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RESUMEN

Esta tesis considera modelos simplificados que describen la cir-
culacién ocednica, en particular el modelo cuasi-geostréfico lineal
en sus formulaciones velocidad - presion y funciéon de corriente -
vorticidad.

Para abordar los problemas de datos iniciales incompletos, se
utilizé la teoria de control insensibilizante. El principal objetivo fue
estudiar la existencia de controles que permitan obtener mediciones
en un observatorio, de manera independiente de las pequenas varia-
ciones en las condiciones iniciales. Este andlisis se reduce a estudiar
problemas de tipo controlabilidad aproximada o exacta. Se obtuvo
una propiedad de continuacién unica y una desigualdad inversa para
un sistema en cascada de tipo Stokes, donde el término de Coriolis
jugd un papel determinante.

Se utilizdé una técnica de asimilacion de datos para determinar
condiciones iniciales desconocidas con el objetivo de realizar predi-
cciones. Se implemeté numéricamente este método. Se logré deter-
minar una aproximacion de la condicién inicial a partir de medi-
ciones del estado en instantes de tiempo anteriores y conociendo el
término fuente, lo que permitioé realizar buenas predicciones del sis-
tema. En el aspecto tedrico, la recuperacion exacta de la condicion
inicial se reduce a un problema de controlabilidad nula, donde se
probd una desigualdad de observabilidad.

Finalmente, se introduce una estrategia de refinamiento adap-
tivo de mallado para reducir las oscilaciones y pobre resolucién que
aparece cuando el término convectivo es dominante. Se propuso un
indicador anisotrépico del error a posteriori para localizar la capa
limite sin informacion a priori de la solucién y para crear mallas bien
adaptadas a la solucion. Esta técnica se basé en la recuperacion de
la hessiana de la solucion. Finalmente, se determiné la eficiencia de
dicha estrategia por medio de varios experimentos numéricos.
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Introduccion

Motivacion

El océano se puede considerar como un fluido débilmente compresible sujeto a la
fuerza de Coriolis y la fuerza de gravedad; su movimiento y estado estan gobernados
por las ecuaciones generales de la hidrodindmica y las ecuaciones de difusion de
temperatura y salinidad. Debido a la complejidad de la dinamica del océano se
estudian modelos simplificados tanto desde el punto de vista fisico como matematico.

Las ecuaciones generales de la hidrodindmica pueden ser aproximadas por las
ecuaciones de Boussinesq (EB) o las ecuaciones primitivas (EP). Las (EB) se ob-
tienen a partir de las ecuaciones generales para un fluido compresible donde se asume
la aproximacién de Boussinesq, es decir, las variaciones de la densidad son despre-
ciables en las ecuaciones excepto en los términos de flotabilidad y en la ecuacién de
estado. Las (EP) se derivan de las (EB) bajo la aproximacién hidrostética para la
ecuacién de momento vertical [LTW92].

Diferentes modelos pueden ser derivados de EB y/o de EP para el estudio de la
circulacién a gran escala. Uno de los méas usados por los oceandgrafos para estudiar
la circulacion oceanica en latitudes medias, es el cuasi-geostrofico.

La escala del fenémeno esta caracterizada por la dimension del nimero de Rossby
(R,). El caso de gran escala corresponde a un nimero de Rossby muy pequeno, es
decir, R, < 0.007, que corresponde a longitudes caracteristicas de 10?m en la vertical
y 10°m en la horizontal.

En este trabajo consideraremos el modelo lineal cuasi-geostrofico en su formu-
lacién velocidad-presion y en la formulacion funcién de corriente-vorticidad.

Obtendremos primero las ecuaciones del modelo cuasi-geostréfico a partir de las
ecuaciones de Navier-Stokes para un fluido gravitacional y el principio de conser-
vacion de la masa.

Ecuaciones Primitivas

Sea (z,2) = ((z1,72),2) € Q un dominio abierto, acotado y conexo de R? y

t € (0,7), con T > 0 fijo. Consideremos las ecuaciones de Navier-Stokes para un
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fluido gravitacional [Lew97]

DU . L
o2V AT = VGG 1)
Dt
donde
D o
2000+ (0-V) 6, Ab=86480, Vb = (00,0, 00,6,0:0).

En (1), U representa la velocidad del fluido en ((z, 2),t)
U((x,2),t) = U = @ + wk = uyi + ugj + wk,

donde @ = (uy, uz) son las velocidades horizontales y w la velocidad vertical. Ademaés
de la presién, sobre el fluido actian la fuerza de Coriolis C' y la fuerza de gravedad

G:

C = —2pdy X U', G = ng,
donde & es la velocidad angular de la Tierra (7.24 x 107°s7!) y g es el coeficiente
de gravedad (~ 9.81ms~!). En un punto dado, la fuerza de Coriolis se escribe como

C' = —2puwy (COS(@Q)E x U + sin(6y)] x ﬁ) ,

donde 6, es la latitud del punto considerado y wy = ||
Por otro lado, a partir del principio de conservacién de la masa, se tiene

1 .D —
2P div, O,
p Dt

donde div, U = divd + d,w.
Con esto, las ecuaciones dinamicas del fluido son

D ; >
pﬁ? — WA+ 2pwy <cos(00)k X U+ sin(&o)wi> +Vp=0
D
pD—l: — pAow — 2pwouy sin(fy) + pg + 0,p =0 @)

Ayp + div.(pU) = 0.

PRINCIPALES APROXIMACIONES
1. APROXIMACION DE BOUSSINESQ:

La variacion de la densidad en el océano es de aproximadamente 2% con respecto
al valor caracteristico py; entonces se sustituye p por el valor promedio py en todas
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las ecuaciones excepto en los términos de flotabilidad, —pg. Por consecuencia, la
ecuacion de conservacion de la masa se transforma en

—

div.U = 0.

2. ORDENES PARA LA VELOCIDAD Y LA FUERZA DE CORIOLIS:

Las magnitudes de las velocidades horizontales son varios érdenes mas grandes
que la magnitud de la velocidad vertical en el océano como se puede observar en los
siguientes resultados

O@W) :=U=01ms*, O(wk) =W =10""m s .

Se puede deducir del analisis anterior que O(sin(f)wk) << O(cos(6,)i), en-
tonces el término de Coriolis se simplifica a

C = f(xa)k x U = f(ag)k x @,

donde f(z3) = 2wy cos(by).
3. APROXIMACION HIDROSTATICA:

Para fluidos geostroficos de gran escala, la relacién entre la escala vertical y la
horizontal es muy pequena. Del analisis anterior de las magnitudes de las velocidades,
se tiene para la segunda ecuacién en (2)

Dw

i~ (1/p)Acw — 2wyuy sin by << g;

luego se tiene la llamada aproximacion hidrostatica

d.p = —pg.

Teniendo en cuenta las aproximaciones anteriores se obtiene el siguiente sistema
de ecuaciones

D .
Du_ apit fixia+r Y2 o

Dt Po

div.(U) =0,

donde A = (u/po) denota la viscosidad cinemdtica. A este sistema se le agregan
condiciones iniciales sobre la velocidad @ y condiciones de borde. Denotemos por I,
la interfaz aire-mar y por I'; UT'; los bordes laterales y fondo respectivamente. Se

supone supetficie rigida en I'y, es decir, w|r, = 0 y no adherencia sobre I'; UT'¢, es
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decir, U Ir,ur ;-1 =0. También es usual suponer velocidad nula en las costas y en el
fondo, Ulr,ur, = 0.
Problema de Reynolds y la turbulencia

El sistema (3) no puede resolverse exactamente, salvo en algunos casos simples.
Atn en el caso que se obtenga una solucién, es dificil para un fenémeno en particular,
determinar qué término es el responsable de dicho fenomeno. Una manera de resolver
esto y obtener las ecuaciones que controlan un fenémeno particular es separar las
ecuaciones en dos conjuntos: uno que expresa el movimiento promedio y el otro
que describe las fluctuaciones en torno al valor promedio. Cambiando el periodo de
tiempo promediado, se puede separar un fenémeno particular [KM93, Lew97].

Consideremos el problema abstracto de un fluido de viscosidad v sobre un abierto
O € R" y consideremos una fuerza F dependiente de la velocidad W. Escribamos
la ecuacién de Navier-Stokes para este fluido

U + (U -V )U — ANT + % = F(0). (4)

El promedio en el tiempo lo denotamos por

b :=%/OT¢>dt

y escribamos cada variable como

¢ = m + ¢,

donde ¢’ representa las fluctuaciones en torno a ¢,,. Notar que, si (£,...,&,) son
las coordenadas de un punto en R”, se cumple que

(¢)m =0, (0:9)m = Or(Pm), (0e,®)m = O, (o) YE=1,... n.

Por otro lado, si (uq,...,u,) son las componentes de U , promediando la ecuaciéon
(4) se obtiene

. . . . P L. . .
Ol + (U V)T — AN + % — (T, - (@ - W) ()

Para un fluido incompresible, el iltimo término se reduce a
(T )T ) = dive(T'T") = (div 0T = div(0'T"),
asi, (5) se transforma en

B . . . P .
0,0, + (T, - V)T — AN + VT _ F(,) — div,(T'T"). (6)
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Esta ecuacién muestra que los flujos de momento asociados a las fluctuaciones actiian
como una fuente a los movimientos de grandes periodos de tiempo.
Definamos el tensor de Reynolds por

Re = (ﬁ/ﬁ/t) (U U )1§i,j§n-

ity
Asi,
dive(R.) = dive( U/U/t Za&

La determinacién rigurosa del tensor de Reynolds es un problema inabordable [KM93,
Lew97]. Una suposicién admisible es asumir que el tensor de Reynolds es propor-
cional al gradiente de la velocidad promedio, es decir,

Re = _Atvc[jma

donde A; es la viscosidad turbulenta. El fenémeno de difusiéon turbulenta es predo-
minante con respecto a los de viscosidad molecular (v, > v), por lo que este tltimo
se puede despreciar, es decir,

P - -
O+ (T - V)T — AT+ Em ().
p

En las ecuaciones que describen los movimientos de gran escala, la influencia de los
movimientos de mesoescala vienen dados por los coeficientes turbulentos.

Definamos el numero de Reynolds como R, := LU/A;, donde L y U represen-
tan longitudes y velocidades caracteristicas. Este niimero nos permite identificar la
naturaleza del fluido: para el régimen newtoniano (R, — o0) y para el régimen de
Stokes (R, — 0).

De ahora en adelante, trabajaremos con las variables promediadas en dependen-
cia de la escala de tiempo que nos interesa, despreciando la viscosidad molecular.
Para el caso n = 3, el tensor de Reynolds toma la forma, ([HB92|)

ouy ow oy Ous
x

(R ) = AV AH (Re) AH AH etc.

8 3x1 82 a1

donde Ay, Ay son los coeficientes de viscosidad turbulenta horizontal y vertical,
respectivamente. Aplicando el andlisis anterior a (3), se tienen las EP del océano

( Du — ApgAii — Ay, u+f/;><11—|—in:0,
Dt Po
d.p = —py,
div.(U) = 0, 0
w|Fs - Oa U|F[Urf - 0’
ﬁ|t:0 - ﬁo.
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Modelo cuasi-geostrofico lineal

El balance entre la fuerza de Coriolis y el gradiente de presion es el llamado equi-
librio geostréfico que gobierna las ecuaciones de un fluido geofisico de gran escala.
El modelo cuasi-geostréfico describe la evolucién temporal del equilibrio geostrofico.

El modelo cuasi-geostréfico o también conocido como modelo barotrépico, de-
sprecia la circulacion termohalina, pero es capaz de reproducir propiedades es-
tadisticas de la circulacién ocednica en latitudes medias (20° < 6y < 50°) forzadas
por la fuerza del viento.

La principal caracteristica de la circulacion forzada por el viento es la presen-
cia de un doble giro con una corriente fuerte en la costa oeste produciendo un
chorro energético fuerte hacia el interior del océano. Estos giros son persistentes y
dominantes, tienen una escala tipica horizontal de aproximadamente mil kilémetros
[BGASO01]. Ejemplos de estas corrientes son: la Corriente del Golfo, en el Atlédntico
Norte (Figura 1) y la Corriente de Kuro Shio en el Pacifico Norte (ver por ejemplo
[BVM94, Med99, Med00, MW95, Ped87]).

:
4
()

T
20°wW 0°E

B0°N —

40°N |

20°N —

Figure 1: Lineas de corriente en el Atldntico Norte.

Para la obtencién de las ecuaciones del modelo cuasi-geostréfico de una sola
capa, despreciaremos la estratificacion de la densidad e integraremos en la vertical
considerando una profundidad fija z = —D.
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Definamos el valor medio de una magnitud h cualquiera como sigue:

Se define también [Lew97],

o9 ou
0 /_DO EP (AV&> dz == Ts — Ty,

donde 7, := poAV% es el estrés en la superficie, que corresponde al estrés del viento
T, es decir 7, := 7. El estrés en el fondo 7y, se asume proporcional a la velocidad,
es decir, 75 := u, donde 7 es el coeficiente de friccién en el fondo. Utilizando esta
definicién, si promediamos la primera ecuacién en (7) se obtiene,

ou

- 1 1
— —AgAu+~vyu+ fkxu+ —Vp= 7. 8
ot AU +yu+ f SIS p 2000 (8)

Por otra parte, si integramos la tercera ecuacién en (7), utilizando las condiciones
de borde para w, se deduce

1
leQ—i- Fow’(lDO = le@ =0.
De esta forma, hemos obtenido las ecuaciones del modelo cuasi-geostrofico lineal.

Sea © un dominio de R? y T" su frontera. Definamos @ := Qx (0,7) y 3 :=T'x (0,7,
omitiendo las barras, el sistema es el siguiente:

ou - 1 1

A AgAG AT+ fEx T+ —Vp = T  enQ,

ot Po poDo

divi =0 en (@, (9)
=0 en Y,

ﬁ|t:0 == ’JO en 2.

Usualmente se asume la aproximacién (-plano (ver [Ped87] por detalles) que
consiste en proyectar la superficie esférica de la Tierra sobre un plano tangente a un
punto con longitud ¢q y latitud 6y. Se define en este plano un sistema de coordenadas
Cartesianas local (x1,z5) con origen en (¢, ). Ademds, se sustituye el pardmetro
de Coriolis f por su aproximacion lineal:

2(4)0

f = fo+ B, fo = 2wp sin by, B = ?COSem

donde R es el radio de la Tierra (6.371 x 10°m).
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Por otra parte, es sabido que la formulacién en funcién de corriente - vortici-
dad del modelo cuasi-geostréfico es muy utilizada, principalmente por sus ventajas
numéricas [Med99, Med00, MW95, Ver90, Ver92].

Consideremos €2 como al inicio. Denotemos por I'y la frontera exterior y I';,
1 <1 < p, las otras componentes conexas de I', en caso de que existan. Es conocido
que la condicion de divergencia nula de la velocidad se puede expresar introduciendo
una funcion de corriente ¢ de @ como sigue:

U chlw = (8_1/)’_8_1#) )

Como  se anula en X, ¢ debe ser constante en cada componente conexa I'; x (0, 7).
Ademas, puede ser univocamente determinada si tomamos 1) = 0 en I'.

Aplicando el operador rotacional a la primera ecuacién en (9) e introduciendo la
funcion de corriente 1, se deduce

g(—Aw) + Ag A%y — yAY — 58_#) = curl7 en Q,
ot 5 Az poDo (10)
e —¢ =0 en 2.

on

Para caracterizar la dinamica del modelo es conveniente introducir nimeros adi-
mensionales que aparecen cuando se adimensionalizan las ecuaciones. Sea 7; la am-
plitud del estrés del viento climatolégico entonces, de la férmula de Svedrup para la
circulacién horizontal de gran escala en el interior del océano [MW95, BGAS01], se
puede obtener la escala tipica para la funcién de corriente:

T
poDof3’

donde D es la profundidad tipica del océano. Consideremos las siguientes variables

Yo

adimensionales:
(.l’/l,$l2) = L71<£If1, 1'2), tl = UﬁlLta wl = walwa T/ = ,]E)ilTa

donde L representa la longitud horizontal caracteristica de la circulacién oceanica y
U es la velocidad horizontal caracteristica.
Escalamos la ecuacién (10); es decir, sustituimos cada variable por las relaciones
anteriores y, en el caso de los operadores, se tiene, por ejemplo,
oY oY’

R 1
¢0U 8t )

_ —2 !
9 Ay =th L™ Ay
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Asi, se obtiene la siguiente ecuacion adimensional:

o O

—( — 2 — _ — =
R08t8(¢A¢) + €AY — e, A . curl7 en Q, )
Yv=—=0 enX,
on

donde hemos omitido el sfmbolo ’ de las variables e introducido

U Apy g
Ro:—a €Em = 72 €s = o1
BL? BL? pL
R, se conoce como el numero de Rossby, €, como el nimero de Munk y ¢, como el
nimero de Stommel o Ekman. Por ltimo, introducimos la vorticidad w de @ como:

82@ 8U1

w:=curld ;= (a—xl — 8—@) = —Avy;

luego se tiene,

( ROZ—C: — e Aw — €5w — S—Z =curl7 en Q,
w+AY =0 enQ,
o ¢ (12
YPp=—=0 en,
on
(| w(0) =wp = curldy en .

En este trabajo utilizaremos dos formulaciones para el modelo cuasi-geostrofico:
en velocidad-presion, que viene dado por el sistema (9), y en funcién de corriente-
vorticidad, que viene dado por el sistema (12).

Dos aplicaciones de la Teoria de Control

Para estudiar un fenémeno fisico, en particular en el océano, contamos con un
modelo del sistema dinamico que consiste en un conjunto de ecuaciones para cada
variable de estado. A estas ecuaciones se le suman los términos fuentes, las condi-
ciones iniciales y de frontera y por tltimo los parametros fisicos como, por ejemplo,
el coeficiente de viscosidad, el coeficiente de friccién en el fondo, etc. En principio,
estos valores pueden obtenerse directamente de las mediciones, pero en la practica
esto es dificil y costoso. Por ello muchas veces estamos en presencia de problemas
de datos iniciales desconocidos o incompletos.

Se han desarrollado varias técnicas para resolver los problemas de datos descono-
cidos. Las mas utilizados son las técnicas de asimilacién de datos. Estos métodos
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se basan en incorporar al modelo de sistema dinamico observaciones medidas con el
objetivo de describir un fenémeno particular, asi como de realizar predicciones.

Entre los métodos més usados de asimilacion de datos se encuentran los métodos
variacionales que se basan en la teorfa de control éptimo [Lio71, Mar75, LD85,
LDT86]. Recientemente en [Pue02] se presenta un método no clasico de asimilacién
de datos basado en la teoria de control. La aplicacién de esta teoria al modelo
cuasi-geotrofico se estudiara en el Capitulo 2.

También se tienen los modelos con datos iniciales incompletos, es decir, modelos
donde los datos iniciales presentan pequenas incertidumbres, por ejemplo, conside-
remos la condicién inicial como sigue:

u(0) = ug + Ty,

donde ug es una valor aproximdo conocido de u(0) y 74 es el error (desconocido)
que afecta a esta aproximacion. En esta expresion, g representa una funcion de
norma uno (por ejemplo, en el espacio de funciones de cuadrado integrable) y el
parametro 7 un factor de escala que se supone pequeno.

Podemos plantearnos dos problematicas:

e Si ademas de las condiciones iniciales, el término fuente también presenta una
perturbacion, nos interesaria, si es posible, identificar el término desconocido
de la fuente independiente del ruido aportado por la incertidumbre sobre las
condiciones iniciales.

e Por otra parte, nos planteamos si serfa posible actiar sobre el sistema (accién
humana) para obtener mediciones en cierta region del espacio independientes
a las incertidumbres de las condiciones iniciales.

Para resolver la primera problematica se utiliza la Teoria de los Centinelas intro-
ducida en [Lio88] (ver més detalles en [Li092b]). La segunda probleméatica se basa en
la Teoria de Control Insensibilizante introducida en [Lio90] y que estudiaremos en el
Capitulo 1. Ambas técnicas se reducen a estudiar problemas de tipo controlabilidad
exacta o aproximada.

Capitulo 1: Controles insensibilizantes para el modelo cuasi-
geostrofico del océano

En este capitulo nos centraremos en estudiar la segunda problemética aplicada
al modelo cuasi-geostréfico del océano. Es necesario senalar que la teoria de control
insensibilizante si bien resulta de menor interés practico, constituye un problema
interesante y complejo desde el punto de vista matematico.
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Se puede demostrar que la existencia de controles (actuando en un “pequeno”
abierto w) tales que las mediciones en el observatorio O CC ) sean insensibles o
casi insensibles a las pequenas variaciones de las condiciones iniciales, es equivalente
a un problema de controlabilidad nula o aproximada, respectivamente.

De forma general, la controlabilidad de una ecuacién en derivadas parciales
(EDP) o de un sistema de EDP se consigue cuando se sabe conducir la o las EDP
de un estado inicial dado ug a un estado final deseado u1, mediante un control h que
actua sobre el sistema desde el exterior.

Estaremos en presencia de un control distribuido, si el control actia a través del
segundo miembro de la ecuacion. Por el contrario, si el control se ejerce a través de
las condiciones de frontera, hablaremos de control frontera.

Fijando el control h en cierto conjunto U,; (conjunto de controles admisibles),
diremos que nuestro sistema es exactamente controlable en Y (un espacio de Banach
adecuado en el que evolucionan las ecuaciones) en el tiempo 7T si, cualesquiera que
sean ug € u; en Y, podemos encontrar un control A € U,y de tal forma que el estado
asociado uy, con dato inicial ug, verifica

Uh(T) = Uuz.

Esta condicién puede relajarse. En este sentido, dados ug y vy arbitrarios, diremos
que el sistema es aproximadamente controlable en Y en el instante 7' si, para cada
€ > 0, existe un control A tal que el correspondiente estado u; verifica la condicion

|up(T) — wlly <e.

Por 1ltimo, diremos que hay controlabilidad exacta a cero o controlabilidad nula
en el tiempo T', cuando u; = 0, es decir, para cada ug, existe un control A tal que el
estado uy, asociado a h verifica u, (7)) = 0.

Varios han sido los autores que en los ultimos anos han trabajado en la existen-
cia de controles insensibilizantes. En [BF95], los autores estudian la existencia de
controles e—insensibilizantes para la ecuacién del calor lineal y semilineal con condi-
ciones iniciales y de frontera incompletas. Posteriormente en [dT00], se demuestra
que existen los controles insensibilizantes para las mismas ecuaciones pero bajo cier-
tas suposiciones sobre el término fuente y condicién inicial nula. Estos resultados
fueron recientemente extendidos a no linealidades més generales en [BGBPGO02].

En el Capitulo 1 estudiaremos la existencia de controles insensibilizantes y e-
insensibilizantes para ecuaciones de tipo Stokes. Hasta donde sabemos, éste es el
primer resultado de existencia de controles insensibilizantes para este tipo de ecua-
ciones.
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En los problemas de insensibilizacion, estamos en presencia de un sistema en cas-
cada donde el control no actia directamente en el sistema de la funcion que queremos
conducir a cero después de un intervalo de tiempo 7. Esto hace que el problema que
estamos considerando sea mas dificil que los problemas de controlabilidad nula para
las ecuaciones de tipo Stokes.

El primer resultado del Capitulo 1 es relativo a la controlabilidad aproximada.
Gracias a la presencia del término de Coriolis y utilizando los resultados de [Fab96,
FL02], se deduce una propiedad de continuacién tinica para un sistema en cascada.

El resultado mas importante de este capitulo consiste en deducir una desigualdad
de observabilidad. La demostracién de esta desigualdad se basa en una estimacion
global de Carleman para un sistema en cascada. Los puntos claves consisten en
seguir los pasos de la demostracion del resultado de la continuacién tnica y utilizar
la forma de las ecuaciones, en particular el término de Coriolis. Este resultado se
obtiene bajo ciertas suposiciones sobre el término fuente, la condicién inicial y la
interseccion del espacio de control y el observatorio.

El contenido del Capitulo 1 corresponde a los articulos [FCGO03, FCGOO04]:

e E. FERNANDEZ-CARA, G. C. GARciA AND A. OssEks, Insensitizing controls for a
large-scale ocean circulation model. C. R. Math. Acad. Sci. Paris 337 (2003),
no. 4, 265-270.

e E. FERNANDEZ-CARA, G. C. GARciA AND A. Osses, Controls insensitizing the
observation of a quasi-geostrophic ocean model, aceptado en STAM Journal on
Control and Optimization (2004).

Capitulo 2: Un problema de asimilacién de datos

Como hemos mencionado antes, en el Capitulo 2 aplicaremos un método de
asimilacién de datos para el modelo cuasi-geostrofico del océano en su formulacion
funcién de corriente-vorticidad. Utilizaremos un método introducido recientemente
en [Pue02], donde se presentan algunos resultados tedricos aplicados a la ecuacién
de difusién-conveccién y a las ecuaciones linealizadas de Navier-Stokes.

El método se puede formular como sigue: se quiere predecir la circulacién del
océano durante un intervalo de tiempo (7o, 7y + T') pero no se conoce la condicién
inicial en T,. Usando mediciones en un intervalo de tiempo anterior (0,7}) y dis-
tribuidas en cierta regién del espacio que llamaremos observatorio O, se trata de
recuperar el valor de la condicion inicial en Tj.

En las aproximaciones clasicas, usando el método variacional de asimilacion de
datos, se buscan las condiciones iniciales en ¢t = 0 con el objetivo de calcular el
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estado en el intevalo (0, Ty+7T'). Este método usa las técnicas de control 6ptimo para
minimizar un funcional de costo conveniente junto con un método de regularizacion
(por ejemplo la regularizacién de Tikhonov) [BLV9S, LBV9S|.

La aproximacién planteada en [Pue02] ya no busca la condicién inicial en ¢t = 0
para predecir la evolucién del sistema en el intervalo de tiempo (0,7, + 7'), sino que
busca una aproximacién en T, independiente del valor en ¢ = 0. Para ello sélo sera
necesario conocer el término fuente y mediciones en el observatorio O x (0, 7j).

En este capitulo, primeramente analizaremos la existencia y unicidad del pro-
blema adjunto. Este resultado se prueba usando el método de transposicion intro-
ducido en [LM68].

El método que usaremos para la reconstruccion “exacta” del estado en Ty se
reducira a estudiar un problema de controlabilidad nula. El punto esencial consiste
en probar una desigualdad de observabilidad. La ausencia de condiciones de fron-
tera sobre la vorticidad en el problema considerado hace que no se pueda obtener
directamente una desigualdad de Carleman global. La estrategia consistira en pasar
a la formulacién velocidad-presion, donde si se conoce una estimacion de Carleman
global (ver [FCGO04] o Anexo B).

Ademas, introduciremos un problema de control éptimo clasico para obtener una
aproximacién de la vorticidad en Tj a partir de mediciones de la funcién de corriente
en el observatorio O x (0,Tp) y la tensién del viento en la superficie. Realizaremos la
implementacion numéricamente de dicho método donde estudiaremos la dependencia
del tamano de la regién de medicién, el tiempo de asimilacién y los coeficientes del
modelo para obtener una correcta prediccion de la circulacion.

Una estrategia de refinamiento adaptivo

Capitulo 3: Analisis del error a priori y a posteriori de un
método de elementos finitos para un modelo de circulacién
oceanica de gran escala

Como se comentd al comienzo de esta introducion, un fenémeno tipico de los
modelos de gran escala en el océano, es la formacién de una corriente fuerte en la
costa occidental. Debido a esta corriente, las soluciones de estos modelos presentan
capas limites que generan la aparicién de oscilaciones y una mala resolucion en esta
region cuando se resuelve numéricamente. Una forma de reducir este efecto es el
refinamiento de la malla numérica donde la solucién presenta esa capa limite.

Las estrategias de refinamiento se basan principalmente en indicadores del error
a posteriori. Muchos han sido los trabajos dedicados a este tema; ver por ejemplo
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[BR78, Ver96, AO00, BS01].

En particular, en la regién de la capa limite, la solucion tiene gradientes fuertes
en una direccién y casi ninguna variacion en la direccién ortogonal. En este caso,
resulta conveniente utilizar elementos alineados con esta capa.

¢

Se han propuesto varios alternativas para crear “ mallas anisotrépicas”. Algunas

de ellas se basan en la recuperacién de la hessiana de la solucién (ver, por ejemplo,
[CD97, CDHMP97, AAYHT 196, PPK92|). En particular, los autores en [AFG*00]
introdujeron una estrategia de mallado anisotrépico adaptivo guiada por un esti-
mador del error direccional que se basa en la recuperacion de la segunda derivada
de la solucién a partir de una aproximacién por elementos finitos.

En este capitulo, presentaremos un analisis semejante para el caso estacionario
del modelo cuasi-geostréfico formulado en funcion de corriente - vorticidad. Prime-
ramente estudiaremos la existencia y unicidad de la solucién continua y discreta del
modelo. Bajo suposiciones apropiadas de regularidad se prueba que la funcién de
corriente puede calcularse con un orden de error éptimo en H' ().

El segundo resultado consiste en analizar una estrategia de refinamiento adaptivo
de mallado para reducir las oscilaciones y la pobre resolucién que aparece cuando el
término convectivo es dominante. Proponemos un indicador anisotrépico del error
a posteriori para localizar la capa limite, sin utilizar informacion a priori de la
misma y para crear mallas bien adaptadas a la solucién. Esta técnica se basa en la
recuperacion de la hessiana de la solucion. Finalmente, evaluamos la eficiencia de
nuestra estrategia por medio de varios experimentos numéricos.

El contenido de este capitulo corresponde al articulo [CGRO3]:

e J. M. CascON, G. C. GARcfA AND R. RoDRiGUEZ, A priori and a posteriori

error analysis for a large-scale ocean circulation model. Comput. Methods Appl.
Mech. Engrg., 192 (2003) 5305-5327.
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Chapter 1

Insensitizing controls for a
quasi-geostrophic ocean model

Abstract

In this chapter, we consider a linear quasi-geostrophic ocean model with par-
tially known initial conditions. We search for controls that make the obser-
vation locally insensitive to the perturbations of the initial data. Their exis-
tence is equivalent to the null controllability property for an associated cascade
Stokes-like system. Thanks to the presence of the Coriolis term, we are able
to prove the existence of such controls. Our strategy is the following. First, we
prove a unique continuation property for the adjoint of the state system that
leads to approximate controllability. Then, under certain assumptions, an ob-
servability inequality is established for the adjoint. The proof is inspired by the
arguments leading to unique continuation. This inequality leads to the desired

null controllability result.

1.1 Introduction and main results

1.1.1 Incomplete initial data ocean model

Let Q be a non-empty open bounded and connected subset of R?, with boundary
I of class C? and outwards unit normal vector v = v(z). Let w be a non-empty open
subset of 2, T > 0,Q = Q% (0,7) and ¥ = ' x (0, 7). In this paper, we will consider
a linear quasi-geostrophic ocean model [BGdS01, MAS96, MW95] described by the

3
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following equations:

( 1
ut—AAu—l—'yu—}—(fo—l—ﬁxQ)k/\u—l—p—Vp:T—i-hlw in Q,
0

u=0 on X,

u(0) = ug + 7Uy in €,

\

where u(z,t) and p(z,t) respectively denote the velocity and the pressure of the
fluid at (z,t) = (x1,22,t) € R? x R,. In this model, A represents the horizontal
eddy viscosity coefficient, v is the bottom friction coefficient, pg is the fluid density
and (fo + Bz2)k A u is the Coriolis term, with k A u = (—ug, u1). In the right hand
side, 1, denotes the characteristic function of w and 7 is a given source. The term
Tuy, where 7 € R, represents a small unknown perturbation of the initial velocity
field ug and h = h(zx,t) is a control function to be determined.

Notice that the Coriolis force is represented by a zero order coupling term in the
equations. It introduces a different behavior of the system depending on the direction
in space. In order to simplify the presentation of the results, we will assume that
A=1,v=1, fo=1,=1and pyg = 1.

Let us introduce the following spaces, which are usual in the analysis of Stokes
systems

H = {vel*)?: divo=0inQ, v-v=0onT},
V o= {ve HyN)?: dive =0 in Q}, W =H*Q)?NV.

Recall that,
We—VeaH=H -V — W,

where the embeddings are dense and compact. To simplify notation we denote
L*(0,T; L*(Q)%) by L*(Q) and L*(0,T; L*(w)?) by L*(w x (0,T)).

For any given ug, Uy € H with [[Uplloo = 1, any 7 € L*(Q) and any h €
L*(w x (0,T)), the linear system (1.1) possesses a unique solution (u,p), with u €
L*0,T;V)NH (0, T; V') and p € W=1°°(0,T; L*(Q)) (p is unique up to an additive
distribution only depending on t). This is easily proved by adapting the arguments
of [Tem84] to the presence of a skew-symmetric Coriolis term in the equations (see
Appendix A). Notice that, if we had ug + 7ug € V, then the couple (u,p) would
satisfy w € L*(0, T; W)N HY(0,T; H) and p € L*(0,T; H'(Q)).

We will be concerned with the search of controls such that the velocity measure-
ments over an observation set are insensible or almost insensible to small variations
of the initial conditions. To do this, we will use insensitizing control theory.
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1.1.2 Insensitizing controls and controllability

Let O be a non-empty subset of {2 and let us introduce the following functional,
defined on the family of solutions to (1.1):

/ / |u(z,t)|? dz dt. (1.2)

The notion of insensitizing controls was introduced by J. L. Lions [Lio90]. In the
context of (1.1)—(1.2), it reads as follows:

Definition 1.1.1 We say that the control h € L*(w x (0,T)) is ® insensitizing if

d . , ~
ECI)(U) = 0 Vug € H, with ||tpllon = 1. (1.3)
On the other hand, we say that h € L*(w x (0,T)) is ® e—insensitizing if
d ,\ . ~
d—cb(u) <e Viug € H, with ||dolloo = 1. (1.4)
T =0

Of course, in (1.3) and (1.4) w is, together with p, the solution to (1.1).

The & insensitizing (resp. ® e-insensitizing) controls A must be interpreted as
those leading to an observation ®(u) that is locally independent (resp. almost inde-
pendent) at the initial perturbation 7. The existence of such controls is a pertinent
question, since it is realistic to assume that the true initial conditions for (1.1) are
unknown. In fact, as noticed in [Lio90], it would be more convenient to search for ¥
insensitizing (or W e—insensitizing) controls, where

//|curluxt|2dxdt

But this is much more complicate and will be the subject of future work.

It is easy to characterize the insensitivity (resp. e-insensitivity) property in terms
of exact null controllability (resp. approximate controllability) of a related cascade
system. Indeed, let (w,p) and (g, r) be the solutions of the following systems:

(

—Au+u+ (1+z)kANu+Vp=T+hl, inQ,
divu=0 1in @,
u=0 on?2,
u(0) = up in Q,

(1.5)

—¢—Aq+q—(1+ax2)kNg+Vr=ulp in Q,
divg=0 in Q,

q=0 on X,

q(T)=0 1in Q.

(1.6)
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Then the control h is ® insensitizing (resp. ® e-insensitizing ) if and only if
9(0) =0 (resp. [[q(0)]log <e). (1.7)

Indeed, in view of (1.2), condition (1.3) is equivalent to
T
/ / a~qumdt‘ <e¢),
0o Jo

where @ is the solution of (1.5) and w, is the solution of (1.1) differentiated with

respect to 7. Using the definition of (¢, 7) and integrating by parts, we obtain

/Q 4(0) - G dx

This is equivalent to (1.7) (see [dT00] for more details).

Notice that, since u € L*(0,T;V), we also have ¢ € L*(0,T;W) N H(0,T; H)
and m € L*(0,T; H(Q)).

We are thus in the presence of a null controllability problem (resp. an approxi-
mate controllability problem) for a cascade system, where the control A is not acting

T
/ / u-urdrdt =0 (resp. (1.4) is equivalent to
0 Jo

/q(O) g dr =0 ( resp. <e¢), Vi€ H, with ||[Ggoq=1.
Q

directly in the system satisfied by ¢ (the function we want to drive to zero after a
time interval of length 7°) but indirectly, through @le . In this sense, the problem
under consideration is more difficult than the null controllability problem for Stokes
type equations.

1.1.3 Main results

There have been several recent results concerning the existence of insensitizing
and e—insensitizing controls for parabolic problems.

Thus, in [BF95] the existence of e—insensitizing controls for linear heat equations
with partially known initial and boundary conditions was established. The same was
also obtained for semilinear heat equations with globally Lipschitz-continuous non-
linearities. After that, it has been proved in [dT00] that insensitizing controls exist
for the same equations completed with zero initial data, under suitable assumptions
on the source term. In [BGBPGO02], the authors have extended these results to other
more general (slightly superlinear) nonlinearities.

In this work, we deal with the insensitizing and e—insensitizing problems in the
case of the Stokes type equations (1.1). Our results were sketched in [FCGOO03]. To
our knowledge, these are the first insensitivity results in the literature for equations
of this kind.

As in the previous references, we will assume that the following geometrical
hypothesis is satisfied:
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wnNO #0. (1.8)

Our main results are the following:

Theorem 1.1.1 Let T > 0 and assume that (1.8) is satisfied. Then, for each ¢ > 0
there exists a control h € L*(w x (0,T)) which is ® e—insensitizing.

Theorem 1.1.2 Under the assumptions of theorem 1.1.1, if we also have uy = 0
and

T
/ / exp (Mt™*) T? dz dt < +oo, (1.9)
0o Jo

for an appropriate constant M depending on 2, w, O and T, then there exists a
control h € L*(w x (0,T)) which is ® insensitizing.

In [dTO00], it was proved for the linear heat equation that, in general, we cannot
expect the existence of insensitizing controls for nonvanishing initial data in L?(Q)
when Q \ @ # (). The proof of this result is based on a counter-example for which
the appropriate observability inequality fails when the initial data belong to L?(().
Similar arguments could be used for Stokes systems. In view of this, it is reasonable
to impose in Theorem 1.1.2 that ug = 0.

This chapter is organized as follows. In Section 1.2, we prove Theorem 1.1.1.
Thanks to the presence of the Coriolis term, we can prove a unique continuation
result for a cascade system similar to (1.5)—(1.6). In Section 1.3, we prove Theo-
rem 1.1.2. We first check that if the observability inequality (1.13) is satisfied then
insensitizing controls do exist. The proof of the observability inequality relies on an
appropriate global Carleman inequality for the cascade adjoint system. We prove
this inequality following a chain of estimates based on the same steps of the unique
continuation proof. Finally, in order to be self-contained, we give in Appendix B a
sketch of the proof of a Carleman estimate for Stokes-like systems that is needed in
Section 1.3.

1.2 The existence of c-insensitizing controls

In this section, we prove the approximate controllability of the cascade system
(1.5)—(1.6). Since the considered system is linear, without loss of generality, we can
assume that 7 = 0 and ug = 0.
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Theorem 1.2.1 Suppose that w N O # (. Then the linear space
{a(0) : h e L*(w x (0,7))}
15 dense in H.

Proof: Let ¢g € H be such that
/q(0)~¢0 dr =0  Vhe L*(wx(0,T)).
Q

Let us see that ¢o = 0. Now, let (¢,8), (z,7) be the solution of

(

Or—Adp+ o+ (1+a)kNd+VO=0 inQ,

divgp =0 in Q,

6=0 on¥, (1.10)
\ ¢(O):¢U iHQ,
( —zt—Az+z—(1+x)kANz+Vr=0¢lp inQ,

divz=0 inQ,

z2=0 onX, (1.11)

2(T)=0 1in Q.

\

For each ¢g € H, this coupled system possesses a unique solution (¢, ), (z,7), with
at least ¢,z € L*(0,T;V) N H*0,T;V’') and 0,r € W=1(0,T; L*(Q)) (again, ¢
and r are unique up to a distribution only depending on t).

Using (1.5) and (1.6), we deduce at once that

T
/ /h-zdxdt:/q(0)~¢0dx20 Vh e L*(w x (0,T)),
0 w Q

so z vanishes in w x (0,7"). In order to conclude that ¢y = 0 in 2, we will use the
following unique continuation result:

Lemma 1.2.1 Assume (1.8). Let (¢,0), (z,7) be a solution to (1.10)-(1.11) with
¢o € H. Then, if z =0 in w x (0,T), we necessarily have z = ¢ = 0 and Vr =
VO =0inQ.

Proof: Let us set w = w N O. By assumption this is a nonempty open set. Let us
introduce the horizontal component of w

C) = {(z1,25) € Q : 32 such that (2%, 25) € D}
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and let us set 37 = (I'NCy) x (0,7). We will prove a more general result saying
that if we have

o —Ap+ o+ (1+a)kNd+VO=0 inQ,

diveg =0 inQ, (1.12)
¢1=0 on Xy,

—z—Az+z—(1+x)kNz+Vr=0¢lp inQ,

divz=0 inQ

and z =0 1in w x (0,7), then ¢ = 0.

We first notice that curl ¢ = 0 in @ x (0, 7). Then, applying the curl operator to
(1.12), in view of the presence of the Coriolis term and the fact that div¢ = 0, we
deduce that ¢ =0 in @ x (0,7") and ¢, is a constant in w x (0,7).

Let us introduce ¢ = 0¢/0x; and 7 = 00/0z, . We have

=AY+ Y+ (1+az)kAYp+Vr=0 inQ,
divyy =0 in Q,
=0 1in wx(0,7).

From the uniqueness property in [FL02], one has ¢» = 0 in Q). Now, since d¢; /0z1 =0
for e =1,2 and divg = 0 in @), we also have V¢, = 0 in ) and, from the fact that
¢ =01in w x (0,7"), we deduce that ¢, = 0.

On the other hand, since 0¢,/dxr1 = 0in @ and ¢; = 0 on Xy , we see that ¢; =0
in Cy x (0,7). In view of the uniqueness properties in [Fab96|, we must have ¢; =0
in (), as desired. O

Remark 1.2.1 Similar unique continuation properties for the Stokes system have
been deduced in [Fab96] if all components of the velocity up to one vanish in an open
nonempty subset of Q). This result requires additional conditions on the coefficients
which are not satisfied when the Coriolis term appears in the equations.

1.3 The existence of insensitizing controls

The proof of Theorem 1.1.2 relies on the following observability result for the
cascade adjoint system (1.10)-(1.11):
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Proposition 1.3.1 Assume that w N O # (). There exist positive constants M and
K, depending only on ), w, O and T, such that the inequality

T T
//exp (—Mt_4)\z|2dxdt§K/ /\z[Qd:Udt (1.13)
0 JQ 0 Jw

holds for every solution of (1.10)-(1.11) with ¢ € H.

The proof of Proposition 1.3.1 is based on the global Carleman inequality (1.18)
for the cascade adjoint system (1.10)-(1.11). This Carleman inequality will be proved
later, in Section 1.3.1. The fact that (1.18) implies (1.13) will be proved in Section
1.3.2.

Let us now give the proof of Theorem 1.1.2 assuming that Proposition 1.3.1
holds. Thus, let us assume that (1.8) is satisfied, ugp = 0 and (1.9) holds with M
being the constant furnished by Proposition 1.3.1.

The approximate control A of minimal norm in L?(w x (0,T)) corresponding to
ug = 0, a source term 7 satisfying (1.9) and tolerance ¢ > 0 can be obtained by
minimizing in L*(Q) the following convex functional [FPZ95, Lio92a:

1 (T T
J5(¢o):§/0 /|z|2d:cdt+/0 /QT'dedt—‘—EHQSOHO’Q. (1.14)

Thus, if the minimum of J; in L%*(Q) is attained at (505 and we denote by (qge, 01),
(Z,7.) the solution to (1.10)—(1.11) with ¢9 = ¢, then the control

he = %1, (1.15)

is such that the associated solution (., p.), (g, 7= ) to (1.5)—(1.6) with uy = 0 satisfies

1g-(0)[[o.0 < e.
It is not difficult to see that

lim inf J=(é0) > ¢
dollo.a—o0 ||olo.0

The proof of this inequality is classical, see [FPZ95]. It is implied by the unique
continuation property for the cascade adjoint system that we have presented above
(see Lemma 1.2.1).

Furthermore, the following optimality condition must be satisfied at (EOE :

T T
//|§E|2d:vdt+/ /T-Eedxdt+5||¢06||0@:0. (1.16)
0 Jw 0 JQ
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By replacing (1.15) in (1.16), introducing the weight ™" and using (1.13) and
Young’s inequality, we easily deduce that

T T
//|h€|2dq:dt§K2/ /exp(Mt4)\T|2dxdt.
0 Jw 0 Q

Since h. is uniformly bounded in L?*(w x (0,T)), we can extract a subsequence {h., }
with ¢, — 0 and satisfying

h., —h weakly in L*(w x (0,7)),
U, — u strongly in L*(Q) and
¢, — q strongly in L*(Q)

as n — —+o00. Of course, we have denoted here by (u.,, D, ), (¢, ,7,) and (u,p),
(g, ) the solutions to (1.5)—(1.6) associated to h., and h, respectively. Notice that
1¢-,, (0)|lo.2 < €, for all n > 1. Consequently, we have ¢(0) = 0.

This ends the proof of Theorem 1.1.2.

1.3.1 A global Carleman estimate

The goal of this section is to present an estimate of the Carleman kind for the
solutions to the adjoint cascade system (1.10)—(1.11). As mentioned above, this
estimate will be crucial for the proof of Proposition 1.3.1.

Let us first introduce an open ball By such that By CC w N O and an auxiliary
function 1y € C2(2) satisfying

no(z) >0 Ve e, n=0 ondQ, [Vnx)]>0 VeeQ\By. (1.17)

The existence of such a function is proved in [F196].
Let us also introduce the weight functions

e2Mlmolloe — gAmo

alz,t) = t4§T—t)4 , a(t) = minga(z,t), a*(t) = maxga(z,t),
plr,t) = m P) = maxgp(et), () = minge(z,?).

The following property of the functions a* and @ will be needed below:

Lemma 1.3.1 For any a > 1 there exists A\, > 0 such that

aa(t)>a*(t) YA> A\, Vte(0,T).
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Proof: The proof is elementary. Indeed, it suffices to notice that we have a(e?®
e®) > e?® — 1 if a > 1 and z is sufficiently large. O

The main result in this Section is the following:

Theorem 1.3.1 Assume that w N O # () and let the functions «, ¢, & and @ be as
above. For each 7 € (0, 1), there exist constants s, A and C' depending on Q, w, O
and T" such that one has

/ / 2sa ( (Jze* + |Az]?) + sA2p|V2[? +33)\4g03|z]2) dz dt
- / ( (1642 + 120 >+sA2so|V¢|2+s3A4so3|¢|2> du dt

< 6/ /e_(1+§)sa863>\32§567|z|2 dxdt, (1.18)
0 Jw

for any s >3 and A > X and for every solution (¢,80), (z,7) to (1.10)-(1.11) associ-
ated to an initial data ¢g € H.

The proof will be divided in several steps and will be given in the following
subsections. First, we will apply a global Carleman estimate for the Stokes system
subsequently to (1.10) and (1.11). This will lead to the estimate (1.22). Then, in
order to deduce (1.18), we will have to estimate the integral in the right hand side
of (1.22) containing ¢ in terms of z. To this end, we will follow the steps of the proof
of Lemma 1.2.1 in converse order.

Step 1: A first direct Carleman estimate

Let I(s, A;v) stand for the quantity

—2sa 2 2 2 3y4, .3 2
t
I(s,\;v) // ( (|ve]? + |Av[*) + s\ %p| Vo —|—s>\g0]v])dxdt

(1.19)
for any positive s and A and any sufficiently regular function v = v(z,t). We then
have:

Lemma 1.3.2 For each vy, € (0,1) there exist positive constants sy, A1 and C,
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depending on Q, w, O and T, with the following properties:

T
I(s,\;2) < Cy {/ / e~ (HF)sagTALGI5/2) 212 do dt
0 JB,

T

+// e 2% (s\D)?|¢|? dx dt (1.20)
0 JBo
g 2 1/21 412 1 2

+/0' /(;6 ((‘%0) |¢| + 83@7/2|¢t| ) dl‘dt}

and .
](s,)\;gb)SC’l// e~ UHFm)sa TN GL5/2) 512 (it (1.21)
0 JBo

for any s > s; and X\ > Ay and for every solution of (1.10)-(1.11) with ¢o € H.

The proof of Lemma 1.3.2 is similar to the proof of other recent global Carleman
inequalities for the Stokes system. The main ideas are due to O.Yu. Imanuvilov,
see [Ima98, Ima01]; see also [Bar0l] and [FCGIP04] for other related results. Due
to the regularity properties of ¢ in (1.35), we have used a more straight argument
than in [FCGIP04], where the right hand side only belongs to L?(Q)?. This argument
allows us to obtain the last two integrals in (1.20). Combining the estimations (1.20)
and (1.21), we will be able to absorb them by the left hand side of I(s, \;¢). For
the reader’s convenience, we present the proof in Appendix B.

Let us fix 4, with 0 <5 < 1. We are now going to deduce several estimates that
hold for “sufficiently large s and A\”. By this we mean that they are satisfied for any
s > 5 and any A > A, where 5 and \ are (large) positive constants depending only
on 2, w, O, T and 7.

In the sequel, C denotes a generic constant, not necessarily the same at each
occurrence, depending on 2, w, O, T and (possibly) 7.

Let ;1 be given in (7, 1). In view of Lemma 1.3.2 applied to 71, we get

T
I(s,)\;z)—l—l(s,)\;gb)SC’// e~ U@ TABIS2 (1212 4 |62 dadt  (1.22)
0 J By

for s and A large enough.
Indeed, the last two integrals in (1.20) can be absorbed by the left hand side of
I(s,\; ¢), since

Cs307 2 < Z(sp)™h and C(sp)? < —s%p°

N —
| —

for sufficiently large s.
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Step 2: An estimate of ¢ in terms of curl ¢

In order to simplify the notation, let us set a = 7 and b = 15/2. Then
T
I(s, X 2) + 1(s,A;9) < C/ / e~ ITmsaga NI G (|22 4 |g|?) dwdt.  (1.23)
0 JB,

We will denote by By, Bsy,... a sequence of balls centered at the same point
than By and satisfying

B[) CcC Bl CCCCwﬂO

It is not a restriction to assume that their common center is the origin. This will be
supposed in the sequel for simplicity. We will consider some functions &; € C§°(B;)
satisfying
0<& <1, &(w)=1in B4,
§VE e L¥(Q), &7AG € L(Q)
(see [dT00] for a justification of the existence of these &;).
Since divg = 0, ¢ = 0 on X and €2 is connected, we can introduce the stream

0 0
¢ = curly = (a—;i, —a—z) ,

(1.24)

function 1 satisfying

0
with ¢ = 0 on one connected component of > and _¢ =0 on X.

on

Let us set py(t) = e~ (1F1)5@59 43> Then we have

T T
/ / p1|6|? dw dt < / / &1 | V|? da dt.
0 BO 0 Bl

We will now give an estimate of the last integral in terms of | curl ¢|2. To this end,
let us introduce the vorticity w, given by

w = curl¢p = % — %
81‘1 81’2 )
Applying the curl operator to (1.10), we obtain
N
—A ——— =0 i
WAt e n @, (1.25)

AYp+w=0 in Q.

In order to estimate |V¢|?, we multiply by p1&19 the second equation of (1.25).
Then, we integrate by parts with respect to the space variable x and we get

T T v
2 _ bt A 2 . (1.
/0/31 p1&1| V| da dt /0 /31 p1&1vw dx dt + 2/0 /31 p1(A&) Y7 do dt. (1.26)
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Notice that, using I(s, \; ¢), we can get upper bounds for |1|?, [V | and []2.
Indeed, from the definition of o*, ¢©* and @, we have

r 1
Hexo) = [ [ e (D vnk s xR dear
0 Jo sp
T L1
z//e—m (—A|wt12+s3A4(¢*)3yw\2) dx dt
0 JQ S

T 1
—2sa* 2 3y4/, *\3 2 2
ZC’/O /Qe (_s@hM + M) (U + [V )) dxdt. (1.27)

Here we have used the fact that » = 0 on one of the connected components of ¥ to
apply Poincaré’s inequality.

With this information, we will be able to absorb the first integral in (1.26).
Indeed, after using Young’s inequality, we can estimate this term as follows:

T T
/ / pri&wdz dt < 5/ / e 2SN (") W] de dt

T
+C5/ / 6—2(1—1—"/1)8&—}—2804* S2a—3/\4@2b—3|w|2 dx dt. (128)
0 JB1

Now, if we introduce 75 with 0 < 75 < 2y; — 1, then (1 + 291 — 72)/2 > 1 and,
from Lemma 1.3.1, we see that (1 + 2y, — y2)a/2 > o* for A\ sufficiently large.
Consequently, it can be assumed that

—2(1+y)a +2a* < —(1+y)a

and we can replace e~2(0+mn)sa+2s0” by o=(1492)sa jp the last integral in (1.28):

T T
/ / pr&1yw dx dt < 5/ / e 2 SN (") || da dt
0 JB o Jo

T
+C; / / e~ (IH72)s8 20=3 N4 G232 - it (1.29)
0 B1

Notice that, if we had chosen ~; sufficiently close to 1 before, then we would still
have the possibility to choose 75 satisfying 7 < 79 < 2y; — 1.

On the other hand, by choosing ¢ sufficiently small, we can absorb the first term
in the right hand side of (1.29) with (s, \; ¢).

It remains in this step to estimate the last integral in (1.26). Assume that &; has
been constructed as before, but also satisfying

1 in ‘l" < Ty,
()= U (ﬂ%) in ro <lz| <r —a,
0 in |z|>r —a,
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where r; denotes the radio of B;, a is small enough and U is a function satisfying
U e C>([0,1)),

TO0)=1, ¥(1)=0, and ¥™0)=TM(1)=0 Vn>1.

Let us set

n(x) :[ lAfl(yl,im)d?Jl

1

for each * = (x1,70) € By, we have 7; < 1 and (Z1,25) € 9B;. Notice that

0 _
a—n = A& . It is also easy to see that Supp n C By(0;71 — a). And now, using the
Z1

first equation in (1.25), we observe that

1 (T 1T on
- A 2dedt = = — L\ dx dt
2/0 /31 pL(A&) Y| dx 2/0 /B1 Plax1|¢| x

T
- —// o 2% g dt
0 JB; 8331

T
_ _// prd(ws — Aw +w)drdt.  (1.30)
0 JB;

0
Remark 1.3.1 Notice that we have used the term XN in equation (1.25) in order

al‘l

to estimate ||* over By. The terms comes from Coriolis force and it is absent in
Stokes system.

We will now estimate this last integral in the right hand side of (1.30). Concerning

the product pinyw,, we can integrate by parts with respect to time in By x (0,7)
and then apply Young’s inequality to deduce that

T T
/ / pinpwg dz dt = — / / (p1msw + pimbw) dx dt
0 Bl 0 Bl

T
* ].
§5/ /62504 <_A|¢t‘2+33)\4(§0*)3‘w|2) da dt
0 Ja sp
T
+C6/ / 67(14»’)/2)'3&(520,4*1)\8@2})4’1 +82a71>\4$2b71/2)|w|2 dr dt (131)
0 JB;

for sufficiently large s and .
To obtain this inequality, we have first used that

0] = (e~ (FsagepiGhy, | < Cem(Hm)sagati\gGhes/s,
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Then, we have noticed that

T
// pinvw dx dt
0 JB;
T *
< 5/ /62301 83)\4<90*)3‘w’2d33dt
0 JQ

T
+ 06/ / 672(1+71)sa+2sa*52a71)\4g/p\2b+5/2(¢*)73‘w‘2 dr dt
B

and, finally, we have taken A large enough to have

—2(14~1)sa+2sa* $2b+5/2( *

© )*3 S e*(l+’yg)8a/\2b71/2.

€ '

We can simplify the estimate (1.31) by using the inequality

82(171(/’521371/2 S 082a+1g/0\2b+1’

that must hold for large s. Thus, we obtain

T
// pinw, dx dt
0 JB
T L1
<o [ [ e (Sl 4 ool ) d
0 Jq s

T
+05// e~ (IH72)sa 2at A8 Z2+L 412 o It (1.32)
By

Notice that the first integral in the right hand side of (1.32) also appears in (1.27)
and can be absorbed later by choosing ¢ small enough.

Let us now consider the term p;ny(Aw) in the last integral of (1.30). Let us
integrate by parts with respect to the space variable z, let us use the identity -
Ay = w and let us apply Young’s inequality. Arguing as before, we obtain

T T
/ / oY (Aw)dx dt = / / p1 ((An)pw + 2V - Vipw + n|w|?) dx dt
0 B1 B1

IN

5 [ [ N ol + 190 e
e / / e~ (B2 GD3 2 gy (1.33)
By

for any sufficiently large s and .
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Finally, arguing in a similar way, we can also estimate the last term p;nyw in

(1.30):
//Blpmwwdxdt < 5//31 "M (03| da dt

+ C’g// e~ (UH72)s0g2a=3 \AG2=310\2 o 4t (1.34)
By

From (1.30) and (1.32)-(1.34), we find that

//31 p1(A&) || da dt

(1
<85 [ [ e (L + XV (0l + V0P ) doa
0JQ Sp
T
+C'5// pa|w|? dx dt, (1.35)
0 JB

where
2 (t) — 67(1+72)sa82a+1>\8§52b+1.

Replacing the estimates (1.28) and (1.35) in (1.22), with § > 0 sufficiently small, we
obtain

I(s, A\ 2) 4+ 1(s,\; ) <C{/ /p1|z|2dxdt+/ /pglcurl¢|2dxdt}. (1.36)
Bo

Step 3: An estimate of curl ¢ in terms of z
Let us apply the curl operator to (1.11). For ¢ = curl z, we obtain the following:
—G—AC+(—2zp=wlp in O x(0,7).

Recall that & € C§°(B,) satisfies (1.24) and By CC By CC w N O. After multi-
plying the above equation by p.&ow, integrating by parts in @ and using (1.25), it
follows that

T T T
| [ ethupasde—- [ [ mgoscavas [ [ sgaocasar
0 B 0 B2 0 B

T
- / / p2((A&)wC +2(VE - Vw)( + Swze) dedt.  (1.37)
0 JB,

As before, we choose 73 satisfying 0 < 73 < 27, — 1. Then, for sufficiently large A
we have (1 4 2y, — v3)a/2 > o* and, consequently,

—2(1+ ) + 2sa < —2(1 4 72)a 4 250 < —(1 + 73)av.
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Notice once more that, if ; is sufficiently close to 1, then we can choose 3 in (7, 1).
Now, proceeding as in the previous step, we see that

T
p2§2¢2§dmdt‘ < (5/ /6_250‘83)\4g03|¢2|2 dw dt
2 0 JQ

T
1
C &P dedt
" ‘5/0 /32[)384%@452'“ !

for any small § > 0 (to be fixed later). Here, p3 stands for the function

B

pg(t) _ 67(1+’73)sa(t)S4a+3)\16§0\4b+3<t).

T T
// péfgwgdmdtgé// pa&a|w|? dz dt
0 B 0 B>
T
+C[;// p25°P%26,|C|* da dt.
0 JB,

Furthermore, after separating the terms in the last integral in (1.37), we find
that

We also have

T
pz(Afg)dexdt‘ §5// pabo|w|?* dx dt
2 Bs

+C//32 ' IC|? dx dt

T
1
pg(VSQ-Vw)Cdxdt‘ §5/ /e‘Qsa—\Agb]dedt
0 Ja s

B

and

Bs
T
—1—05// p3IV§2|2|C|2d:Edt.
B>

In this last estimate we have used that |Vw|? = |A¢|?. Finally,

pgﬁngdedt‘§5// p2§2|w|2dmdt+C’5// pakal|ze|? dx dt.
2 B> B

B

In view of (1.37) and all these inequalities, we obtain

// pa&a| curl ¢|? da dt
B>
1
—2sax AbI2 4 A3 |2
<t [ (1808 + X6l ) d

+C'5// (p2]22]? + ps&ol curl 2[%) du dt, (1.38)
0 JBs
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for some & € C5°(Bs).
It remains to estimate the previous integral of ps&,|curl z|2. Arguing as above,

T T
/ / ps&o| curl 2| dx dt < 2/ / 32|V 2|? dx dt
0 B2 0 BQ

T — —
:_2/0 [Bpg(vgz-Vz+§2(Az))zdxdt

2

’ 1
< (5/ /6_25‘1 (s/\2g0|Vz|2 + —]Az|2> dx dt
0 Ja Sp

T
+Cg// palz|? dx dt, (1.39)
0 JB,

we see that

where
p4(t) — e—(1+74)s6¢88a+7)\32@8b+7
for some v, satisfying 0 < 74 < 273 — 1. For the reasons stated above, it is clear that
~4 can be assumed to satisfy 7 < v, < 1.
Choosing 6 > 0 small enough and replacing the estimates (1.38) and (1.39) in

(1.36), we obtain:

T
I(s,\;2) + 1(s,\;0) < C/ /p4]z\2d1‘dt, (1.40)
0 Jw

for all large s and A. Taking into account the definition of ps, that 74 > 7, a =7
and b = 15/2, we see that (1.18) holds.
This ends the proof of Theorem 1.3.1.

1.3.2 Proof of the observability inequality

Let us now give the proof of the observability inequality in Proposition 1.3.1,
which relies on the above result. First, we observe that, by classical estimates for
Stokes system, the following energy inequalities hold:

T T
/J]zﬁdxdtgc/ 2/ 0|2 da dt (1.41)
T/2/Q T/2) O

lo(t + T/ 50 < Cllé®)lloa V€ (T/4,3T/4).

From the latter, we can easily deduce

and

T 3T/4
/ 16(1)[12 0dt < C / 16(6)]12 odt (1.42)
T/2 T/4
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where C and C are independent of ¢.

Let us introduce the notation oy = e*Mmlle — X0 and 3 = 8b 4+ 7, where
b = 15/2. We will now establish two technical results very useful to estimate the
weights appearing in (1.18).

Lemma 1.3.3 Set &y = ming o(z). One has
e~ INsap=48(p _ 4)=48 < 9888 expy(—Co(1 + 7)sT %), (1.43)
for all s > s3 = max{s, ST®(2%(1 + 7)dy) '}, where Cy is a positive constant.

Proof: Let us put
e~ (B =48( _ =48 — 1/ (1) (1.44)

for all ¢ € (0,7, with

f(t) =exp (%) (T — 1)* = exp (@) 7 =g(r), (1.45)

where 7 = t4(T'—t)* € [0, T%/28]. We can verify that the minimum of g(#) is achieved
at 7 = (1 +7)sapB~". Notice that, g(0) = co and g is decreasing for 7 € (0,7) and
increasing for 7 > 7. Thus,

ain f(t) = _Inin /289(1?)
g(7) = P((1 +7)sapB~1)P  if T8/28 > (1 +7)sqeB7 Y,
g(T8/28) = 2787 exp(28(1 + 7)sapT—8) if T8/28 < (1 +7)sapB~ .

Hence, if s > s3 = max{s,, BT%(28(1 + 7)) '}, we have

min_ f(t) > 27T exp(Co(1 +7)sT™%) with Cy = 2%a,.

0<t<T

From (1.44), we deduce (1.43). O

Lemma 1.3.4 Set af = maxgay(z). For every s > s4 = max(ss, 31°/28a), one
has

e BT — )12 > Ajexp(—Mt™) VzeQ, Vte(0,T/2), (1.46)

where A = 2T~ exp(—256sa5T78) and M = 16saT .
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Proof: Let us consider the following decomposition of ¢~4(T — ¢)~*:

I _20 1 4 1 2
T —t)4 Tt T2 T53 T4t T7(T —1t)
10 4 1
+ + +

TS(T —t)2  T5(T -t THT —t)*
Notice that we can estimate e 2**¢12(T — ¢)7!2 from below as follows:

20 10 4 1
—2sa4—12 —12 * —12
e =TT —t) > exp <—25a0 (ﬁ + Top + Togs + T4t4>) t7=H(t)

> exp(—16sai T~ Nt 2H(t),

eXp<_25aS <T7(;0— t) " Tf”(;o— t)2 * T5(T4— t)3 T T4(T1— t)4)> S

Computing the first derivative of H(t), we deduce that H(t)' < 0 if

- 3T(T —t)*
S .
T 205(5(T — )2 +5T(T — t)2 4+ 3T*(T —t) + T3)

In particular, for s > 37®/28a, the function H is decreasing in (0,7'/2). Therefore,
we have

e BT — )72 > exp(—16sai T *)(T/2) 2 H(T/2)
= Agexp(—Mt™),

for all ¢t € (0,7/2), with A, = 22T~ exp(—256sa;T %) and M = 16saT—*. This
proves the lemma. O
It is easy to see from Lemma 1.3.3, Lemma 1.3.4 and the Carleman estimate

(1.18) that
T/2 T
/ /exp(—Mt_4)\z|2dxdt§C’1/ /|z|2dxdt, (1.47)
0 Q 0 w

with C = CA;1289T 780 exp(—Co(1 +7)sT %), for all s > s4.
We also have the following estimate for ¢ in terms of z:

Proposition 1.3.2 There exists a positive constant Cy such that

T T
/J |gz5|2dxdt§(]2/ /|z|2dxdt.
T/2)Q 0 Jw
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Proof: Let us first recall the estimation (1.40). Using the fact that e=252¢~12(T'—¢)~12
is bounded far from ¢t = 0 and ¢t = T', in view of (1.42), we can estimate from below
the following term of the left hand side of (1.40):

3T/4
/ / —25at—12 ) 12‘¢|2 dx dt > / 6—2sat—12(T - t)_12|¢|2 da dt

T/4

T/4
> 224T 24 szT 8 /‘¢|2 dx dt > 0224T 24 —sKT~ 8/ 2/ |¢|2 dxdt
T/4

where K = 2'7374qj ().
On the other hand, using Lemma 1.3.3 for bounding upperly the right hand side
of (1.40), we conclude

T T
/J |¢|2d$dt§C’2/ J|z|2dxdt,
1/2) 7/2)w

where Cy = 285780424 oxpy (K — Cy(1 +7))sT~8) and for all s > s4. O
Finally, we obtain the desired observability inequality (1.13) using (1.47), the
energy estimate (1.41) and Proposition 1.3.2:

T /2
//exp(—Mt4)|z]2da:dt < / /exp — Mt |z]2dxdt+/2/]z\2d:cdt
0 Jo
< (01 +CCy) //|zy2dxdt

for all s > sy4.

1.4 Open problems and some comments

e Intersection of the sets O and w.
The geometrical hypothesis w N O # () is required in order to prove the exis-
tence of both, e—insensitizing and insensitizing controls. In the first case, the
hypothesis is used to proved a unique continuation property (Lemma 1.2.1).
In the case of insensitizing controls, this hypothesis is used to prove an ob-
servability inequality. The problem is completely open when w N O = ) (see
[dT00]).

e Extension to other problems.
As we mention before, in the insensitizing problem ((1.5)—(1.6)) the control h
acts indirectly in the system with unknown (g, 7) through the variable @. This
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problem is more difficult than the classical null controllability for Stokes-type
equations. The main difficult to prove the null controllability of the cascade
system (1.11)—(1.10) is to estimate |¢| in terms of |z| in the right hand side of
(1.22). Since the weight function multiplying ¢ is larger than that on the left
hand side (I(s, A; ¢)), the right hand side can not be absorbed as in the case
of the heat equation (see [dT00]). In our case we have proved the observability
inequality thanks to the presence of the Coriolis term. For Stokes equations
the existence of insensitizing controls is still an open problem.



Chapter 2

A data assimilation problem

Abstract

Data assimilation is a useful methodology for estimating oceanic parameters
[RLO0]. The estimate of a quantity of interest via data assimilation involves
the combination of observational data with a dynamical system model. This
1 a powerful methodology, which makes possible the estimation of values that
sometimes are difficult to measure directly.

In this work we consider a non classical approach to data assimilation intro-
duced in [Pue02]. We are interested in assimilating the satellite altimeter data
into a quasi-geostrophic ocean model in order to recover the unknown initial
condition which allows us to make predictions of ocean circulation. We present
a numerical tmplementation of this method. We study the role that the size of
the observation region plays for the recovery of the initial value as well as the
time of data assimilation for a good prediction of future times.

Theoretically, to obtain an exact reconstruction of the initial value, we solve
a null controllability problem. In particular, we deduce an observability re-

sult from a global Carleman inequality for the associated velocity - pressure
formulation introduced in [FCGOO03].

2.1 Introduction

A dynamical system model to approximate a physical system consists of a set of
equations for each state variable of interest. In addition, we need the values of phys-
ical parameters (for example, coefficients of viscosity, diffusivity, etc.), forcing terms
and initial and boundary conditions. In principle these values could be estimated
directly from measurements. In practice, directly measuring the parameters of an
ocean system is difficult because of sampling, technical and resource requirements.

25



26 Chapter 2. A data assimilation problem

The aim of data assimilation is to incorporate measured observations into a
dynamical system model in order to derive accurate estimates of the current and
future states of the system.

Data assimilation has been extensively used in meteorology for operational weather
forecasting. On the other hand, the application of data assimilation into ocean mod-
els is just a few years old. For a review of the status of the subject we refer to
[GMRO1, Ben92].

One of the methodologies in use today is the variational method, based on opti-
mal control theory. This method relies on the work by Lions [Lio71] and Marchuk
[Mar75]. The idea of variational data assimilation is the following: We know “mea-
surements” of the state on a time interval (0,7y), 7o > 0, and we look for the
initial value at t = 0, in order to compute the state on the time interval (0,7, + 7).
Variational data assimilation method uses optimal control theory to minimize a
suitable cost function (usually least square methods). This problem is known to
be ill-posed but this can be partially avoided by adding a regularization term (for
example Tikhonov regularization) (see also [CT87, LDT86, BLV98, LBV98, 7, ?]).

Recently in [Pue02], the author introduced an approach where we do not look
for the value at ¢ = 0 in order to predict the evolution of the system in (0,7, + 7).
Instead, we look for the value at T, without need of the initial data at ¢ = 0. The
idea is to compute an approximation of the state during a period of time (Ty, To+ 7))
using “measurements” of the state in some space region during a time interval (0, Tp).

The purpose of this work is to apply this method to a quasi-geostrophic model.
Theoretically, we obtain an exact reconstruction of the initial value at Ty solving a
null controllability problem. In particular, we deduce an observability result from
a global Carleman inequality for the corresponding velocity - pressure formulation
introduced in [FCGOO03].

This chapter is organized as follows. In Section 2.2, we introduce the quasi-
geostrophic ocean model used and the data assimilation problem. We first prove
an observability inequality which is based on a global Carleman inequality for the
corresponding velocity-pressure formulation of the system (2.13). In Section 2.3, we
prove Theorem 2.2.1 which allows us to obtain an exact reconstruction of the initial
value w(Tp). In Section 2.4, we give an approximation algorithm which uses classical
optimal control auxiliary problems and, finally, in Section 2.5 we implement this
method and present several numerical experiments. We end with some comments
and conclusions.
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2.2 The ocean model and the data assimilation
problem

Let Q be a non-empty open bounded and simply-connected subset of R?, with
boundary I' of class C2. In this chapter, we will consider the linear quasi-geostrophic
ocean model formulated in terms of the stream function ¥ (x,t) and the vorticity
w(x,t) at (x,t) = (z1,79,t) € R2 X R,. Given T} > 0, the model is described by the
following equations:

4 Roaa—(;) . EmAw + €W — S—Z =curl7 inQ X (O,Tl),
w4+ Ay =0 in Q x (0,7T}),
)= ﬁ =0 onT ><((0 Ti)) .
- on o

. w(0)=wp inQ,

where the forcing term corresponds to the wind stress 7 over the ocean surface.
The coefficients R, €, and €, are the non-dimensional Rossby, Stommel and Munk
numbers respectively:

U Ag v

Ro:—a m = Sras s — 571 -
BLz ™~ pry T BL

Here, U denotes a typical horizontal velocity, L is a representative horizontal length
scale of ocean circulation, Ay is a constant horizontal eddy viscosity coefficient and ~y
is a bottom friction coefficient (see [MW95, BGdSO01] for typical values). For a given
wo € L2(Q) and T € L*(0,Ty; L*(Q)?), the problem (2.1) possesses a unique solution
(¢, w), with¢p € L2(0,Ty; Hy(Q)) and w € L*(0, Ty; H'(Q))NH (0, Ty; H*(2)). This
result is proved in Appendix A.

An application of data assimilation in oceanography is the insertion of the al-
timetry satellite data into the ocean models in order to recover streamlines. In the
framework of quasi-geostrophy, the sea-surface height or dynamical topography is
proportional to the stream function (¢4s) [BLV9S8, LBV9S]:

sea — surface height = Ewobs,
g

where fy is the Coriolis parameter evaluated at reference latitude 6, and g is the
gravity.

Let us consider the ocean model (2.1) where we do not impose any initial con-
dition on the vorticity w. We suppose that we know (for example, from altimetric
satellite measurements) the stream function 1, on a time interval (0,7p), with
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0 < Ty < Ti, and distributed in the observation region O, which is a non-empty
open subset of €2, i.e.,

wobs = 7b‘(’)X(O,TO)-

Our aim is to reconstruct the value of the state at time T, i.e., w(Tp). This value
will be the initial condition for the interval (Ty, 7)), where we want to predict the
circulation of the ocean. From [Pue02], the data assimilation problem consists of
determining an approximation of the initial data at 7j from the known “measure-
ments” of the state in O x (0, 7).

For the reconstruction of w(7,) we will introduce a control problem for the fol-
lowing adjoint problem: For ¢ in L*(Q2) and h in L*(O x (0,Ty)), let us consider
the following problem:

_RO% —emAz+€ez2+s=0 in Q x (0,Tp),
0z .
As +a(9—:1;'1 =hlp InQx (O,Tg), (2.2>
z:£:0 on T x (0,Tp),
2(To) = po in

To simplify notation we denote L?(0, Tp; L*(Q2)) by L*(2x(0,Tp)) and L*(0, Ty; L*(O))
by L*(O x (0,Ty)).

For the existence and uniqueness of the solution of system (2.2), we have used
the transposition method introduced in [LM6S].

Definition 2.2.1 For each oy € L*(2) and h € L*(O x (0,Ty)) we say that (z, s, zo)
is a weak solution to Problem (2.2) if (z,s,20) belongs to L*(0,Ty; Hy () x L*(Q x
(0, T4)) x L*(%), and

TQ TO
(f, z>+/ /gsdxdt—i—/@ozodx:/ /h¢dmdt+/9(To)goodx, (2.3)
0o Jo Q o Jo Q

for each f € L*(0,Ty; H1(Q)), g € L*(Q x (0,Ty)) and 0y € L*(2), where (¢,0) is
the solution of

( 00 0 :
ROE — 6mA9+ 639 - a—z = m Q X (07TO>7
9+A = 1 Q X O,T 5
o 8_222 _go m ) X((O ;)) (2.4)
= an — on ) 0/

\ 0(0) = 90 in €.
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In (2.3), (-,-) denotes the duality pairing between L2(0, Ty; H~1(Q)) and L*(0, Ty; H (2)).
We can prove (using Appendix A in combination with the abstract formulation

for the stationary case in Section III.1.1 of [GR86]) that Problem (2.4) has a unique

solution (¢, #) satisfying

¢ € L*(0, Ty; Hy(Q)), 0 € L*(0,Ty; H(Q)) N HY (0, Ty; H1(Q)). (2.5)
Using the interpolation theorem in [LM68], we obtain that 0 € C([0, To); L*(2)).
Moreover,

101 L20,10:m3(99) + [10lleomtiLa ()
< O 2o -1y + 9l 2 @x0m)) + 100llog}- (2-6)
Lemma 2.2.1 For each ¢y € L*() and h € L*(O x (0,Ty)), there exists a unique
solution (2, s, z9) in L*(0,To; Hy () x L*(Q2 x (0,Ty)) x L*(Q).

Proof: Given ¢y € L*(Q2) and h € L*(O x (0,Ty)), let us define the functional on
[: L*(0,Ty; H1(2)) x L*(2 x (0,Tp)) x L*(Q) by

To
I(f,q,60) ::/0 /Ohgzﬁdxdt—l—/gcpoﬁ(To)dx, (2.7)

where (¢, 0) is the solution of Problem (2.4).

Since (¢, 0) satisfies (2.5), it follows that [ is well-defined, and using (2.6) it is
easy to prove that it defines a linear continuous functional on L*(0,Ty; H*(Q)) x
L*(Q x (0,Tp)) x L*(Q).

On the other hand, from (2.3),

To
l(f79,90):<f72)+/ /gsdazdt—l—/&ozodx.
o Ja Q

Since [ defines a linear continuous functional on L2(0, Ty; H~1(Q)) x L2(22x (0, Ty)) x
L*(Q), there exists a unique (z, s, 29) in L*(0, Ty; H}(Q)) x L*(Q x (0,Tp)) x L*(Q)
such that

To
I(f,9,00) = / /gsdmdt—i—/@ozodx

Vf e L*0,To; HH(Q)),Vg € L*(Q x (0,Ty)), V0o € L*(Q).

Thus, (2, s, 29) is the solution of (2.2) in the very weak sense of (2.3) and (2.4), and
satisfies

2] 2002 () + I8l 2% 0,10)) + [[20ll0.0 < [[Rll2@x010)) + ollL2@)-  (2:8)

O
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Remark 2.2.1 In this very weaker case, it is not clear the relationship between z
and z(0), and therefore (2.4) and (2.2) are no longer completely equivalent. Then,
each time we talk about z(0), we really mean zo.

Now, we present the main result which gives us an exact reconstruction of w(Typ).

Theorem 2.2.1 For any O C Q, Ty > 0 and ¢y € L*(Q), there exists h = h(pg) in
L*(O x (0,Ty)) such that the solution (z,s) of system (2.2), in the very weak sense
of (2.3) and (2.4), satisfies

2(0)=0 in Q. (2.9)
We then have, Yo € L*(9),

(@(To), 00) = n% {/OT/Q cursz(gpo)dxdt—/OTo ey d:cdt}. (2.10)

Moreover, there exists a positive constant C' depending on 2, O and Ty such that

To TO
lw(To)|[50 < C{/O Q\curlT\Qdmdt+/0 O\wobs\2dxdt}. (2.11)

Equation (2.10) allows us to calculate the component of w(T}) on ¢q for any g €
L?(2) from the wind stress at (0,7Tp), the measurement 145, and the control h(yy),
which has to be computed. Taking o, as the elements of a Hilbert basis of L*(Q),
we can reconstruct w(7p) as
w(To) =Y _(W(Th), ¥o;)0;- (2.12)
J

Hereafter (-,-) denotes the inner product of L?(Q2) or L?(2)?, as appropriate.

The proof of Theorem 2.2.1 reduces to study the null controllability of the system
(2.2). The inequality (2.11) will be obtained from an observability inequality that
will be proved in the next section.

2.2.1 Proof of the observability inequality

In this section we will prove an observability inequality. This inequality will be
the main tool in the proof of Theorem 2.2.1.
Let (¢,0) be the solution of the following problem:

( 00 0 :
Roa_EmAe—i_ESG_a—i:O IDQX (07TO)’
" a_fs ! in i X((O To)) (2.13)
= 8n — on ) 0/

\ 9(0) = 90 in €.
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Proposition 2.2.1 For any solution (¢,0) of (2.13), with 6y € L*(Q), there erists
a positive constant C', depending only on 2, O and T, such that

To
10(Ty)|20 < C / [ (o dear (2.14)

The proof of Proposition 2.2.1 is based on the global Carleman inequality for an
equivalent problem of (2.13) in terms of the original variables: the velocity v(x,t)
and the pressure p(x,t) (see Theorem 2.2.2 below). For this problem, we will apply a
global Carleman estimate given in [FCGO04] and, after some computation, we arrive
at the observability inequality. In order to simplify the notation, we will assume that
R,=1,¢,=1ande = 1.

Remark 2.2.2 We can directly obtain a global Carleman estimate for (2.13) only in
the case that we have homogeneous Dirichlet boundary conditions for both variables,
ie., =0 and 0 =0 on T x (0,Ty) (see [FEIG]).

Theorem 2.2.2 The stream function - vorticity problem (2.13) with initial condi-
tion 0(0) = curlvy, where volr = 0 and divuy = 0, is equivalent to the following

problem:
ov .
a—Aquv—l—mgk:/\v—kVp:O in Q x (0,7p),
divo =0 1in Q x (0,Tp), (2.15)
v=0 onl x(0,Tp),
v(0) =vy in .

Proof: First, let us remark that problem 2.15 actually has a unique solution. Indeed,
using the spaces H and V' defined in Section 1.1.1 of Chapter 1, we have the following
result: For given vy € H, the problem (2.15) has a unique solution (v,p), with
ve L20,T;V)NHY0,T; V') and p € W1°(0,T; L3(€2)) (see Appendix A).

Now, the proof of the equivalence is classical. Following [Qua93], let us assume
that (¢, 0) is the solution of (2.13) with 6(0) = curlvy, where vy satisfies div vy = 0
and vg|r = 0. Let us consider, for ¢ > 0, the vector field u = CJﬂ(b. Clearly divu =
div(curl ¢) = 0. Its curl satisfies

curlu = curl(curl ¢) = —A¢ = 6.

0
Replacing 6 = curlu in (2.13) and using the fact that _a_gb = uy, we have
Iy

%(Curl u) — A(curlu) + curlw + up = 0.



32 Chapter 2. A data assimilation problem

Using that curl(zo(k A u)) = 29 divu + us = us, we obtain

curl (%—Au+u+x2k/\u) =0.

Therefore, since € is simply-connected,

%—Au—i—v—kxgk/\U—Vq,

for some function ¢ which is unique up to an additive constant. In order that (u, q)
can be identified with the solution (v, —p) of problem (2.15), it remains to show that
u satisfies the same initial and boundary conditions of v.

For the boundary values, it happens that u = curlg on Bg = I x (0,Tp). After
separating normal and tangential components, this gives

- 0
Uly, - n = curlgls, -n = a—f =0,
Yo
- 0
u]go-T:curlqﬁ|go~7':—a—i5 0,
Yo

where n and 7 represent the outward unit normal and unit tangential vectors, re-
spectively. Hence, u|y, = 0.

For the initial values, we have to determine the value attained by u as ¢t — 0%.
We have, using the assumption 6(0) = curl vy,

curl u(0) = curl (lim u(t)) = lim curlu(t) = lim 6(¢) = 6(0) = curlvy.

t—0t+ t—0t t—0t+

Then, curl(u(0) — vg) = 0. Using the same argument as before, it follows that
u(0) — vy = VL.

Now, because of div u(0) = div vy = 0, we have that [ is harmonic in 2. Furthermore,
taking the normal component in the above equation, we obtain

98 _
on

Thus, § = constant and we conclude u(z,0) = vy.

(w(0) — vo)|p - n = 0.

The converse follows from the condition of incompressibility dive = 0 and the
boundary condition v|s, = 0 in a bounded, connected domain (see details in Ap-
pendix A).

O

Now, let us recall the Carleman estimate for (2.15) given in Appendix B (see
also [FCGO03]).
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Theorem 2.2.3 Let O; be a subset of Q and let the functions «, @, @ and o be
as in Chapter 1. For each v, € (0,1), there exist positive constants s1, A\ and C1,
depending on ), Oy and T such that one has

To
I(s,\;v) / / s ( (Jve]? + | Av]?) + sA%p|Vo|? + 53)\4g03|v|2> dz dt

To ~
< / / (a2 2 o (2.16)
01

for any s > s; and X\ > Ay and for every solution (v,p) of (2.15) associated with an
matial data vg € H.

Proof of Proposition 2.2.1 We will divide the proof into two steps.

Step 1: Let us first obtain the left hand side of the observability inequality (2.14).
To this end, we introduce o(x,t) = y(t)v(x,t) and p(z,t) = y(t)p(x,t), where v is a
regular function satisfying:

v(t) =1 in (3Tp/4,Ty), 1>~(t)>0in (Ty/2,3To/4), ~(t) =01in (0,7,/2).
It is easy to check that (0, p) verifies

— AU+ U+ 2k N0+ Vp=—pv in  x (0,7y),
divo =0 in Q x (0,7p),
=0 on I x (0,Tp),
(0)=0 in Q,

(2.17)

[S41

(41

and there exists a unique solution (v,p), with © € L*(0,7;V) N H*(0,T;V’) and
pEW12°(0,T; L(9)) (see Appendix A). Moreover, one has

370 /4
IV5122 013,050 < C /\v|2dwdt. (2.18)

Ty/2

Now, we derive (2.17) with respect to the time variable ¢ and introduce @ = ; and
7 = p; such that

— AU+ U+ xok AN+ VT = —y08 — v in Q x (0,7p),
diva =0 in Q x (0,7p),
@=0 onT x(0,T),
w(0) =0 in €.

(2.19)

This problem also has unique solution with @ = v, € L*(0,T;V) N H(0,T;V").
Notice that, the functions 7, and v are defined over (7,/2,37,/4), then we can use
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the Carleman estimate (2.16) to deduce that the right hand side of the first equation
in (2.19) belongs to L*(0, Ty; L*(£2)). Thus,

To
IV@ll720m:0200) = IV 220.10:0200)) < C/O /Q<|’Y1tvt|2 + [uol?) dadt

3To/4
<C / (Joe* + [v]?) da dt. (2.20)
Q

To/2

We have obtained that Vo € L%*(0,Ty; L*(Q2)) and Vo, € L2(0,Ty; L3(R2)), in
particular Vo, € L*(0,Ty; H1(Q)), then Vo € C([0,To); L*(2)). Tt follows from
(2.18) and (2.20) that,

To
IVo(T) 20 = IV3(T0) |20 = [V(To/2) |20 + 2 / / J V||V de dt

3Ty /4
<c (/(hﬂ2+hﬁ)dxﬁ.
Q

To/2

Following the same steps as in the proof of Proposition 1.3.2 in Chapter 1, we obtain

3T /4 /1 f
Vel < ¢ [ L (éuvt|\3,g+w*ﬂ|v|rag) at
0

To 1
gc/‘/eM(4m%mﬂw)Mﬁ,
0 Q ¥

where o*, ©*, ¢, a and ¢ were defined in Section 1.3.1. Observe that the last integrals
are bounded with (s, A;v), hence

IVo(To)llge < CI(s, A;0)

On the other hand, since diveo =0 and v =0 on I' x (0, 7p),
/ Vu(To)Pdr = — / Av(Ty) - v(Ty) de = / curl(curl v(Ty)) - v(Tp) da
Q Q Q
= /\curlv(Tg)]2 dx :/ 0(T0) | de,
Q Q

here we have used the fact that curlv(t) = (). Then, we deduce the left hand side
of (2.14)

16(T0) 2.0 < CI(s, ), (221)
where C' depends on €2, O and Tj.
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Step 2: In order to obtain the upper bound in (2.14), we will use the Carleman
estimate (2.16), with v = curl ¢,

T R
I(s,\;v) < C/ / e~ (HF)sagTAL G152y da dt
0 01
T R .
= C'/ / e~ (HM)sagTALBI5/2| curl ¢|? da dt
0 01
T R .
< C’/ /e(1+71)S°‘37)\4@15/2§|Curl¢]2da:dt,
0o Jo

where in the later, we consider a function £ € C5°(O), with O; CC O, satisfying
0<E<T, &(z)=1 in O;.

Integrating by parts over the space variable, applying Young’s inequality and taking
into account that v = curl ¢, we obtain

T R . . .
I(s,\;v) < C’/ / e~ UFMsaGTALBIS2 (curl € - curl ¢ ¢ + € curl(curl ¢) ¢) da dt
o Jo

§ [T 5 [To .
5/ / e~ 23\ 3|w|? da dit + 5/ / e~ s\%p*| curl v|* da dt
0o Jo 0o Jo

T
+C5/ O/ 672(1+'y1)sa+25a*813)\6(514’¢‘2 dur dt
0 @

IA

IN

5 [T
5/ /e28“(53)\4903|v]2+8)\2g0|Vv\2)dxdt
o Jo
To R i
+Cs / / e 2Im)sat2eat NG 61 d dt. (2.22)
o Jo

Arguing as in Section 1.3.1, we introduce v, with 0 < 79 < 2y; — 1. Then (1+ 2v; —
72)/2 > 1 and, from Lemma 1.3.1 of Section 1.3.1, we see that (1+2v; —v)a/2 > o
for X\ sufficiently large. Consequently, it can be assumed that

—2(1+m)a+2a" < —(1+y)a

and we can replace e~2(+1)sa+2sa” Iy o=(1492)sa jp the Jast integral in (2.22).
By choosing ¢ sufficiently small, we can absorb the first two terms in the right
hand side of (2.22) with I(s, A\;v), hence

To
I(s,\;0) SC’/ /e_(1+72)5°‘313/\6g514|¢|2dwdt.
0 (@)
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o~

Since the weight e~(1+72)5¢514 is hounded (see Lemma 1.3.3 of Section 1.3.2), we

have

To
I(s,\;v) gc/ /]¢\2da:dt, (2.23)
0 @]

where C' depends on €2, O and Ty. Combining (2.23) and (2.21), we finally obtain
the observability estimate:

To
10(T) |20 < C / / O do dt
0 Q

O

Remark 2.2.3 The uniqueness continuation property for the system (2.13) can be
deduced from (2.23). Indeed, using similar arguments as before, we have

i . T )
/ o) dzdt > Cl(s,\;v) > C/ /6_2““ ©*| curlv|? dz dt
o Jo o Ja

= C/ /6_25a*g0*|9|2dxdt.
o Jo

If =0 in O x (0,Ty) we necessarily have 6 =0 in Q x (0,Tp). On the other hand,
from the second equation in (2.13), ¢ satisfies

Ad(t) =0 inQ,te (0,1,

9]
¢:8_fb:0 onl', t € (0,Tp).

It follows also that ¢ =0 in Q2 x (0,Tp).

2.3 Proof of Theorem 2.2.1

This section is devoted to proving Theorem 2.2.1. This proof is based on the
observability result proved in Proposition 2.2.1 and the uniqueness continuation
property given in Remark 2.2.3. We argue as follows.

The approximate control h of minimal norm in L?(O x (0, Ty)) corresponding to

wo € L3(Q2) and £ > 0 can be obtained by minimizing the following convex functional
in L?(Q) [FPZ95, Lio92al:

1

To
Jg(eo) = 5/0 o |¢|2d$dt+€”00”07ﬂ+/90(T0)900 dz dt. (224)
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Thus, if the minimum of J, in L?(12) is attained at fo. and we denote by ((/b\s, é\g) the
solution to (2.13) with 6y = 6., then the control

ha = &Eal(’) (225)

is such that the associated solution (z.,s.) to (2.2) satisfies ||z-(0)|lo.o < €.
From (2.2) and (2.13) we deduce that

/QQ(TO)gpodx: —/OTO/Oh(cpo)gbdxdt,

hence, the functional (2.24) may be rewritten as

1 To TO
JE(GO):§/0 O|¢|2dxdt+g||eo\|0,ﬂ—/0 /Oh(goo)gbdxdt.

In what follows we verify the uniqueness of the minimum of J..

Lemma 2.3.1 Fore > 0, the functional J. defined in (2.24) is continuous, strictly
convex and satisfies

lim inf Jz (6o)

8ollo,2—oc ||60]|0.0

> e (2.26)

Proof: The proof of this inequality is classical (see [FPZ95]). For completeness we
include it here. J. is strictly convex since it is the sum of convex and strictly convex
terms. To see that J. is continuous, we only need to recall the continuity property
of system (2.13) (see Appendix A),

161 20,2012 () + 10lleqo oyt 2y < Cllolloo- (2.27)

In order to prove (2.26), we take a sequence {6j }n<1, with ||0}]/0o — +oo and

we denote the solution of (2.13) associated with 6 by (¢, 6). If we define
~ " ~ o ~ 77

= = and G =

166 [lo.5 165 {l0.5 " 118 llos

then from the continuity result (2.27), we deduce that (¢",6") is bounded in

L*(0,Ty; Hy (Q)) x L*(0,Ty; H(Q)).

Since [|0¢]l0.c = 1, 67 is also bounded in L?(Q). Then we can extract subsequences
(still denoted by ¢", 8™ and 6f), such that

" — ¢ weakly in L*(0,Ty; HL(Q)),
g" —~ 0 weakly in  L*(0, Ty; H'()),
Oy — o weakly in  L*(92).
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On the other hand,

J-(0F To To
HHTEH ) _ |9”HOQ/ y¢"|2da:dt+s—/ /hqﬁ"dmdt (2.28)

We have two possibilities:
1. If fOTO o [0"2dz dt > 0. Since |00 — oo, the inequality (2.28) implies that

J2(6)

hmlnf
105 1l0.2

— +00 > €.

2. If f To |gz~5"|2dx dt = 0. By using the continuity and convexity property of
1132 (Ox(01)) and the weak-convergence of ¢", we can deduce that

T T
/ |p|? dx dt < liminf/ 10" |? dx dt = 0.
0o Jo " 0o Jo

Then ¢ = 0in O x (0, Ty). We now use the uniqueness continuation result that
was proved in Remark 2.2.3 to imply that ¢ = 0 in Q x (0,T}). Therefore,

" — 0 weaklyin L2(0, Ty; HZ ().

Using this fact, from (2.28) we obtain

hm inf

J-(05) 1 oo
TS ) —limian@gHo’Q/ o"Pdxdt +e—0>¢
10 o 2 n 0o Jo

and we conclude that (2.26) holds.

O
An immediate consequence of this lemma, we know that Ve > 0, the functional

J: has a unique minimum at 505 and the following optimality condition must be
satisfied:

To R —~ —~
/ 13212 da dt + l[Boclo + / 0.(To) 0o da = 0. (2.29)
0 (@) Q

Next, applying Young’s inequality to (2.29) and using (2.14), we obtain (for a > 0)

2

To

~ ~ a®  ~ 1
| [ 18P i+ clflon < SO+ 5zlelio
0o Jo a

0&2 To ~ 1 )
< 7/0 0|¢5e| dwdt+2—aQ||90o||o,Q-
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Choosing a? = 1/C and taking into account that h. = 9/5510, we deduce that

To
| [ ndede < Clanlia (230
0 (@)

Since h, is uniformly bounded in L?(O x (0,T)), and from (2.8), (2., s., 2:(0)) is
uniformly bounded in L?(0, Ty; HL(Q)) x L*(2 x (0,Tp)) x L*(€2), we can extract a
subsequence {h.,} and (z.,, S, , 2, (0)), with &, — 0, such that with

h., — h weaklyin L*(O x (0,Tp)),
z., — 2z weaklyin L*(0,Ty; Hy(9)),

n

s., — s weaklyin L*(Q x (0,Tp)),

n

2., (0) — z(0) weakly in L*(Q),

as n — +o0. Here we have denoted by (z.,,se,) and (z,s) the solutions to (2.2)
associated with h., and h, respectively. Notice that ||z, (0)|l0.o < &, for all n > 1.
Consequently, we have z(0) = 0.

In order to obtain (2.10), we use (2.2) and (2.13) and the fact that z(0) = 0 in
Q. To deduce (2.11), we use (2.8), (2.10) and (2.30) as follows:

(T, p0) = { / : e T () et — | : /| ¢Obsh<wo>dxdt}

To To
Cll¢ollo.0 </ |Curl’]’|2 dx dt +/ |1/}Ob8|2dx dt>
0 Q 0 O

1/2

IN

Then, it follows that

To
lw(To) |l < C {/ | curl T | dx dt +/
0o Jo 0

This concludes the proof of Theorem 2.2.1.

To

|%ops|? da dt} .
O

2.4 Optimal control problem

In this section we give another method to prove approximate controllability which
is useful for numerical purposes. This method uses an optimal control problem. We
will be able to characterize the control of minimal norm in L?(Q) by an optimality
system and then we will present the time-space discretization of this system.

Let us consider the following optimal control problem for fixed ¢y € L*(Q). Let
(z,s) be the solution of (2.2) and, for o > 0, let us define

1 T
Jo(h) = % /Q |2(0))? dx +/0 g |h|? dadt,
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where we have penalized the exact final condition (2.9). We look for h, € L?(Q2 x
(0,75)) such that
Jo(he) = i Jo(h). 2.31
o) = e ralito oy 7 (231)
Theorem 2.4.1 1. For every a > 0, there exists a unique solution h, to (2.31)
and hy, is characterized by the following optimality system.:

—%—Aza%—za—ksazo in Q x (0,Tp),
Dzq .
Asaga—ml—hal@ in Q x (0,7p), (2.32)
RZa
ZQZ%ZO OHFX(O,T()),
L Za(To) = Y0 n Q,
(00, elom .
A — = = Q T
5 0, + 0, a1, 0 in Q x (0,Tp),
0o + Ao, =0 in Q x (0,Tp),
Oa (2.33)
o =——=0 onlI x(0,7Tp)
on 1
0,(0) = ——2,(0) in €,
| 0= —22(0)
ha = ¢alo in Q x (0,T)). (2.34)

2. When « tends to zero, we have

{/OTO/Q curl 7 z, (o) dz dt — /TO Yobsha (o) d: dt} — (w(Ty), o). (2.35)

0o Ja
Proof:

1. It follows from [Lio71] that problem (2.31) has a unique solution h, which is
characterized by the optimality system (2.32)—(2.33).

2. Combining (2.32) and (2.33) and taking into account that h, = ¢.lo, we
obtain the following optimality condition

To 1
/ \hQ\Q dx dt + —Hza(O)HaQ = — / 00 (To) o dx dt. (2.36)
0o Jo a 0

Applying Young’s inequality in (2.36) and using the observability result (2.14)
we are lead to
2

7o 2 1 2 a 2 1 2
|hal” dz dt + —[|24(0)[[g0 < §||9a(To)||o,Q+—2 5 lollo.0
0 o) (0% a

IN

CCL2 To ) 1
= 2 dz dt + — ool o
5 [ el dwat+ sglenlie
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for @ > 0. Choosing a® = 1/C, we can deduce that
o 2 2 2 2
/0 ; [hal” dz dt + —[|za(0)ll5.0 = Cllvolloa- (2.37)

Since h,, is uniformly bounded in L*(O x (0, 7)), and from (2.8), (za, Sa; 2a(0))
is uniformly bounded in L%(0, Ty; H}(2)) x L2(Q2 x (0,Tp)) x L*(Q), we can
extract subsequences {h,, } and (za,,, Sa, , Za, (0)), with a,, — 0, such that

he, — h weakly in L*(O x (0,Tp)),
Za, — 2z weakly in L*(0,Ty; Hy(S2)),

54, — s weaklyin L*(Qx (0,7p)),
and

Za, (0) = 2(0)  weakly in  L*(Q), (2.38)

as n — +oo. Here we have denoted by (z,,, S, ) and (z,s) the solutions of
(2.2) associated with h,, and h respectively. From (2.37) and (2.38), we deduce
that z(0) = 0 in L?(Q). Hence, we conclude, for fixed ¢y,

To To
/ / curl T z,, dx dt — / / ha,, Vobs dx dt —
0 Q 0 @

To To
/ /curszd:pdt—/ / hipops dx dt = (w(Th), o).
0 Q 0 (@)

Hence, the standard arguments allow us to conclude (2.35) as a — 0.
g

Remark 2.4.1 For fized ¢y € L*(Q), combing (2.1) and (2.32), with a > 0, we
deduce that

(w(To), ¢o) :/0 O/Q curl 7 z, (o) dz dt—/o i O¢Obsha(¢o)dxdt+ (w(0), 24(0)).

From (2.37) we obtain an estimate for ||z24(0)]|oq. Then, we have an approximation
of the projection (w(Ty), o) with an order of convergence O(y\/a):

To To
|(w(Tp), ¢o)| < {/ /cursza dxdt—/ Vobsha dmdt} + CVal|w(0)[lo.0-
0 Q 0 (@)
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In the following analysis, we will split the solution of (2.32) in two problems. For
this, let us introduce (Z, §), the solution of

( 0z
—o, —AZ+E45=0 nQx(0,Tp),
0z
A3 4_8% =0 in Q x (0,Tp), (2.39)
2:£:0 on I' x (0,Tp),
\ Z(Ty) = po in £,
and then
(20r 5a) = (2 + 2,5 + ),
where (z, s) is the solution of
(
0
_a_’i_Az+z+s:O in  x (0,7p),
0z .
As +aa_m = ¢alo inQx(0,Ty), (2.40)
Z:a—Z:O onFX(O,T()),

\

To simplify notation we denote the function 6,(0) by ¢g and consider the linear
operator A defined by

Ag = 2(0),

where z is obtained from g as follows: First we solve (2.33) with 6,(0) = g and then
the backward system (2.40).

Using the fact that ¢ = —12,(0) = —%(2(0) + 2(0)), the optimality system
(2.32)—(2.34) reduces to the following:
Find g € L*(Q) such that
(al +A)g =—2(0), (2.41)

where [ is the identity.
The operator A € L(L?*(2), L*(Q)) satisfies for all g and g in L*(Q):

To
(840.9) = 000) = [ [ ong e (242)
0
where 7 is the solution of the following problem with initial condition g:
( On o0& .
— A ——=0 Q x (0,7
ot s 0xy in (0, To),
n+%€:O in Q x (0,Tp), (2.43)
£ = a—§~:(‘) on I' x (0,Tp),
| 9025 mo
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Indeed, the last equation in (2.42) can be obtained from (2.40) and (2.43).
On the other hand, it follows from (2.42) that, for all g and g in L*(Q),

(Ag,g) = (Ag,g) and (Ag,g) >0,

i.e., A is self-adjoint and positive semi-definite. We also have, from the uniqueness
continuation property (see Remark 2.2.3), that A is positive definite. Indeed, from
(2.42),

To
(Ag,g)=/ 0o?drdt =0 = ¢o=0inO x (0,Tp),
0 O

but we know that necessarily 6, = 0 in €2 x (0,7p) and 6,(0) = g = 0.
On the other hand, if « is strictly positive, the operator (ol 4+ A) is strongly
elliptic, i.e.,

((al +A)g,9) = allglloq + (Ag.g) > allglge-

Then, the equation (2.41) allows us to calculate the optimal initial condition and
using this value in (2.33), we obtain the optimal control associated with ¢g.

In summary, given ¢y € L?(2), in order to find an approximation to (w(7p), o),
we fist have to solve an optimal control problem for each ¢y, which reduces to
solving (2.41). The operator A in the left-hand side of (2.41) represents the coupled
optimality system (2.33) and (2.40) which does not depend on ¢q. The right-hand
side of (2.41) depends on ¢, and corresponds to solving (2.39). This is very important
for the numerical approximation because, after discretization, the linear systems
corresponding to different ¢ all have the same matrices [Pue02]. Once the optimal
control and states solutions of (2.41) are known, they are used with source terms

and observations in formula (2.10) in order to compute the projection (w(Tp), ¢o)-

2.4.1 Approximation of Problems (2.32)—(2.33)

In this section we present the time-space discretization of Problem (2.32)—(2.33).
Here we use a combination of time discretization by finite differences and space
discretization by finite elements. The methodology used in this work to implement
the data assimilation method is simple. Similar studies of the numerical solution
of the approximate controllability problems are discussed in [Lio94] for diffusion
equations.

Time discretization

Assuming that Ty is finite, we introduce a discretization time step At, defined by
At = Ty/N, where N is a positive integer. Using an implicit Euler time discretiza-
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tion, we approximate (2.33) by

6 =g.
Then assuming that (¢"~1, 6"~!) is known, we solve forn =1,..., N:

(Qn _ Hn—l) a¢n .
— = — A"+ 0" — =0 Q

At * 8:61 s
0"+ Ag" =0 in Q,

a n

Q" = (;i =0 onl,

where 0" = 0(nAt). For simplicity we have dropped the subscripts « in (2.33). Let
us recall that instead (2.32) we solve separately (2.39) and (2.40). We approximate
(2.40) by

N =,
and assuming that (z"*! s"*1) is known, we solve the following problem, for n =
N.N—1,....1:

( n n+1
(2" — 2 )—Az”—i—z”—i—s":O in Q,
At@ .
z
As"+ — =¢"1lp in Q, (2.44)
o
z
"=—=0 r
\ z o on

We approximate A by A2, which is defined as
ARG =20,

We can prove that the operator A®* is symmetric and positive semi-definite. Indeed,
for g and g in L?*(2), we have

(ARg,g) = /Q 2'n° da,

where, from (2.43), n° = g.
Since zV*! = 0, it follows that

Lo N P ZnJrl nn _ 77nfl
= At " — "l 2.45
O M e (2.45)
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Integrating (2.45) over €, taking into account (2.44) and the approximation of sys-
tem (2.43), we obtain after some integrations by parts

AAt ~ — 1,0
(A%g,9) /an dx
N n
= AtZ/ {(Az”—z"—s”)n”—(An”—n”—l—g—il)z"} dx
- AtZ/ STAE" + dx—AtZ/ (As" —|——£"dx
= A nen d .
t;/ocb& x>0, (2.46)

which completes the proof.
For (2.39), we compute the approximate solution (Z, 5) by

2N+1

= %o
and for n = 1,..., N, assuming that (2""! s"*!) is known, we solve the following
system
( n _ zn+l
("~ 2 )—Az”+z"+§”:0 in Q,
Atam
z
A"+ — = in €,
oo
z
"'=—=0 onl
\ 8n

Finally, we approximate problem (2.41) by:
Find g~t € L*(Q) such that

(ag® + A%g™, §) = —(2°,)  Vge L*(Q).

Remark 2.4.2 The Euler schemes which have been used to discretize problem (2.41)
in time are first order accurate. We can improve this by employing the Leap-frog
scheme or the semi-Lagrangian scheme which have been used in [BGdS01].

Space discretization

From now on , we suppose that € and O are convex and polygonal domains in R2.
We introduce {7}}, a regular family of triangulations of Q, where h = maxreg, hr,
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with hy = diam(T) VT € 7j,. Next, we approximate H'(€) and H}(Q2) by the follow-
ing finite dimensional spaces, with P;(T") being the space of polynomial functions
of degree <1,

Ly = {,uh S Hl(Q) : ,uh]T € Pl(T) VT € 771}
and define
(I)h = ,Ch N H&(Q)

We approximate L?(Q) by Ly; this is reasonable since the closure of H(€2) in L?(£2)
is L2(Q).

Problem (2.41) will be approximated by:
Find g € Ly, such that

/ (g’ + AR g, dx = — / Bppde Yy € Ln, (2.47)
Q Q
where A2" and Z? are obtained as described below. The term Z) from the following

full discretization of (2.39):

EVH = oo with @gn € @), being an approximation of @y,

and for n = N, N —1,...,1, compute (Z,57) € ®), x L, from (Z}, 5" by

(2;} — §Z+1) T1an i =n ~n
Tuh dr + [curl z; - curl up doe + | Z5pnde + | sppnde =0
Q Q Q Q
Vuh € Eh, (248)

/curlsh curlvhdx+/—vhdx—0 Yo, € Oy,
0 3x1

The operator Af is defined by
ARtgn =z, Yan € Ly,

where we solve the following discrete cascade systems to obtain 29 from gj,:

First Problem: Given 69 = g, then for n = 1,..., N, we compute (¢}, 07) €
@), x Ly, from (¢)~1, 0771 via the solution of

gr — ot - - OP7!
/Q%vhdz—l—/gcuﬂ@ﬁ-Curlvhd:v%—/gthd:v—/gazlfvhdz:O

Yy, € (I)h, (249>

/ Oy oy, doe — / curl oy - chluh dr =0 Yu, € L.
Q Q
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Second Problem: Given Z}zlv+1 = 0, then for n = N, N — 1,...,0, we compute

(21, 81) € By, x Ly, from (27T 77 via the solution of

(’Zh — ZZJrl) 1 ..n I n n
Tuh dr + [curlzy -curl up doe + [ zppnde 4+ | sppnde =0
Q Q Q Q
Yun € Ly, (2:50)

/curlsh curlvhdx—l-/—vhda:—/(b;fvhdx Yu, € Oy,
Q al’l 16}

with ¢} being the output of the first problem.

We can prove an analogous relation to (2.46) for the operator A2 which shows
that the operator is symmetric and positive semi-definite, implying that (2.47) has
a unique solution.

To solve problem (2.47) we can use either direct methods or iterative methods
(such as conjugate gradient). The conjugate gradient method has been employed in
[CGL94] to solve exact and approximate boundary controllability problems for the
heat equations. In this work, we will use direct methods. When the dimension of the
discrete domain is not too large, we can compute an explicit representation of A%

n (2.47).
Let us denote by Z1, . .., T, the nodes of the triangulation, the first ones, z1, ..., %,
corresponding to the interior nodes and the last ones Z,,1,...,Z; to the nodes on

the boundary. Then, any element of £, may be expressed as
[t = Z pipi(x)  with py = pn(z))
and any element of ®;, may be written as
vy = Zngoj(a:) with v; = v,(Z;),

where ¢1,..., . are the standard basis functions for these elements, satisfying
©i(Z;) = 0;. Thus, problem (2.47) reduces to:
Find g2, ..., g5t such that

k m

Z (cvgZ +Zaw 9; ) - z?cpl. (2.51)

i=1 i=1
This can be written in matrix form as follows:

(al + A)GA = —2°,
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where G2t = (gPt,..., g2t is the unknown vector and Z° = (29,... 20) is the
vector solution of (2.48) associated with ¢g,. To obtain each column of the matrix
A = (a;;), we solve (2.49)—(2.50) for each basis function ¢;, j = 1,...,k, as the
initial condition gy, for (2.49). Then, the vector of coefficient of the final result 2 in
the basis {¢;}7-, gives the j* column of the matrix A.

If the solution of (2.47) for each g, = ¢; is attained at g5, we compute (2.49)
with the initial condition 69 = g2*. Then, we obtain the optimal control as hp = éﬁlo
and the associated solution of (2.50) by (2}, 5}). These values will be used to recover
w(Tp)-

To compute an approximation of w(7y) we must choose a discrete set of functions
Yo = po; to be used in (2.12) and their corresponding finite element approximation
won- In fact, we take directly the standard basis function for Ly, i.e. {®;}iz1. &
Indeed, from (2.35) we have the following approximation (when o — 0)

N N
[eode =t S [ TrEie) + o0 do - 83 [ uhdiien) da
Q n=1 Q n=1 o
i=1,... .k (2.52)

where 7" and ¢y, ,, are the wind stress and the measurements of the stream function
in O x (0,Tp), respectively.
To compute the vorticity we proceed as follows. Since

k
wy = Z W pi(x) with WY = wl(z;),
i=1
we multiply by ¢; and we integrate over €2 to obtain

k
/wa]y%dﬂf:Z/QWiN@igojdx j=1,... k.
=1

If we introduce M;; = fﬂ wip;, withi=1,... kand j =1,...,k, it follows that

k
VAVN:M_lz/W}]LVQOdeJ,
j=179

where WN = (W}, ..., W}) is the vector that we are looking for.
Table 2.1 summarize the implementation of the discrete method and shows the
dependency of each stage on the principal parameters of the problem.
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Table 2.1: The summarize of the numerical implementation. NV denotes the number of
nodes and NT the number of time intervals.

Stage Applied method Dependency on
Mesh
1 eshand . P;-finite elements Q
elementary matrices
Evolution li 2.4
Right — hand side (RHS) volution linear system (2.48)
5 F (2.47) of NT(2NV x 2NV) for each ¢;,
of (2. .
0 [, 5oyt i=1,...,NV, i
e Jo Jo #iwi0e + NT matrix vector products
Computation of A and EV?;‘?;O(;;\?&&I ;}17\?;5/6)11; (2'49})1(2'50)
X .
3 fOTOfQ zipjdxdt, © L N oreach @i vi, O
Tof h d$dt 7/—].,..., V,
Jo*Jo hies + NT matrix vector products
Simultaneous linear system
4 | Optimality system (2.47) of NV x NV for each RHS vi, O, «
i=1,...,NV
Linear combination
Projecti T ;
5 rojec 1?;5(;})( ), i) of steps 2, 3and 4, and T, Yops
' matrix vector products
Evolution li t 2.1
6 Prediction volution linear system (2.1) T, recovered w(Tp)
NT(2NV x 2NV)

2.5 Numerical experiments

In this section, we present several numerical experiments. First, we consider dif-
ferent tests with Rossby, Munk and Stommel numbers equal to 1. Then, we consider
more realistic examples with typical values for these numbers.

Let Q = [0,L] x [0,2L] and Ty = 0.057 where L = 1000km is the typical
horizontal length and 7" = lyear. As in reference [MWO95], we use for the wind
stress,

1
(11,72) = (—; cos 7Tx2,0> ) (2.53)
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2.5.1 Tests with plain theoretical coefficients

For this series of test problems we have taken R, = ¢, = ¢, = 1 and At = T;/50.
As we have no real measurements for testing our method, we will compare the results
of our experiments with the results of the original model (2.1), i.e., we compute the
ocean circulation using (2.1) over the time interval (0,7p), for some initial given
value w(0) and surface wind stress (2.53). Then, we save v in the observation region
O x (0,Ty) and w(Tp), which will be our exact target values.

We compute the recovered final vorticity, denoted here by w,...(1p), following the
algorithm presented in Table 2.1, and the relative error as follows

||W(TO) - wrec(T0>
lw(To)

08 (2.54)

0,2

First, let us consider the observation region as the whole domain. Figure 2.1
shows that, for this case, we obtain very good recovery of w(7p). The relative error
is 0.0408.

Figure 2.1: Test 1. Contour lines of final vorticity. Exact (left) and recovered (right). The
observation region O for this test is the whole domain. We obtain good recovery of w(7y).

Now, let us choose the penalty parameter a.. To do this, we present, in Figure 2.2,
the graph of the dependence of the parameter o together with the relative error of the
recovered final vorticity calculated using (2.54). Here, we consider the observation
set O as the whole domain. We have chosen for our tests o = 107",
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Figure 2.2: Test 1. Relative error of recovered final vorticity versus the penalty parameter
a. The observation region O for this test is the whole domain [0, 1000km] x [0, 2000km]. We
see that the relative error decreases as the penalization parameter o decreases as expected.

Next, we consider different sizes of the observation set. In Figure 2.3, we show
the exact and recovered final vorticity when O = [0, L] x [0.5 L, 1.5 L]. In this case,
the relative error is 0.1856.

Figure 2.3: Test 1. Contour lines of final vorticity. Exact (left) and recovered (right). The
area between the dotted lines corresponds to the observation region O. The relative error
is 0.1856.
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Figure 2.4 shows that for the observation set O = [0, L] x [0.8 L,1.2 L], the
recovery of w(Tp) is not good, the relative error being 0.5267. In Figure 2.5, we

x10° W(Ty) 210 Wyeg(Ty)

Figure 2.4: Test 1. Contour lines of final vorticity. Exact (left) and recovered (right). The
area between the dotted lines corresponds to the observation region O. The relative error
is 0.5267. In this case the recovery is not acceptable.

observe that we can not expect to obtain good recovery of w(7y) when the size of
the observation set is less than half that of the domain 2.

For the following experiments, we consider O = [0, L] x [0.5L, 1.5L]. Figure 2.6
presents the graph of the norm of the optimal control ||h(t)||o.o versus the time ¢.
The optimal control h has been obtained using the following linear combination:

iLZ = Z(WZ(TO)7 %)h?(%)a (255)

=1

where A" is the optimal control associated with ;.

Now, we want to predict the circulation at T7; = To; + 0.01 and T = Tj; + 0.02
using different data assimilation times Tp;, i.e., we compute the recovered w(Ty;) for
each Tp; and then compute the solution of (2.1) for the time intervals (7y;,711) and
(Toi, T12) with initial condition w(Tp;). In Table 2.2, we present the relative error in
H'(Q) and L*(Q) norms for the predicted stream function and vorticity respectively,
at T, and Tio using different data assimilation times Tj,;. Notice that we obtain a
better prediction at 77; and T3, if the data assimilation time (7y;) is large.
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Figure 2.5: Test 1. Relative error for the recovered final vorticity versus the size of O. We
obtain good recovered values when the size of the observation region is more than half the

size of ).

0.08

0.07F

0.06

0.05f

0.04f

Ihllgq

0.031

0.02

0.01F

0 L L L L L L L L L
0 0005 001 0015 002 0025 003 0035 004 0045 005
Time TD

Figure 2.6: Test 1. Graph of ||lAzH07@ versus t. The optimal control h has been obtained
using (2.55). The observation region considered is [0,1000km]x [500km,1500km]|. The norm
of the control increases in value from T to t = 0.

2.5.2 Tests with realistic coefficients

In the next experiments we consider the same domain but more realistic values
for the Rossby, Munk and Stommel numbers, taken from [BGdSO01]:

R,=15x 1073, €m =5Hx 1077, €, =5 x 1073,
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Table 2.2: Test 1. Relative error for the predicted stream function (1, ) and vorticity (wpr)
at T11 = To; + 0.01 and Ty = Ty; + 0.02 using different Tg;. For a large data assimilation

time, we obtain a better prediction at 717 and Tio.

W=vpr)T1)1e | Tw=—wpr)Ti)lloe | [W—=¥pr)(Ti2)l10 | [(w=wpr)(T12)]l0.2
lv(Ti) .0 llw(T11)ll0.02 I (Ti2) 1.0 llw(T12)ll0.02
Ty = 0.03 0.1799 0.2240 0.1407 0.1722
Ty = 0.04 0.1422 0.1738 0.1154 0.1366
Tos = 0.05 0.1158 0.1372 0.0979 0.1114
Tos = 0.06 0.0981 0.1116 0.0858 0.0939
which correspond to
y=1x10""s"", Ay =1x10°m?~', L =10%m,
U=003ms!, f=2x10""m st Dy=800m.

The following series of test problems have been done with At = T,/50, Ty = 0.05
and o = 5 x 107 (o penalty parameter). First, let us show in Figure 2.7 the exact
and recovered final vorticity when the observation region is the whole domain. For
this case, we obtain good recovery of w(7y), the relative error being 0.0258.

x 10° (A)(TU) rec' O
i ‘ ; T
;\\ ~ <
1.8*\/ \ R I/ \
i) | )| \ |
| A I . 1
N - |
1.4“«{{\! ‘. B | \/ i K
| ‘ | \
12 4 \\/'/ \
3\
1F 177“
0'87\< ‘ 08 ?/,,\\\ > —
I\ | ‘1][ \\‘. '/ 1[ \\
I | 'l [ |
oafl | | oap | /!:\ |
e v/ L/
0.2p|| 02|/ | N
7 IJ
Ooy 05 1x10° % 05 1x 10°

Figure 2.7: Test 2. Contour lines of final vorticity using real physical parameters. Exact
(left) and recovered (right). The observation region O is the whole domain. We obtain
good recovery of w(Tp).
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Since R,, €, and €, are small, the convective term in (2.1) is dominant and
introduce a boundary layer on the left-hand side of the domain. This can be seen
in the stream lines shown in Figure 2.8. This figure shows the exact and recovered
stream function at Ty when the observation region is O = 2. We have used the
following problem to compute ¥,..(Tp):

_A¢T€C(TO) = Wrec(TO) in Q)
{ Uree(To) =0 on I,

where wy...(Tp) is the recovered final vorticity.

Now, we consider, as in the previous section, different sizes of the observation
set. In Figure 2.9, we show the exact and recovered final vorticity when O = [0, L] x
[0.5 L, 1.5 L]. The relative error, in this case, is 0.2648.

In this convection dominated case, the recovery of 1)(7y) out of the observation
region is not so good, as can be seen in Figure 2.10. This could be improved by
using meshes refined on the boundary layer zone. Let us remark that, for the direct
system, like (2.33), the boundary layer appears on the left side of the domain, but
for the adjoint system, like (2.32), the boundary layer is on the right side.

Figure 2.11 shows that the values of the relative error for the recovered final
vorticity w(7Tp) is acceptable for large sizes of the observatory region.

Figure 2.12 presents the graph of the norm of the optimal control ||A(t)||o,0 versus

x 10° llJ(TO) x 10° Ll"rec( 0)
2 2 :
(o N ‘/ 777777777777 ~~
L/ . i N
1.8/ 1.8
\ \ \
16 . q 16

1.4

1.2

/////

(@
(\\

0 05 1x10°% 0 0.5 1x10°

Figure 2.8: Test 2. Contour lines of stream function at Ty using real physical parameters.
Exact (left) and recovered (right). The observation region O is the whole domain. The
recovery is good.
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Figure 2.9: Test 2. Contour lines of final vorticity using real physical parameters. Ex-
act (left) and recovered (right). The area between the dotted lines corresponds to the
observation region 0. The relative error is 0.2648.

Figure 2.10: Test 2. Contour lines of stream function at T using real physical parameters.
Exact (left) and recovered (right). The area between the dotted lines corresponds to the
observation region 0. Out of the observation region the recovery is not so good.

the time ¢ when the observation region is [0, L] x [0.2L, 1.8L)].
Finally, in Table 2.3, we present the relative error in H*(2) and L?(€) norms for
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Figure 2.11: Test 2. Relative error for the recovered final vorticity versus the size of O.
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Figure 2.12: Test 2. Graph of ||A|o.0 versus t. The optimal control & has been obtained
using (2.55). The observation region considered is [0,1000km] x [200km,1800km|. The norm
of the control increases in value from T to t = 0.

the predicted stream function and vorticity respectively, at T7; and T}5 using differ-
ent data assimilation times Tp;, when the observation region is [0, L] x [0.2L, 1.8L].
Once more, we obtain a better prediction at 17, and 17, if the data assimilation time
(To:) is larger. From the numerical results given in Table 2.3, we can also deduce that
the model with real physical parameters is not very sensitive to the initial condition
w(Tp). In particular, the prediction of the variable of interest (¢) is very good.



58 Chapter 2. A data assimilation problem

Table 2.3: Test 2. Relative error for the predicted stream function (i),,) and vorticity
(wpr) at Th1 = To; + 0.01 and T2 = Tp; + 0.02 using different Tp;. These numerical results

show that the model is not very sensitive to the initial condition w(7y).

TWo—dpr) M)1,0 | Tw—wpr)Ti)o,0 | [W0—%pr)T12)1,0 | [(w—wpr)(T12)]0,0
lY(Ti)llh.0 lw(T11) 0.0 19 (Ti2) 1.0 llw(T12) 0.0
To1 = 0.03 0.0686 0.0656 0.0568 0.0522
Tor = 0.04 0.0589 0.0550 0.0486 0.0442
Tos = 0.05 0.0509 0.0467 0.0421 0.0379
Tos = 0.06 0.0442 0.0399 0.0370 0.0326
2.6 Comments and conclusions

A non classical approach to data assimilation has been applied to recovering the
initial value w(Tp) in order to predict the future state on the time interval (Ty, 7T}).
This method is based on null controllability theory. An observability inequality was
proved using a global Carleman estimate for the associated velocity-pressure formu-
lation.

In Section 2.4, we presented an approximate algorithm which makes use of a
classical optimal control problem. In Theorem 2.4.1, we proved that, when a — 0,
we can compute (w(7p), ¢o). We reported numerical evidence, in the form of plots
of relative error versus «, that illustrates this behavior. Such plots are useful in
choosing a suitable a. Since A is not strongly elliptic, the case @ = 0 is a difficult
problem to solve numerically.

In the experiments presented in Section 2.5, we studied the role that the size of
the observation region plays for the recovery of the final value at T}, as well as the
time of data assimilation for a good prediction of future times.

We could improve the numerical results of the tests with real coefficients using
refined meshes where the boundary layer arises. It will be of interest in future work
to use the mesh-refined strategy introduced in Chapter 3.



Part 11

An adaptive mesh refinement
strategy
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Chapter 3

A priori and a posteriori error
analysis for a large-scale ocean
circulation finite element model

Abstract

We consider the finite element solution of the stream function-vorticity for-
mulation for a large-scale ocean circulation model. First, we study existence
and uniqueness of solution for the continuous and discrete problems. Under
appropriate reqularity assumptions we prove that the stream function can be
computed with an error of order h in H' ~seminorm. Second, we introduce and
analyze an h—adaptive mesh refinement strategy to reduce the spurious oscil-
lations and poor resolution which arise when convective terms are dominant.
We propose an a posteriori anisotropic error indicator based on the recov-
ery of the Hessian from the finite element solution, which allows us to obtain
well adapted meshes. The numerical experiments show an optimal order of
convergence of the adaptive scheme. Furthermore, this strateqy is efficient to

eliminate the oscillations around the boundary layer.

3.1 Introduction

Different models have been proposed for large-scale horizontal ocean dynam-
ics. Among them, the quasi-geostrophic model is one of the most widely used
by oceanographers to predict wind-stress driven circulation at mid-latitudes; see
[Med99, Med00, MWO95, Ped87] and references therein. To study this model, it is
usual to work with the stream function-vorticity mixed equations [BGAS01, Med99,
Med00, MWO5].

61
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In the context of the Stokes equation, this formulation and an associated finite
element scheme have been introduced by Ciarlet and Raviart in [CR74]. Since then,
several authors have studied extensively this subject. A detailed mathematical anal-
ysis can be found in Girault and Raviart’s book [GR86], which also includes further
references. More recently, Amara et. al. [AB99, AD01] have introduced and analyzed
improved finite element methods to deal with this formulation.

For a large-scale ocean model, a typical phenomenon is the formation of the
Western boundary currents, as in the North Pacific and the North Atlantic. These
currents have a typical horizontal scale of about one thousand kilometers and are
persistent and dominant [BGdS01]. Because of them, the solutions of these models
present boundary layers that, when numerically solved, lead to spurious oscillations
and poor resolution. Nevertheless, the accuracy can be remarkably improved if cor-
rectly refined meshes are used where the boundary layer arises. Because of this,
mesh-refinement strategies to create well-adapted meshes in an automatic manner
are particularly useful for the numerical solution of the quasi-geostrophic model.

Mesh-refinement strategies are typically based on a posteriori error indicators.
This subject has been introduced for finite element methods by Babuska and Rhein-
boldt [BR78] long time ago. Since then, many different approaches have been devised
for many different problems. See for instance the monographs by Verfiirth [Ver96],
Ainsworth and J.T. Oden [AO00], and Babuska and Strouboulis [BS01]. In par-
ticular, for the stream function-vorticity formulation of Stokes problem, an error
indicator have been analyzed in [ABYBO9S].

However, most of the existing adaptive techniques do not take care of the presence
of boundary layers. In a boundary layer zone, the solution typically have strong
gradients in one direction and almost no variation in the orthogonal one. Then, in
this case, it turns out convenient to use non-shape regular stretched elements aligned
with these layers.

Several alternatives have been proposed to create such “anisotropic” meshes.
Some of them are based on appropriate anisotropic error indicators (see [ANOS,
ANSO01, FPO1, FP03, FPZ01, Kun00, Kun02, Pic03]). In practice, error indicators
based on a post-processed Hessian of the computed solution are extensively used (see,
for instance, [CD97, CDHMP97, AAYHT 96, PPK92]). In particular, Almeida et.
al. have introduced in [AFGT00] an anisotropic mesh adaptation process guided by
a directional error estimator which is based on the recovery of the second derivatives
of the finite element solution.

The goal of this chapter is two-fold. On one hand, we analyze a finite element
discretization of the stream function-vorticity formulation of a large-scale ocean
circulation model. We show that under appropriate regularity assumptions this nu-
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merical method leads to an optimal order approximation of the velocity, which is
the variable of interest.

However, in real problems, when the convective terms in the model are dominant,
these estimates become meaningless. There is a vast literature dealing with methods
for convection-dominated problems; see [RST96] for a survey. These methods invoke
some form to boost the stability. The streamline diffusion finite element methods
and the upwind finite element methods are two such. Frequently, these methods are
used on Shishkin-type meshes; i.e., meshes very fine inside on the layer and coarse
otherwise. These meshes yield much better results that uniform and adaptively-
isotropic refined meshes containing a similar number of nodes [MS97], but their
construction requires a priori knowledge about the behavior of the derivatives of
the exact solution. Optimal (or quasi-optimal) convergence results are known for
such methods in several norms, assuming that the solution can be decomposed in a
regular part and layer terms [LS01, SRLO1].

Our approach, instead, consists in using an a posterior: indicator to locate the
boundary layer without any a prior: information and to create meshes well adapted
to the solution. We introduce a mesh refinement technique relying on an a posteriori
anisotropic error indicator based on the recovery of the Hessian from the finite
element solution, together with the anisotropic mesh generator BL2D [BLB95]. We
assess the efficiency of our strategy by means of several numerical experiments.

The chapter is organized as follows: In Section 3.2, we recall the formulation of
the steady-state linear quasi-geostrophic ocean model and its standard variational
formulation. Then, in Section 3.3, we present its stream function-vorticity formu-
lation and a finite element discretization. A priori error estimates are established
in Section 3.4. We also present in this section some numerical experiments confirm-
ing the theoretical results for sufficiently smooth solutions and showing the need of
correctly refined meshes on the wind-driven model subject to realistic values of the
physical parameters. In Section 3.5, we introduce error indicators for the L? norms
of the stream function and the velocity field. Then, we present a mesh adaptation
technique. Finally, in Section3.6, we report several numerical experiments exhibiting
the performance of the proposed strategy.

3.2 Simplified ocean model

Let €2 be an open bounded and connected, although not necessarily simply con-
nected, subset of R? with a Lipschitz continuous boundary I'. We consider the
steady-state linear quasi-geostrophic ocean model [BGdS01, MW95] described by
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the following equations

1 1
—AgAu+ yu + f(xg)k Xu+ —Vp=
Po poDo

dive =0 1in Q, (3.1)
u=0 onl,

T in €,

where u and p are the velocity and the pressure of the fluid for each point x =
(r1,22) € Q, 7 = (11, 72) € L*Q) is the surface wind stress, Ay the constant
horizontal coefficient of eddy viscosity, v the bottom friction, Dy and py the depth
and the density of the ocean, respectively. We denote by I'y the exterior boundary
and I[';, 1 < i < p, the other connected components of I' if any. On the other hand,
k x u denotes the 90° rotation of the vector w; namely, k X u = (—ug,u;). The
Coriolis parameter f represents the planetary vorticity of the motion due to the
rotation of the Earth.

The (-plane approximation is assumed (see, for instance, [Ped87]). It consists of
substituting the Coriolis parameter f by a linear approximation

2w

f = fo+ B, fo = 2w sin O, B = ?O cos By,

where wy is the angular rotation rate of the Earth (7.24 x 10™°s™!), and R is the
radius of the Earth (6.371 x 10%m). This is a first order approximation to study the
large-scale ocean dynamics valid at mid-latitudes (20° < 6y < 50°).

We use standard notation for Sobolev spaces, norms and seminorms. Moreover,
we introduce the space

V:={veHyQ)?: divo=0}.
A standard variational formulation of (3.1) is as follows:

Problem 1 Find v € V such that

Apy(curlu, curl v) + y(u, v) + ((fo + fra)k X u,v) = (r,v) YveV.

poDo
Here and thereafter (-,-) denotes the inner product of L*(Q2) or L?*(Q2)?, as corre-

sponds.

Theorem 3.2.1 Problem 1 has a unique solution u in V' and there exists a unique
p € LE(Q) such that (u,p) is the weak solution of (3.1).
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Proof: Let us introduce the bilinear form a4 (-, -) by
ai(u,v) = Ag(curlu, curlv) + vy(u,v) + ((fo + Bre)k X u,v) .
It is easy to check that the form a4(-,-) is V-elliptic. Indeed, for all v € V/
a(v,) = Aulofiq + 0l ++ (o + Bk x ,0) = Clula

since (k X v,v) vanishes. Then, we apply Lax-Milgram’s Theorem to deduce that
Problem 1 has a unique solution .

Let us check now that a solution of Problem 1 is a solution in some weak sense of
(3.1), i.e., u is a solution of Problem 1 if and only if there exists a function p € L(Q)
such that (u,p) is a weak solution of (3.1). Indeed, the equality divu = 0 in €, is
an easy consequence of u € V and u = 0 on I" because of u is in HJ ()2

Integrating by parts in the first equation of Problem 1, we see that

(—AgAu+ yu+ (fo + Bro)k X u — T,u)=0 YveV

Polo

By an application of Theorem 1.2.3 in [GR86], since —AgAu + yu + (fo + Pr2)k X

u— m%g 7 belong to H~1(Q), there exists a function p € L*(Q), such that

po(—=AgAu~+ yu + (fo + Pra)k x u+ Vp = )

where p is unique up to an additional constant. So, we conclude that (u, p) € Hg () x
L%(Q) is the weak solution of (3.1). O

-
poDo

Remark 3.2.1 In the case that either §2 is a convex polygon or its boundary I is
of class C?, the arguments of Theorem 1.5.4 and Remark 1.5.6 in [GRS6] allow us
to prove that the unique solution of (3.1) satisfies (u,p) € H*(Q)* x H () N L(Q)
and

[ullz.0 + lIplh.e < CliTlloe,

where C' is a constant independent of T.

3.3 Stream function-vorticity formulation

3.3.1 The continuous problem

It is well-know that the divergence-free condition can be expressed by introducing
a stream function 1 of w:

u = chlz/J = (g—;i, —g—;ﬁ) :
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Since u vanishes on I', 1) must be constant on each of its connected components I';.
Moreover, v is uniquely determined if we set 1) = 0 on ['y. Thus the stream function
belongs to the space

d:={pecH(Q): ¢|r, =0, ¢

r,=c¢, 1<i<p},

where ¢; denote arbitrary constants.
Let us introduce the vorticity w of u:

8u2 8u1
= 1 = -_  — — - —A . 2
w:=curlu (8351 (%2) W (3.2)

If w e HY(Q), by choosing v = curl ¢ in Problem 1 and integrating by parts, we
obtain

An(ei] w,citl 6) +1(w,6) - 6 (a—d’ ¢) =L (remig) vece,

Oxy poDo

where we have also used that f; is constant.
After scaling the equations by introducing non-dimensional variables, we are led
to the following problem:

Problem 2 Find (¢,w) € ® x H'(Q) such that

em(curlw, curl ¢) + €,(w, ¢) — (%p@) = (r,curl¢) Vo e d,
1

—(w, 1) + (curlp,curl ) =0 Vu e HYQ).

The last equation is a weak formulation of (3.2). The parameters €, and ¢, are
the non-dimensional Stommel and Munk numbers, respectively, which are defined
by

An

and €, ;= @,

€ =
T 3L
with L being a typical horizontal length scale of the domain (see [MW95]).

Notice that a solution of Problem 1 provides a solution of Problem 2 only if
w = curlwu is smooth enough, for instance, if v € H?*(2). The following theorem
shows existence and uniqueness of solution of Problem 2 under regularity geometric
constraints.

Theorem 3.3.1 Let ) be either a convex polygon or such that its boundary I" is of
class C%. Then, Problem 2 attains a unique solution (¢, w) € ® x H'(Q).
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Proof: Let us consider the following Stokes-like problem: Find (u,p) € H3(Q)? x
L%(9) such that

{ a(u,v) + (p,divv) = (r,0) Vv € Hy(Q)%, (3.3)

(divu,q) =0 Vg e Lj(R),
with
a(u,v) = ep(curlu, curlv) + €,(u, v) + (z2k x u,v).
This bilinear form is V-elliptic. In fact, Vv € V'
a0, 0) = v + esUI2g + (2K x v,0) = minfen, e} v,

since (x2k X v,v) vanishes.

Then, the standard abstract theory (see for instance Theorem I.5.1 in [GR86])
applies to show that (3.3) attains a unique solution. Moreover, under the geometric
assumptions on €, (u,p) € H*(Q)?* x H'(Q) and

ull2,0 + [Plle < Cl7lloq;

with C' independent of 7.
In fact, this is a consequence of Theorem 1.5.4 and Remark 1.5.6 in [GR86] applied
to the equivalent formulation

em(curlu, curlv) + (p,divo) = (7 — €5(u, v) — z2k X u,v)
Yo € HJ ()2,
(divu,q) =0  Vq e L3(Q).

Now, the abstract framework in Section I11.1.1 and I11.2.1 of [GR86] (in particular
Theorem 2.1, 2.2, 2.3 and 2.4) applies to our problem allowing us to prove the
equivalence between Problem 2 and (3.3) and, consequently, the theorem.

([l

Remark 3.3.1 The geometric assumptions on €2 have been used only to ensure that
(u,p) € H*(Q)? x HY(Q). Therefore, if (3.3) has such a smooth solution, we attain
the same conclusion regarding existence and uniqueness for Problem 2.

3.3.2 The discrete problem

Let {7} be a regular family of triangulations of ), where h = maxreg, hr, with
hr = diam(T) VT € T;. Let P,(T) be the space of polynomial functions of degree
at most [ defined on the triangle T'; we set

Ly = {¢h € H'(Q) : ¢nlr € PA(T) VT € 771}
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and define
CI)h = Eh no and @h = ,Ch.
The corresponding Galerkin scheme is:

Problem 3 Find (¢, wp) € &), x Oy such that

— — a —
em(curlwy, curl ¢p,) + e5(wn, o) — (a—iﬁh, gbh) = (r,curl¢p) Vo, € Oy,
1

—(wp, ) + (chl (% chl,uh) =0 Vuu € 6y,
The arguments of Section II1.2.2 of [GR86] leading to Lemma II1.2.4 and The-

orem II1.2.5 of this reference apply to our case allowing us to prove the following
result:

Theorem 3.3.2 Problem 3 attains a unique solution (Vp,wy) € ®p, X Oy.

Proof: Firstly, we will study the existence and uniqueness of solution of an auxil-
iar problem and after that we obtain under certain assumption the equivalence to
Problem 3 and the prove of Theorem 3.3.2.

Let Y}, be a finite-dimensional subspace of L?(f2), such that

b, CO,CY,.

Let us consider the following problem:
Find (¢Yn,wp) € @) X Y, and X € ©y, such that

€m(Wh, On) + €s(wWn, dn) — (g—zfa ¢h) — (M Op) + (curl gy, curl Ay)

= (r,curl¢p)  V(én,0) € ), x Y,
—(wny i) + (curl gy, curl py) =0 Yy € Vi

(3.4)

We introduce the following bilinear forms:

a((Yn,wn), (n, 0n)) = €m(wh, On) + €s(wWh, 1) — g—i};; ¢h)

V(Y wh), (On,0n) € P, x Yy,
b((&n,0n), ptn) = —(On, ) + (curl g, curl py)  V(on, 0) € P X Yi, Y € Oy,

and the space V},

Vi, = {(th,gh) c ((I)h X Yh) : (Cl;rlQSh,Cl;ﬂuh) = (Qh,,uh) vﬂh c @h}
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Let us first check the Vj-ellipticity of a(,-). Indeed, for (¢p,0y) € Vi, we have

a((¢n, On), (61, 0)) = enllOnlloq + €s(On, 1)
= enltnlgq + el curl dnllg o
> min{en, €} (0n, 0n) |71 @) x 220
where we use the fact that ®;, C ©, to apply the definition of V},. Observe also that
the last term of a(-,-) is zero.

Now, we check the inf-sup condition of l;(, -). Since Oy, is finite-dimensional space
there exists a constant K depending of h such that

lnlle < K(h)l[pnlloe  Ypn € On,

then
b((¢n, 0 0
sup ((¢n,0n), pn) > sup _( hy o)
(éns0m)edn Vi | (Dns On) || 1 (@) xL2() ©Oomeonxy, 1000
> unllog = K(h) Hunllie — Yin € On,
where we chose 6, = —pup,.

The Vj-ellipticity of a(-, -) and the inf-sup condition of b(-, -) allows us to conclude
that (3.4) has exactly one solution (¢, w,) € @, X Y}, and A € O,.

If in addition ©;, = Y}, then A = ¢,,w, and we obtain the equivalence be-
tween (3.4) and Problem 3. To prove these, let ©;, = Y} and let us show that
((¢n,wn), €mwy) satisfies (3.4), i.e., that

— — 8 —
em(curlwy, curl ¢p,) + €5(wn, o) — (8—?’ gbh) = (1,curl¢p) Vo, € Oy,
1

notice that the above equation correspond to the first equation in Problem 3. Indeed,
if (¢n,0n) € V3, then the first equation in (3.4) becomes

(s On) + €4(ns 61) (gi m) — (7, ciitl 6y). (3.5)

Since ©, =Y}, taking u, = wy, in the definition of V},, the functions ¢, and 6, satisfy
(curl ¢y, curlwy) = (6, wp).

Replacing the above relation in (3.5), we get

Otn

em(chl W, curl én) + €s(wn, Pn) — <8x
1

7¢h) = (r,cutlgy) Y(dn,0h) € Vi,
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but since ©, = Y}, each function ¢, € ®;, has exactly one function 6, € ©, such
that (¢n, 0) belongs to Vj,. This proves that (3.4) is reduced to Problem 3.
On the other hand, as ©, =Y} we have proved that \;, = ¢,,wy, in O, then

(>\h7 Qh) = em(wh, Qh) V@h S Yh. (36)

Adding (3.6) to the first equation of Problem 3 and using that w;, = €,'\;, we obtain

(3.4). This prove the Theorem 3.3.2.
O

3.4 A priori error estimates

We introduce the following elliptic projection operators:
e P, : H'(Q) — O, defined by

em(chl(Phu — ), curl 0n) + €s(Prpt — p1,60,) =0 Vo, € Op;

o P :® — & defined by

em(curl(P2¢ — @), curl ) =0 Vo, € .

It is proved in [Sco76] that, when 2 is a convex polygonal domain in R? and {7}, }
a family of quasi-uniform triangulations, given s and p in R such that 0 < s <1
and 2 < p < 0o, there exists a constant C' > 0 such that the projections satisfy the
following error estimates:
[v = Puollopo + kv = Powhpo < ChHollspap0 Yo € WEHHP(Q), (3.7)
lv = Pvllopa + hlv = Prvlipe < ChHv]]spe
1
Yo € WP (Q) N WP (Q).
Here and thereafter C' denotes a generic constant not necessarily the same at each

occurrence but always independent of the mesh size h.
Let

W .= {(gb,e) €D xO: (curle,curlp) = (0, 1) Yu € @}
and
Wy, = {(¢h>9h) € Dy x O ¢ (cwrl gy, curl ug) = (O, ptn) Vi € @h} :

We prove the following theorem by adapting the arguments in Theorem II1.2.6
of [GR86] to our case.
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Theorem 3.4.1 Let (¢,w) and (¥, wy) be the respective solutions of Problems 2
and 3. If Q) is a convex polygon, then there exists a constant C' > 0 depending on €,
and €5 such that the following error estimate holds:

- + ||lw—w < C inf — + ||w—0
o=l tlo=wloa < C[ it (10 iho+ o = ullon)

#10= Pooha+ o - Prolba . (59
Proof: Let (¢p,0,) € Wj. We have

ol = ), il 1) + € ) — (6 = ), ) =0
Then, by using the definition of P, and the fact that ¢, € O,
em(chl(Phw — wp), curl on) + €s(Pow — wh, )
- (getro =) - (500 - BRo)on) =0. (3.10)
Now, the definition of W) implies that

em(Prw —wn, 0n) +  €5(Prw — wp, ¢p)

- (%(Psw ), th) - (a%(w ~ ppw), fz»h) —13.11)

If we add and subtract ¢, and 6j, we obtain
a (0]
€m(Prw — O, 01) + €(Pow — On, dn) — (a—xl(Ph@D — &n), ¢h)

a [o]
~ (-t - Pro), ¢h>

= €m(wn — On, 0n) + es(wn — On, dn) — (%(Qﬂh — on), ¢h) :

This equation is valid in particular for (¢p,0n) = (Un,wr), since (Yp,wp) € Wy
because of the second equation of Problem 3. Thus, we obtain

€m(Prhw — O, wp — On) 4 €s(Prw — O, ¥, — é3)

0 0
- <8—$1(Pl(z)w_¢h>>wh_¢h) - <a—x1(1/1—Pﬁ¢)ﬂ/}h —¢h)
0

= €mllwn — Onl|* + €s(wn — On, oy — é1) — (a—xl(@bh — o) n — ¢h> :
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It is easy to see that the last term vanishes. Then the definition of W), implies

&l curlv(vn — on)llo o + émllwn — Onll3 o

< €| Pow — Orlloallwn — Onlloq
+ (es]| Pow — Onllo.o + [P — dnlia + [ — Pilie) [[vn — énlloq-

On the other hand, since ¥, — ¢, = 0 on I'y, Poincaré’s Lemma yields

4o — dnlloe < C|l curl(yn — ¢4)]lo.0-

Then, the following inequality is a consequence of the two previous estimates and
straightforward computations:

[Un — onlio + llwn = Oulloe < C(|Pw — Orllog
+ Py — bulia + [ — Pivlia) -
Since this is valid V(¢p, 0,) € Wy, the triangle inequality allows us to conclude the
proof. O
Now, we want to estimate the right hand side of (3.9). To do this, let us first

recall two useful estimates given in Lemma II1.3.1 and Lemma II1.3.2 of [GR86].

Lemma 3.4.1 For all (¢,0) in W one has

_inf [|0 - éh“O,Q
(d)hveh)eWh
i curl(¢ — ,chl
< inf 2(|¢ — dulio + |10 — Onllo) + sup [(curl(¢ — ¢n) pn)|
(On,0n)EDPLXO), €O, H,UhHO’Q

Lemma 3.4.2 Let ) be a bounded, convex polygon and let T}, be a quasi-uniform
family of triangulations of Q. Let p be a real number such that 2 < p < oco. There
exists a constant C > 0 independent of h such that, for all ¢ € W?P(Q) N HY(Q)

|(curl(¢ — ¢n), curl p)]

< ChY2VP ) 6llap 0.
1REOR H/thHO,Q

The following theorem provides the error estimates for the stream function and
vorticity.

Theorem 3.4.2 Let Q and {7;,} be like in Lemma 3.4.2. If 1 € H3(Q), then for all
e >0,

lw = wrllog < CERP=|Y|50,
[ — Unlie < Cle)h' ~8|[Y|3.0.
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Proof: In the first part of the proof, we obtain the error estimate for the vorticity.
We will proceed as in Section I11.3.1 of [GR86] (see in particular Remark II1.3.3).
We use Lemma 3.4.1 and Lemma 3.4.2 to estimate in (3.9) the error in W),

|w —whlloo < C inf ([ — ¥plie + lw— willog) + B2 VP Y]lap0
(¢n,0n)EPLXO

+ [ — PP+ |lw— Pwllog] -

Putting ¢, = PP¢ and wy, = Pw in the above inequality and applying the error
estimates (3.7) and (3.8) we obtain

lw —willog < C (R[Y]lag + Rllwloq + A 7P|[9]|2p0) -

Using Sobolev’s imbedding Theorem: H?3(Q) <> W2?(Q) for 1 < p < oo, we deduce
the error estimate for the vorticity by putting e = 1/p > 0

lw — whlloo < CRY?78||9|5.0.

On the other hand, the second estimate follows from a duality argument similar
to that in Theorem I11.3.3 of [GR86] but based on the following auxiliary problem:
Given g € L*(Q)?, find ¢, € Hy(Q) and A\, € H'(2) such that

(chl /\g,chlx) — (g—x, gbg) = (g,chlx) Vyx € H&(Q),
45
em(curl gy, curl ) + €5(@g, 1) — (Ag, 1) =0 Ve HY(Q).

(3.12)

Because of convexity of €2, the unique solution (¢,, A,) belong to H*(Q)NH}(Q) x
H'(Q) and using the regularity of the corresponding velocity-pressure problem (see
Remark 3.2.1) we deduce that

[9gll3.0 + (Al < Cllglloq- (3.13)
From Problem 2 and Problem 3 we have

em(cﬁrl(w - Wh)701;f1 ¢g) + €5(w — wp, Pn) — (%(df — n), ¢h) =0,

(curl (¥ — ), curl A\p) = (w — wp, An).
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In (3.12), we take x = ¢ — ¢y, and p = w — wy, and we combine with the above
equations, to obtain

(g, curl(® =) = (curl(Ay = An), curl(y = ) — (%w ~ n), By %)

Hw — why Aw — Ag) + em(curl(w — wy), curl(¢y — ¢p))
—|—es(w — Wh, ¢g — gf)h> (314)
VA, € @h, Vd)h € d,,.

We separate the fourth term in the right hand side as follows

(cgrl(w — wp), chl(qﬁg — én)) = (curl(w — Pyw), chl(qﬁg — ¢n))
+ (curl(Pow — wp), curl(¢, — ¢p)). (3.15)

The definition of W), implies that
(curl ¢y, curl(Pw — wy)) = (Ag, Paw — wy,). (3.16)
We also have from (3.11) and (3.10)

em(curl(Pyw — wy), curl ¢p) + €5(Paw — wi, én)

(B =) - (- o)) =0, @17

em(Prw — wp, Oy) + €5(Prw — wh, ¢p)

~(ptre =) - (- RvLe) =0 (1s)

Combining (3.16)-(3.18), we obtain for (3.15)

(cﬁrl(w — W), chl(ng —n)) = (chl (w— Pyw), chl(gbg — ¢n))
+(Phw — Wh, )\g — Hh)

Replacing in (3.14), we have

(9, cunl(®) = ¢n)) = (curl(Ay = Pudyg), curl(y — ) - (a%w — ¥n), 6y — %)

+ (W — wh, Pudg — Ag) + em(curl(w — Pyw), curl(¢, — ¢y))
+ e (Prw —wi, Ag — 0p) + €5(w — wh, @9 — On) Y (@p,0h) € Wi, (3.19)

where we chose A\, = Py )\,.
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Now we will use a duality argument in order to estimate the error. Firstly, we
know that

% — Ynl1o = sup (g, curlly — 41)) . (3.20)

geL2(Q) gllo.0

Secondly, we need to estimate each term of the right hand side in (3.19). Notice
as 1 and ¢, belong at least to H*(Q2), we take

Uy = Ipp,  on = Ingy,

where I}, is the interpolant operator I, € L(H?*(2);©;) and satisfies the following
error estimate for all integer m, with 0 < m < 2 (see Lemma 1.A.2 in [GR86])

1 — Lblma < CLR* ™ lea Vo € H*(RQ).
Then, using (3.7) and (3.8), for £ > 0, we have

[(curl(Ay — P,\,), curl(eh — Liw))| < Coh|Agh.altlso,

|
a 3
a—x(lﬂ—f}ﬂ/f),% — Inoq < C3h°|Y|2.0|dgl2.0,
(W= wn, Pudg = Ag)| < Cu(e)h**F|wlialAgl10,
|(curl(w — Pyw), curl(¢g — Indy))| < Cshlwlialdglon,
[(Paw — why Ag — 01)| < Cole)h' 5 |wl1alldglls.0,
‘(w — Wh, Py — [h¢g)‘ < 07(5)h3/27€‘w‘l,ﬂwg’?,ﬂa

Replacing these estimates into (3.19) and according to (3.20) and (3.13) we deduce
that

A
[@glls0 + [Agllo _ C(e)h' (19 ]ls0-

[V = ¥nlia < CE)[[Ylls0 =
1 "Hlggllag + llo

3.4.1 Numerical experiments

The goal of our first experiment is to verify the error estimate above for the
stream function. Let Q = [0,3] x [0,1], €, = €, = 1 and a right hand side such that
the exact solution is the smooth function

V() = sin® % sin® 7,.
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Figure 3.1: Error curve for [¢) — 14|10 on a quasi-uniform mesh. Smooth solution.

We have used several quasi-uniform meshes with different degrees of refinement.
Fig. 3.1 shows the error curve of the method which exhibits an O(h) of convergence,
confirming the theoretical result of Theorem 3.4.2.

In the next experiment we consider the same domain but more realistic values
for the Munk and Stommel numbers, taken from Myers and Weaver [MWO95]:

€m=6x10""  €,=0.05,
which correspond to
y=1x10"%s"" Ay =12x10°m?*%~", L=10m, Dy=800m.

For the wind stress we use, also as in reference [MW95],

1
(11,72) = (——coswxg,()) )

(e

We have used the uniform mesh shown in Fig. 3.2. Since ¢, and €, are small, the
convective term in Problem 2 is dominant and introduces a strong boundary layer
on the left side of the domain. This can be seen in the computed stream lines shown
in Fig. 3.3. This figure also shows a poor resolution of this layer and that spurious
oscillations arise.
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Figure 3.2: Uniform mesh.

Figure 3.3: Stream lines obtained with a uniform mesh.

A typical strategy to avoid these defects is to use non shape-regular stretched ele-
ments aligned with the stream lines in the zone of the boundary layer (see [AFGT00]).
We have done this with the mesh shown in Fig. 3.4. Thus, we have obtained a much
better resolution of the boundary layer and avoided spurious oscillations, as shown
in Fig. 3.5.

The remainder of this work is devoted to design an algorithm for creating well-
adapted meshes in an automatic manner by using the computed solution on coarser
triangulations.

3.5 A mesh-refinement strategy

We propose an h-adaptive mesh-refinement strategy, based on a posteriori error
indicators providing information on the stretching direction and ratio where refine-
ment and/or coarsening are needed. Our error indicator is based on a recovery of
second derivatives (Hessian) from the finite element solution (see [AFGT00]). We
use this information to devise an adaptive process leading to meshes well adapted
to the solution, correctly refined, with stretched and oriented elements aligned with
its singularities.
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Figure 3.4: Graded mesh over-refined around the boundary layer.

Figure 3.5: Stream lines obtained with the graded mesh.

3.5.1 An anisotropic error indicator

The heuristics behind our indicator is similar to that in [AFGT00]. It consists
of assuming that the finite element solution error can be reasonably approximated
by the linear Taylor expansion of the exact solution around the barycenter of each
element. Then, given T € 7;,, Vx € T we have

1

V(@) = vn(@) = (@) —Yu(2) = 5 (v — 2r) Hi(er) (@ — wr), (3.21)

where 1 is the exact solution, v, the finite element solution, v, the linear Taylor
expansion of 1) around the barycenter 7 of T', and H1 denotes the Hessian matrix
of 1. Therefore, straightforward computations lead to

[t = nllor = % {/T [(Q? — ap) Hi(xr)(x — xT)f dx}m : (3.22)

Our error indicator consists of computing the last expression by using an ap-
proximate Hessian. This is obtained by means of a post-process of the computed
solution vy, based on applying twice a technique to recover the gradient.

First, we smooth V. To do this we use the Clément interpolation operator
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I1: L*(Q) — Ly, which is defined by

N
v = Z P(Qs)ei,
=1

where, for ¢ = 1,..., N, @); are the nodes of the triangulation 7, ¢; are the stan-
dard nodal basis functions of Ly, and P; : L*(S;) — Po(S;) denotes the orthogonal
projection onto the subspace of constant functions defined in S; = supp ¢; = |J{T €

T,: T2 Qi}.
Now, we introduce the gradient-recovery operator Vg : ®, — L2 given by
Al
8%1
Vet =
Al
aﬂfg

Notice that, since 1)), is piecewise linear, we have
T
vah Z ||S ’| ¢h‘T
TCS;

where |T'| and |S;| denote the corresponding areas.
Next, we define the symmetric recovered Hessian matrix Hg by

Hyp, + Hiiy,
2

o (12 . 082) |

namely, the columns of Hry, are the recovered gradients of H%%.

sth = c £}2L><2’

where

The numerical evidence reported in [AFGT00] shows that Hg can be safely used
as an approximation of H in adaptive processes for convection dominated problems.
Then, from (3.22), we define the anisotropic error indicator

Nr = {/T [(m — ar) Hythn (27) (2 — xTﬂQ dx}lﬂ (3.23)

and the corresponding global error estimator

1/2
TeT),

The numerical experiments in Section 3.6 below give evidence that this estimator
is equivalent to the error for both, regular and singular solutions.
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3.5.2 The adaptive procedure

Our next goal is to design an adaptive procedure to solve Problem 3 on a sequence
of meshes up to finally attain a solution with an error within a prescribed tolerance.
To attain this purpose, the created meshes must be correctly refined and must
contain stretched elements to take care of the anisotropy of the solution.

At each step, a new mesh 7, better adapted to the solution of Problem 3 must
be created. This will be done by using information of the solution computed on
the “old” mesh 7;. Two features of 75y must be determined: the diameter hy of the
elements on different parts of the domain and the stretching and orientation of these
elements to correctly solve the boundary layers of the solution.

To do this we use the recovered Hessian matrix on each element T' € 7. Let \;
and Ay be the eigenvalues of the symmetric matrix Hgiy, (x7), with [A\] > |As]. Let
q1 and ¢y be the corresponding orthonormal eigenvectors. Then

Hgw(zr) = QAQ", (3.24)

with A = diag{\;, A2} and @ the orthogonal matrix of columns ¢; and ¢y. Thus, by
substituting (3.24) in (3.23), straightforward computations lead to

9 2
ng = /T {Z IXi| [(z — xT)tqi]Q} d. (3.25)
i=1

We define h; := max,er |(z — 27)%;|, © = 1,2, which can be seen as a typical
length of the element 7" in the direction g; (actually, it is proportional to the length
of the projection of T onto the span of ¢;). We also call ', 22 and z* the coordinates
of the vertices of T'. The following lemmas will be used to obtain a useful equivalence

for the local indicator np.

Lemma 3.5.1 For all w € R?

3
T
/ [(a: — xT)tw]4 dr = u Z [(xk — xT)tw]4 )
T 30 £~
Proof: Let x — AZ + b be a transformation applying the reference triangle T of
vertices (0,0), (1,0), and (0,1) onto 7. Then we have

/T [(z — x:r)tw}4 dr = det(A) /A (7 - fT)tA_twr i

T
On the reference element the integration rule of the lemma can be verified by testing
it with adequate fourth order polynomials. Then we conclude the proof by a new
change of coordinates.

([
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Lemma 3.5.2 For all T € Ty, there exists ap € [1/30,2] such that

1y = ar|T| Z AFh.

Proof: It is easy to see from (3.25) that

2 2
/ Z A [(z = xT)tqirdx <nr < 2/ Z A (2 — xT)tqi]4dx.
T i=1 Ti=1

On one hand it is immediate that
/ N [(@ — 2r)'q) dr < [TIAZRE
T

On the other hand, from Lemma 3.5.1 we have

/A? [(x —2r)" q;)" dz = ‘T| ZA2 )qi]) ' > —|T|A3h;1,
T

since h; = maxj<p<s |(z¥ — x7)'q|. Thus we conclude the lemma. O

In what follows we show that if the triangle is correctly oriented, then its area
is equivalent to the product of its typical lengths hihs. In fact, assuming that the
triangle T is stretched in the direction of ¢ (which corresponds to the direction of
smallest variation of the solution) we prove that |T'| = ¢rhihs with a constant cp
essentially independent of 7T'.

First we prove this result for a conveniently scaled arbitrary triangle as that in
Fig. 3.6.

Lemma 3.5.3 Let T be a triangle as shown in Fig. 3.6. If |tan 5| < x1/(2z3), then
8 ~ N
o1 [ Ta| < hyhy < T4l

where h; :=max, ¢ (v — 27, )'ql, i =1,2.

Proof: First notice that according to Fig. 3.6 we have

V3

<zy <1, 0§$1§27

N | —

and the barycenter of the triangle is Tp, = (0,0). Moreover, the vertical axis splits

T, into two triangles of area 3z /4. Hence, |T4| = 31, /2.
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Figure 3.6: Anisotropic reference element Ta

Second, the explicit computation of the typical lengths yields

h = max{|sin 3|, |xicos B+ xysinF|, |rycosf — (1 — x9)sinf|}.

ho = max{cosf, |(1 — x3)cos B+ xysin|, |recos — xysin (]},
Then, we have
hy < max{|sin 3|, xcos B+ z|sin 8], z1cos B+ (1 — x2) |sin B]}.
Now, since x5 > 1/2, for |tan 3| < z1/(2z2) we obtain
‘Sinﬁl S T COSB,
. T . 31’1
Tg |sin (] < ?cosﬁ —  x1c08f+ 2o sin G| < TCOSﬁ,
(1= ) [sin B < s [sin 3] < 5 cos 3
. 314
=  zycosf+ (1 —z)[sinf] < TCOSﬁ.
Hence
~ 3 3 .
h< M eosp < B 7y
2 2
On the other hand

ﬁg = max |2'qe| < max|z| <1,
x€T A z€T'y

and thus

hahy < |T4).
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For the other inequality notice that, independently of the sign of 3, either x4 sin 3
or —(1 — x5) sin # must be non negative. Then, the explicit expression of h; above
yields

/ﬁl > x1cos 3.
On the other hand, clearly
EQ > cos 3.

Hence, since z; < v/3/2 and x5 > 1/2, for [tan 3| < x1/(22,) we obtain

T > T
1+tan® 3 = 1+ 2%/(423)

/ﬂgﬁlleCOSZﬁ: zéiﬂl:%ﬁm-
Thus we conclude the proof. O
Notice that any triangle T' € 7, is the image by a scaling followed by a rigid
motion of a triangle T 4 as in Fig. 3.6. Indeed by choosing orthogonal coordinates
centered at the barycenter of T" with the vertical axis coinciding with the longest
median of the triangle, a scaling map applies T" onto a triangle like fA. Then, since
the properties in Lemma 3.5.3 are rigid-motion and scale invariant, they are also
valid for T' € 7;. On the other hand, the constraint tan 8 < z,/(2z2) is fulfilled
whenever the triangle is reasonably stretched in the direction ¢5. Then, in this case,
we have
|T| = erhyha, with ep € [8/21,1]. (3.26)

An adaptive algorithm to minimize the error indicator (3.25) should choose the
typical lengths h! of each element 7" in the new mesh 7; in order to equilibrate the
two terms in this sum; namely, such that

M |RE & [ Ao| . (3.27)

Actually, the values A\; and Ay correspond to the “old” mesh 7. However, they
are approximations of the eigenvalues of the Hessian of the exact solution Hy(z7).
Then, it is reasonable to ask for |A\|h? & |Ag|hs.

Thus, it only remains to decide how to choose one of the diameters (for example
h}) to compute a solution with estimated error within a prescribed tolerance tol.

If we assume that the elements 7" of the mesh 7}, are correctly stretched as to
satisfy |A\i|h? & |\|h3, then from Lemma 3.5.2 we have
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Moreover, under the assumption of Lemma 3.5.3, from (3.26) there holds

A 1/2
|T| = CThth =~ Cr M h?
| Az
Then
2 M2 6
Nr ~ QQTCTWhI = CThl- (328)

Let us remark that the constant Cp := 2arcp|A1[*/2/|\2|'/? depends on the Hessian
of the solution on 7'. Thus it depends on the localization of the element 7" in €2, but
neither on h; nor on the triangle shape ratio.

Therefore, if the new mesh 7;, is created as to satisfy (3.27), then we also have

77%/ ~ CT/h/16 ~ CTh/16, (329)

for any element 7" € 7Ty, located in the same zone of ) as T.
The new mesh will be created such that

1/2

n = E % ~ tol,
T'E'Z;L/

with 77 being approximately the same for all elements 77 € 7j, (the latter is typi-
cally the alternative yielding the mesh with a least number of elements). Therefore

2 tol?
N ~ N

with N’ being the number of elements 7" € 7;,,. Hence, by using (3.29) and (3.28),
we have that b} must be chosen as follows:

s 1 to12\"* N h tol? 1/ ~h tol \?

This value of k| depends on the unknown number of elements N’ of 7;,,. However

this number appears as a scale factor affecting in the same way all the estimated
;. Therefore, different values of N’ will produce different degrees of refinement but
with the same refinement pattern. (i.e., the relative sizes of the elements remain
equal). Because of this, it is not so important to know the value of N’ in advance.
In the experiment reported below, we have just considered N’ = N.

In practice a quasi-uniform isotropic mesh is initially used. In such case it is not
convenient to prescribe a very small tolerance from the beginning. A better strategy
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consists of using a set of diminishing tolerances up to attaining the prescribed one.
Then, at each step, a new more stringent tolerance is used.

The adaptive strategy consists of obtaining an approximate solution from an
initial isotropic mesh and to recover the corresponding second derivatives at each
node. Then, we introduce this information to the mesh generator.

For our experiments we have used the mesh generator BL2D (see [BLB95]). The
information that must be transmitted to this software to create a new mesh is a
metric at each vertex. In our case the transmitted metrics are obtained by averaging
element metrics on all the triangles sharing each vertex. These element metrics are
given by

/by 0 .
Q[ 0 1/h’2]Q’

where, according to (3.30) and (3.27),

1/3
tol |/\2|
i =nh ( > and  hly = [ =h],
! ! nrvV' N’ 2 |A1] !

and A1, Ay, and @ are given by (3.24).
Let us remark that we have chosen to generate a new mesh at each step instead

of refining the previous one. This choice looks much simpler and avoids eventual
constraints imposed by an initial coarse isotropic mesh. On the other hand, in all the
numerical tests reported in Section 3.6, the elapsed time to generate each new mesh
has been always negligible compared to the time needed to solve the corresponding
linear systems.

3.5.3 An error estimator for the velocity field

Since the variable of interest is usually the velocity field v = chlw, in what
follows we introduce an estimator for the computed velocities u;, = curl yy.
Under the same assumptions of Section 3.5.2, we have from (3.21)

1/2
= unllozr = [ — Gulur ~ [ [ 1oten - xT>|2dx] ,

(see also [CD96]). Then, we obtain the following local estimator:

= {/T(fc — o) [Hrton (7)) [Hripn (7)) (z — 27) dfﬁ}m .
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In the experiments below we show that the local effectivity indices defined by
nr/ v — Ynlir are very close to one and the estimated global error

7= (Z ?ﬁ)w

TeT),

attains an optimal order of convergence, too.

Remark 3.5.1 In spite of the fact that Ny seems to be an excellent estimator of the
error in H3(Q2) norm, we have chosen nr to create the meshes. Indeed, we have tried
also np for the adaptive procedure, but the obtained results were not so reliable, very
likely because of limitations of the mesh generator.

3.6 Numerical results

In this section we present several numerical experiments. First, to test our strat-
egy, we consider a problem with a known smooth exact solution. In the second
example we simulate the typical Western boundary currents by using an analyti-
cally known exponential boundary layer solution. In the third one, we consider a
more realistic example with the wind stress taken from [MW95]. Finally, in the last
one, we repeat this experiment in a non-convex domain.

In all the tests we have taken the following realistic physical parameters:

em =6 x 1072, es = 0.05.

We have initiated always the adaptivity process with a coarse isotropic mesh and
a rough tolerance, which has been reduced to one half at each step.

3.6.1 Test 1

We take a problem with the same solution as in Section 3.4.1,
T
Y(z) = sin? ?1 sin® 7y,

but with the realistic physical parameters ¢,, and ¢, indicated above. The geometry
of the domain is shown in Fig. 3.7. This figure shows an intermediate obtained
mesh and the corresponding stream lines solution. Notice that our strategy generate
isotropic meshes as expected.

Fig. 3.8 shows that both, the exact and estimated global errors, attain optimal
orders of convergence in L?(2) and H}(€2) norms in terms of the number N of nodes:

n =Y —ullog = ON), N b —dulio = O(N~?).
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1 for almost all the elements.

x10

Local error

Estimator x10

Figure 3.9: Test 1. Local estimator 77 versus local error [¢p — |17 VI € 75 (6878 nodes
mesh). The slope of the solid lines are 0.4 and 1.

3.6.2 Test 2

We consider a problem with exact solution

W(x) = [(1 - %) (1—e ) sin WIQ]Q.

For our experiment we have taken d = 3 and ¢ = 20. Then the function ¥ exhibits
a boundary layer on the left.

Fig. 3.10 shows an intermediate refined mesh and the corresponding stream lines
solution. Let us remark that our refinement strategy recognizes the boundary layer
location and allows avoiding numerical spurious oscillations.

Fig. 3.11 shows that optimal orders of convergence are attained for estimated
and exact errors in both norms, again.

Finally, Fig. 3.12 shows that, in spite of the boundary layer, the effectivity indices
are close to one, too.
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Figure 3.10: Test 2; iteration 4: 3267 nodes mesh. Computed stream lines.
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Figure 3.11: Test 2. Estimated and exact errors versus number of nodes (log-log scale).

3.6.3 Test 3

In this example we consider the wind stress used by Myers and Weaver (see
[MWO95]):

T

1
(11,72) = <—— cosm:2,0> )
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Local error
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Estimator

Figure 3.12: Test 2. Local estimator 77 versus local error |¢p —p |17 VT € T}, (7482 nodes
mesh). The slope of the solid lines are 0.3 and 1.

Fig. 3.13 shows a zoom of the mesh at an intermediate iteration and the corre-
sponding stream lines solution. The anisotropic nature of the adaptive mesh can be
clearly observed from the zoom.

0 I I I I I
0 0.5 1 15 2 25 3

Figure 3.13: Test 3; iteration 6: zoom of a 9103 nodes mesh. Computed stream lines.
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In this case there is no analytical solution available. However, Fig. 3.14 shows
that the estimated errors attain optimal orders of convergence.

10 : ; 10 ; .
—©— Estimated error L? |] —&— Estimated error H! |]
- cN! ] N2 ]
107 J
10° B
107°F E
10 B
107°F ]
1074 2 ‘ 3 ‘ 4 5 1072 2 ‘ 3 ‘ 4 5
10 10 10 10 10 10 10 10
Number of nodes(N) Number of nodes (N)

Figure 3.14: Test 3. Estimated error versus number of nodes (log-log scale).

3.6.4 Test 4

We consider the non convex domain shown in Fig. 3.15. This figure shows an
intermediate refined mesh and the corresponding stream lines solution.

Fig. 3.16 shows that, for both norms, the estimated errors attain once more
optimal orders of convergence.

Let us remark that although the theory in Section 3.4 does not cover this case,
the experimental results show that the method combined with the proposed adaptive
strategy behaves as well as for convex domains.

3.7 Conclusions

A finite element method to numerically solve the stream function-vorticity for-
mulation of the quasi-geostrophic model has been analyzed. A priori error estimates
with constants depending on the physical parameters have been proved under appro-
priate regularity assumptions. Thus, results already known for the two-dimensional
Stokes problem have been extended to this model.
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Indeed, the Coriolis convective term dominates these equations and Western-current
boundary layers appear. Then, well-adapted meshes become necessary for the method
to work, avoiding spurious oscillations. An adaptive procedure to create such meshes
in an automatic fashion is introduced. This strategy relies on an anisotropic error
indicator based on a recovered Hessian. Several numerical experiments allow assess-
ing the efficiency of this approach. In particular, optimal orders of convergence are

attained in all the experiments.
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Appendix A

An existence and uniqueness
result

In this appendix we will describe a few results concerning the existence and
uniqueness of solutions of the linear evolution ocean model introduced in Section .

Let € be a non-empty open bounded subset of R?, with a Lipschitz-continuous
boundary I' and let " > 0 be fixed. Let @ = Q x (0,7) and ¥ = I" x (0,7).

We consider the linear quasi-geostrophic ocean model described by the following

equations:
( du 1 .
R,— — AgAu+~yu+ (fo + fra) kANu+ —Vp = 7 in Q,
ot Po poDo
divu=0 in Q, (Al)
u=0 on X,
u(0) =uo in .

\

where u(z,t) and p(z,t) denote the velocity and the pressure of the fluid and 7 is
a given source. In order to simplify the notation, we take R, =1, Ay =1, v =1,
fo=1,06=1pg=1and Dy=1.

Let us introduce the following spaces, which are usual in the analysis of Stokes
systems

H = {vel*(N)?: dive=0inQ, v-v=0o0nT},
V o= {ve H;(Q)?: dive =0in Q}.

A standard variational formulation of problem (A.1) is as follows. For a given 7°
in L?(0,T; H'(Q)?) and a given ug in H, we consider the problem:

97
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Find u € L*(0,T;V) with du/dt € L*(0,T;V’) such that

<au ) + (Y, Vo) + (1, 0) + (L ) (k A 0) = (T, 0)

ot
Vv €V, a.e.in (0,T),
u(0) = uyp,
(A.2)

where we denote by (-, -) the inner product of L*(€2) or L*(2)%. Notice that, (%, v) =

a(u,v).

We know that problems (A.1) and (A.2) are equivalent. Indeed, followig the same
idea in Proposition II1.1.1 of [Tem84], we have that if u is a solution of (A.2), there
exists a distribution p on (0,7") such that (u,p) is a solution of (A.1) in the sense of
distribution.

For simplicity, we will consider the case of a simply connected domain €2. Then,
it is well known that the velocity can be expressed by introducing a stream function
1 of w:

w:=curly, e HHQ).

Let us introduce the following mixed formulation of problem (A.1) where the stream
function ¢ and the vorticity w := curl u are the variables. For a given 7 in L*(0, T'; L*(Q2)?)
and a given wy in L*(€)), we consider the following problem:

Find (1,w) in L*(0,T; HY(Q)) x L*(0,T; H(Q)) such that

o
(933’1’

p

%(w, o) + (CJrlw, curl o) + (w, ) — ( gb) = (7, curl o)

Vo € Hy(Q), a.e.in (0,T),

—(w, p) + (curlyp,curl ) =0 Ve HY(Q), a.e. in (0,7),
L w(0) = wp.

(A.3)

In Section A.1, we analyze an abstract variational problem. In Section A.2, we

apply this framework to problem (A.2) and in Section A.3 to problem (A.3). We have

based our analysis on [BR85, Tem84] where we have introduced some modifications
coming from the introduction of a new bilinear form, named d(-, ).

A.1 An abstract time dependent problem

Let X and M denote two real reflexive Banach spaces. Let Y be a real Hilbert
space such that X is contained in Y with a continuous and dense imbedding. If X’
and Y’ are the dual spaces of X and Y respectively, we denote by (-, -) the duality
pairing between Y’ and Y, and also between X’ and X.
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Let us introduce four continuous bilinear forms r(-,-), a(-,-), d(-,-) and b(-,-)
defined on Y XY, X x X, X x X and X x M, respectively. We also define the closed
subset V' of X by

Vi={veX; bvu =0, Vue M} (A.4)

and H the closure of V in Y. We will consider the following identification
VCcH=H cV/, (A.5)

where each space is dense in the following one and the injections are continuous. As
a direct consequence of the previous inclusions, we get

<f,1)>v/’v = (f, U)H Vfe HVveV. (A6)

We will denote the scalar product in H by (+,-) and the duality pairing between
V' and V by (-,-).

Given f in L?*(0,T; X’) and ug € H, let us consider the Problem (Q):

Find (u,\) € L*(0,T; X) x D'(0,T; M) such that

%T(u,v) + a(u,v) + d(u,v) + b(v, \) = (f,v) Vv e X, inD'(0,T),
b(u, ) =0 Vu e M, ae. in(0,7), (A7)

r(u(0) —ug,v) =0 Yo €Y,

and we associate the Problem (P):
Find u € L*(0,T;V) such that

%r(u,v) +a(u,v) +d(u,v) = (f,v) Yv eV, ae in(0,T),

r(u(0) —up,v) =0 Yv e H.

(A.8)

Notice that, for any (u, \) solution of (Q), u is solution of (P).
Let us consider the following hypotheses:

(h.1) the space V is separable;

(h.2) the form af(-,-) is symmetric and V-elliptic, i.e., Ja > 0 such that

a(v,v) > oz||v||§( Yo eV,

(h.3) the form b(-, ) satisfies the inf-sup condition, i.e., 38 > 0 such that

b
sup 20 S Bl Ve M (A.9)

vex [vllx
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(h.4) the form r(-,-) is symmetric in H and H-elliptic, i.e., 3y > 0 such that

r(v,v) > 7|lv||3 Vv e H;

(h.5) the form d(-,-) is antisymmetric and satisfies

dv,v) =0 YveV.

Let us denote by Wg the following space:
Wg = {v € L*(0,T;V); (Rv); € L*(0,T;V")}, (A.10)
where R is the linear operator associated with r(-,-), defined from Y into Y as
(Ru,v) = r(u,v) YueyY, YveY. (A.11)

Let us first see that if u € L?(0,T; V), the second equation in (A.8) makes sense.
We denote by A the linear and continuous operator from V into V', such that

(Au,v) = a(u,v) Yv eV, (A.12)

From (h.2), the bilinear form a(-,-) is a scalar product and || Au|y: = [Jully. It is
easy to see that if u € L*(O,T;V) then Au € L*(0,T;V"). We also define the linear
and continuous operator D : V — V' as

(Du,v) = d(u,v) YvelV. (A.13)
We can deduce that Du € L*(0,7T;V’). Indeed, because of the continuity of d(-,):
| Dully: < Cllully  Vu eV, C>0.

Integrating with respect to t the above inequality, one has

T T
/ | Dul} dt < 0/ |ul|? dt < oo.
0 0
From (A.11), (A.12) and (A.13), we can write (A.8) as follows

%<Ru,v):<f—Au—Du,v> Yo e V. (A.14)

From the above analysis f — Au— Du belong to L?(0,T; V). Using Lemma III.1.1 of
[Tem84] and (A.14), we show that (Ru); € L*(0,T; V") (hence u € Wg) and that Ru
is a.e. equal to a continuous function from [0, T] into V. Then, the second equation
in (A.8) has sense.

Now, we will prove the main result of this section.
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Theorem A.1.1 Assume that the hypotheses (h.1)—(h.5) are satisfied. Given f and
ug as in Problem (Q). Then, Problem (P) has a unique solution u in Wg, and

uweC([0,T); H), (A.15a)
lullwe < CLfllL20,1v7y + lluol &} (A.15b)

Moreover, Problem (Q) has a unique solution (u, \) in Wr x D'(0,T; M) where u is
the solution of Problem (P).

We will divide the proof of Theorem A.1.1 into several steps. First, we will proof
the existence of the solution of Problem (P). Next, we analyze the uniqueness of the
solution of Problem (P) and finally we study Problem (Q).

Proof of the existence in the Theorem A.1.1.
We will use the Faedo-Galerkin method (Theorem III.1.1 in [Tem84]).

1. Discrete model
Since A is an adjoint, positive and compact linear operator in a Hilbert space,
there exists an orthogonal basis of V', {w;};en such that

ij:)\jwj, j:]_,Q,"', O<>\1§)\J§—>OO

For each m, let us define an approximate solution u,, of (A.7) by
Uy, = iuim(t)wi Ui = (U, W;) (A.16)
i=1
and
— 1 (i, w;) + alum (), ws) + d(um(t), w;) = (fiw;), j=1,---,m, (A.17)

7(Um(0) — Uom, w;) =0,

where ug,, is, for example, the orthogonal projection in H of uy on the space spanned
by wy, -+, w,y, (such that ug,, — wy in H when m — o0).

The functions u;,, 1 <i < m, are scalar functions defined on [0, T']. The system
(A.17) can be written in matrical form as:

R + Aa+Da = f,

ﬁ(O) =  UQm,
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where the vector components of @ are wu;,, the vector components of f are f; =
(f,w;) and the matrix components of R, A and D are

Rij = r(wi,w;), Ay = a(wi,w;), Dy = d(w;, w;)

respectively. From (h.4) R is invertible then, from the theory of ordinary differential
equations, we know that it attains a unique solution on the whole interval [0, T]].

Now, we will obtain a priori estimates independent of m for the functions wu,,
and then we pass to the limit.

2. A priori estimates.
We multiply equation (A.17) by u;,(t) and add these equations for j = 1,---  m.
Using (h.5), we have

d

%r(uma Um) + a(uma 'me) = <f7 um>

From (h.2), there exists a constant o > 0, such that

d
277 (s )+l < (f, ). (A.18)

Using Young’s inequality, we can majorize the right-hand side of (A.18) by

a 1
(fom) < Sl + 5oL, Va0,

Therefore,

d «Q 1
ot )+ 5 e < 511 (4.19)

Integrating (A.19) from 0 to s, with s > 0, we obtain in particular,

1t () 16 (5)) < (o, o) + 5 / F@lE de

from (h.4), the form r(-,-) define a norm equivalent to the norm in Y, then

1 /T
Y sup |lum ()3 < sup r(um(s), wm(s)) < r(uo, o) + 5~ / LF )T dt,(A.20)
s€[0,T] 5€[0,T] @ Jo

where the right hand side of (A.20) is finite and independent of m; then the sequence
U, is bounded in L>(0,T; H).
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On the other hand, integrating (A.19) from 0 to T leads to

T T
Q 1
7 (tn (1), um (1)) + 5/ lum@1% dt < 7 (uom, tom) + Z/ LF@)T dt
0 0
< o) + o [ WOI @
-~ T UO,UO 2a o 1 .
This shows that the sequence u,, is bounded in L*(0,T; V).

3. Passage to the limit.
Since the sequence of discrete solution u,, is bounded in L*>°(0, T'; H)NL?(0,T; V),
then

1) Hum bren € {tn tmen such that w,, — w in L*(0,7; H), when m’ — oo,

/ T(um/(t) —u(t),v(t) dt —0  Yve LY0,T;H). (A.21)

i1) FH{ s biren € {tm pmen such that w,,, — w* in L*(0,T;V), when m’ — oo,
ie.,

T
/ (e (1) — 0 (), 0()) dE — 0 Yo € L2(0,T; V). (A.22)
0
In particular, ii) is valid for each v € L?(0,T; H). Using (A.6) we have for (A.22)

/0 (wmy (£),0(t)) dt —>/O (u*(t),v(t)) dt. (A.23)

Moreover, since L?(0,T;H) C L'(0,T; H), we compare (A.23) with (A4.21), and
using the uniqueness of the limit, we see that

/T(u(t) —u*(t),v(t)) dt =0 Yo € L*(0,T; H).

Hence,
u=u* in L>0,T;H)NL*0,T;V). (A.24)

In order to pass to the limit in (A.17), let us first multiply (A.17) by ¢ €
C'([0,T1]), with o(T) = 0, and integrate with respect to ¢

/0 %r(um,wj)Sﬁ(t) dt—l—/o (a(Up, i) 4+ AU, w;))p(t) dt = /0 (f, w;)o(t) dt,

j=1,--,m.
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Integrating by parts the first term, we obtain

T T
Gt at = = [ () 0) de = (. ) 0).
We pass to the limit for m = m’ — oo in the following integrals
T T
- [ rtum)e i~ = [ r(w ) d
0

[ty ar — [ atwwetn ai

(wom, wy)p(0) — 7 (uo, w;)p(0).

Here we have used the fact that r(-,-) and a(-,-) are scalar products in H and V
respectively. It remains to prove that

| w0 0e) at = [ dtue)wpetyar

To do this, we have

A{@wﬁh@ﬂﬂ—@M&wM@hﬁsAKmm@—Dwmww@Mt
SAH&W@—M@WWWﬁ
gCAH%@—MWM%Mﬁ

sé{lﬁmaw—mwmdﬁU3+0

Therefore, in the limit we find

—/0 r(u,wi)' ()dt + /O(a(u,wj)+d(u,wj))g0(t) dt

=T@MM%®+AUWW%ﬂﬁ

The above equality holds for each j; this allows to write
T T
—/ r(u,v)e'(t) dt + / (a(u,v) + d(u,v))p(t) dt
0 0
T
0

=l 0pl0)+ [ (fodelt) dt (A2
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where v is a finite linear combination of the w;’s. The equality (A.25) is still valid,
by density, for each v € V.

Now, let us integrate by part over (0,7"), with ¢ € D((0,7")), we obtain the
following equation valid in the distribution sense on (0,7)

%r(u, v) + a(u,v) + d(u,v) = (f,v) Yo eV, (A.26)

which is exactly the first equation in (A.8). From (A.26) and (A.24), this implies
that (Ru); € L?(0,T; V") and

(Ru); + Au+ Du = f.

It remains to check the initial condition. To this aim, we multiply (A.26) by ¢(t)
(the same function as before), integrate with respect to ¢ and integrate by parts,

T T
—/ r(u,v) (t) dt + / (a(u,v) + d(u,v))e(t) dt
0 0 .
= 1((0)v)p(0) + [ (fo)elt) .
0

By comparison with (A.25), we notice that

r(up — u(0),v)p(0) =0 Yo eV, Yo e D((0,T)).
We can choose ¢ such that ¢(0) # 0, then

r(up —u(0),v) =0 Yve V.

This equality implies that Ru(0) = Rug in V' and ends the proof of the existence.
O

Proof of the continuity and uniqueness of the solution of Problem (P).

The continuity result follows from Lemma III.1.2 in [Tem84] where, if the func-
tion u belongs to L?(0,T; V') and its derivative u; belongs to L?(0,T; V"), then u is
almost everywhere equal to a function continuous from [0, 7] into H. In our problem
we apply this lemma for R being the Riesz isomorphism from H onto H'.

Lemma A.1.1 Assume that (h.4) is satisfied. The space Wr is contained in C°([0,T]; H)
with a continuous imbedding.

Lemma A.1.2 Problem (P) has a unique solution u in Wg.
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Proof: Let u; and uy be two solutions of Problem (P),

d
ET(UQ—U17U)+G(U2—U1,U)+d<UQ—U1,'U) = 0 YveV,
r(uz(0) —uy(0),v) = 0 YveH.

Choosing v = us — uy and considering (h.2) and (h.5), we have
d
S +allx <0,

d

Er(v,v) < 0,

r(v(t),v(t)) < r(v(0),v(0))=0 Vtel0,T].

From (h.4), the form r(-,-) define a norm, hence we conclude the uniqueness of the
solution of Problem (P), i.e., u;(t) = uq(t) for each t.

Problem (Q).

Let us now analyze Problem (Q). The uniqueness is a direct consequence of
(h.3) and the above result. To prove its existence, we follow the same steps as in
Proposition III.1.1 of [Tem84] and Theorem 2.1 of [BR85]: If u is the solution of
Problem (P) for a.e. t in (0,7, we define L(t) in X' by

(L(t),v) = /0 ((f(s),v) —a(u(s),v) —d(u(s),v)) ds+r(ug,v) —r(u(t),v) Vve X.

Notice that L € C°([0,T]; H) and satisfies (L(t),v) = 0, Vv € V. If B is the operator
associated with the form b(-,-), then, by (h.3), we know that the adjoint operator B’
is an isomorphism from M onto V® = {g € X’ : (g,v) =0 Vv € V} (see Lemma
[.4.1 in [GR86]) and there exists a unique A € C([0,7T]; M) such that, for every ¢ in
[0, 71,

b(v,A(t)) = (B'A(t),v) = (L(t),v) YveX.
If A denotes the derivative of A in D’(0,7T), from (A.7) yields
d
%r(u,v) + a(u,v) + d(u,v) + b(v,\) = (f,v) Yve X inD0,T).
From the definition of V', we also have

b(u,p) =0 a.e.in (0,7) Vu € M.

Finally, from (h.4), the form r(-,-) defines a scalar product and yields: u(0) = wy.
Then, (u, \) is the solution of Problem (Q). O

We can prove by the same way as in Proposition II1.1.2 of [Tem84], further
regularity of the solution.
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Proposition A.1.1 Assume that the hypotheses (h.1)—~(h.4) are satisfied and that
Q is of class C* or is a convex polygonal. The mapping (f,ug) — (u,\) is linear
continuous from L*(0, H;Y') x V into H(0,T; H) x L*(0,T; M).

A.1.1 Another related variational problem

Let us consider a weaker formulation of Problems (P) and (Q). Following [BGR87],
we introduce two reflexive Banach spaces X and M such that:

XcXcy, McM,

where all the imbeddings are continuous and dense. We introduce three continuous
bilinear forms a(-,-), d(-,-) and b(-,-) on X x X, X x X and X x M respectively,
such that

a(u,v) = alu,v), d(u,v) = d(u,v) Yu e X, Yv € X,
b(v, 1) = b(v, 1) Yo e X, Yue M. (A.27)

Next, we define the closed subset V of X by
Vi={veX: blvo,u) =0Vuec M}

We denote by (-,-) the duality pairing between X and X'.
Here, we suppose that f belong to L?(0,T; X'). We consider the Problem (Q):
Find (u,\) € L*(0,T; X) x L*(0,T; M) such that

5 r(u, v)+a(u v)—i—d(u v)—l—b( A) = (f,v) Yo e X, ae.in(0,7T),
b(u, ) = Yu e M, ae.in(0,7T),
(()—UO,)IO Vv €Y,

with (Q), we associate Problem (P):
Find v € L*(0,T;V) such that

d .
Er(u v) + a(u,v) + d(u,v) = (f,v) Vo eV, ae.in(0,T),

r(u(0) — ug,v) =0 Vv e H.

For any (u, \) solution of (Q), u is a solution of (P).
We shall assume the following additional hypotheses:

(h.6) V is dense in V;
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(h.7) the form a(-,-) is V-elliptic, i.e., 3@ > 0 such that
a(v,v) > allv[|% Yo eV,

(h.8) the form b(-,-) satisfies the weak inf-sup condition, i.e., 35 > 0 such that

b
sup (v, )
UEX HUHX’

Theorem A.1.2 Assume that the hypotheses (h.1) — (h.7) hold. Let (u,\) be the
solution of Problem (Q).

(1) Problem (P) has a unique solution @ such that (Ra), belongs to L*(0,T;V").
If the solution of Problem (P) is such that (Ru); belongs to L*(0,T;V"), then
u and u coincide.

> Bllulln Vi€ M.

(2) In addition, if the solution (u,\) of Problem (Q) is such that \ belongs to
L2(0,T; M) and (Ru); belongs to L2(0,T; X"), then it is the only solution of

Problem (Q).
Proof:

(1) Proceeding in the same way as for Problem (P), we show that Problem (P)
has a unique solution. On the other hand, if (Ru); belong to L*(0,T; V") and
since V' is dense in V', we imply that u is a solution of Problem (P).

(2) In addition, if A belongs to L?(0,T; M) and (Ru), belongs to L*(0,T; X'), and
since X is dense in X, we can show that any solution (u, \) of Problem (Q) is
a solution of Problem (Q) It remains to prove that it is the only solution of
(Q). For the first component « it is obvious. For the second one, let us assume
that

b(v,\)=0 WveX.
But then, from (h.7) we necessarily have A = 0. This completes the proof.

A.2 Application to the velocity - pressure formu-
lation

We will use the abstract framework given in Section A.1 to study Problem (A.1).
To do this, we set

X =Hy(Q)? Y=L*)? and M=L3Q) ={qec L*Q) : /qd:sz}.
Q
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We denote by (-, -) the inner product on L*(Q) or L*(Q)?. The bilinear form r(-,-)
on Y x Y is the inner product (-,-), so R is the identity operator on Y.
We define the continuous bilinear form a(-,-), d(-,-) and b(-,-) by

a(u,v) = (Vu, Vo) + (u,v)  Vue X, Vv e X,
d(u,v) = (14 z2)(k Au,v) Vu e X, Yv € X,
b(v,q) = —(q,divo) Vv e X, Vg e M,

and the given source f = 7.
One has

V = {veH}N)?: dive =0 in Q},
H = {vel?(Q)?*: divo=0inQ, v-n=0onT},

where n is the unit outward normal to €2 and V satisfies (h.1). Then Problems (P)
and (Q) are well defined and we have the following main result.

Theorem A.2.1 Given T in L*(0,T; H *(Q)?) and uo € H, Problem (P) has a
unique solution u in L*(0,T; V) such that du/dt € L*(0,T;V’) and

du

o < AT sy + luolog).  (A28)

lwll 220, m2 )2y + ‘
L2(0,T;V")

Moreover there exists p € D'(0,T; L3(Q)) such that (u,p) is the unique solution of
Problem (Q).

Proof:
This theorem is an immediate consequence of Theorem A.1.1. Let us verify the
assumptions. The ellipticity property of form a(-,-) is obvious since

a(v,v) = [[Volga + vlge = V)i -

The inf-sup condition of form b(-,-) follows from Corollary 1.2.4 of [GR86]: For
q € L(Q) there exists a unique function v € V* such that

dive = g, |U|1,Q < CHQ”O,Q'

Hence,
(Q7 div U) _ HqH(Q],Q
v]1,0 v]10

> (1/O)lgllo.0,
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from which the inf-sup condition (A.9) follows with 5 = 1/C. Finally, we also have
(h.5). Indeed,

d(u,v) = (1 + $2){(—U2,Ul) + (Ul, Ug)}
= —(I4z2){(ur, —v2) + (uz,v1)} = —d(v, u)
which completes the proof. O

Let us consider now the stationary problem (see Chapter 3):
For g € X', find (u,p) in X x M such that

—Autu+ (1+z)kANu+Vp=g in ,
divu=0 in§, (A.29)
u=0 onl.

We know that if ' is of class C? or if € is a convex polygonal domain, the solution
(u, p) belongs to [H*(Q)>NV] x [H(Q)NL(Q)] and —Au+u+ (14 z9)k Au+ Vp
belongs to L?(12).

Proposition A.2.1 The mapping: (f,uo) — (u,p) is linear continuous from

L*(0,T; L*(2)%) x V into [L*(0,T; H*(2)*) N H'(0,T; H)] x L*(0,T; H'(Q)).

Proof:
It is direct consequence of Proposition A.1.1 and of the regularity of stationary
problem (A.29) (see Proposition I11.1.2 of [Tem84]). O

A.3 Application to the stream function - vorticity

formulation.

Let set Y = H}(Q) x H (), M = L?(Q) and X = HZ(Q) x L*(Q). We define
the continuous bilinear forms a(-,-), d(-,-) and b(-,-) on X x X, X x X and X x M
respectively, by

0
() = 0) + (0,0), dluo) = - (§2,0),
b(”»#) = _(A¢ + 97#)7
where u = (¢, w) and v = (¢, ). We have

Vi={(¢,0) e X: 0 =—-A¢p}, H:={(¢,0) €Y : 0 = -Ag},
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where V' satisfies (h.1).
We also introduce the bilinear form r(-,-) on ¥ x Y

T<u7 U) - (w7 ¢)7
where u = (¢, w) and v = (¢, 0) and the corresponding operator R(¢,w) = (w, 0).

Remark A.3.1 Notice that, we could also work with r(-,-) defined as r(u,v) =
(curl ), curl ¢) and the corresponding operator R by Ru = (—Aw,0), with u = (¢, w)
and v = (¢,0).

Finally, given 7 in H~1(Q)?, we set, for all v = (¢,6) in X,

(f,0) = (T, curl §).
Let us consider the Problems (Q) and (P) as in Section A.1.

Theorem A.3.1 For (T ,uy = (1o, wo)) given in L*(0,T; H *(Q)?) x H, Problem
(P) has a unique solution v = (,w) in Wg, defined in (A.10), and there ezists A
in D'(0,T; L*(Q)) such that (u, ) is the unique solution of Problem (Q). Moreover,
A is equal to w and belongs to L*(0,T; L*(2)).

Proof: Let us verify the assumptions (h.2)-(h.5). The ellipticity property of form
a(-,-) follows from the definition of V,

a(v,0) = 1B+ (6,6) = 1630 — (26,9)
1 1
= 161+ 5180030 + 9B q = Cil(6,0)I3,

where v = (¢, 6). The inf-sup condition of form b(-,-) follows from the choice v =
(0, —p), i.e.,

—(A _
sup (Ap+0,11) > s (0, 11)
(¢,0)eX (@, 0)] x (0,0)ex ||9||0,Q

> [lillo.0-

The assumption (h.4) follows from

r(u,v) = ,¢),  r(v,v)=[¢l5a

for all u = (¢, w) in H and for all v = (¢,0) in H. Now, we can apply Theorem A.1.1
to prove the first part of the theorem.

To prove that A is equal to w, we can follow the same ideas as in the stationary
case (see Theorem II1.2.1 in [GR86]). Since Problem (Q) admits a unique solution
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(¢, w), ), it suffices to check that ((¢,w),w) is a solution of Problem (Q). Indeed,
taking ¢ = 0 in the first equation of Problem (Q), we obtain

(w—X\6)=0 VOeLQ),

then A\ = w. O

Proposition A.3.1 Let ) be of class C* or a convex polygonal. Let T € L*(0,T; L*(Q)?)
and (o,wo) € V, then

(Y,w) € L*(0,T; H*(Q) x H'(Q)) N H'(0,T; H) and X\ € L*(0,T; H'(Q)).

Proof: It is a direct consequence of Proposition A.1.1 and of the regularity properties
of the stationary problem. O
Let us introduce the weaker formulations of Problems (Q) and (P) as in Sec-
tion A.1.1. We set X = H}(Q) x L*(Q) and M = H'(Q).
We introduce the bilinear forms
i) = )+ (000), dlwe) == (550).
0xy
b(v, i) = (curl ¢, curl ) — (0, ),

where u = (¢,w) and v = (¢,0). We define the space V by
V= {(¢,0) € H(Q) x L*(Q) : (curl ¢, curl p) — (0, ) = 0 Vpu € M},

We have the following result proved in Lemma II1.2.1 of [GR86], which check the
assumption (h.6).

Lemma A.3.1 The spaces V and V are the same. Moreover, Problem (P) and (P)
coincide.

Now we can state the following theorem.

Theorem A.3.2 Let us assume that Q is of class C? or is a convex polygonal. For
(T, (¥o,wo)) given in L*(0,T; L*(Q)?) x V, the solution of Problems (Q) and (Q)

are the same, i.e.,

Y€ L*0,T; Hy ()  we L*0,T; HY(Q) N HY(0,T; H1(Q)).
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Proof: The proof is an application of Theorem A.1.2 together with Proposition A.3.1
and Lemma A.3.1. Let us check the assumptions. We have already checked (h.2)-
(h.5). The ellipticity condition (h.7) follows from the definition of V and Poincaré’s
inequality,

a(v,v) = [10l5.0 + (8,0) = 1050 + Volloa > Cll(6,0)%-

On the other hand, the form b(-, -) satisfies the weak inf-sup condition (h.8), which
follows from (A.9) and (A.27):

b(0.0).) _ 1 H(6.0).0) _ L gy U0

sup — sup = — sup

woex 1@01x = Cuoex 16.0)x — Cwamex [(6.0)]x
2 gHuHog Yu e HY(Q).

In view of Proposition A.3.1 (A belongs to H!(Q)) and Lemma A.3.1, we have
proved all the assumptions of Theorem A.1.2. Then we conclude the proof of Theo-
rem A.3.2. O
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Proof of a global Carleman
inequality

In this appendix we will proof Lemma 1.3.2. We will adapt to this framework
the arguments presented in [FCGIP04] and [Ima01]. Let us consider the system

—z—Az+z—(1+x)kAN2z+Vr=0¢lp inQ,
divz =0 in Q,

z=0 onX,

2(T)=0 inQ,

(B.1)

where ¢ € L*(0,T; W) N HY0,T; H).
Recall that By is an open ball satisfying By CC wN O and the auxiliary function
no satisfies ny € C%(Q),

no(x) >0 Ve eQ, ny=0 ond, |Vno(z)|>0 VxeQ\B,y.
We will need an additional open ball Byy CC By, such that we still have
|Vno(z)| >0 Ve eQ\ By
We will divide the proof of Lemma 1.3.2 in several steps.
Step 1. Following [FCGIP04], we apply some well known Carleman estimates for

the heat equation to (B.1). Thus, there exist constants sg, A\g and C' > 0 depending
on §2, w and T such that, for every A > \g and s > s¢, the following estimate holds:

T
I(s,\;2) < C{/ / e~ 223\ 2| da dt
0 < Boo
T
+/ /e—m (IVr]? + (1 + z2)k A 2] + |9lo|?) dxdt.}, (B.2)
0JQ

115
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Recall that the definitions of I(s,\;z) and the weights o and ¢ are given in Sec-
tion 1.3.1.

Of course, we can choose s large enough in order to absorb the previous term
|(1 + 22)k A z|* with the left hand side (B.2). We then have:

T
I(s,\;2) < C{/ / e 23N 3 2|? d dt
0 J Boo

T T
—|—/ /6_25°‘|Vr|2dxdt+/ / 6_2‘9“\@25|2da:dt} (B.3)
0 Ja 0 Jo

for any A > A\g and any s > s¢; .

Step 2. In order to estimate the pressure gradient Vr in (B.3), we first apply the
divergence operator to (B.1), i.e., we write

Ar(t) =div((1 +z2)k A 2)(t) in €, te(0,7) (B.4)

and then we use the following result by Imanuvilov and Puel [IP03], which is satisfied
by weak solutions to second order elliptic equations:

Lemma B.1.1 Let us set f(x) = @ and let v € H(Q) be a solution of
Av=divh in Q, (B.5)

where h € L*(Q)%. Then there exist positive constants Ty, \o1 and C such that
[t < ofr [ EPpnp e e gl
Q Q

+72\? / P 32w da + / ™| Vol? dx} ,  (B.6)
BOO BOO
for any T > 15 and any A > A1, where g = vaq - O

In particular, we have the following for r(¢) and g(t) = r(t)|sq :

/ PV (t) P de < C {T/ EPBI(1 4 z0)k A 2(t)|* da
0 Q

P22 g (1) e + TN / (1) da
00

+/BOO ezfﬂyvr(t)ﬁdx} | (B.7)
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In order to estimate the last integral in (B.7), let us introduce an open set By
such that B()() CcC B01 CcC B() and a function 501 S Cg(BOl) such that

0<& <1 and & =1in By.
Integrating by parts, it follows from (B.4) that

/ e ™P\Vr(t)|? do < / P& |Vr (1)) dx
BOO BOl

__ / 2By div((1 + 22)k A 2)(0)r(t) da
Bo1
1
—= / e PV ¢y - Virt)|* dz — EnVer ™. Vir(t)|* ds.
Bo1

2 Bo1
Integrating again by parts, applying Young’s inequality, and taking into account that
|A(e*PEy)| < CT2N23%*™ for some positive constant O, after some straightforward

computations we deduce that

/ PVt P de < C{TZ)\2/ 627552|r(t)]2da:—|—/ 627ﬁ‘2(t)‘2d:13}.
Bog BOl BOl

Replacing this inequality in (B.7), we obtain the following for each ¢ € (0,7):

/eZ‘Tﬁ\vr(t)de < 0{7/ €27 31 (1) 2 da
Q Q
627’862\T(t)|2dx} :

Now, let us put 7 = s/(t4(T'—t)*) and let us choose s > sgs = max(sg; , 72(7/2)%).
Then 7 > 7. Let us multiply by exp(—2sexp(2A||no|le)/(t*(T — t)*)) the previous
inequality and let us integrate with respect to ¢ in (0,7"). This leads to the estimate

T T
//62SQ|V7’\2dxdt < C’{/ /625a5g0|z\2dxdt
0 Jo 0 Jo

/ &5 (50 ) V2| ()12 1.

// ~250(5 ) |r|2dxdt} (B.8)

where o* and ¢* were also introduced in Section 1.3.1.
The first term in the right hand side of (B.8) can be absorbed by the left hand
side I(s,\; z) in (B.2) for s large enough. Hence, we obtain:

T T
I(s,)2) < c{ / / e 250 NG| ? du dt + / &35 (50" ) 2 g (1)1 g0,
0 Jwo 0

T T
+// e 2% (sAp)?|r|? dwdt—l—/ / ezsawzdxdt} (B.9)
0 Jwi 0 O

TGOl o0 + 72N [
Bo1
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for any A > A\g; and any s > sp3.

Step 3. This step is devoted to estimate the norm of the trace of the pressure on
the boundary. To this end, we introduce three new functions

X() = e (s ), Z=x(t)2,  F=x(0)r
From (B.1), we see that (Z,7) satisfies

5 —AZ+Z2+Vi=—z+x(1+z2)kAz+xdlo in @,

divz=0 in @,
z=0 onX,
Z2(T) =0 1in .

Using the continuity of the trace operator and standard a prior: estimates for the
pressure, we deduce that

T T
/O 102 .00t < / 17 ()12 o dt

T T
SC{/ /6_250‘*35/2(90*)3|z|2dxdt—|—/ / 6‘2”‘*(890*)1/2|¢|2dwdt}-
0 JQ 0 JO

We have used here that |x/()|> < Ce 2% s%2(¢*(t))3 for all t € (0,T). We thus
obtain a new estimate from (B.9):

T T
I(s,A\;2) < C{// 6250‘53)\4903\2\2dxdt+// e 2 (sAp)?|r|* dx dt
0 Boo 0 BOl
T
+//6_25°‘(3g0)1/2|¢|2dxdt} (B.10)
0o Jo

for any A > A\g; and any s > sg4.

Step 4. It remains to estimate the “local” term in the right hand side of (B.10)
containing |r|? in terms of z and ¢.

Assume that the pressure r has been normalized in such a way that

/ r(t)yde =0 Vte (0,7).
Bo1
Then there exists C' > 0 such that

/B lr(t)]* dz < C/ \Vr(t)]*dx VYt e (0,T)

Bo1
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and also

T T
/ / e 2 (sAp)?|r|* do dt < C’/ / e~ 2% (s\p)?|Vr|* da dt,
0 B()1 0 BOl

where the functions & = @(t) and @ = p(t) were introduced in Section 1.3.1.
From (B.1), we see that

// 28 \S2 |V drdt < c{// 253 AB)2(|2|? + |6[2) du dt
Bo1 Bo1

// e_QSa(s)\@Q(|zt|2+|Az|2)dxdt}.
0 J Bo1

Therefore, in view of (B.10), we obtain

T
I(s,\;2) < C{// e 2% (SBND 2] + (sAD)?[]?) dwdt
0o /B
h 01,\
+ // e (sAD) (| 2] + |Az]?) da dt
0 Y Bo1

T
—2s« 1/2) 412
+ /0/06 (sp) /<o dxdt}. (B.11)

Step 5. The rest of the proof deals with the estimates of the “local” integrals
containing |Az|? and |z/|?. First, we will be concerned with |Az|2.
Let us introduce a function &, € Cj(Byp) such that

0<¢ <1 and & =1in By,

where Byy CC By, CC By Let us set 2(x,t) = e85 &Az(T — t). We want to
estimate the norm ||Z|| L2(5y, x(0,1)) -

In order to simplify, we introduce the notations
Nty =e¢ and (e f)(t) = f(T —1).
It is easy to check that Z verifies
— AZ = ;1 Atrz — i1 Atz — o1 ATz

—NAp1ATrz — 20V py - VATrz  in R? x (0,7),
Z(0)=0 in R
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Using (B.1) and making some computations, we obtain

(2 - AZ =0 A(primr2) — 20V p1V1r2 — ) Apimrz — DA(pr7r2) + 20V 1 Vrrz
+ nAp1rz + NA(p1 (1 + 20)k A 772) — V1 V((1 + 22)k A 772)
—nAp1 (1 + x2)k A 7rz) =V div(pi (1 + z2)k A 772)
+ 0V div((1 + zo)k A 7r2) + H (p1) (1 + x2)k A 702 + DA(p1770)
— 20V V1rd — NAp1 770 — TAp ATz — 20V pi1 VATr2  in R? x (0,7T),
Z(0)=0  inR%

\

where H;i(p1) = Ojxp1 is the Hessian associated to p;.
Let us introduce z(x,t) = z1(z,t) + 2z2(x, t) such that

21 — Azy = W A(prrrz) — A (p17rz) + DA(p1(1 4+ 22)k A 772)
—nV div(p; (1 + 22)k A 772) + TA(p17r¢)  in R? x (0, T{B.12)
2(0)=0  inR2%
([ 2o — Azg = =20V Vrrz — T Apimrz + 20V o Vrrz + DA pi 2
— Vi V(1 + z2)k Amrz) — nAp1((1 4 z2)k A 772)
+ V1 div((1 + zo)k A 7rz) + H (p1)(1 + x2)k A TT%B 13)
— 20V p1V1rd — Ap1 77 — NAp1 ATz '
— 2V VArrz  inR? x (0,7),
2(0)=0  in R2%

\

On one hand we have the following result

Lemma B.1.2 Let z; be the solution of (B.12). Then there exists C > 0 such that

T T T
// |z1|2da:dt§(]{/ /e—2sas2@9/2\z|2dxdt+/ /6_285‘@2|q§|2dxdt}.
0 JR2 0 Jw 0 Jw

Proof: Let us consider v(x,t) the solution of

—v;—Av=F inR?x(0,7),
v(T) =0 in R?

with F(z,t) € L*(0,T;R?). By standard regularity results for the heat equation

we have that v € L?(0,T; H*(R*)?) N H'(0,T;R?). We say that z; is a very weak
solution of (B.12) if and only if the following condition holds:

T T
/ / 2 - Fdrdt = / / i rz — Qrrz + (1 4 o)k A 2] - Avdx dt
0 Jr2 0 Jr2

T
+ / / np1(rr¢ - Av — Vdiv(v) - (1 4+ z2)k A 7r2) dx dt.
0 Jr?
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Moreover, there exists a unique solution z; € L?*(0,T;R?) such that

HZl“%?(O,T;]Rz) <C {Hﬁzuimx(o;ﬁ)) + ||ﬁzl|%2(w><(0,T)) + ||ﬁ¢”%z(wx(0,T))} :

Taking into account that 77 < C(T")e **s%"* we conclude the prove of the lemma.
|

On the other hand for z,, we have

Lemma B.1.3 Let z be the solution of (B.13). then there exists C' > 0 such that

T T T
// |22|2dxdt§(]{//e‘25as2@9/2\z|2dxdt+//e_Zsa@2|¢]2dxdt}.
0 J Bo1 0 Jw 0 Jw

Proof: Let us denote by Fy = Fy(z,t) (which is in L?(0,T; H '(R?)?)) the right
hand side in (B.13). Since zy is the solution of heat equation in R? x (0,7) with ho-
mogeneous initial condition, we can express the solution in terms of the fundamental
solution, i.e., in the 2-dimensional case

1
G(I‘,t) = EG_T Vx € Rz, t> 07

hence,

t
ZQ(m,t):// Gz —0,t —7)F5(0,7)d0 dr.
0 JR2

Notice that in F, appears only derivatives of p; then the support of Fy is By\ By,
for each t > 0. Thus,

t
ZQ(x,t):/O/B\B Gla— 0.1 — ) Fy(0,7) d0 dr.
0 02

Now, the main idea is to eliminate all the derivatives that appear in z and ¢ by
integrating by parts. Let consider the first order derivatives on space appearing in
Fy
t
// G(x—0,t—1) {—2ﬁVp1VTTz(T) + 20V 1 Vrrz(1) — 20V p1 V1ro(T)
0 BQ\BOQ
— VI V((1+ z9)k A mpz(7)) + nVp1 div((1 4+ 22)k A TTZ(T))} do dr
t
= // {(AplG(az —0,t—7)+Vp1 - VG —0,t — 7)) 20 m72(T) — 20772(7)
0 BO\BOQ

+ 20rrd(7) + (1 + 22)k A 7p2(7)) — NG (. — 0,t — 7)H (p1) (1 + 20)k A 712(T)

+ Vi VG(z —0,t —7) - (1 + z2)k A TTZ(T)>} df dr.
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For the higher order derivatives on space we consider first the following term

t
// Gz — 0,t — 7)nAp1 Arpz(7) df dt
0 BO\BOQ

t
- // nrrz(T) {AQplG(x —0,t—T)

0 Bo\BQQ

+2VAp, - VG(z = 0,t —7) + ApAG(z — 0,t — 1)} dfdr.

For the other term we have

t
// G(x —0,t —7)nVp1 - VATrz(7) df dr
0 BO\BOQ
t
= - // nrr2(1) { A0 Gz — 0,t — 7) + 3VAp, - VG(z — 0,t — 7)
0 BO\BOQ

+Vp1 - VAG(z — 0,t — 1) + Ap AG(z — 0,t — 1)} dfdr

t
- 2// AH (py) H(G(x — 0, ¢ — 7))7r=(r) d dr.
0 J/ Bo\Bo2
We can deduce the following bounds

[VG(y, )| < CGly, )t lyl,  19G(y,1)] < CGly, )t (1 + [yl*),
IVAG(y, t)] < CG(y, )t lyl(1 + [y]*).

Taking into account these bounds, after some computations we obtain the following
estimate for 2o

¢
|zo(2, )| < C {// e s G(x —0,t —T)(L+ |t — 7| Lo — 0
0 Bo\BQQ
+t =720+ |z =) + |t — 7| 3|2 — 0|(1 + |x — 0))|7rz(7)| df dr
¢
+// e GG (x —0,t — 1)1 + |t — 7|2 — 0))|rro(T)| df dT} :
0 Bo\BQQ

Let us now multiply the above inequality by the characteristic function of By, i.e.,
1p,, (). Since & € By and 6 € By\ Boz, we have

0<d= diSt(BOl,BSQ) < ’.CL’ - 9| < C(B(], BOl,BOQ),

and we can write 1p,, (2)1 )\ 5, (0) < 1p(0,49)c(z — 0), where B(0, d) represents a ball
centered in 0 with radio d. Hence,

400
a1y (@) € [ [ G~ 0,8 = D)Ly (o~ Lo 617)
0 R2

(3{59/4|t — T|_3|TTZ(T)| + @|t — T|_1|TT¢(T)|) dl dr.
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Let us recall the following Young’s inequality. Let f € LP((0,+0c0);R?) and
g € LU((0, +00); R?), then f+g € L"((0, +00); R?) with 1+ L = >+ 2. Also, it holds

I * gl (0,400)m2) < 111 2r((0,400)82) 19| La((0,4-00):R2) -

We define
fl (ya t) = G(yv t>t_313(0,d)c (y)7 g1 (y7 t) = 6_86[89/59/4]-30><(0,T) (y7 t) |TTZ|a
f2<y7 t) = G(y7 t>t7113(0,d)c (y)v 92(y7 t) = eisagngoX(O,T) (y7 t)|TT¢|

Since GG contains a negative exponent in the exponential, it is easy to check that

f1, fo € L*((0,T); R?) and moreover, because of the regularity of z and ¢, we have

g1, 92 € L?((0,T); R?). Now we are in condition of apply the above Young’s inequality

(with r = 2) to complete the proof. O
It follows, using the estimations of Lemma B.1.2 and Lemma B.1.3, that

T T
// eQSa(sA$)2|Az\2dxdt§// SN2 d it
0 BOI 0 BO

T T
SC(// 625a34)\2@9/2]z\2dxdt+// e%a(sw)ﬂd)\wxdt).
0 B(] 0 BO

Thus, from (B.11) we have,

(B.14)

I(s,\;2)

T T
<C </ / 6_25'334)\4{59/2|z|2dx dt —I—/ / e~ Y (sAp)?| 0| dx dt
0 Bo 0 BO

T T
+// e~ 2% (sAP)?| 2|2 da:dt—l—/ / 6250‘(5@)1/2|¢\2dxdt). (B.15)
0 Bo1 0 O
Step 6. Now, we want to estimate |z;|?. Due to the regularity properties of ¢, we
can use here a more straight argument than in [FCGIP04], where the right hand

side only belongs to L*(Q)?.
First, notice that

T R T 1
/ / e (sAP)? |z |* d dt < (5/ / e 25— |z [* dx dt
0 J Bo1 0 J Bo1 Sp

g 2 1 2
w8 [ ] el dud
0 J B )72

T
+C5/ / 674sa*+2sa*57)\4(/’515/2|2’2 dr dt.
0 J Bo1
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This is easily obtained by integrating by parts in time. We will later choose 6 > 0
small enough.
We have the following auxiliary result:

Lemma B.1.4 Let (z,r) be the solution of (B.1). Then the following estimate holds

/ / —2sa” 7/2 ’Ztt’2 dx dt
<C|(I(s,A;2) —I—/ / e 25" L|¢|2 + ;W %) dxdt) (B.16)
- T 0 Jo sp* ()2 h

Proof: Let us multiply (B.1) by e 25" s72(¢*)"%/%2, and let us integrate in Q.
Noticing that

}(672sa*(80*>79/4)t| < C@iQsa*S(QO*)fl,

after some computations we deduce that

// —2sar 9/4\Vzt|2d:cdt
<c{// (2 + ) dadl
// —2sa* 1/4|Vz]2dxdt+// —2sa* *‘¢|2dl‘dt}
// ~2s0° 7/2]ztt]2dxdt. (B.17)

On the other hand, if we compute the time derivative of (B.1) and then we
multiply the result by e=25¢"s73(0*)~7/22,, | we find that

/ / —2sa” 7/2 |Ztt|2 dx dt

S/O‘/K;QZSOC*W‘VZt‘de'dt (B18)

T
+C (/ /6_250‘ —|z|? dxdt—i—// —2sar 7/2|¢t|2dxdt>.
0 Ja

From (B.17) and (B.18), we see that (B.16) holds. O



Appendix B 125

In view of this lemma, we have

T
// e B (AP)? |2 2 da dt
0 J Bo1
<O (I(s,\ )+/T/ ~2sar (L 92 + ! |pe|? ) da dt
4
- . 0 Jo 5" Syt )

T
+C§/ / €f4sa*+25a*s7>\4$15/2‘2’2 dr dt.
Bo1

If we assume that v; < 1 then (3 —~;)/2 > 1 and from Lemma 1.3.1 we deduce
that (3 —v1)a/2 > o, for sufficiently large A, say A > Ag2. Consequently, —4a +
20 < —(14 v )a and

T
// e B (AP)? |2 P da dt
0 J Bo1
< C68 (I(s,\ )+/T/ e (] 9> + = |pe|? ) da dt
S , 2 € X
- T e Jo s ()2

T
+05// e~ IFm)s@gTALBIS2 |22 dy dt
Bo1

for any A > A\po and any s > sg4 .
From (B.15) and this estimate, choosing § > 0 small enough, we find:

I(s, )\ 2)

T T
< C{/ / e~ (HM)sagTALBI/2| 22 dy: dt+/ / e (AP)?|o|? dux dt
Bo 0 J By
1
1 2 2 2
/ / (Sw 2|g| W|¢t’ ) dxdt},

for all A > A\go and s > s .

Obviously, this yields (1.20). The proof of (1.21) is very similar and in fact much
simpler, since the left hand side of (1.10) is zero.

Thus, we have proved Lemma 1.3.2 for \; = Agp2 and s; = sg4 (two parameters
depending on Q, w, O and T)).
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