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Resumen

En esta tesis se analizan algunos problemas de corrientes inducidas y la aproximacién
de sus soluciones a través del método de los elementos finitos. Inicialmente se estudia una
formulacién en términos de ciertos potenciales de un problema de corrientes inducidas en
régimen armonico en un dominio acotado. Se realiza un andlisis matematico riguroso de
dicha formulacién en el que se demuestra que la formulacién variacional correspondiente
es un problema bien planteado. Ademds, se demuestra que el esquema discreto que se

obtiene con subespacios usuales de elementos finitos, converge de forma 6ptima.

Posteriormente se aborda un problema evolutivo de corrientes inducidas, por medio de
una formulacion que se obtiene a partir de la introduccion de una primitiva temporal del
campo eléctrico. Esta formulacién permite tratar el caso de materiales ferromagnéticos,
cuya relacion entre la intensidad y la induccién magnética es tipicamente no lineal. El
problema se abarca en tres instancias progresivas: problema lineal en un dominio acotado,

problema no lineal en un dominio acotado y problema lineal en todo el espacio.

Las formulaciones obtenidas en los casos correspondientes a un dominio acotado tienen
estructura mixta, donde se usa un multiplicador de Lagrange para imponer las restric-
ciones del campo eléctrico en el material no conductor. Se demuestra que dichas formula-
ciones estan bien planteadas y se proponen esquemas semidiscretos (en espacio) basados
en elementos finitos de Nédélec para la variable principal y elementos finitos usuales
para el multiplicador, y esquemas completamente discretos a través del método de Euler
implicito. Ademas, se demuestran estimaciones optimas del error de ambos esquemas.

La formulacion correspondiente al problema en todo el espacio permite combinar un
método de elementos finitos mixto (como el del caso acotado) con un método de elementos
de frontera. Este acoplamiento se hace introduciendo una variable en la frontera de un

cierto dominio acotado que contiene a las regiones de interés, lo que permite aproximar

X



dicha variable con un subspacio de elementos finitos usuales sobre la frontera. En este

caso también se deducen resultados similares a los obtenidos en el caso acotado.
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Chapter 1

Introduccion

1.1 Motivacion

En 1873 Maxwell fundé la teoria moderna del electromagnetismo con la publicacién
de su obra Treatise on FElectricity and Magnetism, en la cual se formularon las ecuaciones
que hoy en dia llevan su nombre. El comportamiento de un campo electromagnético esta
gobernado por la Ecuaciones de Maxwell, las cuales sintetizan largos anos de resultados ex-
perimentales en los campos de Electricidad y Magnetismo, en los que resaltan los trabajos
de Coulomb, Gauss, Ampere y Faraday. En particular, predicen que los campos eléctricos
variables generan campos magnéticos y que, reciprocamente los campos magnéticos varia-
bles inducen corrientes eléctricas. Este fenomeno de induccién electromagnética juega un
papel fundamental en el diseno adecuado de los dispositivos electrénicos tales como radios,
televisores, computadores y hornos de microondas

Debido a lo anterior, desde la formulacién de la teoria electromagnética, cientificos
e ingenieros han buscado la soluciéon exacta de los problemas de contorno que resultan
a partir de las ecuaciones de Maxwell. Inicialmente todos los esfuerzos se centraron en
determinar estas soluciones a través de métodos analiticos, con los cuales en muchos casos
no se obtuvieron resultados satisfactorios. En consecuencia, con el auge de los métodos
computacionales, los métodos numéricos resultaron ser una excelente alternativa, lo que
ha llevado a que en la actualidad exista un enorme interés por parte de la comunidad
de ingenieria y de matemaética aplicada en realizar simulaciones del fenémeno electro-
magnético. Ademds, por parte de la matematica, recientemente ha crecido el interés en

entender las propiedades matematicas de las ecuaciones de Maxwell que resulten relevantes



para su analisis numérico. Evidencia de este interés es el creciente ntimero de articulos
y libros dedicados al tema que se encuentran en la literatura actual especializada. Como
una pequena muestra de estos textos podemos citar los libros de Bossavit [27], Monk [57]

y Silvester & Ferrari [67], los cuales contienen una larga lista de referencias.

En algunos casos es posible usar un modelo simplificado que aproxime en algiin sen-
tido las ecuaciones de Maxwell y que pueda resolverse de una forma maés eficiente. Esta
situacion ocurre por ejemplo en problemas relacionados con maquinas que trabajan en
bajas frecuencias, donde puede ser usado el llamado modelo de corrientes inducidas (eddy
current model en la literatura inglesa) que se obtiene a partir de las ecuaciones de Maxwell
despreciando las corrientes de desplazamiento de la Ley de Ampere (ver, por ejemplo, [27,
Capitulo 8]). Desde un punto de vista matemadtico, este submodelo genera una aproxima-
cion razonable de la solucion del sistema completo de ecuaciones de Maxwell en el rango

de baja frecuencia [13].

Generalmente el problema de corrientes inducidas esta definido en todo el espacio con
condiciones de decaimiento en el infinito, por lo cual la técnica mas usada para resolver
numéricamente dichas ecuaciones consiste en restringir las ecuaciones a un dominio aco-
tado suficientemente grande que contenga la region de interés e imponiendo condiciones
de contorno adecuadas sobre su frontera. Entre los distintos métodos numéricos encon-
trados en la literatura que usan esta técnica, el método de elementos finitos es el mas
estudiado. Sus principales ventajas son su flexibilidad respecto a la geometria del pro-
blema y las abundantes herramientas tedricas con las que se cuenta para el analisis de
convergencia. Sin embargo, en la literatura se halla un nimero importante de articulos
que evitan restringir el problema a un dominio acotado, principalmente combinando el
método de los elementos finitos con el de elementos de frontera (Métodos BEM-FEM)
26, 28, 29, 30, 46, 55, 56] .

El método de elementos finitos fue introducido en los calculos de ingenieria eléctrica en
1970 y desde entonces ha sido aplicado a una gran variedad de problemas de electromag-
netismo (ver, por ejemplo los libros de Reece & Preston [63] y Silvester & Ferrari [67]),
incluyendo entre estos problemas de corrientes inducidas ([4, 5, 22, 23, 52, 58, 59, 69]). De
hecho, actualmente el método de elementos finitos es la base de varios cédigos comerciales
tales como Ansys, Femlab, Flux, Magnet, MSC/Emas, Opera, etc. Una descripcién de

estos c6digos y otras referencias puede estudiarse en [68].

Cuando se trabaja con corriente alterna, la densidad de corriente impuesta presenta
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una dependencia armonica respecto al tiempo. En este caso los campos eléctrico y magné-
tico también manifiestan este comportamiento, originando el modelo de corrientes induci-
das en régimen armdnico (time-harmonic eddy current model en la literatura inglesa).
El régimen armonico tiene la ventaja de manifestar un comportamiento eliptico, en con-
traste con el problema evolutivo original, que en general implica un problema parabdlico
acoplado con un problema eliptico. Esta ventaja ha llevado a que el problema armonico
haya sido ampliamente estudiado (en [20] se presenta una exposicién detallada del tema,
incluyendo una completa revisién bibliografica).

En la siguiente seccion, presentamos una breve introduccién al modelo de corrientes
inducidas (incluyendo el caso del regimén arménico), deduciéndolo a partir de las ecua-
ciones de Maxwell. Asi mismo, realizamos una pequena discusion bibliografica mostrando
las diversas formulaciones que usan el método de elementos finitos para resolver numeri-
camente el problema de corrientes inducidas.

Acerca de la notacion usada. En lo que sigue del capitulo y en el resto de la tesis
emplearemos letras negritas para denotar vectores y funciones a valores vectoriales de

variable escalar o vectorial. En general, dado un campo vectorial
.’F(a:,t) = (f1($,t),fg(w,t),fg(m,t)) , = (ZL’l, ZL’Q,QT;J,) € RS, t € R,

div y curl representan los operadores divergencia y rotacional respectivamente, que en

coordenadas cartesianas estan definidos por

0F, 0F, OF
1, 972 OF

di =
vF 8%1 8%2 8%2
y
el (OFs _OF: OF, OF, 0Fy O,
o 8.772 81'37 8.1'3 al’l ’ 8951 8952 ’

Ademas de estos dos operadores, también usaremos el operador gradiente de funciones
escalares f(x,t), que denotaremos por grad y que se define por

gradf::(af o/ af).

Oxy1,” Oxy’ Ox3

1.2 Preliminares y discusion bibliografica

1.2.1 Ecuaciones de Maxwell

Los fenémenos electromagnéticos se describen a través de cuatro campos vectoriales

que dependen de la posicién espacial & = (21,72, 23) € R? y del tiempo ¢ > 0:



la intensidad de campo eléctrico &,

el desplazamiento eléctrico D,

la intensidad de campo magnético H y

la induccién magnética B.

Los campos anteriores son generados por dos tipos de fuentes: cargas eléctricas y flujos
de carga eléctrica variable llamados corrientes. La distribucion de cargas es dada por una
funcién escalar p que representa la densidad de carga eléctrica, mientras que las corrientes
son descritas por una funcion vectorial de densidad de corriente J .

La relacion que existe entre los campos €, D, H vy B, y las fuentes p y J, estd dada
por un conjunto de ecuaciones llamadas ecuaciones de Maxwell, que son validas en todo
punto & € R? y en todo tiempo t > 0. Las ecuaciones de Maxwell en su forma diferencial

son las siguientes ([48]):

%—’1; —curlH = -7, (1.1)
%—?—i—curlé’ = 0, (1.2)
divD = p. (1.3)
divB = 0. (1.4)

La ecuacion (1.1) es llamada la ley de Ampére-Mazwell, que relaciona el desplazamiento
eléctrico con la variacion en el tiempo del campo magnético. La ley de Ampere-Maxwell
coincide con la ley de Ampére salvo por el término adicional a0 introducido por Maxwell.
Este término adicional se conoce en la literatura como corrientes de desplazamiento.

La ecuacién (1.2) es la ley de Faraday y relaciona el campo eléctrico con la variacién
respecto al tiempo de la inducciéon magnética.

La tercera ecuacion (1.3) es la ley de Gauss y fisicamente significa que el flujo de la
induccion eléctrica a través de una superficie cerrada es igual a la carga neta encerrada
dentro de dicha superficie, lo cual implica que las lineas de carga eléctrica empiezan y
terminan con cargas eléctricas.

Por 1ltimo, la ecuacion (1.4) es conocida como ley de Gauss del magnetismo y afirma
que el flujo de la induccién magnética a través de cualquier superficie cerrada es nulo.

Una consecuencia natural de esta ley es la inexistencia de polos magnéticos aislados.
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Podemos notar que si (1.4) se cumple para t = 0, entonces a partir de (1.2), se puede
deducir (1.4) para todo t > 0. Ademés, si (1.3) se verifica para t = 0 y se asume que la

carga se conserva, es decir que J y p estan relacionadas a través de la igualdad

ap
di +—=—=0
T 5 ,

entonces la ley de Ampere implica (1.3) para todo ¢t > 0 (ver [57, Capitulo 1]). Debido a
esto, a partir de ahora consideraremos como ecuaciones (fundamentales) del sistema de
Maxwell, las leyes (1.1) y (1.2).

Para obtener un sistema cerrado a partir de las ecuaciones de Maxwell (1.1) y (1.2),
requerimos de informacién adicional que vincule los distintos campos entre si. Esta infor-

macién es dada a través de las leyes constitutivas:

B = uH,
D = &€,
y por la ley de Ohm
J = Ja+0o€,

donde
e J, es la densidad de la fuente de corriente aplicada,
e ¢ es la permitividad eléctrica,
e 1 es la permeabilidad magnética y
e 0 es la conductividad eléctrica.

Los parametros ¢, i y o dependen del material ocupado por el dominio del campo
electromagnético. El caso que mas se presenta en las aplicaciones practicas es en el que
dicho dominio estd compuesto por diversos materiales (por ejemplo cobre, hierro, aire,
etc). En este caso el medio es llamado no homogéneo. Los materiales que estudiaremos en
esta tesis son no homogéneos isotropicos, es decir aquellos en los que las propiedades del
material no dependen de la direccién del campo. En este caso, los parametros en cuestion
son funciones escalares, no negativas y acotadas.

Los parametros € y o dependen de las caractéristicas eléctricas del material, por ejem-

plo en el caso de materiales conductores o y € son son funciones positivas que dependen



de la posicién. Mientras que en materiales no conductores (dieléctricos) o = 0y € es una
constante positiva.

Por otra parte, p depende de las propiedades magnéticas del medio. La dependencia
o no del parametro p de la intensidad del campo magnético, clasifica los materiales no
homogéneos isotropicos en lineales y no lineales. Los materiales lineales son aquellos en
los que p solo depende de la posicién & € R?, mientras que en los materiales no lineales
(por ejemplo los materiales ferromagnéticos como el hierro, cobre, etc), u depende del

modulo del campo magnético H, es decir

1= pu(|H]).

Usando las anteriores leyes constitutivas y la ley de Ohm, podemos expresar las ecua-
ciones de Maxwell solo en términos de los campos de principal interés fisico (€ y H),

obteniendo el siguiente sistema de ecuaciones:

9(c€) <;8> +0€ —curlH = —J4, (1.5)
8(;;:—() +curl€ = 0. (1.6)

Las ecuaciones (1.5)-(1.6) deben ser complementadas con condiciones iniciales y con
una condicion de disipacion en el infinito, llamada condicion de radiacion de Silver-Miiller
[60]:

lim (H SR e> - 0. (1.7)

|| —+o0 |:13]

Ecuaciones de Maxwell en régimen armonico

Si se desea estudiar la propagaciéon electromagnética en el caso en que las fuentes
de corriente y cargas varian sinusoidalmente respecto al tiempo, entonces el problema
evolutivo (1.5)-(1.7) se reduce al conocido como sistema de Maxwell en régimen armdnico.

En este caso, las fuentes Jy y p, v los campos € y H tienen la forma

)

p(x,t) = Re[e“q(z)],
Ja(x,t) = Re [ede(a:)} , (1.8)
E(x,t) = Re[¢“" E(x)],
(1) [

H

x,t
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donde ¢ 1R3> - C,J:R* - C3 E:R>— C*y H : R* - C? son llamados amplitudes
complejas de p, J, € y H respectivamente. El parametro real w # 0 es llamado frecuencia
de corriente. Sustituyendo las expresiones anteriores en el sistema (1.5)-(1.7), obtenemos

las ecuaciones de Maxwell en régimen arménico:

iweE +0cFE —curl H = —J, (1.9)

iwnH +curl E = 0, (1.10)

lim (H X o E) = 0. (1.11)
|| ——+o0 \a:]

1.2.2 Modelo de corrientes inducidas

En diversas situaciones fisicas es posible omitir el término que envuelve el desplaza-

miento eléctrico e€ de la ley de Ampere-Maxwell (1.5). La supresién de este término es

d(e€)
ot

ble respecto al resto de términos de (1.5) (hipdtesis cuasiestdtica). En particular, en el

es desprecia-

razonable cuando la magnitud de las corrientes de desplazamiento

régimen armonico, esto es valido si la frecuencia de corriente w es suficientemente pequena
(ver [27, Capitulo 8]).

El modelo que se obtiene al asumir la hipétesis cuasiestatica es llamado modelo de
corrientes inducidas. En este modelo, ademas de asumirse la variacién de la ley de Ampere-
Maxwell antes mencionada, también se sustituye la condicion de radiacion de Silver-
Miiller, por ciertas condiciones de decaimiento en el infinito que cumplen los campos €
y ‘H independientemente. Mas precisamente, el problema de corrientes inducidas consite

en determinar los campos £ y H que satisfacen:

curl H — o€ = Ja, (1.12)
OUM) | curlg = o, (1.13)

ot

H(x,t) = O <|?1|> si |x| — oo, (1.14)

E(x,t) = O (%) si x| — oo. (1.15)

El modelo de corrientes inducidas en régimen armonico se obtiene a partir del sis-

tema anterior, asumiendo que los campos y fuentes tienen la forma (1.8). En este caso el



problema consiste en determinar las amplitudes E y H que verifican:

curl H —oFE = Jj, (1.16)

iwuH 4+ curl E = 0, (1.17)
1

H(xz) = O (—) si x| — oo, (1.18)
||
1

Ex) = O (E) si || — 0. (1.19)

No es razonable esperar que los sistemas (1.12)-(1.15) y (1.16)-(1.19) tengan solucién
unica. Por ejemplo, siendo 0 = 0 en el material dieléctrico, una solucién € de (1.12)-(1.15)
puede ser perturbada mediante adicion de cualquier gradiente soportado en dicho material
que cumpla la condicién (1.15) y se obtiene una nueva solucién del sistema. Un anédlisis
similar se puede realizar para el problema armonico.

Debido a lo anterior, es necesario imponer condiciones adicionales a los campos, que
garanticen existencia y unicidad de solucién. Para imponer tales condiciones, es natural
que se recurra a propiedades de las soluciones originales del sistema de Maxwell, que no
puedan deducirse de (1.12)-(1.15).

A partir de la Ley de Gauss (1.3) en ausencia de carga eléctrica (p = 0), se obtiene

que £ debe verificar

div(e€) = 0 en (R*\ ), (1.20)
/58-n:0 i=1,-- .1, (1.21)
X
donde €. es el dominio (acotado) que ocupa el material conductor, ¥; (i =1,---,I) son

las componentes conexas de su frontera Y := 0€). y n es el vector unitario normal exterior
a 2. Agregando estas dos restricciones al problema (1.12)-(1.15), obtenemos el modelo de
corrientes inducidas, que es precisamente el tema de estudio de esta tesis.

Si expresamos las restricciones (1.20) y (1.21) en términos de la amplitud E de &, se

tiene:
div(eE) = 0 en (R*\ ), (1.22)

/5E-n=0 i=1,---,1. (1.23)
3

Asi, el modelo de corrientes inducidas en régimen armonico se obtiene agregando estas

restricciones al sistema (1.16)-(1.19).
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Es bien conocido que el sistema completo (1.16)-(1.19), (1.22)-(1.23) posee una tnica
solucién [13, Teorema 3.2]. En esta misma referencia se demuestra que bajo ciertas
hipétesis sobre la fuente de corriente, la solucién de este sistema genera una aproximacion
(de segundo orden respecto a la frecuencia) de la solucién del sistema de Maxwell com-
pleto (1.9)-(1.11) [13, Seccién 7]. Un resultado de aproximacién similar se tiene para las

soluciones de los problemas evolutivos respectivos [13, Seccién 8§].

Aunque el procedimiento usual para resolver el problema de corrientes inducidas es
restringirlo a un dominio acotado que contenga las regiones de interés (dominio conductor
y soportes de las fuentes), existen trabajos dedicados a resolverlo en todo el espacio com-
pleto, entre los que sobresalen los basados en técnicas BEM-FEM. Por ejemplo, Hiptmair
[46] estudia una acoplamiento BEM-FEM para una formulacién del problema armdnico
tomando como variable principal el campo eléctrico E, en contraste con la formulacién
en términos del campo magnético H propuesta por Bossavit [27] para el mismo proble-
ma, que posteriormente fue extendida por Meddahi and Selgas, tanto para el régimen

armoénico [55], como para el problema evolutivo [56].

El uso del método de elementos finitos para resolver el problema de corrientes inducidas
implica restringir dicho problema a un dominio acotado {2, con lo cual deben imponerse
condiciones de contorno adecuadas (desde el punto de vista de las aplicaciones) sobre la
frontera 0€2. Alonso & Valli [10] estudiaron el problema arménico acotado formuldandolo en
términos del campo eléctrico y demostraron que el problema continuo con condiciones de
Dirichlet no homogéneas tiene solucion unica. Otra formulacién para el problema acotado
en régimen armoénico, basada en el campo magnético fue estudiada por Alonso, Hiptmair
& Valli [8].

Como se mencioné antes, el modelo (1.16)-(1.19), (1.22)-(1.23) restringido a un do-
minio acotado 2 (con condiciones de contorno adecuadas), permite determinar los campos
eléctrico y magnético en dicho dominio. Sin embargo, en diversas situaciones solo interesa
calcular el campo eléctrico en el material conductor. En este caso, las ecuaciones (1.22)-
(1.23) no pueden ser consideradas, ya que solo tienen sentido si se considera E en el
material dieléctrico. Ademads, la ecuacién (1.17) es valida solamente en el conductor y por
lo tanto la condicién de divergencia nula de pH (que se obtiene de (1.17)) se verificara
solamente en €).. En consecuencia, la restriccién de divergencia nula de pH en todo €2
deberd ser una ecuacién adicional al sistema (1.16)-(1.19), en cuyo caso obtenemos el

siguiente problema (asumiendo que supp Jy U Q. C Q and supp J3 N Qe = ¢):
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Hallar H : Q2 — C and FE : Q. — C tales que

curlH = oF en ), (1.24)

curl H = Jy en 0\ Q, (1.25)

iwpH +curl E = 0 en e, (1.26)

div(uH) = 0 en Q\ Q,, (1.27)

Hlo, xn—H|gg Xxn=0 en X, (1.28)
(WH) o, n — (uH) g -n =0 en 'S (1.20)

Diversas formulaciones de elementos finitos para resolver el problema (1.24)-(1.29) res-
tringido a un conjunto acotado han sido propuestas inicialmente por ingenieros. Algunas
de éstas se basan en uno de los dos campos principales (E,H): Albanese & Rubinacci [3],
Golias et al [51], Rodger & Eastham [66], Tu et al [69], Webb et al [70, 71, 72]. Algunas
formulaciones basadas en E o en H han sido estudiadas en la ultima decada eesde el
punto de vista matemadtico, donde resaltan los trabajos de Alonso et al [7, 8, 9, 10, 11] y
Bermudez et al [16, 18, 17, 19].

Otras formulaciones basadas en potenciales escalares y vectoriales, también han sido
propuestas por ingenieros: Albertz & Henneberger [4, 5], Bir6 [22], Biré & Preis [23],
Golias et al [51], Leonard & Rodger [52]. En lo que respecta al anélisis matemadtico de
estas formulaciones, el nimero de trabajos en la literatura es menor comparado con los
del primer grupo, podemos citar por ejemplo Alonso et al [7], Biré & Valli [24], Fernandez
& Valli [42].

1.3 Resultados obtenidos y organizacién de la tesis

El objetivo de esta tesis es estudiar algunas formulaciones del problema de corrientes
inducidas, que permiten aproximar la solucién de dicho problema a través del método de
elementos finitos. El estudio abarca tanto el problema evolutivo de corrientes inducidas
(Problema (1.12)-(1.15), (1.20)-(1.21)), como el problema en régimen armonico (Problema
(1.24)-(1.29)). El problema evolutivo es estudiado inicialmente reducido a un dominio
acotado (Capitulos 3 y 4) y finalmente es analizado en todo el espacio (capitulo 5).

En el segundo capitulo se analiza una formulacién del problema (1.24)-(1.29) en

términos de ciertos potenciales de los campos eléctrico y magnético, introducida por



1.3 Resultados obtenidos y organizacion de la tesis 11

Leonard & Rodger [52]. Esta formulacién plantea calcular un potencial escalar eléctrico en
el conductor, un potencial vectorial magnetico en un conjunto que contiene al conductor
y al soporte de la fuente de corriente, y un potencial escalar magnético en el complemento
de este ultimo conjunto con respecto al conjunto acotado al que fue reducido el problema.
A pesar de que hay experimentos numéricos que comparan esta formulacién con otras
en términos de potenciales y que muestran la eficiencia del método (ver [23]), no hay un
analisis matematico en el que se demuestre existencia y unicidad de solucién, y conver-
gencia del método de elementos finitos. En el segundo capitulo de esta tesis, se presenta
el analisis matematico de este método.

Despues de realizar una deduccion formal de la formulacion variacional del problema,
se procede a demostrar la elipticidad de la forma bilineal asociada a dicha formulacién, con
lo cual la existencia y unicidad de solucién es una consecuencia del Lema de Lax-Milgram.
Posteriormente, se deduce el esquema de Galerkin respectivo, que también resulta estar
bien planteado y se demuestra que bajo la regularidad necesaria de los potenciales, el
método de elementos finitos converge a la solucién en una forma optima.

Una caracteristica de esta formulacién es que usa elementos finitos usuales (funciones
polinomiales a trozos y continuas), lo que se traduce en facilidad para adaptar cédigos ya
elaborados para otro tipo de problemas y en una evidente reduccion del nimero de grados
de libertad, en relacién con el uso de otros tipos de elementos finitos. Para que el potencial
vectorial magnético posea la regularidad que hace viable la aproximacion por elementos
finitos usuales y a su vez esta converja (tedricamente) a la solucién del problema, se
concluye que el dominio de definiciéon de dicho potencial debe tener la propiedad de que
cada una de sus componentes conexas debe ser convexa (ver Seccién 2.5). Los resultados

de este capitulo dieron origen a la publicacién [2]:

e R. ACEVEDO AND R. RODRIGUEZ, Analysis of the A, V — A — 1) potential formu-

lation for the eddy current problem in a bounded domain, Electron. Trans. Numer.
Anal., 26 (2007), pp. 270-284.

En el capitulo 3 se estudia una nueva formulacién para el problema evolutivo (1.12)-
(1.15),(1.20)-(1.21) restringido a un dominio acotado, que usa como variable principal
una primitiva temporal del campo eléctrico. Las restricciones (1.20)-(1.21) se imponen a
través de un multiplicador de Lagrange. La formulacién variacional que se obtiene es la

de una ecuacién parabdlica degenerada en forma mixta. La estrategia que se sigue para
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demostrar que el problema tiene una unica solucién consiste en obtener una adecuada
descomposicion del nicleo de la forma bilineal que impone débilmente las restricciones
(1.20)-(1.21), lo cual permite descomponer el problema (reducido a dicho nticleo) en dos
problemas: uno parabdlico clasico y otro eliptico. Posteriormente, la existencia y unicidad
del multiplicador se deduce a través de técnicas propias de problemas parabdlicos en forma
mixta (ver, por ejemplo, [21]).

La semidiscretizaciéon espacial del problema, se lleva a cabo usando elementos de
Nédélec para la variable principal y elementos finitos usuales para el multiplicador. Se
demuestra que el esquema de Galerkin estda bien planteado, siguiendo ideas similares
a las usadas para demostrar que el problema continuo tiene solucién tnica. Posterior-
mente, la discretizacion completa en espacio y tiempo, se realiza manteniendo la misma
discretizacion espacial que en el esquema semidiscreto y un esquema de Euler implicito
para la discretizacion temporal. En este caso, en cada paso de tiempo debe resolverse
un problema mixto clésico, cuya existencia y unicidad de solucién se demuestra a través
de la teoria de Babuska-Brezzi. Finalmente, para ambos esquemas (semidiscreto y com-
pletamente discreto) se demuestra convergencia éptima de la aproximacién por elementos
finitos. El andlisis ademas nos permite deducir estimaciones del error para la aproximacion
de las variables fisicas mas relevantes: las corrientes inducidas en el material conductor y
la induccién magnética en todo el dominio acotado.

Los resultados obtenidos en este capitulo produjeron el siguiente articulo [1]:

e R. ACeEVEDO, S. MEDDAHI, AND R. RODRIGUEZ, An E-based mized formula-
tion for a time-dependent eddy current problem, Preprint 2008-03, Departamento de

Ingenieria Matematica, Universidad de Concepcion.

Este articulo fue sometido para publicacion a la revista Mathematics of Computation
y se encuentra en proceso de referato.

La formulacion estudiada en este capitulo, encaja bien dentro de la teoria de opera-
dores monétonos, debido a que la reluctividad (la inversa de la permeabilidad magnética)
aparece como un coeficiente de difusién del problema parabdlico correspondiente. En
consecuencia, el modelo permite analizar el caso no lineal mas tipico, que aparece cuando
se consideran materiales conductores ferromagnéticos. En el Céapitulo 4, analizamos la
formulacién mencionada en este tipo de materiales.

La existencia y unicidad de solucién del problema (mixto, parabdlico y no lineal)
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resultante, se estudia adaptando las técnicas del Capitulo 3 y usando la teoria de opera-
dores mondtonos. Las hipotesis impuestas sobre los pardmetros fisicos necesarias para el
analisis, son perfectamente admisibles desde el punto de vista fisico. Ademas, se consiguen
estimaciones del error semejantes a las obtenidas en el capitulo 3. Sin embargo, si bien
se obtienen estimaciones del error para la induccion magnética, la no linealidad impide
extender la técnica usada en el Capitulo 3 para estimar el error correspondiente a las

corrientes inducidas en el conductor.

En el Capitulo 5, se extiende la formulacién analizada en el Capitulo 3 en un dominio
acotado al problema considerado en todo el espacio. En contraste, con las condiciones
homogéneas sobre la frontera (del dominio acotado) supuestas en el problema modelo
estudiado en el Capitulo 3, en el Capitulo 5 se reducen las ecuaciones que satisfacen los
campos en el dominio exterior (complemento del dominio acotado), a través de condiciones
de contorno sobre la frontera de acoplamiento, obtenidas usando una representacion in-
tegral adecuada de la solucion en el dominio exterior. Utilizando operadores integrales
que aparecen tipicamente en problemas de electromagnetismo (ver, por ejemplo, [47]), se
obtiene una formulacién que permite combinar el método de los elementos finitos (en el

dominio acotado) con el método de elementos de frontera (en la frontera de acoplamiento).

La existencia y unicidad de solucién de la formulacion FEM-BEM obtenida, se estudia
eliminando la variable en la frontera, lo que permite reducir el problema a un problema
mixto similar al estudiado en el Capitulo 3. En consecuencia, técnicas similares a las usadas
en dicho capitulo permiten demostrar que el problema esta bien planteado. Sin embargo,
la no homogeneidad de la condicién de contorno no permite demostrar que la seminorma
de H(curl; 2) es una norma en el nicleo de la forma bilineal asociada a las restricciones
(1.20)-(1.21), lo cual es imperativo en el andlisis. Para superar esta dificultad, se opt6
por modificar el campo eléctrico en el material dieléctrico, de forma que se obtiene una
condicién de contorno homogénea alternativa, con la que también se genera el resultado

deseado.

La seleccién del dominio computacional simplemente conexo con frontera conexa, per-
mite usar elementos finitos usuales para aproximar la variable de la frontera. Asi, el
esquema semidiscreto se obtiene usando elementos de Nédélec para la variable principal y
elementos finitos usuales, tanto para el multiplicador, como para la variable en la frontera
de acoplamiento. Nuevamente la discretizacion temporal, en el esquema completamente

discreto, se hace a través de un esquema implicito de Euler. En ambos casos, se deduce que
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los problemas correspondientes estan bien planteados, usando estrategias similares a las
usadas en el Capitulo 3. De igual forma, pero teniendo cuidado con los términos en los que
aparecen los operadores integrales, se deducen las estimaciones de error correspondientes,
incluyendo las de las variables fisicas que se obtuvieron en el Capitulo 3.

Dado que el conductor y la fuente de corriente estan contenidas en el interior del
dominio computacional en cuya frontera se hace el acoplamiento, no hay dificultad en
extender el andlisis presentado en el Capitulo 5, incluyendo el caso no lineal analizado en
el Capitulo 4. Como producto de la extension de los resultados de los Capitulos 4 y 5, se

encuentra en preparacion el siguiente articulo:

e R. ACEVEDO, S. MEDDAHI, AND R. RODRIGUEZ, An E-based mized-FEM and

BEM coupling for a nonlinear magnetic field time-dependent eddy current problem.



Chapter 2

Analysis of a potential formulation
for the time-harmonic eddy current

problem in a bounded domain

2.1 Introduction

The mathematical and numerical analysis of Maxwell equations has experimented an
important development in different areas of applied mathematics and engineering during
the last thirty years. We refer the reader to the books by Bossavit [27], Monk [57] and
Silvester and Ferrari [67], as a representative sampling of text books devoted to numerical
solution of electromagnetic problems.

Among the numerical methods found in the literature to approximate Maxwell equa-
tions, the finite element method is the most extended. See for instance [20] for a survey
on this subject including a large list of references. Nowadays, it is the basis of several
commercial codes such us Ansys, Femlab, Flux, Magnet, MSC/Emas, Opera, etc. We
refer the reader to [68] for a description of most of these codes and further references.

The eddy current problem is obtained from Maxwell equations by assuming that all
fields are harmonic and the frequency is low enough as to neglect the electric displacement
in Ampere’s Law. Such a situation happens, for instance, in problems related to electric
machines working at power frequencies and in non-destructive materials testing.

In most practical situations, it is necessary to solve the electromagnetic problem in a

bounded domain which contains conducting and non-conducting material (dielectrics), the

15
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equations in these two parts being typically of different kind. Moreover, the treatment of
multiply connected conductors or dielectrics in three-dimensional domains present special
difficulties. The choice of the unknowns in each subdomain is a crucial point to analyze

the problem in domains with a general topology.

An important number of formulations and finite element methods to solve the eddy
current problem in three-dimensional bounded domains can be found in the literature.
There is a group of papers devoted to solve the problem in terms of certain scalar and
vector potentials ([4, 5, 22, 23, 47, 58, 59]) and another group using formulations in terms
of the magnetic field ([11, 8, 9, 16, 17, 19, 69]) or the electric field ([10, 18, 51]).

A thorough mathematical analysis of the formulations in terms of the magnetic or the
electric field has been recently performed. This is not the case instead for formulations in
terms of scalar and vector potentials. Indeed, in spite of the fact that the latter are the
most frequently used in applications, there is only a very small number of papers dealing
with their mathematical analysis. Among them, we mention a paper by Alonso et al. [7],
where the well-posedness of some of these formulations is analyzed, and another one by

Biré & Valli [24] with the analysis of one such formulation in a general topological setting.

Different potentials have been used for the eddy current problem: a vector potential A
for the magnetic field, a scalar potential V' for the electric field in the conducting domain,
a scalar potential ¥ in dielectric domains, etc. A hierarchy of formulations involving these
potentials have been discussed by Bir6 & Preis [23]. In particular, they conclude that the
so-called A,V — A — @ formulation, which involves all of them, is the most convenient
in terms of computer cost. Numerical experiments illustrating the performance of this

approach are also reported in this reference.

The aim of this paper is to provide a rigorous mathematical analysis of this formula-
tion. Under rather general topological conditions, we prove that it leads to a well-posed
problem, which can be numerically approximated by standard nodal finite elements. We
also prove error estimates for the resulting numerical method. These estimates are valid

as long as the three potentials are sufficiently smooth.

The smoothness of the scalar potentials V' and v only relies on that of the origi-
nal physical variables of the problem: the magnetic and the electric fields. Instead, the
smoothness of the vector potential A also depends on the geometry of the domain cho-
sen to define this non-physical variable. In principle this domain can be chosen freely, as

far as it contains the conductors and the source currents. However, when it is chosen so
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that its connected components are either convex polyhedra or simply connected domains
with smooth boundaries, the smoothness of A is mainly determined by the regularity of
another physical variable: the magnetic induction field.

Because of this, we make such a choice for the domain of A, which is not restrictive in
practice. However, it is convenient to choose it as small as possible, because the magnetic
field is written in terms of the more economical scalar potential v outside this domain.
Thus, in the applications, the domain of A typically consists of a union of disjoint boxes,
as small as possible, containing the current source and the conductors.

The outline of the paper is as follows: We introduce the eddy current problem and
discuss the topological setting in Section 2.2. The A,V — A —1) potential formulation is in-
troduced in Section 2.3. The corresponding variational problem is obtained in Section 2.4,
where we also prove its well-posedness. Finally, in Section 2.5, we prove error estimates
for a standard finite element method to solve numerically the problem. We also discuss in
this section the convenience of choosing a domain with convex connected components for
the vector potential. Throughout this chapter, ¢ and C, with or without subscripts, bars,
tildes or hats, denote positive constants, independent of the parameters and functions

involved, which may take different values at different occurrences.

2.2 Eddy current problem

We consider a standard eddy current problem: to determine the electromagnetic fields
induced in a three-dimensional conducting domain ¢ by a given source current density
J4. We assume that the support of Jy is compact and disjoint with {2¢. The eddy current
problem is in principle posed in the whole space. However, we restrict it to a bounded
domain ) containing both, Q¢ and the support of Jy, such that adequate boundary
conditions can be imposed on its boundary. To this aim, we choose the geometry of €2 as
simple as possible (v.g., simply connected with a connected boundary). See Fig. 2.1 for a
two-dimensional sketch.

Let Q¢ C R3 be an open and bounded set with boundary I'c. Let  C R? be a simply
connected bounded domain with a connected boundary I', such that Q¢ C Q. We suppose
that both, Q and Q¢, are either Lipschitz polyhedra or domains with C1*! boundaries. We
denote by n and n¢ the outward unit normal vectors to €2 and )¢, respectively, and by

Qp = Q\ Q¢ the subdomain of © occupied by dielectric material, which includes the
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nc

Qp

Figure 2.1: Two-dimensional sketch of the domain.

support of the source current (see Fig. 2.1). We will use standard notation for Sobolev
spaces and norms.

The eddy current problem reads as follows:
Find E € H(curl; Q¢) and H € H(curl; Q) such that:
curlH =oFE in Qc, (2.1)
iwpH +curl E =0 in Qc, (2.2)
curl H = Jy in Qp, (2.3)
div(uH) =0 in 2, (2.4)
H xn=f, on T. (2.5)

The unknowns E and H are the magnetic and electric fields, respectively. The mag-

netic permeability p and the conductivity o are bounded functions satisfying:
0 < fmin < f0 < fmax 10 £,
0 < omin <0 < Opax in Q¢.
Let us remark that the magnetic field has to satisfy the following coupling conditions:
Hlg, x nc = H|g, X nc on I,
(nH)|o. - o = (pH)|o, -nc on Ic.

In fact, the latter is a consequence of (2.4), whereas the former follows from the fact that
H must belong to H(curl; 2).
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The data of the problem are the source current density Jy € L*(Q)3, for which we
assume

supp Jg C Qp and divdy =0 in Qp,

and the tangential trace of the magnetic field f;. Precise assumptions on f,; will be made
in Section 2.4 below; they essentially mean that f; has to be the tangential trace of a
curl-free vector field (recall that curl H vanishes in the neighborhood of T).

Equations (2.1)—(2.5) are enough to determine E and H only if the topology of the
conducting domain (¢ is trivial. Otherwise, additional constraints must be imposed. To
do this, we reduce our analysis to domains satisfying a standard topological assumption
(see for instance Amrouche et al. [14]). We assume that there exists mp connected open

surfaces ¥ (so called “cuts”) contained in Qp, such that:
(i) each surface Y, is an open part of a smooth manifold,
(ii) the boundary of each ¥ is contained in I'g,
(iii) the intersection ; N ; is empty for i # 7,
(iv) the open set Qp := Qp \ U, 2 is pseudo-Lipschitz and simply connected.
Under this assumption, since I' is connected, the space of harmonic fields

H,(T,Tc) :={v € L*(p)® : curlv =0 in Qp, div(uv) =0 in Op,

vxnzoonFand,u'v-nC:OonFc}

satisfies dim €, (I', I'c) = mp (see, for instance Fernandez & Gilardi [41, Proposition 5.6]).

mp

A basis for this space is given by {grad ¢;}’ T, where each ¢; € HE(Qp\X;) is the solution

of the following elliptic problem:

[[Qﬁj]]zk :6jk, k= 1,...,mD,

/ pgrady; - grad x =0 Yy € HE(Qp).

In the expression above [y, denotes the jump across Xy.. Here and thereafter the subscript
[ in H}(+) refers to function in H'(-) with a vanishing trace on T'.
Notice that although in principle grad ¢; € L?(2p\ X;), the last equation implies that

pgrad ¢; is a divergence-free function in the whole Qp (not only in Qp \ ;). Moreover,
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since the jump [¢;]ly, is constant, grad ¢; has also a vanishing curl in the whole Qp (and

not only in p \ X;, again). Thus, grad ¢; € J2,(I", I'¢).

To determine a unique solution of the eddy current problem (2.1)—(2.5), it is enough

to add the following constraints (see Alonso et al. [7]):
/ iwuH-gradg0j+/ (E xnc)-grad p; =0, j=1,...,mp. (2.6)
Qp I'c

Let us remark that the second integral above has a weak sense for E € H(curl; Q¢) and
grad ¢; € H(curl; Qp), as was shown by Buffa & Ciarlet [31, 32] for Lipschitz polyhedra
and by Buffa et al. [34] for arbitrary Lipschitz domains (see Section 2.4 below for a precise
definition).

2.3 The A,V — A — ¢ potential formulation

In this section we recall a classical formulation of the eddy current problem in terms
of three potentials, A, V' and v, which was introduced by Leonard & Rodger [52]. We
refer to Biré & Preis [23] for a detailed discussion, which also includes numerical tests

showing the efficiency of this approach.

First, we introduce a magnetic vector potential A defined in a subdomain 4 of
), which contains the conducting domain and the support of the source current. This
subdomain does not need to be connected, but each of its connected components will
be chosen either convex or simply connected with a smooth boundary. The reason for
such a choice will be discussed in Section 2.5 below. On the other hand, for the sake
of discretization, it is convenient to choose a polyhedral domain €24; moreover, outside
Q4, we will use a scalar potential, which will consequently require much less degrees of
freedom for its discretization. Because of this, €24 will be chosen as small as possible, but

with convex polyhedral connected components containing ¢ and supp Jy (see Fig. 2.2).
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Q

Figure 2.2: Two-dimensional sketch of the domains for the different potentials.

Let Q4 C R? be an open set satisfying
Qc Usupp Jg C Q4 and Qa C Q. (2.7)

We denote by QQ, j=1,...,myu, the connected components of {24. We assume that each
(, is either a convex polyhedron or a simply connected domain with a C'! boundary,
and that ﬁix are mutually disjoint. We denote by 'y the boundary of {24 and by n4 its
outward unit normal vector (see Fig. 2.2).

As a consequence of [43, Theorem 1.3.5.], equation (2.4) implies that there exist unique
A; € H(curl; ;) such that

pH = curl A; in (2.8)
divA; =0  in @, (2.9)
A;-ny=0  on oY, (2.10)

Thus, if we define A : 24 — C by

A|Qf4 = A, j=1,...,my,
then A belongs to the space

X = Hy(div; 24) N H(curl; Qy,),

whose natural norm is

=

2 . 2 2
o+ Idiv 2], + fleurl 23 )

2l = (l1=
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Next, according to Biré & Preis [23] (see also Biré [22] and Biré & Valli [24]) we

introduce an electric scalar potential V' € H'(¢), such that
FE =—iwA —iwgradV in Qc. (2.11)

Let us remark that (2.6) is a necessary condition for a global potential V' to exist (see [7]

and the formal argument at the end of this section). Notice that, from (2.1),
div (—iwoc A — iwograd V) =0 in Qc.

Moreover, since H € H(curl;Q2), (2.1) and (2.3) also imply that
(iwc A +iwograd V) -nc =0 on I'c.

These last two equations will be also collected in the potential formulation.

Equation (2.11) determines the electric potential V' on each connected component of
Q¢ up to an additive constant. Thus, if Q¢ has mg connected components Qé, then the

natural space for V is

M = ﬁHl(Qg)/C,

j=1

endowed with the norm ||grad V||, q,_-

Finally, a magnetic scalar potential v is defined in
Qw =) \ﬁ A

(see Fig. 2.2). To do this, notice that since Q4 is a disjoint union of convex sets with
Q4 C Qand Q is simply connected, it turns out that €, is simply connected too. Therefore,
from (2.3) and (2.7) we know that there exists ¢ € H'(Qy) (unique up to an additive

constant) such that

H =wgrady in Q.

Thus, we are lead to the following formulation of problem (2.1)—(2.6) in terms of the
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potentials A € X,V € M and ¢ € H*(Qy)/C:

1
curl (— curl A> +iwoc A+ iwogradV =0 in Qc, (2.12)
i
div (—iwoc A — iwo grad V') = 0 in Qc, (2.13)
1 —
curl (— curl A> =Jy in Q4 \ Qc, (2.14)
i

(l curl A)
]

Xng=0 on Fc, (215)
Q4\Qc

1
X g — (— curl A)
Qc H

div (ugrady) =0 in Qy, (2.16)
divA =0 in Qy, (2.17)
A-ny=0 on Iy, (2.18)
grady x n = f; on I, (2.19)
—curlA-ny —wegrady -nyu =0 on I'y, (2.20)
o
1
—curlAxny —wgrady xny =0 on Iy, (2.21)
I
(iwc A +iwogradV) -nc =0 on I'c. (2.22)

Let us remark that (2.15) and (2.21) are consequences of the fact that H € H(curl; ),
whereas (2.20) follows from the fact that uH € H(div;€2), which in its turn is a conse-
quence of (2.4)

To end this section we show that any solution of the above equations yields a solution
of the eddy current problem (2.1)—(2.6). In fact, let (A,V,¢) € X x M x H'(Qy,)/C
satisfying (2.12)—(2.22). Let

1
—curl A in Qy,
H:={ I (2.23)

w grad v in Qy,
and E be defined by (2.11). It is immediate to show that H € H(curl;Q), E €
H(curl; Qc), and they satisfy (2.1)—(2.5). There only remains to prove that (2.6) also
holds true. To do this, notice that (2.4) implies that there exists a vector potential

B € H(curl; 2) such that
pH = curl B in Q. (2.24)

Taking into account that the sets ﬁil are simply connected and mutually disjoint, from
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(2.23) there follows that there exists £ € H'(24) such that
A =B +grad{ in Q4.
Consequently, if we define V :=V + €|ae, we obtain from (2.11) that
E = —iw(B+gradV) inQc. (2.25)

Equations (2.24) and (2.25) fall in the framework analyzed by Alonso et al. [7, Sec-
tion 6 (ii)], where it is shown that (2.6) holds true. This can be formally verified by using
(2.23), the fact that grad ¢; € (', I¢) and (2.25), as follows:

/ iwpH - grad p; = / iwcurl B - grad ¢,
Qp

Qp

= z’w/ (B x nc) - grad g;
Tc

= —/ (E x ng¢) - grad ¢, — iw/ (gradv X ng) - grad ¢;
Te

T'e

= —/ (E x ng¢) - grad ¢,
T

where for the last equality we have used that

/ (grad V x nc) - grad ©; :/ grad V* - curl (grad ;)
I'c Qp
- / curl(grad V*) - grad 0; =0,
Qp

with V* € H'(Q) being an extension of V to the whole €.

2.4 Variational formulation. Existence and unique-

ness of solution

The aim of this section is to give a variational formulation of problem (2.12)-(2.22)
and to prove its well-posedness.

First, we recall some results settled in [34] for Lipschitz domains. We write these
results for €4, as will be used in the sequel. The tangential trace operator v, (u) := u|p, X
ny4 is a bounded linear operator from H(curl;Q4) onto H _%(din; I'4). The tangential

projection 7. (v) := mn4 X (v|r, X n4) is a bounded linear operator from H(curl;2,4) onto
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H~2(curlp; T'y). Thus, the duality pairing between H 2 (divp; Ty) and H ™z (curlp; Ty) is
well defined by

(V- (), 7 (v))r, ::/ curlu-v—/ u - curlwv Vu,v € H(curl; Q).
Q4 Q4

For any w € H(curl; Qy), its tangential trace on I'4 also belongs to H’%(din; ['4) and,
consequently, (w X na, 7. (v))r, is also well defined.

To obtain a variational formulation of problem (2.12)—(2.22), notice that by virtue of
(2.12), (2.14) and (2.15) we have that icurlA € H(curl;Q,4), and for all z € X

1 - _ _
/ curl(—curlA)~Z——iw/ U(A+gradV)-Z+/ Ji- Z.
Qa H Qc Qa

Integrating by parts the left-hand side above and using (2.17) and (2.21), there follows
1 _ _ _
/ — [curl A - curl Z + (div A) (div Z)] + iw/ cA-Z (2.26)
Qa /‘1’ Qc
+iw/ agradV-Z—w(grad@Dan,WT(z»FA:/ Jy-Z.
Qc Q

A

On the other hand, from (2.13), by integrating by parts and using (2.22) we have for
all U € H'(Q0)

iw/ cA-gradU + iw/ ogradV -grad U = 0. (2.27)
Q¢ Qc

Finally, for any » € H}(€,), from (2.16), by integrating by parts and using (2.20), we

obtain

w/ ugrad¢-grad@+/ curl A-n, 9 =0,
Qw Ta

where the last integral must be understood as the duality pairing between H~2 (F4) and
Hz2(L4). Now, let ¢* € H'(Q) be an extension of ¢ to the whole €. Hence,

/ curlA-ny 9 = / curl A - grad ¢* = (grad ¢ X nA,ﬂT(A)>FA.
T'a Qa

Therefore, we obtain

w/ pgrad - grad ¢ + (grad ¢ x ny, WT(A)>FA = 0. (2.28)
y
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Equations (2.26)—(2.28) together with the essential condition (2.19), provide the fol-

lowing variational formulation of problem (2.12)—(2.22):

Find Ae X,V e M and € H (Qy)/C such that:

grady xn = f;  in H 2(divp;T), (2.29)
1 = _ _
/ — [curl A - curl Z + (div A) (div Z)] + iw/ cA-Z (2.30)
Qa IU/ Qc

—|—iw/ UgradV-Z—w(gradwan,WT(z»FA—/ Ji-Z
Qc Q

A

Vze X,

iw/ oA - gradU + iw/ ogradV -gradU =0 YU € M, (2.31)

Qc Qc

w/ pgradi - grad ¢ + (grad ¢ X na, WT(A)>FA =0 Vi € Hi(Qy). (2.32)
Qy

Our next goal is to prove that this variational problem has a unique solution. For this
purpose, first of all notice that (2.29) can be satisfied only if f, is the tangential trace on
I' of a gradient. Thus, this additional hypothesis turns out necessary for the problem to

have a solution. So, we make the following assumption:
e HY(Q):  fi=gradnxn  in H 2 (divp;T). (2.33)
Now, let &7 be the bilinear form defined on X x M x H'(Q,)/C by
A ((A,V,4),(2,U,¢))

1 — —
:—/ — [curl A - curl Z + (div A) (divz)]+w2/ pgrad - grad ¢
Qu M 2y

+iw/ oc(A+gradV) - (Z + gradU)
Q¢

—w(grad ¢ x na,m.(2)), +w(grad ¢ x nA,WT(A)>FA :
Clearly, (2.29)—(2.32) can be equivalently written as follows:
Find (A,V,¢) € X x M x H'(Q,)/C such that:
grady x n = f, in H_%(divF; ), (2.34)

(A, V), (2,U,¢)) :/ﬂ Ji-Z  YZUp) € X x M x HNQ).  (2.35)
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Theorem 2.4.1 Under assumption (2.33), the variational problem (2.34)—(2.35) has a

unique solution.

Proof. It is enough to show that &7 is elliptic, since, in such a case, the theorem follows
from Lax-Milgram’s Lemma.

To prove the ellipticity, for (z,U, ) € X x M x H(Q,)/C we write

1
(200, (V) = [ (leurlaf + divzf’) +o* | pleradof

Qa4 Qy

—i—iw{/ o (]z|* + |grad U|?) +2/ o Re(grad U - Z)
Q¢

Q¢

+ 2Im (grad ¢ x nA,WT(Z)>FA} :

Thus,
(2,0, 0), (2, U, ) = (a+wb)? + (e + 24)%,
where
1
a-= / - (\curlzf + ‘din‘z) ) b:= / 1 |grad ¢|?
Qa M Q
c::/ a(\z!2+\gradU\2), d:=e+f,
Q¢
with
e:= / o Re(grad U - Z) and f=1Im (grad ¢ x nA,WT(Z)>FA .
Q¢

Next, we proceed as in [24] and use the elementary inequality
(c+2d)* > pc® — 8pd* Ve,d € R, Vp € (0,1/2],
to obtain
| ((2,U, ), (z,U,o))° > a® + w'b? + w(pc? — 8pd?)  Vp e (0,1/2].
Now, since!

K
0> — [ and b > pimin [lgradelg g,

'For the first inequality see for instance, Lemma 1.3.6 from [43].
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with K > 0 independent of z, we have

K?
2 4 4
"Q{«Z? U7 90)7 <Z7 U7 80))‘ > 2 HZHX + w4lu’?nin ngangHO,Qw

2
+w?p (/ o |grad U|2) — 16w?p(e? + f?).
Q¢

To estimate the last term in the right-hand side above, notice first that, for all € > 0,

2 2 2
_ 1
eQS(/ }agradU-Z|> gf(/ a|gradU|2) —i——(/ a|z]2).
Qc 2 Q0 2e Q0

On the other hand, 3C' > 0 independent of ¢ and z such that

_ 2 = ||2 4 4
f2 S ||gradg0 X nAHH_%(diVF;FA)HWT(Z)HH_%(CUHF§FA) S ¢ (ngad@HO,Qw + ||z||X> :

Therefore, by combining the last three inequalities and taking ¢ and p small enough, we
obtain that Ja > 0 such that, ¥(z,U, ) € X x M x H'(Q,)/C,

/(2. U.0), (2.0 o)* = o (121l + lgrad Ui, + lgrad o], )

which allows us to conclude the ellipticity of <. a

To end this section, we prove that the unique solution of the variational problem (2.34)—
(2.35) is actually a solution of the strong form of the problem given by equations (2.12)—
(2.22).

Theorem 2.4.2 The solution (A, V,v¢) of (2.34)—(2.35) satisfies (2.12)—(2.22).

Proof. First, let £ € H'(Q4) be a solution of the compatible Neumann problem A¢ =
divA in Qu, 0§/0ns = 0 on ['4. By testing (2.30) with z = grad{ € X, we obtain
(2.17) by using (2.31) (since {|o. € M) and (grad ¢ x na, 7, (grad §))p, =0 (which is a
consequence of the definition of the duality pairing).

Second, by testing (2.30)—(2.32) with smooth functions supported in adequate domains
and proceeding in the standard way, it is easy to verify equations (2.12)—(2.16), (2.20)
and (2.22). Since (2.18) is imposed in the definition of the space X and (2.19) coincides
with (2.34), there only remains to prove (2.21) in H*%(din;FA); namely, that for all
¢ € H(curl; Qy4),

<%cur1A X ’I’LA,7T7-(C>> — (grad ¢ x ma, 7 (¢))p, = 0. (2.36)
Ta
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To do this, notice first that by substituting (2.17) in (2.30), integrating by parts and
having into account (2.12) and (2.14), we obtain

1
<— curl A x nA,wT(z)> —(grad ¢ x na, 7, (2))p, =0  VzeX.
1% I

Next, for ¢ € H(curl;Q4), let ¢ be a solution of the following auxiliary problem:

o€ H'(Q,4)/C: / grad ¢ - grad y = ¢-grady Vx € H'(Q,4)/C.
Qa

Qa

Hence, div(¢ — grad¢) = 0 in Q4 and (¢ — grad ) - n4 = 0 on 4. Consequently,

z:= (¢ —grad p € X, and using it as a test function in the equation above, we obtain

1
<— curl A X ny, 7. (¢ — grad go)> — (grad ¢ x ma, 7, (¢ — grad ¢))p, = 0.
2 I

Now, from (2.12) and (2.14), we have

1 1
<— curl A x ny, 7. (grad gp)> = / curl (— curl A) -grad ¢
:u T'a QA :u’

= — / (iwoc A +iwograd V) - grad ¢
Qc
+ / Jy-grad ¢
Qa

=0,
where, for the last step, we have used integration by parts, (2.13), (2.22), the assumption
that Jy is divergence-free and (2.7).

Thus, using again that (grad ) x na,r,(grad ¢)), vanishes, (2.36) follows from the

last two equations, and we conclude the proof. O

2.5 Numerical approximation

In this section we describe and analyze a finite element method to approximate the
solution of problem (2.34)—(2.35). To do this, first notice that (2.34) implies that the

surface gradient of 1 can be written as follows:

Vi :=nx (Vi xn)=nx f.
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Therefore, if we take an arbitrary but fixed point &y € I' and if the data f; is sufficiently
smooth (for instance, it is enough that f; € H %+5(F)3 with § > 0), then we can compute

in advance the values of ¥ on I' as follows:

(x) =/ Vi - toa) :/ n X fq-ta(),
a(x) o(x)

where a(x) is any simple curve lying on I' and joining @y with @, and t4(s) is its unit
tangent vector. Notice that the computed value of ¥ () is independent of the particular

curve a(x). Thus, if we define
gd(il:) = /( )’I’L X -fd . ta(m), (237)

then problem (2.34)—(2.35) is equivalent to the following one:

Find (A,V, ) € X x M x H*(Q,) such that:

= gq on T, (2.38)

(A V), (2,U,0)) :/ Ji- 7 VZUg) e X x Mx HNQ).  (2.39)

Qa

To obtain a discrete formulation of this problem, we further assume that all the do-
mains are Lipschitz polyhedra. Let {7,} be a family of tetrahedral meshes of € such
that, for each mesh, all the elements T' € 7, are completely included in one of the three
subdomains Q4, Q¢ or Q.

Consider the following finite element spaces:

Xy={z, €X: zplr €PLVT €T, : T CQa},

My :={U, e M: Uplpr €P, VT €T, : T CQc},
Qn:={pn € H' () : oplr €P, VI €T, : T C Qy},
Orn :={¢n € Qn: wulr =0},

where P,,,, m > 1, is the set of polynomials of degree not greater than m.

For the boundary condition, we choose the following discrete approximation of gq4:

gan = I} a, (2.40)

where TI}, is the Lagrange interpolant on the triangular mesh on I' which consists of the

faces of tetrahedra of T' € 7}, lying on I, that we denote 7,!'. Notice that the definition of
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ga,, makes sense because gq, as defined by (2.37), is continuous. Let us remark that g4,
is completely determined by its values at the vertices of the triangulation 7;", which can
be conveniently computed from the data f; by means of (2.37), with a(x) being a curve
formed by edges of 7!

Thus, we are lead to the following discrete problem:

Find (Ayp, Vi, ) € Xj, x My, X Qy, such that:

Un = gan  onl, (2.41)
d((Aha Vhﬂﬁh% (Zh, Uh7 Sph)) = / Jd . Zh (242)
Qa
V(zh, Up, on) € Xp X My, X Qp .

The existence and uniqueness of the solution of this discrete problem is again an
immediate consequence of the ellipticity of o7, proved in the proof of Theorem 2.4.2, and
Lax-Milgram’s Lemma. Moreover, if the solution of the continuous problem is smooth

enough, the standard finite element error analysis techniques yield the following result:
Theorem 2.5.1 Let gq € C(I') and ga be defined by (2.40). Let
<A7 ‘/7 ¢> and (Ah7 Vh7 ¢h)

be the solutions of problems (2.38)—(2.39) and (2.41)—(2.42), respectively.
If A e H*(Qu), V € H™(Qc) and ¢ € H'(Qy) with s > 0, then there exists a
strictly positive constant C', independent of h, A, V and 1, such that

|4 = Apllx + lgrad (V = Vi) o o, + llgrad (6 = ) |,
< O (1Al 40, + 1V Iise + 1¥lliaa, ) -
with r ;== min {m, s}.

Proof. Let II; be the Lagrange interpolant on (). Since

(ML) |r = W = I} ga = gan = ¥nlr,

we have that 1y, — 1131 € Qr . Therefore, the theorem is a direct consequence of the ellip-
ticity of o/, Cea’s lemma and the approximation properties of the Lagrange interpolant
(see, for instance, Ciarlet [35]). O
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To end the paper we discuss the convenience of choosing the domain 24 of the vector
potential so that its connected components be convex polyhedra. For simplicity, we take
Q4 connected in what follows, but all the statements hold true for each of its connected

components. So let 24 be simply connected with a connected boundary.
According to [43, Theorem 1.3.4], since div(uH) = 0 in €, there exists ® € H'(Q)?
satisfying:

curl® = uH in €2,
divd =0 in Q.

Moreover, according to Remark 1.3.12 of the same reference, if uH € HP(Q)3 with 0 <
p <1, then ® € H'TP(Q)3.
Therefore, by virtue of (2.8)—(2.10), there holds:

curllA—-®)=0 in Qa,
div(A—®) =0 in Qyu,
(A=®) ny=—-P -ny on I'y.

The first equation above and the simple-connectedness of {24 implies that there exists a
unique x € H*(24)/C such that A—® = grad x in {24, whereas the remaining equations

imply that x is the solution of the following compatible Neumann problem:

Ax =0 in g4,

Ox

8?’I,A =—-&. na on FA.

The Neumann data of this problem will be in general smooth on each polygonal face
F of T'y, since 'y is an arbitrary polyhedral surface within the dielectric domain. In fact,
if uH € H?(Q)? with 0 < p < 1, then ®|p - ny € H2t?(F) for all faces F.

Therefore, if €24 is a convex polyhedron, then there exists ¢ > 0 such that y €
H?%1(Q4) (see [40]). Consequently,

A=& +grady € H'™(Qy,)3,

with s := min{p,q} > 0. Conversely, if 24 were a non-convex polyhedron, then, in

general, xy ¢ H?(24) and, consequently,

A=®+grady ¢ H' (Q4)>.
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In such a case, Theorem 2.5.1 would become meaningless.

Moreover, Y = {z € H'(24)3: z-ns=0o0n T4} is a closed subspace of X (see
[38]). When Q4 is a polyhedron, it is well-known that Y = X if and only if Q4 is convex
(see [43, Theorem 1.3.9] and [38]).

The finite element space X}, is clearly a subspace of Y. Therefore, when €24 is a convex
polyhedron, it makes sense to approximate A € X by finite elements from X,

Instead, if €24 were not convex, then there would be no hope of approximating A by
finite elements from X;. Indeed, as stated above, in general A ¢ H'(€4)? in such a case.
Hence, A would not belong to the closed set Y containing the finite element spaces X',

for all meshes. So, there could not exist Ay such that [|A — Al|, — 0 as h goes to zero.

2.6 Conclusions

We have proved that the A,V — A — ¢ formulation of the eddy current problem
is well posed and that its discretization by standard nodal finite elements leads to an
optimal-order numerical approximation. This gives mathematical support to the well-
known efficiency of this approach in applications.

However, for the convergence of the numerical method, the connected components of
the domain of the vector potential A must be chosen as convex polyhedra. Since this
domain can be chosen freely (as far as it contains the conductors and the source current),

this is not a severe restriction in practice.
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Chapter 3

An E-based mixed formulation for a
time-dependent eddy current

problem

3.1 Introduction

Numerical solution of Maxwell equations is now an increasingly important research
area in science and engineering. We refer the reader to the books by Bossavit [27],
Monk [57], and Silvester and Ferrari [67], as a representative sampling of text books
devoted to numerical solution of electromagnetic problems. Among the numerical meth-
ods found in the literature to approximate Maxwell equations, the finite element method
is the most extended.

In applications related to electrical power engineering (see for instance [63]) the dis-
placement current existing in a metallic conductor is negligible compared with the conduc-
tion current. In such situations the displacement currents can be dropped from Maxwell
equations to obtain a magneto-quasistatic submodel usually called eddy current problem;
see for instance [27, Chapter 8]. From the mathematical point of view, this submodel
provides a reasonable approximation to the solution of the full Maxwell system in the low
frequency range [13].

When dealing with alternating currents, the imposed current density shows a harmonic
dependence on time. In such a case, the steady state electric and magnetic fields also have

this harmonic behavior, leading to the so-called time-harmonic eddy current problem.

35
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However, even in the case of a sinusoidal supply voltage, in some occasions one may
need to simulate transient states. Besides, in some cases it is not possible to assume a
sinusoidal behavior for the whole electromagnetic system. Actually, the present paper is
intended as a first (linear) step towards the nonlinear case that happens in the presence
of ferromagnetic materials. In this approach, we allow the magnetic permeability to be
time-dependent and write the problem in terms of the electric field E. In contrast to the
H -based formulation given in [56], the E-formulation fits well into the theory of monotone
operators, because the reluctivity (the inverse of the magnetic permeability) appears as a

diffusion coefficient in the degenerate parabolic problem at hand (see (3.12) below).

Generally, the eddy current problem is posed in the whole space with decay conditions
on the fields at infinity. There exist many techniques to tackle with this difficulty, for
example a BEM-FEM strategy is used in [46, 55] in the harmonic regime case and in [56]
in the transient case. Here we opted for a simpler approach: we restrict the equations to a
sufficiently large domain €2 containing the region of interest and impose a convenient arti-
ficial boundary condition on its border. Although thorough mathematical and numerical
analysis of several finite element formulations of the time-harmonic eddy current model
in a bounded domain have been performed (see for instance Bermudez et al. [16] and

Alonso et al. [8]), this is not the case for the time-dependent problem.

The aim of this work is to propose a new formulation for the time-dependent eddy
current model posed in a bounded domain, with no restrictions on the topology of the
conductor or on the regularity of its boundary. This formulation is obtained by intro-
ducing a time primitive of E as the primary unknown and using a Lagrange multiplier
associated to the divergence-free constraint satisfied by this variable in the insulating
region surrounding the conductor. The techniques used to show that this saddle-point
formulation is well-posed are similar the ones given in [21, 56]. (Other formulation for
a time-dependent eddy current problem in terms of a magnetic vector potential is given
in [15].) Mixed finite element schemes have been used extensively for the approximation
of evolution problems, mainly in fluid dynamics applications; see for instance, Johnson
and Thomée [49] and Bernardi and Raugel [21]. More recently, Boffi and Gastaldi [25]
give sufficient conditions for the convergence of approximation for two types of mixed
parabolic problems, the heat equation in mixed form being a model for the first case,

while the time dependent Stokes problem fits into the second one.

We perform a space discretization of our weak formulation by using Nédélec edge
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elements (see [61]) for the main variable and standard finite elements for the Lagrange
multiplier. We show that our semi-discrete Galerkin scheme is uniquely solvable and pro-
vide asymptotic error estimates in terms of the space discretization parameter h. We also
propose a fully discrete Galerkin scheme based on a backward Euler time stepping. Here
again we provide error estimates that prove optimal convergence. Moreover, we obtain
error estimates for the eddy currents and the magnetic induction field.

The chapter is organized as follows. In Section 3.2, we summarize some results from
[31, 32, 34] concerning tangential traces in H(curl; 2) and recall some basic results for the
study of time-dependent problems. In Section 3.3, we introduce the model problem and
show how to handle the constraint satisfied by the electric field in the insulator by means
of a Lagrange multiplier. In Section 3.4, we prove that the resulting saddle point problem
is uniquely solvable. The derivation of a semi-discretization in space and its convergence
analysis are reported in Section 3.5. Finally, a backward Euler method is employed to
obtain a time discretization of the problem. The results presented in Section 3.6 prove
that the resulting fully discrete scheme is convergent in an optimal way. We end this paper

by summarizing its main results in Section 3.7.

3.2 Preliminaries

We use boldface letters to denote vectors as well as vector—valued functions and the
symbol |-| represents the standard Euclidean norm for vectors. In this section €2 is a generic
Lipschitz bounded domain of R?®. We denote by I its boundary and by n the unit outward

normal to . Let

(f,9)o0 = /Qfg

be the inner product in L?(Q2) and ||-||oq the corresponding norm. As usual, for all s >
0, ||-||s.o stands for the norm of the Hilbertian Sobolev space H*(Q2) and |-|sq for the
corresponding seminorm. The space H'/?(T") is defined by localization on the Lipschitz
surface I'. We denote by ||||1/or the norm in HY?(T') and (,-)r stands for the duality
pairing between H'/2(I') and its dual H=/2(I").

We denote by v : H'(Q)? — HY2(T")® the standard trace operator acting on vectors
and define the tangential trace v, : C*°(Q)? — L*(I')® as q — ~q x n. Extending the
tangential trace by completeness to H!(€2)3, we define the space HY*(T') := ~, (H!(Q)?)
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endowed with the norm

Mgy = _jnt gl s v.(a) = A},

which makes the linear mapping v, : H'(Q)3 — HY*(T") continuous and surjective. We
refer to [31] for an intrinsic definition of HIL/ 2(F) in the case of a curvilinear Lipschitz
polyhedron €2. We introduce now the dual space Hll/ (T of HlL/ *(T") with respect to the

skew-symmetric pairing
(A n)rr = /F()\ xn)-n  VA\mneL*)?>

The Green’s formula

(u,curlv)gg — (curlu, v)oq = (v,u,v,v),r Yu € C®(Q)? Vo e H(Q)?®  (3.1)
and the density of C>(Q)? in H(curl, Q) (see [57, Theorem 3.26]) prove that

~,: H(curl,Q) — H11/2(F)
is continuous. A more accurate result is given by the following theorem.
Theorem 3.2.1 Let
H/2(divy, T) = {n eH,'*(I): divrn € H—W(r)} .

The operator ~. : H(curl,Q) — H~Y2(divp,T) is continuous, surjective, and has a

continuous right inverse.

Proof. See [32, Theorem 4.6] for the case of Lipschitz polyhedra (the proper definition
of divp can be found in the same reference, as well). The more general case of Lipschitz
domains is shown in [34, Theorem 4.1]. O

The kernel of the tangential trace operator v in H(curl, 2) is the closed subspace
Hy(curl,Q) := {v € H(curl,Q) : ~,v=0}.

We will also use the normal trace 7, : C*(Q)? — L3(I') given by q — ~vq - n. It is
well known that this operator can be extended to a continuous and surjective mapping
(cf. [57, Theorem 3.24])

e H(div, Q) — HY2(T),
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where H(div, Q) := {q € L*(2)? : divq € L*(2)} is endowed with the graph norm.

Since we will deal with a time-domain problem, besides the Sobolev spaces defined
above, we need to introduce spaces of functions defined on a bounded time interval (0,7)
and with values in a separable Hilbert space V', whose norm is denoted here by ||-||y. We
use the notation C°([0,77; V) for the Banach space consisting of all continuous functions
f: [0,T] — V. More generally, for any k¥ € N, C*([0,7];V) denotes the subspace of
C°([0,T); V) of all functions f with (strong) derivatives in C°([0,T]; V), i.e.

CH([0,T); V) := {f e C°([0,T); V) : % cC'([0,T);V),1<j5 < k;}
We also consider the space L(0,T; V) of classes of functions f: (0,7) — V that are

Bochner-measurable and such that

T
T / LFOIR dt < +oo.
0

Furthermore, we will use the space
1 2 d 2
HY (0, T;V) := {f e L0, T;V) : %f el (O,T;V)},

where % f is the (generalized) time derivative of f; see, for instance [73, Section 23.5]. In

what follows, we will use indistinctly the notations
d
—_ = a
Sf=of

to express the time derivative of f. Analogously, we define H*(0, T; V) for all k € N.

3.3 Variational formulation

Our purpose is to determine the eddy currents induced in a three-dimensional con-
ducting domain represented by the open and bounded set €2, by a given time-dependent
compactly-supported current density J. We assume that €2, is a Lipschitz domain and
denote by m the unit outward normal on ¥ := 0€2.. We denote by ¥;, ¢ = 1,--- , I, the
connected components of 3.

The electric and magnetic fields E(x,t) and H(x,t) are solutions of a submodel of
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Maxwell’s equations obtained by neglecting the displacement currents (see [13]):

O (uH) + curl E = 0 in R* x (0,7), (3.2)
curlH =J +0E inR*x[0,7), (3.3)
div(eE) =0 in (R*\ Q) x [0,7), (3.4)
/5E~n:O in[0,7), i=1,---,1, (3.5)
PP
H(z,0) = Hy(x) inR? (3.6)
H(x,t) =0 (Ell) and E(x,t) =0 (ﬁ) as |x| — oo, (3.7)

where the asymptotic behavior (3.7) holds uniformly in (0,7"). The electric permittivity
g, the electric conductivity o, and the magnetic permeability ;1 are piecewise smooth real

valued functions satisfying:

g1 >¢e(x) > >0 ae in Q. and  e(x) =gy a.e inR*\Q,, (3.8)
o1 >0(x) >09>0 ae. in and o(x) =0 ae. in R*\Q,, (3.9)
pr > p(x,t) > po >0 ae in Q. x [0,7) (3.10)

and  p(x,t) = pe ae. in (R*\ Q) x [0,7).

Notice that, as a consequence of (3.3) and (3.9), J is divergence-free in R? \ Q. and
fEiJ-n:O,i: 1,---,I, forallte[0,T).

We will formulate our problem in terms of the time primitive of the electric field

t
u(x,t) == / E(x,s)ds.
0
To this end, we integrate (3.2) with respect to t,
(e, t)H (x,t) = — curlu(x,t) + p(x,0)H,, (3.11)

and use the resulting expression of the magnetic field in (3.3) to obtain

1
o0yu + curl (— curl u) =f,
1

where

p(z, 0)
p(z,t)

f(z,t) == curl ( HU> — J(x,1).
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Let us remark that the support of f is compact, since (3.3) is assumed to hold at ¢ = 0.

Notice that as a consequence of the decay conditions (3.7), we may assume that the
electromagnetic field is weak far away from {2.. Motivated by this fact, and aiming to
obtaining a suitable simplification of our model problem, we introduce a closed surface I"
located sufficiently far from Q. and assume that w has a vanishing tangential trace on this
surface. Hence, we will formulate our problem in the bounded domain €2 with boundary I'.
We assume that €2 is simply connected, with a connected boundary, and that it contains
Q. and the support of J (and, consequently, the support of f). We define Qq := Q \ Q..

The last considerations lead us to the following formulation of the eddy current prob-

lem:
Find u: Q x [0,7) — R? such that:

1
o0yu + curl (— curl u) =f in Q x (0,7),
]

div(eu) =0 in Qq x [0,7),
(Wn(euw),1)s, =0  in[0,7), i1=1,...,1,
Y,u=0 onI'x[0,7),
u(-,0)=0 in .

(3.12)

It is important to notice here that, due to (3.3) and (3.9), the data f satisfies the

compatibility conditions
div f =0 in Q4 and (WS, D, =0, i=1,2,...,1, (3.13)

for all t € (0,7).

We introduce the space
M(q) == {9 € H(Qq) : y|r=0and Wy, =C;, i=1,...,1},

where C;, i = 1,..., 1, are arbitrary constants. The Poincaré inequality shows that || g,

is a norm on M (Qq) equivalent to the usual H'(Q4)-norm. Next, let
Vo(Q2) :={v € Hy(curl, Q) : b(v,9) =0 VI e M(Qq)}, (3.14)

where

b(u,?) == (su,grad V) q,.
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Lemma 3.3.1 There holds

Vo(©2) = {v € Hy(curl, Q) : div(ev) =0 in Qq, (yu(ev),1l)s, =0, i=1,--- I}.

7

Proof. If v € V{(2), then, in particular,
b(v,9) =0 Vi € D(Qq),

where D(€)4) is the space of infinitely differentiable functions with compact support in Qg.
This implies that div(ev) = 0 in Q4. Choosing now ¥; € M (€q) such that vv;|s, = d;;

for 1 <i,5 < I, we obtain from a Green’s formula that

0= b('v, 791) = <’VN<€'U)7 1>Ei'

The other inclusion is straightforward. a
By testing the first equation of (3.12) with a function v € V(£2) and using (3.1), we

obtain the following variational formulation:

Find u € W, such that

d 1
4 u(t), v, + (— curlu(?). curlv) _(FBv)en Vo€ To(O),
dt pu(t) 0.9 (3.15)
ulq,(0) =0,
where
Wy = {v € L}(0,T; Vo(Q)) : v|a, € W0, T;H(curl, Q.))},
with

W0, T; H(curl, €,))
= {v € L*(0, T;H(curl, %)) : dv € L*(0,T;H(curl, Q.)")}.

Here, H(curl, €2.)" is the dual space of H(curl, €2.) with respect to the pivot space
L2(Q,0)? = {'v : Q. — R? Lebesgue-measurable : / olv]? < oo} .
Qe

Notice that the initial condition makes sense thanks to the continuous embedding (see for
instance [73, Proposition 23.23])

W0, T; H(curl, Q) — C°(0, T; 1(Q, 0)°).
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In order to avoid the task of constructing a conforming finite element discretization
of (3.15), we take advantage of Lemma 3.3.1 and propose a mixed formulation of the
problem. To this end, we relax as follows the divergence-free restriction through a Lagrange
multiplier:

Find w € W and A € L2(0,T; M(£4)) such that

% [(u(t), v)s + b(v,A(?))] + alt; u(l), v) = (£(1), "))079 Vv € Hy(curl, ),
b(u(t),d) =0 V9 € M(Qq), (3.16)
ulo.(0) =0,
where

W = {v € L*(0,T; Ho(curl,Q)) : v|g, € W'(0,T;H(curl,Q.))},

1
(w,v), = (ou,v)yq, and a(t;u,v) = (— curlu, curl 'v)

N(t) 0,0

Notice that W, endowed with the graph norm

T T
uw%:Awaﬁmwﬁ+[ﬂ@wm&mmJ@

is a Hilbert space and that W, is a closed subspace of W.

3.4 Existence and uniqueness
We introduce the space
Vo(€a) := {v € Hy(curl,Qq) : b(v,9) =0 VI e M(Qq)} (3.17)
and recall the following result.

Lemma 3.4.1 The seminorm v — ||curlvl|oq, is a norm on Vy(Q4) equivalent to the
usual norm of H(curl, Qq); i.e. there exists a constant C > 0 depending only on € such

that

[olneuman < Clleurlvloq, Vo € Vo().

Proof. See, for instance, [45, Corollary 4.4]. |
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Lemma 3.4.2 The linear mapping

E: H(curl,Q.) — V5(9Q)

v, — Ev,

characterized by (Ev.)

Q. = Ve and
(curl v, curlw) g, =0 Vw € V5(Q) (3.18)

1s well defined and bounded.

Proof. Let us denote here by 4¢ and v¢ the tangential traces on X taken from €. and
4, respectively. We know from Theorem 3.2.1 that there exists a continuous right inverse

of the tangential trace operator v¢:
(vt HY2(divp, X)) — {v]q, : v € Hy(curl,Q)}.
It follows that the linear operator

L: H(curl, Q) — {v]g,: v € Hy(curl,Q)}
(3.19)
v +— Lo.:= (72)71(7:7%)

is bounded, namely,
HE’UCHH(CUI‘I,Qd) < COH,UCHH(CUI‘I,QC) V’Uc S H(Cur1> Qc)u (320>

and it satisfies v4(Lv.) = vSv. on ¥. Notice that Lv. is an H(curl; )-conforming
extension of v, to the whole €, but it does not necessarily fulfill (3.18).

Given v, € H(curl, ().), consider the problem of finding z € Lv. + Hy(curl, Qy) and
p € M(€yq) satistying

(curl z, curlw), , +b(w,p) =0  Vw € Hy(curl, Qq),
b(z,9) =0 Vi e M(€Qy).
The well-posedness of this problem is guaranteed by the Babuska-Brezzi theory. Indeed,

on the one hand, the fact that grad(M (€q)) C Hy(curl, 4) implies easily the following

inf-sup condition for b:

b(z. 9 rad v, grad v
- (.9) (8 g )o.oy

2eHo(curly) |12 || H(cur,00) | grad ¥/ g (curL,0q)

= 80’19‘1@(1 Y € M(Qd)
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On the other hand, Lemma 3.4.1 ensures the ellipticity in the kernel property: there exists
C1 > 0 such that

(curlw, curlw);, > C’1||w||%10(cur1’9d) Yw € Vp(Qa). (3.21)

It is now clear that v, := z satisfies (3.18) and (Ew..)
of (3.18) follows from (3.21). Moreover, by virtue of the stability results provided by the

0. = V.. The uniqueness of solution

Babuska-Brezzi theory, there exists a constant Cy > 0 such that

||Svc ”H(curl,Qd) S C'2 H E'Uc H H(curl,Qq)-

Finally, (3.20) yields the estimate

||g'Uc||H(curl;Q) < V 1+ <0002)2“vc||H(curl,Qc) \V/'vc € H(CUI‘I, Qc)

Lemma 3.4.3 The inner product in Vy(€2)
(w, )y, () = (u,v)s + (curlu, curlv), (3.22)

induces a norm ||-||v, ) that is equivalent to the H(curl; Q) norm. Moreover, the following
decomposition is orthogonal with respect to the inner product (-, )y, «):

—_——

Vo(2) = Vo(Qa) ® E(H(curl, Q.)), (3.23)

—~—

where Vo(Qq) is the subspace of Vo (€2) obtained by extending by zero the functions of Vo(£24)
to the whole domain 2.

Proof. For any v € V,(Q), let us denote v. := v|q,. Notice that v — v, € V(). The
triangle inequality and Lemma 3.4.1 ensure the existence of a constant Cjy > 0 such that
HUH%-I(curl;Q) < QCSHCUI'I(,U - EUC)H?),Qd + 2||8’UCH%-I(cur1;Q)'

Hence, using again the triangle inequality and Lemma 3.4.2, we have

||’U||%{(cur1;9) <G (||curl'v||(2)7Qd + ||’UC||%-I(curl,Qc)) =0 (HUH(%QC + ||curl'v||(2)7Q) .

Consequently,

_ 2
||’U||%‘I(Curl;§2) < Cl maX{Uo 17 1} ||v||V0(Q) ’



46

The other inequality is straightforward.
Finally, it is easy to check that £(H(curl, €.)) is the orthogonal complement of V;(24)
in Vp(€2) with respect to the inner product (-, )y, q)- O

We are now in a position to prove the main result of this section.

Theorem 3.4.1 Problem (3.16) has a unique solution (w,\). Furthermore, there exists
C > 0 such that
T T
maxlu(®lEo, + [ [u®emad <C [ 1FORad (320
€[0,7] 0 0
Proof. We first notice that the second equation of (3.16) means that w € W,. The

decomposition (3.23) implies that the direct sum

—_—

Wo = L*(0,T; Vo () & E(W(0, T; H(curl, Q.)))

is orthogonal with respect to the inner product fOT(-, (o) dt. Hence u = uq + Eu,, with

—_—

uq € L20,7;V5(Qq4)) and Eu. € EW(0,T; H(curl, .))). Testing the first equation of

—_—

(3.16) with v € V5(€2q), we find that the first component satisfies
1
(— curluq(t), curl v) = (f(t),v)g0, Yo € Vo(Q2q).
pu(t) 0,04 ’
Lemma 3.4.1 and the Lax-Milgram lemma prove that this problem admits a unique solu-

tion and there exists C; > 0 such that

T T
| sl e < €3 [ 150G o (3.25)
The other component is determined by solving
d
E(uc(t), V), +a(t; Euc(t), Ev) = (f(t),Ev),q Vv € H(curl, §2.),

(3.26)
u.(0) = 0.

For any ¢t € (0,T), the bilinear form a(t;E-,&-) is clearly continuous and coercive on
H(curl, .):
alt: €0, €0) + (v, 0), > minfog, j7 ol VYo € Hicurl, 0)

Therefore, the well-posedness of the parabolic problem (3.26) follows immediately from
a simple variant of Lions Theorem (see, for instance, [73, Corollary 23.26]). In addition,
there exists C'y > 0 such that

T T
e e B, + [ elt) reunay < Ca [ 1FOIR

0 0

tel0,T
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which, combined with (3.25) and the boundedness of &, yields (3.24).

It remains to prove the existence and uniqueness of the Lagrange multiplier A\. Given
¥ € M(Qq), we denote by grad ¢ € Hy(curl, 2) the extension by zero of grad v to the
whole ). Notice that the bilinear form b satisfies the inf-sup condition

sup b(v, V) > lz(vgfﬁd v, 1)
veHo(curl,) ||V Heurto) || grad 9| g(curo)

Let us consider now G € C°([0, 7], Ho(curl, Q)') defined by

= €0|19|17Qd Vi € M(Qd) (327)

(G(8), v) :——('u,(t),v)g—/o a(s: u(s), v) ds+/0 (F(5),0)g0 ds

for all v € Hy(curl, Q). By integrating the first equation of (3.15) with respect to ¢ and

using the second one, we obtain
(G(t),v) =0 Vo e lh(Q).

Therefore, taking into account the definition (3.14) of V4(£2), the inf-sup condition (3.27)
guarantees the existence of a unique A\(t) € M(€q) such that (see [43, Lemma 1.4.1])

b(v,\(t)) = (G(t),v) Vv € Hy(curl, 2). (3.28)

We conclude that (u, \) solves (3.16) by differentiating the last identity with respect to ¢
in the sense of distributions. g
The reason for which we have skipped the stability estimate for the Lagrange multiplier

A in the last theorem becomes clear from the following result.
Lemma 3.4.4 The Lagrange multiplier A of problem (3.16) vanishes identically.

Proof. By virtue of the compatibility conditions (3.13),

(f.grad¥)oo, = (Wf, Do, = sz (uf s, =0 V9 € M(Q). (3.29)

Consequently, testing the first equation of (3.16) with grad ¥ (extended by zero to the
whole ) yields

d

Eb(grad U, A1) = (f(t),grad ), o, =0 Vi € M(Qy).
Next, we take ¢ = 0 in (3.28) and use the fact that G(0) = 0 to deduce that ¢ +—
b(grad ¥, A(t)) vanishes identically in [0, 7] for all ¥ € M(Qq). In particular eo|A(t)[3 o, =
b(grad A(t), \(t)) = 0 for all ¢ € [0,T], and the result follows. O
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3.5 Analysis of the semi-discrete scheme.

In what follows we assume that €2 and (2. are Lipschitz polyhedra. Let {7}, be a
regular family of tetrahedral meshes of {2 such that each element K € 7}, is contained
either in Q. or in Q4. As usual, h stands for the largest diameter of the tetrahedra K in
7},. Furthermore, we suppose that the family of triangulations {75, (3)}, induced by {75, }5
on ¥ is quasi-uniform.

We define a semi-discrete version of (3.16) by means of Nédélec finite elements. The
local representation of the mth-order element of this family on a tetrahedron K is given
by (see [57, Section 5.5])

N(K) =P @S,

where P, is the set of polynomials of degree not greater than m and
S 1= {peﬁfn: w-p(w):0},

with P,, being the set of homogeneous polynomials of degree m. The degrees of freedom
of N,,,(K) are given by

M (v) = {/ v -t.q for all ¢ € P,,_; for the six edges E of K} , (3.30)
E
where tg is a unit tangent vector along E; when m > 2 one has to add
My(v) = {/ (v xn)-q for all g € P2, for the four faces F of K} ; (3.31)
F

and finally for m > 3 one has to take also

M;s(v) = {/ v-qforall g€ an—:%} : (3.32)
K

Nédélec [61] has proved that these degrees of freedom are “curl-conforming” and de-
termine a unique element of N,,(K'). Then, for any smooth enough function v on K such
that the moments (3.30)-(3.32) are well defined, we can define Zxv € X,(Q2) characterized
by

M;(v) = M;(Zkv) 1=1,2,3.

The corresponding global space X,(€2) is the space of functions that are locally in
N (K) and have continuous tangential components across the faces of the triangulation
T
Xn(Q) :={v € Hy(curl, Q) : v|x € N,,(K) VK € T}.
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We use standard mth-order Lagrange finite elements to approximate M (€q):

My(Q) == {0 € H(Qq): Vg €P, VK €T, Jr =0, ¢

v, =Ci, i=1,...,I}.

We introduce the following semi-discretization of problem (3.16):
Find uy(t) : [0,T] — Xn(Q) and A (¢) : [0, T] — My (€q) such that

% [(un(t), v)o + b(v, An(t))] + a(t;un(t), v) = (f(1),v)gq Vv € Xu(9),
bluy(t),9) =0 VI € My(Q), (3.33)
UhL|Q. (O) =0.

Notice that the discrete kernel
Vor(Q2) :=={v € Xp(2) : b(v,9) =0V € My()}
is not necessarily a subspace of V4(€2). We introduce
Vor(Qa) :={v|a, : v € Von()} NHy(curl, Q)
and recall the discrete analogue of Lemma 3.4.1.

Lemma 3.5.1 The mapping v — |curlv||oa, is a norm on Vj 5 () uniformly equivalent

to the H(curl, Qq)-norm; i.e., there exists C' > 0, independent of h, such that
|lv]|H(eurt,0q) < Cllcurlvloq, Vo € Von(24q). (3.34)

Proof. See, for instance, [45, Theorem 4.7]. O
We will also need the following result deduced from Proposition 3.3 of [11], which

makes use of the quasi-uniformity of {7, }.
Lemma 3.5.2 Let
Xn(Qe) :={v]a. : ve€ Xu(Q)} and Xp(Qq) :={v]q, : ve Xn(Q)}.
There exists a linear operator
Fn i Y (Xn(82)) — Xn(S2)
such that v, (Fnny,) = n,, and

HfhnhHH(curl,Qd) < C|’nh”H*1/2(divr,F) v, € ¥, (Xn(S2)),

for some positive constant C independent of h.
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Lemma 3.5.3 The linear mapping

Et XnlQ) — Vo)

V. — Epv.
characterized by (Epve) |o, = ve and
(curl &v, curlw), =0 Vw € V() (3.35)
1s well defined and bounded uniformly in h.

Proof. Combining Theorem 3.2.1 and Lemma 3.5.2, we deduce that the linear mapping
Ly Xp(Qe) — Xpn(Qq) given by Lpv. = Fp(v,v.) is uniformly bounded, namely, there
exists Cp > 0, independent of h, such that

HﬁhUCHH(CuI‘LQd) S COHUCHH(CUI‘I,QC) v/Uc S Xh<Qc) (336>

The mixed version of (3.35) consists of finding z, € Lyv. + Xox(Q4) and p, € M;(Qq)
such that
(curl zj,, curlw) o +b(w,pp) =0  Vw € Xox(),
b(zp,9) =0 V9 € My(Qq),

where Xo,(24) := X,(Qq) N Hy(curl, Qq). Similarly to the continuous case,

grad(M;,(24)) C Xo.n(Q4)

and hence
b(z, v grad v, grad v
Sup ( ) = 0( )079d = €0|79’1’Qd Y € Mh(Qd>
2€X0,n(Qa) ||z||H(cur1,Qd) || grad 19||H(curl,Qd)

This discrete inf-sup condition and (3.34) allow us to apply again the Babuska-Brezzi
theory to deduce that z, is well-defined and

||Zh||H(cur1,Qd) S ClHEhUCHH(CUI‘l,QC)?

0. = v, and (3.35)
holds true. Moreover, these two conditions clearly determine £,v. uniquely and applying

(3.36) we have

||ghvc||H(curl;Q) S V 1+ (COOI)2||UC||H(CUI'1,QC) V’UC S H<Curl; Q),

from which the result follows. O

with C} > 0 independent of h. If we define £,v. := zy, clearly (E,v.)

Proceeding exactly as in the previous section we obtain the following result.
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Lemma 3.5.4 The bilinear form (-, )y, q) tnduces a norm on Vo () uniformly equiva-
lent to the H(curl; Q)-norm; i.e., there exists Cy > 0 and Cy > 0, independent of h, such
that

Chllvllaeurso) < ||v||V0(Q) < Cof|v[l(eurtn) Vo € Vou(€2). (3.37)

Moreover, we have the following (-, -)VO(Q)—orthogonal decomposition:

—_—~—

Vou(€2) = Vorn(Qa) @ En(Xn(S2e)), (3.38)

—_——

where Vi 5,(Qa) is the subspace of Vi, (€2) obtained by extending the functions of Vi n(€2a)

by zero to the whole domain €.

Theorem 3.5.1 Problem (3.33) has a unique solution (wp, A\p) with an identically van-

1shing discrete Lagrange multiplier \y,.

Proof.According to (3.38), we look for a solution of problem (3.33) written as follows:

up = Uqp + En(Ucp), With wapn(t) € Vor(Qa) and u.p € Xp(€e). Notice that wqp(t)|o, €

Vo n(€2a) must be the unique solution of the problem

<L curlug (), curl v) = (f(t), U)O,Qd Vo € Vor(a).
pu(t) 0,04

The other term u.p has to be the unique solution of the finite dimensional initial value

problem

d

E (uqh(t), ’U)U -+ Cl(t; Ehuc,h(t), Eh'v) = (f(t), 5’1”)0,9 Vv € Xh(QC>,

ugh(O) =0.

It only remains to prove the existence and uniqueness of the Lagrange multiplier A.
With this aim we notice that the functional defined by

(G(0).0) = [ [(£).0hq = alsswn(s).)] ds = (s (1)),
vanishes on the discrete kernel:
(Qh(t),v> =0 Yo € %ﬁ(Q)

Hence, the discrete inf-sup condition,

sup b(v, ) - b(grad v, 1)

VEXL(Q) HUHH(curl;Q) — gi'\édﬁHH(curl;Q)

= €0|19|179d V9 e Mh(Qd), (339)
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implies that there exists a unique A, (t) satisfying
b(v, A\u(t)) = (Gu(t), v) Vo € X,(9).

By differentiating the last equation we obtain that A, (t) solves (3.33).
Finally, since grad(M,(24)) C Xo.1(£24), we are allowed to test the first equation of
(3.33) with grad \,(t) extended by zero to the whole €2 to obtain

Ch{erad (1), M (1)) = (£(1), grad My (1)), = 0.
Therefore,
ol M(t)[ 0, = blgrad Mu(t), Mu(t)) = (Gr(0), grad A,(0)) = 0
and the result follows. O

3.5.1 FError estimates

Our next goal is to prove error estimates for our semi-discrete scheme. Notice that as
A = A, =0, we will only be concerned with error estimates for the main variable u.

Consider the linear projection operator II, : Ho(curl, Q) — V4 ,(Q2) defined by
Hhv € %,h(Q) : (Hhvy z)H(curl;Q) = (’U, z)H(curl;Q) Vz € ‘/O,h(Q> (34())
Lemma 3.5.5 There exists C' > 0, independent of h, such that

— 11 curk) < C'Inf — curl: 3.41
v — Hpv||Heurto) < zeg?h(mH’v Z||H(curt0) (3.41)

for all v € Vy(92).

Proof. From the definition of II;, we deduce that

[v — pv|lEEeuso) < ze%f(ﬂ) v — z[[H(Cwr0)-

Furthermore, since b satisfies the discrete inf-sup condition (cf. the proof of Lemma
3.5.3) and v € V4(€2), we can use the trick given in [43, Theorem II-1.1] to estimate the
right hand side of the previous inequality. In fact, let y € X,(€2). The discrete inf-sup

condition implies that there exists a unique

w € Vor()" 1= {w € Xi(Q) : (0, 0)y(eupey =0 Y0 € Vo) }
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such that
b(w7 Q> = b<v - Y, Q) vq € Mh(Qd)a
with

1 b(v—1y,q
|w|l(euro) < —  sup w

1
S —H’U - yHH(curl;Q)~
€0 qe My (Qq) |q,1,ﬂd €0

Thus, if we define z := w + y, then z € V4 ,(2). Consequently,

inf - o <|[lv — 2 )
ze‘l/(r:h(Q) ||’U z”H(curl,Q) _“'U zHH(curl,Q)

<llv = yllaEwse) + |[waEws)

1
< <1 + _) H’U - yHH(curl;Q)-
€0
As y € X, () is arbitrary, combining this last inequality with (3.42), we conclude that

inf — o) < C  inf — :
ze‘lf(?h(ﬂ) ||’U zHH(curl,Q) = zél)?h(ﬂ) ”U z||H(curl,Q)7

which proves (3.41). O
In order to obtain the error estimates, from now on we assume that for almost every
x € Q, pu(x,t) is differentiable with respect to ¢ and that there exists a constant 17 > 0
such that
|0z, t)| < [y Vvt € (0,T), a.e x €.

Lemma 3.5.6 Let p;,(t) := u(t) — Hpu(t) and 6,(t) = pu(t) — wy(t). There exists a
constant C' > 0, independent of h, such that

sup [|0(t)[[5 + sup | curldx (1)l o
te[0,T] te[0,T7]

T T
+ [ leu g @lqde+ [ 10801 d (3.42)
0 0

T
< C {/ ||8tph(t)||%-l(curl;9) dt + sup ”ph (t) ||%—I(curl;Q)} :
0 te(0,T)
Proof. A straightforward computation yields
(0101(t),v)s + a(t; 0x(t),v) = —(0ip,, (1), v), — a(t; p,(t),v) Vo € Von(Q2). (3.43)

By taking v = d,(t) in the last identity and using the Cauchy-Schwartz inequality together
with (3.9), we obtain

d _ 251
aHéh(t)Hi + i leurldn()l5o < N16aI5 + 110won®Il5 + Echrlph(t)Hg,n-
0
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We now integrate over [0, t] (note that d,(0) = 0) and use Gronwall’s inequality to obtain

t T
||5h(t)||3+ufl/0 ||Cur15h(8)||3,9d8§01/0 10117 + lon () [Freurrey] dt- (3-44)

Analogously, taking v = 9;0;(¢) in (3.43) and using the identity

1
a(t; z, Oyw) = ia(t; zZ,w) — / ——curl 0;z - curlw +/ Kult) curl z - curl w,
Q Q

dt (1) p(t)?
we obtain
1030 + 5 8008400 + 5 [ “jeurt 8,0
::—@mﬁmaﬁdﬂ%—7%Mtpﬂmddﬂ%iépéymﬂ@pgﬂwmﬂddﬂ

Aupu(t)
+/Q pu(t)? curl p,,(t) - curl ().

Integrating over [0, t] and using the Cauchy-Schwartz inequality lead to

t
[ 10861 ds + | curl84(0)
0

T
< 02{ / 100, () fx(curroy dt + sup || curl p, (1)]5 o
0 t€[0,T]

t
+/ chrldh(s)Hans}.
0

Finally, using Gronwall’s Lemma, we have

t
[ 10851 ds + | curl84(6)
0
T
< (3 {/ ||atph(t)||%-l(curl;9) dt + sup | curl Ph(t)||(2),9} :
0 te[0,7
The last inequality and (3.44) yield (3.42). O

Theorem 3.5.2 Assume that uw € H'(0,T; H(curl;Q)) and let e(t) := u(t) — uy(t).
There exists C' > 0, independent of h, such that

T T
sup Heh(t)H%I(curl;Q)“‘/ Heh(t)H%{(curl;Q) dt+/ |0ren(t)||? dt
te[0,7) 0 0
T
<cC inf u(t) = vl freun, inf | 9u(t) — vl eune | di
B {/0 Le%zm) I (®) UHH(C“‘”"Qeranhm)H ru(t) = vl eurro)

+ sup inf ut_vzcur. .
t[0,1] VEX () 0 HH( 1,9)}
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Proof. Notice that the regularity assumption on u allows us to commute the time deriva-

tive and II:

8, (yu(t)) = I, (Fyu(t)).

Hence, Lemma 3.5.5 implies that

||ph(t)||H(curl;Q) < Cvei)?hf(Q) |u(t) — 'UHH(curl;Q) (3.45)

and
15, t carky < CInf  ||0pu(t) — curl:Q)- 3.46
10001 e < € gt [0u(0) = e 3.10

Thus, the result follows by writing e;,(t) = p;,(t) + 0, (f) and using the estimates for 8, (¢)
from Lemma 3.5.6. O

For any r > 0, we consider the Sobolev space
H' (curl, Q) := {v € H'(Q)" : curlv € H"(Q)*}

endowed with the norm ||| (curi.q.

is well known that the Nédélec operator interpolation Z,v € X3 (€2.) (and Zpw € X (2q))
is well defined for any v € H"(curl, €2.) (resp. w € H"(curl, 4)) with r > 1/2; see, for

= Hvagc + ||curlv|]fjﬂc and analogously for Q4. It

instance, Lemma 5.1 of [11] or Lemma 4.7 of [14]. Moreover, if we introduce the space

X :={veH(curl;Q): Ir >1/2 wv|g, € H (curl, Q) and v|g, € H (curl,Qq)}
(3.47)
endowed with the H" (curl, Q.) xH"(curl, Q4)-norm, then Z;, : X — X,(Q) is well defined,
bounded uniformly in h and the following interpolation error estimate holds true (see
Lemma 5.1 of [16] or Proposition 5.6 of [11]):

v — Tyv|laeario) < CR™™ ™ jv||x Vo € H (curl, Q). (3.48)

Corollary 3.5.1 Ifu € H*(0,T; X N Hy(curl,Q)), then

T T
sup |len(t)l[freurte) + /0 llen(t) lExeurre) dt + /0 10en(t)]5 dt

t€[0,T]
T
SCWZSWHMM&+/|@MW&ﬁa
+€[0,T] 0

with | := min{r, m}.
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Proof. It is a direct consequence of Theorem 3.5.2 and the interpolation error estimate
(3.48). O

Remark 3.5.1 The eddy currents
ocE(x,t) = c0yu(x,t)

can be approximated by o Ep(x,t), where Ey(x,t) = Owup(x,t). In fact, Theorem 3.5.2
and Corollary 3.5.1 provide convergence estimates for o E — o Ey, in the L*(0,T;12(.))-
norm. On the other hand, by virtue of (3.11), Theorem 3.5.2 and Corollary 3.5.1 also

yield estimates for the approrimation of the magnetic induction B := pH .

3.6 Analysis of a fully-discrete scheme.

We consider a uniform partition {¢, :==nAt: n=20,..., N} of [0, T] with a step size
At = % For any finite sequence {6 : n=0,--- N}, let

_ en_enfl
"= ——— =1,2,...,N.
a At ) n ) 4y )

The fully-discrete version of problem (3.16) reads as follows:
Find (u}, A\}) € Xp(Q) x Mp(Qq), n=1,---, N, such that

(0w}, v), + b(v,0\}) + a(tn; up,v) = (F(tn), v)oq Yo € X,(92),

b(uy, p) =0 Vi € My (Qa), (3.49)

u% Qe — 0,
A = 0.
Hence, at each iteration step we have to find (u}, \}) € X,,(2) x M,(Qq) such that

(up,v), + Ata(ty; up,v) + b(v, \}) = F,(v) Vo € X,(92),
b(up, p) =0 Vi € Mp(Qa),
where
F,(v) == At(f(tn), v)oa + (’u,Z_l, V), + b(v, )\Z_l).

The existence and uniqueness of (u}}, A\}) is a direct consequence of the Babuska-Brezzi

theory. Indeed, as shown in the proof of Theorem 3.5.1, the bilinear form b satisfies the
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discrete inf-sup condition and A(v,w) := (v, w), + Ata(t,; v, w) induces a norm on its
kernel V(4 (€?) (cf. Lemma 3.5.4). Furthermore, testing the first equation of (3.49) with
grad \} and taking into account (3.29) leads to

eo|\pl1a, = bgrad A7, A}) = b(grad A}, \p 1), n=1,...,N.

Consequently, the condition A) = 0 implies that

3.6.1 Error estimates

Lemma 3.6.1 Let p" := u(t,)—1lyu(t,), 8" = yu(t,)—u) and " := du(t,)—0ul(t,).
There exists a constant C' > 0, independent of h and At, such that

18715 + || curl 8" (|5 o + At Z I curl 8%|[7 o + At Z 108% 17

(3.50)

< OA¢ <Z ||ap ||H (curL;) + Z || Curlp ||OQ + Z ||Tk||2>

k=1 k=1

foralln=1,...,N.
Proof. It is straightforward to show that
(08%,v) + a(ty; 6%, v) = —(0p",v), — alty; p*,v) + (75, v), Vo e Vou o (3.51)
Choosing v = 6" in the last identity and using the estimates
a(ty; 6%,0%) > py ' curl8*|fq and  (98%,8"), > (||5'“||2 16"7112)

together with the Cauchy-Schwartz inequality, yield

185012 = 165712 + At pii || curl 6% 3 ,
At ke A k|2 k k|2 (3.52)
< 51l 17+ CLAL (19p"]12 + || curl p*lloo + [|[7°]12) -

In particular,

16517 — 16*H]1% < 2THé’“HQ + 1At (|0p"]7 + || eurl p*lloq + [7717) -
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Then, summing over k and using the discrete Gronwall’s Lemma (see, for instance, [62,
Lemma 1.4.2]) lead to

16715 < Cort Y (19p°12 + || curl p*15 o + II7"II2) .

for n =1,..., N. Inserting the last inequality in (3.52) and summing over k we have the

estimate

1675 + Aty || curl8[|3

k=1

. . . (3.53)
< CsAt (Z 100*12 + >l curl p*[5. o+ ||T’“||§> '
k=1 k=1 k=1
Let us now take v = 98" in (3.51):
1065 |12 + a(ty; 6, 08%) = —(9p*, 08", — a(ty; p*, 06%) + (1%, 06%),. (3.54)
Since the bilinear form a(tx; -, -) is nonnegative, we have that
1
al(ty; 6", 06"%) > AL [a(ty; 6%, 8%) — a(ty; 6", 6" 1]
1
2At [ (tk,ék 5k) —Cl(tk 1,5k 1 5’“ 1)}
1
2At [ (tk 1,5k 1 5k 1) a(tk;ék_l,ék_l)} ]
Then, there exists &, € (tx_1,%x) such that
= 1
alty; 6%, 06%) > SAZ [a(tk; 8%, 8%) — alty_y; dk_l,dk_l)}
1 / 1 (k) | 5k 1‘2 (3:55)
+ = curlé™ |~
2 Jo 1(&)?
On the other hand, a straightforward computation shows that
_ 1 _
a(tk7 pka aék) A [ (tka P 6 ) - a’(tk—l; Pk_17 ék_l)] - a(tk7 8pk7 5k_1)

(3.56)

1 1% (&;) k—1 k—1
+ = curl -curld™ .
2 / &k )? p

Hence, using (3.55) and (3.56) in (3.54), the Cauchy-Schwartz inequality leads to

At||08% (% + a(ty; 6%, 8%) — a(tp_y; 671, 6571
< Gt [10P" [Freurtiy + 175115 + [l curl o3 o]
— [alty; p*,6%) — alty—r; pF1, 6571
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Summing over k£ and using the Cauchy-Schwartz inequality, we have

U 1
ALY " ||08%||2 + 2—|| curl 8[| ¢,
1 1

< G5 | 3 100" Brgeurtoy + S I7H12 + 3 eurl o2
k=1 k=1

k=1

Finally, the result follows by combining the last inequality with (3.53). O

Theorem 3.6.1 Assume that w € H*(0,T; H(curl;Q)) and let €" := wu(t,) — ul. Then,
there exists a constant C' > 0, independent of h and At, such that

N N
max ”en”%{(curl;ﬁ) + At Z ||ek||%l(curl;§2) + Atz ”aek||<27

1<n<N
k=1 k=1

N
. 2 . 2
<C {12%353\[ veanhf(Q) Hu(tn) - UHH(curl;Q) + At ;1: vel)glf(ﬁ) ”u(tn) - v“H(curl;Q)

T T
+/ ( inf [|Oyu(t) — v||%{(cur1;9)) dt + AtQ/ ||8ttu(t)||(27 dt} .
0 0

'UGXh (Q)

Proof. A Taylor expansion shows that

n

n
dolTHE =
k=1 k=1

Moreover,

1

tr 2 T
5 [ v e < [ jaw e @)
At th_1 - 0

T

n B 1 n t 1
dp"|2 < — / O, (D dt < — O, (D|* dt. 3.58
;II Pl < At; - 10 (D), dt < At ), 10cpn (DI}, (3.58)

Combining (3.50), (3.57), and (3.58) and recalling that [|-||; o is equivalent to || -

| (curt) in Vo r(£2), we obtain

N N
max ||6n||%{(curl;ﬂ) + At Z ||6k||%{(curl;§2) + At Z ||85k||3

1<n<N

k=1 k=1
g 2 = g 2
<o [ om0l i+ A0 eurl () + (80 [ Jowu()? dsp.
0 = 0
The result follows from the fact that e” = §" + p" and the triangle inequality. O

Finally we deduce from (3.45), (3.46), and (3.48) the following asymptotic error esti-

mate.
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Corollary 3.6.1 Under the assumptions of Corollary 3.5.1 and Theorem 35.6.1, there
exists a constant C, independent of h and At, such that

N N
max ||en||%—l(curl;Q) + Atz ||6k||%{(curl;Q) + At Z ||aek||c2r

1<n<N
k=1 k=1

T
s, fut) i + [ oo

1<

T
+e@? [ ol d
0
with | := min{m, r}.

Remark 3.6.1 At each time step t = t, we can approximate the eddy currents o E(x, ty,)
by aEﬁ, where E’,i = Oul. In fact, Corollary 3.6.1 yields the following convergence esti-
mate in a discrete L2(0,T;L*(.))-norm

N
ALY |loE(ty) — o B[l o, < C [P + (A1)].
k=1

3.7 Conclusions.

We have introduced an FE-based formulation for the time-dependent eddy current
problem in a bounded domain. The variables of the formulation are a time-primitive of
the electric field and a Lagrange multiplier used to impose the divergence-free constraint
in the dielectric domain. We have shown that this formulation is well posed and that the
Lagrange multiplier vanishes identically.

Then, we have proposed a finite element space discretization based on Nédélec edge
elements for the main variable and standard nodal finite elements for the Lagrange mul-
tiplier. We have proved the well posedness of the resulting semi-discrete scheme as well
as optimal order error estimates. The discrete Lagrange multiplier has been proved to
vanish, as well. Finally we have analyzed an implicit time discretization scheme. Un-
der appropriate smoothness assumptions, we have proved that the fully discrete problem
also converges with optimal order. This approach provides suitable approximations of the
quantities of typical interest: the eddy currents in the electric domain and the magnetic

induction.



Chapter 4

Numerical treatment of a nonlinear
magnetic field time-dependent eddy

current problem

4.1 Introduction

The field problems involving ferromagnetic conducting materials are complicated by
the nonlinear relationship between flux density and the magnetic field intensity. This
relationship is given by a physical parameter called magnetic reluctivity (the inverse of
the permeability). If hysteresis effects and anisotropies are neglected, the reluctivity is a
scalar function which typically has a nonlinear dependence on the absolute value of the
magnetic induction; see, for instance [44].

In the previous chapter, it has been shown that the time-dependent eddy current
problem admits a saddle point structure, in which the reluctivity appears as a diffusion
coefficient in the resulting degenerate parabolic problem (see (3.16)). Consequently, this
formulation allows us to consider the above-mentioned nonlinear case.

By using the physical properties of the reluctivity (cf. [65]) and the nonlinear mono-
tone operators theory, we prove that the resulting mixed problem is well-posed. As in
Chapter 3, we use Nédélec edge elements for the main variable combined with standard
nodal finite elements for the Lagrange multiplier to define a semi-discrete Galerkin scheme.

Furthermore, we introduce the corresponding backward-Euler fully-discrete formulation

61
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and prove error estimates.

Throughout this chapter we will use the definitions and notations from Section 3.2.

4.2 Variational formulation

Our purpose is to determine the eddy currents induced by a given time-dependent
compactly-supported current density J in a three-dimensional conducting domain repre-
sented by the open and bounded set €2.. We assume that (2. is a Lipschitz domain and
denote by m the unit outward normal on ¥ := 0{2.. We denote by ¥;, i = 1,--- , I, the
connected components of X.

The electric and magnetic fields E(x,t) and H (x,t) are solutions of a submodel of

Maxwell’s equations obtained by neglecting the displacement currents (see [13]):

O (uH) + curl E = 0 in R® x (0,7), (4.1)
curlH=J +0E inR*x[0,7), (4.2)
div(eE) =0 in (R*\ Q) x [0,T), (4.3)
/EE-TL:O in[0,7), i=1,---,1, (4.4)

3
H(x,0)=0 in R?, (4.5)

1 1

H(x,t) =0 (m) and E(x,t)=0 (m) as || — oo, (4.6)

where the asymptotic behavior (4.6) holds uniformly in (0,7). Since we only consider
here isotropic materials, the electric permittivity e, the electric conductivity ¢ and the
magnetic permeability p are piecewise smooth real valued functions.

In ferromagnetic materials (e.g. iron, steel) the magnetic permeability p does not only
depend on the space variable. Actually, disregarding the effects of hysteresis, i is a function

of the magnetic field (@ = p(|H|)). Then, by introducing the magnetic reluctivity

1
(| H])

we have the following nonlinear relation between the magnetic induction B and the mag-
netic field H (c.f. [44])

v =v(B|)

(B = uH),

H = v(|B|)B. (4.7)
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By proceeding as in Section 3.3, we will formulate our problem in terms of the time

primitive of the electric field

u(x,t) == /OtE(a:, s)ds.

To this end, we integrate (4.1) with respect to ¢ and use (4.5), to obtain

B = —curlu. (4.8)
Hence, (4.7) implies
H = —v(|curlu|) curl u.
Then, from (4.2) we have
00yu + curl (v(|curlul|) curlu) = —J.

Notice that as a consequence of the decay conditions (4.6), we may assume that the
electromagnetic field is weak far away from §2.. Motivated by this fact, and aiming to
obtaining a suitable simplification of our model problem, we introduce a closed surface I'
located sufficiently far from Q. and assume that w has a vanishing tangential trace on this
surface. Hence, we will formulate our problem in the bounded domain €2 with boundary I'.
We assume that €2 is simply connected, with a connected boundary, and that it contains
Q. and the support of J. We define €2y := 2 \ﬁc.

The last considerations lead us to the following formulation of the eddy current prob-
lem:

Find w: Q x [0,7) — R? such that:
o0yu + curl (v(|Jcurlul) curlu) = —J in Q% (0,7),
div(euw) =0 in Qq x [0,7),
(Yn(ew),1)s, =0 in[0,7), i=1,...,1, (4.9)
Y-u =0 on ' x [0,7),
u(+,0)=0 in Q.

We introduce the space

M () == {09 € H(Qq) : yI|r =0 and 9

v, =Ci, i=1,...,1},
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where C;, i =1,..., 1, are arbitrary constants. The Poincaré inequality shows that |-|; g,

is a norm on M (€4) equivalent to the usual H'(Qq)-norm. Next, let
Vo(Q) :={v € Hy(curl, Q) : b(v,9) =0 VIe& M(Qq)}, (4.10)

where

b(u,?) = (eu,grad ¥)p q,.

By testing the first equation of (3.12) with a function v € V4(£2) and using (3.1), we
obtain the following variational formulation:
Find v € W, such that

d
a(au(t),v)o,gc + (v(|curlul) curl u(t), curl’u)&Q = (J(t),v)00 Yo € (),
u Qc (0) = 07
(4.11)
where
Wy :={v € L*(0,T; V4(Q)) : v|a, € W0, T; H(curl, Q.))},
with

W0, T; H(curl, €,))
= {v € L*(0, T;H(curl, %)) : dw € L*(0,T;H(curl, Q.)")}.

Here, H(curl, €2.)" is the dual space of H(curl, €2.) with respect to the pivot space
L2(Q,0)? = {v : Q. — R? Lebesgue-measurable : / olv]* < oo} .
Qe

Notice that the initial condition of (4.11) makes sense thanks to the continuous embedding
(c.f. [73, Proposition 23.23)):

W0, 75 Heurl, Q.)) — (0, T5 L2(Q, 0)%).

In order to avoid the task of constructing a conforming finite element discretization
of (4.11), we take advantage of Lemma 3.3.1 and propose a mixed formulation of the
problem. To this end, we relax as follows the divergence-free restriction through a Lagrange

multiplier:
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Find w € W and A € L?(0,T; M(€y)) such that:

%((“(”7”% +0(v, A1) + (Au(t),v) = (=J(t),v),, Vv € Hy(curl, Q),
b(u(t),9) =0 VI € M(Q), (4.12)
ulq.(0) =0,
where,

W = {v € L*(0, T; Ho(curl,Q)) : v|o, € W'(0,T;H(curl,Q))},

(), = (ou,v)yq, (Au,v) = / v(|curlul) curlw - curlw.
Q

4.3 Existence and uniqueness of weak solutions

From now on we assume that the functions ¢ and o satisfy the following (physical)

properties:
g1 >¢e(x) >ep >0 ae. in Q. and  e(x) =¢gp a.e. in Qy, (4.13)
op>o0(x) >09>0 ae. in and o(x) =0 a.e. in Qq. (4.14)

Notice that, as a consequence of (4.2) and (4.14), J is divergence-free in R?\ Q. and
JoJ - n=0,i=1,--- I forallte[0,T). Then

I
(J,grad ?)o o, = (Yud,D)oa, = 219

i=1

5 (W Ds, =0 VI € M(Qa). (4.15)

Furthermore, we suppose that there exists a constant 14 > 0 (the reluctivity of the

dielectric medium) such that

v, x ey, te (O,T),

(4.16)
ve(|curlu(z, 1)), x€Q,te(0,T),

v(|curlu(x, t)|) = {
where v, : Ry — R is a continuous function satisfying the following properties (c.f. [65]):

There exists constants vy, and vy (with vy the reluctivity in the vacuum) such that

0< Vmin S Vc(s) S 1% Vs € RS_, ( )
4.17

lim v.(s) = vy,
S§—0Q
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and

s+ 1(8)s is strictly increasing and Lipschitz continuous. (4.18)

Let us remark that (4.16) implies

(Au,v) = (Bu,v) + a(u,v), (4.19)
where
(Bu,v) := / ve(| curlu|) curlu - curlwv (4.20)
and
a(u,v) := 1/1/ curlu - curlw. (4.21)
Qq

We are now in a position to prove the main result of this section.

Theorem 4.3.1 Problem (4.12) has a unique solution (w,\) with A\ = 0. Furthermore,
there exists C' > 0 such that

T T
maX||U(t)H3,QC+/O () fa(eurnio dt < 0/0 Molrrys (4.22)

te(0,7

Proof. We first notice that the second equation of (4.12) means that u € Wj. Let V5(Qq)
the subspace defined by (3.17). The decomposition (3.23) implies that the direct sum

—_—

Wo = L*(0,T; Vo()) & £(W' (0, T; H(curl, Q)))

is orthogonal with respect to the inner product fOT(-, o) dt. Hence u = uq + Eu,, with

—_—

uq € L2(0,T;Vp(Qq)) and Eu, € EW(0,T; H(curl,2.))). Testing the first equation of

e~ —

(4.12) with v € V;(24), we find that the first component satisfies
v (curlug(t), curlw)y o = (=J(t),v),q, Vo € Vo(Qq).

The existence and uniqueness of solution of this problem is a consequence of the Lax-

Milgram lemma and Lemma 3.4.1. Moreover, there exists C'; > 0 such that

T T
| sl dt < €1 [ 170 (1.23)
The other component is determined by solving
d
E(uc(t),v)g + (Auc(t), Ev) = (J(t),Ev) q Vv € H(curl, €2.),

(4.24)
u.(0) = 0.
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In order to prove that the last problem has a unique solution, we notice that the first

equation of (4.24) is equivalent to

%(w(t), V) + (C(w(t), v) = —e' (J (1), Ev)y g Vv € H(curl, §2.),

where w(t) = e'u.(t) and C(t) : H(curl, ) — H(curl,2.)" is the nonlinear operator
defined by

(C(bw, v) =(w, v), + (Vc(et|curlfw|)curl'w,curlv)oﬂc (4.25)
+ 11 (curl Ew, curl SU)O’Qd .

Consequently, it is sufficient to show the following properties for any ¢ € (0,7 (c.f. [74,
Theorem 30A]):

C1. C(t)is Hemicontinuous, i.e. the function
s+ (C(t)(u+ sv),w) (4.26)
is continuous in [0, 1] for any w, v, w € H(curl, 2.).
C2. (C(t) is Monotone, i.e. there holds

(Ctiv—-Ct)w,v —w) >0  VYv,w € H(curl, 2,). (4.27)

C3. C(t) is Coercive, i.e. there exists £ > 0 such that

<C(t)v7 'U> = K/H,UH%I(curl,Qc) Vo e H(CurL QC)

C4. (C(t) is Bounded, i.e. there exists k£ > 0 such that

ICWwlmeumny < Floluenoy Yo € Hlewl ). (428)

By using (4.17) and (4.18), it is straightforward to prove the properties C1-C4 (see

remark below). Then, there exists a unique u. solution of Problem (4.24) satisfying

T T
mwwﬁm&+/Hmwﬁmﬁmﬁ§@/Hﬂ%%ﬁ,
0 0

te[0,T)

for some constant Cy > 0. Combining the last inequality with (4.23) we obtain (4.22).
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To show the existence of the Lagrange multiplier A\, we consider the functional G €
CY([0, T]; Ho(curl, Q)’) defined by

(G(t),v) = — (u(t), v), - / (Au(s), v) ds — / (I(5), 0)gq ds

for all v € Hy(curl, Q) and proceed as in Theorem 3.4.1. Finally, by proceeding as in

Lemma 3.4.4 we prove that A\ vanishes identically . a

Remark 4.3.1 For the sake of completeness, we present here the proof of properties C1-
C4 of operator (4.25). Let t €]0,T[, u,v,w € H(curl, Q).
Proof of C1. Let f :]0,T[— R be the function given by (4.26). For any s €]0,T[ we

have

f(s) =(u+ sv,w), + / ve(e'| curl(u + sv)|) curl(u + sv) - curlw

C

+ vy (curl E(u + sv), curl Ew)g q, -

Then, since v, continuous, we deduce that f is continuous.
Proof of C2. Let D : H(curl,Q.) — H(curl,Q.) and g : [0,1] — R be the functions
defined by
(Dv,w) := / v.(e'| curlw|) curlv - curl w (4.29)

C

and
g(s) = (D(sv + (1 — s)w),v — w), (4.30)

respectively. To prove (4.27), it is sufficient to show that

1
g(1) —g(0) = / g (s)ds = (Dv — Dw,v — w) > 0. (4.31)
0
Let o := e curlu, 3 := e’ curlw and

G(s) =v(lsa+ (1 —3)B])(saa+ (1 —35)8) (a—B). (4.32)
Then,
g(s) = e_2t/ G(s). (4.33)
By differentiating (4.32) with respect to s, wce have

C(s) =I5+ (1 — )8 [“Sa LR

+ ve(Jsa+ (1 — $)8))|a — BJ?
= {[V.()n + ve(n)] cos? 0 + v(n) sin2 0} o — BI2,
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where

(sa+ (1-5)B) - (o —B)
sae+ (1= 5)Blla— Bl
Then, recalling that n — v.(n)n is strictly increasing, we obtain that G'(s) > 0 for any

s € (0,1). Hence, by (4.33) we conclude (4.31).

Proof of C3. It suffices to notice that

n:=|sa+ (1 —1s)B|.

cosf =

(C(t)v,v) =[lv]70, + (Dv,v) + nilcurlEv|fq,
>|[v]|70, + (Dv, v)
>00|v][5.0, + Vininl| curlw[f g,
Z/f||"7||%1(cur1,(zc),

where Kk := min{oq, Viin } -

Proof of C4. First observe that

(C)v, w) <ai]|v]oalwloa

+ | curlwljp g, || curlw||o g, + v1]| curl Ev||o q, | curl Ewljo g, -

Since € is bounded, this inequality implies (4.28).

4.4 Analysis of the semi-discrete scheme

In what follows we assume that €2 and ). are Lipschitz polyhedra. Let {7}, be a
regular family of tetrahedral meshes of €2 such that each element K € 7, is contained
either in Q. or in Q4. As usual, h stands for the largest diameter of the tetrahedra K in
7y,. Furthermore, we suppose that the family of triangulations {7, (3)},, induced by {7}
on ¥ is quasi-uniform.

We define a semi-discrete version of (4.12) by means of Nédélec finite elements. The
local representation of the mth-order element of this family on a tetrahedron K is given
by (see [57, Section 5.5])

Nin(K) = P?n—l ©® S,

where P, is the set of polynomials of degree not greater than m and

Sm::{peﬁ’f’n: a:-p(:z:):O},
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with IF’m being the set of homogeneous polynomials of degree m. The corresponding global
space X5,(Q2) is the space of functions that are locally in AN,,(K) and have continuous

tangential components across the faces of the triangulation 7,:
Xp(Q) :={v € Hy(curl, Q) : v|x € N;,,(K) VK € T}.
The degrees of freedom of X, (£2) are given by
M (v) = {/v -t.q for all ¢ € P,,_; for the six edges e of K} : (4.34)
where t. a unit tangent vector along e; when m > 2 one has to add
My (v) = {/f(v x n) - q for all g € P2 _, for the four faces f of K} ; (4.35)

and finally for m > 3 one has to take also

M;s(v) = {/ v-qforall g€ IP’fng} : (4.36)
K

Nédélec [61] has proven that these degrees of freedom are “curl-conforming” and determine
a unique element of NV, (K).

We use standard mth-order Lagrange finite elements to approximate M (€q):
Mh(Qd) = {19 € Hl(Qd> : 19|K S ]Pm VK € T, 19|F = 0, 19|21 = CZ‘7 1= ]_,,I}

We introduce the following semi-discretization of problem (4.12):
Find wy(t) : [0,T] — Xn(2) and A (¢) : [0, 7] — My(€q) such that

 [(un0), 0)o + o, MO)] + (A (1), 0) = — (1), 0 Vo € Xi(0),
b(uh(t),ﬁ) =0 Yo € Mh<Qd), (437)
uh|Qc (O) =0.

Theorem 4.4.1 Problem (4.37) has a unique solution (wp, \p) with an identically van-
ishing discrete Lagrange multiplier \y,.
Proof. The second equation of (4.37) means that w,(t) € Vo ,(52) for any ¢ € (0,7). From

(3.23), there holds that wj, = wan+En(ucn) with wan(t) € Vo () and wep(t) € Xn(Qe).

By proceeding as in Theorem 3.5.1, we notice that the existence and uniqueness of uqj, is
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a direct consequence of Lemma 3.5.1 and the Lax-Milgram lemma. The other component
of the solution solves the following nonlinear finite system of differential equations
Find wu.;(t) € X,(€2) such that:

% (wen(t),v), + (Al uc(t), Epv) = — (J (1), cS'hv)QQ Yo € X,(Q),
’U,C,h(O) = 0.

To prove the existence and uniqueness of the Lagrange multiplier A, = 0, we define

G1).0) == [ [(T(5): )y + (Aun(s).0)] s = (un(0).0),

and proceed as in Theorem 3.5.1. O

4.4.1 Error estimates

Our next goal is to prove error estimates for our semi-discrete scheme. Notice that as
A = A, = 0, we will only be concerned with error estimates for the main variable u. To

this end, we need to show some properties of the nonlinear operator A.

Lemma 4.4.1 The operator A is hemicontinuous and bounded (see the proof of Theorem
3.4.1 for these definitions). Furthermore, there hold the following inequalities for any
u,v,w € H(curl; Q):

(Av — Aw, v — w) > af curl(v — w)|[3 4, (4.38)

|(Au — Av, w)| < k| curlu — curlv||p ol curl w||oq, (4.39)

where o and Kk are positive constants.

Proof. The hemicontinuity, boundness and inequality (4.38) are straightforward (see
Remark 4.3.1).

Let B the operator defined by (4.20). First we want to prove that there exists £; > 0
such that

|(Bu — Bv,w)| < k|| curlu — curlv||pq.| curlw||o.q, (4.40)

for all w, v, w € H(curl, Q).
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Let u,v,w € H(curl, €).). It is easy to check that

(Bu—po.w) = [ lada-wn(B)sl 0~ [ [f@) - @) @)
Qe Qe
where « := curlu, 8 := curlv,n := curlw and f: R?® — R? is given by

f(x) = v(|z|)x vV € R®.

Let g(t) := f(tae+ (1 —t)8). Then

Fla) — £(8) = g(1) — g(0) = / g'(t)dt = / Df(ta+ (1 - 1)B)(cx — B)dt.

and
Fl@) - fB) <la-B / |Df(te + (1 — 1)) |,
with \
ofi(x)|?
IDf(a))? = 3 |25

In order to estimate the last norm, we notice that

ofx) > [, .z

] P it s+ iy
ot 2|xj|2 2 / Z; 2 9
~ Wl 2+ 20l 2y +

Vo(l2D) | + 20 (|2l ve( ) || + [ve(|2])])*
< Wi(lz]) |2l + ve(l2))” < 6,

IN

where 07 is the Lipschitz constant of the function s +— v.(s)s. Hence,

IDf(x)| <36 Va # 0. (4.42)
Furthermore of (1h)hs
i . Ve i,j
= AN Ll VARV <
0= (008, <
which implies that
[Df(0)[| < 3vo.

Consequently,
|f(a) = F(B)] < 3max{ry, b1 }|e — B.
Then, by (4.41) we obtain (4.40).
Finally, (4.39) follows by combining (4.19) and (4.40). O
Consider the linear projection operator 11, : Ho(curl, 2) — V4 ,(€2) defined by (3.40).
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Lemma 4.4.2 Let p;(t) := u(t) — Hpu(t) and 6,(t) = pu(t) — uy(t). There exists a
constant C' > 0, independent of h, such that

T
sup 81012+ [ 1840 Frcuns

te[0,7

. . (4.43)
gc{ [ ooz | chﬂph(twagdt}.
0 0

Proof. For any v € V() we have
(0104 (1), v)s + (Allpu(t) — Aup(t),v) = —(01py(t),v), — (Au(t) — Allju(t), v).

By taking v = d,(¢) in the last identity, using (4.38), (4.39) and the Cauchy-Schwartz

inequality, we obtain
5 710 )ll5 + el curlda(t)lo.0

1
< 70 @l + Cr [l (D)5 + [l eurl py (D)5.0] -

We now integrate over [0, t] (note that d,(0) = 0) and use Gronwall’s inequality to obtain

t T
||5h(75)||§+/0 ||Curldh(S)IIS,gdsSC/O 10epn (0I5 + || curl p, (£)]15.0] dt.

Then, taking supremum over ¢ € [0, 7] and using (3.37) we conclude (4.43). O

Theorem 4.4.2 Assume that uw € H'(0,T;H(curl;Q)) and let e,(t) := u(t) — up(t).
There exists C' > 0, independent of h, such that

T
sup eI+ [ llea®) Freunsen
te[0,7] 0

T
> {/0 |:’U€il)(1’lh(ﬂ) H ( ) ||H(curl,Q) 'ueg('nh(ﬂ) H t ( ) ”H(curl,Q)

+ sup inf ut_'”2cur- '
t€]0,7] vEXR () 0 HH( LQ)}

Proof. The regularity assumption on w allows us to commute the time derivative and
11,

Oy (Mpu(t)) = I, (Oru(t)).
Hence, the results follows by writing ey, (t) = p,(t) + dx(t) and using Lemmas 3.5.5 and
4.4.2. O
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Corollary 4.4.1 Let X be the space defined in (3.47). If u € H'(0,T; X NHy(curl, Q)),
then

T
sup llen(®)]12 + / len () Preuon dt
t€[0,T) 0

T
§0h2’{ sup IIUJ(t)H?ch/0 HatU(t)vadt},

te[0,7]
with | := min{r, m}.

Proof. It is a direct consequence of Theorem 4.4.2 and the interpolation error estimate
(3.48). O

4.5 Analysis of a fully-discrete scheme.

We consider a uniform partition {¢, :==nAt: n=20,...,N} of [0, 7] with a step size
At = % For any finite sequence {6": n=0,--- , N}, let

_ en_en—l
e =1,2,...,N.
00 AL n RIRREY

The fully-discrete version of problem (4.12) reads as follows:
Find (u}, A\}) € Xp(Q) x Mp(Qq), n=1,---, N, such that

(DUl v)y + b(v, ONT) + (Aul,v) = —(J(t), v)on Vv € Xu(Q),

b ) =0 i€ Mi(S), (4.4

0
uy,

a. =0,

M) = 0.

Hence, at each iteration step we have to find (u}, \}') € X,,(Q2) x Mp(€Qq) such that
(up, v)o + At (Auy, v) +b(v,A}) = Fo(v) Vo € X,(Q), (4.45)

b(ujy,p) =0 Vi€ My(fa),

where
F,(v) = =At(J(tn),v)oa + (u) ™ v), + b(v, \}7h).

In order to prove the existence and uniqueness of solution (ujy, A}') of (4.45), we first

notice that the nonlinear operator A : X,(Q) — X,(Q) given by

(Au,v) == (u,v), + At{Au,v)
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is strongly monotone and Lipschitz continuous in V4 (€2), i.e. there exist constants £ > 0

and & such that
<Zv — gw, v—w) > allv-— wH%{(wrl;Q) Yo, w € Vp,(Q)
and
[(Au — Av, w)| < &| curlu — curlv||oq| curlwlloq  Vu,v,w € Vo,().

Consequently (see for instance [74, Theorem 25.B]), there exists a unique uj € V;,(2) C
X (§2) such that

(up,v), + At (Auy,v) = F,(v) Yo € Von(Q).
Then, the functional G}' € X, (Q2)" defined by
(Gr,v) = Fu(v) = (uj, v), — (Auj, v)

verifies

Gh,v)y=0  Yov e VnQ).

Hence, since b satisfies the discrete inf-sup condition (3.39) we deduce there exists a

unique A} € M,(Qq) satisfying
b(v,A\y) = (G, v) Vv e Xu(Q),

which implies that (u}, A}) is the unique solution of (4.45).
On the other hand, testing the first equation of (4.44) with grad A} and taking into
account (4.15) leads to

Il
—

€0|>\Z’%»Qd = b(grad A}, \}) = b(grad A}, )\Z’l), n

Consequently, the condition A) = 0 implies that
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4.5.1 Error estimates

Lemma 4.5.1 Let p" = u(t,)—Iu(t,), 6" == u(t,)—ul and ™" := du(t,)—0u(t,).

There exists a constant C' > 0, independent of h and At, such that

16715 + At Y |l curl 8|3

k=1
N N N
<ca <Z 106412 + D lleurl g + 3 HT’“Hi) ,
k=1 k=1 k=1
foralln=1,... N.

Proof. It is straightforward to show that

(06%,v)y + (ATl u(ty,) — Aul, v)
= —(0p",v), — (Au(ty) — Allu(ty), v) + (75, v), Yo € V.

Choosing v = 6" in the last identity and using Lemma 4.4.1, the estimate

(98", 6", > ——

> oo (18117 = 16°712) .
2At

together with the Cauchy-Schwartz inequality, yield

1851 = 16* 71 + At ol curl 8°13
At
< —

< SRIGMIE + CLAE (1002 + | curd pFlloq + 1¥1).

In particular,

At
185115 = 1671117 < o

2 < SRS + Gt (19612 + || curd oo + [172).

(4.46)

(4.47)

(4.48)

Then, summing over k and using the discrete Gronwall’s Lemma (see, for instance, [62,

Lemma 1.4.2]) lead to

16715 < Cat Y (19p"12 + | curl p*l5 o + II7]17) .
k=1

for n =1,..., N. Inserting the last inequality in (4.48) and summing over k we have the

estimate (4.46).

O
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Theorem 4.5.1 Assume that u € H*(0,T; H(curl; Q)) and let e" := u(t,) — u}. Then,
there exists a constant C' > 0, independent of h and At, such that

N
1r<na<x HenHZ' + At Z HekH%-I(curl;Q)
k=1

< ¢ { max inf H'U,(t ) - v”H curl;Q) + Atz inf ||’U,<tn) - v“%—l(curl;ﬂ)

1<n<N ve X, (Q) veEXL(Q)

T
w [ (Lt 1)~ vl ) e+ 22 [ ool dt}-
0 veX ( 0

Proof. A Taylor expansion shows that

n tr 2 T
Y= 3| 5 [ =) <o [l
0
Moreover,
St > [ e as G [ lomoa @
k=1 At k=1 " tk-1 At Jo

Combining (4.46), (4.49), and (4.50) and recalling that || - ||g(curi;0) is equivalent to
“'HVO(Q in V5 ,(€2), we obtain

max [|6"]; + Atz 16% I curtc)

1<n<N

T
gco{ [ W 4 803wty 1) + (802 [ oo ds}-
0 k=1 0

The result follows from the fact that e™ = §" 4+ p™ and the triangle inequality. ]

Finally we deduce from (3.48) the following asymptotic error estimate.

Corollary 4.5.1 Under the assumptions of Corollary 4.4.1 and Theorem 4.5.1, there
exists a constant C, independent of h and At, such that

N
k
11;na<x ||€n||3 + At Z ||e ||%—I(curl;§2)
k=1

T
gchﬂ{max (el + [ Hatua)r&dt}
T
(A / o) d.
0

with | := min{m, r}.
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Chapter 5

A mixed-FEM and BEM coupling
for a time-dependent eddy current

problem

5.1 Introduction

The eddy current problem is naturally formulated in the whole space with decay condi-
tions on the fields at infinity (see, for instance, [13]). Consequently, to apply conventional
numerical methods, such as the finite element method (FEM), it is necessary to reduce
the problem to a bounded domain. The most common approach consists in restricting the
equations to a sufficiently large computational domain containing the region of interest
and imposing an artificial homogeneous boundary condition on its border (which must
be “sufficiently” far away from the conductor). This strategy yields the difficulty of fixing
a convenient cut-off distance a priori. Moreover, in case of conductors with a “special”
shape or a very large computational domain, a finite element mesh can lead to a very large
number of elements. On the other hand, methods based on boundary integral equations,
like the boundary element method (BEM), in general can not be directly applied because
the equations are not homogeneous and have variable coefficients.

Since the equations of the eddy current problem are complex only in a bounded region,
techniques combining BEM and FEM look convenient. The first FEM-BEM couplings for
the eddy current model have been proposed by engineers: Bossavit and Vérité [29, 30|

(using the magnetic field H in the conductor and the Steklov-Poincaré operator) and

79
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Mayergoyz, Chari and Konrad [54] (using the electric field E in the conductor and certain
harmonic basis functions near its boundary ). From a mathematical point of view, more
recent results based on the well-known symmetric method of Costabel [37] are due to
Hiptmair [46] (using E in the conductor and H x nm on ) and Meddahi and Selgas [55]
(using H in the conductor and the normal trace of the magnetic induction on X) for the
time-harmonic problem. Another FEM-BEM approach for the same problem in terms of

vector and scalar potentials has been also recently analyzed by Alonso and Valli [12].

When the conductor is multiply-connected, the approach mentioned above require the
construction of cumbersome (and expensive) cutting surfaces in order to deal correctly
with the discrete problem, see also [16, 75]. To tackle with this difficulty, Meddahi and
Selgas [56] have proposed a mixed-FEM and BEM coupling for the time-dependent eddy
current problem. In this work, the authors introduce a simply connected artificial com-
putational domain € (with a connected boundary I') containing the conductor and the
support of the current density. They use the magnetic field H as main variable in €2 and
introduce a Lagrange multiplier to handle the constraint of H in the dielectric medium
(see [8] for a similar approach), while the boundary variable on I' is the exterior normal
trace of H. Another mixed-FEM and BEM formulations have been studied in [39, 50, 53]

for the static eddy current problem.

The goal of this chapter is to introduce a new method to solve the time-dependent eddy
current problem, based on a mixed-FEM and BEM coupling. We follow the strategy used
in [56] to avoid the difficulty arising from the topology of the conductor and, as usual, the
fields effect in the complementary unbounded domain, is computed through a suitable
integral representation formula that provide non-local boundary conditions. We use as
main variable a time primitive of E in 2 (see also [28]), a Lagrange multiplier to impose
the free-divergence condition in the insulating material and a certain scalar potential
on the interface boundary. This approach extends our previous work [1], where the eddy
current problem reduced to a bounded domain is studied. We deduce a suitable symmetric
variational formulation and its well-posedness is proved by reducing the problem to a

saddle-point formulation in © and using similar techniques to the ones given in [1].

A feature of our formulation is that the compact support of the current density is
not necessarily assumed to be completely contained in the conductor or in its exterior.
Furthermore, the choice of €2 simply connected with a connected boundary, allow us to

take the boundary variable in H'/?(T"), which can be approximated by means of standard
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nodal finite elements. On the other hand, in contrast with the formulation given in [56],
our approach fits well into the theory of monotone operators, because the reluctivity (the
inverse of the magnetic permeability) appears as a diffusion coefficient in the degenerate
parabolic problem at hand (see (5.14) below). Consequently, this approach seems conve-
nient when the relation between the magnetic field and the magnetic induction (given
by the reluctivity) depends on the magnetic induction intensity, which is typical for the
ferromagnetic materials.

We perform a space discretization of our weak formulation by using Nédélec edge
elements for the main unknown and standard finite elements for the Lagrange multiplier
and the boundary variable. We show that our semi-discrete Galerkin scheme is uniquely
solvable and provide error estimates in terms of the space discretization parameter h. We
also propose a fully-discrete Galerkin scheme based on a backward-Euler time-stepping.
Here again we provide error estimates that prove optimal convergence. Moreover, we
obtain error estimates for the eddy currents and the magnetic induction field.

The chapter is organized as follows. In Section 5.2, we summarize some results from
[33, 31, 34] concerning tangential differential operators and traces in H(curl; Q) and recall
some basic results for the study of time-dependent problems. In Section 5.3, we introduce
the model problem. Next, we deduce a symmetric coupling variational formulation in
Section 5.4 and prove that it is uniquely solvable in Section 5.5. The derivation of a semi-
discretization in space and its convergence analysis are reported in Section 5.6. Finally, a
backward Euler method is employed to obtain a time discretization of the problem. The
results presented in Section 5.6 prove that the resulting fully discrete scheme is convergent

in an optimal way.

5.2 Preliminaries

We use boldface letters to denote vectors as well as vector—valued functions and the
symbol |-| represents the standard Euclidean norm for vectors. In this section (2 is a generic
Lipschitz bounded domain of R*. We denote by I its boundary and by n the unit outward

normal to 2. Let

(f,9)o0 = /Qfg

be the inner product in L*(Q) and ||-[|o.q the corresponding norm. As usual, for all s >
0, ||-||s.o stands for the norm of the Hilbertian Sobolev space H*(Q2) and |-|sq for the
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corresponding seminorm. The space H'/?(T") is defined by localization on the Lipschitz
surface I'. We denote by ||-[|1/2r the norm in HY2(T') and (-, )12 stands for the duality
pairing between H'/2(T") and its dual H~'/2(T"). From now on we denote by 7 : H}(Q2) —
HY2(I') and ~ : HY(Q)? — HY2(I')? the standard trace operator acting on scalar and

vector fields respectively.

5.2.1 Tangential differential operators and traces
We consider the space
L2(0) :={AeLl’T)’: A-n=0},

endowed with the standard norm in L?(T")?. We define the tangential trace v, : C*°(Q)% —
L2(T") and the tangential component trace 7, : Cc’o(ﬁ)3 — L2(T") as v,v := yv X n and
7,V = n X (yv xn) respectively. The previous traces can be extended by completeness to
H'(92)3. The spaces Hi/Q(I’) =, (H(Q)?) and Hﬁ/Q(F) =7, (H'(Q2)?), are respectively

endowed with the Hilbert norms

||n||Hi/2(F) = we%{qfﬂ)3 {HwHLQ DY, = ’l’]} ,
HTIHHW(F) = weg}fﬁ)?’ {lw|1o: 7w =n}.

Let us notice that the density of HY/2(T')3 in L2(I')® ensures that H/*(T') and Hﬁ/Q(F)
are dense subspaces of L2(T"). We denote by Hil/Q(F) and HFQ(F) the dual spaces of
H'*(I') and Him(F) with L2(T") as pivot space, with duality pairing (-,-), 1 and (-,-);

respectively.

We introduce the tangential differential operators
gradp ¢ := 7, (gradp) and curlpp =~y _(grady) Vo € H*(Q).

Let H¥2(T') := ~(H2()). It is well known that the previous operators depend only on the
trace y(y) on I', which implies that

grad;. : H¥2(I') — H/*(I') and  curly : H¥*(I') — HY*(I) (5.1)

are linear and continuous (cf. [34, Proposition 3.4]). Let H=3/2(T") be the dual space of
H*/2(T") with L(T) as pivot space. We define

divp : HFQ(F) — H32T) and curlp: H11/2(F) — H3/2(I), (5.2)
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by the dualities

(divrn, @)sor = — (n,gradp @) . Vo € H¥X(I) vne H (D),

(5.3)
(curlpé, )aor = (€ curlr¢), . Vo € H¥3(D) Ve e HVA(T).

The following proposition is proved in [34, Proposition 3.6].

Proposition 5.2.1 The operators grady and curly given in (5.1) can be extended to

HY2(T"). Moreover, grady : HY/?(I') — HIUQ(F) and curlp : HY/2(T') — Hﬁl/z(F) are

linear and continuous. Analogously, the adjoint operators introduced in (5.2) are also
continuous for the following choice of spaces: divr : H1L/2(F) — H~Y2(I') and curly :

Hiﬂ(F) — H™Y2(T). Furthermore, analogous identities to (5.3) still hold for any ¢ €

HY2(T), n e H/*(T") and & € Hﬁ/Q(F). More precisely, we have
(diven, o) o0 = — (gradpé,m), - Vo€ HYA(I) ¥y e HA(D),
(curlrg, @)1jor = (curly ¢,€), . Vo € HYAI) vE e H(I).

Let
H(curl; Q) := {v € L*(Q)° : curlv € L*(Q)*},

endowed with the norm
2 2 \1/2
V[ BEuro) = ([[v]§q + [lcurlv]§ o). (5.4)

Using the Green formula (see, for instance, [31] for the case of Lipschitz polyhedra and

[34] for arbitrary Lipschitz domains)

(u, curlv)oo — (curlu, v)oo = (v, u, 7v) p = — (0,7, u) 1 Vu,vE C>(Q)?,

and the density of C*°(Q)? in H(curl, Q) (see, for instance, [57, Theorem 3.26]) and in
H'(Q), it follows that

v, : H(eurl, Q) — H, V%), &, : H(curl, Q) — H,"*(I)

are continuous. The ranges of these operators are characterized in the following result.

Theorem 5.2.1 Let

H™2 (dives D) = { A € H)V2(D)  dived € HO/(D) )
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and
HY2 (curlp; T) 1= { A € HIVA(D) + curlpd € HOVA(T)

Then
v, : H(curl; Q) — H™Y2 (divp; ), 7, : H(curl; Q) — H™Y2 (curly; )

are surjective and possess a continuous right inverse.

The spaces H™/2 (divp; T') and H™/2 (curly; T) are dual to each other, when L2(T') is
used as pivot space, i.e. the usual L2(T)-inner product can be extended to a duality pairing
() ,r between H™V/2 (divp; T) and H™'2 (curly; T). Moreover, the following integration
by parts formula holds true

(u,curlv)gq — (curlu, v)o o = (v,u,7v)_  VYu,v € H(curl; Q). (5.5)

T,

Proof. See Theorem 4.1 and Lemma 5.6 of [34]. O
Let 2 be a Lipschitz polyhedron. The following Theorem gives a characterization of

the space
H™ 2 (divr0;T) := {n € H'/? (divr; ") : divpmp =0} .

Theorem 5.2.2 Let O be a reqular bounded open connected and simply connected subset
of R3, such that Q C O. We set Qo := O \ﬁ Let Hy and Hy the spaces of the so-called

harmonic Neumann fields associated to ) and Qe respectively, i.e.

H; := {v € H(curl; 2) N H(div; ) : curlv =0, divy =0, v nfr =0},
H, := {v € H(curl; Qe ) N H(div; Qext) : curlo =0, divo =0, v - njso,,, = 0}.

Let n € H™Y2(divp;T). Then, diven = 0 if and only if there exists A € HY?(I'),
v, € H; and v, € Hy such that

n = curlp A\ + 7, v, + 7w, 0or.

Proof. See [33, Section 3]. O

If © has a trivial topology (e.g. simply-connected), it is well know that H; = Hy =
{0} (see, for instance, [14, Subsection 3.3]). Therefore, the previous theorem implies
H~/2(divp0;T') = curlp(HY?(I')). Furthermore, if I' is connected then ker(curly) N
HY2(T) = R (cf. [34, Corollary 3.7]). Consequently, the next result follows immediately

from Proposition 5.2.1.
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Corollary 5.2.1 Let

1) = {y e e -0},

If Q is simply connected and I' is connected, then the operator
curly : Htl)/z(l“) — H Y2 (divp0;T)
18 an isomorphism.

We will also use the normal trace 7, : C*(Q)? — L3(I') given by q — ~vq-n. It is well
known that this operator can be extended to a continuous and surjective mapping (see,
for instance, [57, Theorem 3.24])

¥n : H(div, Q) — H2(T),

where

H(div, Q) := {q € L*(Q)* : divg € L*(Q)}
is endowed with the norm

. 1/2
[vlla@ive) = (lvllge + Idivellge) -

5.2.2 Basic spaces for time dependent problems

Since we will deal with a time-domain problem, besides the Sobolev spaces defined
above, we need to introduce spaces of functions defined on a bounded time interval (0,7)
and with values in a separable Hilbert space V', whose norm is denoted here by ||-||y,. We
use the notation C°([0,T]; V) for the Banach space consisting of all continuous functions
f: [0,T] — V. More generally, for any k¥ € N, C*([0,T];V) denotes the subspace of
C°([0,T); V) of all functions f with (strong) derivatives in C°([0,T]; V), i.e.

k 0 df :
CH(0. 11V = reco. vy ST e o V) 1< g <k}
We also consider the space L(0,T; V) of classes of functions f: (0,7) — V that are

Bochner-measurable and such that

T
Hﬂﬂmwy—ﬁﬂﬂmﬁﬁ<+m.
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Furthermore, we will use the space
d
HY(0,T;V) := {f c L*0,T;V) : @f e L*0,T; V)},

where % is the (generalized) time derivative of f; see, for instance [73, Section 23.5]. In

what follows, we will use indistinctly the notations
d
— =90
Sf=of

to express the time derivative of f. Analogously, we define H*(0, T; V) for all k € N.

5.3 The model problem

We assume that the conductor is represented by a bounded Lipschitz polyhedron
Q. C R3. Let ¥ := 09, and we denote by 3;, i = 1,..., I the connected components of
3.

Given a time-dependent compactly supported current density J, our aim is to find the

electric field E(x,t) and the magnetic field H (x,t) satisfying the following equations:

Oy (WH) +curlE=0 in R* x (0,7), (5.6)
curlH=J +0E inR*x[0,7), (5.7)

div(eE) =0 in (R*\ Q) x [0,T), (5.8)

/25E~n:() in[0,7), i=1,---,1I, (5.9)

H(z,0) = Hy(x) in R (5.10)

H(z.t) =0 (é,) and E(z,t) = O (ﬁ) as 2] 00, (5.11)

where the asymptotic behavior (5.11) holds uniformly in [0, 7]. The electric permittivity
g, the electric conductivity o, and the magnetic permeability p are piecewise smooth real

valued functions satisfying:

g1 >¢e(x) >ep>0 ae. in Q. and e(x) =¢p ae in R*\ Q,
o1 >0(x) >09>0 ae. in and o(x) =0 ae. in R*\Q,
w1 > () > pp >0 ae. in and  p(x) =po ae in (R*\ Q).
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It is important to notice that, since o = 0 in g, (5.7) implies that the data J satisfies

the compatibility conditions
divJ =0 in Qq and (Ynd, 1)1/25, =0, 1=1,2,...,1, (5.12)

for all t € (0,7).

Let © C R? be a connected and simply connected polyhedron, with a connected
boundary I' := 02, and such that Q. U suppJ C Q. We denote Q4 := Q\ Q. and
Q' :=R?\ Q. The unit outward normal vector to € is denoted by n.

For reasons that will be clear later, we need to consider a modified electric field. To
this end, let us consider v € H'(€4) such that:

—div (gpgrad ) =0 in €y,
Tn (€0 grad ) = vy (60 E) on I,

v () =0 on X.

Next, we extend 1 to ' by solving the problem of finding

Vext € WHEY) = {(p eD'(Q): S L2(QY), grad ¢ € LQ(Q’)?’}

V14 |z

satisfying

— div (g9 grad tey) = 0 in O,
Y (wext) =7 (¢) on I,

1
Yext(x) = O (m) as || — oc.

Then, we consider the function G defined by

0 in €,
G = gradvy in Qg,
grad ¢ in €.

It is easy to see that G € H(curl, R?) with curl G = 0 in R3.
Let E* := E — G. Notice that E* = E in .. Furthermore, it is a simple matter
to show that (E, H) satisfies (5.6)-(5.11) if and only if (E*, H) satisfies the following
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equations:

Oy (uH) 4+ curl E* =0 in Qx (0,7),
curl H =J +0E* inQx|[0,7),
div(eoE*) =0 in Q4 x [0,7),
/EsoE*-nzo in[0,7),i=1-,1,
T (EY) = onI'x [0,7),
v (EY) = ’Y?—L( ) onI'x[0,T), (5.13)
Y- (H)=~7(H) onI'x[0,T),
Oy (oH) + curl E* = 0 in Q' x (0,7),
curl H =0 in Q' x[0,7),
div(egE*) =0 in Q' x [0,7),

H(z,0) = Hy(z) in R’

H(z,t) =0 (ﬁ) and  E(z,8) = O (é) as [2] — 0o,

In the equations above, 7 refers to the tangential trace on I' taken from Q' and ~,
(7,,) to the tangential (normal) trace taken from Q. We adopt the same convention for

any other kind of trace.

In order to obtain a suitable variational formulation for the previous problem, we

proceed as in Section 3.3and introduce the variable
t
u(x,t) == / E*(x,s)ds
0
Then, we use the relationship (obtained from the first two equations of Problem (5.13))
H=—y ' curlu+ Hy,

to eliminate H and obtain the following problem in terms of the new variable w:
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Find uw : R?® — R? such that:
oo+ curl ' curlu = f in Q x (0,7), (5.14)
divu =0 in Qq x[0,7), (5.15)
/ cou-n=0 in[0,T),i=1,---,1I, (5.16)
3

u(xz,0) =0 in Q, (5.17)
Yn(u) =0 on ' x [0,7), (5.18)
nfu=n_u onl x[0,T), (5.19)
v: (1o curlu) = ~F (15" curlw) on I x [0,7T), (5.20)
curlcurlu =0  in Q' x[0,7), (5.21)
divu=0 inQ x][0,7), (5.22)

1
u(x,t) =0 (—) as |x| — oo, (5.23)

x|

1
curlu(xz,t) =0 ( ) as |x| — oo, (5.24)

|z|

where

fi=curlHy,— J.

Notice that, because of (5.7) supp f C Q.

5.4 A mixed FEM-BEM coupling variational formu-

lation

5.4.1 The variational formulation in )

Let

M(Qq) = {q € H'(Qq) : /qu =0, 7q

s, =G, i_l,...,I}.

It is well known that |-|1.o, is a norm in M(€q) equivalent to the H'(24)-norm. We denote

V() :={v € H(curl; Q) : b(v,q) =0 Vqge M(Qq4)},

where b(v, q) := (ev, grad q) o

(5.25)

Since € = gy in R? \ €, it is simple to prove the following characterization of V().
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Lemma 5.4.1 There holds
V(Q) = {v € H(curl;Q) : dive =0 in Qu; 70 = 0 on T;

(1, 1),y = 0, i = 1,...,]}.

Let H(curl, Q.)" be the dual space of H(curl, €2.) with respect to the pivot space

L2(Qe,0)® = {v : Q. — R? Lebesgue-measurable : / olv|* < oo} :

C

We define
Wo = {v e L*(0,T;V(Q)) : v|o, € W0, T; H(curl, Q.))},
with
W0, T H(eurl, Q) := {v € L*(0, T H(curl, Q) : 9w € L*(0, T; H(curl, Q)" } -

It is clear that (5.15), (5.16) and the previous lemma, imply uw € W,. Moreover, testing
(5.14) by functions v € V(2) and using the Green formula (5.5), we obtain that w verifies:

d

7 (ocu(t),v)yq, + (1" curlu(t), curlv)QQ

— <’yT (u‘l curlu(t)) ’7"7”>T,r = (f(t),v)4q Yo € V().
Consequently, if we relax the divergence-free restriction in the previous equation (im-
plicit in the definition of V(Q2)) by introducing a Lagrange multiplier p(t) € M(€q), we
obtain the following mixed formulation of the problem in €:
Find w € W, p € L3(0,T; M(€q)) such that

% [(u(t),v)s + b(v,p(t))] + (1" curlw, curlv)0 o

—(v; (" curlu(t)), 7T7-U> it = (f(t),v)pq Vv € H(curl;),
b(u(t),q) =0 Vg€ M),
.(0) =0,

(5.26)

where

W = {v € L*(0,T; Ho(curl,Q)) : v|o, € W'(0,T;H(curl,Q.))} .

Notice that W, endowed with the graph norm

T T
Ioll3, = / 10(0) 2 eurter dt + / 100(8) 2 .
0 0

is a Hilbert space and that W, is a closed subspace of W.
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5.4.2 The symmetric FEM-BEM coupling.

Notice that, for any ¢ € M(£q), the extension grad ¢ of grad ¢ by zero to the whole
2, belongs to V(). Testing the first equation of (5.26) with v = grad ¢ and taking into

account that f satisfies the compatibility conditions
div f =0in Qq and (7nf,1>1/272i =0, i=12,...,1, (5.27)

we deduce that divp [y7 (¢~ curlw)] = 0. Then, by virtue of Corollary 5.2.1, we have
that for any ¢t € [0, 7] there exists a unique A(t) € H(IJ/Q(F) such that

v; (¢ " curlu) = curlp . (5.28)

As the solution u verifies (5.21)-(5.24), it has the following integral representation in

Y (see, for instance, [46, Section 5]):

u(x) :curlw/E(a:,y) n x wliuds, — / E(z,y)~! (curlu) ds,

r r (5.29)

— gradm/E(w,y) Y ds, vz € 0,
r

where E is the fundamental solution of the Laplace equation in R3, i.e.
1

Ex,y) = ——, x,ycR’ x#uy.
Am|x — y|

To take advantage of the previous representation formula, we consider the following

boundary integral operators defined for smooth functions ¢ and 1 by:
sota) = (2~ [ B@y)oas, ),
Vi) = (2 [ By ds,).
Kn(x) :=~7 (a: — curly /F E(z,y)n(y) dsy) :
K'n(z) :=m} (w — curl, /F E(z,y)n x n(y) dsy) —n(z),
Wn(zx) =~ {m — curly (curlx /1“ E(x,y)n x n(y) dsy)} :

We present the main properties of these operators in the following theorem.
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Theorem 5.4.1 The mappings
S :HVXID) — HYA(I),

vV H AT - HA(D),

K :H 2 (divp; ) — H™V2 (divp; T)
K*:H /2 (curlp; ) — H /2 (curlp; I')
W :H Y2 (curlp; T') — H™Y2 (divp; I)

are well-defined, linear, bounded and satisfy the following properties:

o There exist oy > 0 and ag > 0 such that:

(6,50), 01 = 0?1 )or Vo€ HTVA(T) (5.30)
<n7 VTI>T,F 2 OéQH"H%—I—l/Q(diVF;F) Vn € H*1/2 (leFO? F) : (531>

e The operators S and W verify

(WA, n),r = — (curlrn, S(Curlp)\)h/lr YA, np e HY? (curl; 7). (5.32)

e The operators K and K™ satisfy

(K0, &) = (n, K*€),r VYn e H Y2 (divp0;T), € € H V2 (curlp; T) . (5.33)

Proof. The identity (5.33) is the equation (6.5) from [46]. The other results can be found
in Theorems 6.1, 6.2 and 6.3 from the same reference. a
On the one hand, applying v+ o yg ! curl to (5.29) and using (5.20) and (5.28), we

have
curlp A = yy 'Wrtu — K curlp ). (5.34)

On the other hand, applying the trace operator 7} to (5.29) yields the boundary integral

equation
wiu=m} (az — curly, / E(x,y)n x mlu dsy> — VA (curlu) — grad Sv, u
r
Then, taking into account (5.33), we deduce that

K*nfu — Vv (curlu) — grad Sy, ju =0,
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or equivalently
K* (pg'miu) — Vyf(pg ' curlu) — pg ' gradp Sy, u = 0.
Therefore, recalling that p = o in £ and using (5.20) and (5.28), we obtain
K* (pg'miu) — V(curly \) — p5' grady Sy u = 0.
Hence, testing the previous identity with curlpn, n € H(l)/ 2(I‘), we obtain
—(curlpn, V(curlp \)) 1 + ot (K (curlp n), mu) =0 Vne Hé/Q(F).

Consequently, using the previous identity with (5.28), (5.32) and (5.34), we obtain the
following symmetric FEM-BEM coupling for our problem:
Find w € W, p € L(0,T; M(Qq)) and A € L(0, T; HY*(T')) such that
d

- [(u(t),v)s + b(v,p(t))] + (/UL_1 curlu, curl v)

0,2
+ gt (S(curlpm ), curlp v)) o ¢
+ (K curlp A(t), m,v), - = (F(1),v)q Vv € H(curl; (),
— (curlpn, V(curlr \)) 1 + iyt (K (curlr n), mu). =0 Vne H(l)/Q(F)7
b(u(t),q) =0 Vg€ M(Qa),
0.(0) = 0.

u

(5.35)

5.5 Existence and uniqueness.

From now on, we assume that (24 satisfies the following topological assumption, which
is necessary to prove Corollary 5.5.1 below: there exists a set {w;, j =1,...,J} of admis-

sible cuts of €4 such that U7_;dw; C ¥ and any connected component, of
Qg =Qq \ (U;-Izle)

is simply connected. This assumption is satisfied for any geometry in practice.
To prove the existence and uniqueness of solution of Problem (5.35), we will deduce
a reduced problem obtained from eliminating A. To this end, using Corollary 5.2.1 and

Theorem 5.4.1 we define the operator
R:H V() - HY(T)
{0
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characterized by
(curlp x, V(eurlp 6)), 1 = (€. x)pp Y € HY(D). (5.36)

Then, from the second equation of (5.35) it is clear that A = puy'R(curlr K*m u).
Therefore, it is sufficient to analyze the existence and uniqueness of solution for the
following (reduced) problem:

Find uw € W, p € L*(0,T; M(€q)) such that:

< [(ult). ), + (o, (1)

+ (/fl curlu, curl v)O’Q +c(u,v) = (f(t),v)q Vv € H(curl; ), (5.37)

b(u(t),q) = Vg € M(Qq),

ulo (0) =0

where ¢(+,-) : H(curl; 2) x H(curl; 2) — R is the bounded, symmetric and nonnegative

bilinear form given by

c(u,v) := pg* ((curlp Scurly + K curly Reurlp K*) 7, u, V),

for all w,v € H(curl;2). We introduce the space
V(Qq) :={v € H(curl,Qq): v,v=00n%; b(v,q) =0 Vg & M(Qq)}
In other words, since e(x) = g in Qq,

V(Qa) = {'v € H(curl,Qy) : divo=01in Qq; v,v =0o0n X; y,v =0 on I};

(Y0, 1)1, = 0, i = 1,...,1}.

Notice that if w were in terms of the actual electric field E instead of E*, then u|q,
would not belong to V(€4), because it would not satisfy the boundary condition on T
This boundary condition will play a central role in the proof of Corollary 5.5.1 below.

This is the reason why we have used the modified electric field E*.

Lemma 5.5.1 There exists a real number s > 1/2 such that V (€q) is continuously imbed-
ded in H*(Qq)3.
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Proof. It is well know that the spaces Hg(curl, £2q) N H(div;Qq) and H(curl,Q4) N
Ho(div; Qq) are continuously imbedded in H*(€24)3, for some s > 1/2 (see [14, Proposition
3.7)). Let 1 € C5°(€) such that 0 < < 1 and ¢ = 1 in Q. Then, for any v € V(Qq) we
have v = Yv + (1 — ¢)v, with

v € Hy(curl, Qq) NH(div; Qq), (1 —v)v € H(curl, Q4) N Hy(div; Qq).
Consequently, v € H¥(Q4)? and there exists C' > 0 (depending only on €)4) such that

V|15 0)3 SNV lasq)s + 1[(1 = ©) 0|15 ()3
<C ([l laewtes) + (1 — ©)v| HcurLq)
SCH’UHH(curl,Qd)-

|

Remark 5.5.1 The previous lemma implies that the imbedding of V(Qq) into L2(Qq)? is

compact.

We now recall one of the three statements provided by the well-known Petree-Tartar

Lemma; see for instance [43, Chapter I, Theorem 2.1] or also [6, Lemma A.38].

Lemma 5.5.2 Let X, Y and Z be three Banach spaces. Let A: X —Y andT : X — Z
linear and bounded operators, with A injective and T compact. If there exists k > 0 such
that

kllzllx < [|[Azlly +[[Tzllz  Vze X,

then there exists o > 0 such that

allz||x < ||Az|y Vr € X.

Corollary 5.5.1 On the space V(Qq), the seminorm v +— |curlv|oq, is equivalent to
the H(curl, Qq)-norm.

Proof. In order to apply Lemma 5.5.2 we let X :=V (), Y = Z := L2(Qq4)3, and define
the bounded linear operators A: X — Y and T : X — Z by

Av:=curlv, Tv:=v Yo eV(Q).
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Since T is compact (cf. Remark 5.5.1), we only need to prove that A is injective. In fact,
since szlﬁwj C %, for any v € V(£q) there exists a unique ¢ € H(curl, Qq) NH(div; Qq)
(cf. [14, Subsection 3.5]) such that:

v=curly in €y, divy =0 in Q4

0
v, =0 onl, —w:() on Y,
on

<a_¢’1> —0, i=1,...,1,
on 1/2,5;

<a—¢,1> 0, 1,1
on 1/2,w;

Hence, if curl v = 0 we obtain
/ vov = / v-curly = (v, v, 7Y)  + (7,0, 7Y) =0,
Qq4 Qq ’ 7

which implies v = 0. a
The proof of the following results are similar to those in Section 3.4. For the sake of

completeness, we present the complete details of the proofs.

Lemma 5.5.3 The linear mapping
E: H(curl,Q.) — V(Q)
v, — Ev.
characterized by (Ev.) |q. = v. and
! (curl Ev,, curlw), o + c(Eve,w) =0 Yw € V(Qq) (5.38)
1s well defined and bounded.

Proof. It is well know that the linear mapping

L: H(curl,Q.) — {v]g,: v € H(curl;Q)}
(5.39)
ve = Loe:= (V) (7 ve),

~! is a continuous right inverse of v (cf. Theorem 5.2.1), is bounded and

where ()
satisfies v (Lv.) = - v, on X.

For v. € H(curl, Q.), let z € Lv. + Hx(curl;Qq4) and r € M(£)q) such that

po ' (curl z, curlw)y o, +c(z,w) +b(w,r) =0  Vw € Hy(curl; Qy),
b(z,q) =0  Vqe M(Qa),
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where, as usual,
Hy(curl; Q4) := {v € H(curl,Q4) : v,v =0o0n X}.

The well-posedness of this problem is guaranteed by the Babuska-Brezzi theory. In-
deed, on the one hand, the fact that grad(M(£2q)) C Hg(curl;Q4) implies easily the

following inf-sup condition for b:

b rad ¢, grad
. (z.0) o, (grad ¢, grad q), ¢,

— <0
z€Hsx (curl;Qg) ||z||H(cur1,Qd) || grad QHH(curl,Qd)

= 50|q|179d Vq € M(Qd) (540)

On the other hand, since ¢(+,-) a nonnegative bilinear form, Corollary 5.5.1 ensures the

ellipticity in the kernel property: there exists C; > 0 such that
/Lal (Curlw> curl w)o,ﬂd + C(w7 ’UJ) = Cl HwH%I(curl,Qd) Yw € V<Qd>

Finally, the stability results provided by the Babuska-Brezzi theory show that & is
bounded. O

Lemma 5.5.4 The inner product in V()
(W, V) ) = (©,v)5 + (1! curlu, curl U)O,Q + c(u,v) (5.41)

induces a norm ||-||vq) that is equivalent to the H(curl; 2) norm in V (2). Moreover, the

following decomposition is orthogonal with respect to the inner product (-, -)y(q)-

—_—

V(Q) =V(Qq) & EH(curl, Q.)), (5.42)

—_——

where V(Qq) is the subspace of V (2) obtained by extending by zero the functions of V (€q)
to the whole domain ).

Proof. For any v € V (), let us denote v, := v|q_. Since v — Ev,. € V(§q), the triangle
inequality and Corollary 5.5.1 ensure the existence of a constant Cy > 0 such that
HUH%-I(curl;Q) < 203”0111'1(,0 - ng)H?),Qd + 2H€UCH%-I(cur1;Q)'

Hence, using again the triangle inequality and Lemma 5.5.3, we have

1Vl[Fxeurro) < C1 (leurl ]l o, + [velfreurra) = Cr (0[50, + leurlv[fq) -
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Consequently,
||’v||%—I(curl;Q) <Cy maX{J()_lv 1}||’U||%/(Q)
The other inequality is straightforward.

Finally, using (5.38) it is easy to check that £(H(curl, €2.)) is the orthogonal comple-
ment of V/(€q) in V(§2) with respect to the inner product (-, )y q)- O

Theorem 5.5.1 The reduced problem (5.37) has a unique solution (w,p), with

T T
max [[u(t)|]2 0. + / () Byt dt < C / 1£ ()2 0 dt, (5.43)

te[0,7)

for some constant C > 0. Moreover, if we define A = g R(curlp K*m,u) then (u, A, p)
is the only solution of Problem (5.35).

Proof. We first notice that the second equation of (5.37) means that uw € W,. The
decomposition (5.42) implies that the direct sum

Wo = L*(0, T5 V/(Qa)) ® (W' (0, T; H(curl, )))

is orthogonal with respect to the inner product fOT(-, Jv(q) dt. Hence, let u = uq + Eue,

—_—

with ug € L2(0,T;V(Qq)) and Eu, € EW(0, T; H(curl, ©.))). Testing the first equation

—_——

of (5.37) with v € V(Qq), we find that the first component satisfies
ot (curlug(t), curlv), o + c(ua(t),v) = (£(t),v)q, Vo € V(Q).

Since c(+, -) is nonnegative, Corollary 5.5.1 and the Lax-Milgram lemma imply that this

problem admits a unique solution and there exists C'; > 0 such that

T T
/ sl Bieunnny < C / 1F )2 g dt. (5.44)
0 0

Testing the first equation of (5.37) with v (v € H(curl,€).)), we determine the

second component Eu. of u by solving:

d%(uc(t), v), + (p " curl Eu(t), curl EU)O,Q + c(Euc(t), Ev) = (f(t),Ev)yq (5.45)

for all v € H(curl, Q.) and satisfying u.(0) = 0. It is immediate that

(1" curl v, curl Ev)  , + c(Ev, Ev) + (v,v), > min{oo, 1 | Freur.an)
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for any v € H(curl,).) and ¢t € (0,7"). Therefore, the well-posedness of the parabolic
problem (5.45) follows immediately from a simple variant of Lions Theorem (see, for
instance, [73, Remark 23.25]). In addition, there exists Cy > 0 such that

T T
e e o, + [ wclt) euny < Ca [ 1FOIR adt,
0 0

telo, T
which, combined with (5.44) and the boundedness of &, yields (5.43).
It remains to prove the existence and uniqueness of the Lagrange multiplier p. Given
q € M(Qq), we denote by grad g € H(curl; Q) the extension by zero of grad ¢ to the
whole ). Notice that the bilinear form b satisfies the inf-sup condition

b b(grad
sup wa) o begradgq)
veH(curl;?) ”v”H(curl;Q) || grad QHH(curl;Q)

= 60|(]|1}Qd ‘v’q < M(Qd) (546)
Let us consider now G € C°([0, T], H(curl; Q)’) defined by
t
G(t),v) :=— (u(t),v), — / (1~ curlu(s), curl’u)OQ ds
o :

_/Ot c(u(s), v) ds+/0t (f(s),v)oq ds

for all v € H(curl;Q2). By integrating the first equation of (5.37) with respect to ¢ and
taking into account the definition (5.25) of V' (€2), we obtain

G(t),v) =0  YoveV(Q)

Therefore, inf-sup condition (5.46) guarantees the existence of a unique p(t) € M(q)
such that (see [43, Lemma 1.4.1])

b(v,p(t)) = (G(t),v) Vv € H(curl; 2). (5.47)

We deduce that (u,p) solves (5.37) by differentiating the last identity with respect to ¢
in the sense of distributions.

Finally, if (u,p) is the solution of (5.37) and we define A\ = puy'R(curlp K*m u),
then using the definition of R, it is easy to see that (u, A, p) solves (5.35). Conversely,
if (u, A, p) is a solution of (5.35), it follows that A = pg' R(curlp K*m u). Substituting
this relationship in the first equation of (5.35) we deduce that (u,p) solves (5.37), which

proves uniqueness of solution for (5.35). O

Lemma 5.5.5 The Lagrange multiplier p of Problem (5.35) vanishes identically.
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Proof. Let ¢ € M(£q4). From the compatibility conditions (5.12), it follows that

1

(f.gradq)o, = (Wnf 17200, = Z{Nzi (WnF, D125, = 0.
=1

Therefore, testing the first equation of (5.35) with grad ¢ (extended by zero to the whole
Q) we deduce

d
Solerad g, p(t)) + (K curlr A(f), grady q) . = (£(t). grad ¢)o o, = 0

On the other hand, taking divp in (5.34), we obtain divp K curlr A = 0. Hence, the
last identity implies %b(grad q,p(t)) = 0. Setting ¢ = 0 in (5.47) and using the fact
that G(0) = 0, we deduce that ¢ — b(grad ), A\(¢)) vanishes identically in [0, 7] for all
¥ € M(Qq). In particular eo|A(t)[7q, = b(grad A(t), A(t)) = 0 for all t € [0,T7], and the

result follows. O

Theorem 5.5.2 If (u, A, p) is the solution of Problem (5.35), then
v, (1g ' curlu) = curlp A in H™Y2 (divp; T) . (5.48)

Proof. Testing the first equation of (5.35) with v € C§°(£24) and using the previous
lemma, we obtain

curl(y ! curlu)|g, = fla,.

Testing the first equation of (5.35) with v € C*°(Q4)NHy(curl; ) and using the previous
equality and (5.32), we deduce

v, (gt curlu) = pg ' W, u — K curlp A in HY2 (divp; T) . (5.49)

Hence, testing the first equation of (5.35) with v = gradgq, ¢ € M(€y), and recalling
(5.27) and (5.32) again, we have

divr (v, (i ' curlw)) = 0. (5.50)
The second equation of (5.35) implies
V(curlp \) — pg ' K u € H Y2 (curlp; T) N ker(curly).
Then, there exists ¢ € H/?(I") such that (cf. Theorem 5.1 of [34])

V(curlp \) — pg ' K*m u = gradp ¢.
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From this equation and the definition of K™, we obtain
T U =T, (:1: — curly, / E(x,y)n x m,u(y) dsy) —poV (curlp A\)+p grady ¢. (5.51)
r
Let ¢ € W) such that

—AyY =0 in
Y= on I

Y(x) =0 (—) as |x| — oo,
x
and consider z : ' — R? defined by

z(x) := curl, / E(z,y)n x m.u(y)dsy — o / E(z,y) curly A(y) dsy + po gradp ¢.
r r
(5.52)
Therefore, it follows that

m,z=m,u and p;'y, curlz = uy'y, curlu. (5.53)

from (5.51) and (5.49) respectively. Moreover, since

divy, / E(z,y) curlp \N(y) ds,, = /E(:c, y)divr(curlp M(y)) dsy = 0,
r r

we deduce divz = 0 in Q. Hence, from (5.52), we deduce curlcurlz = 0 in @' and
z(x) = O <‘—i‘>, curlz(x) = O (ﬁ) as |x| — oo. Consequently, z has the following

integral representation in §2':

z(x) ::curlm/

[ Bloy)nx muty)ds, ~ [ By (curlu(y) ds,

r
%M%/E@w%z
r
Applying 7, to the previous identity, we deduce
.2 =T, (az — curly, / E(x,y)n x m,u(y) dsy> — VA, (curlu) + gradp S(7,2).
r

Hence, using (5.51) and (5.53), we have

V(o curlp A — v, (curlw)) = gradp(uop — S(1n2)).
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Testing the previous equality with pgcurlp A — v (curlu) € H™Y2(divr0;T) (cf.
(5.50)) and using (5.30), we obtain

s || curly X =~ (curlw) |12y

< (uo curlp A — v, (curlu), V(uo curlp A — v, (curlu)))
= (o curlp A — v (curlw), gradp(no — Snz)), r

which implies (5.48). O

5.6 Analysis of the semi-discrete scheme

Let {7}, be a regular family of tetrahedral meshes of (2 such that each element
K € T, is contained either in . or in Q4. As usual, h stands for the largest diameter
of the tetrahedra K in 7. Furthermore, we suppose that the family of triangulations
{71(2)}r, induced by {7}, on ¥ is quasi-uniform. From now on C' denotes a positive
constant, independent of h and the functions involved, which may take different values at
different occurrences.

We define a semi-discrete version of (5.35) by means of Nédélec finite elements. The
local representation of the mth-order element of this family on a tetrahedron K is given
by (see [57, Section 5.5])

Nn(K) =P @S,

where P, is the set of polynomials of degree not greater than m and
S = {peﬁl’i: w-p(w):O},

with I?P/’m being the set of homogeneous polynomials of degree m. The degrees of freedom
of N;,(K) are given by

M (v) = {/ v-t.q for all ¢ € P,,,_; for the six edges E of K} : (5.54)
E
where tg is a unit tangent vector along E; when m > 2 one has to add

Ms(v) = {/ (v x n)-qfor all g € P? _, for the four faces F of K} ; (5.55)
F
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and finally for m > 3 one has to take also

M;(v) := {/ v-qforall qge P;_g} : (5.56)
K

Nédélec [61] has proved that these degrees of freedom are “curl-conforming” and de-
termine a unique element of N, (K). Then, for any smooth enough function v on K such
that the moments (5.54)-(5.56) are well defined, we can define Zxv € X, () characterized
by

M;(v) = M;(Zgv) 1=1,2,3.

The corresponding global space X,(€2) to approximate H(curl;(2) is the space of

functions that are locally in N,,(K) and have continuous tangential components across

the faces of the triangulation 7j,:
Xn(Q) :={v e H(curl;Q) : v|x € N,o(K)VK € T}.
Moreover, for any smooth enough function v on €2, we can define a global interpolation
operator Z,v € X () by
(Zypv) |k = kv VK € 7).

On the other hand, we use standard mth-order Lagrange finite elements to approximate
M(€y) and HY?(I):

Mh(Qd) = {qEHl(Qd): q|K€IP’m VK € 71, / q=0, q|2i =}, 121,,1}
Qq

and
Ap() = {19 cHYAT): |p € Py VF € Th(r)}
We introduce the following semi-discretization of problem (5.35):
Find w(t) : [0,7] — Xn(Q), Ap(t) : [0,T] — An(T) and py(t) : [0,7] — Mp(Qq) such

that:

% [(un(t),v)s + b(v, pa(t))] + (,lfl curl uy, curl 'u)QQ

+ pg* (S(curlpm ), curlp7-v), o p
+ (K curlp Ay(t), m,v) _p = (£(t),v)pq Vv € Xi(Q),
— (curlp n, V(curlp \p)), 1+ pg ' (K (curlpn), wrug) . =0 Ve Ay(D),
blun(t),q) =0 Vg € Mp(Qa),
uplo.(0) = 0.
(5.57)
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Remark 5.6.1 For piecewise smooth functions, the boundary integral operators in (5.57)
are structurally equal to those for second order elliptic problems (see, for instance, [64]).
The terms involving the operator S and V' are immediately written in terms of integrals.
The same happens with the terms involving K. In fact, for anyn € Ap(T) and v € X,(Q),
we have ([46])

OF(x,
(K curlpn, m v //curlpn -m,v(x) 87(1, wg)/) dSy dsy

+ [ [ erad, B y)(curlen(y) - n(e) - o(a) ds, ds.
2/Fcurlrn( z)  7,0(T) ds,.

In order to prove the existence and uniqueness of solution of (5.57), we proceed as in

the continuous case. In fact, let
Ry, H V() — Ay(D)
E— 0

characterized by

(curlr x, V(curlr 0)), 1 = (£, X)1 /o1 Vx € Ap(T). (5.58)

Let us remark that (5.58) is the Galerkin discrete scheme of (5.36). Consequently,

using Corollary 5.2.1, we obtain the following Céa’s estimate
IRE — Ryllijor < C inf [|RE—nlljor V&€ HVA(T). (5.59)
n€AL(T)
Furthermore, from the second equation of (5.57) we have that
A = pig Ry (curlp K* 7 ouy,).

Hence, we only need to study the problem:
Find Uy . [0 T] — Xh(Q), Ph - [O,T] — Mh(Qd) such that:

 [(un0) ), + b, (1)

+ (p " curluy, curlv)&Q + en(un,v) = (£(1),v)q Vo € X, (),
b(uh(t),q) =0 Vq € Mh(Qd),
Qc (0) = 07

(5.60)

up
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where ¢ (-, ) © Xp(2) X Xp(2) — R is the uniformly bounded and nonnegative bilinear

form given by:
cn(u,v) := pgt ((curly Scurly + K curly Rycurlp K*) 7, u, 7TT’U>TI Vu,v € X,(Q).
Notice that the discrete kernel
Va(Q) :={v € Xu(Q) - bv,q) = 0 Vg € My(Qa)}
is not necessarily a subspace of V' (€2). We introduce
Vi(Qa) = {vlq, : v € V4(Q2)} N Hx(curl; Qq).
The following is a simple variation of Proposition 4.6 from [14].

Proposition 5.6.1 On the space V,(Qa), the seminorm w — ||curlwl||oq, is equivalent

to the H(curl, Qg4)-norm.

Proof. Let ¢, € V,,(Qq). We consider p € M(Qq) such that
/ gradp-gradq:/ , - grad g Vg € M(Qq).
Qq Qq

Then, the function v := ¢, — gradp € V(£)q) and satisfies:

curlv = curly, in Q4
divv=0 1in Qg4
Y =0 onl

<7"'U>1>1/2,Ei =0 i=1,...,1,
v,v=0 onX.

Hence, from Lemma 5.5.1 there exists § > 0 such that v € HY/2+9(Q,)3. Therefore, since
curlv = curly,, we can apply the interpolation operator Z,, to v (cf. [14, Lemma 4.7]),
which implies that Z,(grad p) is well defined. Then, using [43, Chapter III, Proposi-
tion 5.10] we deduce that there exists a continuous piecewise polynomial p;, such that
Iy(gradp) = gradp,. We claim that p, € M,(€q4). In fact, since v € Hy(curl;Qy)
and ¢, € Xpx(Qq) := X,(Q) N Hy(curl; 4), we have grad p, = I (gradp) = ¢; —
Irv € Xpx(Q) (cf. [57, Lemma 5.44]). Consequently, gradp p, = 0 on X, which implies
pr € Mp(Qa).
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Thus, since ¢, € V,(€4), we obtain

!th2=/ soh-Ihsohz/ wh-(gradpthIhv):/ @y, - Inv,
Qq4 Qq Qq Q

so that
[enllo.s < IZnv]lo.0q- (5.61)

In order to bound the right-hand side of the previous inequality, we notice that pro-

ceeding as in [14, Proposition 4.6] we get the estimate
1Z1vllo.0, < C (hllcurlyylloa, + llm/zrso,)2) -

Then, using Lemma 5.5.1 and Corollary 5.5.1, and recalling that curlv = curlg,, we

deduce

[Zhvllog, < C(1+ h)|lcurlyy(lo.o,-
Finally, combining this inequality with (5.61), we deduce
[enllong < C(1+ h)l[curley oo,

O
Since grad(M,(24)) C X3, x(€a), we have that b satisfies the discrete inf-sup condition

b rad ¢, grad
sup (z,q) S (g 7,8 Q)O,Qd

= &0 = €0’(]|1’Q VY € M(Qd) (562)
z€Hyx (curl;Qg) HZHH(curl,Qd) || grad QHH(curl,Qd) d

Then, we obtain the discrete version of Lemma 5.5.3 and Lemma 5.5.4, and consequently
we proceed as in the continuous case to prove the well-possedness of Problem 5.57. We do
not include the proofs of the following results, since they are similar to those of Lemma 5.3,
Lemma 5.4 and Theorem 5.5 from [1].

Lemma 5.6.1 The linear mapping

gh:Xh(Qc) d Vh(Q)

V. Shvc

characterized by (Epve) lo. = v. and

po ! (curl Eyue, curlw), o + cp(Epve,w) =0 Vw € V3, (Qa) (5.63)
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is well defined and bounded uniformly in h. Furthermore, the inner product in V;(2)

(u, v)y, () = (W, v), + (1! curlu, curlv), , + cp(u,v) (5.64)

0,£2q

induces a norm ||-||v, ) that is equivalent to the H(curl; Q) norm in V,(S2). Moreover,

the following decomposition is orthogonal with respect to the inner product (-, )y, ):

V() = Vio(Qq) & En(H(curl, Q.)),

where V3, (Qq) is the subspace of V() obtained by extending by zero the functions of
Vi(Qaq) to the whole domain Q.

Theorem 5.6.1 Problem 5.60 has a unique solution (up,py). Moreover, if we define

A = iy Ry (curlp K*mouy,) then (up, A, pr) is the only solution of Problem (5.57).

5.6.1 Error estimates.
Consider the linear projection operator II, : H(curl; ) — V;,(€2) defined by
[Myv € V,(Q) : (Ipv, 2)H(curt0) = (V; 2)H(curL0) Vz € Vi (Q). (5.65)
Proceeding as in Lemma 3.5.5, we deduce the following projection error estimate

_H curl; < f - curl: V EVQ 566
[v — Hpv|lEEeurse) _zel)?h(mHv 2| H(eurto) v e V(Q) (5.66)

We denote
a(v,w) := (p " curlv, curlw)
pi(t) = u(t) — yu(t),
5 (t) == Mpu(t) — un(t)

0,0

and

Br(w) := |[(R — Ry)curlp K*m w|1/2r (5.67)
Notice that §,(t) € V,(2) and satisfies

105(8) [Ex(eurre) < C ([0n(t)lo.e + [lcurldn(t)lloo) V€ [0,T]. (5.68)

In fact, let v € V,(Q). Since v — &, (v
5.6.1, we obtain

0.) € Vi(Qq), from Proposition 5.6.1 and Lemma

]| B(eurto) <C|lcurl(v — Eu(v]a.))llo.o + [|E(v]a.) [HcurLo)

(5.69)
<C([lvllo0. + llcurlvloq).
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Lemma 5.6.2 If u € H'(0, T; H(curl;Q)), then

T
sup 16400 Prieurtn / 10,64 (s)|2ds

te[0,7]
<c / 190010 syt + s flewrd oy (1) (5.70)
€
+ sup Ou(u / Br(Oru( ]
te[0,T7]

Proof. We use similar arguments to those of [1, Lemma 5.7], but taking care of the terms

arising from the boundary operators. Let v € V(). A straightforward computation

yields

(004 (1), v)o + a(01(t), v) + cn(dn(t), v)

(5.71)
—(0pn(t),v)e — alpn(t),v) — cn(pu(t), v) + [en(u(t), v) — c(u(t), v)].

Then, from (5.69) it follows that

(0104 (1), )5 + a(dn(t), v) + ci(dn(t), v)
<o llsllvllo + C ([vlo0. + leurlvlloq) [[lo ) ey + Ox(w(t))]

1 1
< §HUH3 + Q—MHCHHUH&Q +C (10,05 + lon () [ Ereurra) + On(w(t))’] .

Taking v = d,(t) in the last inequality and recalling that c;(-,-) is nonnegative, we

deduce

d _
al\fsh(t)\li + py Hleurl 8, () o

< 18x@®5 + C [12:2n 5 + ll £ () [Fr(eurriey + Bn(w(t))?]

We now integrate over [0, 7] (note that ,(0) = 0) and use the Gronwall’s Inequality to

obtain
t
16u(E) 2 + i / lcurl ,(1)| odt
0
T
<c / 100 ()12 + 1190 (8) ey + Bn(a(t))?] .

Analogously, taking v = 0;6,,(t) in (5.71) and using the linearity of a(-,-), ¢(-,-) and
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cn(s,+), we deduce

08D+ 5 o [a(64(2). 4(1)) + x(84(1). 81(1))
(a0 084(1))s — 0 a,(0),81(0) + cn(1 (1) 84(0))] + aPupy (1), 34(1)

+ cn(0ipy (1), 0n (1)) + % [en(u(t), 6n(t)) — c(u(t), dx(1))]
+ [en(Qyu(t), v) — c(Opu(t),v)] .

Integrating over [0, t] and using the Cauchy-Schwartz inequality, we have

t
[ 1061(5) s+ feurt (o)
0
t T
< | [lewrtsilon+ [ 100 Olfxeuopdt+ sup fleurl (1)
0

t€[0,7]
+ B (w / Br(Opu( ]

Therefore, using Gronwall’s Lemma, we conclude

t
/ 10,64(s)|2ds + [leur] 8,(5)2.0

<C / 1021 () IFx(eurry @t + SElP leurl p, (1) 5.0 + B (u / B (Ou( ]
te[0,T
Finally, combining the last inequality with (5.6.1) and using (5.68), yield (5.70). O

Theorem 5.6.2 Assume that u € H'(0, T; H(curl; Q). Let e(t) := u(t) — up(t). There
exists C' > 0, such that

T T
o flen(®)euner + | lenOluns @t + [ 0en() i
t€[0,T 0 0
T
<C inf |0 — V|[freurray +  inf|OA(E) — |3 ]dt
<[] ut 100 ~ olfeuns +_int 1070 = X130 5.72)

+sup inf |[A(¢ + su inf |lw(t) — v ieq.
up int N0 < xlar + s nt () ||H(Cu1,m}

Proof. Since A(t) = Reurlp K* 7, u(t), the regularity assumption on w implies

€ HY(0, 75 Hy*(I)



110

and O;\(t) = Reurlp K™ m.0;u(t). Consequently, from Corollary 5.2.1 and (5.59) it follows
that

Br(u(t) <Cinf IAE) = Xllay2r, - Bu(Beu(t) < € ot llat () = xll1j2r. (5.73)

Furthermore, since 0;IT,u(t) = I, (0yu(t)), the result follows by writing ey (t) = p,(t) +
d,(t) and using Lemma 5.6.2 and (5.66). 0

For any r > 0, we consider the Sobolev space

H'(curl, Q) := {v € H'(Q)" : curlv € H"(Q)*}

endowed with the norm ||v||? = ||v]|2, + [[curlv||2, and analogously for Q4. It

T(curl,Qc) -

is well known that the Nédélec operator interpolation Z,v € X (€2.) (and Zpw € X (2q))
is well defined for any v € H"(curl, €2.) (resp. w € H"(curl, )q)) with r > 1/2; see, for

instance, Lemma 5.1 of [11] or Lemma 4.7 of [14]. Moreover, if we introduce the space
X :={veH(cur;Q): Ir >1/2 wv|g € H (curl, Q) and v|o, € H (curl, Q4)}

endowed with the H"(curl, Q.) x H"(curl, Q4)-norm, then Z;, : X — X, (Q) is well defined,
bounded uniformly in h and the following interpolation error estimate holds true (see
Lemma 5.1 of [16] or Proposition 5.6 of [11]):

H’U — Ih'UHH(curl;Q) S Chmin{r’m}H’UHX Vv € HT(CUI'], Q) (574)
Lemma 5.6.3 Let (u,p,\) be the solution of (5.35). If we assume that

w € H'(0,T;X) and p'curlu € H(0,T;X),

then
elAnf IA() = Xl1yzr < CR™ 07|t curl w(t)]| 2 (5.75)

and
elAnf(F 1OA(E) = Xll1jor < CR™™™ [0, (" curl w(t))]| 2. (5.76)

Proof. Let Z} be the 2D Nédélec interpolant on 7;,(I"). We recall that this interpolant

relates to the standard 3D Nédélec interpolant as follows

7w (Ty) = I; (7v),
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as far as v is smooth enough for the interpolant to be will defined. Consequently, since

curlr A = v_ (¢! curlu), we obtain

7 (Zn(p  curlu)) = 7 (7. (p ' curlw)) = Z; (n x v, (" curlu))
=7, (n x curlp \) = Z; (gradp \).

Therefore, a similar argument to that used in the proof of Proposition 5.6.1 allow us
to show that there exists x(t) € A, (T) such that 7 (Z,(p ! curlu(t))) = grady x(t), or
equivalently

v (Zn(p ' curlu(t))) = curly x(t).

Then, using Corollary 5.2.1, we deduce
inf ||\(¢) — < (7 inf |lcurly A(¢) — curl _
xeAh(F)H (t) X||1/2,F > 1X€Ah(r)|| r A(t) r X/ 1/2,0

< Cyleurly A(t) — 7, Zu (1" curla(t)|1jor
= Cully, (Lo — ) (u curlu(t)) |1y
< Goll(Ta — Zo) (" curlu(®))ssceurion.

Hence, (5.75) follows by using the interpolation error estimate (5.74).

Finally, proceeding as above, the regularity of ;! curl w ensures that
7 (Zp(0, (" curlw))) = Z; (grady O,\).
Consequently, a similar analysis to the previous one, shows (5.76). O

Corollary 5.6.1 Under the assumptions of Lemma 5.6.3, there holds

T T
swn%@ﬁmmm+/n%@mmmmﬁ+/|@%@mw
te[0,7 0 0

< Ch”{ sup [lu(t)|% + sup [l curlu(t)|%
t€[0,7] t€[0,7)

T T
+/|@mm&w+/|@w*mMumwiﬁ}
0 0

with | := min{r,m}.

Proof. It is a direct consequence of Theorem 5.6.2, Lemma 5.6.3 and the interpolation

error estimate (3.48). O
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Remark 5.6.2 Let us recall that

At) = po ' R(cwrlp K*m,u(t))  and  A\(t) = py ' Ry (curlp K* o, (t)).
Therefore, using (5.73) and the uniform boundedness of Ry, we obtain

ol M) = Au(@)l1j2,r < Bu(u(t)) + [[Rpcurle K7 (w — wn ) (2)]]1/2,r

gc{ Ell{lf IA(t) — th/z,r+Heh(t)HH(curl;m}-

Consequently, using Lemma 5.6.3 and Corollary 5.6.1 we have

[ 1@ = M0 gt < 1,

with | := min{r,m}.

5.7 Analysis of a fully-discrete scheme.

We consider a uniform partition {¢, :==nAt: n=20,..., N} of [0, T] with a step size
At = % For any finite sequence {6 : n=0,--- , N}, let

B Hn_en—l
" = —— =1,2,...,N.
At ) n ) <y )

A fully-discrete version of problem (5.35) reads as follows:
Find (u},pp, A7) € Xn(Q) x Mp(Qq) X Ap(T'), n=1,--- N, such that
(Ou}, v), + b(v,dp}) + a(u},v)
+ pigt (S(curlpm, ), curlp,v), o 1
+ (K curlp A\ (t), m,v) 1 = (f(tn), v)oo Vo € Xp,(9),
— (curlpn, V(curly Ap)),  + po " (K (curly n), m ul)

r=0 VneHyﬂm,(5W>
b(up,q) = Vq € My(Qq),
uylo, =0,
ph =0,
A = 0.

The second equation of (5.77) means A} = yug' Ry (curlp K*m, up). Consequently, for

the analysis, we can eliminate A} in (5.77) to obtain the problem:
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Find (u},p}) € Xn(Q2) x Mp(4), n=1,---, N, such that

(Ou},v)y + b(v,0p}) + a(u}, v) + cp(u)l, v) = (F(tn), v)oa Vv € Xu(9),
blup,q) =0 Vg e My(Qa),
(up, q) q n(€2a) (5.78)
ug’)L|Qc = 07
P =0.
Hence, at each iteration step we have to find (u},p}) € X,(2) x My (€24) such that

(uh, v)o + At [a(uy, v) + cu(uy, v)] + b(v, pp) = Fu(v) Vo € X,(Q),
blup,q) =0 Vg€ Mu({),
where
Fo(v) := At(f(tn), v)oo + (uph,v)6 + b(v, pp ).

The existence and uniqueness of (u}, A}) is a direct consequence of the Babuska-Brezzi
theory. Indeed, the bilinear form b satisfies the discrete inf-sup condition (5.62) and the
inner product

(v,w) — (v,w), + At [a(v, w) + ¢, (v, w)]

induces a norm on its kernel V},(€2) (cf. Lemma 5.6.1).

5.7.1 Error estimates.

Lemma 5.7.1 Let p" = u(t,) — Myu(t,), 8" = Myu(t,) — ull, 7" = Ou(t,) — du(t,)
and By, as defined in (5.67). There exists C' > 0 independent of h and At such that

1<k<n

max ”(skH%-I(curl;Q) + Atz ”56k‘|3’
k=1

<c {At S~ 106" Beuston + 17 Brewston + Bu@u(t)?]  (5.79)

k=1

+ max HpkH%{(curl;Q) + max ﬂh(u(tk))Q} :

1<k<n 1<k<n

Proof. It is straightforward to show that
(08% v)y + a(8%,v) + ¢4 (6%, v)

= —(0p",v)y — a(p®,v) + (T, v), + cr(u(ty),v) — c(u(ty),v) Vo € V,(Q).
(5.80)
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Choosing v = 8" in the last identity, recalling that cn(+,+) is nonnegative and using the

estimates
a(8*,0%) > py*| curl8*[fq and (98*,6%), > (H5k||2 16"1117) +

together with

[ r— [||5k||a+ ||curl<5k||og] k=1,...,n (5.81)
(which is a particular case of (5.69)) and the Cauchy-Schwartz inequality, yield

187115 = 18" 7112 + At ]| curl 8|5
< Bt + OAt 196412 + lourt ol + 17412 + Anue].
As a consequence,
18715 — 118" (13

< 2T||<5k||2 +CAt[[|0p"]% + | eurl p*lo. + 17515 + Gn(wu(t))?] -
Then, summing over k and using the discrete Gronwall’s Lemma ([62, Lemma 1.4.2]) and
the fact that 6° = 0, lead to

18712 < catd " (119p*)% + | curl p*[15 o + 7513 + Br(u(ti))?) (5.83)
k=1
for n =1,..., N. Inserting the last inequality in (5.82) and summing over k we have the

estimate

n
1675 + Aty || curl |3
k=1

< CAt (Z 10812+ lleurl p¥[50 + > I7*]5 + Zﬁh(u(tk))g) :
k=1 k=1 k=1 k=1
(5.84)
Let us now take v = 38" in (5.80):
106%||2 + a (8%, 06") + cn(6", 06%)
= —(9p",00%), + (TF,08%), — a(p”, d6%) + cp(u(ty), 06%) — c(u(ty), 06%)
—(0p*,06%), + (1%,08%), + a(0p", 6" 1) — c(Quf(ty), 8" )

_ 1
+ cn(Ou(ty), 6F71) — E(% — Vi1,
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where
= alp", 85) — c(ulty), ) + enl(ulte), 8°).

Consequently,

106712 + a(8*, 06") + c;,(6%,06%)
_ _(5pk755k‘)g + (Tk756k‘)g + a(épk,ék_l) . C(Tk,(sk_l) + Ch("l'k,(sk_l) (585)

1

= c(Oru(t), 8°71) + en(Outy), 6" 1) = (9 = We1).

On the other hand, since the bilinear forms a(-, ) and ¢ (-, -) are nonnegative, we have
that

a(6",06%) > A7 [a(6",8%) —a(6*", 6" 1)]

and

Hence, using these inequalities in (5.85), the Cauchy-Schwartz inequality leads to

H86k|]2 Z [ (5k (5k) (5k71’5k71)} _i_ﬁ [Ch<(5k 5k) (dkfl’(skfl)}
< C(10p"2 + I7512) + a(@p",81) — e(7#,8"1) + en(7",6"1) — c(u(ty), 61
1
+ cn(Opu(ty), 6" Y —E(%—%—l)a

then, summing over k and recalling that ¢;(+,-) is nonnegative, we deduce

—Z 198815 + 5 leurl ™G
(5.86)

<O (0 + 112+ 3 (B + s+ ) +

k=1 k=1

A]; nh

b = |a(5pk,5k_1)|,
O = ]c(rk, 6k_1) — ch(Tk,(Sk_l)|,
93,1: = ]c(@tu(tk), (Skil) — ch((?tu(tk), (Skil)’.
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Using the Cauchy-Schwartz inequality and (5.81), we obtain

n n 1 n B
D 01k <D Jleurl &g + — > lleurl9p*|5
k=1 k=1 Apo k=1 7

D 0o <Y (1685 + eurl &G o + Ol frcuney ] -

k=1 k=1
D ban <Y (6" E + leurl 87 F o + CBu(eulta))’]
k=1 k=1

n 1 n T
[l < 116715 + 4—Mllcur15 6.0+ C [lleurl p"|[5 o + Bn(w(tn))?] -

Substituting the last inequalities in (5.86) and using (5.84), we obtain

AtY (1083 + lleurl 6”5

k=1

< C {Atz [Hépkn%{(curl,ﬂ) + HpkH%—I(curl;Q) + HTkH%-I(curl;Q) + ﬁh(u<tk))2

k=1

+0n(0u(tr))’] + lleurl p™[I§ o + Bn(u(tn))* } :
Combining this last inequality with (5.84) and (5.81), we conclude (5.79). O
Theorem 5.7.1 Assume that w € H?(0,T; X) and let €" := u(t,) — uy. Then, there

exists a constant C' > 0, independent of h and At, such that

N

3,k

35 e B+ A3 1064
=1

< i _ wll? ; 12
<C {lg%XN pef ) l1ultn) = vliaeure) + max, inf IA(E) = &l

N T
# O3t 197G ~ il or + [ (Lnt 1000~ ol

’UGXh(Q)
! 2
(A0 [ 10O -
Proof. A Taylor expansion shows that

_ 1 tk
te—1
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Consequently,
n T
2
> 7 et < At [ 100000 e
k=1

Moreover, noticing that p* = p,(t) and using (5.66), we have

n B 1 n tr 9
> 100 uiewnor <2 D= | 1000 rcum
k=1 k=1 * k1

I A
S T XU R —y

'UEX}L (Q)

Therefore, writing e” = 8" + p™ and using (5.73), (5.66) and Lemma 5.6.2, we conclude
the result. O
Using Lemma 5.6.3, Theorem 5.7.1 and the interpolation error estimate (5.74), we

deduce the following result.

Corollary 5.7.1 Under the assumptions of Lemma 5.6.3 and Theorem 5.7.1, there holds

N
max ||en”%{(curl;Q) + At Z ||a€k||i
k=1

1<n<N

< 21 2 —1 2
< cn {1g;@>5v\|u<tn>\|x+lggg§v|m curlu(t,)|%

T
+ s 0c curtuta)) [ + [ ||atu<t>r|§dt}

1<n<N
T
+e@0? [ ol d.
0
with | :== min{m, r}.

Remark 5.7.1 Since \} = puy' Ry, (curlr K*m ul)), we proceed as in Remark 5.6.2 to

obtain

ALY M) = Al jor < W + (A1),
k=1

with 1 := min{r, m}.
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Chapter 6
Conclusiones y trabajo futuro

En este capitulo se presenta un resumen de los principales aportes de esta tesis y una

descripcion del trabajo futuro a desarrollar.

6.1 Conclusiones

1. Se demostro que la formulacion A,V — A — ¢ del problema de corrientes inducidas
en un dominio acotado es un problema bien planteado y que su discretizacion a
través de elementos finitos usuales genera una aproximacién numérica de orden
optimo. Esto proporciona el soporte matematico de la conocida eficiencia de esta

aproximacion.

2. En el estudio de la formulacion A,V — A — ¢ se muestra la necesidad de que el
dominio del potencial A tenga componentes conexas convexas. Debido a que este
dominio puede escogerse libremente (solo debe contener al conductor y a la fuente

de corriente), esta condicién no genera ningin inconveniente en la practica.

3. Se propuso una formulacién para un problema evolutivo de corrientes inducidas en
un dominio acotado. Las variables de esta formulacién son una primitiva del campo
eléctrico y un multiplicador de Lagrange que impone las condiciones de divergencia
nula en el material dieléctrico. Se demostréd que esta formulacién esta bien planteada

y que el multiplicador de Lagrange es identicamente nulo.

4. Se verificé que la formulacién mencionada en el punto anterior, puede extenderse

para estudiar modelos que consideran materiales conductores ferromagnéticos, cuya
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6.2

1.

relacion entre la intensidad y la induccién magnética es no lineal. Bajo hipdtesis
fisicamente plausibles, se demostré que esta formulacion esta bien planteada y que

el multiplicador de Lagrange es nuevamente nulo.

Tanto para el caso lineal como el no lineal, se propusé un esquema de elementos
finitos basado en elementos de Nédélec para la variable principal y elementos finitos
usuales para el multiplicador. En ambos casos se demostro que el esquema semidis-
creto resultante estda bien planteado y que genera aproximaciones de orden 6ptimo.
Ademas, también para ambos casos, se obtuvo un esquema completamente discreto
a través de una discretizacion en tiempo por el método de Euler implicito, que
igualmente arrojé estimaciones optimas del error. Las aproximaciones obtenidas en
el caso lineal proporcionan estimaciones para las magnitudes fisicas mas relevantes:
las corrientes inducidas en el material conductor y la induccién magnética en el
dominio computacional. En el caso no lineal, solo se consiguié estimar esta ultima

magnitud.

Se demostré que la formulacién del inciso 3) puede extenderse para abarcar el
problema evolutivo de corrientes inducidas en todo el espacio. La formulacién que
se obtiene, permite realizar un acoplamiento FEM-BEM para el problema usando las
mismas variables del caso acotado y un potencial escalar en la frontera. Se demuestra
que la formulaciéon obtenida es un problema bien planteado. La eleccién del dominio
computacional acotado simplemente conexo con frontera conexa, permite definir
esquemas semidiscretos y completamente discretos, usando elementos finitos usuales
para aproximar la variable de la frontera y aproximando las otras dos variables de la
misma forma que en el caso acotado. Se dedujeron estimaciones de error similares a

las del caso acotado, incluyendo estimaciones del error de la variable en la frontera.

Trabajo futuro

Extender el andlisis de la formulacién en potenciales (Capitulo 2) al problema evo-

lutivo.

En colaboracién con Edwin Behrens (U.C.S.C.; Chile), se estd implementando el
método estudiado en los Capitulos 3-5 de esta tesis, con el proposito de desarrollar

una experimentacion numeérica que permita analizar su eficiencia.
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3. Extender los resultados de la formulacion FEM-BEM estudiada en el capitulo 5 al

problema no lineal magnético.

4. FEstudiar la convergencia de la aproximacién de las corrientes inducidas en el caso

no lineal magnético.
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