) := i{Vus + (Vus)t} stands for the strain tensor of small deformations, u is the

viscosity of the fluid, p is the density, and fs € L2(f)g) is a given external force.

Figure 3.1: Sketch of a 2D geometry of our Navier-Stokes/Darcy—Forchheimer model
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In the porous medium €2 we consider a nonlinear version of the Darcy problem to approximate the
velocity up and the pressure pp, which is considered when the fluid velocity is higher and the porosity
is nonuniform. More precisely, we consider the Darcy—Forchheimer equations [142, 135]:

F
HK_luD—i——]uD\uD%—VpD:fD in Qp, divup=gp in Qp, up-n=0 on Ip, (3.2)
p p

where F represents the Forchheimer number of the porous medium, and K € L*°(Qp) is a symmetric
tensor in Qp representing the intrinsic permeability & of the porous medium divided by the viscosity
u of the fluid. Throughout the paper we assume that there exists Cx > 0 such that

w- K (x)w > Ck|w|?, (3.3)

for almost all x € Qp, and for all w € R% In turn, as will be explained below, fp and gp are
given functions in L32(Qp) and L?(Qp), respectively. In addition, according to the compressibility
conditions, the boundary conditions on up and ug, and the principle of mass conservation (cf. (3.4)
below), gp must satisfy the compatibility condition:

/ agp = 0.
Qp

Finally, the transmission conditions that couple the Navier—Stokes and the Darcy—Forchheimer models
through the interface ¥ are given by

Qg fh
VvVt Kkt

where g is a dimensionless positive constant which depends only on the geometrical characteristics of

us-n=up-n on X and ogn-+ (ug-t)t=—ppn on X, (3.4)

the porous medium and usually assumes values between 0.8 and 1.2 (see [16, 48]). The first condition
in (3.4) is a consequence of the incompressibility of the fluid and of the conservation of mass across
>.. The second transmission condition on ¥ can be decomposed, at least formally, into its normal and
tangential components as follows:

aapt

Vt-kt

The first equation in (3.5) corresponds to the balance of normal forces, whereas the second one is

(osn) -n=—pp and (ogn)-t=—

(ug-t) on X. (3.5)

known as the Beavers—Joseph—Saffman condition, which establishes that the slip velocity along ¥ is
proportional to the shear stress long ¥. We refer the reader to [12, Section 3.2| (see also [143, 117])
for further details on the choice of this interface condition.

3.2.2 The variational formulation

In this section we proceed analogously to [92, Section 2| and derive a weak formulation of the coupled
problem given by (3.1), (3.2), and (3.4). To this end, let us first introduce further notations and
definitions. In what follows, given x € {S,D}, we set

(P, Q) ::/ pq, (u,v), ::/ u-v, and (o,7) ::/ o:T,
Q* * *
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where, given two arbitrary tensors o and T, o : T = tr (o'7) = Zf =1 0ijTij- Furthermore, in the
sequel we will employ the following Banach space,

H3(div;Qp) := {VD cL3(Qp): divvp € L2(QD)},
endowed with the norm

3 . 3 /
HVD”H3(div;QD) = <||VD||L3(QD) + ||d1VVDHo,QD> )

and the following subspaces of H!(Qg) and H3(div ; Qp), respectively

HILS(QS) = {VS €cH'Y(Q5): vs=0 on Fs},

H%D(div;QD) = {VD € H3(div;QD) : vp-n=0 on FD}.

Notice that H?(div;Qp) = H(div;Qp) N L3(Qp), which guarantees that vp - n is well defined for
VD € H%D(div ;Op).

To begin with the derivation of our variational formulation for the Navier—Stokes/Darcy—Forchheimer
problem we first proceed similarly to [65, 92| and test the second equation of (3.1) by vg € Hllﬂs (Qs),
integrate by parts and utilize the second equation of (3.4) to obtain

2u(e(us), e(vs))s + < st vs 't>2 T p((Vus)us, vs)s -

— (ps,divvg)s + (vs-n, )y, = (f,vg)s,

for all vg € H%S(QS), where A is a further unknown representing the trace of the porous medium
pressure on %, that is A = pp|p. The corresponding space of A will be specified next. In turn, we
incorporate the incompressibility condition divug = 0 in 2g weakly as follows

(gs,divug)s =0  Vgs € L*(Qs). (3.7)

Next, we multiply the first equation of (3.2) by vp € H%D (div; Qp) and integrate by parts to obtain

SERS

_ F )
(K "ap, vp)p + ;(|U—D|uDaVD)D — (pp,divvp)p — (vp - n, A)y, = (fp, vD)D, (3.8)

for all vp € H%D(div :Qp). Observe that if up € H3(div;Qp) and pp € L(Qp), then |up|up - vp €
LY(Qp) and pp divvp € L1(2p), and hence the second and third terms of (3.8) are well defined, which
justifies the introduction of the spaces H3(div;Qp) for the derivation of our weak formulation. On
the other hand, we observe that for each vp € H3(div;p), the normal trace vp - n : H3(div; Qp) —
W*%’3(8QD) is well defined and continuous. In fact, since Wl’%(QD) is continuously embedded into
L2(Qp) then for each ¢ € W%’%((‘)QD) the quantity

0 m8hn, = [ o VRO [ A @divvn,
QD QD
is well defined, where (-, -) 5o stands for the duality pairing between W_%’?’(BQD) and W3-
3
2

Yo ! is the right inverse of the well known trace operator 7o : Wl’%(QD) — W (0Qp). Furthermore,
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as will be explained next at the end of Section 3.3.1, vp - n|y € W_%’?’(E), which suggests to set
W%%(E) as the appropriate space for the unknown A, that is
A= pD|E S W%’%(E)

Note that, in principle, the space for pp does not allow enough regularity for the trace A to exist.
However, the solution of (3.2) has the pressure in Wl’%(QD) NL2(Qp).

Finally, we impose the second equation of (3.2) and the first equation of (3.4) weakly as follows
(¢o,divup)p = (9p,9p)p  Vgp € L*(Qp), (3.9)

and
(us'n—up-n&y=0 Ve Wiz(x). (3.10)

As a consequence of the above, we write 2 := Qg U X U Qp, and define p := psxs + ppxp, with

1 in Q,,
X 1= _
i 0 in Q\Q,

being the characteristic function:

for x € {S, D}, to obtain the variational problem: Find ug € H%S(Qs), p € L3(Q), up € H%D (div; Qp)
and \ € W%’%(E) such that (3.6)—(3.10) hold.

Now, let us observe that if (ug,up,p, A) is a solution of the resulting variational problem, then for
all ¢ € R, (ug,up,p + ¢, A + ¢) is also a solution. Then, we avoid the non-uniqueness of (3.6)—(3.10)
by requiring from now on that p € L3(€), where

13(0) = {q cv@: [q- o}.

In this way, we group the spaces and unknowns as follows:

Nl

H:=H} (Qs) x HE (div;Qp), Q:=L3(Q) x W5
u::= (US,UD) € Ha (pv A) € Qa

(%),

and propose the mixed variational formulation: Find (u, (p,A)) € H x Q, such that

[a(ug)(u), v] + [b(v), (p,N)] = [f, V] Vv := (vs,vp) € H, 1)
[b(u), (¢, ¢)] = [, (¢,9] V(g,6) €Q,
where, given ws € H}:_(s), the operator a(ws) : H - H' is defined by
[a(ws) (), v] := [As(us), vs] + [Bs(ws)(us), vs] + [Ap(up), vp], (3.12)
with
(As(us)ovs] = 2ufeins).e(va))s + (F2us - tovst)
[Bs(ws)(us), vs] = p((Vug)ws,vs)s, (3.13)

F
[Ap(up),vp] = & (K 'up,vp), + — (luplun, vo)p
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whereas the operator b : H — Q' is given by

b(v),(¢g,¢)] == —(divvs,q)s — (divvp,q)p + (Vs -n —vp - n, &)y, . (3.14)

In turn, the functionals f and g are defined by

[f,v] := (fs,vs)s + (fp,vp)p and [g,(q,&)] := —(9p,q)D- (3.15)

In all the terms above, [-, -] denotes the duality pairing induced by the corresponding operators.

3.2.3 Stability properties

Let us now discuss the stability properties of the operators in (3.13) and (3.14). We begin by observing
that the operators Ag, Bg and b are continuous:

[As(us), vs]| < Cugllus

1.9s[vsllas
[Bs(ws)(us), vs] p CElwsl1asluslivosvsllos, (3.16)
[b(v), (¢,€)]

where Cj is the continuity constant of the Sobolev embedding from H*(fg) into L*(Qg). In turn, from
the definition of Ap (cf. (3.13)), (3.3), and the triangle and Hélder inequalities, we obtain that there
exists L4, > 0, depending only on u, p, F, K, and Qp, such that

IN

IN

Collvllell(e: Olas

| Ap(up) — AD(VD>H(H3(div;QD))’ (3.17)
< Ly {1p = v e a0 + 110D = VD lr(aie i) (1100 s s + 1V (a0 ) |

for all up, vp € H3(div;Qp). In addition, using the Cauchy-Schwarz and Young inequalities, it is not
difficult to see that f and g are bounded, that is, there exist constants cg, cg > 0, such that

[fllm < Cf{\lfsllo,ns + HfD”LB/?(QD)} (3.18)
and
lgllqr < cgllgplloen - (3.19)

which confirm the announced smoothness of fp. On the other hand, from the well known Korn and
Poincaré inequalities (see, e.g., [81]), we easily obtain that there exists a constant ag > 0, depending
only on (g, such that

[As(vs), vs] = 2uas||vs|[i oy Vvs € Hpg(Qs). (3.20)
In turn, integrating by parts and assuming that div wg = 0 in Qg, similarly to |65, eq. (29)], we obtain
[Bs(wg)(vs),vs] = g/(WS . n)|Vs|2 Vwg, vg € Hll—xs(Qs). (3.21)

b

Finally, from the definition of Ap (cf. (3.13)) and the inequality (3.3), we deduce that for a fixed
tp € L3(Qp), there holds

[AD(UD + tD) — .AD(VD + tD),uD — VD]

m ) F (3.22)
> ;CKHUD —vplloap + > (Jlup + tp|(up +tp) — [vp + tp|(VD + tp), up — VD),
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for all up,vp € L3(2p). Then, thanks to [103, Lemma 5.1], there exist Cp > 0, depending only on
Qp, such that

(lup + tp|(up +tp) — [vp + tp|(vp + tp), up — vD)p = Cpllup — vpllis(q,):

which, together with (3.22), and neglecting the first term on the right hand side of (3.22), yields

[AD(uD +tp) — Ap(vp + tD), up — VD] > aDHuD — VDH%ﬁ(QD) Yup, vp € LS(QD), (3.23)
F
with ap = CD.
p

3.3 Analysis of the continuous formulation

In this section we analyse the well-posedness of problem (3.11) by means of a fixed-point argument
and classical results on nonlinear monotone operators. To that end we first collect some preliminaries
results and notations that will serve for the forthcoming analysis.

3.3.1 Preliminaries

First we introduce some definitions that will be utilized next. To this end we let X and Y be reflexive
Banach spaces. Then, we say that a nonlinear operator 7' : X — Y is bounded if T'(S) is bounded for
each bounded set S C X. In addition, we say that a nonlinear operator T': X — X’ is of type M if
Up — U, Tup — f and limsup [Tuy,, uy] < f(u) imply Tu = f. In turn, we say that T is coercive if

Now, we establish the following abstract result taken from [144, Proposition 2.3|, which has been
adapted to our context where the nonlinear operator is defined on a product space X = X1 x Xo, with
X1 and X5 depending on parameters p; and po, respectively, in place of an space X depending on a
parameter p.

Theorem 3.1. Let X1, Xo and Y be separable and reflexive Banach spaces, being X1 and X uniformly
conver, set X = X1 x Xo, and let X{, X}, Y, and X' := X| x X}, be their respective duals. Let
a: X — X' be a nonlinear operator and b : X — Y’ be a linear bounded operator. In turn, we denote

by V' the kernel of b, that is,
V= {U €eX: [bv),qg =0 Vqe Y}.

Assume that

(i) a is hemi-continuous, that is, for each u,v € X, the real mapping
J:R—=R, t— J(t)=la(u+tv),v]

18 continuous.
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(ii) there exist constants v > 0 and p1,p2 > 2, such that
2 pi—2
J
la(w) = a(@)llxr < 7Y {llus = vsllx, + lhws = osllx, (gl + lesllx, )™}
j=1
for all u = (uy,ug),v = (v1,v2) € X.

(iii) for fired t € X \ 'V, the operator a(-+1t) : V. — V' is strictly monotone in the following sense:
there exist o > 0 and py1,p2 > 2, such that

a(u+) = a(+1),u—v] = afllur = villf, + fuz — va%, }.
for all u = (uy,u2),v = (vi,v2) € V.

(iv) there exists B > 0 such that

b(v),q
sup (v). 4 > Bllally VgeY.
vex [vllx

Then, for each (f,g) € X' x Y’ there exists a unique (u,p) € X XY such that

[a(u),v] + [b(v),p] = [fiv] VveX,
(3.24)
[b(u), q] = lg.q] VgeY.
Moreover, there exists C > 0, depending only on «,~, 8,p1, and p2, such that
[(u, p)[xxy < CM(f,9), (3.25)
where ) ) - -
M(f,g) = max {N (£, )T, N(f,9)72 7 N (f, ), N(f.9) 2 N (f, )1 |,
and

-1 -1
N(f.9) = Ifllx + llglly + gy + gl + [la(0) ]| x-

Proof. We begin by noting that hypothesis (iv) establishes, equivalently, that b is surjective. Then,
given g € Y’ there exists a unique u, € X \ V such that (see [125, Lemma A.1] for details):

1
b(ug) =g and [lug|x < EHQHY'- (3.26)

Then, given this u, in X \ V satisfying (3.26), we observe that problem (3.24) with v € V leads to:
find w € V, such that
lag(w),v] := [a(t + ug),v] = [f,v] YveV, (3.27)

which suggests to define later on u as u + ug. In this way, since f —a(u) € °V and hypothesis (iv)
also guarantees that the adjoint operator b’ is an isomorphism from Y into °V, we deduce that there
exists a unique p € Y such that ¥ (p) = f — a(u) and

1

U lxe + llaGw) e }- (3.28)

1
Iplly < Ellb/(p)\lx <
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Therefore to prove that problem (3.24) is well posed, in what follows we prove equivalently that
ag(-) = a(- + ugy) is bijective on V. We begin by observing that the injectivity of the operator
ag(-) follows straightforwardly from hypothesis (iii). In addition, from hypotheses (i) and (iii) and
[145, Chapter II, Lemma 2.1] it can be readily seen that a4(-) is an operator of type M. Now, given
v = (v1,v2) € V, and denoting by u , j = 1,2, the components of uy, we observe that, owing to (ii),
(iii) and using the inequality (a + b)q < C(q)(a? + b7), with C(q) depending only on ¢, which is valid
for all ¢ € [0, +00) and a,b > 0 [6, Lemma 2.2|, there hold

lag(0)|x < llag(v) = ag(0)[[xr + llag(0)|lx = lla(v + ug) — alug)llx + [lalug)l|x:

g 9 P2
<73 Sl + sl (Il +udll + ludllx, )™+ latug) I

j=

—_

2
i—1 —2
<O {lusllx, + sl + ol Tud1% 2} + laug)
j=1

—2 2 2 2
< C (1 ol + loallB 7 + a8 + gl ) llollx + llaug) L

and

[ag(v). 0] _ [a(v+ug) = a(0+ug),v] | [alug),v] a{llvl\l’;’a + IIvzHé’é}
lvllx lvllx vl x lvllx

. -1 -1
> Cmin {Jolg 7 el - llatug)

— lla(ug)lx-

which clearly show that a, is bounded and coercive on V', respectively. In this way, by applying
[145, Chapter II, Corollary 2.2] it can be readily seen that a4 is surjective on V. Having verified the
bijectivity of a, on V' we deduce that problem (3.27) is well-posed, or equivalently (3.24) admits a
unique solution (u,p) = (@ + ug,p) € X X Y. Now, in order to obtain (3.25), we proceed similarly to
[144, Proposition 2.3|. In fact, taking v =u € V in (3.27), we have

[a(u +ug) — a0+ ug), u] = [f, u] — la(ug),ul.
Then, combining hypothesis (ii) — (iii) and (3.26), it is clear that
o i, + i2li%, < {IFlx + llatug)lLx flidlx
< er{[17 e + gl + gl + g™ + a0} il

with ¢; > 0 depending only on ~, £, p1, and po, which yields

il < 2max { (Zvtra)" " (2N(10) } , (3.29)

whete N(f,9) = Ifllxr + lgllvs + lgl5™ + g™ + lla(@) . Tn this way, due to u = @+ u,,
combining (3.26) and (3.29), we conclude that

lullx < Wl + llugllx < 2 max {N(f, )7, (S 9)727 }, (3.30)
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with ¢o > 0 depending only on a7, 3, p1, and ps. On the other hand, from (3.28) and using again (ii),
we deduce that

-1 -1
Iplly < ea{ £ 1Lx + lullx + a3 + lluzl%, + lla(0) 1x (3:31)

with ¢3 > 0 depending only on v and . Then, (3.30) and (3.31) conclude the proof. O

We remark that when p; = pa = 2 and ||a(0)||x is equal to zero, the previous analysis leads to the
classical estimate

I, p)lxxy < € {Iflx + lglh }
with C' > 0, depending only on «, -y, and .

Now, we follow |70, Appendix A] (see also [96, 65]) to recall some preliminary results concerning
boundary conditions and extension operators. We start by recalling that, given vp € H%D (div; Qp),
the boundary condition vp - n = 0 on I'p means

3
2

(VD 1, Eop(€))q, =0 VEEWE(Ip),

where Eyp : Wé’%(FD) — W%’%(OQD) is the extension operator defined by

§on FD

VEe Waz(Ip)
0 on % b

Eop(§) = {
We observe that according to [105, Theorem 1.5.2.3], the operator Epp is well defined. In turn,
similarly to [70, eq. (A.6)] we can identify the restriction of vp - n to ¥ with an element of W_%’?’(E),
namely

(VD 1, €)= (v 1, B (€))gq,  VE € WHE(D), (3.32)

where Ey; : W%%(Z) — W%’%(GQD) is any bounded extension operator. In addition, analogously to
the proof of |70, Lemma A.2| one can show that for all ¢ € W%’%((?QD), there exist unique elements
by, € W32(3) and ¢, € W32(T'p) such that

¥ = Ex(¢z) + Eop(Yrp), (3.33)
and there exist C'1, Cy > 0, such that

Cr{loslly s s+ Wrolls 3. | < Il 5,00, < Co{l¥slly s s+ Irolls 2. }- (3.34)

In fact, although |70, Lemma A.2] is derived for Wi s (0Qp) with p > 2, using a slight modification
of [103, Section 2| one can easily extend the analysis to the case p > 1. Finally, we observe that, since
H'/2(9Qg) is continuously embedded into LP(9g) with p > 1, and the trace operator is continuous,
the following inequality holds:

IVslluoe) < Ivsllee(ans) < Csllvsllijzons < CsCullvsllios  Vvs € Hiy(9s), (3.35)

where Cj is the continuity constant of the Sobolev embedding from HY/2(90g) into L?(99g), and Ci,
is the norm of the usual trace operator from H'(Qg) into H'/2(9Qg).
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3.3.2 A fixed-point approach

We begin the solvability analysis of (3.11) by defining the operator T : H%s (Qs) — H%S(Qs) by
T(wg) :=ug Vwg € H%‘s (Qs), (3.36)

where u := (ug,up) € H is the first component of the unique solution (to be confirmed below) of the
nonlinear problem: Find (u, (p,A)) € H x Q, such that

[a(ws)(u), v] + [b(v), (0, N)] = [f,V] Vv e H,

[b(u), (¢, )] = [8(¢9] V(¢ Q.

Hence, it is not difficult to see that (u, (p, A)) € Hx Q is a solution of (3.11) if and only if ug € H%S (Qs)
satisfies: ug € H%S (Qs) and T(ug) =us. In this way, in what follows we focus on proving that

(3.37)

T possesses a unique fixed-point. However, we remark in advance that the definition of T will make
sense only in a closed ball of H%S(Qs). Before continuing with the solvability analysis of (3.11), we
first provide the hypotheses under which operator T is well defined.

3.3.3 Well-definiteness of T

Given wg € H%s (Qg), it is clear that problem (3.37) has the same structure of the one in Theorem 3.1.
Therefore, in what follows we apply this result to establish the well-posedness of (3.37), or equivalently,
the well-definiteness of T. We begin by observing that, thanks to the uniform convexity and separability
of LP(Q) for p € (1, +00), each space defining H and Q shares the same properties, which implies that

H and Q are uniformly convex and separable as well.

We continue with the required continuity property of a(wg) for each wg € HILS (Qs).
Lemma 3.2. Given wg € H%S (Qs), the operator a(wg) is hemi-continuous in H.
Proof. For fixed wg € H%S (Qs), u = (us,up), and v = (vg, vp) € H, we introduce the real function
J : R — R defined by

J () :=[a(wg)(u+tv),v] = [As(ug + tvg), vs]
+ [Bs(ws)(ug + tvs),vs] + [Ap(up + tvp), vp).

Then, the hemi-continuity of a(wg), that is the continuity of J, follows straightforwardly from the
linearity and continuity of Ag and Bg(wsg) and from [102, Proposition 3|. We omit further details. [

We continue our analysis with the verification of hypothesis (ii) of Theorem 3.1.

Lemma 3.3. Let wg € HlLs (Qg). Then, there exists v > 0, depending on Caq and L, (cf. (3.16),
(3.17)), such that

la(ws)(u) — a(ws)(v)||mr < 7{(1 + lwsll1,0¢)lus — vsll1,05 + [lup — vbllmEs@ivap)

+ 11up = VD e ) (110 s -0p) + VD (i) }

for all u = (us,up),v = (vg,vp) € H.
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Proof. The result follows straightforwardly from the definition of a(wg) (cf. (3.12)), the triangle
inequality, and the stability properties (3.16) and (3.17). We omit further details. O

Now, let us look at the kernel of the operator b, that is
Vi={veH: [b(v) (¢ =0 V(a¢eQq}. (3.38)
According to the definition of b (cf. (3.14)), we observe that v = (vg,vp) € V if and only if
(divvs, q)s + (divvp,¢)p =0 Vg € L3(Q)
and
(vs'm—vp -n§)y =0 VEe W%%(E)
In this way, noting that L2(Q) = LZ(Q2) ® R, and taking £ € R in the latter equation, we deduce that
(divvs, @)s + (divvp,¢)p =0 Vg € L*(Q),
which implies
divvg=0 in Qg and divvp=0 in Op. (3.39)
In the following result we provide the assumptions under which operator a(wg) satisfies hypothesis
(iii) of Theorem 3.1.
Lemma 3.4. Let wg € H%S (Qs) such that divwg = 0 in Qg and

2uas
pCECE
Then, for each t € H\ 'V, the nonlinear operator a(wg)( -+ t) is strictly monotone on 'V (cf. (3.38)).

[ws - oy < (3.40)

Proof. Let t := (tg,tp) € H\'V fixed, and let wg € H%S(QS) as indicated. Then, according to (3.12),
the linearity of Ag and Bs(wg), the identity (3.39) and the stabilities properties (3.20) and (3.23), we

find that
[a(ws)(u+t) —a(ws)(v +t),u—v] > 2uagug — vs|li o

+ ap|lup — VDH%IS(diV;QD) + [Bs(wg)(ug — vs), us — vg],
for all u,v € V. In addition, similarly to [65, Lemma 2|, we deduce from (3.21), applying Cauchy—
Schwarz’s inequality and (3.35) with p = 4, that

pCLC2

5 0, lus _VSH%,Qs’

[1Bs(ws) (s — vs), us — vs]| < Iws -]
which implies
[a(ws)(u+t) —a(ws)(v+t),u—v]

pc2 2
> {Qﬂas - llws - HHO,E}HUS —vslli as + anllup — Vb lfs iy .ap)-

Consequently, the hypothesis (3.40) and the foregoing inequality imply

[a(ws)(u+t) — a(ws)(v + ),u—v] > a(2){ |lus — vs|

%,QS + ||uD - VD”%—F’(div ;QD)}’

for all u,v € V, with «(2) := min {,uozs, aD} independent of wg. O
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We remark that, similarly to the strict monotonicity of a(wg)(-+t) on V with t € H\ V fixed,
using (3.23) with tp = 0 € L3(Qp), we deduce that

[a(ws)(u) — a(ws)(v),u = v] > a(@){ Jus = vs[F o + [up = VD[ ) | (3.41)
for all u,v € H with div (up — vp) =0 in Qp.

We end the verification of the hypotheses of Theorem 3.1 by proving the continuous inf-sup condition
for b. To that end, we adapt the proof of |92, Lemma 2.1] to the present case, using similar results
from [96, Lemma 3.3| and |65, Lemma 1] to handle the mixed boundary conditions on 0Qp.

Lemma 3.5. There exists 8 > 0 such that

b(v), (¢,

S(a6) = sup PO 51 6)1g va6) € Q (3.42)
veH H HH
v#0

Proof. Let (q,€) € Q. Since ¢ € L3(9), it is well known (see, e.g., [100, Corollary 2.4]) that there exists
z € H}(Q) such that divz = —¢ in Q and ||z1,0 < ¢/|qllo.q- Setting v := (Vs, Vp) with V,, = z|q, for
x € {S,D}, we find that Vs - n = Vp - n on ¥, and using the continuous embedding from H!(€2p) into
L3(Qp), we obtain ||V|a < ||z]|1.0 < ¢|l¢llo.q, whence

‘[b(v), @Ol g2 g

S(q, &) > = = —— > cillqllo,0- (3.43)
Il V&

On the other hand, given ¢ € W_%’?’(Z), we define n € W_%’?)(@QD) as

M, oo, = (P ps)y YR E W52 (99p),

3
2

where uy, € W (X) is given by the decomposition (3.33). It is not difficult to see that

13
(n, Eop(p)) s, =0 Ype Ws2(I'p), (3.44)
13
(n, Es(9))ga, = (6, 0)s Yo € W32(X), (3.45)
and
91 000 < Clléll_s 55 (3.46)

Next, we set vp := Vz in Qp, with 2 € WH3(Qp) being the unique solution of the boundary value
problem (see [99] for details):

1
—Az = o] (M 1)so, i Op, Vz-m=n on d0p, (2, 1)p=0.
D
It follows that divvp = IQilnl (1, 1)s0,, € Po(2p), Vb -1 =n on 0Qp, and using (3.46) we find that
VDl (aivian) < cllnll -1 300, < ClIOl_1 55 (3.47)

In addition, using (3.32), (3.44) and (3.45), we deduce that

(Vvp - n»@z = (vp - n7E2(5)>aQD =(n, EE(f))aQD = <¢7£>27
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and
~ 13
(Vp - naEO,D(P»aQD = (n, EO,D(P»aQD =0 Vpe Ws2(Ip).

The latter means that vp € H%D (div; Qp). In this way, defining v := (0, vp) € H, we obtain, thanks
to (3.46) and (3.47), that

S(q,&) > ‘[b(Vi, (q,ﬁ)]‘ _ ‘ (6,8)x, +~® (n, 1)3913 (¢, 1)p
8 2 1Vl 0685 (div 1020
= CJw’%‘—csuqum
= ol gy el

37 )
which, considering that ¢ € W—%’3(E) is arbitrary, yields
S(0,€) = eallell 3.5~ eslalloa (3.48)

Then, combining (3.43) and (3.48) we easily obtain that

C1C2

S(q, &) > €112 5.5,

c1 + 03 329
which, together with (3.43), completes the proof with 8 depending on ¢1, ¢y and cs. ]
We are now in position of establishing the well-definiteness of T. To that end, and in order to

simplify the subsequent analysis, given ws € Hy_(Qs) we first note that [|a(ws)(0)[lm = 0, and then,
by considering p; = 2 and p2 = 3 in Theorem 3.1, we introduce the following notation

M(fs, fp, gp) := max {N(f& fn, gp) /%, N (s, fD,gD);N(fS,fng)Z}a (3.49)

with
N(fs, fp, gp) := ||fs

0.05 + [IfpllLs/2(0p) + lgpllo.cn + llgpll§ ap-

The main result of this section is established now.
Theorem 3.6. Let wg € H%s (Qs) such that divwg = 0 in Qg and

2
[ws - nlloy < —=o
’ pC2C2

tr~'s

and let fs € L2(Qs), fp € L32(Qp) and gp € L2(Qp). Then, (3.37) has a unique solution (u, (p, \)) €
H x Q, with u := (us,up), which allows to define T(wg) := ug. Moreover, there exists a constant
ct > 0, independent of the solution, such that

IT(ws)ll105 = llusllies < [I(w, (p, ))l[Hxq < ex M(fs, fp, 9p).- (3.50)

Proof. It follows from Lemmas 3.4-3.5 and a straightforward application of Theorem 3.1. In turn,
estimate (3.50) is a direct consequence of (3.25) (cf. Theorem 3.1) and (3.18) - (3.19). O
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3.3.4 Solvability analysis of the fixed-point equation

In this section we proceed analogously to |65, Section 2.4] (see also |28, 40]) and establish the existence
of a fixed-point of operator T (cf. (3.36)) by means of the well known Schauder fixed-point theorem
and a sufficiently small data assumption. In addition, under a more restrictive small data assumption,
the uniqueness of solution is also established by means of the Banach fixed-point theorem. We begin
by recalling the first of the aforementioned results (see, e.g., [47, Theorem 9.12-1(b)]).

Theorem 3.7. Let W be a closed and convex subset of a Banach space X, and let T : W — W be a
continuous mapping such that T (W) is compact. Then T has at least one fixed-point.

The verification of the hypotheses of Theorem 3.7 is provided in what follows. To this aim, we start
by introducing the set

W = {VS S H%‘S(Qs) : divvg=0 in g and ”VS”LQS < CTM(fs,fD,gD)}. (3.51)

Then, assuming that (cf. (3.49)):

2uas
cr pCR.O2%’

tr's

M(fs, fp, gp) < (3.52)
with ep the positive constant satisfying (3.50), it is not difficult to see that T is well defined from W
to W. In fact, given wg € W, from (3.52) we deduce that
2uag
[ws -nllos < Cu|ws|os < —F5 45 (3.53)
' ST pCLCE

which together with Theorem 3.6 proves that T is well defined. In this way, we obtain the following
result.

Lemma 3.8. Let W be the closed ball defined by (3.51) and assume that the data satisfy (3.52). Then
there holds T(W) C W.

We continue with the following result providing an estimate needed to derive next the required

continuity and compactness properties of the operator T (cf. (3.36)).
Lemma 3.9. Let W be the closed ball defined by (3.51) and assume that the data satisfy (3.52). Then,

pCs

T —T(W < P¥S
[T(ws) — T(Ws)|l1,05 < o

|T(Ws)l1,0s [Ws — WsllLag) VWws, Wws € W. (3.54)

Proof. Given wg,wg € W, we let ug := T(wg) and ug := T(wg). According to the definition of T, it
follows that

[a(ws) (), v] + [b(v), (p, )] = [f,V] Vv eH,

[b(u), (¢,9)] = & (9] V(g8 eQ
and _

[a(ws)(@), v] + [b(v), (5, )] = [f,V] Vv eH,

[b(u), (¢,¢)] = &, (¢:8)] VY(¢g,6) € Q.
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Then, recalling the definition of a(wg) (cf. (3.12)) and subtracting both problems we obtain
[a(ws)(w) — a(Ws) (@), v] + [b(v), (p =B A= N)] = 0

for all (v,(q,§)) € H x Q. In particular, taking v=u—-u,¢=p—pand £ = X — X in the latter
system, the first equation becomes

a(ws)(u) — a(Ws)(d), u — 1 = 0. (3.55)

Hence, adding and subtracting Bs(wg)(ug) in the second term of the left-hand side of (3.55), using
the fact that u —u € 'V (cf. (3.39)), and the strict monotonicity of a(wg) (cf. (3.41)), it follows that

pas|lug — Us |7 o < [a(ws)(u) — a(ws) (@), u — 1] = [Bs(Ws — ws)(1s), ug — Ug].
In this way, the continuity of Bg (cf. (3.16)) gives from the foregoing equation
pasllug — ug|li o, < pCsllws — Wsllpa(ag) [1Us]|1,05 [lus — s,
which yields the result. O

Owing to the above analysis, we establish now the announced properties of the operator T.

Lemma 3.10. Assume that the estimate (3.52) holds. Then T has at least one fized-point in W.

Proof. The required result follows straightforwardly from estimate (3.54), the continuity of the Sobolev
embedding from H!(Qg) into L*(Qs), and the Schauder theorem. We omit further details and refer to
[65, Lemma 5]. O

Under a more restrictive assumption on the data, in what follows we prove that T has exactly one
fixed-point by means of the well-known Banach fixed-point theorem.

Lemma 3.11. Let fs € L%(Qg), fp € L3/2(Qp) and gp € L*(Qp), such that

M(f87fD)gD) < r, (356)

uoas 1 2
ri=T——min —5, —5—= ¢
crp Cg’ C2C

where

Then, T has a unique fized-point.

Proof. The result follows straightforwardly from (3.54), the continuity of the compact injection from
H(Qs) into L*(Qg), the fact that T(W) C W, and the constraint (3.56). O

We are now in position of establishing the main result of this section.
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Theorem 3.12. Let fs € L2(Qg), fp € L3/2(Qp) and gp € L*(Qp). Assume that (3.52) holds. Then
the problem (3.11) admits a solution (u,(p,\)) € H x Q. In addition, if it is assumed that (3.56)
holds, then the solution is unique. In any case, there exists a constant cp > 0 (cf. (3.50)), independent
of the solution, such that

[(u, (p, M) laxq < exM(fs, b, gp). (3.57)

Proof. The existence and uniqueness of solution of problem (3.11) follows by recalling the definition
of operator T and combining Lemmas 3.10 and 3.11. In addition, it is clear that the estimate (3.57)
is consequence of (3.50). O

3.4 The Galerkin scheme

In this section we introduce the Galerkin scheme of problem (3.11) and analyse its well-posedness.

3.4.1 Discrete setting

Let 77LS and 7;LD be respective triangulations of the domains {lg and Qp formed by shape-regular
triangles of diameter A7 and denote by hg and hp their corresponding mesh sizes. Assume that they
match on X so that T, := 7;LS U’EID is a triangulation of 2 := QgUXUQp. Hereafter h := max {hs, hD}.
For each T € T, we consider the local Raviart-Thomas space of the lowest order [140]:

RTo(T) = span{ (1,0, (0,1), (z1, @) }.
In addition, for each T’ € 7;> we denote by BR(T') the local Bernardi-Raugel space (see [17, 100]):
BR(T) := [P1(T)* & Spaﬂ{nzﬂanh N3N, 771772103},

where {171, N2, 173} are the baricentric coordinates of T', and {nl, ny, 1’13} are the unit outward normals
to the opposite sides of the corresponding vertices of T'. Hence, we define the following finite element
subspaces:
H,(Qs) = {v e H'(Qg): v|r € BR(T), VTe 7;5},
Hy,(p) = {veH(diviQp): vlr € RTo(T), VT eTP},
La(Q) = {q eL2(Q): qlr € Po(T), VT e n}.

Then, the finite element subspaces for the velocities and pressure are, respectively,
H), rs(Qs) = Hu(Qs) NHp (Qs),
Hy,ry,(Qp) = Hy(Qp) NHE_(div; Qp),
Lno(2) = Lp(Q)NL(Q).

Next, for introducing the finite element subspace of W%%(Z), we denote by X the partition of X
inherited from 7;1D (or 7;18), which is formed by edges e of length h., and set hy := max {h6 te€ Zh}.

1 1
In turn, since the space [[ oy, W' 5?(¢) coincides with W'~ #? (), without extra conditions when
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1 < p < 2[105, Theorem 1.5.2.3-(a)| (see also [106, Proposition 1.4.3| and [104, Section 2| for the 3D
case), it can be readily seen that a conforming finite element subspace for W32 (X) can be defined by

Ap(X) := {gh X —>R: &le €Pole) Vedgeee Eh}.

Notice that this space coincides with the set of discrete normal traces on 3 of Hy(€2p). Notice also
that since 7715 and 771D match on X, there holds hy; < min {hs, hD}.

In this way, grouping the unknowns and spaces as follows:
Hy, :=Hprg(Qs) X Hyrp (2p),  Qpr = Lao(Q2) x Ap(3),
uy, == (usp, upp) € Hyy  (phy An) € Qus

where pp, = ps pxs + pp,rXD, our Galerkin scheme for (3.11) reads: Find (up, (pp, An)) € Hp x Qp,
such that

[an(us,n)(un), vi] + [b(Vh), (Pr, An)] = [f, vl Vv, = (Vs vp,n) € Hy,
[b(ur), (g, &n)] = [g (qn:&n)] Y (qn,&n) € Qn.

Here, ap(wsyp) @ Hp, — Hj is the discrete version of a(wg) (with wg; € Hppg(Qg) in place of
Wg € H11~S(§25))7 which is defined by

(3.58)

[an(Ws,n) (un), vi] == [As(usn), Vsl + [BE(wWsn)(us ), vsu] + [Ap(up,n), vo.al, (3.59)

where Bl (wg ) is the well-known skew-symmetric convection form [148]:

o -
[B&(ws.n)(us ), Vs ul := p((Vus p)Ws . Vs p)s + §(dlv WS pUS b, VS 1)S,

for all ug p, vs n, wsn € Hprg(Q2g). Observe that integrating by parts, similarly to (3.21), there holds

(B&(wWs.1)(Vs.n), Vs.n] = g/E(WS,h n)|[vsp? >0 Vwsp, ven € Hyrg(Qs). (3.60)

Moreover, proceeding as for Bs (cf. (3.16)), it is easy to see that for all wgp, usn, vsp € Hp rg(2s),
there holds
’[BQ(Ws,h)(us,h)aVs,h]( < Cadllws nllnosllus pllos Vs wllios, (3.61)

with Cy = ng (1 + @)

Now, let Ilg : H%S(Qs) — Hj, r(Qs) be the Bernardi-Raugel interpolation operator [17], which is
linear and bounded with respect to the H!(Qg)-norm. In this regard, we recall that, given v € H%S (Qs),
there holds

/Hs(v) ‘n = /v -n for each edge e of T, (3.62)

and hence
(divIIs(v),qn)s = (divv,qn)s  Van € Lp(9). (3.63)

Equivalently, if Ps denotes the L?({2g)-orthogonal projection onto the restriction of Ly () to g, then
the relation (3.63) can be written as

Ps(div (Ig(v))) = Ps(divv) Vv € Hp (). (3.64)
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On the other hand, let IIp : H(Q2p) — H(Qp) be the well-known Raviart-Thomas interpolation
operator. We recall that, given v € H'(Q2p), this operator is characterized by

/HD(V) ‘n = /v -n for each edge e of T,°, (3.65)
which implies that

(diVHD(V),qh)D = (diV V,qh)D th € Lh(Q). (3.66)

Equivalently, if Pp denotes the L?()p)-orthogonal projection onto the restriction of Ly, (2) to Qp, then
the relation (3.66) can be written as

div (IIp(v)) = Pp(divv) Vv e HY(Qp). (3.67)

At this point we recall, according to [69, Sections 1.2.7 and 1.4.7| (see also [19, Chapter II1.3.3]),
that the Raviart-Thomas operator IIp is also well defined for all v € VIV (Qp) := {v e LP(Qp) :
divv € LS(QD)}, with p > 2 and s > ¢, % = ;1) + 1 since the local space VUV (T)) coincides with

WU(T) when t > HQ—J’:Q, for each T' € ’ELD. In particular, considering n = 2, p = 3, and s = 2, we

deduce that IIp can be applied to functions in H3(div ; 2p). We will use this fact later on in the proof
of the discrete inf-sup condition of b.

3.4.2 Well-posedness of the discrete problem

In this section, analogously to the analysis of the continuous problem, we apply a fixed-point argument
to prove the well-posedness of the Galerkin scheme (3.58). To that end, we now let T}, : Hy, p¢ (2s) —
H), r(Qg) be the discrete operator defined by

Th(WS,h) = ugp VWSJL € HhIS (Qs), (368)

where uy, := (ugp,up,,) € Hy, is the first component of the unique solution (to be confirmed below)
of the discrete nonlinear problem: Find (up, (pp, An)) € Hp X Qp, such that

[an(wsn)(un), vi] + [b(va), (pr, An)] = [f, V] Vvy, € Hy,

[b(us), (qn,&n)] = g (gn. &) Y(an.&n) € Qn.

Then, similarly as for the continuous case, the Galerkin scheme (3.58) can be rewritten, equivalently,
as the fixed-point problem: Find ugj; € Hy, rq(€Qg) such that

(3.69)

T (us,n) = ug .

In this way, in what follows we focus on analysing the existence and uniqueness of such a fixed-point,
for which we require the following discrete version of Theorem 3.1.

Theorem 3.13. In addition to the spaces and operators defined in Theorem 3.1, let Xy p, X9 and Y}, be
finite dimensional subspaces of X1, Xa, and Y, respectively, and set X, = X1 x Xojp C X := X1 x Xo.
In addition, let V3, be the discrete kernel of b, that is,

Vh = {Uh S Xh : [b(vh)th] =0 th € Yh}'

Assume that
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(i) a is hemi-continuous from Xy to X, that is, for each u,v € X}, the real mapping
J:R=>R, t— J(t)=la(u+tv),v]
18 continuous.

(ii) there exist constants ¥ > 0 and p1,p2 > 2, such that
2 v
~ J
laCun) — aon)|xr <7 {Hu]-,h = vjhllx; + lwin = vinlx; (Huj,thj + HUJ,hHXJ }’
j=1

for all up = (uy p,u2.n), vh = (V1,4,v2.) € Xp.

(iil) for fived ty, € Vit = X), \ Vi, the operator a( - +ty) : Vi, — VJ is strictly monotone, that is, there
exists a > 0 and p1,p2 > 2, such that

[aCun + tn) = a(on + tn)un = vn] = & Jur — v lB, + fuz = vanll%,

for all up, = (uyp,uzp),vp = (V1h,v2n) € Vi

(iv) there exists B > 0 such that

b Uh ), qhn n
sup [blon), an] > Bllanlly  Van € Y.
v EXp ||Uh||X
vp#0

Then, for each (f,g) € X' x Y’ there exists a unique (up,pp) € Xp X Yy, such that
[a(un),vn] + [b(vn), pr] = [f,vn] Von € X,
[b(ur), qn] = [9.a] Van €Y.
Moreover, there exists C > 0, depending only on a,=, E,pl, and po, such that

[ (un, pr)llxxy < CM(f,g),

where
_1 _1 p1—1 po—1
M(f,g) = max {N(£,9) 7T, N(f,9)72 T N (f,9), N(f,9)2 L N (f, )1 |,
and
-1 -1
N(f,9) = Iflx + lglly + lgllgy ™ + lgllys ™ + lla(0)|Lx-
Proof. Tt reduces to a simple application of Theorem 3.1 to the present discrete setting. O

Similarly to the analysis developed in Section 3.3.3, in what follows we provide suitable assumptions
under which problem (3.69) is well posed or equivalently T}, is well defined. For this purpose, we must
verify that the operators defining the discrete problem (3.69) satisfy the hypotheses of Theorem 3.13.
We begin with the hemi-continuity of ap,.

Lemma 3.14. Given wg ), € H}L I's (Qg), the operator ap(wg ) ts hemi-continuous in Hy,.



3.4. The Galerkin scheme 100

Proof. The proof follows analogously to the proof of Lemma 3.2, by using now the linearity and
continuity of B2 (wg ) (in addition to those of Ag). O

Now we verify that hypothesis (ii) of Theorem 3.13 holds.

Lemma 3.15. Let wgj;, € Hy . (Qs). Then, there exists ¥ > 0, depending on Cag and Ly, (cf.
(3.16), (3.17) ), such that

lan(ws n)(un) — an(wsp)(va)lar < W{(l + [wsnllios)lus,n — vsallios + [[apn — vo,ullas @iviop)

o 1up = Vol s) (1101l i ap) + VD o 00 ) |

fOT all up, = (uS,]17 uDvh),v = (VS,haVD,h) € H.

Proof. Similarly to the continuous case, the result follows straightforwardly from the definition of
ap(wgp) (cf. (3.59)), the triangle inequality, and the stability properties (3.16), (3.17) and (3.61). We
omit further details. O

Now, we proceed to establish the strict monotonicity of ap(wg ) on the discrete kernel of b:

Vi i={vii= (Ve vou) € Hn: (v, (an &) =0 V(@) € Qnfy  (370)
for suitable wg , € Hj, 1 (Qg). Observe that, similarly to the continuous case, vi, € Vy, if and only if

(divvsn, qn)s + (divvp p, gn)p =0 Ygn € Ly o(92),
and
(Vsh n—vpp -n,&)y =0 YV € Ap(Y),
which, in particular, imply that
(divv&h,qh)s =0 Vg, €Lp(Qs) and divvpy =0 in Qp, (3.71)
where Ly, (€2g) is the set of functions of L () restricted to £2g. Then, the announced result is as follows.
Lemma 3.16. Let wgp, € Hj, 1 (Qs) such that

2uas
pCLCE

[wsn-nlos < (3.72)

Then, for fized t, € Hy \ Vy, the nonlinear operator ap(wsp)( -+ ty) is strictly monotone on Vy, (cf.
(3.70) ).

Proof. The proof follows analogously to the proof of Lemma 3.4. Further details are omitted. O
We continue by adapting the results provided in [92, Section 4| to our domain and spaces configu-

ration to prove that b satisfies the corresponding discrete inf-sup condition. We start by establishing
the following two preliminary lemmas.
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Lemma 3.17. There exists Cy > 0, independent of h, such that for all (qn,&n) € Qp, there holds
[b(vn), (qn: &n)]

Sn(an, &) == sup > Chllénlls .5 = llanllo.o- (3.73)
vrEHy ||Vh||H 372
v, #0
Proof. Let &, € Ap(X) C W%%(E), &n # 0. Since
<$ §h>
sup = = [lenll1 5,
st 1911 4
¢#0
we deduce that there exists ¢ € W_%’S( ¥)\{0} such that
~ 1
(6.6n) = SI01_1 asliéully 3.5 (3.74)

Next, exactly as we did in the proof of Lemma 3.5, we “extend” ¢ € W_%"%(Z) ton e W_%’3(89D) by
~ 13
(1, 1)ony = (o) Vi€ Wi (@0p),

where uy, € W%%(E) is given by the decomposition (3.33). Then, proceeding again as in the second
part of the proof of Lemma 3.5, we find vp € H%D (div; Qp) satisfying vp - n = n on dQp, and (cf.
(3.47))

HVDHH?’(div;QD) < CH”H—%,&@QD < CH¢”_%,3;2,
which, combined with (3.74), implies

Fo-m6)s = (01 Bol@))on, = (1. Bo(@))on, = (3.61) )

1
> 56 IVollas@ivian €011 25
On the other hand, given vp € H?(div;Qp), the properties of IIp (cf. (3.65), (3.66)) and [72,
Lemma 3.2] allow to establish that

(0 )y = [ (n(vn) - m)é, ¥, € A(3), (3.76)
b
and
1T (vD) |13 (@iv ;00) < OpllVD 83 (divi0n)- (3.77)
Thus, defining vp , := lp(vp) € Hy, ry (2p), and then using (3.75), (3.76), and (3.77), we obtain

(VD -1, &n) s,

Lo mts] 5.7
v S N =R T 1/|Snll1 3 ,
VD nlla3(divion) — Ob IVDlles @ivion) 35T

Finally, setting vy, := (0,vp,) € Hp, we deduce that

(v (g 60)] _ [P (01,60

Sn(qn,&n) == sup

vh€H), [vallm - [Valla
v, 7#0
(VDh -1, &) sy — (div vp p, Qh)D‘ ‘ (VDa -1, &)y, )
= — > = — llanllo,0 »
VD, hll#3 (div s00) VD1l 3 (div i)

which, together with (3.78), imply (3.73) and complete the proof. O
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Lemma 3.18. There exists Cy > 0, independent of h, such that for all (qn,&n) € Qp, there holds

Sulan &) = sup LV (an:En)]

vheH), [valla
v, #0

> Cslqnllo,0- (3.79)

Proof. The proof follows similarly to the first part of the proof of Lemma 3.5. In fact, given (qn,&p) €
Qy, we recall that g, € L3(Q2) and apply again [100, Corollary 2.4] to deduce that there exists z € H} ()
such that

divz=—¢q, in Q and |z|i0 <c|alon- (3.80)

Then, we let z, := z|o, for x € {S,D} and observe that zg = zp on X, which implies that
(zs —zp) - n=0 on X.

Hence, defining zj, := (zsp,2p,), with zs = Ils(zs) and zpy = Ilp(zp), we observe from (3.62),
(3.65), and the fact that 7,° and T,” match on ¥, that

<(ZS,h — ZD,h) . n,fh)z == <(ZS — ZD) . n,§h>2 =0. (381)

In addition, since z = 0 on 902 := I's U I'p, it is clear that z;, € Hp, and therefore, thanks to the
continuity of Ilg and the estimate (3.77), we obtain that

zrlla < Cllgnllo.q; (3.82)
with C' > 0 independent of h. Finally, from the identities (3.64) and (3.67), it can be readily seen that
divzy, = —q; in Q, (3.83)

which, together with (3.81) and (3.82), yield

b b 1
sup [ (Vh)’ (Qha gh)] > [ (Zh)v (qh7 gh)] > *HQhHO,Qy
view,  |vallu 1 zn|e
Vh7£0
which concludes the proof. O

Owing to Lemmas 3.17 and 3.18, now we are in position of establishing the full discrete inf-sup
condition of b.

Lemma 3.19. There exists B > 0, independent of h, such that for all (qn,&n) € Qp there holds

[b(vh), (qn: &n)]

Sn(an;&n) == sup > Bl(gn: &)l (3.84)
virEHy ”VhHH
V}L#O
Proof. 1t follows straightforwardly from the estimates (3.73) and (3.79). O

The following result establishes the well-definiteness of operator T},.
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Theorem 3.20. Let wgj, € Hy g (Q5) such that

2uag

_ 3.85
pCRCE' (55

[ws.n-mllos <

and assume that fs € L2(Qg), fp € L3/2(QD) and gn € L2(Qp). Then there exists a unique ugy €
Hy, r (Q2s) such that Tp(wsp) = ugp. Moreover, there exists a constant ¢ > 0, independent of the
solution, such that

| Th(Ws,n)

1,05 = llusall,0s < |[(un, (Prs An))llHXQ < cxM(fs, fp, gp). (3.86)

Proof. Similarly to the continuous case, and noticing that the well-definiteness of T}, is equivalent to
the well-posedness of problem (3.69), the result is a direct consequence of Lemmas 3.14, 3.15, 3.16 and
3.19, and Theorem 3.13. O

Having verified the well-definiteness of operator T}, now we are in position of establishing the main
result of this section, namely, the well-posedness of problem (3.58).

Theorem 3.21. Let Wy, be the compact convexr subset of Hflz,l“s (Qg) defined by
W, == {Vs,h €H 1, (Qs):  |vsallios <er M(fs,fD,QD)}- (3.87)
Assume that the data fs, fp, and gp satisfy
M(fs, b, gp) < T, (3.88)

where

- 2uag . 1 1
7 := —— min , )
erp C2(2+V2)' C2C3
and ¢t > 0 is the constant in (3.86). Then, there exists a unique (up, (pp, A\n)) € Hyp X Qp solution to
(3.58), which satisfies ug, € Wy, and

| (un, (Prs An))|lExQ < ¢ M(fs, I, gp). (3.89)

Proof. We first observe thanks to (3.86), that assumption (3.88) guarantees that Tp(W}) C Wy,
Next, proceeding analogously to the proof of Lemma 3.9, the assumption (3.88) implies the estimate

pas||Th(ws n) — Ta(Ws )l og < [an(wsp)(an) — an(wsp) (W), uy, — p)
= [BE(Ws ), — Ws)(Ts ), Us,p — Us ),
which, together with the continuity of B% (see (3.61)) leads to

pC2(2+2)
2uas

thus proving the continuity of Tj. Then, the existence result follows from the Brower fixed-point

ITh(Wsn) — Tr(Wsn)ll10s < | Th(Ws 1,08l Wsh — Wsall1s (3.90)

theorem. Moreover, from (3.90) and the fact that Tj(wg ) belongs to Wy, it is easy to see that T},
is a contraction mapping if and only if (3.88) holds, which due to the Banach fixed-point theorem,
implies the uniqueness of solution. In turn, the a priori estimate (3.89) follows directly from (3.86). [
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3.5 A priori error analysis

Now we establish the corresponding Céa estimate and the theoretical rate of convergence of the Galerkin
scheme (3.58). To that end, we first introduce some notations and state some previous results. We
begin by defining the set

HE = {vii= (von, Vo) € Hi i [b(va), (an,€0)] = [ (a0 &)] ¥(an, &) € Qu},

which is clearly noempty, since (3.84) holds. Also, it is not difficult to see that, due to the inf-sup
condition (3.84), the following inequality holds (cf. [81, Theorem 2.6|, [144, Théoréme 2.1]):

. C .
inf |lu—wplg < <1 + ~b> inf [ju—vp|u. (3.91)
vp,eHS B/ vheHy

In turn, in order to simplify the subsequent analysis, we write ey, = us — us, €y, = Up — Up p,
ep =p—pp, and ey = A — \j,. As usual, for a given V), = (Vg 5, Vp,,) € Hf and (@, &p) € Qp, we shall
then decompose these errors into

€us = Oug + Nug, €up = Oup + Mupyy € =0p +7p,  €x = O + 1), (3.92)
with
Ous =US — VS, My =Vsh—Usp, Oup= U—Dj VD,h, TluD =Vp, — Upp, (3.93)
Op=DP—=qn, Mp=0qn—Phy ON=A—=E&,, M =&, — An
Finally, since the exact solution ug € H%S(QS) satisfies divug = 0 in {25, we have
[B4(us)(us), vs n] = [Bs(us)(us), vsu]  Vvsn € Hyrg(Qs).
Consequently, the following Galerkin orthogonality property holds:
[As(eug), s u] + [B&(us)(us), vs n] — [BE(us n)(us n), vs ]
+ [Ap(up) — Ap(up,n), vo,u] 4 [b(vh), (epex)] = 0 (3.94)
[b(eus: €up ), (qn:&n)] = 0
for all vy, := (v p, vp,n) € Hy, and (gp, &) € Qp.
We now establish the main result of this section.
Theorem 3.22. Let fs € L2(Qg), fp € L¥2(Qp) and gp € L?(Qp), such that
M(fs, fp, gp) < %min {r,7}, (3.95)

where r and 7 are the constants defined in Lemma 3.11 and Theorem 3.21, respectively. Let (u, (p,\)) :=

((us,up), (p,A)) € H x Q and (up, (pr, An)) = ((usp,up,p), (Prs An)) € Hp X Qp be the unique
solutions of the continuous and discrete problems (3.11) and (3.58), respectively. Then there ezists
C > 0, independent of h and the continuous and discrete solutions, such that

l(u, (p, X)) = (un, (Pr, An)) lHXQ

) = (3.96)
<0 mae ¢ (it (la—val+ lu—valf) + e 160 - @&la) -

1€{2,3} vi€Hy, an€n)EQR
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Proof. In what follows we adapt the proof of [65, Theorem 5| to the present case. To do that, we let
Vi = (Vs u, VD) € HE and (g, &) € Qp, and define by, dup, , Op, Oxs Mug> Tap > Tp> and 1y, as in (3.93).
In addition, we recall that thanks to assumption (3.95), it follows that ug € W and ugj; € Wy, (cf.
(3.51) and (3.87)), which implies (cf. Theorems 3.12 and 3.21):

||uDHH3(diV;QD)7 ||uS”17QS < CTM(f&vagD))

(3.97)
(div;0p)s 1usallios < er M(fs, fp, gp)-
In turn, since up, vy, € H%, we observe that
(Mug> Mup) = Vh — Uy € Vi (3.98)
According to the above, we first note that for all vg; € Hj, 1 (€Qs), there holds
(B (us)(us), vs,n] — [BS(us) (usn), vs,] = [BS(eus)(us), vl + [BS (us p)(eus), vsnl (3.99)

= [B]Sl(us,h)(nus)v VS,h] + R(VS,h),

with
R(vsn) = [BE(us p)(0ug), Vsl + [BE(Sug)(us), Vs u] + [BE (114s) (us), Vs al.

Then, adding and subtracting suitable terms in the first equation of (3.94) with vj, = (1,4, Mu,) € Vi
(cf. (3.98)), and observing that [b(nyg, Ny, )s (7p;11)] = 0, we obtain

[an(usp)(Vh) —an(usp)(un), Vi, — up)

- [AS((SUS): nus] - R(nus) - [AD(uD) - AD(VD,h)7 nuD] - [b(nusanuD>7 (6137 5)\)]

Hence, proceeding analogously to the proof of Lemma 3.4, using the continuity of Ag, B’g and b (cf.
(3.16) and (3.61)), and inequality (3.17), we deduce that

108 74 1 05 + 001, 55 o)

< {CAS + Csk( + CskHuSHLQanus 2,

+ Il 105 ) J18us .0/l
Lo { (1 2D 55 v 209 ) 18 e ) + 118 [y ) 1 s s

+ Cbl| (Mg )19, 00 |

which, together with (3.97) and assumption (3.95), implies that there exists C' > 0, depending only on
parameters, data and other constants, all of them independent of h, such that

1
107 ) 11 = € 1 § (168G ot + B )+ 1Gpell0) ' . (3.100)
In this way, from (3.92), (3.100), and the triangle inequality, we obtain

[(eus-€up)lm < [1(Fug, dup) 1 + | (Nug: Mup) |1
(3.101)

%
<@ e { (1Guss G ot + GG+ 150001 ) ™ |-
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In turn, to estimate e, and ey we observe that from the discrete inf-sup condition (3.84), the first
equation of (3.94), and the first equation of (3.99), there holds

b)) _ - [B(v8). (e 2)] = [(v). (01

Bll(mpsma)llq < sup

vheH), valla vheH), valla
v #0 v #0
— sup — [As(eus), vs.n) + [BE(eus)(us), vs n) + [BE(us ) (eug), Vs )
vpeH), ”VhHH
théo
N [Ap(up) — Ap(up 1), vb,u] + [B(Vh), (6p, 0x)] .
[valla

Then, the continuity of Ag, Bg, and b (cf. (3.16) and (3.61)), and the inequality (3.17), imply
Bll(nps )l < { Cas + Car(lusl.as + s allos ) Hlews 1.0

+ L-AD{l + [[up [l #53 div;0p) T HUD,h\|H3(div;QD)}HeuDHHS(div .op) T CObll (05, 0x) llQ

which, together with assumption (3.95), inequalities (3.97) and (3.101), yield

100, )ll@ < ¢ max, { (H(éus, Sup )1+ [[(Fus, dup) Iz + [1(Jp, 5>\)HQ) o } .

Thus, from (3.92), the triangle inequality, and the foregoing bound, we obtain

l(epex)lla < 1(6p, 0n)llQ + [[(p, M)l @

(3.102)

%
< 2 {(1Gues Bl + 1B B + 1Gn)l0) ™ |

where ¢ > 0 is independent of h. Therefore, recalling that v, € H and (g;,, A\n) € Qy, are arbitrary,
(3.101) and (3.102) give

I((€ug; €up), (e €)1 q

i€{2,3} v, €HE (qn€n)EQR

1
1—1
< C max {( inf (I =valle + Ju=val) +  inf lpA) — <qh,5h>ua) }
which, together with (3.91), concludes the proof. O

Now, in order to provide the theoretical rate of convergence of the Galerkin scheme (3.58), we recall
the approximation properties of the subspaces involved (see, e.g., [17, 69, 72, 81]). Note that each one
of them is named after the unknown to which it is applied later on.

(AP}®) For each vg € H?*(Qg), there holds

[vs — Hs(vs)l1,05 < Ch|vs]2,05-

(AP}P) For each vp € WH3(Qp) with divvp € H'(Qp), there holds

[vb — Hp (vD) a3 (divi0p) < Ch{HVD 13:0p + [|div VDHLQD}-
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(AP?) For each ¢ € H'(Q) NL3(Q), there exists g5 € Ly 0(2) such that

lg — anllo.o < Chllgll1,0-
(AP}) For each ¢ € Wl’%(E), there exists &, € Ap(X) such that

1€ —€nll 55 < CRPPIIEN 35

We remark that the sub-optimal approximation property (AP%) follows from the fact that W33 (%)
is the interpolation space with index 1/3 between Wl’%(Z) and L3/2(X) (cf. |18, Corollary 3.2-(a)]),
and from the estimate [ —&n|[13/2(5) < C’h||§”1’%;2, which is valid for all £ € Wl»%(Z) and &, := Px (&),
with Ps; being the L2(X)-orthogonal projection onto Ay (%) (cf. [69, Proposition 1.135]). In fact, given
£ e Wl’%(Z) there exists a constant C' > 0, depending on ¥, such that

1-1/3 1/3
1€ = &nlls 25 < ellE = &nll e 161} 3. < OR2 €N 3.5

where we have used the fact that ¢, is piecewise constant and then [|€ — &,||; 5. < ¢|lé]l; 5.5
727 72)

The following theorem provides the theoretical sub-optimal rate of convergence of the Galerkin
scheme (3.58), under suitable regularity assumptions on the exact solution.

Theorem 3.23. Let fs € L2(Qg),fp € L¥?(Qp) and gp € L2(Qp), such that (3.95) holds. Let
(u7 (p7 )‘)) = ((u37uD)7 (p7 A)) S H x Q and (uh7 (phv)‘h)) = ((uS,hauD,h)v (ph7 Ah)) S Hh X Qh be the

unique solutions of the continuous and discrete problems (3.11) and (3.58), respectively, and assume
that ug € H2(Qg), up € W3(Qp), divup € H(Qp), p € HY(Q), and A € WE3(X). Then, there

exists C' > 0, independent of h and the continuous and discrete solutions, such that

(u, (p, X)) — (ap, (P, M) lHXQ < Chl/?’ig{lgg} { (HUSHZQS + [[upl[1,3;0p + [[divup|l1,05
’ (3.103)

_1
i—1
+ |lus|l3 o5 + l[upllf s.0p, + Idivuplff o, + Ilple + ||A||1,3;2> }

Proof. 1t suffices to apply Theorem 3.22 and the approximation properties of the discrete subspaces.
We omit further details. O

3.6 Numerical results

In this section we present some examples illustrating the performance of our mixed finite element
scheme (3.58) on a set of quasi-uniform triangulations of the corresponding domains. Our implemen-
tation is based on a FreeFem++ code [111], in conjunction with the direct linear solver UMFPACK
[62].

In order to solve the nonlinear problem (3.58), given wp € H%D (div; 2p) we introduce the Gateaux
derivative associated to Ap (cf. (3.13)), i.e.,

_ F F (wp-u
DAp(wp)(up, vp) := % (K~ 'up, vp)p, + > (lwp|up, vp)p + > <DD,WD ' VD) :

|wp| D
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for all up,vp € H%D (div;Qp). In this way, we propose the Newton-type strategy: Given u?L =

(ug,h,u?lh) € Hy, p) € Lpo() and \) € Ap(X), for m > 1, find u* = (ugh,,upy,,) € Hy, pit €
Ly o(2) and A}* € Ap(E), such that

[As(ugly), vsn] + [BE (g ) (ug,), vs ] + [BS(ugly) (g ), v p] + DAp(up ') (up, vo,p)

_ _ F _ _
b0 (1 M) = (B4 ) ) vl 4 (i sy v+ £,
[b<uzn>7 (Qh7 gh)] = [g7 (qh7 éh)]
(3.104)
for all v, = (vs . vp,n) € Hy and (gn, §n) € Q.
In all the numerical experiments below, the iterations are terminated once the relative error of the

entire coefficient vectors between two consecutive iterates is sufficiently small, i.e.,

|coeff™ ™ — coeff™||;2
T < tol,
2
lcoeff™ |,

where || - ||;2 is the standard [?-norm in R, with N denoting the total number of degrees of freedom
defining the finite element subspaces Hy and Qp,, and tol is a fixed tolerance chosen as tol = 1FE — 06.
For each example shown below we simply take u) = (0, (0.1,0)) and (p?, A)) = 0 as initial guess. As
usual, the individual errors are denoted by:

e(us) := |lus —usullios,  e(up) = lup — up allEsdivion)

e(ps) == |lps —psplloas:  elpp) = llpp — Poplloan,  e(A) = [[A = AnllLs/2(x)-

Notice that we considered [[A — Ap[[;3/2(x) in place of [|A — Ap|[1 35, because of the last norm is not
372?

computable. Notice also that ||[A — Ap[l3/2(x) satisfies the sub-optimal rate of convergence (3.103).

Next, we define the experimental rates of convergence

(ug) = c8els)/€ug)) ) log(e(up)/e(up))

VT loglhs/hg) 7 T og(ho /By
_ log(e(ps)/€(ps)) _log(e(pp)/€'(pp))  \ _ log(e(N)/e'(V))
#3) = ioaths/i) )T T loglhniy) )T logln /i)

where h, and R (x € {S,D,X}) denote two consecutive mesh sizes with their respective errors e and

e

The examples to be considered in this section are described next. In all of them, for the sake of
simplicity, we choose the parameters p =1, p =1, ag = 1, K = I, and K = I. In addition, the
condition fQ pp, = 0 is imposed via a penalization strategy.

Example 1: Tombstone-shaped domain without source in the porous media.

In our first example we consider a semi-disk-shaped fluid domain coupled with a porous unit square,
ie, Qg := {(:cl,xg) : 22 + (13 — 0.5)2 < 0.5%, 29 > 0.5} and Qp := (—0.5,0.5)2. We consider the
Forchheimer number F' = 1 and the data fg, fp, and gp, are adjusted so that the exact solution in the
tombstone-shaped domain 2 = g U X U Qp is given by the smooth functions
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us(x1,x2)=< WCOS(WM)SIH(W@;) in Qg,

—msin(wxy ) cos(mas

up(x1,x2) = ( msin(rz ) in Qp,

cos(mx
Du(x1, 2) = sin(mzy) s1n(7ra;2 in Q. withxe€ {S,D}.
Notice that the source of the porous media is gp = 0. Notice also that this solution satisfies ug - n =
up - n on ¥. However, the Beavers-Joseph-Saffman condition (cf. (3.4)) is not satisfied, the Dirichlet
boundary condition for the Navier—Stokes velocity on I's and the Neumann boundary condition for the

Darcy—Forchheimer velocity on I'p are both non-homogeneous. In this way, the right-hand side of the
resulting system must be modified accordingly.

Example 2: Rectangle domain with a Kovasznay solution.

In our second example we consider a rectangular domain Q = Qg U X U Qp, with Qg := (—0.5,1.5) x
(0,0.5) and Qp := (—0.5,1.5) x (—0.5,0). We consider the Forchheimer number F' = 1 and the data
fs, fp, and gp, are adjusted so that the exact solution in the rectangle domain €2 is given by the smooth

functions
1 — exp(wz1) cos(2ms)
ug(ry,12) = w . in Q,
— exp(wz1) sin(2wz2)
27
ap (1, 72) = (1 +0.5)(z1 — 1.5) exp(x2) n Qp,
(x2 +2)(2z2 + 1) exp(z1)
1
i1, 10) = 3 exp(2wx1) +po in €, with x € {S,D},
and

— 872

w = .
M—1_|_ ,U,_1+167T2

The constant pg is such that pr = 0. Notice that (ug,ps) is the well known analytical solution
for the Navier—Stokes problem obtained by Kovasznay in [121], which presents a boundary layer at
{—0.5} x (—0.5,0.5). Notice also that in this example both the conservation of mass and the Beavers—
Joseph—Saffman boundary conditions (cf. (3.4)) are not satisfied and the right-hand side of the resulting
system must be modified accordingly.

Example 3: 2D helmet-shaped domain with different Forchheimer numbers.

In our last example we focus on the performance of the iterative method (3.104) with respect to the
Forchheimer number F'. To that end, and motivated by [31, Section 2|, we consider a 2D helmet-shaped
domain. More precisely, we consider the domain = Qg U X U Qp, where Qp := (—1,1) x (—0.5,0)
and Qg := (—1,—-0.75) x (0,1.25) U Qg1 U (—0.5,0.5) x (0,0.25) U Qg2 U (0.75,1) x (0,1.25), with

)

Qg = {(xl,xg) : (214 0.5)2 + (22 — 0.5)2 > 0.25%, —0.75 < 21 < —0.5, x5 > 0}
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and
Qg0 = {(xl,xg) : (21— 0.5)2 + (23 — 0.5)% > 0.25%, 0.5 < 21 < 0.75, 2 > 0}.

The data fg, fp, and gp, are chosen so that the exact solution in the 2D helmet-shaped domain 2 is
given by the smooth functions

us (a1, 22) = —sin(27zy ) cos(2mzg) w0
SVt cos(2mx) sin(2mx2) 5

up (21, 72) = ( sin(2mx ) exp(z2) > n Qp,

sin(27xg) exp(z1)

pi(z1,22) = sin(mxy) exp(za) + po in Q,,  with x € {S,D}.

The constant pg is such that fQ p = 0. Notice that, this solution satisfies ug-n = up - n on X and
up -n =0 on I'p. However, the Beavers—Joseph—Saffman condition (cf. (3.4)) is not satisfied and the
Dirichlet boundary condition for the Navier—Stokes velocity on I's is non-homogeneous and therefore
the right-hand side of the resulting system must be modified accordingly.

In Tables 3.1, 3.2 and 3.4 we summarise the convergence history for a sequence of quasi-uniform trian-
gulations, considering the finite element spaces introduced in Section 3.4.1, and solving the nonlinear
problem (3.104), which require around eight, six and nine Newton iterations for the Examples 1, 2 and
3, respectively. We observe that the sub-optimal rate of convergence O(hl/ 3) provided by Theorem 3.23
is attained in all the cases. Even more, the numerical result suggest that there exist a way to prove
optimal rate of convergence O(h). In Table 3.3 we show the behaviour of the iterative method (3.104)
as a function of the Forchheimer number F'| considering different mesh sizes h := max {hs, hD}, and
a tolerance tol = 1F — 06. Here we observe that the higher the parameter F' the higher the number of
iterations as it occurs also in the Newton method for the Navier—Stokes/Darcy—Forchheimer coupled
problem. Notice also that when F' = 0 the Darcy—Forchheimer equations reduce to the classical linear
Darcy equations and as expected the iterative Newton method (3.104) is faster.

On the other hand, the velocity components, velocity streamlines and pressure field in the whole
domain of the approximate solutions for the three examples are displayed in Figures 3.2, 3.3, and 3.4.
All the figures were obtained with 588445, 858658, and 883963 degrees of freedom for the Examples 1,
2, and 3, respectively. In particular, we can observe in Figure 3.2 that the second components of ug and
up coincide on ¥ as expected, and hence, the continuity of the normal components of the velocities on
> is preserved. In turn, we can see that the velocity streamlines are higher in the Darcy—Forchheimer
domain. Moreover, it can be seen that the pressure is continuous in the whole domain and preserves
the sinusoidal behaviour. Next, in Figure 3.3 we observe that the pressure presents a boundary layer
at {—0.5} x (—=0.5,0.5) as expected. Finally, similarly to Figure 3.2, in Figure 3.4 we can also observe
the continuity of the normal components of the velocities on X since their second components coincide
on the interface.
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N  hg e(us) r(us) e(ps) r(ps)
691 0.1915 0.4439 — 0.1588 —
2491 0.0911 0.2293 0.8896 0.0725 1.0561
9562 0.0486 0.118% 1.0441 0.0382 1.0179
37815 0.0242 0.0531 1.1558 0.0175 1.1214
149693 0.0134 0.0288 1.0380 0.0094 1.0474
588445 0.0078 0.0147 1.2290 0.0048 1.2231

N  hp e(up) r(up) e(pp) r(pp)

691 0.1901 0.3481 - 0.0643 —
2491 0.0978 0.1678 1.0974 0.0305 1.1202
9562 0.0535 0.0856 1.1169 0.0151 1.1629
37815 0.0249 0.0427 0.9122 0.0075 0.9206
149693 0.0145 0.0214 1.2713 0.0037 1.2840
588445 0.0068 0.0107 0.9140 0.0019 0.9087

N hs e(\) r(A) iter

691 0.1250 0.0718
2491 0.0625 0.0352 1.0308
9562 0.0313 0.0175 1.0084
37815 0.0156 0.0087 1.0060
149693 0.0078 0.0043 1.0012
588445 0.0039 0.0022 1.0004

oo 00 00 00

Table 3.1: EXAMPLE 1, Degrees of freedom, mesh sizes, errors, convergence history and Newton
iteration count for the approximation of the Navier-Stokes/Darcy—Forchheimer problem with F' = 1.
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N hs e(ug) r(us) e(ps) r(ps)
989 0.2001 10.3170 - 8.2614 -
3880 0.0966 4.5495 1.1249 3.9855 1.0015
13888 0.0492 2.2051 1.0713 1.8753 1.1151
55727 0.0270 1.1168 1.1342 0.9489 1.1357
213833 0.0161 0.5456  1.3877 0.4746 1.3423
858658 0.0078  0.2769 0.9419 0.2404 0.9444
N  hp e(up) r(up) e(pp) r(pp)
989 0.2001 0.4678 — 7.2964 —
3880 0.0950 0.2249 0.9835 3.3197 1.0578
13888 0.0500 0.1145 1.0518 1.7322 1.0135
55727 0.0254 0.0569 1.0326 0.9133 0.9457
213833 0.0160 0.0278 1.5453 0.4353 1.5956
858658 0.0066 0.0141 0.7674 0.2295 0.7283
N hs e(\) r(A) iter

989 0.1250 8.9940 — 6

3880 0.0625 4.6538 0.9505 6

13888 0.0313 2.3459 0.9883 6

55727 0.0156 1.1788 0.9928 6

213833 0.0078 0.5962 0.9835 6

858658 0.0039 0.3078 0.9539 6
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Table 3.2: EXAMPLE 2, Degrees of freedom, mesh sizes, errors, convergence history and Newton

iteration count for the approximation of the Navier-Stokes/Darcy—Forchheimer problem with F' = 1.

F h=02001 h=0.1088 h=0.0494 h=0.0262 h=0.0146 K =0.0077
0 4 4 4 4 4 4
1 ) 5 ) 6 6 6
10 7 8 9 9 9 9
100 8 9 10 10 11 11

Table 3.3: EXAMPLE 3, Convergence behavior of the iterative method (3.104) with respect to the

Forchheimer number F'.
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N  hg e(us) r(us) e(ps)  r(ps)
1007 0.1881 1.0274 — 0.5355 -
3790 0.1088 0.5114 1.2753 0.2156 1.6636

14014 0.0481 0.2472 0.8896 0.0978 0.9668
55428 0.0254 0.1243 1.0742 0.0483 1.1028
214828 0.0137 0.0620 1.1285 0.0237 1.1564
883963 0.0077 0.0307 1.2174 0.0123 1.1392

N  hp e(up) r(up) e(pp) r(pp)
1007 0.2001 1.2760 - 0.1105 —
3790 0.0950 0.6135 0.9837 0.0385 1.4165

14014 0.0494 0.3115 1.0366 0.0150 1.4375
55428 0.0262 0.1566 1.0813 0.0067 1.2820
214828 0.0146 0.0784 1.1839 0.0033 1.2215
883963 0.0072 0.0393 0.9815 0.0016 0.9948

N hs e(\) r(A) iter
1007 0.1250 0.1930 - 7
3790 0.0625 0.0704 1.4545

14014 0.0313 0.0296 1.2527
55428 0.0156 0.0141 1.0638
214828 0.0078 0.0070 1.0217
883963 0.0039 0.0035 1.0093

© © © ©

Table 3.4: EXAMPLE 3, Degrees of freedom, mesh sizes, errors, convergence history and Newton
iteration count for the approximation of the Navier—Stokes/Darcy—Forchheimer problem with F' = 10.
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Figure 3.2: Example 1: Velocity components (top panels), velocity streamlines and pressure field in
the whole domain (bottom panels).
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Figure 3.3: Example 2: Velocity components (top panels), velocity streamlines and pressure field in
the whole domain (bottom panels).
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Figure 3.4: Example 3: Velocity components (top panels), velocity streamlines and pressure field in
the whole domain (bottom panels).



CHAPTER 4

Analysis of an augmented fully-mixed formulation for the
non-isothermal Oldroyd—Stokes problem

In this chapter we develop and analyse a new augmented-mixed finite element method to numeri-
cally approximate the flow patterns of a non-isothermal incompressible viscoelastic fluid described
by the non-isothermal Oldroyd—Stokes equations.

4.1 Introduction

The numerical simulation of viscoelastic fluid flows has become increasingly important for a variety
of research areas in the fields of the natural sciences and engineering branches. This fact has been
motivated by its diverse applications in industry such as design of heat exchangers and chemical
reactors, cooling processes, and polymer processing (see, e.g., [113, 46, 120, 130]), to name a few. The
complexity of the governing equations and the physical domains makes analysis of the mathematical
models and the associated numerical methods especially difficult. Current efforts to model isothermal
viscoelastic flows often revolve around the solution of the Stokes problem for the Oldroyd viscoelastic
model (see, e.g., [14, 13, 33, 4], and the references therein). In particular, in [4] the authors analysed
an extra stress-vorticity formulation and proved that this formulation satisfies an inf-sup condition
and consequently, classical finite element spaces can be used for its approximation. We remark that,
although most of the research on the viscoelastic fluid flows concerns isothermal cases, many flows
of practical interest in polymeric melt processing are non-isothermal (see, e.g., [136, 123, 60, 118]).
The combination of high viscosities of polymeric melts and high deformation rates results in the
transformation of large amounts of mechanical energy into heat, and therefore in a temperature rise of
the material. This phenomenon is, for instance, used in extruders where viscous dissipation is employed
to enhance melting of the material (see [136] for details). This kind of fluid flows has motivated the
introduction of the coupled problem between the Stokes equation for the Oldroyd viscoelastic model
and the heat equation through a convective term and the viscosity of the fluid, thus arising the so
called non-isothermal Oldroyd—Stokes problem.

Up to the authors’ knowledge, [56] constitutes one of the first works in analysing a finite element
discretization for the non-isothermal Oldroyd—Stokes equations. In that work, the authors provide a
complete analysis of a mixed-primal formulation for the coupled problem, in which the main unknowns

117
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are the polymeric part of the extra-stress tensor, the velocity, the pressure and the temperature of
the fluid. The focus of this work is the discrete scheme, where by considering piecewise quadratic
elements for the velocity and the temperature, continuous piecewise linear elements for the pressure,
and discontinuous piecewise linear elements for the polymeric part of the extra-stress tensor, it is proved
existence of at least one solution by using inverse inequalities of L into L? and the Schaefer fixed-
point theorem. In addition, the Galerkin scheme has optimal rates of convergence under a smallness
assumption on the data. Later on, a new dual-mixed formulation was introduced and analysed in
[73], where the solvent part of the extra-stress tensor, the vorticity, and the heat flux vector are set as
further unknowns (besides the polymeric part of the extra-stress tensor, the velocity, the pressure and
the temperature). The corresponding mixed finite element scheme employs Raviart—-Thomas elements
of lowest order plus bubble function for the solvent part of the extra-stress tensor, Raviart—Thomas
elements of lowest order for the heat flux vector, continuous piecewise linear elements for the vorticity,
and piecewise constants for the polymeric part of the extra-stress tensor, velocity, pressure and the
temperature of the fluid. Existence of solution and convergence of the numerical scheme are proved
and optimal error estimates are also provided by using inverse inequalities of L> into L2, smallnes
assumption on the data and the Schaefer fixed-point theorem. We remark that this formulation has
properties analogous to finite volume methods, namely local conservation of momentum and mass.

The purpose of the present chapter is to contribute in the development of new numerical methods
for the non-isothermal Oldroyd—Stokes problem. To that end, unlike to [56] and [73], and in order to
obtain a new fully-mixed formulation of this coupled problem, we first introduce the strain tensor as a
new unknown, which allows us, on one hand, to eliminate the polymeric part of the extra-stress tensor
from the system and compute it as a simple post-process of the solution, and on the other hand, to join
the polymeric and solvent viscosities in an adimensional viscosity. In addition, for convenience of the
analysis we also consider the stress and vorticity tensors as auxiliary unknowns, thanks to which the
pressure can be eliminated from the system and approximated later on by a postprocessing formula.
In turn, for deriving the mixed formulation of the heat equation we proceed similarly to [73] (see
also [51, 52]) and set the heat-flux vector as a further unknown. Furthermore, the difficulty given by
the fact that the fluid velocity and the temperature lives in H! instead of L? as usual, is resolved as
in [51, 52| by augmenting the variational formulation with suitable Galerkin type expressions arising
from the constitutive and equilibrium equations, the relation defining the strain and vorticity tensors,
and the Dirichlet boundary condition on the temperature. Then, following [51] and [2]|, we combine
classical fixed-point arguments, suitable regularity assumptions on the decoupled problems, the Lax—
Milgram lemma, the Sobolev embedding and Rellich-Kondrachov theorems, and sufficiently small data
assumptions to establish existence and uniqueness of solution of the continuous problem. Similarly, the
existence of solution of the discrete problem relies on the Brouwer fixed-point theorem and analogous
arguments to those employed in the continuous analysis. Moreover, applying a Strang-type lemma
valid for linear problems, we are able to derive the corresponding Céa estimate and to provide optimal
a priori error bounds for the Galerkin solution. Finally, we point out that the main advantages of
approximating the solution of the coupled system through this new approach include, on one hand, the
fact that no discrete inf-sup conditions are required for the discrete analysis, and therefore arbitrary
finite element subspaces can be employed, and on the other hand, the possibility of recovering by
post-processing formulae the pressure, the polymeric part and solvent part of the extra-stress tensor
in terms of the solution, conserving the same rates of convergence.
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We have organised the contents of this chapter as follows. In Section 4.2 we introduce the model
problem and derive the augmented fully-mixed variational formulation. Next, in Section 4.3 we esta-
blish the well-posedness of this continuous scheme by means of a fixed-point strategy and the Schauder
and Banach fixed point theorems. The corresponding Galerkin system is introduced and analysed
in Section 4.4, where the discrete analogue of the theory used in the continuous case is employed to
prove existence of solution. In addition, a suitable Strang-type lemma is utilized here to derive the
corresponding a priori error estimate and the resulting rates of convergence. Finally, in Section 4.5 we
report several numerical essays illustrating the accuracy of our augmented fully-mixed finite element
method.

4.2 The continuous formulation

In this section we introduce the model problem and derive the corresponding weak formulation.

4.2.1 The model problem

The non-isothermal Oldroyd—Stokes problem consists of a system of equations where the Stokes equa-
tion for the Oldroyd viscoelastic model introduced in [14], is coupled with the heat equation through
a convective term and the viscosity of the fluid (cf. [56, 73]). More precisely, given a body force f, and

a heat source g, the aforementioned system of equations is given by

op —2up(f)e(u) = 0 inQ,

—div(op + 2¢un(f)e(u)) +Vp = £ inQ,
divu = 0 in{,
—div(kVO) +u-V8 = g inQ, (4.1)
u = 0 onl,
# = 6p onlp,

kV0-n = 0 onlIy,
where the unknowns are the polymeric part of the extra-stress tensor op, the velocity u, the pressure
p, and the temperature 6 of a fluid occupying the region 2. In addition, e(u) := %{Vu + (Vu)t}
stands for the strain tensor of small deformations, « is the thermal conductivity coefficient, up and ux

are the polymeric and solvent (or newtonian) viscosities, respectively, which are given by the following
Arrhenius relationship:

b b
(@) = aresp () x(0) = azesp (7). (4.2)
where the coefficients aq, b1, ae, and by are defined so that
0<pp(s) <1, O0<pun(s)<1 Vs>0. (4.3)

Furthermore, we assume that both the polymeric and solvent viscosities are Lipschitz continuous and

bounded from above and from below, that is,

[ (s) = pp ()] < Lypls =t [un(s) — pn(8)] < Lugls =t Vs, 2> 0, (4.4)
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and
pip < pp(s) <pop, N < pn(s) <pan Vs > 0. (4.5)

Note that a small real parameter € > 0 on the second equation of (4.1) is introduced to make the effect
of the solvent viscosity much smaller than that of the polymeric part. Moreover, it is well known that
uniqueness of a pressure solution of (4.1) (see, e.g., [134]) is ensured in the space

L3(@) = {q 1) [ - o}.

Now, in order to derive our augmented fully-mixed formulation we first need to rewrite (4.1) as a
first-order system of equations. To this end, unlike to [56] and [73], we begin by introducing the strain
tensor as an additional unknown t := e(u), whence the polymeric and solvent parts of the extra-stress
tensor can be written, respectively, as

op = 2up(0)t and on = 2eun(f)t in Q. (4.6)
Next, defining the dimensionless effective viscosity as in [73], that is
() = 2pp(6) + 2eun(0) (4.7)
and adopting the approach from [91] (see also [89, 40, 26]), we introduce the auxiliary unknowns
p:=Vu—e(u) and o:=pu@)t—pl in Q

where p is the vorticity (or skew-symmetric part of the velocity gradient). In this way, utilising the
incompressibility condition divu = tr (e(u)) = 0, we find that the equations modelling the fluid in
(4.1) can be rewritten, equivalently, as the set of equations with unknowns t, o, p and u, given by

t+p=Vu in Q od=p@t in Q —dive=f in Q,

1 _ (4.8)

u=0 on I', p=——tro in Q, /tra':(),
n Q

where both t and o are symmetric tensors, and trt = 0 holds in 2. Note that the fifth equation in
(4.8) allows us to eliminate the pressure p from the system (which anyway can be approximated later
on by postprocessed), whereas the last equation takes care of the requirement that p € L3(2). In
addition, it easy to see from (4.4) and (4.5) that the fluid viscosity u(-) is Lipschitz continuous and
bounded from above and from below, that is, there exist constants L, > 0 and p1, 2 > 0, such that

1(s) = u(®)] < Lyls — 1] Vs,20, (4.9)

and
w1 < p(s) <pg Vs >0. (4.10)

Similarly, for the convection-diffusion equation modelling the temperature of the fluid in (4.1), we
adopt the approach from [73] (see also [51, 52|) and introduce as a further unknown the heat flux
vector

p:=xkVO—0u in Q,
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so that, utilising the incompressibility condition divu = 0 in 2 and the homogenous Dirichlet boundary
condition u = 0 on I', the remaining equations in the system (4.1) can be rewritten, equivalently, as

Klp+k19u=V0 in Q, —divp=g in €,

(4.11)
0=6p on Ip, p-n=0 on INy.

We end this section emphasizing from (4.6) that we can recover the polymeric and solvent parts
of the extra-stress tensor in terms of § and t, whereas from the fifth equation of (4.8) we obtain the
pressure in terms of o. Alternatively, from (4.6), (4.7), and the second equation of (4.8), we arrive at
the identity

op +ox =0l in Q, (4.12)

from which each part of the extra stress can be computed in terms of o9 and the other part. The
formulae provided by (4.6), (4.12), and the fifth equation of (4.8), will suggest in Section 4.5 suitable
approximations of the polymeric and solvent parts of the extra-stress tensor, and the pressure (cf.
(4.80)). They will all depend on the unique finite element solution of a Galerkin scheme to be introduced
below (cf. (4.57)), and hence the same rates of convergence will be obtained.

4.2.2 The augmented fully-mixed variational formulation

In this section we derive the weak formulation of the coupled system (4.8)—(4.11). We begin by recalling
(see, e.g., [19, 81, 100]) that there holds

H(div; Q) = Hy(div; Q) & RI, (4.13)

where

Ho(div: Q) i {T € H(div; Q) : /Qm _ o} .

In this way, decomposing 7 € H(div;Q) as 7 = 7o + cl, with 7¢ € Hp(div; ) and ¢ € R, noticing
that 74 = 7'8 and divT = divTy, and using the last equation of (4.8), we deduce that both o and T
can be considered hereafter in Hy(div; ). In addition, thanks to the incompressibility condition and
the first equation of (4.8), we can look for the strain tensor t in the space

L2 (Q) == {r €eL2(Q): r'=r and trr= 0},
whereas the vorticity p lives in
Lgkew(Q) = {T] € LQ(Q) : nt = —TI}-

In turn, the homogeneous Neumann boundary condition for p on I'y (cf. fourth equation in (4.11))
suggests the introduction of the functional space

Hr (div; Q) := {qu(div;Q): qgn=0 on FN}.

Hence, we begin the derivation of our weak formulation by testing the first equations of (4.8) and
(4.11) with arbitrary 7 € Hy(div;Q) and q € Hp(div;Q), respectively. Then, integrating by parts,
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utilising the identity t : 7 =t : 79 (which follows from the fact that t : I = trt = 0), and imposing the
remaining equations weakly, which includes the symmetry of o, we arrive at the variational problem:
Find t € L (Q), o € Ho(div;Q), p € L2, (), p € Hr(div; ), and u, 6 in suitable spaces to be
defined, such that

/,u(ﬁ)t:r—/ad:r =0 vr e L2 (Q),
Q Q

/t:’rd+/u-div7'+/p:‘r = 0 V7 € Hy(div; ),
Q Q Q
—/V-diva—/a:n = /f-v V(v,m) € L3(Q) x L2 (), (4.14)
Q Q Q
nl/p'q+/0divq+n1/9u-q = (q-n,0p)p, Vg€ Hpy(div;Q),
Q Q Q
— [ pdivp = /gw Vi € T2().
Q Q

Before continuing we observe that the third term on the left-hand side of the fourth equation in (4.14)
requires a suitable regularity for both unknowns u and . Indeed, by applying Cauchy—-Schwarz and
Holder’s inequalities, and then the continuous injection i of H'(2) into L*(Q) (see, e.g., [1, Theorem
6.3] or [139, Theorem 1.3.5]), we find that there exist a positive constant ¢(Q2) := |[i||?, such that

lulliellalloe VO eH'(Q) Vue HY(Q) Vq e L*(Q). (4.15)

‘/ﬂeu-q] < ()00

According to the above, and in order to be able to analyse the present variational formulation of
the coupled system (4.8)—(4.11), we propose to seek u € H}(Q) and § € HY(Q), and to restrict the
set of corresponding test functions v and 1 to the same space, respectively. In this way, similarly
as in [51] (see also [52]), we augment (4.14) through the following redundant Galerkin terms arising
from the constitutive and equilibrium equations, the relation between the strain tensor and t, the
definition of the vorticity in terms of the velocity gradient, and the Dirichlet boundary condition on
the temperature:

m/ {ad - ,u(@)t} =0 V7 € Hy(div; ),
)

52/ divo - divr = —HQ/ f-divr V7T € Hy(div; ),
Q Q

(4.16)
KS/Q {e(u) - t} Le(v) =0 vv € HA(Q),
i [ (p={vu—e})in=0  vmeli. (@)
and
55/(2{V9—/€_1p—/@'_19u}-V¢:0 v € HY(Q),
ng/gdivpdivq - —ﬁg/ﬂgdivq Vq € Hr, (div; ), (4.17)

kr | O =k7 [ Opo vy € H(Q),
I'p o
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where (k1,...,k7) is a vector of positive parameters to be specified later.

At this point we remark that there are many different ways of ordering the augmented fully-mixed
variational formulation described above, but for the sake of subsequent analysis we proceed as in [51,
Section 3.1], and adopt one leading to an uncoupled structure. To that end, we start by grouping

appropriately some of the unknowns and spaces as follows:
t:=(t,0,p) € H:=1L2% (Q) x Hy(div; Q) x L2, (Q),

where H is endowed with the norm

el = rllg o + I7lGvie + IllG.o Ve = (r,7,m) € H.

Hence, the augmented fully-mixed variational formulation for the non-isothermal Oldroyd—Stokes pro-
blem reads: Find (t,u,p,0) € H x H}(Q) x Hr(div; Q) x H}(Q) such that

Ag((t,u), (r,v)) = F(r,v) Y(r,v)eHxHyQ),
(4.18)

A((p,0),(q,%)) + Bul(p,0), (q,%)) = F(q,¥) VY(q,¢) € Hry(div;Q) x H(Q),

where, given ¢ € H'(Q) and w € H}(Q2), Ay, A, and B,, are the bilinear forms defined, respectively,

) Ay((t, ), (x,v) = /Q p(@)t s {x—mrt} + /Q ot Lt el e /Q g7
+ /ﬂ{u+f<;2diva}-divr—/ﬂv-divaJr/Qp:T—/QG277 (4.19)
+ ﬂg/gl{e(u)—t} :e(v)+ﬁ4/ﬂ(ﬂ—{vu_e(u)}> o,
Ap.0).(@v) =" [ p-{a=mvuh+ [ {9+ madivp}diva~ [ wdivp »
+/<c5/QV9-V¢+/£7 [ 0w,
" Bu((.0).(a.0) =" [ 0w {a=rVu}. (1.21)

for all (t,u), (r,v) € H x H}(Q) and for all (p,0),(q,v) € Hry(div;Q) x H (). In turn, F and F
are the bounded linear functionals given by

F(r,v) := / f- {v - IizdiVT}, (4.22)
Q
for all (r,v) € H x H}(Q2) and
F(q,v) = (q - n,0p)p, + /Qg {QP — rpdiv CI} + H?/F Opip, (4.23)

D

for all (q,v) € Hry(div; Q) x HY(Q).
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4.3 Analysis of the continuous formulation

In this section we proceed similarly as in [51] (see also [52, 2|) and utilise a fixed-point strategy to prove
that problem (4.18) is well posed. More precisely, in Section 4.3.1 we rewrite (4.18) as an equivalent
fixed-point equation in terms of an operator T. Next in Section 4.3.2 we show that T is well defined,
and finally in Section 4.3.3 we apply the well known Schauder and Banach theorems to conclude that
T has a unique fixed point.

4.3.1 The fixed-point approach

We start by defining the operator S : H!(Q) — H x H} () by

S(¢) := (S1(¢),82(¢9)) = (t,u) Vo € H'(Q), (4.24)

where S1(¢) := (S%(¢),ST(¢),S¥(¢)) and (t,u) is the unique solution of the problem: Find (t,u) €
H x H}(Q) such that

Ay((t,u), (r,v)) =F(r,v) V(r,v)eHx H(l)(Q), (4.25)

where the bilinear form A, is given by (4.19). In turn, the functional F is defined exactly as in (4.22).
In addition, we also introduce the operator S : H}(Q) — Hr (div; Q) x HY(Q) defined as

S(w) == (S1(w),S2(w)) = (p,0) Vw € H}(Q), (4.26)
where (p, 6) is the unique solution of the problem: Find (p, ) € Hr (div; ) x H!(Q) such that

A((p,9), (a,9)) +Bw((p,0), (4. %)) = F(a,v) V(a,¢) € Hry(div; Q) x H(Q). (4.27)

Here the bilinear form A and the functional F are defined exactly as in (4.20) and (4.23), respectively.
In turn, the bilinear form By is given by (4.21). In this way, we define the operator T : H}(Q) — H!(Q)
as

T(¢) = S2(S2(¢)) Vo € H'(Q), (4.28)

and realise that (4.18) can be rewritten as the fixed-point problem: Find 6 € H(Q) such that
T(0) = 0. (4.29)

This fact certainly requires that both operators S and S be well defined. In other words, we first need
to analyse the well-posedness of the uncoupled problems (4.25) and (4.27). The next section is devoted
to this matter.

We end this section by recalling, for later use, that there exist positive constants ¢;(£2) and c2(2),
such that (see [81, Lemma 2.3| and [122, Theorem 5.11.2], respectively, for details)

a(Qrl5a < 750 + divr|§q V7 € Hy(div;Q), (4.30)
[Wle + [Yllory = c2(@vllhe Vo € H(Q), (4.31)

and 1
lev)[5a = =Iviia Vv e H(Q), (4.32)

where (4.32) is the well known Korn inequality (see [128, Theorem 10.1]).
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4.3.2 'Well-posedness of the uncoupled problems

We begin by establishing a result that provides conditions under which the operator S in (4.24) is
well-defined, or equivalently, the problem (4.25) is well-posed.

Lemma 4.1. Assume that

20 0
k1 € 10, LA , k3 € (0,209 1 — e , kg€ (0,203k3 (1 — 2 , and kg >0,
2 24 2

2
with 61 € (O,Iu), and 83,63 € (0,2). Then, for each ¢ € HY(Q), the problem (4.25) has a unique
2

solution (t,u) := S(¢) € H x H}(Q). Moreover, there exists a constant cs > 0, independent of ¢, such
that there holds

IS(@)I| = [I(t; w)|| < esl[fllo.- (4.33)

Proof. For a given ¢ € H!((2), we observe from (4.19) that A, is clearly a bilinear form. Also, from
Cauchy—Schwarz inequality we deduce that there exists a positive constant, which we denote by || A4,
only depending on k1, ke, K3, k4, and po (cf. (4.10)), such that

‘A¢((L ), (LV))’ < A1t Wiz, vl (4.34)

for all (t,u), (r,v) € H x H}(Q2). It turn, we have from (4.19) that

Ay((r,v),(r,v)) :/

@) ir = /Q plo)r = 74+ k| TS o + m2lldivTF o + Aslle(v)IF

- ﬁg/Qr ce(v) + /<;4Hn||(2)79 - /{4/Q {Vv - e(v)} .

Hence, we proceed similarly to the proof of |26, Lemma 3.6], utilise the Cauchy—Schwarz and Young
inequalities, apply the boundedness of i (cf. (4.10)), and the fact that

IVv —e()|3q=vEq—lle(v)3q.

to obtain that for any &1, 82,83 > 0, and for all (r,v) € H x H}(Q), there holds

K142 K3 201 .
Ay((r,v),(r,v)) > < (11— — = trlfa+r [1-=— H7'd||g,n + kg | divT[§
201 209 2

b2 K4 K4 d3
+fin (1-%) + 5 blela - g vl + ws (13 ) Il

which, together with the Korn inequality (4.32), implies

K142 K3 201 .
Ay((x,v), (r,v)) > 9 (11— — = rlfa+ s (1 == ) I7Y6.o + r2lldivr| g
201 209 2

5 5 (4.35)
Ry (f_ 82 _ ki) | %Y 2
+{ 2 (1 2) 453} Vlig + (1 2> Il
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Then, assuming the stipulated hypotheses on 81, K1, K3, 02, 03, K4, and ko, and applying the inequality
(4.30), we can define the positive constants

(e _ F1k2) K8 — mi _ H201) K2
a1(Q) == (Ml 2%, ) 28, az () == mln{m <1 5 > 'S },
. ) 0
ag(Q) ‘= min {Cl(Q)QQ(Q), 22}, Oé4(Q) = % <1 — 22) — 4%343, and a5(Q) = K4 <1 - 23> 5

which allow us to deduce from (4.35) that

Ay((r,v), (r,v)) = a(Q)|(x, v)[I* V(r,v) € H x Hg(Q), (4.36)

where
() := min {al(Q), a3(Q), cpaa (), a5(Q)},

and ¢, is the positive constant provided by Poincaré’s inequality (see [140, Théoréme 1.2-5]). In turn,
concerning the linear functional F and using the Cauchy—Schwarz inequality, we find that

IF[| < Msl[fllo,0; (4.37)

where Mg := (1 4+ x3)'/2. We conclude by Lax-Milgram theorem (see, e.g., [81, Theorem 1.1]) that
there is a unique solution (t,u) := S(¢) € H x H{(2) of (4.25), and the corresponding continuous
dependence result together with the ellipticity constant «(£2) and the estimate (4.37) imply (4.33) with
the positive constant cg := Mg/a(f2), which is clearly independent of ¢. O

On the other hand, again we use the Lax—Milgram theorem to establishes the well-posedness of
problem (4.27), or equivalently, that the operator S (cf. (4.26)) is well-defined.

Lemma 4.2. Assume that k5 € (0,20), with 6 € (0,2k), and kg, k7 > 0. Let w € H{(Q) such
a(Q)

(1 + 2172

constant of the bilinear form A given below in (4.40). Then, there exist a unique (p,0) = S(w) €

Hr, (div; Q) x HY(Q) solution of (4.27). Moreover, there exists a constant cg > 0, independent of w,

such that there holds

that ||wlj1,0 < py= where ¢(§2) is the constant in (4.15) and a(Q) is the ellipticity
e

18w)ll = 2. 8)] < cs{lalloa + [0llory + 6012, } (438)

Proof. For a given w € H}(Q2) as stated, we observe from (4.20) and (4.21) that A + B, is clearly a
bilinear form. Now, applying the Cauchy—Schwarz inequality and the estimate (4.15), we deduce that

A((.0). (@.u)] < I AJp. Ol (a.4)]

and

Bu((9,0), (a,0))| < 171 (1+ 1) (@)Wl allfllall(a )], (4.39)

for all (p, 0), (q,v) € Hry(div; Q) x H}(Q). Then, by gathering the foregoing inequalities, we find that
there exists a positive constant, which we denote by ||A + Byw]||, only depending on k&, k5, kg, K7, ¢(£2),
and the bound for ||w||; o assumed here, such that

(A +Bu)((0,6), (a.9)] < IA+ Bulllp.0) (0]
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for all (p,0), (q,v) € Hry(div; Q) x HY(Q). In turn, from (4.20) we have that

A((q,¥), (a,%)) = s allfq + kelldivall§o — x ks /Q a- Vo + ksv)f g+ mrllvlg e,

and hence, using the Cauchy—Schwarz and Young inequalities, we obtain that for any § > 0 and for all
(q,%) € Hry (div; Q) x H'(Q2), there holds

-1
~ _ K/S . ’i ~
A((@w). (@) = w7 (1= 52) Ll + solldivala -+ 55 (1= “5-8) [0+ welolf -

In this way, applying the inequality (4.31), we can define the constants

& (Q) = min {n_l (1 -~ gg) ,HG} and  G2(Q) := ¢2(Q) min {m—) (1 ~ ”;5) ,m} ,

which are positive thanks to the hypotheses on g, K5, kg, and k7. In this way, it follows that

A(@,9), (a,9) = @@l (a, 9)* V(a,¥) € Hpy(div; Q) x H(Q), (4.40)

with a(€2) := min {&1(9), &Q(Q)}, which shows that A is elliptic. Therefore, combining now (4.39),
(4.40), and the bound for ||w||; o assumed here, we deduce that for all (q,v) € Hpy(div; Q) x H}(Q),
there holds

A+ Bu)((@ ). (@.1) = {5(2) — w7 (14 5D 2e(@)[wlha a0 > 252

@ w)l?, @)

~ =~ a(Q
which proves the ellipticity of A + By, with constant ()

, independent of w. On the other hand, it
is easy to see from (4.23), by using Cauchy—Schwarz’s inequality and the trace theorems in H(div ; (2)
and H'(Q), whose boundedness constants are given by 1 and ||yo||, respectively, that the functional F
is bounded with

IFN < M5{llgloe + 6pllors + 160]1/21, b (4.42)

where Mg := max {(1 + k)2, f<;7|]'yo|]}. Summing up, and owing to the hypotheses on k5, kg and k7,

we have proved that for any sufficiently small w € H}(2), the bilinear form A +B,, and the functional
F satisfy the hypotheses of the Lax—Milgram theorem (see, e.g., [81, Theorem 1.1]), which guarantees
the well-posedness of (4.27) and the continuous dependence estimate (4.38) with cg := 2Mg/a(2?). O

At this point we remark that the restriction on ||w||; o in Lemma 4.2 could also have been taken
a($?)
KL+ 1) ()
and because it yields a joint maximization of the ellipticity constant of A +B,, and the upper bound

1
as |[w|io<w with any w € (0,1). However, we have chosen w = B for simplicity

for ||wl|1,o. In addition, we also remark that the constants «(£2) and () yielding the ellipticity of
A, and A + By, respectively, can be maximized by taking the parameters d1, k1, d2, K3, 93, K4, 9, and
k5 as the middle points of their feasible ranges, and by choosing ko, kg and 7 so that they maximize
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the minima defining as (), a1(2), and as(£2), respectively. More precisely, we simply take

1 1)
0= /4»‘1217/“:& 0o =1, 53252<M1—H1M2)=M1 03 =1,

TS pa p3 201 2’
jn = G (1= 2) = By Co (122 A G, (4.43)
2 4 ) 2 M%? Y
ks =0 = K, Kﬁzﬁl(l—gg):ﬁz, /17:/@5(1—”2(5):;,
which yields
H1 H1 H1
ar(@) = aal@) = g ao(@ = min{a(®,1}%,
~ T ~ K
(@ =15 as@=H @@ =" ®@(Q)=aO3
and hence
1
() = min {min {cl(Q), 1}2/2%,%/1%, /;1} , and ()= imin {K]_l,CQ(Q)K}}.

The explicit values of the stabilization parameters r;, ¢ € {1,...,7}, given in (4.43), will be employed
in Section 4.5 for the corresponding numerical experiments.

4.3.3 Solvability analysis of the fixed-point equation

Having proved the well-posedness of the uncoupled problems (4.25) and (4.27), which ensures that the
operators S, S and T are well defined, we now aim to establish the existence of a unique fixed point
of the operator T. For this purpose, in what follows we verify the hypothesis of the Schauder and
Banach fixed-point theorems. We begin the analysis with the following straightforward consequence
of Lemmas 4.1 and 4.2.

Lemma 4.3. Suppose that the parameters k;, i € {1,...,7}, satisfy the conditions required by Lemmas
4.1 and 4.2. Let W be the closed and convex subset of HY(Q) defined by

wi={oeH@: ¢l < cg{llglloc+ I80lors + 180l /2rs | |
where cg is the constant given by (4.38). In addition, assume that the datum f satisfy
a()
e < 5= 2\1/2 ’
26711 + K2)V/2¢(Q2)
where cg 1is the constant given by (4.33). Then T(W) C W.

csl (4.44)

Proof. Given ¢ € W, we get from (4.33) (cf. Lemma 4.1) that

IS(@)I = ll(& w)]l < eslIflo.o;

and hence, thanks to the constraint (4.44), we observe that u = Sy(¢) satisfies the hypotheses of
Lemma 4.2. Moreover, the corresponding estimate (4.38) gives

IT@)la = 8wl < cg{lglos + [9olors + 160l 2, )
which implies that T(¢) € W, thus finishing the proof. O
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Next, we establish two lemmas that will be useful to derive conditions under which the operator T
is continuous and compact. To that end, and similarly as in [2, Section 3.3|, we first introduce suitable
regularity hypotheses on the operator S, which will be employed later on. In fact, for the remainder
of this chapter we proceeds as in [2, eq. (3.22)], and suppose that f € H®(Q), for some § € (0,1)
(when n = 2) or § € (1/2,1) (when n = 3). Then, we assume that for each ¢ € H*(Q) there holds
S(¢) € (H2(Q) x (Ho(div; Q) NH°(Q)) x H*(Q)) x H*(Q), with

IS5 (@)l + IST (D) lsa + 157 (D) llse + 1S2(0) 1450 < Cs|flsa. (4.45)

where 65 is a positive constant independent of ¢. The reason of the stipulated ranges for § will be
clarified in the forthcoming analysis (see below proof of Lemmas 4.4 and 4.7). More precisely, we
remark in advance that the regularity estimate (4.45) is needed in the proof of Lemmas 4.4 and 4.7 to
bound an expression of the form [[S}(¢)|r2r(q) in terms of [|S}()ls,q, and hence of the data at the
right-hand side of (4.45).

Lemma 4.4. There ewists a positive constant Cs, depending on L, the parameter k1, the ellipticity
constant a(Y) of the bilinear form Ay (cf. (4.36)), and 0 (cf. (4.45)), such that

1S(¢) = S(#)]| < CslISF(D)lsllé — llwsg Vo6 € HI(Q). (4.46)

Proof. We proceed as in [2, Lemma 3.9]. In fact, given gb,gg € HY(Q), we let (t,u) := S(¢) and

(t, 1) := S(¢) be the corresponding solutions of problem (4.25). Then, using the bilinearity of A, for
any ¢, it follows easily from (4.25) that

Agltw) = 0. (2v) = = [ {u(0) = u@) Je: {r = rir}

for all (r,v) € HxH{(Q). Hence, applying the ellipticity of A, (cf. (4.19)), Cauchy-Schwarz inequality,
the Lipschitz-continuity assumption (4.9), and then Holder inequality, we find that

a(Q)(tw) — W) < Az((tw) — (£0), (6 w) - (£,1))

_ —/{M@—uw&t{@—ﬂ—wdf—ﬁﬂ} (4.47)
Q ~ ~
< Lu(1+ 62t e |6 — dllnzegey I (6, 1) — (&, W],

where p,q € [1,400) are such that 1/p + 1/q = 1. Next, given the further regularity ¢ assumed in
(4.45), we recall that the Sobolev embedding theorem (cf. [1, Theorem 4.12], [139, Theorem 1.3.4])
establishes the continuous injection s : HO(€2) — L9 (Q) with boundedness constant Cs > 0, where

2
o ifn=2,
0 =

o |

m lfn:3

Thus, choosing p such that 2p = 6* and recalling that t := S%(¢), we find that

[tlle2r @) = [ST(9) L2y < CslIST(9)

5.0 (4.48)
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In turn, according to the above choice of p, that is p = §*/2, it readily follows that

2 %ifn:Q n
2q i = —— = = —. 4.4
1) s 5 (4.49)
5 ifn=3

Therefore, inequalities (4.47) and (4.48) together with identity (4.49) conclude (4.46) with constant
Cs := L,(1+ k})V2Cs5/a(Q). O

In turn, the following result establishes the Lipschitz-continuity of the operator S.
Lemma 4.5. There exists a positive constant Cg, depending on k, the parameter ks, the ellipticity
constant a(SY) of the bilinear form A (cf. (4.40)), and the constant c¢(Q2) (cf. (4.15)), such that for all

a(f2)
g /{%)1/26(9); there holds

w, % € H() with w10, [¥10 < 5

IS(w) — S(w)|| < C51Sa(w)

lLellw =Wl (4.50)

Proof. 1t follows almost straightforwardly from a slight modification of the proof of [52, Lemma 3.7].
We omit further details. O

As a consequence of the previous lemmas we establish the following result providing an estimate
needed to derive next the required continuity and compactness properties of the operator T.

Lemma 4.6. Let W = {p € H(Q): 60 < cg{lglon + 10blloro + 100l /20 } | and assume
that the datum f satisfy (4.44). Then, there holds

IT(¢) = T(d)[1.0 < CsC5T()l1,0lISt () 5.0l — dllse), (4.51)

where Cs and Cg are the constants given by (4.46) and (4.50), respectively.

Proof. Tt suffices to recall that T(¢) = Sa(Sa(¢)) Vo € HY(Q) (cf. (4.28)), and then apply Lem-
mas 4.3, 4.4 and 4.5. O

Owing to the above analysis, we establish now the announced properties of the operator T.

Lemma 4.7. Let W := {¢ eHY(Q): |olha< c§{||g||0,g +[10pllo.ry + ||9D||1/27FD}}, and assume
that the datum f satisfy (4.44). Then, T : W — W is continuous and T(W) is compact.

Proof. The required result follows basically from (4.51), the Rellich—Kondrachov compactness Theorem
(cf. [1, Theorem 6.3], [139, Theorem 1.3.5]), the specified range of the constant ¢ involved in the
further regularity assumptions given by (4.45), and the well-known fact that every bounded sequence
in a Hilbert space has a weakly convergent subsequence. We omit further details and refer to |2,
Lemma 3.12]. O

Finally, the main result of this section is given as follows.
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Theorem 4.8. Suppose that the parameters ki, i € {1,...,7}, satisfy the conditions required by Lem-
mas 4.1 and 4.2. Let W = {qb e HY(Q) : [|¢]ha < Cg{HQHO,Q + [|6pllo,rp + ||9D||1/27FD}}’ and assume
that the datum £ satisfy (4.44). Then the augmented fully-mized problem (4.18) has at least one solution
(t,u,p,0) € H x H{(Q) x Hpy(div; Q) x HL(Q) with § € W, and there holds

It Wl < eslfllog, (4.52)

and
I, 0)1l < cg{llglloq + Inllo,rs + 16nl11/21y }- (4.53)

where cg and cg are the constants specified in Lemmas 4.1 and 4.2, respectively. Moregver, assume that
the data £, g and Op are sufficiently small so that, with the constants Cg, Cg and Cs from Lemmas
4.4 and 4.5, and estimate (4.45), respectively, and denoting by Cs the boundedness constant of the
continuous injection of H'(Q) into L™%(Q), there holds

CsCsCsCges{ lgllo.c + 6|

o0 + 18011205 JIEl50 < 1 (4.54)
Then the solution 0 is unique in V.

Proof. The equivalence between (4.18) and the fixed-point equation (4.29), together with Lemmas 4.3
and 4.7, confirm the existence of solution of (4.18) as a direct application of the Schauder fixed-point
theorem [47, Theorem 9.12-1(b)|. In addition, it is clear that the estimates (4.52) and (4.53) follow
straightforwardly from (4.33) and (4.38), respectively. Furthermore, given another solution 6 W of

(4.29), the estimates || T(0)[|1,0 = |0 0.2 + [10pllo,rp + ||9D||1/2,1“D}7

10 < Cg{llg

I1St(0)lls.0 < Cslfllso,

and
[@llLnsy < Csllgllia Vo € HY(Q), (4.55)

confirm (4.54) as a sufficient condition for concluding, together with (4.51), that # = 6. In other
words, (4.54) constitutes the condition that makes the operator T to become a contraction, thus

yielding, thanks to the Banach fixed-point theorem, the existence of a unique fixed point of T in
W. O

4.4 The Galerkin scheme

In this section we introduce and analyse the Galerkin scheme of the augmented fully-mixed formulation
(4.18). We analyse its solvability by employing a discrete version of the fixed-point strategy developed
in Sections 4.3.1 and 4.3.2. Finally, we derive the corresponding Céa estimate and rates of convergence
of our Galerkin scheme.

4.4.1 Discrete setting

Let Ty be a regular triangulation of 2 made up of triangles K (when n = 2) or tetrahedra K (when
n = 3) of diameter hx, and define the meshsize h := max {hK . Ke ﬁl} Then, for each K € 7},
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we set the local Raviart—Thomas space of order k as
RTk(K) = Pk(K) ©® Pk(K)X,

where x := (z1,...,7,)" is a generic vector of R”. Then, we introduce the finite element subspaces
approximating the unknowns t, o, p,u, p and 6 as follows

HE = {rh L2 (Q): rplx € Pu(K) VK € Th},

HY = {Th € Ho(div;Q): c'rplx € RTH(K) VeeR" VK ¢ E}

Hy = {nh € Liew(Q): mylx € P(K) VK € 771}7 56
5 {vhec@); vl € Poii(K) YK €Ty, vp=0on r}, 450
Hy = {QhEHFN(diV;Q): an|x € RT,(K) VKEE},

W, = {vn € C@: nlx € Pria(K) VK €Thf.

In this way, by defining t;, := (tn,on, pp), rj, := (Th, Th, M) € Hy := HE x HY x HY, the Galerkin
scheme of (4.18) reads: Find (t, up, pr, 0p) € Hy, x HY x HY x HY such that

Aeh((thauh% (ghvvh)) = F(Emvh) V(Eh,Vh) € Hy, x Hy, ( )
4.57

A((Prs0n), (an, ¥0)) + Buy, (P 00), (an.¥n)) = Flan,vn) Y(an,vn) € HY x HY.

Similarly to the continuous context, in order to analyse problem (4.57) we rewrite it equivalently as
a fixed-point problem. Indeed, we firstly define Sy, : Hz — Hj, x H}} by

Sn(¢n) = (S1.4(n), S2n(dn)) = (tn,un)  Von € Hy, (4.58)
where Sy p(¢p) = (S‘ih(gbh),S‘l’,h(gbh),th(th)) and (t;,u) is the unique solution of the discrete
version of the problem (4.25): Find (t;,,uy) € Hj, x H}! such that

A¢h((§h’ uh)? (£h7vh)) = F(Ehﬂvh) V(ﬁh,Vh) € Hp, x HE? (459)

where the bilinear form A, (with ¢, in place of ¢) and the functional F are defined as in (4.19) and
(4.22), respectively. Secondly, we define the operator S;, : HY — HP x HY as

Sh(wr) := (S1a(Wa), So (W) = (P, 0h) Ywy, € H, (4.60)

where (pp,0p,) is the unique solution of the discrete version of the problem (4.27): Find (pp,0p) €
HP x HY such that

A((Ph, 0), (hs ¥n)) + Bu,, (Phs 08), (an, ¥n)) = Flan, ¥n)  V(an, vn) € HY x HY, (4.61)
where the bilinear form A and the functional F are defined as in (4.20) and (4.23), respectively,

whereas, Ewh is the bilinear form given by (4.21) (with wy, instead of w). Finally, we introduce the
operator T}, : Hz — Hz as
T () = Son(Son(dn)) Vou € HY, (4.62)
and realise that solving (4.57) is equivalent to seeking a fixed point of the operator T}, that is: Find
(TS Hz such that
Th(eh) = 0. (4.63)
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4.4.2 Solvability analysis

Now we establish the solvability of problem (4.57) by studying the equivalent fixed-point problem
(4.63). To that end, first we guarantee that the discrete problems (4.59) and (4.61) are well-posed.
Indeed, it is easy to see that the respective proofs are almost verbatim of the continuous analogues
provided in Section 4.3.2, and hence we simply state the corresponding results as follows.

Lemma 4.9. Assume that k;, 1 € {1,...,4}, satisfy the conditions required by Lemma 4.1. Then, for
each ¢y, € HY, the problem (4.59) has a unique solution (t,,u) := Sp(¢n) € Hy x HY. Moreover, with
the same constant cg > 0 from (4.33), which is independent of ¢y, there holds

1Sh(@n)ll = [I(tr, un)ll < cs|fllo.o- (4.64)

Lemma 4.10. Assume that k;, i € {5,6, 7}, satisfy the conditions required by Lemma 4.2. Let wj, € H}!
< a()

M2 2 (14 R2)12e()

(4.15) and (4.40), respectively. Then, there exist a unique (pp,0s) := Sp(wp) € HY x Hz solution of

(4.61). Moreover, with the same constant cg > 0 from (4.38), which is independent of wy, there holds

such that ||wry, where ¢(2) and a(Q) are the positive constants provided by

1S(wn)|| = ||(pn, 0n)| < Cg{HgHO,ﬂ + [|6pllo,rp + H9D|!1/2,FD}- (4.65)

We now proceed to analyse the fixed-point equation (4.63). More precisely, in what follows we
verify the hypotheses of the Brouwer fixed-point theorem (cf. [47, Theorem 9.9-2]). We begin with
the discrete version of Lemma 4.3. Its proof, being a simple translation of the arguments proving that
lemma, is omitted.

Lemma 4.11. Let W), := {gbh € Hz : onlha < c§{||g||o,g + ||0p
that the datum f satisfy (4.44). Then T(Wy) C Wh,.

oIp t ||6D||1/271“D}}, and assume

The discrete analogues of Lemma 4.4 is provided next. We notice in advance that, instead of the
regularity assumptions employed in the proof of that result, which actually are not needed nor could
be applied in the present discrete case, we simply utilise a L* — L* — L? argument.

Lemma 4.12. There exists a positive constant Cs,, depending on Ly, k1, and «(2), such that

ISh(¢n) — Su(dn)|l < Cs, IS¢ 1 (dn)llLacyldn — PnllLay  Yon, on € HY. (4.66)

Proof. Given ¢y, gz~5h € Hz, we first let (t;,up) := Sp(¢p) and (t,,0p) = Sh(qgh) be the corresponding
solutions of problem (4.59). Next, we proceed analogouly as in the proof of Lemma 4.4, except for
the derivation of the discrete analogue of the right-hand side of (4.47), where, instead of choosing the
values of p and ¢ determined by the regularity parameter ¢, it suffices to take p = ¢ = 2 (see [2]), thus
obtaining

A (s wn) = @ T < Lu(L 4+ 65) 2 [t s bn — Pl | (6ns wn) = (&, )]l

Then, the fact that the elements of Hj are piecewise polynomials insures that [ts|lpiq) < +oo,
and hence the foregoing equation yields (4.66) with Cs, = L,(1 + x2)/2/a(2). Further details are
omitted. O
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Next, we address the Lipschitz-continuity of §h7 its proof is omitted since it is almost verbatim as
that of the corresponding continuous estimate provided by Lemma 4.5.

Lemma 4.13. Let Cg be the constant provided by Lemma 4.5. Then, given wp, Wy, € H}! such that

a(9?)
o, m%)l/Qc(Q) , there holds

w w <
[whll1,0, hlll,ﬂ_%_l(

1Sh(wr) — Su(Wn)|| < CglISan(wa)|l1.0llwhn — Wil1.0- (4.67)

Now, utilising Lemmas 4.12 and 4.13, we can prove the discrete version of Lemma 4.6.

Lemma 4.14. Let Wy i= {on ¢ T lénllie < cg{llglloq + 10n
that the datum f satisfy (4.44). Then, there holds

0Ip + ||9D||1/2,FD}}, and assume

ITh(én) — Tr(dn)lle < Cs, C5lIT(0n) 1100184 1 (60) lLayl|on — dullne(o). (4.68)

where Cg and Cs,, are the constants provided by Lemmas 4.5 and 4.12, respectively.

Consequently, since the foregoing lemma and the continuous injection of H(Q) into L4(£2) confirm
the continuity of T}, we conclude, thanks to the Brouwer fixed-point theorem (cf. [47, Theorem 9.9-2])
and Lemmas 4.11 and 4.14, the main result of this section.

Theorem 4.15. Suppose that the parameters ki, i € {1,...,7}, satisfy the conditions required by
Lemmas 4.1 and 42, Let Wy = {én € B+ |lénllia < cg{llgllo.c + 190 llo,rs + 601127, } | and
assume that the datum f satisfy (4.44). Then the Galerkin scheme (4.57) has at least one solution
(tp,, up, pn,0n) € Hy, x HY Hg X H,’; with 0, € Wy, and there holds

1t an)|| < esl|f

0,2, (469)

and
[(Pr, On)|| < Cg{\lg\lo,ﬂ + 10pllo,rp + HQDHl/z,FD}a (4.70)

where cg and cg are the constants provided by Lemmas 4.1 and 4.2, respectively.

We end this section by remarking that the lack of suitable estimates for ||S} , (¢n)|La(q) stops us of
trying to use (4.68) to derive a contraction estimate for Tp. This is the reason why in the foregoing
Theorem 4.15 we are able only to guarantee existence, but no uniqueness, of a discrete solution.

4.4.3 Convergence of the Galerkin scheme

Given (t,u,p,0) € H x H}(Q) x Hry(div;Q) x HY(Q) with § € W, and (t,,, up, P, 0r) € Hj x
H}' x HE X HfL with 0, € Wy, solutions of (4.18) and (4.57), respectively, we now aim to derive a
corresponding a priori error estimate. For this purpose, we first observe from (4.18) and (4.57) that the
above problems can be rewritten as two pairs of corresponding continuous and discrete formulations,

namely
Ag((t, ), (r,v)) = F(r,v) V(r,v)eHxHyQ),
(4.71)
AGh((Eha uh)7 (Eha Vh)) = F(K}wvh) V(Ehvvh) € Hj x H;Ll’
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and

A((p.0),(a,¥)) +Bu((p,0), (@, ¢)) = Fla,v) ¥(q,9) € Hpy(div; Q) x H(Q),

A((Ph0n), (as ¥n)) + Buy (Phs 00), (Ao ) = Flan,n) V(an ¢n) € HY x HY.
(4.72)

Then, as suggested by the structure of the foregoing systems, in what follows we apply the well-known
Strang lemma for elliptic variational problems (see, e.g., [141, Theorem 11.1]) to (4.71) and (4.72).
This auxiliary result is stated first.

Lemma 4.16. Let V be a Hilbert space, F € V', and A : V x V — R be a bounded and V -elliptic
bilinear form. In addition, let {V}}r>0 be a sequence of finite dimensional subspaces of V', and for each
h > 0 consider a bounded bilinear form Ap, : Vi, x Vi, = R and a functional Fy, € V. Assume that the
family {Ap}nso is uniformly elliptic, that is, there exists a constant & > 0, independent of h, such that

Ah(’uh,vh) > &H’Uh”%/ Yo, € Vg, Yh > 0.
In turn, let w € V and up, € Vj, such that
A(u,v) =F(v) YoeV and Ap(up,vn) = Fr(vy) Yop € V.

Then, for each h > 0 there holds

F(wp) — Fh(wh)‘
|lu—upllvy < Cstq sup

- W€V |wallv
wp#0

’A(Uh, wp) — Ap(vp, wp)

+ inf | |ju—wvpl|ly + sup
vp €V wpEVh HwhHV
’Uh#o wh;ﬁO

I

where Cst 1= &~ max {1, HAH}

In the sequel, for the sake of simplicity, we denote as usual

d‘t(t, H ><H“>:: inf t,u) — (r,
(G HE) = a6~ ()l

and

dist ( (p,0),H? x HY ) := inf ,0) — (qp, .
(@O HExH) o= i, 06) = (an )]

The following Lemma provides a preliminary estimate for the error ||(t,u) — (t,, un)||-

1
Lemma 4.17. Let Cgr := @) max {1, HA9||}, where a(Q2) is the constant yielding the ellipticity of
o'

Ay for any ¢ € HY(Q) (cf (4.36)). Then, there holds

[(t, ) = (t, up)|| < CST{Lu(l + 51)2C5[tll5.0)10 = Onllnrs g (473)
4.73
+ (1 + 2] Ag|)dist ((;, u), Hj, x H;) }
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Proof. We proceed similarly as in [2, Lemma 5.3|. In fact, from Lemmas 4.1 and 4.9, we have that the
bilinear forms Ay and Ay, are both bounded and elliptic with the same constants ||Ag|| and «(£2),
respectively. In addition, F is a linear and bounded functional in H x H}(Q2) and, in particular, in
Hj, x H}}. Then, by applying Lemma 4.16 to the context (4.71), we obtain

I(t;w) = (&, un)l| < Csr ~inf {H(h u) — (s, va)|

(ry,,vn)EH, xHY

(!hyvh)#o
4.74
[ Ao Vi) (51 w8) — Ag, (21, V), (51 W) m
+ sup .
(s wn)EHy, < HIp [ (s, W) |
(§h7wh)7£0

In turn, in order to estimate the supremum in (4.74), we add and subtract suitable terms to write
AO((Eh’ Vh)7 (§h7 Wh)) - A9h((£h7 Vh)v (§h7 Wh)) = A9((£h7 Vh) - (L u)v (§h7 Wh))

+ (A9 - A9h)((§7 u)v (§hvwh)) + Aeh((L u) - (ﬁhﬂvh)v (§hvwh))7

whence, applying the boundedness (4.34) to the first and third terms on the right-hand side of the
foregoing equation, and proceeding analogously as for the derivation of (4.47) with the second one, we
find that

A@((Eh, Vh)? (§h7 wh)) - A9h(<£h7 Vh)? (§h7 Wh))

sup
(s W) EH, x HY! (s> W) (4.75)
(§h’wh)7é0
< Lu(1+ 81)2Cstl15.0110 = Onllins () + 20 Aallll (£ w) = (xr, va) .
Finally, by replacing the inequality (4.75) into (4.74), we get (4.73), which ends the proof. O

Next, we have the following result concerning ||(p,8) — (pp,01)||-

~ 2 -~

Lemma 4.18. Let Cgr := Q) max {1, |A+By| }, where a(SY) is the constant yielding the ellipticity
a

of both A and A + By, for any w € H}(Q) (cf. (4.40) and (4.41)). Then, there holds

1, 8) = (pns 01| < Cor{w™"(1+ K3 2(Q)Il0

+ (1 41+ k2)Y26(Q)lu — wy 1,9) dist ((p, 0), HY x Hz) }
Proof. 1t follows almost straightforwardly from a slight modification of the proof of [52, Lemma 5.3].
We omit further details. O

lLollu—uplio
(4.76)

We now combine the inequalities provided by Lemmas 4.17 and 4.18 to derive the a priori estimate
for the total error ||(t,u,p,0) — (t;,, un, Pn,0r)||. Indeed, by gathering together the estimates (4.73)
and (4.76), it follows that

[(t,w, p, 0) — (ty, up, P, 04| < Csrr™ (1 + K2)2e(Q)]|0]1.0llu — upll1.0

+ CsrLu(1+ 13 V2Csllt]152016 — Onlls iy + Cst(1+ 2] Ag|))dist ((g, ), Hy, % Hg)

+ Cyr (1 + w1+ m%)l/Qc(Q)Hu - UhHLQ) dist ((p, 9),H} x Hg)
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Then, by noting that § € W, using the estimate (4.45) to bound ||t||5q, and recalling that Cj is the
boundedness constant of the continuous injection of H'(Q) into L™/%(Q) (cf. (4.55)), from the latter
inequality we find that

H(£7 u7p70) - (§h7uh7ph79h)” < C(fvg79D)H(£7 u7p70) - (L}wuhaphygh)u
+ Cyr(1 + 2||Ag]))dist ((g, u), Hy, x H;) (4.77)

+ Cor (1 e (1 4 kD) Y2e(Q)u — uhum) dist <(p, 0), HY x Hz) ,

where
C(f,g,0p) := maX{C1(f,979D)7 Ca(f, g, QD)}a
with
Ci(f,g,0p) :== Csrr ' (1 + ﬁ?)l/zc(ﬂ)cg{\\g\\o,ﬂ + |fplo,rp + H0DH1/2,FD}
and

Ca(f, g.0p) := CsrLu(1 + £)/*CsCs Cs||fls .
Consequently, we can establish the following result providing the complete Céa estimate.

Theorem 4.19. Assume that the data £, g and Op satisfy:

Ci(f, g,60) < % vi e {1,2}. (4.78)

Then, there exists a positive constant C, depending only on parameters, data and other constants, all
of them independent of h, such that

I(t, w, p,0) — (t,, un, pr, O] < C{dist ((g, u), Hy, % H;;) + dist ((p,a),Hg X Hz)} (4.79)

Proof. From (4.77) and (4.78), it follows that
||(§7 u, p, 9) - (ihv Uh; Ph, eh)H < 2CST(1 + 2||A9”)d18t ((t’ u)th X H;zl)
+2Csr (14171 (1 + £3)2e(Q)Ju — w10 dist ((p,0), HE x 1),

and then, the rest of the proof reduces to employ the triangle inequality on the term ||u — /1o and
use that both [jul[; o and ||uy |1, are bounded by csl|f|lo,o (cf. Lemmas 4.1 and 4.9). O

Now, in order to approximate the polymeric and solvent parts of the extra-stress tensor, as well as
the pressure, we propose, motivated by (4.6), (4.12), and the fifth equation of (4.8), the expressions

~ — 1
app = 2up(0n)tn, onn = 2eun(On)tn, Gpp=o0h —oNp, and pp, = —tron, (4.80)

respectively, with (t;,upn, pn.0n) € Hp x H}} x Hg X HZ being the unique solution of the discrete
problem (4.57). The corresponding error estimates are established in the following lemma.
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Lemma 4.20. Assume that the hypotheses of Theorem 4.19 hold. Let (t,u,p,f) € H x H}(Q2) x
Hr, (div; Q) x HY(Q) and (t;,, up, pp, 0r) € Hy, x H x HY x Hz be the unique solutions of the conti-
nuous and discrete problems (4.18) and (4.57), respectively. Then, there exists a positive constant C,
depending only on parameters, data and other constants, all of them independent of h, such that

Ip=pullog+ llox = oxalloe + loe = Fpallog < C{dist (& w), Hy x HE ) +dist ((p,0), HE < H] ) .
Proof. From (4.6) and (4.80), adding and subtracting 2up(6p)t, it is clear that

op —apn = 2(up(0) — up(0n))t + 2up(0n)(t — t4).

Next, employing the triangle and Holder inequalities, the estimate (4.45) to bound |[[t||5q, the conti-
nuous injection of H'(Q) into L™%(Q), and the Lipschitz-continuity assumption (4.4), it is not difficult
to see that there exist a positive constant ¢, depending only on data and other constants, all of them
independent of h, such that

0,0+ 10— 9hHl,Q}-

In this way, following similar arguments for the solvent part of the extra-stress tensor oy (cf. (4.80)),

low = eallos < {1t - tn

we obtain

Ip = prlloe + llon —onnlloo + [lop —aprlloa < C{Ht —trllo + o — onllaivie + 1€ — 9h||1,9}-

Then, the result is a direct application of Theorem 4.19. Observe that the proof is also valid if we
consider ap j, in place of op . O

Finally, we complete our a priori error analysis with the following results which provides the corres-
ponding rate of convergence of our Galerkin scheme (4.57).

Theorem 4.21. In addition to the hypotheses of Theorems 4.8, 4.15 and 4.19, assume that there exists
s > 0 such that t € H*(Q), o € H*(Q), dive € H*(Q), p € H¥(Q), u € H*TY(Q), p € H*(Q),
divp € H*(2), and 6 € H*TL(Q), and that the finite element subspaces are defined by (4.56). Then,
there exist C' > 0, independent of h, such that

I(t,u, P, 0) — (th, wn, Pr. On) < Chmi“{s”““}{\lt\\s,sz +llollse + dive|so + [|pllse
(4.81)

+ [ulls+1.0 +[pllse + [|divp|so + ||9Hs+1,n}'

Proof. Tt follows directly from the Céa estimate (4.79) and the well-known approximation properties
of the discrete spaces Hf,, H7 , HY H}!, HY, and Hz (cf. [19, 47]). O

Consequently, from Lemma 4.20 and Theorem 4.21 we obtain the optimal convergence of the post-
processed unknowns introduced in (4.80).

Lemma 4.22. Let (t,u,p,0) € H x H)(Q) x Hry(div;Q) x HY(Q) be the unique solutions of the
continuous problem (4.18), and let op, on, and p given by (4.6) and the fifth equation of (4.8) In
addition, let opy, (or opp), onp, and py be the discrete counterparts introduced in (4.80). Assume
that hypotheses of Theorem 4.21 hold. Then, there exist C > 0, independent of h, such that

Ip = prllog +llox —onnlloa +llop —araloo < Chmin{s’k“}{HtHs,ﬂ +lollse +[ldive|se

+ lollse + ullsiro + lIpllse + l[divplso + H9Hs+179}-
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4.5 Numerical results

In this section we present some examples illustrating the performance of our augmented fully-mixed
finite element scheme (4.57), and confirming the rates of convergence provided by Theorem 4.21 and
Lemma 4.22. Our implementation is based on a FreeFem++ code [111], in conjunction with the direct
linear solver UMFPACK [62]. A Picard algorithm with a fixed tolerance tol = 1E — 8 has been used for
the corresponding fixed-point problem (4.63) and the iterations are terminated once the relative error
of the entire coefficient vectors between two consecutive iterates is sufficiently small, i.e.,

|coeff™ ™! — coeff™||,2
=] < tol,
|| coeff™ |2

where || - ||;2 is the standard [2>-norm in RY, with N denoting the total number of degrees of freedom

defining the finite element subspaces H‘;L, HY, HZ’ yH}, ng, and Hz. As usual, the individual errors are
denoted by:

e(t) = [t —tulloo, elo) = llo —onlavia, elp):=Illp—pulog, e():=|u-ulLe,

e(p) == |p — Prllaivio, e@):=1[0—"0lla, e®) :=Ip—>rrlos,

0,02

e(on) = llon —onnloe, e(op):=|op —apullon, e(@p):=|op—opul

In addition, we let 7(-) be the experimental rate of convergence given by

_ log(e(%)/€' (%))
log(h/h’)

where e and €' denote errors computed on two consecutive meshes of sizes h and h’, respectively.

r(%) :

for each % € {t707p7 u7p707p7 UN7&P78P}7

The examples to be considered in this section are described next. In all of them, as in [56, Section 2],
we choose the coefficients of the polymer and solvent viscosity ai, b1, as and by (cf. (4.2)) as follow:

AFE —AF
blzbng, agzexp<R0 ), and a1:(1—6)a2,
R

where AF is the activation energy, R is the ideal gas constant, and fp is a reference temperature of

the fluid. Note that the constraint (4.3) will be satisfied as long as the temperature of the system stays
above fg. In turn, we consider k = 1, ¢ = 0.01, and according to (4.43), the stabilization parameters
are taken as k1 = ul/,u%, Ko = K1, K3 = p1/2, ka = p1/4, ks = K, kg = £ 1/2, and k7 = K/2. In
addition, the conditions fQ trop, = 0 is imposed via a penalization strategy.

In our first example we illustrate the accuracy of our method in 2D by considering the square domain
Q := (0,1)2, the boundary I' = T'p U Ty, with T'p := {0} x (0,1) and I'y := I' \ Tp. The following
viscosity parameters correspond to polystyrene [118,; Section 4.2]:

AE
5 = 14500, 0p = 538.

The data f, g, and 0p are chosen so that the exact solution is given by
m3(r1 — 1)?sin(2m2)
u(x) := ;
—2z1(z1 — 1)(221 — 1) sin(mxo)?
p(x) := cos(mxy) sin(mze),

O(x) := 10(z1 — 1)?sin(mz2)? + 540 Vx := (21, 22) € Q.
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In our second example we consider a four-to-one contraction domain Q := (0,2) x (0,1) \ (1,2) x
(0.25,1), the boundary I' = I'p UT'y, with I'p := {0} x (0,1) and I'y := I'\T'p. The following viscosity
parameters correspond to Nylon-6,6 [118, Section 4.2]:

AFE
"= 6600, 6r = 563.

The data f, g, and 0p are chosen so that the exact solution is given by

( 20229 (x1 — 1)2(21 — 2)%(z9 — 1)(4xy — 1)(1223 — 1029 + 1) )

u(x) = —2zy23 (21 — 1)(21 — 2)(327 — 621 + 2)(w2 — 1) (422 — 1)°

p(x) := (z1 — 0.5) cos(4dmxs),
0(x) == x1(22% — 91 + 12) sin(2m22)? + 580 Vx := (21,22) € .
In our third example we illustrate the accuracy of our method in 3D by considering the cube domain
Q := (0,1)3, the boundary I' = T'p U 'y, with T'p := (0,1)2 x {0} and 'y := I' \ ['p. The viscosity

parameters are the same as in the first example and the data f, g, and fp are chosen so that the exact

solution is given by
8x3xows (w1 — 1)%(vg — 1)(z3 — 1) (w2 — x3)
u(x) = | —8zizdrs(ry — 1)(vg — 1) (z3 — 1) (21 —x3) |,
8717975 (71 — 1) (w2 — 1) (23 — 1) (21 — 22)
p(x) := (21 — 0.5)3 sin(wy + z3),
0(x) := 10sin(rzy)? sin(rxo)?(x3 — 1)2 4+ 540 Vx := (21,22, 73) € Q.
Finally, in our fourth example we illustrate the accuracy of the 3D version of the four-to-one domain
Q = (0,2) x (0,1)2\ (1,2) x (0.25,1)2, the boundary I = T'p U Ty, with T'p := {0} x (0,1)? and

I'y :=I'\I'p. The viscosity parameters are the same as in the second example and the data f, g, and

0p are chosen so that the exact solution is given by
4a3 (2 — 1)% (21 — 2)229(m2 — 1) (229 — 1)z3(2s — 1) (423 — 1)(122% — 1023 + 1)
u(x) = | 4dry(xr — 1)(z1 — 2)(32F — 621 + 2)23(22 — 1)%23(25 — 1)(425 — 1)(1223 — 1023 + 1) |,
—8z1(z1 — 1)(21 — 2)(32% — 621 + 2)m2(22 — 1)(272 — 1)23 (423 — 1)% (25 — 1)?
p(x) := (z1 — 0.5)(x2 — 0.5) cos(4mzs),
0(x) := z1(22% — 921 + 12) sin(wz2)? sin(2rw3)? + 570 Vx := (21,72, 23) € Q.

~

We remark that in all the examples, the temperature is given as a function 6(x) plus a big constant

~

chosen such that ¢ > 0, that is, §(x) := 0(x) + c. Then, the heat-flux vector is compute as:

~ ~

p(x) = AVA(x) - B(x)u(x) - cu(x),

which implies that the errors of p are influenced for ¢, and then they are higher than in the other

unknowns as we will see below.
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In Tables 4.1, 4.2, 4.3, 4.4, 4.5 and 4.6, we summarise the convergence history for a sequence of
quasi-uniform triangulations, considering the finite element spaces introduced in Section 4.4.1, which
required around four fixed-point iterations. In particular, for the 2D examples in Tables 4.1, 4.2, 4.3,
and 4.4, we observe that the rate of convergence O(h**1) predicted by Theorem 4.21 and Lemma 4.22
(when s = k + 1) is attained in all the variables (with k¥ = 0 and k& = 1). Notice that the higher the
order of the finite element chosen the lower the number of iterations. In turn, in Tables 4.5 and 4.6
we observe that optimal rates of convergence are also obtained (with k£ = 0) for our 3D examples. On
the other hand, some components of the approximate solutions for the four examples are displayed in
Figures 4.1, 4.2, 4.3, and 4.4. All the figures were built using the Py — RTg — Pg — P; — RTy — P4
approximation with 353853, 430221, 3314052, and 4148740 degrees of freedom for the Examples 1, 2,
3, and 4, respectively. In particular, we can observe in Figure 4.1 that the temperature is higher in the
left side and then it dissipates to the others sides meanwhile in Figure 4.2 the temperature is lightly
higher in the right side. Next, analogously to Figures 4.1 and 4.2, in Figures 4.3 and 4.4 we can observe
that the temperature is higher in the bottom of the cube and in the left side of the four-to-one domain
and then it dissipates to the others sides, respectively. Moreover, it can be seen that the velocity
streamlines of the fluid are higher inside of the domain and lower close to the boundary as expected.

N h et) rt) eo) rlo) elp) rp) e r(w) e rp)
1467 0.196 0.1540 - 12323 - 02549 - 02609 -  18.7854 -
5631 0.097 0.0759 1.002 0.6258 0.961 0.1452 0.784 0.1266 1.025 9.6388 0.946
22131 0.048 0.0376 0.995 0.3099 0.993 0.0799 0.844 0.0618 1.014 4.7401  1.003
87837 0.025 0.0189 1.031 0.1564 1.024 0.0396 1.052 0.0311 1.026 2.4056 1.015
353853 0.013 0.0092 1.096 0.0768 1.090 0.0193 1.103 0.0155 1.072 1.1875 1.082

e r(®) el r(p) elon)" r(on) e(op) r(op) e(op) r(op) iter
3.6159 — 0.1322 — 0.3557 — 0.3521 — 0.3095 — 5
1.4896 1.257 0.0677 0.949 0.1717 1.033 0.1700 1.033 0.1493 1.033
0.6674 1.135 0.0325 1.039 0.0830 1.026 0.0822 1.026 0.0727 1.018
0.3326 1.042 0.0150 1.154 0.0417 1.031 0.0413 1.031 0.0361 1.047
0.1631 1.093 0.0073 1.105 0.0201 1.119 0.0199 1.119 0.0175 1.111

N O A

Table 4.1: EXAMPLE 1, Degrees of freedom, mesh sizes, errors, rates of convergence, and number of
iterations for the fully-mixed Py — RTg — Py — P; — RTy — P; approximation of the non-isothermal
Oldroyd—Stokes equations (* errors divided by € = 0.01).
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N h e(t) r(t) el@) rlo) elp) rlp) e r(u) e rp)
3666 0.196 0.0264 — 0.1535 - 0.0227 - 0.0370 — 2.4423 —
14076 0.097 0.0063 2.037 0.0374 2.002 0.0056 1.987 0.0086 2.073 0.5847 2.027
55326 0.048 0.0015 2.045 0.0089 2.024 0.0013 2.048 0.0020 2.065 0.1379 2.041
219591 0.025 0.0004 1.989 0.0023 2.037 0.0003 1.998 0.0005 1.986 0.0357 2.024
884631 0.013 0.0001 2.187 0.0006 2.153 0.0001 2.196 0.0001 2.195 0.0088 2.148

e( r(0) el r(p) elon)" r(on) e(op) r(op) e(dp) r(op) iter

0.2957 — 0.0155 — 0.0455 - 0.0450 - 0.0861 — 4

0.0692 2.060 0.0041 1.899 0.0107 2.049 0.0106 2.049 0.0177 2.246 4

0.0154 2.119 0.0010 1.965 0.0025 2.039 0.0025 2.039 0.0041 2.063 4

0.0039 2.047 0.0003 2.074 0.0007 2.006 0.0007 2.006 0.0011 2.018 4

0.0010 2.133 0.0001 2.138 0.0002 2.185 0.0002 2.185 0.0003 2.198 4

Table 4.2: EXAMPLE 1, Degrees of freedom, mesh sizes, errors, rates of convergence, and number of
iterations for the fully-mixed Py — RTy; — P; — Py — RTy — Py approximation of the non-isothermal
Oldroyd—Stokes equations (* errors divided by € = 0.01).

N h e(t) r(t) e(@) (o) elp) rlp) em) r(u) ep) r(p)
1803 0.190 0.1627 - 2.3476 - 0.1990 - 0.2346 - 91.0099 -
6987 0.103 0.0872 1.017 1.1683 1.139 0.1209 0.814 0.1138 1.181 43.1779 1.217
27345 0.049 0.0432 0.953 0.5758 0.959 0.0650 0.841 0.0553 0.978 21.7689 0.929
107985 0.026 0.0219 1.052 0.2936 1.040 0.0326 1.066 0.0279 1.058 10.9728 1.059
430221 0.013 0.0108 1.062 0.1449 1.062 0.0168 0.996 0.0136 1.076 5.4528 1.051

e(f) @) elp) rlp) elon)" r(on) e(op) r(op) e(ap) r(op) iter

10.2650 - 0.2544 - 0.2532 - 0.2507 - 0.2724 - 5

44925 1.348 0.1108 1.356 0.1339 1.040 0.1325 1.040 0.1387 1.101 4

2.1518 0.998 0.0495 1.092 0.0668 0.942 0.0662 0.942 0.0702 0.924 4

1.0794 1.066 0.0230 1.185 0.0339 1.0561 0.0335 1.051 0.0349 1.078 3

0.5271 1.077 0.0112 1.085 0.0167 1.060 0.0166 1.060 0.0171 1.072 3

Table 4.3: EXAMPLE 2, Degrees of freedom, mesh sizes, errors, rates of convergence, and number of
iterations for the fully-mixed Py — RTg — Py — P; — RTy — P; approximation of the non-isothermal
Oldroyd—Stokes equations (* errors divided by € = 0.01).
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N h et) rt) elo) o) elp) rp) em) rw) epp) rp)

4506 0.190 0.0357 - 0.4304 - 0.0318 - 0.0504 - 16.7122 -
17466 0.103 0.0085 2.334 0.1039 2.319 0.0073 2.397 0.0117 2.386 4.0081 2.330
68361 0.049 0.0021 1.906 0.0247 1.946 0.0018 1.927 0.0028 1.938 1.0104 1.868
269961 0.026 0.0005 2.096 0.0064 2.087 0.0005 2.097 0.0007 2.095 0.2605 2.095
1075551 0.013 0.0001 2.131 0.0016 2.117 0.0001 2.125 0.0002 2.136 0.0627 2.141

e(0) r(0) e(p) r(p) e(lon)* r(on) e(op) r(op) e(op) r(op) iter
1.9318 - 0.0741 - 0.0509 - 0.0504 - 0.0911 - 4
0.4124 2.520 0.0152 2.582 0.0122 2.325 0.0121 2.325 0.0238 2.191
0.1039 1.869 0.0033 2.055 0.0030 1.909 0.0030 1.909 0.0056 1.952
0.0264 2.115 0.0087 2.087 0.0008 2.097 0.0008 2.097 0.0015 2.089
0.0065 2.097 0.0002 2.148 0.0002 2.131 0.0002 2.131 0.0003 2.156

W W W w

Table 4.4: EXAMPLE 2, Degrees of freedom, mesh sizes, errors, rates of convergence, and number of
iterations for the fully-mixed Py — RT; — P; — Po — RT; — Py approximation of the non-isothermal
Oldroyd—Stokes equations (* errors divided by € = 0.01).

N h elt) rt) elo) o) elp) rp) em) rw) ep) r(p)

7028 0.354 0.0149 - 01252 - 00181 - 00259 -  23.7426 -
53604 0.177 0.0082 0.862 0.0644 0.959 0.0119 0.606 0.0139 0.899 12.3360 0.945
419012 0.088 0.0042 0.970 0.0324 0.994 0.0068 0.812 0.0070 0.979 6.2286  0.986
3314052  0.044 0.0021 0.995 0.0162 1.001 0.0036 0.927 0.0035 0.998 3.1220 0.997

e) ) elp) r(p) elox)" rlon) e(op) r(op) e(op) r(op) iter
51532 - 00170 -  0.0328 - 00325 - 00312 - 4
2.8687 0.845 0.0096 0.817 0.0194 0.758 0.0192 0.758 0.0187 0.736 3
14810 0.954 0.0046 1.055 0.0103 0.908 0.0102 0.908 0.0103 0.868 3
0.7470  0.987 0.0022 1.076 0.0053 0.966 0.0052 0.966 0.0054 0.938 3

Table 4.5: EXAMPLE 3, Degrees of freedom, mesh sizes, errors, rates of convergence, and number of
iterations for the fully-mixed Py — RTy — Py — P; — RTy — P; approximations of the non-isothermal
Oldroyd—Stokes equations (* errors divided by € = 0.01).
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N h elt) rt) eo) ro) ep) rp) ew rw) ep) rp)
8884 0.354 0.0657 -  1.0895 - 00705 - 01070 -  120.9619 -
67396 0.177 0.0414 0.667 0.6751 0.691 0.0478 0.559 0.0711 0.590 55.2472 1.131
525316 0.088 0.0227 0.865 0.3443 0.971 0.0290 0.723 0.0376 0.917 28.2498  0.968

4148740  0.044 0.0116 0.966 0.1727 0.995 0.0157 0.882 0.0189 0.992 14.2047 0.992

e0) r(0) elp) rp) elox)" rlox) e(op) r(op) e(@p) r(op) iter
76590 - 01087 - 01318 - 01305 - 01300 - 3
6.1383 0.319 0.0755 0.525 0.0793 0.732 0.0785 0.732 0.0810 0.683 3
32313 0.926 0.0337 1.165 0.0443 0.841 0.0439 0.841 0.0463 0.806 3
1.6359 0.982 0.0144 1.224 0.0233 0926 00231 0926 0.0244 0926 3

Table 4.6: EXAMPLE 4, Degrees of freedom, mesh sizes, errors, rates of convergence, and number of
iterations for the fully-mixed Pg — RTy — Py — Py — RTy — P approximations of the non-isothermal
Oldroyd-Stokes equations (* errors divided by € = 0.01).
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Figure 4.1: Example 1: Pj—RTy—Py—P; —RTy—P; approximated spectral norm of strain tensor and
the stress tensor components (top panels), velocity and heat flux vector components (centre panels),
and temperature and pressure fields, and polymeric part of the extra-stress tensor component (bottom

row).
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Figure 4.2: Example 2: Py — RTy — Pg — P; — RTy — P; approximation of some components of the
approximate solutions.
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Figure 4.3: Example 3: Pjg—RTy—Py—P; — RTy— P approximation of the strain tensor component,
approximated spectral norm of the stress tensor component, and vorticity streamlines (top panels),
velocity streamlines, heat flux streamlines, and temperature field (centre panels), and pressure field,
polymeric part and solvent part of the extra-stress tensor component (bottom row).
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Figure 4.4: Example 4: Py — RTy — Pg — P; — RTy — P; approximation of some components of the
approximate solutions.



CHAPTER D

A posteriori error analysis of an augmented fully-mixed formulation
for the non-isothermal Oldroyd—Stokes problem

In this chapter we develop an a posteriori error analysis for the variational formulation described
in Chapter 4 for the 2D and 3D versions of the associated mixed finite element scheme. We
derive two reliable and efficient residual-based a posteriori error estimators on arbitrary (convex
or non-convex) polygonal and polyhedral regions.

5.1 Introduction

We have recently introduced in Chapter 4, an augmented-mixed finite element method to numerically
approximate the flow patterns of a non-isothermal incompressible viscoelastic fluid described by the
non-isothermal Oldroyd—Stokes equations. The underlying model consists of the Stokes-type equation
for Oldroyd viscoelasticity, coupled with the heat equation through a convective term and the viscosity
of the fluid. The original unknowns are the polymeric part of the extra-stress tensor, the velocity,
the pressure, and the temperature of the fluid. In turn, for convenience of the analysis, the strain
tensor, the vorticity, and the stress tensor are introduced as further unknowns. This allows to join
the polymeric and solvent viscosities in an adimensional viscosity, and to eliminate the polymeric part
of the extra-stress tensor and the pressure from the system, which, together with the solvent part of
the extra-stress tensor, can anyway be approximated later on by postprocessed. In this way, a fully
mixed approach is applied, in which the heat flux vector is incorporated as an additional unknown as
well. Since the convective term in the heat equation forces both the velocity and the temperature to
live in H! instead of L? as usual, we proceed as for the Boussinesq model in [51, 50, 52| and augment
the variational formulation with suitable Galerkin type expressions arising from the constitutive and
equilibrium equations, the relation defining the strain and vorticity tensors, and the Dirichlet boundary
condition on the temperature. The resulting augmented scheme is then written equivalently as a
fixed-point equation, so that the well-known Schauder and Banach theorems, combined with the Lax—
Milgram theorem and certain regularity assumptions, are applied to prove the unique solvability of the
continuous system. As for the associated Galerkin scheme, whose solvability is established similarly to
the continuous case by using the Brouwer fixed-point and Lax-Milgram theorems, we employ Raviart—
Thomas approximations of order k for the stress tensor and the heat flux vector, continuous piecewise

149
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polynomials of order < k + 1 for velocity and temperature, and piecewise polynomials of order < k for
the strain tensor and the vorticity. Optimal a priori error estimates were also derived.

Now, it is well known that under the eventual presence of singularities or high gradients of the
solution, most of the standard Galerkin procedures such as finite element and mixed finite element
methods inevitably lose accuracy, and hence one usually tries to recover it by applying an adaptive
algorithm based on a posteriori error estimates. For example, residual-based a posteriori error analyses
for the aforementioned Boussinesq model have been developed in [54] and [53] for the associated mixed-
primal and fully-mixed formulations, respectively. In fact, standard arguments relying on duality
techniques, suitable decompositions and classical approximation properties, are combined there with
corresponding small data assumptions to derive the reliability of the estimators. In turn, inverse
inequalities and the usual localisation technique based on bubble functions are employed in both
works to prove the corresponding efficiency estimates. On the other hand, and concerning isothermal
viscoelastic flows, not much has been done and we just refer to [71, 131, 137] for the steady-state
case and [75, 76] for the time dependent case, where different contributions addressing this interesting
issue can be found. In particular, a fully local a posteriori error estimator for a simplified Oldroyd-
B model without convective terms in a convex polygonal domain was obtained in [137]. The main
unknowns are given by the velocity, the extra-stress and the pressure of the fluid, whereas continuous
piecewise linear finite elements together with a Galerkin Least Square (GLS) approach are used for
the associated discrete scheme. In turn, a fully local residual-based a posteriori error estimator for
the velocity-pressure-stress formulation of a more general model, namely the Giesekus and Oldroyd-B
type differential constitutive laws in 2D and 3D, was derived in [71]| . In this case, the discrete spaces
employed are the Hood —Taylor pair for the velocity and the pressure, and continuous piecewise linear
elements for the viscoelastic stress component. Furthermore, and up to the authors’ knowledge, the
first work dealing with high gradients of the solution for the non-isothermal Oldroyd—Stokes problem is
[57]. An optimal control technique is proposed and analised there for a four-to-one contraction domain,
where a vortex is generated near the corner region of the contraction. However, we remark that this
work does not consider an adaptive algorithm.

According to the above discussion, and in order to complement the study started in Chapter 4 for
the non-isothermal Oldroyd—Stokes problem, in this chapter we proceed similarly to [3, 54, 53, 97|, and
develop two reliable and efficient residual-based a posteriori error estimators for the augmented-mixed
finite element method studied in Chapter 4. This means that our analysis begins by applying the
uniform ellipticity of the bilinear form defining the continuous formulation. Next, we apply suitable
Helmholtz decompositions, local approximation properties of the Clément and Raviart—Thomas inter-
polants, and known estimates from [85, 91|, to prove the reliability of a residual-based estimator. In
turn, the efficiency estimate is consequence of standard arguments such as inverse inequalities, the
localization technique based on bubble functions, and other known results to be specified later on in
Section 5.3.4. Alternative, a second reliable and efficient residual-based a posteriori error estimator
not making use of any Helmholtz decomposition is also proposed.

We have organised the contents of this chapter as follows. In Section 5.2 we recall from Chapter 4
the model problem and its continuous and discrete augmented fully-mixed variational formulations.
Next, in Section 5.3 we consider the 2D case, introduce two a posteriori error indicators, and assuming
small data and certain regularity assumptions, we derive the corresponding theoretical bounds yielding
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reliability and efficiency of each estimator. The analysis and results from Section 5.3 are then extended
to the 3D case in Section 5.4. Finally, some numerical results illustrating the good performance
and good effectivity indexes of both error estimators under diverse scenarios in 2D and 3D, and
confirming the satisfactory behaviour of the corresponding adaptive refinement strategies, are presented
in Section 5.5.

5.2 The non-isothermal Oldroyd—Stokes problem

In this section we recall from Chapter 4 the non-isothermal Oldroyd—Stokes model, its fully-mixed varia-
tional formulation, the associated Galerkin scheme, and the main results concerning the corresponding
solvability analysis.

5.2.1 The model problem

The non-isothermal Oldroyd—Stokes problem consists of a system of equations where the Stokes equa-
tion for the Oldroyd viscoelastic model introduced in [14], is coupled with the heat equation through
a convective term and the viscosity of the fluid (cf. [56, 73]). More precisely, given a body force f, and
a heat source g, the aforementioned system of equations is given by

op —2up(f)e(u) =0 in Q, —div(op+2eun(f)e(u))+Vp=£f in Q,
divu=0 in Q, —div(kVl)+u-VO=g in Q, (5.1)
u=0 on I'y 8=60p on I'p, KVO-n=0 on Iy and /p:O,
Q

where the unknowns are the polymeric part of the extra-stress tensor op, the velocity u, the pressure

1
p, and the temperature 6 of a fluid occupying the region €. In addition, e(u) := §{Vu + (Vu)'}
stands for the strain tensor of small deformations,  is the thermal conductivity coefficient, up and ux
are the polymeric and solvent (or newtonian) viscosities, respectively, which are given by the following

Arrhenius relationship:

b b
pp(0) = a exp (;) ; un(0) = agexp <92> ; (5.2)
where the coefficients a1, b1, as, and by are defined so that
0<pp(s) <1, O0<pun(s)<1 Vs>0. (5.3)

Furthermore, we assume that both the polymeric and solvent viscosities are Lipschitz continuous and
bounded from above and from below, that is,

e (s) = pp(8)] < Lypls =t [un(s) = pn(O)] < Luxls =t Vs, ¢ >0, (5:4)

and
pip < pp(s) <pop, piN < pn(s) <pan Vs > 0. (5.5)
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Note that a small real parameter € > 0 on the second equation of (5.1) is introduced to make the effect
of the solvent viscosity much smaller than that of the polymeric part.

Now, in order to derive our mixed approach (see [37, Section 2.1] for details), we begin by introducing
the strain tensor as an additional unknown t := e(u), whence the polymeric and solvent parts of the
extra-stress tensor can be written, respectively, as

op = 2up(0)t and on = 2eun(f)t in Q. (5.6)
Next, defining the dimensionless effective viscosity as in [73], that is
() = 2pp(0) + 2eun(0) (5.7)

and adopting the approach from [91] and [73] (see also |26, 51, 52]), we include as auxiliary variables
the vorticity tensor p, the stress tensor o, and the heat-flux vector p, respectively, by

p:=Vu—e(u), o:=pu@)t—pl, and p:=rVO—0u in Q.

In this way, utilising the incompressibility condition divu = tr (e(u)) = 0 in Q and the homogeneous
Dirichlet boundary condition u = 0 on I, the equations in (5.1) can be rewritten, equivalently, as

t+p=Vu in Q ol=p@t in Q —dive=f in Q,

1
p=——tro in Q k' lp+rIu=VHe in Q —divp=g in Q, (5.8)
n

u=0 on I #=6p on I'p, p-n=0 on Iy and /trU:O.
Q

Note that the fourth equation in (5.8) allows us to eliminate the pressure p from the system and
compute it as a simple post-process of o. In addition, it easy to see from (5.4) and (5.5) that the fluid
viscosity p (cf. (5.7)) is Lipschitz continuous and bounded from above and from below, that is, there
exist constants L, > 0 and p1, 2 > 0, such that

n(s) = n(®)] < Lyls — 1] Vs,1>0, (5.9)

and
pr < p(s) <po Vs> 0. (5.10)

We end this section emphasizing from (5.6) that we can recover the polymeric and solvent parts of
the extra-stress tensor as a simple post-process of 6 and t, whereas from the fourth equation of (5.8)
we can compute the pressure in terms of o conserving the same rate of convergence of the solution as
we show theoretical and numerically in [37, Lemma 4.14 and Section 5|, respectively. However, for the
sake of simplicity and physical interest, in Section 5.5 we will focus only on the formulae suggested for
the polymeric part of the extra-stress tensor and the pressure.

5.2.2 The fully-mixed variational formulation

In this section we recall from |37, Section 2.2] the weak formulation of the coupled problem given by
(5.8). To this end, let us first group appropriately some of the unknowns and spaces as follows:

t:=(t,0,p) € H:=1L2% (Q) x Hy(div; Q) x L2, (Q),

skew
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where H is endowed with the norm

el = rllf o + 171G + IllG.o Ve = (r,7,m) € H.

Hence, the augmented fully-mixed variational formulation for the non-isothermal Oldroyd—Stokes prob-
lem reads: Find (t,u,p,0) € H x H(Q) x Hr(div; Q) x HY(Q) such that

Ag((t,u), (r,v)) = F(r,v) VY(r,v)eHxHyQ),
(5.11)

A((p,0), (q,%)) + Bu((p.0), (a,¥)) = F(a,¥) ¥(aq,¥) € Hry(div;Q) x H(Q),

where, given (¢, w) € HL(Q2) x H}(Q), Ay, K, and By, are the bilinear forms defined, respectively, as

Aot )= [t {r-mrths [ ot fartox} s [eor
[ oo} [ [pr— [0 -

o [ fotw e} o+ [ (- {Fas o)) om
Ao @) = [ p-{a-rsVo}+ [ {9+ mdivpfdiva [ vdivp

+n5/v9-v¢+m/ 0,
Q 'p

Bu((p.0). (@.0) = [ 0w {a—msVu). (514)

for all (t,u), (r,v) € H x H(€) and for all (p,0),(q,¢) € Hpy(div;Q) x H/(Q). In turn, F and F
are the bounded linear functionals given by

(5.13)

and

F(r,v) := /Qf- {v - HgdiVT}, (5.15)

for all (r,v) € H x H}(Q2) and

F(q,4) = (a- 6o}, + /

Q

g {Q/) — Kediv q} + H?/F Op, (5.16)

D

for all (q,7) € Hry(div;Q) x HY(Q). Notice that s;,i € {1,...,7}, are positive parameters to
be specified next in Theorem 5.1. Indeed, the following result taken from [37] establishes the well-
posedness of (5.11).

Theorem 5.1. Assume that

k1 € {0, 201 , k3 € [0,200  p1 — frifia , kg€ 10,203631— @ , KRy €& (O, 25),
2 201 2

9 -
and ko, kg, k7 > 0, with 6 € (0, ), 82,03 € (0,2), and 6 € (0,2k). Let
M2

wi={peH®): [ole < cg{llglon+Iollors + 100l |
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and assume that the datum f satisfy

oo < a(9)
T 26711+ kE)V2¢(Q)]

(5.17)

cs|If

where ¢(Q) is the constant in [37, eq. (2.15)], &(Q) is the ellipticity constant of the bilinear form A
(cf. [37, eq. (3.17)]), and cs and cg are the positive constants, independent of the data, provided by
[37, Lemmas 3.1 and 3.2|, respectively. Then the augmented fully-mized problem (5.11) has at least one
solution (t,u,p,0) € H x H} () x Hry (div; Q) x HY(Q) with § € W, and there holds

It wl < eslifloe and 1,0 < cg{liglog + Ipllory + 00l oy - (5:18)
Moreover, if the data £, g and 0p are sufficiently small so that, with the constants Cs, Cg and és from
[37, Lemmas 3.4 and 3.5, and eq. (3.22)], respectively, and denoting by Cs the boundedness constant
of the continuous injection of H(Q) into L™%(Q), with § € (0,1) (whenn =2) or é € (1/2,1) (when
n = 3), there holds

CsCsCsCaes{lglos + I0pllors + 10pll1/2ry FIElse < 1. (5.19)

Then the solution 0 is unique in V.

Proof. See |37, Theorem 3.8| for details. O

5.2.3 The fully-mixed finite element method

Let 75, be a regular triangulation of 2 made up of triangles T' (when n = 2) or tetrahedra T (when
n = 3) of diameter hp, and define the meshsize h := rnax{hT T e 771} Then, given an integer
k > 0, we set for each T' € T}, the local Raviart—Thomas space of order k as

RTk(T) = Pk(T) S Pk(T)X,

where x := (z1,...,7,)" is a generic vector of R”. Then, we introduce the finite element subspaces
approximating the unknowns t, o, p,u, p and 6 as follows

B = {r elZ(@): rlrePuT) VT eT},

HY = {rh € Ho(div;Q): c'rplr € RTH(T) YeeR" VI e n},

HY = {n) €13, (Q): mulr € PU(T) VT €T}, .
H} = {vaC(ﬁ): vilr € Pyt (T) YT €Tp, vip=0o0n F}, 20
HY = {a € Hry(diviQ):  aplr € RTY(T) VT €T},

HY = {wh cCQ): Ynlr € Pra(T) VT e Th}.
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In this way, by defining t, := (t4, 04, pp), rj, := (vh, Th,my) € Hy, = HY x H x HY, the Galerkin
scheme of (5.11) reads: Find (ty,, up, pp,0p) € Hy, x H}! x H} x HZ such that

Aeh((tlmuh)? (Ehavh)) = F(Ehvvh) v(zhnvh) € Hp x H;Lla

_ _ _ (5.21)
A((Pr,0n), (an, ¥n)) + Bu, ((Pr, 08), (an.¥n)) = Flan,vn) V(an,¢n) € HY x HY.

The following theorem, also taken from [37], provides the well-posedness of (5.21), the associated
Céa estimate, and the corresponding theoretical rate of convergence.

Theorem 5.2. Assume that the conditions on k;, i € {1,...,7}, required by Theorem 5.1, hold. Let

Wai={on ety lonle < cs{llglloe + 180l + 180l /2rp | |

and assume that the datum f satisfy (5.17). Then the Galerkin scheme (5.21) has at least one solution
(t, p, Ph, On) € Hj, x H x HY x Hz with 0, € Wy, and there holds

(s un)ll < esliflog and [[n,00)Il < cg{llglo + 190 lors + 10ll1/2rs |- (5.22)

In addition, there exists C1 > 0, independent of h, such that
I(t, u, p, 8) — (t,, un, pr, Op)|| < C’l{dist ((g, u), Hy, H;;) + dist ((p,e),HI,; X Hz)}

Assume further that there exists s > 0 such that t € H*(Q2), o € H*(Q?), dive € H*(2), p € H*(Q?),
uc HTHQ), p € H(Q), divp € H*(Q), and § € H*T1(Q), and that the finite element subspaces are
defined by (5.20). Then, there exist Cy > 0, independent of h, such that

1(t,w, p, 0) — (ts, un, P, On)|| < Czhmm{s’k“}{\lt\ls,ﬂ +lolse+ ldivelsa + ol

+ [[alls41.0 + [plls0 + [[divpllso + ||9||s+1,9}-
Proof. We refer the reader to [37, Theorems 4.7, 4.11, and 4.13] for details. O

5.3 A posteriori error analysis: the 2D-case

In this section we proceed analogously to |97, Section 3| and derive two reliable and efficient residual
based a posteriori error estimators for the two-dimensional version of (5.21). The corresponding a
posteriori error analysis for the 3D case, which follows from minor modifications of the one to be
presented next, will be addressed in Section 5.4.

5.3.1 Preliminaries

We start by introducing a few useful notations for describing local information on elements and edges.
Let &, be the set of all edges of Ty, and £(T) denotes the set of edges of a given T' € Tj,. Then
En = gh(Q) U gh(FD) U gh(FN), where 5h(Q) = {6 €&, eC Q}, gh(FD) = {6 €&, eC FD}, and
En(IN) = {e €& e C FN}. Moreover, h, stands for the length of a given edge e. Also for each
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edge e € &, we fix a unit normal vector n. := (n1,n2)", and let s, := (—ng,n1)* be the corresponding
fixed unit tangential vector along e. However, when no confusion arises, we simply write n and s
instead of n. and s, respectively. Now, let v € L2(Q) such that v|7 € C(T) on each T € T,. Then,
given T € Ty, and e € E(T) N ER(N), we denote by [v - s] the tangential jump of v across e, that
is, [v-s] := (vlr — v|r)|e - s, where T and T are the triangles of 7j, having e as a common edge.
Similar definitions hold for the tangential jumps of scalar and tensor fields ¢ € L2(Q) and 7 € L2(Q2),
respectively, such that ¢|7 € C(T') and 7|r € C(T") on each T' € Tj. In addition, given scalar, vector
and matrix valued fields ¢, v = (v1,v2)" and T = (7 j)1<i j<2, respectively, we set

curl (¢) := % curl (v) := curl (v)*
' —% L curl (v2)* |’
t
= = (- G255

N 8951 axg’
where the derivatives involved are taken in the distributional sense.

Let us now II, : HY(€2) — HY (cf. (5.20)) be the Raviart-Thomas interpolation operator, which,
according to its characterisation properties (see, e.g., [81, Section 3.4.1]), verifies

div (I, v) = Pp(divv) VYv € H(Q), (5.23)

where P}, is the L2(Q)-orthogonal projector onto the picewise polynomials of degree < k. A tensor
version of IIj,, say ITIj, : H'(Q) — Hf, which is defined row-wise by IIj, and a vector version of Py,
say P}, which is the L2(Q)-orthogonal projector onto the picewise polynomial vectors of degree < k,
might also be required. The local approximation properties of II;, (and hence of IIj) are established
in what follows. For the corresponding proof we refer to [81, Lemmas 3.16 and 3.18| (see also [19]).

Lemma 5.3. There exist constants c1,ca > 0, independent of h, such that for all v.€ HY(Q) there
hold
v —pvllor < crhrllviie VT € Th,

and
V-0 —T,v-noe < eh?|[v]iz, Ve €&,

where T, is a triangle of T, containing the edge e on its boundary.

In turn, let I, : H'(2) — H} () be the Clément interpolation operator, where
HE(Q) = {v €C(Q): vlr ePy(T) VT ¢ n}.
The local approximation properties of this operator are established in the following lemma (see [49]).

Lemma 5.4. There exist constants c3,cq > 0, independent of h, such that for all v € HY(Q) there
holds

v = Inv

lor < eshrllvlliam YT € Ths
and
[v = Invllo.e < C4hi/2||v||1,A(e) Ve € &y,

where
AM):=u{T' € T: T'NT£0} and Ae)i=U{T' € T: T'ne+0}.



5.3. A posteriori error analysis: the 2D-case 157

In what follows, a vector version of I, say I : H'(2) — H} (), which is defined component-
wise by Iy, will be needed as well. For the forthcoming analysis we will also utilise a couple of results
providing stable Helmholtz decompositions for Hy(div;2) and Hr (div; Q). In this regard, we remark
in advance that the decomposition for Hr (div; Q) will require the boundary I'y to lie in a “convex
part’ of €, which means that there exists a convex domain containing 2, and whose boundary contains
I'xy. More precisely, we have the following lemma.

Lemma 5.5.

(a) For each T € Hy(div; Q) there exist z € H2(Q) and ¢ € HY(Q) such that
T=Vz+4+curly in Q and |z|20+|¢le < C|T|aiva, (5.24)
where C' is a positive constant independent of all the foregoing variables.

(b) Assume that there exists a convex domain E such that Q@ C E and I'y C d=. Then, for each
q € Hry (div; Q) there exist ¢ € HY(Q) and x € H%N(Q) such that

q=¢+curly in Q and |[[Cllio+ [xlle < Cllalav:e, (5.25)
where C' is a positive constant independent of all the foregoing variables, and

H%N(Q)::{nEHl(Q): n=0 on FN}.

Proof. For the proof of (a) we refer to [97, Lemma 3.7|, whereas (b) follows from [3, Lemma 3.9]. We
omit further details. O

5.3.2 The main result

In what follows we assume that the hypotheses of Theorems 5.1 and 5.2, hold and let (t,u,p,0) €
H x H}(Q) x Hry (div; ) x HY(Q) and (t,, up, pr, 0n) € Hy, x HE x HY x HY be the unique solutions
of problems (5.11) and (5.21), respectively. Then, we define for each T' € T}, the local a posteriori error
indicators

- 2 . 9
@%I = Ha’% - u(@h)thHOT + Hf‘f‘leUhHaT + Ha’h - O-ZHO,T
2 2 . 2
+ ltn —e(un)llor + llon — (Van —e(wn))llgr + llg+divpallor (5.26)
_ _ 2
T (o T St /315 ) TR S [
ec&E(T)NEL(TD)
Otz = Oir + [|Vuy — (6 + 1) 3 1 - (5.27)
and

~ 2 2 2
O3 = Ol p + If —=Pu(B)ler + lg — Pu(9)llo.r + h7 IV un — (br + pp)ll5 1
_ _ 2
+ W7 ||lrot (tn + py) 5 + BT ||rot (5~ 'y + & 19huh)H0,T

+ 3 hellltnFonsliZe+ S0 e[ pn A ) - ST, (5.28)
e€&(T) c€E(T)NER(Q)

+ > he || 90

ds
GGE(T)PIS}L (FD)

2
— (Hﬁlph + Hﬁlehuh) - S

Y

0,e
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so that the global a posteriori error estimators are given, respectively, by
1/2 1/2
O1:=1¢ Y Ol +10p — Ol /or, and ©y:={ > O3 . (5.29)

TeTh TeT

Note that the last term defining @%’T (cf. (5.28)) requires that dg—f

€ L2(e) for each e € &,(I'p).
e
This is ensured below by assuming that #p € H'(I'p).

The main goal of the present Section 5.3 is to establish, under suitable assumptions, the existence
of positive constants Ciel, Ceft, Crel, and Ceg, independent of the meshsizes and the continuous and
discrete solutions, such that

Ceffel S ||(§7 uJ p79) - (Lh? uh7ph7 eh)H S Crel@l? (530)

and
56H®2 S H(Lv u, p79> - (thv Up, Ph, eh)H S 5'1“61@2' (531)

The upper and lower bounds in (5.30) and (5.31), which are known as the reliability and efficiency
of the estimators ©; and O3, are derived below in Section 5.3.4 and 5.3.5, respectively, under the
assumption that fp is piecewise polynomials on the induced triangulation on I'p. Otherwise, higher
order terms arising from polynomial approximations of these functions would appear in (5.30) and
(5.31).

At this point we remark that for the derivation of the first a posteriori error estimator we will use the
fact that u € H}(2) and § € H(Q), so that we can integrate some terms by parts in the whole domain
Q. In turn, for the second estimator we exploit the properties of the Helmholtz decompositions (cf.
Lemma 5.5) jointly with the Clément and Raviart-Thomas operators, whence new terms capturing
the jumps across the sides/edges of the triangulation appear.

5.3.3 A general a posteriori error estimate

In order to establish the reliability estimates of the a posteriori error estimators ©1 and O, that is
the upper bounds in (5.30) and (5.31), we first bound the unknowns related to the fluid and the heat
by applying the uniform ellipticity of the bilinear forms of the continuous formulation, and then we
conclude a preliminary upper bound for the total error by assuming that the data are small enough.
More precisely, we begin with the following auxiliary result.

Lemma 5.6. There exists C > 0, independent of h, such that
l(tow) = ()| < O o = p(On)t]| |+ 1E +divonlloq + [low = il q
+ Itn — e(w)lloo + [l — (Vun — e(un))llo o + 1Rl aivio) } (5.32)

T i)Lﬂu + kD2CsC5Cs 1 Ell5.all0 — Onll1.0s
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where R¢ : Ho(div; Q) — R is the functional defined by

Re(T) = —m/ {0'2—#(%)’%} :‘Td—/ig/ {f+diva'h}-div7'
Q Q
- /(th+ph):Td—/uh-diVT,
Q Q

Re(Tp) =0 V7, € HY. (5.34)

(5.33)

which satisfies

Proof. According to [37, Lemma 3.1], we have that the bilinear form Ay is uniformly elliptic on
H x H}(Q) with a positive constant «(€2). This implies that

A t7u — (t , Up ), (L, V
a(@)ll(t,w) = (b up)| < sup o((t, w) — (b, up), (x,v))
(r,v)EHXH}(Q) [ (x, V)|l
(r,v)#0

(5.35)

In turn, in order to estimate the right-hand side in (5.35), we first add and subtract suitable terms to
write

Ag((t, 1) = (b, up), (r, v))
=F(r,v) - A9h((£hv uy), (r,v)) — (Ag — A9h) ((tn, an), (x,v)),
and then proceed similarly to [3, eq. (3.15)]. Indeed, from the definitions of Ag and F (cf. (5.12)

and (5.15), respectively), and employing the Cauchy—Schwarz inequality, the estimate given by [37, eq.
(3.24)] for [(Ag — Ay, ) (-, (r,v))|, and the regularity assumption [37, eq. (3.22)], we deduce that

[Ag((,1) — (&, w), (x,v))|
1z, V)|l
+ |lon = ahllgq + Itr —e(un)lloo + o — (Vun — e(wn))lloo + 1Rt (aivsey }

< o{||ot = nOnta|,  +1IE+divoulyg
(5.36)

+ 2L,(1 + #9205 C5Cs ||f 15010 — Onll1.0,

where @s, Cs, and Cj are the constants provided by [37, egs. (3.22), (3.25), and (3.32)], respectively.
In this way, replacing the inequality (5.36) into (5.35), we get (5.32). Moreover, using the fact that

F(Ehavh) - A9h((£h7 uh)? (ihvvh)) =0 v(ihvvh) € Hjp x Hu’

and taking in particular r;, = (0,75,0) and v, = 0, we get (5.34), which completes the proof. O

Next, we derive an analogous preliminary bound for the error associated to the heat variables.
Lemma 5.7. There exists C > 0, independent of h, such that
1(p,0) — (Pn. )| < C{ lg + divpalloq + | VO, — (5 pr + 57 00un) ||

(5.37)
+ ||6p — 0y

2 _
lo.0n + Rl (div 0y } + =k 1+ 53)2e(Q) 10]l10 [lu — w10,

a(92)
where Ry, : Hry (div; Q) — R is the functional defined by

Ru(q) = —HG/ {g—i—divph}divq—/ {mlph—HﬁlQhuh}-q—/ thivq+<q-n,9D>rD , (5.38)
Q Q Q
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which satisfies
Rh(qh) =0 Vqp€ Hg (5.39)

Proof. According to [37, Lemma 3.2] and using the fact that ||ul|; o < cs||f]joq (cf. (5.18)), we have

that the bilinear form A + By is uniformly elliptic on Hp (div;Q) x H!(Q) with a positive constant

a(€2)/2. This implies that
a(Q A + By ((p,0) — (pn,6), (q,

2 ()€ (div;2) xH () [(a, )]
(a:¥)#0

(5.40)

In turn, in order to estimate the right-hand side in (5.40), we add and subtract suitable terms to write

(A +Bu)((p,0) — (Pn.0h), (a,%))
=F(a,¥) — (A +Buy,)(Pr,0n), (@, %)) = Bu—u, ((Pr. 1), (@, ¥)),

whence, using the definitions of A, By, and F (cf. (5.13), (5.14), and (5.16), respectively), the
continuity of By_y, (see [37, eq. (3.16)]), and the Cauchy—Schwarz inequality, we find that

(A +Bu)(p.0) = (Pn0n). (a.4))
(@)l

+ 1160 = Oullo.ro + I Rallss, vy §+ 57 (1+ 12 2e()0n 1 alla = wi]
I'p Hr, (div;Q)’ 5 Rll1,0Q nll1,9Q,

< C{ lg + divnllgq + [ VO — (" 'pr + "flehuh)Ho,ﬂ

(5.41)
where ¢(Q2) is the constant in 37, eq. (2.15)]. Then, replacing the inequality (5.41) into (5.40), we
obtain (5.37). Finally, using the fact that

F(an, ¥n) — (A + Bu, ) (Phs 1), (an, ¥n)) =0 ¥ (qn,v¥n) € HY x HY |

and taking in particular i, = 0, we arrive at (5.39), which completes the proof. ]

We now combine the inequalities provided by Lemmas 5.6 and 5.7 to derive a preliminary upper
bound for the total error ||(t,u, p,8) — (t, un, Pn,0r)||. Indeed, by gathering together the estimates
(5.32) and (5.37), and noting the fact that 6, € W, it follows that

||(£a u,pae) - (thauhaph,eh)n < C(fvgaeD)H(E’ u,pve) - (Ehauhvph,eh)n

+ c{||ot = uOnta|, -+ 1€+ divanloq + lon — ohllgq + 16— e(un)llog
’ (5.42)

+ llpn — (Vup —e(up))llg o + [lg + divpallg o + V0, — (5 'pn + "Q_lehuh)HO’Q

+ 180 = Oulloro + I Rellmyaiviay + Rullere vy |

where

C(f797 QD) ‘= Inax {Cl(fvg7‘9D)7 CQ(fvg7 9D)}7
with

Ci(f,g,0p) = K1+ H%)l/QC(Q)Cg{HgHo,Q + [|0pllo,rp + H9DH1/2,FD}

2
a(Q)
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and

9 U
Csy(f,g,6p) := 7)Lu(1 + k)20 C5Cs 1 |15.0-

a(Q
Consequently, we can establish the following preliminary upper bound for the total error.

Lemma 5.8. Assume that the data £, g and 0p satisfy:

Ci(f.g,0p) < = Vie (1,2} (5.43)

| =

Then, there exists C > 0, depending only on parameters, data and other constants, all of them inde-
pendent of h, such that

”(La u, p, 0) - (§h7 Uh; Ph, eh)H < C{ Ho-idz - :u’(eh)thHO Q + Hf + divo’h”O,Q
+ [lon = ahllg o + lltn — e(un)lloq + llon = (Vun — e(un)llgq + llg + divpalloq (5.44)

+ Hveh - (H_lph + "f_lehuh)HQQ + HGD - ehHOID + HRfHHO(div;Q)’ + HRhHHFN(diV;Q)’ }

Proof. Tt follows from a direct application of the assumption (5.43) in the inequality (5.42). O

We end this section with equivalent definitions of the functionals R¢ and Ry. In fact, noting that
tp:I=trt;, =0 and p;, : [ = 0, we first observe that

/Q(th“‘ph):Td:/ﬂ(th+ph)d:7':/g(th+ph)2’7’.

In this way, given 7 € Hy(div;2), we integrate by parts the expression fQ up - divr and use the
homogeneous Dirichlet boundary condition on I' of u;, € H}} (cf. (5.20)), to find that

Ri(T) = —K1 /Q {0'% —,u(&h)th} CT — Ky /Q {f—i—divah} -divrt +/ﬂ {Vuh — (ty, +ph)} :7. (5.45)

Analogously, given q € Hr (div;2), we integrate by parts the expression fQ 05, div q and use now the
homogeneous Neumann boundary condition of q on I'y, to arrive at

Ru(a) = —f%/g{ngdinh}ddi%-/Q {VHh—(fﬁ_lphﬂLfﬁ_l@huh)}'0H-<q'n, O = On)p,, - (5.46)

5.3.4 Reliability of the a posteriori error estimators

We now proceed to bound the norms of the functionals R¢ and Ry, appearing on the right-hand side of
(5.44), by conveniently considering either their original definitions or the new expressions (5.45) and
(5.46), respectively. This task is actually performed in two different ways, which leads to the reliability
of the a posteriori error estimators @1 and ©5. We begin with ©;.

Theorem 5.9. Assume that the data f,g and Op satisfy (5.43). Then there exist Cye) > 0, independent
of h, such that
H(£7 uapae) - (Eh?uhvphagh)n < Crelgl- (547)
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Proof. We first observe that, employing Cauchy—Schwarz inequality and recalling that (-, '>FD stands
for the duality pairing between H~/2(I'p) and H'/?(I'p), we deduce from (5.45) and (5.46) that

IRe vy < a{ ||oh = w@)a]| + I+ divanloa + IVw = ta+pi)loa ) (5:48)

and
HRhHHFN(div;Q)’ < 02{’\9 + divpp oo + HV@h — (k7 'pn + Ffl@huh)HOﬂ + [|0p — 0h”1/2,FD}7 (5.49)

respectively. In this way, the proof follows straightforwardly from the definition of ©1 (cf. (5.27)),
Lemma 5.8, and inequalities (5.48) and (5.49). O

Having proved Theorem 5.9, we now aim to establish the reliability of O2 (cf. (5.28)), which is ac-
complished by applying the Helmholtz decompositions provided by Lemma 5.5 to bound HRfHHO(diV;Q)/
and HRhHH[‘N (div;oy- Actually, in what follows we provide the details only for R¢ since those for Ry,
follow analogously. In fact, given 7 € Hy(div;2), and thanks to part (a) of Lemma 5.5, we first let
z € H2(Q) and ¢ € HY(Q) be such that 7 = Vz + curl ¢ in 2, and

I1zll2.0 + lellie < CliTllaivia, (5.50)

and then define 7, := II;(Vz) + curl (I,¢) + cl, where ¢ € R is chosen so that 7, belongs to Hf (cf.
Section 5.3.1). Hence, employing from (5.34) that R¢(7p) = 0, it readily follows from the foregoing
expressions that R¢(7) can be decomposed as

Rf(’r) = Rf('T - Th) = Rf(Vz — Hh(Vz)) + Rf(%rl (QD - Ihcp)) . (5.51)

Consequently, we now require to bound the terms on the right-hand side of (5.51), which is done in
the following two lemmas.

Lemma 5.10. There exists C > 0, independent of h, such that for each z € H2(Q) there holds

1/2
Ri(Vz—T0(V2))| < CQ Y S zlze,
TET,
where )
0% = hZ |led — u(6,)t £f—PLE)|2, + k|| Vuy, — (t 2 5.52
tr = hy oy — p(0n)th 0T+H n(E)o7 + hrlVay — (tn + pp) 5.7 (5.52)

Proof. Using the alternative definition of the functional R¢ (cf. (5.45)), the proof follows from a slight
modification of that of [97, Lemma 3.10]. We omit further details. O

Lemma 5.11. There exists C > 0, independent of h, such that for each ¢ € H'(Q) there holds

1/2
Ri(curl (0 - L)) < C{ > 820 lelhe,
TeTh
where
~ 2
Oy = ||ot —nOnta -+ Bhlvot (b + p)IEr + D he 1t + pu)SIIG (5.53)

ec&(T)
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Proof. Given ¢ € H'(Q), we first notice from the original definition (5.33) of R that there holds

Releurl (p—Tup) = =1 | {ofl (Ot} : curl (p—Tup) = [ (t4+ 1) s curl (o). (554)

Then, for estimating the first term on the right-hand side of (5.54) we proceed as in the proof of [97,
Lemma 3.9] and apply the boundedness of Ij, : HY(Q) — H'(2) (|69, Lemma 1.127, pag. 69]), as well
as the Cauchy—Schwarz and triangle inequalities, to obtain

1/2

1 /Q {az—meh)th}:wﬂ(so—lhso)'so ZHai—uwh)tthT lelha:  (5.55)
TeTh ’

Next, analogously to the proof of [97, Lemma 3.9|, we decompose the second term on the right-hand
side of (5.54) according to the triangulation 7y, and integrate by parts on each T € Tj, to obtain

[ o) scurl (o~ Tup) = 3 [ rot(th+ 1) (0~ Tug) = 3 [ [it+ pu)s] - (¢~ Tup)
Q TeT, VT ecEp V€

In this way, applying the Cauchy—Schwarz inequality, the approximation properties of the Clément
interpolator I, (cf. Lemma 5.4), and the fact that the number of triangles of the macro-elements A(T)
and A(e) are uniformly bounded, we deduce that

[t 0 curl(o - L)

1/2 (5.56)
<C Y hlrot (tn+pplllor+ Y helltn+pu)sllloe ¢ lelle.
TETh e€&(T)
Finally, by replacing the inequalities (5.55) and (5.56) into (5.54) we conclude the proof. O

As a direct consequence of Lemmas 5.10 and 5.11, and the stability estimate (5.50) for the Helmholtz
decomposition, we obtain the following upper bound for || R/, (divi)'-

Lemma 5.12. There exists C' > 0, independent of h, such that

1/2
IRl @iy <C 4 D Ofrp
T€TH
where )
O = ||of —uOnt |+ 1IE ~ PaOIBr + W Vun — (6 + o)l s

(5.57)
+ B llrot (tn + pp) 52+ D helll(tn + pu)s]lG. -
ec&(T)

Proof. Tt suffices to see that the first term defining é?T (cf. (5.52) in Lemma 5.10) is dominated by

the first term of @?T (cf. (5.53) in Lemma 5.11), which explains the subtraction of the former in the
original definition of @%T' O
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Finally, the corresponding estimate for Ry, is given by the following lemma.

Lemma 5.13. Assume that there exists a convexr domain = such that Q@ C = and 'y C 0Z. Assume
further that 0p € HY(T'p). Then there exists C > 0, independent of h, such that

”Rh”HpN(div Q) <C Z e}21,T )

TETs
where
_ _ 2
Ot = g =Pu(@lsr + 1% [V — (+'Pn + £ 0hun) || 1
_ _ 2 _ _ 2
+ b ||rot (k™ 'pp + K 19huh)H0,T+ Z he ||[(+ P + & 10huh)-s]]H07e
ec€(TINER(Q) (5.58)
dfp 1 1 ? 2
+ Z he g—( prn+ K Opup) sl + (|0 —Onllg, ¢ -
ecE(T)NEL(TD) 0,e

Proof. The result follows analogously to the proof of Lemma 5.12 (see also [53, Lemma 3.8]), taking
into account now the Helmholtz decomposition provided by part (b) of Lemma 5.5 and the fact that
Ru(qn) =0 Vai € HY (cf (5.39)). In particular, using the alternative definition of Ry, (cf. (5.46))
and proceeding similarly to Lemma 5.10, we find the first, second and last term of the local estimator
(5.58). On the other hand, considering the original definition (5.38) of Ry, noting that dg% € L3 (T'p),
applying the integration by parts formula on I'p given by (cf. [67, Lemma 3.5, eq. (3.34)])

db
(curly - n,0p)p = — <d§’x> vy € H'(Q), (5.59)
I'p

and proceeding analogously to Lemma 5.11 (see also [53, Lemma 3.7]), we obtain the remaining terms
of (5.58). Further details are omitted. Ul

The reliability estimate for ©s is stated now.

Theorem 5.14. Assume that the data f,g and 0p satisfy (5.43). Assume further that Op € HY(I'p).
Then there exist Crq > 0, independent of h, such that

(0, p,6) — (£, Wp, Prs )| < CretOs. (5.60)

Proof. Tt is a straightforward consequence of the definition of ©9 (cf. (5.28)), Lemmas 5.8, 5.12, and
5.13, and the fact that the terms hZ|| V6, — (m_lph—l—m_thuh)HaT and hel|0p — 04§ ., which form part
of ©% .. (cf. (5.58)), are dominated by ||V, — (H_lph+ﬁ_19huh)HaT and H@D—Hhﬂg’e, respectively. [

5.3.5 Efficiency of the a posteriori error estimators

We now aim to establish the lower bounds in (5.30) and (5.31). For this purpose, we will make
extensive use of the original system of equations given by (5.8), which is recovered from the augmented-
mixed continuous formulation (5.11) by choosing suitable test functions and then integrating by parts
backwardly the corresponding equations.
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We begin with the efficiency estimate for ©;.

Theorem 5.15. There exists Cog > 0, independent of h, such that
CetO1 < [|(t, 1, p,0) — (b, un, P, On)||- (5.61)
Proof. We first introduce the identity o% — p(6)t = 0 (cf. (5.8)), that is,
o = 1(On)tn = (o — ) + 10h) (6 = ta) + (1(0) — u(0)) &

which, proceding as in [37, Lemma 3.4], and noting that ||[79]/0.q < ||7]o.q for each T € L2(1), yields

2
d
ot = nta| <3t —talda +llo = onlia + L2160 = Onlu/s ) -

Recall here from [37] that 6 € (0,1) (when n = 2) or § € (1/2,1) (when n = 3) stands for the extra
regularity that we need to assume for the solution of (5.11). In turn, employing the estimate [37,
eq. (3.22)] to bound ||t||sg, and the continuous injection of H(2) into L™%(Q), whose boundedness
constant is C~'5 (cf. Theorem 5.1), it is not difficult to see that there exist a positive constant ¢y,
depending only on data and other constants, all of them independent of A, such that

2
ot = wnrtn)| | < er{lit —talBo+lo = onla+ 10 = bullta}- (5.62)
Analogously, by considering the identity V0 — (k= !p + £~ 10u) = 0 (cf. (5.8)), we have
VOn — (5 'pr+ K 0pun) = V(0h — 0) + £~ (p—pn) + £ (fu—0Opuy),

where the last term of the right-hand side can be rewritten as fu — Opu, = 0(u — uy) + (0 — 6p)up,
and then it can be bounded by

[0u — Opuplloo < (0]l llu — unllLa) + [[anllLa@)llé — Onllao)-

Therefore, using the fact that H!(Q) is continuously embedded into L*(£2), 6 lives in the ball W, and
the estimate ||up||1,0 < csl|f|lo,o holds (cf. (5.22)), we obtain

IV05, = (v~ 'pn + 571 0nun) [0 < c2ll(w, P, 0) = (an, Pr, 04)]1%, (5.63)
with ¢ a positive constant independent of A. On the other hand, it is readily seen from (5.8) that
If +dives|§ o < [ldivie —ow)llga .

lg + divprlgo < lldiv(p = pu)l§ o

lon —ohlia < 4o —oulfa

ltn — e(un)lBg < 2{Ilt — tallZ o+ lu—will2g . (5.64)
lon = (Vun —e(w)) 3o < 2{llp— pal3q + u - w2},
IVun = (tn + p)I30 < 3{lE—talBa+ o= pul o+ u—wilia}.
16D = Onllgr, < c3llf —OnllF g,
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and
10D = Onl13 jo.ry, < calld = OnllF (5.65)

where the last two inequalities make use of the trace inequalities in L?(I'p) and H/2(I'p), respectively.
In this way, the required efficiency estimate (5.61) follows straightforwardly from the definition of ©;
(cf. (5.27)) and the inequalities (5.62)(5.65). O

Next, we continue with the derivation of the efficiency estimate of ©,.

Lemma 5.16. There hold

(@) [If = Pu()llor < 2[div(e —on)llor VT €T,

() llg = Pr(g)llor < 2[|div(p — pa)llo,r VT € Th,

and there exist c1,co > 0, independent of h, such that

() Blrot (6 + pi) 3 < {16~ talr + lo — pil3r} VT €T,

(@) Relll(tn + pr)slIE < ea{llt — tal

dee tlo—pulde ) Veedn,

where the set we is given by we == U{T" € Ty, : e € E(T")}.

Proof. For (a) and (b) we refer to [97, Lemma 3.18|. In turn, since rot (t + p) = rot (Vu) = 0, we
find that the proof of (c¢) and (d) follows after a straightforward application of [15, Lemmas 4.3 and
4.4], respectively. O

The corresponding bounds for the remaining terms defining ©, are given next.

Lemma 5.17. There exist c1,co > 0, independent of h, such that

(2) > hElrot (v "pn+ 57 0hun) 5.0 < crll(w,p,0) — (un, Pr, On)II%,
TeT;

(b> Z h‘e”[[('%_lph + %_19huh) ’ S]]H(Q),e < e ||(Ll,p, 9) - (uhv Ph, 9h)||2
e€ln ()

In addition, under the assumption that Op € H(I'p), there exists c3 > 0, independent of h, such that

(c) Z he

e€&h(I'p)

dfp i

ds < C3H(u7pa0) - (uh7ph79h)‘|2'

0,e

— (v 'pn + w7 00uy) -8

Proof. It follows almost straightforwardly from a slight modification of the proof of |53, Lemma 3.11].
We omit further details. O
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As a consequence of Theorem 5.15 and Lemmas 5.16 and 5.17, we are now in position to state the
efficiency of ©s.

Theorem 5.18. Assume that 0p € HI(FD), Then, there exists 565 > 0, independent of h, such that

CeiO2 < [|(t,u,p,0) — (ty, wp, P, On)- (5.66)

5.4 A posteriori error analysis: the 3D-case

In this section we extend the results from Section 5.3 to the three-dimensional version of (5.21).
Similarly as in the previous section, given a tetrahedron 7' € Ty, we let £(T") be the set of its faces,
and let &, be the set of all faces of the triangulation 7;,. Then, we write &, = E,(Q)UE,L(I'p) UEL(IN),
where E,(2) :={e € & : e C O}, E(Ip) :={e € &, : e CI'p}, and E,(I'n) :={e € &, 1 e C I'n}.
Also, for each face e € &, we fix a unit normal n. to e, so that given 7 € L2(2) such that 7|y € C(T)
on each T € T, and given e € &,(Q2), we let [T X n.] be the corresponding jump of the tangential
traces across e, that is [T x n¢] := (7|7 — 7|77)|e X ne, where T and 7" are the elements of Tj, having
e as a common face. In what follows, when no confusion arises, we simple write n instead of n,.

Now, we recall that the curl of a 3D vector v := (v1,v2,v3) is the 3D vector

curl(v) =V x v:= <81}3_81}2 Ovr _ Ovs 81}2_81}1>
6902 81‘37 8.7}3 81‘1’ 8:61 6%’2 ’
and that, given a tensor function 7 := (7;;)3x3, the operator curl (7) is the 3 x 3 tensor whose rows
are given by
curl (7’11, T12, 7’13)
CLI‘](T) = Curl(Tgl,T22,7'23)
curl (731, 732, 733)

In addition, 7 x n stands for the 3 x 3 tensor whose rows are given by the tangential components of
each row of 7, that is,
(711,712, T13) X 0
T X1nNn:= (7’21,7'22,7'23) X n
(731,732, T33) X N

Having introduced these notations, we now set for each T € T}, the local a posteriori error indicators
@%’T and @%,T (exactly as in (5.26) and (5.27), respectively), and define

O3 7= Ol r +If = P51+ g — Pul9)llgr + BT I Vun — (tr + pp)lf 1

_ _ 2
+ h%||curl (t, + ph)HaT + h% chrl (v pn+ K 19huh)||07T

5.67
+ > helln+ o) xndlg, + D0 ke[l P A £ 00w x mfg, 00
ec&(T) c€E(T)NEL(Q)
+ Z he |VOp x n — (7 'pp + £ 0pup) X nHi’e .
e€&(T)NER(TD)
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In this way, the corresponding global a posteriori error estimators are defined as in (5.29), that is
1/2 1/2

01:=1¢ Y Ol +1l0p — Onl o, and ©y:=1{ > O3 ,
TeTh TeT),

and the main estimates, which are the analogue of Theorems 5.9 and 5.14, are as follows.

Theorem 5.19. Assume that the data f,g and Op satisfy (5.43). Assume further that 6p € HY(I'p).
Then, there exist positive constants Crel, Cofr, Crel, and Ceg, independent of h, such that

Ceff@l < H(Ea u, p, 9) - (Eha Up, Ph, 9h)|| < CrelG)I

and
6’eff®2 < ||(§7 u, p79) - (thauhyphaeh)” < 6“31@2'

The proof of Theorem 5.19 follows very closely the analysis of Section 5.3, except a few issues to be
described throughtout the following discussion. Indeed, we first observe that the general a posteriori
error estimate given by Lemma 5.8 is also valid in 3D, and that the corresponding upper bounds of
IRl (ivi)y a@nd HRhHHFN (div;0y Yielding the reliability of ©; are the same as those given in (5.48)
and (5.49), respectively.

Now, for the reliability of ©3, we need to use a 3D version of the stable Helmholtz decompositions
provided by Lemma 5.5. These required results were established recently for arbitrary polyhedral
domains in [82, Theorems 3.1 and 3.2]. Next, the associated discrete Helmholtz decompositions and the
functionals R¢ and Ry, are set and rewritten exactly as in (5.45) and (5.46), respectively. Furthermore,
in order to derive the new upper bound of [ R¢l|y, (giv.)y and HRhHHpN(div .y» We now need the 3D
analogue of the integration by parts formula on the boundary given by (5.59). In fact, by applying the
identities from [100, Chapter I, eq. (2.17) and Theorem 2.11], we deduce that in this case there holds

(curlx - m,0p)p, = —(VOp xn,x)r, VX € H'(Q).

In addition, the integration by parts formula on each tetrahedron T € Ty, which is employed in the
proof of the 3D analogue of Lemma 5.11, becomes (cf. [100, Chapter I, Theorem 2.11])

/curlq-x—/q-curlxz<q><n,x>aT VqeH(curl;Q), VxeHY(Q),
T T

where (-, -) 5 is the duality pairing between H~'/2(9T) and H'/2(9T), and, as usual, H(curl; Q) is the
space of vectors in L?(2) whose curl lie also in L2(£2). Note that the foregoing identities explain the
appearing of the expressions (t, +p,) xn, (k= 'pp+x"10,u,) xn, and VOp xn— (k" pp+£"10,u;) xn
in the 3D definitions of Q%,T (cf. (5.67)). The rest of the proof of the reliability of ©2 and the entire
analysis yielding the efficiency of both ©; and ©2 proceed as in Sections 5.3.4 and 5.3.5, respectively,
taking into account that the proof of the 3D version of the Lemma 5.17 follows almost straightforwardly
from a slight modification of the proof of [53, Lemma 4.2].
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5.5 Numerical results

This section serves to illustrate the performance and accuracy of the proposed augmented finite element
scheme along with the properties of the a posteriori error estimators ©; and Os, in 2D and 3D domains,
derived in Sections 5.3 and 5.4, respectively. In this regard, we remark that for purposes of adaptivity,

which requires to have locally computable indicators, we use that

160 = Onll3 jr, < cnllfD = Onllir, =0 D 100 —Onlie
ec&r(I'p)

and redefine © as
1/2

Or:=¢ Y ©i;r |

TeT

where

2 . 2 £ (12 2
oT + |If + leU'hHo,T + Ho'h - U'hHQT + [[tn — e(uh)”o,T

)

Ol = HU% — 1(On)th

2 2 . 2
+ llpp — (Vup — e(uh))HO,T +[[Vap — (tn + Ph)”o,T + g+ lePhHo,T

+ V6 — (7 tpn s ) [+ > oo — 6l
eEg(T)ﬂgh(FD)

Under this redefinition © is certainly still reliable, but efficient only up to all its terms, except for
the last one, associated to the boundary I'p. Nevertheless, the numerical results to be displayed below
allow us to conjecture that this modified ©1 actually verifies both properties.

Our implementation is based on the public domain finite element software FreeFem++ [111] which
provides for both 2D and 3D domains the automatic adaptation procedure tools adaptmesh and msh-
met, respectively. A Picard algorithm with a fixed tolerance tol = 1E — 6 has been used for the
corresponding fixed-point problem (5.21) and the iterations are terminated once the relative error of
the entire coefficient vectors between two consecutive iterates is sufficiently small, i.e.,

|coeff™ ™! — coeff™|| 2
=) < tol,
2
[[coeff™ |,

where || - ;2 is the standard [2>-norm in RN, with N denoting the total number of degrees of freedom
defining the finite element subspaces H¢, HY, Hﬁ ,Hj, Hg, and Hz. As usual, the individual errors are
denoted by:

e(t) == [t —tullon, elo):=llo—onlaivia. elp):=Illp—puloa,

e(u) == lu—uplli0, eP):=I[p—pulave, e@):=[0-"0l10,

e(op) :=|lop —opplon, e®) :=|p— pulloo,

where opj, and pp, are the postprocessed polymeric part of the extra-stress tensor and the pressure,
respectively, given by

1
opp = Qup(eh)th and pp = —gtrdh in Q.
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In turn, the global error is computed as
2 2 2 2 2 2\ /2
e = {e(t)? +e(0)? +e(p)? +e(u) +e(p)? +e(0)?}
whereas the effectivity index with respect to ©;, i € {1,2} is given by

eff(0;) = g.

In addition, we define the experimental rates of convergence

(o) = log(e(¢)/€'(0))
- log(h/I)

where e and €’ denote errors computed on two consecutive meshes of sizes h and h/, respectively. Howe-

for each ¢ € {t,a,p, u,p,0, Up,p},

ver, when the adaptive algorithm is applied, the expression log(h/h’) appearing in the computation of
the above rates is replaced by —11log(N/N') with n = 2 (in 2D domains) or n = 3 (in 3D domains),
where N and N’ denote the corresponding degrees of freedom of each triangulation.

The examples to be considered in this section are described next. In all of them, as in [56, Section 2],
we choose the coefficients of the polymer and solvent viscosity a1, b1, a2 and by (cf. (5.2)) as follow:

by =by = ARE, as = exp (_R%E> , and a1 = (1 —€)ag,
R

where AF is the activation energy, R is the ideal gas constant, and fg is a reference temperature of
the fluid. Note that the constraint (5.3) will be satisfied as long as the temperature of the system stays
above fg. In turn, we consider k = 1, € = 0.01, and according to [37, eq. (3.20)], the stabilization
parameters are taken as k1 = p1/u3, ko = K1, kK3 = W1/2, kg = p1/4, K5 = K, kg = K /2, and
k7 = k/2. In addition, the condition fQ trop, = 0 is imposed via a penalization strategy.

Example 1. In our first example we concentrate on the accuracy of the augmented method. We
consider the square domain  := (0,1)2, the boundary I' = I'p U 'y, with I'p := {0} x (0,1) and
Iy := '\ I'p. The following viscosity parameters correspond to polystyrene [118, Section 4.2]:

AFE
R - 14500, 6r = 538.

The data f, g, and 0p are chosen so that a manufactured solution of (5.8) is given by the smooth

u(x) = ( 2rx} (w1 — 1)? cos(mag) sin(ras) )

—2x1(x1 — 1)(221 — 1) sin(7z)?

functions

p(x) := cos(mxy) cos(mxe),
O(x) := 10(z1 — 1)?sin(mz2)? + 540 Vx := (21, 22) € Q.

The results reported in Tables 5.1 and 5.2 are in accordance with the theoretical bounds established in
Theorem 5.2. In addition, we also compute the global a posteriori error indicators ©1, ©2 and measure
their reliability and efficiency with the effectivity index. For the two orders tested, these estimators
remain always bounded.
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Example 2. Our second example is aimed at testing the features of adaptive mesh refinement after
the a posteriori error estimators ©1 and ©3. We consider a four-to-one contraction domain  :=
(0,2) x (0,1)\ (1,2) x (0.25,1), the boundary I' = 'p UTy, with I'p := {0} x (0,1) and Ty := '\ I'p.
The following viscosity parameters correspond to Nylon-6,6 [118, Section 4.2]:

AFE

—— = 6600, 6r = 563.

R R
The data f, g, and 0p are chosen so that the exact solution is given by
) ( xa(wg — 1) (29 — 0.25)(323 — 2.522 + 0.25) sin(7x1)? )
u(x) := ,

a —723(ze — 1)%(z2 — 0.25)% cos(mz1) sin(ma)
10(z2 — 0.25)
x1 — 1.02)2 + (22 — 0.27)2
4(z1 — 1)(z2 — 0.25)
(x1 — 1.02)% 4 (22 — 0.27)2
The constant pg is such that pr = 0. Notice that both the pressure and the temperature exhibit

=+ Do,

p(x) == (

0(x) := +570 Vx:= (z1,22) € .

high gradients near the vertex (1,0.25). Notice also that the only difference with respect to (5.8) is
a non-homogeneous heat flux p - n = fy imposed on 'y, where fx is manufactured according to the
above solution. Therefore, the local estimators ©1 r and ©2 7 have to be modified by adding the term

Z he”fN_Ph‘an,ev

e€E(T)NER(TN)

whose estimation from below and above follows in a straightforward manner.

Tables 5.3, 5.4, and 5.5 along with Figure 5.1, summarizes the convergence history of the method ap-
plied to a sequence of quasi-uniformly and adaptively refined triangulation of the domain. Sub-optimal
rates are observed in the first case, whereas adaptive refinement according to either a posteriori error
indicator yield optimal convergence and stable effectivity indexes. On the other hand, approximate
solutions builded using the augmented Py — RTy — Pg — Py — RTy — Py scheme with 562743 degrees of
freedom (via the indicator 1) are shown in Figure 5.2. In particular, we observe in both the velocity
and heat flux streamlines a vortex near the corner region of the four-to-one domain whereas both the
pressure and temperature exhibit high gradients in the same region. In turn, examples of some adapted
meshes generated using ©; and O are collected in Figure 5.3. We can observe a clear clustering of
elements near the corner region of the contraction as we expected. Notice that the meshes obtained
via the indicator O are lightly more refined in the interior of the contraction domain than the meshes
obtained via the indicator ©;. This fact is justified by the terms that capture the jumps between
triangles obtained in the Helmoltz decomposition.

Example 3. To conclude, we replicate the Example 2 in a three-dimensional setting. In fact, we
consider the four-to-one domain € := (0,2) x (0,1)2\ (1,2) x (0.25,1)2, the boundary I = I'p U Ty,
with T'p := {0} x (0,1)? and I'y := I'\ T'p. The viscosity parameters are the same as in the second
example. However, this time the manufactured exact solutions adopt the form

—z3(w3 — 1) (w3 — 0.25)(323 — 2.5x3 — 7 cos(mxa) + 0.25) sin(mzy)? sin(rx2)
u(x) = z3(z3 — 1) (23 — 0.25)(323 — 2.523 — 7 cos(mw1) + 0.25) sin(7x1) sin(rxa)? |,

—ma3(x3 — 1)%(z3 — 0.25)% sin(rx1) sin(rx2) (cos(rxa) — cos(wry))
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10(x3 — 0.25)
T — 1.05)2 + (1'3 —-0.3
4(xy — 1)(x3 — 0.25)
(x1 —1.05)2 4 (z3 — 0.3)2

Similarly, Tables 5.6 and 5.7 along with the Figure 5.4 confirm a disturbed convergence under quasi-

p(x) = ( )2 + Po,

0(x) := +570 Vx:= (x1,x9,23) € Q.

uniform refinement and an optimal convergence rates when using adaptive refinement guided by the a
posteriori error estimator ©1. In turn, some approximated solutions after four mesh refinement steps
showing an analogous behaviour to its 2D counterpart are collected in Figure 5.5, whereas snapshots
of the last three meshes via ©; are shown in Figure 5.6.

N h et) r(t) elo) rlo) elp) r(p) e r(u) elp) rp)
1467 0.196 0.155 -  1.246 - 0268 - 0264 - 0148 -
5631 0.097 0.075 1.025 0.633 0.960 0.146 0.859 0.127 1.040 0.063 1.214
22131 0.048 0.038 0.979 0.310 1.009 0.080 0.858 0.062 1.018 0.031 0.995
87837 0.025 0.019 1.032 0.157 1.018 0.040 1.045 0.031 1.027 0.015 1.105
353853 0.013 0.009 1.093 0.077 1085 0.020 1.089 0.015 1.072 0.007 1.111

e(p) r(p) e@) r(@) e(op) r(op) e r eff(@1) eff(@2) iter
18.678 - 3.265 - 0.349 - 19.007 - 0.931 0.183 4

9.628 0.940 1.419 1.181 0.171 1.017 9.755 0.992  0.942 0.180
4.738 1.002 0.654 1.094 0.082 1.027 4.794 1.038 0.947  0.178
2405 1.014 0.331 1.019 0.041 1.035 2434 0984 0.950 0.176
1.187 1.082 0.163 1.087 0.020 1.117v 1.201 1.013 0.950 0.176

W W W =

Table 5.1: EXAMPLE 1, Py — RTg — Py — P1 — RTy — P scheme with quasi-uniform refinement.

N h et) r(t) elo) rlo) elp) r(p) e r(u) elp) rp)
3666 0.196 0.026 - 0151 - 0023 - 0037 - 0016 -
14076 0.097 0.006 2.036 0.037 2.002 0.006 1.986 0.009 2.071 0.004 1.894
55326 0.048 0.001 2.044 0.009 2.019 0.001 2.048 0.002 2.065 0.001 1.998
219591 0.025 0.000 1.989 0.002 2.040 0.000 1.998 0.001 1.986 0.000 2.032
884631 0.013 0.000 2.186 0.000 2.153 0.000 2.196 0.000 2.195 0.000 2.167

e(p) r(p) e(0) r(0) e(op) r(op) e r eff(©1) eff(Oy) iter
2.435 — 0.296 — 0.045 — 2.458 — 0.951 0.114 3

0.584 2.024 0.069 2.060 0.011 2.048 0.590 2.122 0.953 0.116
0.138 2.041 0.015 2.120 0.003 2.039 0.139 2.111 0.951 0.115
0.036 2.023 0.004 2.047 0.001 2.006 0.036 1.961 0.956 0.115
0.009 2.148 0.001 2.133 0.000 2.185 0.009 2.011 0.957 0.115

W W w w

Table 5.2: EXAMPLE 1, Py — RTy — Py — Po — RT; — P5 scheme with quasi-uniform refinement.
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N h  et) rt) el rlo) ep) rlp) e ru ep) rp)

1803 0.190 1.651 - 485.735 - 2.078 - 2.717 - 11.050 -
6987 0.103 0.692 1.285 540.574 - 1.742  0.260 3.783 - 11.448 -
27345 0.049 1.409 - 384.144 0.501 1.410 0.310 1.625 1.238 6.920 0.738

107985 0.026 1.135 0.315 231.471 0.738 0.932 0.603 0.673 1.285 2.842 1.296
430221 0.013 0.646 0.817 123.634 0.907 0.558 0.742 0.208 1.698 1.205 1.242

e(p) r(p) e() r(0) e(op) r(op) e r eff(©1) eff(©3) iter
260.136 - 82.410 - 5.521 — 557.149 — 1.010 0.701 8
453.925 - 105.853 - 6.172 - 713.786 - 1.013 0.712 6
338.485 0.430 31.700 1.767 4.031 0.624 512.982 0.484  1.002 0.708 5
221.602 0.617 10.676 1.585 1.674 1.280 320.629 0.684 1.001 0.707 4
125.639 0.821 2.834 1.919 0.970 0.789 176.293 0.865 1.000 0.707 3

Table 5.3: EXAMPLE 2, Py — RTg — Py — P1 — RTy — P scheme with quasi-uniform refinement.

N et) r(t) elo) o) ep) rp) e rw) e rp

1803 1.651 - 485.735 - 2.078 - 2.717 - 11.050 -
2793 1.152 1.645 477.153 0.042 0.887 3.893 2440 0491 5918 2.854
3969 1.353 - 233.594 3936 0.604 2188 0.715 6.984 3.017 3.834

6465 1.108 0.818 95.506 3.515 0.503 0.751 0.524 1.274 2.464 0.829
12177 0.985 0.372 52350 2.003 0.435 0460 0.425 0.665 2.127 0.466
24309 0.789 0.641 35.354 1.156 0.358 0.558 0.286 1.139 1.696 0.655
42405 0.612 0913 26.435 1.043 0.284 0.830 0.173 1.822 1213 1.204
78363 0.507 0.615 19.354 1.030 0.238 0.581 0.126 1.033 0.957 0.772

148599 0.337 1.276 14.094 1.012 0.173 1.004 0.067 1976 0.668 1.123
286053 0.268 0.702 10.136 0.989 0.138 0.682 0.047 1.045 0.513 0.807
562743 0.172 1.313 7.245 1.008 0.089 1.287 0.025 1904 0.324 1.358

e(p) r(p) e(0) r(0) e(op) r(op) e r eff(©1) iter
260.136 — 82.410 — 5.521 — 557.149 — 1.010 8
410.800 - 57.315 1.659 3.435 2.169 632.238 — 1.005 5
218.748 3.587 20.780 5.775 2.067 2.891 320.704 3.863 1.003 5
86.491 3.804 19.236 0.317 1.540 1.207 130.284 3.693 1.014 5)
42.241 2.264 17.562 0.288 1.316 0.496 69.531 1.984 1.042 5)
28.680 1.120 13.182 0.830 1.069 0.601 47.403 1.108 1.052 4
21.095 1.104 10.129 0.947 0.789 1.093 35.311 1.058 1.053 3
15.621 0.978 8.060 0.744 0.642 0.670 26.151 0.978 1.061 3
11.037 1.086 3.787 2.361 0.440 1.184 18.302 1.116 1.025 3

8.051 0.963 2.458 1.320 0.352 0.680 13.179 1.003 1.020 3

5.615 1.065 0.981 2.716 0.228 1.289 9.221 1.056  1.007 3

Table 5.4: EXAMPLE 2, Py — RTy — Py — P; — RTy — P; scheme with adaptive refinement via ©;.
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N et) r(t) eo) rlo) elp) rlp) ew r() elp) rp)
1803 1.651 - 485.735 = 2.078 - 2.717 - 11.050 -
3177 1.161 1.242 479.666 0.044 0.910 2.914 2.499 0.295 8.074 1.108
4395 1.358 - 233.586 4.434 0.720 1.447 0.688 7.946 2.966 6.170
6987 1.041 1.147 92836 3.981 0.438 2.147 0453 1.804 2.021 1.655
12759 0.953 0.230 51.210 1.976 0.374 0.518 0.404 0.384 1.785 0.413
24789 0.715 0.864 34.828 1.161 0.347 0.224 0.227 1.732 1333 0.878
42729 0.576 0.793  26.799 0.963 0.258 1.091 0.152 1.481 1.070 0.807
81009 0.435 0.879 18.989 1.077 0.218 0.526 0.095 1.469 0.865 0.666
151581 0.319 0.993 14.100 0.950 0.157 1.0556 0.055 1.719 0.607 1.131
297489 0.233 0.924 9.898 1.060 0.121 0.757 0.037 1.191 0.444 0.924
77731 0.162 1.093  7.223  0.949 0.078 1.342 0.020 1.901 0.304 1.140

e(p) r(p) e(d) r() e(op) r(op) e r eff(©2) iter
260.136 82410 - 5521 557.149 - 0.701 8
408.119  —  57.796 1.253 3.587 1.523 632447 - 0709 5
214.041 3977 19.688 6.637 2312 2.707 317.437 4.248 0.708 )
84.584 4.005 17.847 0424 1.442 2.038 126.858 3.957 0.712 )
41.294 2381 17.352 0.093 1.301 0.342 68.044 2.069 0.723 4
28.423 1.125 12.086 1.089 0.955 0.930 46.558 1.143  0.720 4
20.719 1.161 7.255 1.874 0.751 0.885 34.649 1.085 0.715 3
15.350 0.938 4.951 1.195 0.565 0.889 24919 1.031 0.709 3
10.830 1.113 2.240 2.532 0422 0930 17.923 1.052 0.704 3

7.893 0.938 1.568 1.060 0.313 0.883 12.760 1.008  0.699 3

5.517 1.079 0.641 2.697 0.214 1.150 9.113 1.014  0.699 3
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Table 5.5: EXAMPLE 2, Pjg — RTy — Py — Py — RTy — Py scheme with adaptive refinement via Os.
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N h  et) () elo) rlo) elp) rp) e rw ep) rp)
8884 0.354 2.808 -~ 202828 - 3755 - 2133 - 13714 -
67396 0.177 2.070 0.451 196.015 0.051 3.701 0.021 2435 — 8711 0.672
525316 0.088 1.703 0.285 134.581 0.549 2.871 0.371 1.288 0.930 4.323 1.024
4148740 0.044 1.168 0.548 79.625 0.762 1811 0.669 0.524 1.307 2.078 1.063

e(p) r(p) e() r(0) e(op) r(op) e r eff(©1) iter
160.643 - 74.310 - 5.237 - 269.247 - 1.040 7
180.583 - 68.476 0.121 3.958 0.415 275.218 1.037

- 6
121.390 0.580 33.893 1.027 3.120 0.347 184.416 0.585  1.020 5
73.642 0.726 12.062 1.500 1.933 0.695 109.150 0.761  1.007 4

Table 5.6: EXAMPLE 3, Py — RTg — Py — P1 — RTy — P scheme with quasi-uniform refinement.

N et) r(t) eo) o) elp) rlp) em) r(w) elp) rp)

8884 2.808 - 202.828 - 3.755 - 2.133 - 13.714 -
16760 2.912 - 195.934 0.163 3.105 0.898 1.136 2.978 10.403 1.306
121932 1.913 0.635 135.452 0.558 1.815 0.812 1.061 0.118 5.117 1.073
782480 1.197 0.757 72.896 1.000 1.078 0.841 0.390 1.598 2.536 1.133
4282528 0.649 1.081 36.213 1.235 0.601 1.031 0.161 1.561 1.246 1.255

e(p) r(p) e() r(0) e(op) r(op) e r eff(©1) iter
160.643  — 74.310 - 5.237 - 269.247 - 1.040 7
163.159  — 32320 3.935 3.794 1.524 257.051 0.219 1.007 6
120.935 0.453 27.820 0.227 2.455 0.658 183.724 0.508  1.009 )
66.899 0.955 9.073 1.808 1.422 0.881 99.370 0.992 1.004 )
33.902 1.200 3.302 1.784 0.741 1.151 49.724 1.222  1.006 4

Table 5.7: EXAMPLE 3, Py — RTy — Py — P; — RT(y — P scheme with adaptive refinement via ©.
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Figure 5.1: Example 2, e vs. N for quasi-uniform/adaptive schemes.
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Figure 5.2: Example 2, approximated spectral norm of the stress tensor component, velocity stream-
lines, and pressure field (top panels), heat flux streamlines, temperature field, and polymeric part of
the extra-stress tensor component (bottom panels).
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Figure 5.3: Example 2, three snapshots of adapted meshes according to the indicators ©; and O (top
and bottom panels, respectively).
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Figure 5.4: Example 3, e vs. N for quasi-uniform/adaptive scheme via ©1.
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Figure 5.5: Example 3, approximated spectral norm of the stress tensor component, velocity stream-
lines, and pressure field (top panels), heat flux streamlines, temperature field, and polymeric part of
the extra-stress tensor component (bottom panels).

Figure 5.6: Example 3, three snapshots of adapted meshes according to the indicators ©;.



Conclusions and future works

Conclusions

In this thesis we develop mixed finite element methods for a set of partial differential equations of
physical interest in fluid mechanics, more precisely, linear and nonlinear coupled problems in porous
media and non-isothermal flows. We have proved solvability of both continuous and discrete problems
as well as their convergence, all illustrated by means of examples and numerical simulations. The main
conclusions of this work are:

1. We introduced a fully-mixed finite element method for the Navier—Stokes/Darcy coupled problem
with nonlinear viscosity. The original problem was reformulated by an augmented variational
approach in the incompressible viscous fluid modelled by the Navier—Stokes equations (with non-
linear viscosity) coupled with a mixed formulation for the flow in a porous medium described
by the linear Darcy equations. Then, through a fixed-point strategy together with sufficiently
small data assumptions, the corresponding solvability analysis was developed. Consequently,
an augmented fully-mixed finite element method was derive for arbitrary spaces, and then we
showed it is well-posed. In particular, for Raviart—Thomas spaces in 2D and 3D convergence of
the method was proved. Finally, several numerical experiments were reported in order to validate
the good performance of the method and confirm the corresponding order of convergence.

2. We established the a posteriori error analysis for the fully-mixed finite element method associated
to the Navier—Stokes/Darcy coupled problem with nonlinear viscosity. We derive a reliable and
efficient residual-based a posteriori error estimator for that scheme. In addition, several numerical
results were provided in order to illustrate the reliability and efficiency of the estimator, together
with the expected behavior of the associated adaptive algorithm.

3. We developed a mixed finite element method for the Navier—Stokes/Darcy—Forchheimer coupled
problem with constant viscosity and density. By means of a fixed-point strategy, classical results
on nonlinear monotone operators, and small data assumptions, we developed the corresponding
solvability analysis of both the continuous and discrete problems. In particular, we considered
the discrete spaces of Bernardi—Raugel for the velocity in the fluid, Raviart—Thomas elements
of lowest order for the filtration velocity in the porous medium, piecewise constants with null
mean value for the pressures, and piecewise constants elements for the Lagrange multiplier on the
interface. Theoretical and numerically we obtained sub-optimal and optimal order of convergence,
respectively.
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4. We introduced a new fully-mixed finite element method for the non-isothermal Oldroyd-Stokes
problem. For convenience of the analysis, we introduced the strain tensor, vorticity, and stress
as additional unknowns (besides the polymeric part of the extra-stress tensor, the velocity, the
pressure, and the temperature of the fluid). Which allow us to join the polymeric and solvent
viscosities in a dimensionless viscosity, and to eliminate the polymeric part of the extra-stress
tensor and the pressure from the system, which, together with the solvent part of the extra-
stress tensor, were recovered through of an appropriate postprocessing formula. In this sense,
a fully-mixed approximation was applied, in which the heat-flux vector was incorporated as an
additional unknown. We prove solvability of both the continuous and discrete problems as well
as its corresponding a priori estimate.

5. We established the a posteriori error analysis for the fully-mixed finite element method associated
to the non-isothermal Oldroyd—Stokes problem. We derived two reliable and efficient residual-
based a posteriori error estimators.

Future works

The methods developed and the results obtained in this thesis have motivated to several ongoing and
future projects. Some of them are described below:

1. A posteriori error analysis for the Navier—Stokes/Darcy—Forchheimer coupled prob-
lem.
As a natural continuation, we are interested in carrying out an a posteriori error analysis for
the coupled problem studied in Chapter 3 to improve its robustness in the context of problems
involving complex geometries or solutions with high gradients.

2. Analysis of an augmented mixed-primal formulation for the non-isothermal Oldroyd—
Stokes problem.
As a complement and alternative to our fully-mixed method presented in Chapter 4, we are
interested in studying a formulation that is mixed in the fluid but without considering the vorticity
as an unknown of the system as in [29] and primal in the heat as in [50]. Consequently, this
approach allows us to eliminate two unknowns from the system (vorticity and heat-flux) and
several redundant Galerkin terms associated with them.

3. Development of new mixed finite element methods for the non-isothermal Stokes—
Darcy coupled problem.
In accordance with the theoretical and numerical techniques applied to coupled problems in
porous media and non-isothermal flows developed in this thesis. We are interested in extend our
study to the non-isothermal Stokes—Darcy coupled problem proposed in [55], in order to model
the movement of a non-isothermal quasi-Newtonian viscous fluid that occupies the region (g
(modelled by the Stokes equation with temperature-dependent viscosity) which flows towards
and from a porous medium Qp through ¥, where Qp is saturated with the same fluid (modelled
by the Darcy equation with temperature-dependent viscosity and permeability).
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4. Development of new mixed finite element methods for the double-diffusive non-linear
convection problem through a porous medium.
Finally, another future goal is to analyse the problem of double-diffusive non-linear convection
through a porous medium based upon the Brinkman—Forchheimer model proposed in [119]:

—poDgAu+Mu+ oD Rplujlu+Vp=1£(0,5) in Q, divu=0 in £,
—div (NV0) + Rgu-V6 =0 in , —div(QVS)+7TRsu-VS=0 in £,
u=up on 092, O6=60p on 02, S=5p on 99,

where u is the filtration velocity, p is the pressure, # is the temperature, and S is the concentration
of a fluid occuping the region 2. In addition, M, N, and Q are the permeability, thermal
diffusion and concentration diffusion tensors, respectively, meanwhile Ry, Rg, D4, 0,7, and g
are physical constants. According to the mathematical structure of this model, the study carried
out in Chapter 3 for porous media modelled by the Darcy—Forchheimer equation and the theory
for non-isothermal fluids developed in Chapters 4 and 5, we plan to extend our technical and
numerical techniques to this model, considering an approach based on mixed-primal and fully-
mixed finite element methods, as well as their corresponding adaptive algorithms. We advance
that by introducing the tensor T := pugD,Vu — pl, the first two equations of the system can be
rewritten as:

1
—T4=vVu in Q —div(T)+Mu+oD,Rsluju=1f(,S) in Q,
,UODa
1
where the pressure p = ——tr (T) in €2, it has been removed from the system and can be recovered
n

by post-processing. This approach motivates the study of a mixed formulation for the Brinkman—
Forchheimer equations.



Conclusiones y trabajos futuros

Conclusiones

En esta tesis desarrollamos métodos de elementos finitos mixtos para un conjunto de ecuaciones dife-
renciales parciales de interés fisico en mecanica de fluidos, més precisamente, problemas lineales y no
lineales acoplados en medios porosos y flujos no isotérmicos. Hemos demostrado solubilidad de los prob-
lemas continuo y discreto, asi como su convergencia, todo ilustrado mediante ejemplos y simulaciones
numéricas. Las principales conclusiones de este trabajo son:

1. Introdujimos un método de elementos finitos completamente mixto para el problema acoplado de
Navier—Stokes/Darcy con viscosidad no lineal. El problema original fue reformulado mediante un
enfoque variacional aumentado para el fluido viscoso incompresible modelado por las ecuaciones
de Navier-Stokes (con viscosidad no lineal) acoplado con una formulacién mixta para el flujo
en el medio poroso descrito por las ecuaciones de Darcy lineal. Seguidamente, a través de una
estrategia de punto fijo junto con supuestos de datos suficientemente pequenos, fue desarrollado
el analisis de solubilidad correspondiente. Consecuentemente, se derivdé un método de elementos
completamente mixto aumentado para espacios genéricos, y luego se probd que el mismo estaba
bien puesto. En particular, para espacios de Raviart—-Thomas en 2D y 3D se demostr6 conver-
gencia del método. Finalmente, se reportaron varios experimentos numéricos que validaron el
buen desempeno del método y que confirmaron los 6rdenes de convergencia correspondientes.

2. Establecimos el anéalisis de error a posteriori para el método de elementos finitos completamente
mixto aumentado asociado al problema acoplado de Navier—Stokes/Darcy con viscosidad no li-
neal. Derivamos un estimador de error a posteriori confiable y eficiente de tipo residual para dicho
esquema. Ademas, se proporcionaron varios resultados numéricos que ilustraron la confiabilidad
v la eficiencia del estimador, junto con el comportamiento esperado del algoritmo adaptativo
asociado.

3. Desarrollamos un método de elementos finitos mixto para el problema acoplado de Navier—
Stokes/Darcy—Forchheimer con viscosidad y densidad constantes. Por medio de una estrategia de
punto fijo, resultados clasicos de operadores monotonos no lineales, y supuestos de dato pequeno,
desarrollamos el analisis de solubilidad para los problemas continuo y discreto. En particular,
consideramos espacios de Bernardi-Raugel para la velocidad en el fluido, elementos de Raviart—
Thomas de bajo orden para la velocidad de filtracién en el medio poroso, constantes a trozos
con medida nula para la presiones, y constantes a trozos para el multiplicador de Lagrange sobre
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la interfaz. Teoéricamente y numéricamente obtuvimos 6rdenes de convergencia sub-6ptimos y

Optimos, respectivamente.

4. Introdujimos un nuevo método de elementos finitos completamente mixto para el problema de
Oldroyd—Stokes no isotérmico. Por conveniencia del anélisis, introdujimos el tensor de pequenas
deformaciones, la vorticidad, y el esfuerzo como incoégnitas adicionales (ademés de la parte
polimérica del tensor de extra-esfuerzo, la velocidad, la presion, y la temperatura del fluido).
Lo que nos permitié unir las viscosidades polimérica y solvente en una viscosidad adimensional,
y eliminar del sistema la parte polimérica del tensor de extra-esfuerzo y la presion, las que, junto
con la parte solvente del tensor de extra-esfuerzo, fueron recuperadas a través de una férmula
de postproceso adecuada. En este sentido, una aproximacién completamente mixta fué aplicada,
en la que el vector de flujo de calor se incorpor6é como una incognita adicional. Demostramos
solubilidad de los problemas continuo y discreto, con su estimacién a priori correspondiente.

5. Establecimos el anéalisis de error a posteriori para el método de elementos finitos completamente
mixto aumentado asociado al problema de Oldroyd—Stokes no isotérmico. Derivamos dos esti-
madores de error a posteriori confiables y eficientes de tipo residual para dicho esquema.

Trabajos futuros

Los métodos desarrollados y los resultados obtenidos en esta tesis han motivado varios proyectos en
proceso y a futuro. Algunos de ellos son descritos a continuacion:

1. Analisis de error a posteriori para el problema acoplado de Navier—Stokes/Darcy—
Forchheimer.
Como una continuaciéon natural, estamos interesados en llevar a cabo un analisis de error a
posteriori para el problema acoplado estudiado en el Capitulo 3 para mejorar su robustez ante
problemas en los cuales se involucran geometrias complejas o soluciones con altos gradientes.

2. Analisis de una nueva formulacién mixta-primal aumentada para el problema de
Oldroyd—Stokes no isotérmico.
Como complemento y alternativa a nuestro método completamente mixto presentado en el Capi-
tulo 4, nos interesa estudiar una formulacién que sea mixta en el fluido pero sin considerar la
vorticidad como incognita del sistema al igual que en [29] y primal en el calor como en [50]. En
consecuencia, este enfoque nos permite eliminar dos incognitas de sistema (la vorticidad y el flujo
de calor) y varios términos de Galerkin asociados a ellos.

3. Desarrollo de nuevos métodos de elementos finitos mixtos para el problema acoplado
de Stokes—Darcy no isotérmico.
Acorde a las técnicas tedricas y numéricas aplicadas a problemas acoplados en medios porosos
y flujos no isotérmicos desarrolladas en esta tesis. Estamos interesados en extender nuestro
estudio al problema acoplado de Stokes—Darcy no isotérmico propuesto en [55], el cual modela
el movimiento de un fluido viscoso cuasi-Newtoniano no isotérmico que ocupa el dominio (g
(modelado por la ecuaciéon de Stokes con viscosidad dependiente de la temperatura) y que fluye
hacia y desde el dominio {)p a través de la interfaz 3, donde dp esté saturado con el mismo
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fluido (modelado por la ecuacion de Darcy con viscosidad y permeabilidad dependiente de la
temperatura).

. Desarrollo de nuevos métodos de elementos finitos mixtos para el problema de con-
veccion no lineal doble-difusivo a través de un medio poroso.

Finalmente, otro objetivo a futuro es analizar el problema de convecciéon no lineal doble-difusivo
a través de un medio poroso modelado por las ecuaciones de Brinkman—Forchheimer propuesto
en [119]:

—ppDgAu+ Mu+ oD Rplulu+Vp =£(0,5) en , divu=0 en €,
—div(NVO)+ Rpu-V8 =0 en €, —div(QVS)+7TRsu-VS=0 en Q,
u=up sobre 0, 6=0p sobre 02, S=5p sobre 01,

donde u es la velocidad de filtracion, p es la presion, 6 es la temperatura, y S es la concentracion
del fluido que ocupa la region Q. Ademéas, M, N, y Q son los tensores de permeabilidad, de
difusion térmica, y de difusion de la concentraciéon, respectivamente, mientras que Ry, Rg, D,
0, T,y Mo son constantes fisicas. Acorde a la estructura matematica de este modelo, el estudio
realizado en el Capitulo 3 para medios porosos modelados por la ecuaciéon de Darcy—Forchheimer
y la teoria para fluidos no isotérmicos desarrollada en los Capitulos 4 y 5, pretendemos extender
nuestras técnicas tedricas y numéricas a dicho modelo, considerando un enfoque basado en méto-
dos de elementos finitos mixto-primal y completamente mixto, asi como sus correspondientes
algoritmos adaptativos. Adelantamos que al introducir el tensor T := poD,Vu — pl, las dos
primeras ecuaciones del sistema pueden ser reescritas como:

1
T{=Vu en Q, —div(T)+Mu+oD,Rglulu=Ff(65) en Q
NODa
1
donde la presion p = ——tr (T) en 2, ha sido eliminada del sistema y puede ser recuperada por

postproceso. Este enfoque, motiva el estudio de una formulacién mixta para las ecuaciones de
Brinkman—Forchheimer.
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