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Abstract

In this work, we propose a Lagrange multiplier approach for a reverse osmosis model
describing the flow of a saline solution through a channel bounded by semipermeable mem-
branes. The model couples the incompressible Navier—Stokes equations with a convection—
diffusion equation for the solute concentration, both through the convective term and through
the membrane conditions: the normal velocity depends linearly on the concentration, the
tangential velocity vanishes, and the concentration satisfies a Robin-type condition with a
non-negativity constraint. In addition, Dirichlet conditions are prescribed at the inlet and
directional do-nothing conditions at the outlet. We consider a velocity—pressure formulation
for the fluid and a primal formulation for the concentration, imposing the Dirichlet-type
conditions weakly through Lagrange multipliers. Then, by means of a fixed-point strategy
and the Banach fixed-point theorem, we establish, under suitable smallness assumptions on
the data, the well-posedness of the continuous problem and show that the concentration
remains non-negative. Similarly, we prove the well-posedness of the associated Galerkin
scheme for generic finite-dimensional subspaces satisfying suitable hypotheses, and derive a
Strang-type a priori error estimate. In particular, Taylor-Hood elements for the velocity and
pressure, continuous piecewise polynomials for the concentration, and piecewise polynomials
on independent boundary partitions for the multipliers satisfy these hypotheses and yield
optimal rates of convergence. Finally, numerical experiments confirm the theoretical results
and illustrate the performance of the method in a realistic membrane channel.

Key words: reverse osmosis; desalination; Navier—Stokes equations; convection—diffusion equa-
tion; finite element method; Lagrange multipliers; positivity of concentration; error estimates
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1 Introduction

Reverse osmosis (RO) is currently the dominant technology for seawater desalination and fresh-
water production, accounting for nearly 85% of the installed capacity in large-scale desalination
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plants worldwide, mainly owing to its lower energy consumption compared with thermal meth-
ods such as multi-stage flash [28] [30]. From a physical point of view, RO membrane processes
combine the incompressible flow of a saline solution through narrow feed channels with the ad-
vective and diffusive transport of the solute and the selective permeation of water and salt across
the membranes. Reliable numerical models of these coupled phenomena are therefore essential,
both to understand the mechanisms that determine membrane performance and to support the
optimization of RO modules and the design of more efficient desalination systems.

Mathematically, these processes are typically modeled by the incompressible Navier—Stokes
equations for the flow, coupled with a convection—diffusion equation for the solute concentration,
where the two subsystems interact through the convective term and through concentration-
dependent conditions on the membranes. From the analytical viewpoint, the latter coupling
is particularly delicate: the normal velocity on the membranes is prescribed in terms of the
unknown concentration, so that the Dirichlet datum for the flow is itself part of the solution
and must be compatible with the inlet data at the corners of the channel. In addition, the
nonlinear character of the equations and the need to preserve physically relevant properties,
pose further challenges for both the analysis and the numerical approximation. In practice,
most numerical studies have been restricted to single-channel configurations, mainly because
of the high computational cost of simulating several channels, and have been carried out with
commercial finite element packages, without a rigorous mathematical framework (see [7], 24} 26,
31, 32, B3] and the references therein).

Despite this interest, only a few contributions provide a rigorous numerical analysis of the
coupled system. In [I1], the authors proposed a finite element formulation coupling the incom-
pressible Navier—Stokes equations with an advection—diffusion equation for the salt concentra-
tion, where the membrane conditions are imposed by means of Nitsche’s method; however, the
analysis of both the continuous and discrete problems was left open. Later, in [6], a fully mixed
Banach spaces-based formulation of the same model was analyzed, and a stable mixed finite
element scheme with optimal a priori error estimates was derived. The main advantage of this
approach is that it provides direct approximations of further variables of interest, such as the
velocity and concentration gradients, although at the price of introducing additional unknowns,
which increases the computational cost.

More recently, in [2], a three-field formulation in terms of the velocity, pressure and concen-
tration was analyzed, where the model was modified by incorporating a non-negativity constraint
on the concentration along the membranes, which allows proving the non-negativity of the con-
centration in the whole domain at the continuous level. In that work, the inlet concentration is
assumed to be constant, which simplifies the treatment of the Dirichlet condition at the inlet.
In addition, the Dirichlet conditions are imposed strongly, and the membrane condition involves
the positive part of the concentration. As a consequence, the analysis relies on a lifting of the
concentration-dependent boundary datum, defined through an auxiliary Stokes problem, and,
at the discrete level, on an interpolation of this datum, which is not piecewise polynomial in
general. In particular, the error analysis requires additional regularity of the auxiliary Stokes
problem, and, since the lifted datum is approximated by a first-order interpolant, the resulting
theoretical rates of convergence are limited to first order, independently of the polynomial degree
of the discrete spaces.

Motivated by the above, in this work we propose a Lagrange multiplier approach for the
model considered in [2], in which the Dirichlet-type conditions for the velocity, on the inlet and
the membranes, and for the concentration, on the inlet, are imposed weakly. This approach



allows us to consider a general inlet concentration ¢y, € HY/ 2(Fin), instead of the constant
one assumed in [2], and to avoid both the auxiliary Stokes problem defining the lifting and
the interpolation of the boundary datum, since the Dirichlet data enter the formulation only
through the right-hand sides of the constraint equations. In addition, unlike [2], the membrane
condition does not involve the positive part of the concentration, and the non-negativity of
the concentration is ensured directly by the constraint imposed on the membranes. At the
continuous level, we establish the well-posedness of the resulting formulation by means of a fixed-
point strategy and the Banach fixed-point theorem, under suitable smallness assumptions on the
data, and show that the concentration remains non-negative. At the discrete level, we introduce
a Galerkin scheme based on generic finite-dimensional subspaces, derive suitable hypotheses on
them ensuring its well-posedness, and establish a Strang-type a priori error estimate. Then, we
show that Taylor—-Hood elements for the velocity and pressure, continuous piecewise polynomials
for the concentration, and piecewise polynomials on independent boundary partitions for the
multipliers satisfy these hypotheses. As a consequence, and in contrast with [2], where the
theoretical rates are limited to first order, we prove optimal rates of convergence of order k + 1
for any polynomial degree k > 1, without requiring additional regularity of auxiliary problems.
Although we are not able to prove that the discrete concentration is non-negative, this property
is consistently observed in our numerical experiments, which also confirm the theoretical rates
of convergence.

The rest of the article is organized as follows. In the remainder of this section, we introduce
the notation and preliminary theoretical results that will be used throughout the paper, and in
Section [1.2] we present the model problem. In Section [2] we derive the variational formulation
and establish its well-posedness, together with the non-negativity of the concentration. Next,
in Section [3] we introduce the Galerkin scheme for generic finite-dimensional subspaces, derive
suitable hypotheses ensuring its well-posedness, and establish the corresponding Strang-type a
priori error estimate. In Section {4} we provide a concrete choice of finite element subspaces sat-
isfying these hypotheses and derive the associated rates of convergence. Finally, in Section 5| we
report numerical experiments that confirm the theoretical results and illustrate the performance
of the method.

1.1 Preliminaries

Let © C R? be a bounded domain with polygonal boundary I'. Throughout the paper we
use standard notation for Sobolev spaces WP (), where p € [1,00] and m > 0, and for
the Lebesgue spaces LP(Q) := W %?(Q), equipped with the norms || - [wm.nrq) and || - [[Le(q),
respectively.

When p = 2, we write H™(Q) instead of W ™2(Q), and for simplicity we write H™(Q) :=
[H™(Q)]? and H™(Q) := [H™(£2)]?*2, whose corresponding norms and seminorms will be denoted
by || - [[m, and | - |m,0 in all cases.

Next, let 40 : H(Q2) — L2(T") denote the well-known trace operator, which satisfies

Lo Ve e HY(Q), (1.1)

llellor < Crlle

for some Cr > 0. We define the trace space of H!(Q) as

HY2(T) := o (H'(2)),



endowed with the norm

1111/, = inf {[[wllLe : w € HY(Q), yo(w) =9} . (1.2)
Alternatively, H/2(T") can be endowed with the following norm, equivalent to | - ||; /o (see [22
Remark 4.2.3]):
/2
[u(z) — u()P)’
il = ([ 1o+ [ [PEZA0) T v me) (13)
r r/r |z -yl

On the other hand, for 0 < n < 1 and following [15] 22], we define the Holder boundary
space on I' by

COM(T) = {g e Co() : |g(z) —gly)| < M|z —y|" Ya,y €T, for some M > O},

endowed with the norm

) . 1/2
lullcony = (lullog + o) (1.4)
where u(@) = u(y)
u(z) — u(y
ul|cory :=sup |u(x)| and |u|con) = sup —————.
[ullcor) xeF| ()| |ulgoun(ry SU
TH#Y

Then, given f € HY/2(I') and g € C%(I") with 0 < < 1, there holds fg € H'/?(T") and (see [2,
Lemma 1.1))
1£9ll1/2,0 < eqllgliconmyllfll/zr- (1.5)

In the sequel, the dual space of HY/2(T') is denoted by H~1/2(I') and we employ (-, )1 to
denote the duality pairing on H=1/2(T") x HY/2(T"), which coincides with the L?(I')-inner product
when applied to functions in L%(T'). The vector-valued counterparts are denoted by H'/?(T)
and H-'/2(I"), corresponding to H'/2(I") and H~1/2(T"), respectively.

Furthermore, by the Sobolev embedding H'/?(T") < L*(T'), we have

|Gllary < Crllwlljor Vo € HY2(D), (1.6)

with Cr > 0.

We now recall some definitions and technical results on extension operators (see, e.g., [13]
18]). To that end, we let I'1,I's C T', such that T1 UTy = " and Ty N Ty = ), and for each
j € {1,2}, we define the trace operator

v, HY(Q) — LA(T;), vj(v) :="0(v)|r; a.e. onT}.
Then we let
H1/2(Fj) = ’Y](Hl(Q))v .7 € {172}a
endowed with the norm

16lsr, =int{ ¥z ¥ € HY2D), @i, = ¢}

(1.7)
:mf{uvum L0 € HY(Q), 0(v)|r, = ¢}.

4



We also let
HlLl(Q) ={ve Hl(Q) s m(v) =0},

and recall that, owing to the well-known generalized Poincaré inequality (see, e.g., [25, 5.11.2]),
the following estimate holds:

lv|1,0 > Cpljv|ia Yve H%l(Q), (1.8)
with Cp > 0.

Now, let

be the extension operator given by

We then introduce the space
Hop'(T2) := {§ € H'*(D2) : By, (€) € H2(D)},

endowed with the norm
||§”1/2,007F2 = HEO,Fz(f)Hl/Q’Fa (1'9)

where || - ||;o,r is the norm defined in (L.2)).
We also define the extension operator

Er, : HY(T1) — HY2(I), € B, (€) = 2Ir,
where z € H!(Q) is the unique solution of the boundary value problem
—Az=01in Q, z=¢&on I, Vz-n=0onIs.

This operator satisfies
1Er, ()20 < CliEll12r: (1.10)

where C' > 0 is a constant independent of . In addition, one can show (see [I7, Lemma 2.2])
that for all o € HY/2(T), there exist unique elements

o1=olr, € HYA(I1) and 2= (0 olr,)Ir, € Hyp (T2), (1.11)
such that
0= Er,(01) + Eor,(02) (1.12)
and
ci(llenllijz,r, + llo2lli/2,00r.) < llellijz,r < ca(llotlli2,r, + llezalli/2,00,r,); (1.13)

with c1, c2 > 0 only depending on 2. The latter implies that the following decomposition holds
and is stable: )
HY2(D) = Ep, (H'/2(I1)) @ Bor, (H* (D).



Now, given £ € H™'/2(T") and g € L?(T';), we say that £ = g on I'y in the weak sense if
1/2
€ For@)r = [ 9o Vo eHT). (119
2

Using the preceding definition, we introduce the subspace of functionals in H=1/2 (T") that vanish
on I's in the weak sense:

Hy, (1) = {€ € HOV2(1) (6, Bory ())r =0, Vo € HY (D)} (1.15)
Notice that, given A\ € H™Y/ 2(T) satisfying (1.14)), it admits the decomposition

A= A1+ Ag, (1.16)

where Ay € H-V/2(I") is defined by

Oathri= [ 9o VoemAm),
2
and A1 := A — Aa. Observe that from (1.14]) it follows that

M, Bors ()1 = (A= Aoy Bory (¥))r =0, Vb € Hyp*(Ta),

and hence
A € Hp (D).

In addition, the following identity holds:
(udle = Ot + [ g0 Vo eHUAD), (1.17)
2

Finally, given u € H'(Q) and ¢ € HY/2(T'}), we say that u = ¢ on Iy if

(€ u)r = (& Er,(9))r, V&€ HL (D). (1.18)

In particular, if ¢ = 0 on I';, we deduce that (1.18]) implies that u € H%l (Q).

The following result provides a localization of the HY/2-norm on unions of consecutive bound-
ary segments. For the sake of readability, its proof is postponed to Appendix A in Section [6]

Lemma 1.1 Let ¥1,%2 C T be two consecutive segments of the polygonal boundary ', sharing
the common vertex x1. Given f1 € H1/2(21) and fy € Hl/Q(Eg), define

) fi oon Xy,
f_{fg on Xo.

Assume that the compatibility condition

/61 |Ra, (f1, f2;0)|?
0

do < +00 (1.19)
g



holds, with
Ry, (f1, f2;0) == fa(x1(0)) = fi(x1(=0)), for a.e. o € (0,61),

where d1 > 0 is chosen sufficiently small so that

x1(0) € ¥o and x1(—0) € ¥4, Vo€ (0,61),

and o — x1(0), 0 — x1(—0) are Lipschitz-continuous parametrizations of Yo and X1, respec-
tively, with Lipschitz-continuous inverses. Then

feHY2(2,Uny),

and there exists a constant C' > 0, independent of f1 and fo, such that

1/2

" [Ry, (f1, f2;0)[
T IVeYe Hf1||1/2,21+||f2||1/2,22+(/0 oL Fi0) da) )

We end this section by introducing some further notation. In what follows, Egr, and Er,
denote the vector-valued counterparts of Eyr, and Er,, respectively, acting component-wise,
and -y denotes the vector-valued version of vy. Accordingly, we let

Hy, (1) := {5 eHY2I): (£, Eor,(0)p =0 Vee Hé{f(m)}.

In addition, given a scalar function ¢, we denote by ¢ and ¢~ its positive and negative parts,
that is,

oF = 3o+ 16l) and o= L(o— o)), (1.21)

so that ¢ = ¢T + ¢

Throughout the paper, 0 stands for a generic null vector and, when no ambiguity arises, | - |
denotes the absolute value in R and the Euclidean norm in R? or R?*2. Moreover, ||(-,-)|| denotes
the norm of a product space, defined as the sum of the norms of its components; for instance,
[, M| == Ipllog + [[AllZ1/2,r for (p,A) € L*(Q) x H_1/2(F). Also, for any S C R?, scalar

Tout
functions u, v, vector fields u = (u;)2_;, v = (v;)%, and tensors o = (Uz‘j)%j:p T = (T,‘j)?’jzl,

we write
(u,v)g ::/uv, (u,v)g ::/u-v, (o, 7T)s ::/0':7'.
S S S

Finally, from now on, C' > 0, with or without subscripts, tildes or hats, denotes a generic
constant, independent of the discretization parameters and of the physical parameters, which
may take different values at different places. Similarly, given A, B > 0, we write A < B
(respectively, A > B) whenever A < C' B (respectively, A > C B) for some such constant C' > 0.

1.2 Model problem

Here we consider the nondimensionalized version of the model problem introduced in [2]. To
that end, we let

Q= (0, %) % (0,1) C R,



where a,b > 0 are fixed constants (the physical length and width of the channel, respectively)
satisfying a > b, and let T' := 9€) denote its boundary. We decompose I' into the mutually
disjoint portions

[y = {0} X (07 1)7 Pout = {a/b} X (07 1)a I‘mWL = (O,G/b) X {1}7 I_‘rn* = (O,Cl/b) X {0}7
B B B B (1.22)
sothat ' =T, Ul + UT - UTlqy, and we set 'y, :=T',+ UT',,- and
xt:=(0,1) =Ty N T+, X~ :=(0,0) =Tin N Ty

Along T, we denote by n := (n1,n2)! the unit outward normal vector and by t := (—ng,n1)! the
associated counterclockwise tangent vector, as illustrated in Figure[1.1

n= (‘)
j T
X+ Asasssisssssssssssssssssssssssdasssassscnnsabostsiiassasafitiitaassaadaicaasasatasdesssssasass
1 : <
n (T; ) (_: t Tt
i
I
INMI 9 Cout

I

ti i t ——> n=()
I >

Figure 1.1: Sketch of the computational domain.

The model consists of the incompressible Navier—Stokes equations, governing the fluid flow,
coupled with a convection—diffusion equation describing the transport of the solute. The coupling
takes place through the convective term in the transport equation and through the membrane
boundary conditions, where the fluid flux depends on the solute concentration. More precisely,
we consider the following nondimensional system:

1
—div(QVu —pI) +diviu®u)=0 in £, divu=0 in £,

u=u, on Iy, u-n=a —ay, u-t=0 on Iy, (1.23)

1 1 _
(EVu—pI>n:§(u-n) u on Iou,

coupled with
1
_FQA¢+U'V¢:0 in €, ©=¢in on D[y,

1
(¢U—FV¢>'UZG3¢, >0 on Iy, (1.24)
e
1
Pfchp-n:§(u-n)*go on Iout.

Here, I denotes the identity matrix in R?*2. The unknowns are the (nondimensional) fluid
velocity u, pressure p, and salt concentration ¢. The given data are the Reynolds number
Re > 0, the Péclet number Pe > 0, the membrane parameters a1, as, ag > 0, the prescribed inlet



velocity Wi, = (U1, U2in)" € H1/2(Fin), and the prescribed inlet concentration i, € Hl/z(Fm),
with @i, > 0 on I'y,. For convenience, we set a := (a1, ag, a3).
The Reynolds and Péclet numbers are defined by

L L
- pgo . pe.= L (1.25)
1 K

Re:

where Uy > 0 is the characteristic inlet velocity, L := b is the characteristic length (the channel
width), p is the fluid density, p is the dynamic viscosity of the fluid, and « is the salt diffusivity
in water. The velocity, pressure and concentration have been scaled by Uy, p U and a reference
concentration g > 0, respectively, and the dimensionless membrane parameters a1, as,as are
obtained from their physical counterparts as in [2].

Notice that, following [2] and unlike the formulations proposed in [0, [11], the model
explicitly incorporates the non-negativity constraint ¢ > 0 on I'y,, which enables us to prove, in
Lemma[2.3] that the concentration remains non-negative on I'y,, and throughout Q. Furthermore,
on I'yyy we impose directional do-nothing boundary conditions, which are known to provide
improved numerical stability and performance; see [23, Section 2.4].

In what follows, we assume that uy, and s, satisfy the following conditions:

(i) the limits i := lim_ ¢y, (x) exist, and
x—x+

limi Ug,in(Xx) = i(al — a9 Lpfl); (1.26)

X—X

(ii) the first component of the inlet velocity satisfies

U1,n € H(l)éQ(Fin)§ (1.27)

(iii) there exist n € (0, 1] and relatively open neighborhoods U* C I'y, of x* such that

U271n|u:t, @in’uﬂ: c Co’naxfi). (1.28)

Condition (i) is a compatibility requirement between the inlet data and the membrane condition
u-n = a; — ag at the corners x*, while (ii) is compatible with u-t = 0 on I'y,. Finally, (iii)
will be used in Section [2] together with Lemma to ensure that the boundary data can be
extended to an element of H'/?(T).

For instance, if @3, > 0 is constant and

ugin(0,y) = (a1 —a2 o) (2y —1)  V(0,y) € T,

then uj, satisfies ((1.26|) for any uq i € HééQ(Fin). Moreover, since ug i, is a polynomial and @i,
is constant, ((1.28)) holds for any 7 € (0, 1].

2 Continuous weak formulation and its well-posedness

In this section, we derive the weak formulation associated with (1.23)) and (1.24) and analyze
its well-posedness.




2.1 Weak formulation

Unlike [2], we first proceed as in [I] and notice that, since (qfzVu —pI)n € H~'/2(I"), the
boundary condition on oyt in (1.23)) can be expressed as

1 1
((Fe¥u—r)n o, (@) =3 nor,  VoeHPTw). (21

Then, according to (1.17)), we introduce the additional unknown X € Hlfolu/t 2(F) satisfying

1 1
- <(Rev11 ~pl)n, ¢> = A5 w ), Ve eHVAD).  (22)
r
Thus, noting that div(u®u) = (u- V)u since div u = 0, multiplying the first equation of (|1.23))
by a test function v € H(Q), integrating by parts, and using (2.2), we obtain
1 1
%(Vu, Vv)q — 5((u-n)* u, V)1, +/(u-V)u~v — / pdivv+ (A, v)p =0 Vv e H(Q).
Q Q

Next, we let
HL (2) == {6 € H(Q): ¢lr,, = Pin},

and, for each ¢ € H<1pin(Q)’ we define the concentration-dependent boundary function

Uin on D'y,
Uiy (@) := (2.3)

(a1 — ay gb)n onI'y.

As will be shown in Lemma assumptions ([1.26])—(1.28) and Lemma imply that @, (¢) €

H'/2(I'¢,,) for each such ¢, where I'¢ , := I'yy U 'y,. Moreover, the boundary conditions on T,
and I'y, in ((1.23)) can be written as u = G, (¢) on I'S ;. Therefore, the following redundant term
can be introduced:

_% /C (ﬁin(‘P) . n) u-v= _1/ (ﬁin(gp) . n) ﬁin(@) v Vv e HI(Q) (2.4)

out out

This term is introduced to cancel the boundary contribution on I'S , arising from the convective
term, a fact that will be key to derive the well-posedness of the discrete problem (see Lemma
below).

In turn, the incompressibility constraint and the Dirichlet condition u = G, (¢) on I'S,, are
imposed weakly as

/ gdiva=0 Vgel?(Q) and (& u)p = (& Ere (Un(p))), VEe Hl:ju/f(r)-
Q

Similarly, since chp me H V3T ), the boundary conditions on I'{, := I'y;, UT gyt in ((1.24))
can be written, according to (1.17)), as

/L ) — 1/2
<Pew n,¢>r—<A,¢>F+/Cg¢ Vo € HY(D),

in

10



with the additional unknown \ € Hy. 1/ 2( I') and

1
—i(u ‘n) ¢ on Loy
Then, multiplying the first equation of (1.24) by a test function ¢ € H'(Q) and integrating by
parts, we arrive at

Ple/Qw-vw+a3/mww+[)<u~V¢>w—/Fm<u-n>so¢—;/Fwtm-n)w+<w>r=07

for all ¢ € HL(Q).
Analogously to (2.4]), and using that u = u;, and ¢ = @i, on Iy, we introduce the redundant
term

{aggocpu-n on 'y,
9=

1 1
—2/Fm(11in ‘n) Y = —2/Fm(uin ‘n) gy Vi € H(Q), (2.5)

which plays the same role for the transport equation. Finally, the Dirichlet condition ¢ = @iy
on I'y, is imposed weakly as

(€ 0)r = (& Br,(m))y V€ H2(D).

According to the above, the variational formulation of (1.23)-(1.24) reads: Find (u, (p, X)) €
H'(Q) x (L*(©) x H;Olu/t (")) and (¢, \) € HY(Q) x H_l/Q(F) such that ¢ > 0 on I'y,, and

ap(u,v) + O%(u;u,v) + bp(v, (p, X)) = Fu(v) Vv e HY(Q),
br(u,(q,€)) = (€, Ere, (W(9))). V(q,€) € L(Q) x H, (),
ac(e,v) + Oc(u; o, ¢) + bo (v, \) = G(1)) Vi € HY(Q),
bo(p,€) = (€ Bry, (pi))y  VESHRA(D),

(2.6)
where

aF(uvv) = é /Q Vu: VV, bF(V7 (Q7£)) = bFJ(V,Q) + bF,Q(V7£)7
bF,l(an) = _/ qdiVV, bF,2(Va£) = <£>V>F7

acle) =g [ Ve Totan [ ove o, = (€ v,
Folv) =~ / (Gn(0) ) ) v G() == [ (o,

out I_‘in
whereas the forms O? and O¢ are defined by

0% (w;u,v) = /Q(W‘V)U'V_;/gut(ﬁin(@'n)u'V—;/Fout(w'n)u‘V,

Oc(wip,¢) := /Q(W'Vsow—;/Fm(mn-n)s@w—/rm(w'n)w—;/Fout(w-n)w/),

(2.7)
for all w,u,v € HY(Q), ¢,v € HY(Q) and ¢ € H}pin (Q).
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2.2 Well-posedness and concentration positivity

We now proceed as in [2] and apply a fixed-point strategy to prove the existence and uniqueness
of a solution to (2.6). To this end, we first establish the stability properties of the forms involved.
2.2.1 Stability properties

We begin by observing that ar, ac, br 1, bp2 and be satisfy

ap(u,v)] < éuuul allvllLe Yuv e HY(Q),
1
lac (. ¥)| < Lac (s +as) Ielialvla Ve, v € HI(Q),
bra (v, q)| S ||V||1 allallo Vv e HY(Q), Vq € L2(Q), (2.8)
bra(v,€)| < vveH\(Q), V¢ e HL /A(D),
bo(¥,€)] S ¥y € HY(Q), V¢ € Hy, (D),

with L, ¢ > 0 depending only on €.
Regarding the forms O? and O¢, the Sobolev embedding H!(Q2) < L*(Q) (see [27, Theo-
rem 1.3.4]) yields
Vloae S Ivile Vv e HY(Q), (2.9)

and analogously for scalar functions, which, together with (1.1), (1.2) and (1.6)), allows us to
control both the volume and the boundary terms. Then, a straightforward application of Hélder’s
inequality gives

0%(wiu, V)| S (IIwlho + [@n(@)l1/2re,,) [ulhollviie,

10c(wi0,9)| < (Wl + [tz ) lollellvle,

(2.10)

for all w,u, v € HY(Q), ,% € H'(2) and ¢ € H}pin(Q). Moreover, using the Lipschitz continuity
of t — t~, we obtain

|0%(w;u,v) — O%(z;u,v)| < [w —zl1alullielv]ie,
(2.11)
@)

|Oc(w;¢,%) — Oc(z;0,0)| S |w

for all w,z,u,v € HY(Q), ¢,v € HY(Q) and ¢ € Héin(Q).
Concerning the right-hand sides of (2.6)), the duality pairing bound, together with (|1.2)),

(L7, (L6) and (L10), yields

Fs()| S (@) 5,0 [VILe Vv e HY(Q), ¥o € HL (9),

(€ g (a0 | S Iy Blars, V6 € BEV2D), Vo € 1, (@), -
€ Bru(en)r | S €11 par el o, ve e H D), |
G| S il il Il Vi € H1(Q).

Note that ||Qin(#)[|1/2,re , appears in the first estimate of (2.10) and in the first two estimates
of (2.12). The following lemma provides an explicit bound for thls quantity.
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Lemma 2.1 Given ¢ € H}Din(Q), let @in(¢) be the function defined as in (2.3)), with wy =
(urin; uzn)" satisfying ([L26), (L27) and (T28). Then win(¢) € HY2(TSy,) and the following

estimate holds
[Qin(P)l1/2,re,, S Ci(data) + azl|é

1,9 (2.13)
with

C\(data) = [lurinlli/200,r,, + luzinllijor, + Y (!al — agl, | + |U2,in|00m(u*))
*6{+7_}

(2.14)
+az gl a2 > (Iohl + lpulconem))-
*e{+,—}
In addition,
[Qin(¢1) — Win(P2)[l1/21e,, < a2lld1 — ¢2ll10: (2.15)

for all @1, o € H}pin(Q).
Proof. First, define
U2 in on [y,
U := < a1 — aggo; on '+,
—(a1 — agcpi;) on '\ -,
where gpij; € R are the constants from @D

In what follows we employ Lemma@ (which extends straightforwardly to three consecutive
sides) to prove that @iy € H/2(I'¢,,). To that end, we set

out

+
a; — agp;, on L'y,

f1 = UQJH on Fin and f2 = _
—(a1 — az¢y,) on Ty,

and let x* (o) denote the arclength parametrization of I'y, UT,+ near x*, with x* () € T+
and x*(—co) € U™ for all o € (0,5), with 5 > 0 sufficiently small, so that x(0) = x*.

Using that fo = a; —asp;" is constant near x* and fi = ugi, € COM(UT), for all o € (0,67),
it follows that

[f1(x"(=0)) = filx)| < [uznlgon@ry o™ and  |f2(x"(0)) = f2(xT)] = 0. (2.16)
Moreover, the compatibility condition ((1.26)) gives exactly the pointwise matching
fi(x1) = ugin(xT) = a1 — a2t = fo(xT). (2.17)

Combining (2.16]) and via the triangle inequality, we obtain, for all o € (0,47),
|f2(xF(0)) = fix™(=0))| < |fo(xT(0)) = fo(x)| + | fi(x) — fi(x(~0))]

- 2.18
< ‘U2,in|co,n(u+) o' ( )
In this way,
2
/5+ Rt (f1, f30)* /‘S+ |2l (@) = Al (]
0 g 0 o
ot
S ‘UQ,in’%O,n(qu)/ 0'277_1 do (219)
0
(0%)* 2
= 7|u2,in|co,n(u+) < +00.
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An analogous computation at x~ gives

/5 |Rx=(fr, foi0)* o (5)
0 o 2y

Uz inlGomgey < +o00. (2.20)

Hence, condition ((1.19)) of Lemma [1.1] holds at both x* and x~, and therefore

iy € HY2(I¢,,).

In addition, from (1.20)), (2.19) and (2.20)), the following estimate holds

lalyors, S luzalior, + Y. (llar—azehllyor,. + H2ilooneem ). (221)
*€{+7_}

However, since any constant on I'y« is the trace of the same constant function in €2, from ((1.7)
we deduce that

[ a290i*nH1/2,Fm* < |92 a1 —asefy |, Vx € {+, -},

which, together with (2.21)), implies

ltallijzre , S luzinllier, + Z <’al — azply | + |U2,in|covn(u*))- (2.22)
*€{+7—}

Now let
®in  on i,
Gin = 4 pi- on T+, (2.23)
o, on ' —.

Employing Lemma using that ¢, € CO"(UT) (cf. (1.28)), and proceeding analogously as
for iy, it is possible to prove that @y, € HY/2(I'S,,) and that the following estimate holds,

[@inllijzre . S lemlliyer, + Z <||801*n||1/2,rm*+\801n|co,n(u*)>

*E{+7_} (2 24)
< o * . '
~ ||901n”1/2,rin + Z \@m\ + ‘SOm‘CO’"(Z/{*) .

*€{+77}

Now, given 1 € (0,1] being the parameter satisfying (1.28)), we let g € C%(T") be such that
g=1lonT,+and g=—1onT,,, and given ¢ € H'(Q2), we define

s(¢) := (Eory, (uiin),  Ere, (G2 + a2ping) — a270(¢)9)t e HY(I). (2.25)
After simple computations it is not difficult to see that if ¢ € H(}Om(Q), there hold
S(¢)|Fin =u; on Iy, and S(¢)|Fm = (al - QQCZ)) n on [y,

that is, s(¢) = Qi (¢) on I'¢

out

for all ¢ € H<1p1n ().
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Using (1.2)), (L.5), (1.7), (1.9), (1.10), (2.22) and (2.24), we deduce that
[Qin (@) [l1/2,0e . < [Is(@)l1/2,r

out T

< |Eory, (u,in)ll1/2,0 + | Ere,, (G2 + a2@in g) ||l /2,0 + a2 HWO((b)ng/QI

out

S vt inllij2,00,m5 + v2inllij2,r, + Z (‘al — a2901*n| + |U2,in’covn(u*)>
*€{+77}

+az lpulliyor, a2 > (Iohl +lconwe) ) +azlldle,
*e{+,—}

(2.26)
for all ¢ € H}Pm (Q), where, for the product @i, g, we have applied to Ere (¢in)g. This
implies .

Now, for , given ¢1, @2 € H;in(Q), we let w := ¢1 — ¢2 and first observe that

0 on Fina
Uin (1) — in(¢2) =

—aswn on I'y,.

In turn, since ¢1 = ¢ on I'yy,, it follows that w € H%in(Q). Then, with g as above, we let §(w) :=
—az (0,70(w)g)t € HY2(T), and observe that §(w) = 1y (¢1) — Win(d2) on T¢,,. Consequently,

from (|1.7)), (1.2)) and ([1.5]), we obtain

[Qin (A1) = Qin(B2)l1/2re . < [8(w)ll12r = a2 [[vo(w)gllior S a2 llwlie,

out

which implies (2.15)) and concludes the proof. O

Notice that, using (2.15)), adding and subtracting (Qi,(¢2) - n) Gin($1) inside the integral
defining Fy, and applying Hélder’s inequality together with (1.2)), (1.6) and (1.7), we obtain

P (V) = Fou) S (In(00)ll1jors,, + [in(@2) /215, ) 1Gin(01) = Gn(@2)ll1/215,, [Vll1e

out out out

S a2 (860, + I1Gn(62)lhars,, ) lér - 62

out out

1. lIvl10;
(2.27)
for all v.€ H(Q) and ¢1, ¢ € H}Din(ﬂ), with hidden constants depending only on §2.

Now, we let Vi and V¢ be the kernels of the bilinear forms by and bc, respectively, that is
Vi i={ve HY(Q) 1 br(v,(¢.€) = 0 ¥(q.€) € LX) x H{VA(T) }

and

Vo = {1/1 e HY(Q) : bo(1,§) =0 V¢ € H;i{/z(F)}.

It is not difficult to see from the definition of br and bo that
Vi = {v € H%gut(Q) tdivv = 0} , (2.28)

and
Ve =Hp (). (2.29)
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Then, from the Poincaré inequality (|L.8]), we obtain

ap(v,v) 2 —HVHIQ Vv € Vg, (2.30)
and

ac(¥,¥) 2 *W\lm +az|¢lir,, Vv e Ve (2.31)

Now, given w,v € H}(Q), ¢ € Hclpin( ) and 1 € H'(2), integrating by parts, the following
identities hold:

0% (wv,v) ( / [v|2div (w /(w‘n)IV|2>

(@) v -5 [ (wem) i
2/ 2 JTout

out

Oc(wi ) = — /Q YAdiv(w) + 5 [ gAwom) - 5 /F (i - ) ¢

—/m<w-n)w2—;/mt(w~n)w2.

In particular, from (2.30) and the first identity in (2.32), and since v.= 0 on ¢, for v € Vp,
we deduce that for any ¢ € H}Din (Q) and w € Hl(Q) satlsfymg divw = 0 in 2, there holds

ap(v,v) + Op(w;v,v) 2

1 1 1
ﬁHvl %Q + 5 /Fout(w . n)ﬂv\2 > ﬂHVH%Q Vv € V. (2.33)
Similarly, from (2.31]) and the second identity in (2.32]) we obtain that for any ¢ € HQlDin(Q) such
that ¢ > 0 on I'y, and w € H!(Q) satisfying divw =0 in Q and w-n = @j,(¢) -n = a1 — a2 ¢
on 'y, and since ¢ = 0 on I'yy,, for ¢ € Vi, there holds

02

1
ac.0) + Oc(with ) > T2 1WlEa+ aslvlir, =5 [ (w-n)v?

| \/

(2.34)
> CE w2 _u 2 .
> Flwlio+ (02— 5 ) WBr,  VeeVe

We end this section by establishing the corresponding inf-sup estimates for br and b¢.

Lemma 2.2 The following estimates hold:

b _

sup PV (@O D V@6 e LAQ) x HIAT),  (2.35)

veH1(Q) ”VHLQ

v#0

an be(,6)
C y

sup = 2 [ Lyprs VE € HE (D). (2.36)
peHl(Q) ”wHLQ
$7#0
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Proof. Let (q,&) € L%(Q) x H;C)lu/f(l“). We first observe that, given v € Hi. t(Q), it follows

that v|p = Bor,, (VIr,) with v|r,,, € Hpb?(Tou), and thus bga(v,€) = (€,v)p = 0. Then
surjectivity of the operator

div : H}(Q) — L(Q) := {q cL3(Q): /Qq = 0} :

the orthogonal decomposition L?(2) = L3(Q2) @ R and the fact that ngut(Q) C HY(Q), imply

b b
Sp = sup ’ F(V7 (q7 6))| > sup ‘ F,l(V, Q)| > CIHQHO,SL (237)
veHl(Q) v 1,0 verl, (@ vl ;
V#O out
v#0

with C7 > 0 depending on 2. In turn, applying the Cauchy—Schwarz inequality and proceeding
analogously to [19, Section 2.4.4], we deduce that

,V
Sp> sup ¥l fv,,f;‘ ~ Gilldllos = CollEl 1o - Csllallog, (2.38)
veH (Q) ;
v#0

with Co,C3 > 0. In this way, combining (2.37)) and (2.38]), we obtain
205
<1 + C1> Sr 2 Coll€l|—1/2,r + Csllqllo.0;

which clearly implies (2.35)). We conclude the proof by noticing that the inf-sup condition ({2.36)
can be found in [19, Section 2.4.4]. We omit further details. O

2.2.2 Positivity of the concentration

The following result establishes the non-negativity of the concentration in €.

Lemma 2.3 Assume that ag — %al >0, and let ¢ € Hi,i“(Q) be such that ¢ > 0 on I'y,, and
w € HY(Q) be such that divw = 0 in Q and w = Qi (@) on Ty If (0, \) € HL(Q) x Hl:pl/z(]?)

out*
solves
bo(9.€) = (€. Br,, (ew))p Y€ € Hil/2(D), '
then
>0 ae mQ and >0 ae only. (2.40)

Proof. From the second equation in and , we have that ¢ = i, on I'yy, and since
©in > 0, it follows that ¢~ = 0 on I'jy. In addition, similarly to [3, Lemma 5.2.24], one can show
that ¢~ € HY(Q), with Vi~ = Vg a.e. in {x € Q: ¢(x) < 0} and Vo~ = 0 elsewhere, and
that v0(p~) = (70(®))~. Hence ¢~ € Hll“in(Q) = Ve and

0~ = o |? Ve -V~ =|Ve |2 and ¢ Vo=¢ V¢  ae. inQ, (2.41)
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where the first identity also holds a.e. on I" for the corresponding traces. Then, using (2.41]),
divw =0 and ¢~ = 0 on I'},, integrating by parts we deduce that

/ (w- V)¢ / w- V| = / (w-n) o~ [ (2.42)
Q 1—‘mUFout

Now, we take ¢ = ¢~ in the first equation of (2.39)). Since ¢~ = 0 on I'in, we have G(¢~) =0
and, noticing that ¢~ |r = Egre (¢~ |re ) with ¢~ [pe € H(l)(/)2(Ficn), we also have bo(p™,\) =
(A, ¢ )p =0 (cf. (1.15))). Thus, from (2.41)) and (2.42), and noting that the term on I'i, in O¢

vanishes, we obtain

0=ac(p,p )+ Oc(w;p, @)

1 -~ _ 1 _ _
e [V P ra [ Py [ wemle P [ eneP

Pe Jo T 2 Jr. T'm

1 e 1 2
i vl [ wen e
Fout 1—‘out

1 _ 1 _ 1 _

:P—e|cp |%,Q—|—/Fm<a3—2w-n>’¢ |2—|—2/Fom(w.n)+|¢ |2.
In this way, recalling that w - n = @i, (¢) - n = a3 — ag ¢ on I'y,, and using (1.8]), we arrive at

(o= 5 I M, + 5 [ ol Peg [ vl

Since a3 — % > 0 and ¢ > 0 on 'y, all the terms on the right-hand side are non-negative, and
hence ¢~ = 0 in H!(Q), which, together with the continuity of the trace operator, yields (2.40)).
O

02
0> =+
- P

2.2.3 The fixed-point operator

In what follows, we introduce the associated fixed-point operator that will allow us to prove the
well-posedness of problem (2.6)) by means of Banach’s fixed point theorem. First, similarly to
12, 4], we let

X ={(w,0) € H'(Q) x HL, (9) : br(w, (3,€)) = (€ Brg,, (8(6)))
¥ (g, €) € L2(Q) x Hy /A(I) and ¢ > 0 on Fm}
I{(W, $) € HY(Q) x HSIDin(Q) cdivw =0in Q and w = Qi (¢) on 'S, and ¢ > 0 on Fm},
and define the auxiliary operator £ : X — H'(Q2) given by

L(w,9) = o,

with ¢ € H'() being the first component of the unique solution (to be confirmed below) of the
linearized problem: Find (¢, \) € HY(Q) x H_1/2(F), such that

ac(, V) + Oc(w; @, ¥) + ba(¥, A) = G(¥) vy € H'(Q),

bC((tDa{) = <§’EFin(90in)>1—\ vg e H—I/Q(F) (2.43)
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In addition, we let S : H'(div®; Q) x H}, (Q) — H'(Q), where H'(div%; Q) := {w € H'(Q) :
divw = 0 in 2}, be the operator given by

S(w,¢) :=u,
with u € H'(2) being the first component of the unique solution (to be confirmed below) of

problem: Find (u,p, ) € H(Q) x L%(Q) x Hy"/*(T) such that

out

ap(u,v) + O%(w;u, v) + bp(v, (p, A) = Fy(v) Vv e HY(Q),
br(u, (¢,€)) = (&, Ere, (w(¢)). V(q,€) € L*(Q) x Hy /().
(2.44)
Thus, we let 7 : X — X be the operator defined by
T(w,¢) = (S(w,ﬁ(w, ), L(w, ¢)) V(w,¢) € X, (2.45)

and realize that analyzing the well-posedness of problem (2.6) is equivalent to studying the
unique solvability of the fixed point problem: Find (u, ) € X, such that

J(u,¢) = (u,¢). (2.46)

As a first step, we verify that J is actually a well-defined operator, in the sense that both S
and £ are well-defined, that is, that problems (2.44) and (2.43)) are uniquely solvable for each
(w,¢) € X. This is established next.

2.2.4 Well-definiteness of J

We begin by mentioning that, due to the inf-sup condition of the bilinear form bp provided in
Lemma the set X is meaningful, in the sense that, given any ¢ € H}om (©) such that ¢ > 0
on I'y, there exists at least one w € H'() such that (w,¢) € X.

The following lemma establishes the well-definiteness of operator £, whose proof relies on
the well-posedness of problem (2.43)).

Lemma 2.4 Let a = (a1,a2,a3) € R satisfy az — %al >0 and let (w,¢) € X. Then problem
[2.43)) has a unique solution (¢, \) € HY(Q) x H;91/2(F), and hence L(w, ¢) = ¢ is well defined.
Moreover, L(w,¢) € H}Oin(Q), L(w,¢) >0 in Q and on T'y,, and the following estimate holds:
[1£(w,9)l1e S Caldata) + Pellgimlli/2r, Wi, (2.47)
with
Ca(data) := [lpinllijor, | 2+ Peas +2Pe [uljor,

Proof. We begin by recalling from the definition of X that, given (w, ¢) € X, there holds:
divw=0in Q and w=1,(¢) on I'{,,

which implies that

divw=0in Q and w-n=1uj,(¢) - n=a; —az¢p on Iy,
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Then, provided a3z — %al > 0, from ([2.34) we obtain

1

GCWJ/J) + OC(W7¢5’¢) Z Pie ||¢||%,Qv V¢ € Ve,

that is, ac(-, ) + Oc(w; -, -) is elliptic on Vio. This estimate, combined with the inf-sup condition
and the Babuska—Brezzi theory (see, e.g., [14, Theorem 2.34] and [19, Theorem 2.3)),
implies the existence of a unique (¢, \) € H(Q) x H;clm(l“) satisfying (2.43), for each (w,¢) €
X. This well-posedness result shows that the operaltnor L is well defined. In addition, from
the estimates in [14, Theorem 2.34|, together with , and the bounds for G and
(&, Er,, (pin))p in (2.12)), we deduce that

Iele S Iemlor, [ Pelwlia +2Peualljor, +2+Peag |, (248)
1
IMor S (ps+ a3+ Iwlhio + lualyr,)
X [ Pe HWHIQ +2Pe ||uin||1/2,rm + 2+ Peag } H%DinHl/zFina (2.49)

where the first estimate, in particular, implies (2.47)). Finally, the second equation of ([2.43))
yields ¢ € Hi,in (©), and Lemma implies that ¢ > 0 in Q and on T'y,, which concludes the
proof. O

Now we turn to prove the well-definiteness of operator S.

Lemma 2.5 Given w € H'(div% Q) and ¢ € H}pin(Q), problem ([2.44) has a unique solution

(u,(p,A)) € HY(Q) x (L2(Q) x Hl:j‘l/tQ(F)), and hence S(w, ¢) = u is well defined. In addition,
if >0 on Ty, then (S(w, ), ) € X, and the following estimate holds:

IS(w, @)l1.a S 2Re [[8n(6) 12 2., + I8n(@)l1 215, [2 + Rellwlal. (2.50)
Proof. Given w € H'(div?;Q) and ¢ € H}Om (Q), from (2.33), the inf-sup condition (2.35)), and
the Babuska—Brezzi theory (see, e.g., [14, Theorem 2.34] and [I9, Theorem 2.3]), we readily
obtain the existence of a unique (u,p,A) € H(Q) x L2(Q) x Hlfolu/tz(F) satisfying (2.44)), with
u satisfying u = S(w, ¢), which shows that the operator S is well defined. In addition, since u
satisfies the second equation of (2.44)), it is clear that (S(w,¢), ) = (u, ¢) € X.
Finally, combining the corresponding a priori estimates from [I4, Theorem 2.34] with ,
(2.10) and (2.12), after simple computations we deduce that

lulho £ 2Re [8m(6) 3 e + [8n(@)]1 s, [2+ Rellwlio] (2.51)
1. ~ 2
1N S 2@z, [2+ Re(iwlio + 8@l ors,)] - (252)
where the first estimate is precisely (2.50]), which concludes the proof. O

From Lemmas and it follows that J is well defined and that J(X) C X. This result
is established next.
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Lemma 2.6 Let a = (a1,a2,a3) € R3 be such that as — a1 >0, and let (w,p) € X. Then
J(w, @) is well defined and
J(w, ) € X. (2.53)

In addition, the following estimate holds:
17 (w, )|l < C70(Cg(data) +Cg2(data)||w]1,0 + Cas(data)||w][i o), (2.54)
with C7 o > 0 independent of the data, and

Cz,1(data) := 2(Cy(data) + a2Cz(data)) (Re (Ci(data) 4+ a2Ca(data)) + 1) + Cy(data),
Cz2(data) :== Re(Ci(data) + agCa(data)) (1 4 4 Pe asllimll1 /2.1y, ) + Pe @il /2., (1 + 2a2),
C73(data) := PeReaz||¢imll1/2,r,, (1 + 2 Pe az||pu| 1/2,Fin)-

(2.55)

Proof. Given (w,¢) € X, Lemma guarantees that £L(w, ¢) is well defined, that L(w,¢) €
H}Oin (€2), and that £(w,¢) > 0 on I'y,. In turn, since w € H'(div?% ), Lemma applied to
(w, L(w, ¢)) implies that S(w, L(w, ¢)) is well defined and that (S(W E( gi))) L(w (Z))) € X,
that is, J(w,¢) € X. Now, given (w,¢) € X, combining ([2.13) with ( and (2.50), we

obtain

17w, 9)ll = (IS (w, LW, )|, o + 1£(w, 0)
< 2Re | (£ <w,¢>>ul/2,rgm+uum< (W, &)l j2rs,, |2+ Relwlh,o]
+1£(w, @10
S 2Re(Cy(data) + az]|£(w, 6) |1.0)° + (Ci(data) + as]| £(w, &)1.0) |2 + Rel| w10
+ £, 9) 10

< 2Re (Cl(data) + a3 (Ca(data) + Pel|pinl1 /2, |

2
10))
+ (C1(data) + a(Ca(data) + Pellginl /o, [Wlli0) ) |2+ Rellwli o)
+ Ca(data) + Pe|@inl1/2,r,

which, after straightforward algebraic manipulations, implies (2.54]), and concludes the proof. J

2.2.5 Well-posedness of the continuous problem

We now turn to proving the well-posedness of problem ([2.6) by means of Banach’s fixed-point
theorem. To that end, we first establish Lipschitz-type estimates for the operators £ and S.

Lemma 2.7 Leta = (a1,a2,a3) € R3 satisfy a —%al > 0. Then, for all (w1, $1), (Wa, p2) € X,
there holds

[L(w1,¢1) — L(W2, ¢2)[l1,0 S Pe|lL(w2, ¢2)[1,0 w1 — wal[1,0. (2.56)

Proof. Given (w1, ¢1), (Wa,¢2) € X, we let p; = L(w1,¢1) and @3 = L(wa, ¢2). According to
the definition of £ (cf. (2.43), it follows that there exist A1, Ao € H;gl/ 2 (T") such that

ac(pi, 1) + Oc(Wis iy ) + be(, \i) = G() vy € HY(Q),
bo(pin€) = (€ Bry, (pm))p V€ € HE /(D)
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for ¢ € {1,2}. Subtracting both equations, we deduce that

aC((pl - ()0271/}) + OC(Wlﬂplﬂﬂ) - OO(W2;8027¢) + bC(wv A1 - )\2> = 07

bo(pr — 2,8) = (2.57)

for all » € HY(Q) and ¢ € H;cl/ 2(F). Then, noticing that the second equation implies that

p1— o € Vo = H%in(Q), taking ¢ = 1 — @9 in the first equation of (2.57)) and observing that
bo(p1 — w2, A1 — A2) = 0, adding and subtracting Oc(W1; @2, p1 — p2), we deduce that

ac(p1 — @2, 01 — p2) + Oc(Wi; 01 — p2, 01 — 2) = Oc(Wa; 2, 01 — 2) — Oc(W1; @2, 01 — P2).
Then, from (2.11)), we get

‘OC(W2;<P27901 —p2) — Oc(W1; 92,01 — 902)‘ S wr —we

1 lle2llie ller — w2llio.  (2.58)

In this way, recalling that (w1, ¢1) € X, which implies that wi -n = @i, (¢1) -n = a1 — az ¢1 on
', from (2.58)) and (2.34) we deduce that

1
e o1 = @allia S Wi = wallia lesllia ller = w2llie,

which implies the result. O
The following lemma provides the corresponding Lipschitz-type estimate for S.

Lemma 2.8 For all wi,wo € H(div®; Q) and ¢1, ¢ € H}Din(Q), there holds

[S(w1, ¢1) — S(wa, ¢2)ll1.0 S Csll(wi, ¢1) — (W2, d2) |, (2.59)

where
Cs = az |1+ Re(|S(w1,é1) 10 + [S(w2, 02)ll10 + [will.0)] + RellS(wz, 62) 10 (2.60)

Proof. Given w1, wy € H'(div?; Q) and ¢y, ¢s € Hi,in(Q), proceeding similarly to the proof of
Lemma we set u; := S(wy,¢1) and ug := S(wa, ¢2), and let (p1, A1), (p2, A2) € L2(Q) x
Hljol/ 2(I“) be the corresponding multipliers satisfying (2.44) for ¢ = 1,2. Since u; = Qin(¢;) on

ut

¢ (cf. the second equation of (2.44))), u; is itself an H!(Q)-extension of i, (¢;), so that, by
(1.7), we obtain

[in(@i)ll12re,, < lluillLe, — fori=1,2. (2.61)

out

Subtracting the two systems (2.44)) for i = 1,2, and adding and subtracting the term O?} (wi;ug, V),
we obtain

ap(du,v) + O?}l (w1;0u,v) + bp (v, (6p, 6X)) = F(v),
br(du, (¢,8)) = G(q,8),

for all v.€ H'(Q) and (q,€) € L2(Q) x H;olu/f(l’), where dJu := u; — uy, 0p := p; — p2, and
O = A1 — Ao, with

(2.62)

F(v):=Fy (v) = Fg,(v) — (Ofﬂl (Wisug,v) — Of? (wa; ug,v)),

G(q,8) = <E,Ergut (fin(h1) — ain(¢2))> .

r

22



According to the above, (du, (6p,d)) is the solution of the saddle-point problem (2.62), with
ar(-,-) + 0?1 (w1;-,-) elliptic on Vg (cf. (2.33)) and bp satisfying the inf-sup condition (2.35).
In what follows, we make use of the a priori estimates from [I4, Theorem 2.34] to obtain the
desired Lipschitz estimate. We begin by noticing that

1

jar(u,v) +0g (wiu V)| £ (g + IWilio + l8n(@0) 2, ) lulhalv

1,9,

for all u, v € H(Q). Now, to bound F, given v € H!(f), adding and subtracting O?}l (wa;ug, V),
we first observe that

0?1 (Wi;u2,Vv) — 0?2 (Wosug,Vv) = [O? (Wisug,Vv) — O}@l (wo; 1127V)}

2.
2 F(c)ut

Then, using (2.11]), (2.27)), (2.15) and (2.61]), together with (1.6)), (1.2) and (1.7)), we obtain

IF(V)| < |Foy(v) = Foy(v)| + |OF (W15 ua,v) = OF (was ug, V)|

< (e + 2luzllie) a2 |61 — d2llie [IVIiLe + [[wi — wallia [luellue VLo,

(@10 (61) = in(¢2)) 0] wa v, (2.63)

for all v.€ H' (). In addition, using (2.15) we deduce that

1G(2,6) < lGin(o1) — Win(d2)l1j2,re €l —12r S azllér — b2l 1€l -1 21,

out

for all (¢,&) € L2(Q) x H;olu/t 2 (T"). In this way, combining the corresponding a priori estimates

from [14, Theorem 2.34] with the above bounds, after simple computations we deduce that

[oul1o S a2 [1 +Re(|[uifl10 + [[uzllo + ||W1H1,n)} 16010 + Re [luzflio lowl[1,0,  (2.64)

for all wy, wo € H(div?; Q) and ¢y, ¢» € H}Din(Q), with 0w := w1 —wg and d¢ := ¢ — . This
estimate implies , which concludes the proof. ]

Having established the Lipschitz-type estimates for £ and S, we are now in a position to
provide the Lipschitz-type estimate for J. To that end, given p > 0, we define

Hp:={(w,0) € X : [[(wW,9)[| < p}.

Lemma 2.9 Let a = (a1, a2,a3) € Ri be such that az — %al > 0. For a given p > 0, assume
further that the data are sufficiently small so that

C70(C7.1(data) + Cg2(data) p + Cg 3(data) p*) < p, (2.65)

with Cg.0, C7.1,C72,Cq3 defined as in Lemma [2.6. Then J(M,) C H,. In addition, the
following estimate holds:

[T (w1, ¢1) = T (wa, d2)|| < CripMg(p)[[(W1, d1) — (W2, $2), (2.66)
for all (w1, ¢1), (Wa, p2) € H,, with Ciip, > 0 independent of the data and

Myg(p) == [a2(1 4+ 3Rep) + Rep| (1 + Pep) + Pep. (2.67)
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Proof. Given (w,¢) € H,, we have |w| 10 < |(w,¢)| < p, so that, by (2.54) and the mono-
tonicity of its right-hand side in ||w||1 q,
17w, 0)ll < Cr0(Cra(data) + Cra(data) [|Wlla + Cz3(data) [w]i )
< C7.0(C71(data) + C72(data) p + C7 3(data) p?).
Consequently, assumption ([2.65)) yields || 7 (w, ¢)|| < p, that is, J(w, ¢) € H,, which proves the

first assertion. In particular, since J(w, ¢) = (S(w, L(w,d)), L(w, <Z>)) € H, for all (w,¢) € H,,
both components satisfy

[S(w, L(w,9))[10<p and [L(w,d)[10<p V(W ¢)€H,. (2.68)
Now let (w1, ¢1), (W2, ¢p2) € H,, and set ¢; := L(w;, ¢;) and u; := S(wy, ;) for i = 1,2, so

that J(w;, ¢;) = (w4, ;). Applying Lemmawith w1, wo € HY(div®; Q) and @1, 3 € Hin (Q)
(cf. Lemma2.4), and using (2.68)) together with ||w1 |10 < p to bound the constant Cs in (2.60),

we obtain

1o S [as(1+3Rep) +Rep] [[(wWi,01) — (w2, p2)|.-
On the other hand, by Lemma and (2.68)) (applied to (wa, ¢2)),
Lo S Pellpaflill(wi,¢1) — (w2, 02)|| < Pepl|(wi,d1) — (W2, ¢2)].

[ug — g

1 — 2
Consequently,

(w1, 01) = (W2, 02)|| = [w1 — wallio + lo1 — w2l S (14 Pep) [[(wi,01) — (Wa, ¢2)|],

and therefore
Hu1 — 112”179 S, [ag(l + 3Rep) + Rep} (1 + Pep) ||(W1,¢1) — (W2,¢2)||.
Adding this to the estimate for ||¢1 — @2
[T (W1, ¢1) — T (W2, ¢2)|| = |l — w2l + o1 — ¢2ll10
< {[ag(l +3Rep) + Rep| (1 + Pep) —i—Pep} (w1, ¢1) — (Wa, o),

1,0 above, we conclude that

which implies (2.66)) with M ;7 given by (2.67)), and concludes the proof. O
Finally, we present the main result of this section, namely, the well-posedness of problem

9.
Theorem 2.10 Let a = (a1,a2,a3) € ]Ri be such that a3z — %al >0, and let p > 0 be such that
Cip M7 (p) < 1, (2.69)

with Cip, and M 7(p) as in Lemma. Assume further that the data are sufficiently small so that
(2.65) holds. Then there exists a unique (u,¢) € H, such that (u,¢) = J(u, ). Equivalently,

there ezist unique (u, (p,A)) € HY(Q) x (L?(Q) x Hilu/f(F)) and (¢, \) € HY(Q) x H;é/Q(F)
satisfying (2.6), with (u, ) € H,. Moreover, ¢ > 0 a.e. in Q and on I'y,, and there hold

1 2
l(p, N < Re (C1(data) + azp) {2 + Re(p + Ci(data) + agp)} ,

1
IAll=1/2r S (P—e +as+p+ ||umH1/2Im) (2.70)

x |Pep+2Pellunlliar, +2+ Peas| [@ulli/or,.
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Proof. We first observe that H, is a closed subset of H'(Q) x HY(Q), since X is closed (by
the continuity of the trace operator and ), and that it is nonempty for data satisfying
(2.65). Then, the well-posedness of problem follows from Lemma assumption ,
and Banach’s fixed-point theorem. In addition, since (u,¢) € H, C X, we have that divu =0
in Q, u=1ujy(p) on I'S,; and ¢ > 0 on I'y,. Hence, since ¢ = L(u, ¢), Lemma applied with

(w, ¢) = (u, ) yields (2.40).
Now, for (2.70), we notice that, according to the definition of 7, the solution satisfies

(w.0) = () = (S(u.L(w.9)). L(u,9)).

so that ¢ = L(u, ) and u = S(u, ), with (u, ) € H, satisfying |[ul|1,0 < p and ||¢[1,0 < p.

Then, applying (2.52) with w = u and ¢ = ¢, and using (2.13) to bound [[Gin(@)[l1/2,re,,
Ci(data) + as||¢|1,0 < Ci(data) + ag p, together with |lul;.o < p, we obtain

eV < é(cl(data)—l—agp) [2+Re(p+C1(data)+a2p)r.

Similarly, applying (2.49) with w = u, and using ||u||; o < p, we obtain

1
[Al=1/20 S (ﬁ +az+p+ HuinHl/z,rm) [Pep + 2 Pe |[uinl[1/2,r,, +2 + Pe a3} l@inll1 /2,35

which together with the previous estimate gives (2.70) and concludes the proof. O

3 Galerkin scheme

In this section, we introduce a conforming Galerkin scheme for the approximation of the solution
to problem , based on arbitrary finite-dimensional subspaces, and derive suitable hypotheses
on these subspaces ensuring the unique solvability of the associated discrete problem.

We begin by letting

H, CH'(Q), Q,CLXQ), A, CH2(D)nLA(D), -
3.1
U, CHYQ) and A, CHR/?()NLAT),

be arbitrary finite-dimensional subspaces.
Since iy, is not necessarily the trace of a function in Wy, the set Wy, ﬁH}pin (©2) may be empty,
and hence 1, (¢p,) is not well defined for ¢y, € ¥y,. To overcome this difficulty, we define

Uin () := (@) e

out

with s(¢) defined in (2.25). In addition, since the pair (Hjp, Q) will be chosen as an inf-sup
stable pair, which does not necessarily yield divergence-free discrete velocities, we consider the
following modified forms (see, e.g., [34]):

V¢ e H(Q), (3.2)

O?h(w; w,v):= ((w-V)u,v)g + %((div w)u,v)g — % ((Win,n(¢) - ) u’V)FSut
1

() V), (33)

Oc(w; 0, ) = Oc(wi . ) + 3 ((divw) o, )g
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for all w,u,v € HY(Q) and ¢, p, € HL(Q).
Then, the discrete version of problem ({2.6)) reads: Find (up, (pp, Ar)) € Hy X (Qn X Ap) and
(¢n, An) € ¥y, x Ay such that

ap(un, vi) + OFh (un; un, vi) +bF (Va, (s An)) = Fipp n(Vi) Vv, € Hy,
br(un, (qn, &n)) = (Ens Winn(wn))re,, Y (qn &n) € Qn X Ap,
ac(¢n, ¥n) + Ocn(un; on, ¥n) + bo(Un, An) = G(¢n) Yy, € Wy,
be (e, €n) = (§hs Pin)ry, Vén € Ap,
(3.4)
where
F¢,h(v) = _% ((ﬁin,h((b) ’ 1’1) ﬁin,h(¢)7v)pgut Vv e Hl (Q)¢ V(b € Hl (Q)

The following section addresses the well-posedness of ([3.4)).

3.1 Analysis of the discrete problem

We begin by establishing some properties of @y, (cf. (3.2)). First, we notice that Gy p(¢) =
Uin(¢) for all ¢ € HY, (Q). In addition, since the bound (2.26) for ||s(¢)]|;/o,r does not make

use of the condition ¢ = @i, on I'y, and since s(¢1) — s(¢p2) = —aq (0,70(¢1 — ¢2) g)t for all
¢1, p2 € HY(Q), proceeding exactly as in the proof of Lemma we obtain

[in (@)1 jore, < I8(@)1jer S Ci(data) +azllglhe V¢ e HY(Q), (3.5)

and

[Qin,n(01) = Qinn(P2)l1j2re,, S a2lldr — b2 V1, do € H'(Q). (3.6)

Notice also that, for gf) € H1 () and w € H'(div% Q) there hold OFh( ) O(b( )
Och(w;-,-) = OC( ) and F¢, n = Fy, which ensures the consistency of with .
Next proceeding as in Sectlonu that is, applylng Holder’s 1nequahty together with (| .,

-, . and (| ., and usmg and (| in place of and (| -, we obtain

the following dlscrete counterparts of (2.10] and -

0%, (wWiu,v)| S (HWHLQ + Qi ()1 /2re,,) [ullnellviie, 57)

Oc.h(wi0,9) S (1wl + [tinlh 2, )

and
0%, (wia,v) — O?h(z;uy‘f)\ S w =zl llullie Ivie. (38)

|Och(wW;0,0) — Oci(z; 0,9)| S IIw —zl0 e Y]
for all w,z,u,v € Hl( ) and gb, go,w € HY(Q). Similarly, the discrete counterparts of the first

two estimates in and of (| read

1F¢,h<v>\ s lsn (D)2 e, VIl

|(&ns Qinn(@))re, | < I€nll=1/2,0 lIS(@)[l1/2,

[Fo h (V) = Foon (V)] S az(Z ([Tin,n (D)1 2, rm)II(bl -
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for all v e H'(Q), &, € Aj, and ¢, ¢1, 92 € H'(Q).

We now state suitable hypotheses on the discrete spaces in (3.1)) ensuring the well-posedness
of (3.4). First, in order to guarantee the ellipticity of ar and ac on the corresponding discrete
kernels, we assume that:

(H.1) e%gut € Ay, for i € {1,2}, where e%gut = e’ on 'S, and e%gut := 0 on I'yy, with e’ the

i-th canonical basis vector of R2.
(H.2) 1r,, € Ay, where 1y, :=1on I, and 1p,, :=0 on I'{ .
Notice that (H.1) implies that the discrete kernel of the bilinear form bp, namely
Ven = A{vr € Hy : bp(Va, (ah,€r)) =0, YV (qn,&n) € Qn X An}, (3.10)
is contained in
ﬁh = {Vh = (Uh,lavh,Q) e Hy : (Uh,iy 1)Fgut =0, 1= 1,2} . (3.11)
Indeed, if v, = (UhJ, ’U}LQ) € Ve, then

bF(Vha (0’ e%gut)) = <e%gut7vh>r = (Uh,’iv 1)FC = Oa i = 1a 2a

out

and therefore Vpj C ﬁh. Then, by the generalized Poincaré inequality (see, e.g., [8, Lemma
B.63]) |- |10 and || - ||1,o are equivalent norms on Hy,, and hence there exists a&p > 0, depending
only on €2, such that

a
aF(Vh,Vh) > sz ”VhHiQ Vv € VF,h- (3.12)
Similarly, (H.2) implies that the discrete kernel of the bilinear form b, namely
Ve == {tn € ¥, bo(Yn, &) =0, V&, € A}, (3.13)

is contained in N
\Ilh = {¢h S \I/h : ('lﬂm 1)Fin = 0} . (314)

Then, the generalized Poincaré inequality (see, e.g., [8, Lemma B.63]) implies that there exists
ac > 0, depending only on (2, such that

ac(Yn,Yn) > %H%

iataslvnllor,  Vin € Vo (3.15)

In turn, to verify the discrete counterpart of (2.35)), in what follows we assume that:
H.3) Py(Q2) C Qp, where Py(£2) denotes the space of constant functions on .

H.4) There exists vo € H}. t(Q) such that vo € Hp e = Hp N H%c t(Q) for all A > 0, and

VO : n7 ]‘)Fout # 0
H.5) There exists E 71 > 0, independent of the discretization parameter h, such that

—~ o~~~

br1(Vh, qn)
sup —_ T

> Brallanllon,  Yan € Quo = QnNL3(Q). (3.16)
vi,€H,NHL (Q)\{0} [NZAIERS)
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(H.6) There exists 5 r2 > 0, independent of the discretization parameter h, such that

bro(vp, ~
sup bra(Vh, &) > Br2ll&nll-1/2,rs V&, € Ay, (3.17)
VhGHh\{O} ||Vh||1’Q

Notice that (H.3) implies the orthogonal decomposition

Qr=Qnro®R, (3.18)

with Qpro =QpN L%(Q). The following result establishes the discrete inf-sup condition of the
bilinear form bp under hypotheses (H.3)—(H.6).

Lemma 3.1 Assume that hypotheses (H.3)—(H.6) hold. Then, the following estimate holds:

br(Vh, (qn, &n ~
Sy = sup 1o (i, ( ) > Br(|lgn
v, €H), IVell1,0
vr#0

0.2+ I&nll=1/2,0)s  Y(qn,&n) € Qn x Ap,  (3.19)

with EF > 0, independent of h and the physical parameters.

Proof. Given (qn,&r) € Qn X Ay, we first employ the decomposition (3.18) and write ¢, =
an,0+qn, where qno € Q}LO and g, € R. Then, noticing that bF71(Vh, qh) =0and bRQ(Vh, Eh) =0
for all v, € Hy, NH(Q), from (3.16) we deduce that

5 > sup 1bF1 (Vh, Gn0)|
T vieHpnHI@\{0}  [VhllLe

> Brillanollog- (3.20)

Now, we let vo € Hy, e satisfying (H.4) and, noticing that bg2(vo, &r) = 0 since v € HL. t(Q)
and &, € Hljolu/t 2 (T"), we observe that

br(Vo, (an,€n))|  |(an0,divvo)a + Gn (Vo - 1, D1, |

Sp > = > col|qnl = c1llanollogn, (3.21)
Ivoll1e Ivoll1.e
. |(vo -1, 1)r,,,| . .
with ¢ := W and ¢; > 0 independent of h. Then, combining (3.20)) and (3.21f), we
Voll1,02
obtain _
(1+ 20155711) S > colan| + c1llanollog,
which implies that
Sh > c2llanllogs (3.22)
with ¢o > 0, independent of h.
On the other hand, using (H.6), we deduce that
bra(vh, &n >
S = Pralvi )l o yguon = Brallél vor —cslanlos  (3.23)

vip,eHR\{0} INZ(F%s)

with ¢ > 0, independent of h.
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Therefore, proceeding as in the proof of Lemma we combine (3.22)) and (3.23) to arrive

at
Sh 2 llanlloo + l€nll—1/20, YV (qn &n) € Qn X Ay, (3.24)
which shows that by satisfies the discrete inf-sup condition (3.19)), uniformly in A. O

Similarly, the following hypothesis ensures the discrete counterpart of (2.36)).
(H.7) There exists Eg > 0, independent of the discretization parameter h, such that

bo(tn, _
sup  LWOLE) S B el e Ven € A (3.25)
pner(0} ¥nllie

Finally, to obtain the discrete counterparts of (2.33]) and (2.34]), we assume that:
(H.8) Let p > 0 be given. For each (wp, ¢p,) € Hy, x Uj, such that ||wp|[1,0 < p and ||¢n|1.0 < p,
there holds

ap

Re

20, YVREVp  (3.26)

1 N 1
HVhH%,Q + 2/ ((Wh - uin,h(¢h)) : n) \Vh|2 2 Re vh
re e

out

and, if in addition (wp, ¢p) € X}, where

Xp = {(wn, ¢n) € Hy, x Uy, = bp(Wh, (qh, €1)) = (€, Qinn(0n))re

out’

V(qn &n) € Qn X Ap},

(3.27)
there holds
Y 1 1
%i ¥nl1T.0 + 2/ ((Win,n(¢n) — Wp) - n) ) — 2/ ((Bin,n(dn) — W) - n) Y7
L Tin (3.28)

a9 1
+ 2/ onh 2 Po lvnlia Ve € Vo
I'm €

Indeed, given (wp, ¢p,) € Hy, x ¥, such that ||wp|[1,0 < p and ||¢s]1,0 < p, combining the

first identity in (2.32) and (3.12) with (3.26)), we obtain

1
ap(Vi, Vi) + Opy (Whi Vi, vi) 2 guvhniﬂ, Yvh € Vi (3.29)

In addition, assuming that az — a; > 0, and given (wy,, ¢3) € Xj, such that ||wp 1,0 < p and
llonll1,0 < p, a combination of the second identity in (2.32) with (3.15) and (3.28) yields

ac(Vn, ¥n) + Ocn(Whs Yn, Yn) 2 % 1¥n

200 Vi € Vo (3.30)

Indeed, given v, € V3, using the second identity in (2.32]), we notice that

Ocatwistnin) =5 [ (w=wa) m) v =5 [ w5 [ wom) o 330

1—‘in 2

Then, noticing that Qinn(¢r) -0 = Wiy -0 on Iy, (since n = (—1,0)" there) and Ginp(Pn) =
(a1 — az ¢p)n on I'y, (cf. (3.2)), and writing wy, - n = Qjup(Pn) -0 — (ﬁin’h(gbh) — wh) -n on
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Fin U Frm " yields

Ocn(Whi o, ¥n) > — azl/rm Vi + a;/rm o Uy,
1 5 1 -
+ 2/r ((@in,n(Bn) — wp) - n)Y7 — 3 /Fin((uin,h(¢h) — wy) - n) Yy,

" (3.32)
where we have dropped the non-negative term on I'gyt.

Adding (3.15) to (3.32), and using az — %al > 0 and (3.28)), we obtain ((3.30)).

In what follows, we proceed similarly to the continuous case and employ a fixed-point argu-
ment to establish the existence and uniqueness of a solution to problem ([3.4]) under hypotheses
(H.1)-(H.8). We begin by introducing the discrete version of the fixed-point operator J.

3.1.1 The discrete fixed-point operator

Throughout this section, p > 0 denotes the radius in (H.8), and we let

Hpp = {(Wn,dn) € Xp : [l(wn, én)ll <5},

_ N (3.33
Bin = {(Wh,¢n) € Hy x Uy« |lwhll10 <7, [|énlli0 < 0} )

Similarly to the continuous case, we define the auxiliary operator L, : Hjj, — ¥y given by

ﬁh(wha ¢h) = Ph,

with ¢y, € W, the first component of the unique solution (to be confirmed below) of the linearized
problem: Find (pp, A\p) € ¥, X Ay, such that

ac(n, ¥n) + Ocn(Whs n, ¥n) + bo (Y, An) = G(¥n) YV € Wy,
b (¢n,&n) = (&n, Pin)ry,  Vn € A

In addition, we let Sy, : B5, — Hj, be the operator given by

(3.34)

Sh(Wh, 1) = up,

with uy, € Hj, the first component of the unique solution (to be confirmed below) of the problem:
Find (up, (pr, An)) € Hp X (Qp x Ay) such that

ap(up,vy) + O?{Lh(wh; uy, vy) + br (Vi (Ph, An)) = Fg, n(Vh) Vv, € Hy,
br(un, (qn, &n)) = (&ns Winn(@n))re,, YV (qn,&n) € Qn X Ap.
(3.35)
Then, we let J : Hz, — Hy X Uy, be defined by
TIn(Wh, o) = <Sh(Wh,/3h(Wh7¢h)), £h<wha¢h)) Y (Wn, on) € Hzp, (3.36)

whenever the right-hand side is well defined, and notice that, analogously to the continuous
case, solving (3.4) with (up,¢p) € H;p is equivalent to finding a fixed point of Jj, in Hj 5.

We continue by establishing the well-definedness of the operators £, and Sy,.
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Lemma 3.2 Let a = (a1,a2,a3) € Ri be such that ag — %al > 0, and assume that hypotheses
(H.1)-(H.8) hold. Then:

(i) for each (W, ¢n) € Hyp, problem (3.34) has a unique solution, and hence Ly(Wp, ¢p) is
well defined; moreover,

ILh(Wh, dn)lle S Ca(data) + Pe|leimll1/2,r, [Wall10; (3.37)

(ii) for each (Wp,dn) € Bsp, problem (3.35)) has a unique solution, and hence Sp(Wp, ¢n) is
well defined; moreover, (Sp(Wn, ¢p), ¢n) € Xy and

out

ISn(wn, dn)llne S 2Rel[Ginn(@n)2ore, + I n(@n)ll1/2rs,, [2+ Rewillia). (3.38)

Proof. Given (wy,¢p) € Hsp, by the bilinear form ac(-,-) + Ocn(Wp;-,-) is elliptic
on Vg, uniformly in h. This, together with the discrete inf-sup condition and the
Babuska—Brezzi theory (see, e.g., [14, Theorem 2.34)), implies that has a unique solution.
Similarly, given (wp, ¢p) € Bjp, by the bilinear form ap(-,-) + O?{”h(wh; -, ) is elliptic on
V g, uniformly in h, which, together with , implies that has a unique solution; in
addition, the second equation of shows that (Sp(wp, ép), ¢rn) € Xp. Finally, (3.37) and
@ follow analogously to the proofs of Lemmas and now using , , and
@D. We omit further details. O
Next, we establish the well-definedness of J,, and its self-mapping property.

Lemma 3.3 Let a = (a1,a9,a3) € Ri be such that ag — %al > 0, and assume that hypotheses
(H.1)-(H.8) hold. Assume further that the data are sufficiently small so that

Ej’o (C7.1(data) + Cgo(data) p + C73(data) p°) < p, (3.39)

with C71,C7.2,C73 as in (2.55) and 5j70 > 0 independent of h and the data. Then Jy, is well
defined and Jn(Hzpn) € Hpp- In addition,

| T (who dn)ll < Co0(Cr1(data) + Cra(data) |[wy|

for all (wn, ¢n) € Hzp-

1,0 + Crs(data) |wyli o), (3.40)

Proof. Given (wy,, ¢p,) € Hpp, Lemma [3.2fi) guarantees that @ := Ly(wp, ¢p) is well defined.
Moreover, from (3.37), noticing that Ca(data) < Cz,1(data) and Pe|[¢il|1 /21, < C72(data) (cf.
(2.55)), and choosing C~\770 larger than the hidden constant in (3.37), we deduce from ||wp 1,0 < p
and (3.39) that [¢nll1,0 < p. Hence (wp, ¢n) € Bsp, and Lemmqa_izé(ii) implies that Sp(wp, ¢p)
is well defined and that J,(wp, ¢p) € Xp. Then, using , 3.38) and , and proceeding
analogously to the proof of Lemma we obtain (3.40). In addition, since |wyll1.0 < p,
from and we deduce that || Jn(wn, ¢r)|| < p, which, together with the fact that
TIn(Wh, ¢n) € Xy, yields Ty, (W, ¢n) € Hp, and completes the proof. O
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3.1.2 Well-posedness of the discrete problem

In this subsection, we proceed analogously to Section and prove the well-posedness of (3.4)
by means of the Banach fixed-point theorem, for arbitrary discrete spaces satisfying (3.1]) and
hypotheses (H.1)—(H.8). We begin by providing Lipschitz-type estimates for the operators Ly,
and Sp,.

Lemma 3.4 Let a = (a1,a2,a3) € R3 be such that az — a,1 > 0, and assume that hypotheses
(H.1)-(H.8) hold. Then, for all (th, d1.h)s (Wap, d2h) € ’Hp’h, there holds

| Lh(W1h, d1.0) — La(Wopn, d2n)lli0 S PellLn(wWan, p2n) w2 nll1,0, (3.41)
and, for all (W1, $1,4), (Won, ¢2.n) € Bpp, there holds
Sh(W1n, d10) — Sh(Won, d2n)li0 S Cspll(Win, d10) — (Wan, d2.1)l, (3.42)

where

Csn = az |1+ Re((|Sn(w1 s 61.0) 1.0+ Sh(Wap,

, )]—l—Re |Sh(Wa.n, P2,0)[11,0-

(3.43)
Proof. Analogous to the proofs of Lemmas [2.7| and using now ([3.29)), (3.30)), (3.19)), (3.25)),
(13.8), (3.9) and (3.6). We omit further details. O

As in the continuous case, we now show that 7, satisfies a Lipschitz-type estimate on H,.

Lemma 3.5 Let a = (a1,a9,a3) € Ri’_ be such that ag — %al > 0, and assume that hypotheses
(H.1)-(H.8) and (3.39) hold. Then

1T (Wi, d1n) — Tn(Wan, d20)| < Clip Mg (P) |(Win, d1.0) — (Won, d2) (3.44)
for all (Wyp, d1.1), (Won, d2.n) € Hpp, with élip > 0 independent of h and the data, and M 7 as

Proof. Analogous to the proof of Lemma using Lemmas [3.3] and [3.4] in place of Lemmas
and and noticing, as shown in the proof of Lemma that (Wih, Lh(Win, din)) € Bﬁ,h
for i € {1,2}, we obtain (3.44). We omit further details. O

As in the continuous case, the well-posedness of is a consequence of the previous results.
This is established next.

Theorem 3.6 Let a = (a1,a2,a3) € ]R:j’r be such that ag — %al > 0, and assume that hypotheses
(H.1)-(H.8) hold, with p > 0 such that

Ciip M7 (p) < 1, (3.45)

with (Nl’hp and Mg as in Lemma . Assume further that the data are sufficiently small so
that holds. Then there exists a unique (up,@p) € Hzyp such that (ap, on) = Jn(un, on).
Equivalently, there exist unique (up, (pp, An)) € Hpx(QpxAp) and (pp, A\n) € Ui, XAy, satisfying
, with (uy, on) € Hzp, and there hold

2

| (o, M)l S Ri (C1(data) + azp) [2 + Re(p + Ci(data) + agﬁ)} ,

[Anll=1j2r S P +as +p+ ”uinul/zjin) (3.46)
[Pep +2Pe |[winl1jor,, + 2+ Pe ag} linll o,
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Proof. We first notice that Hj is a closed subset of the finite-dimensional space Hy x ¥j,, and
that it is nonempty for data satisfying (3.39)). Indeed, by @ there exists wy, € Hj such
that (wp,0) € X}, and ||[wy|l1.0 S |Is(0 )”1/21" < Ci(data) (cf. (3.5)). Hence, since 2 Cq(data) <
C7.1(data) (cf. (2.55)), and choosing C. 7,0 larger than the hidden constant in the latter estimate,
assumption (3.39)) yields [[(wy,0)|| = |[[wp||1,0 < p, that is, (wp,0) € Hz. Consequently, Hj
is a nonempty complete metric space, and the existence and uniqueness of a fixed point of Jj
in Hz, follow from Lemmas and assumption , and Banach’s fixed-point theorem.
Finally, - 3.46)) follows by arguing exactly as in the proof of Theorem now using ||u||1,0 < p,
llonlli,o < p, the discrete counterparts of and (2.52), and (3.5)). We omit further details.
O

3.2 A priori error estimate

We now turn to establishing a Céa-type estimate for the Galerkin scheme (3.4). To this end, we
apply the following Strang-type estimate for saddle-point problems, whose proof is postponed
to Appendix B in Section [7]

Lemma 3.7 Let H and Q be reflexive Banach spaces, and let {Hp}n~0 and {Q r}r>0 be families
of finite-dimensional subspaces of H and Q , respectively. Leta - HxH - R andb: HxQ — R
be bounded bilinear forms, with boundedness constants ||al|, ||b||, satisfying:

o There exists & > 0, independent of h, such that

a(vp,vn) > @llonll;  Von € Ker(By) := {vn € Hy : b(un,qn) =0 Vgn € Qn}. (3.47)

o There exists B > 0, independent of h, such that

b(vp, ~
UCTUYIEN >Bllanlla Yan € Qa (3.48)

wpery, [[onllm
’Uh7£0

Let F e H', G € Q’, and, for each h > 0, let F}, € H) and G, € Q},. Let (u,p) € Hx Q and
(up,pp) € Hy x Qp, be such that

a(u,v) +b(v,p) = F(v) Yoel, . a(up,on) +b(on,pn) = Fu(vp) Yon € Hy,
b(u, q) =G(q) YqeQ, b(un, qn) =Gnlqn) Van € Qn.

Then, the following estimates hold:
[F'(yn) — Fu(yn)|

. . 1
lu—unlle < er inf flu—opllu+ecz imf |lp—gnllq + = sup
vn€Hp ahE€Qn

&y, eHy, HthH
o o Yn#0
+ e oy 6@~ Galan)
ap€EQy HQhHQ
qn 3.49)
F Zh —Fh Zh (
lp—prllq = cser inf Hu—vh\|H+05 lnf HP—%HQ + ¢3 sup [ (zn) (zn)l
vp € zp €HY, ||Zh||H
zp#0
G -G
+eges sup |G(qn) — Gnlqn)|
apEQ Hq}lHQ
qn#0
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; — llall lell 1 llall _ llall . llo] ol
wzthcl.—(l—{—%)(l—k ) _E(1+ a) 4.—%,05.—1%—7—{—0204, and cg 1= ‘=& if
Ker(Bp,)  Ker(B) := {v 6 H: b(v, q) =0 VqeQ}, and ¢y := 0 otherwise.

Remark 3.8 In the particular case G, = G|q, , the estimates in Lemmam 3.7 reduce to
F(z Fy(z
fu— il < er it fu=onl+er inf -l + 5 sup = IHE
v €Hy, Q ., cu, (A3
zp#0
) F(zp) — Fu(zp
lp—pullq < cacr inf Hu—vhHH—i-C5 1nf Hp qnllq + c3 sup |F'(z1) (z1)]
vp€EHy, zp €Hy, HZh”H
zp7#0
(3.50)

with c1,...,c5 as in Lemma[3.7

Now, given z € H'(Q2) and ¢ € H'(2), we let thC : Hj, - R and GZ}C : ¥, — R be the linear
functionals given by

FJe(va) = Fep(va) — O%,h(z; z,vy) and Gp (¥p) == G(¥n) — Ocp(z; ¢ ),  (3.51)
and, if in addition ¢ € H}, (), we let Fy, ¢ : H'(2) — R and G, : H'(Q2) — R be given by

Foc(v):=Fe(v) — O%(z;z,v) and G, ¢(¥) :==GW) — Oc(z; ¢, 7). (3.52)

With this notation, it follows from (2.6)) and (3.4) that the continuous and discrete solutions
(u7 (pa A)a @, )‘) and (uha (pha )\h)a Ph; )\h) SatiSfYa reSpeCtiV€ly:

ap(,v) +bp(v, (p; A) = Fue(v) vveH(Q),
br(u, (q,€)) = <£ Ere, (8n()y ¥ (q,€) € LX(Q) x H (D),
a0 (0.8) + b, X) = G (4) Vo e H(Q) 359
bo(p,€) = (€ Bry, (o)) V€€ HR (D),
and
ap(an, vi) + br(Vh, (0hs An)) = Fl, 4, (Vh) Vv, € Hy,
br(un, (qn, &) = ( hyumh(%)) re.. V(qn €n) € Qn X Ap, (3.54)
ac(¢n: n) +be(Pn, An) = Gy, o, (Vn) Vo € Uy,
be(pnsEn) = (Eh, Pin )T, V& € Ap.

In this way, since the structure of problems (3.53)) and (3.54) matches the abstract setting
of Lemma, we apply this result in what follows to derive the desired a priori error estimate.
We begin by establishing the following consistency-type estimate for Fy, , and F;

uh Ph”

Lemma 3.9 Assume that the hypotheses of Theorems and [3.6] hold, that is, p > 0 and
p > 0 satisfy (2.69) and (3.45)), respectively, and the data are sufficiently small so that
and hold. Let (u,p) € H, and (un,¢n) € Hzyp be the unique velocity and concentra-
tion solutions of and , respectively. Then, there exist positive constants Cr1,Crp,
independent of h and of the physical parameters, such that

1Fue—Fl iy, < Cri(p+7) lu—unllo+Cra az(p+p+Ci(data)+azp) | o—enlla. (3.55)
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Proof. Since dlvu = 0 in Qand p € H1 (), so that Gy (p) = Win(p), from the definitions of
Of and O%, (cf. and (3.3)) it is clear that

O?(u; u,vy) = OF’h(u; u,vy) and F,(vy) = F,n(vn) Vv, € Hy,. (3.56)

Then, using ([3.56), and adding and subtracting O%,, (up; u, v) and O%, (up; up, vp,), we obtain,
for all v, € Hy,

Fu,go(vh) — th’@h (Vh) = [F%h(vh) — Ftph,h(vh)] — [O}%h(u; u, Vh) — O}';,h(uh; u, Vh)]

1 N -
— Of,(up;u —up, vp) + 3 / [(uin,h(@ — Qinp(on)) - H] uy, - V.

out
(3.57)
Applying the Llpschltz type estimate (3.8)) and the stability estimate (3.7)), together with Holder’s

inequality, (2.9 , , , . and ., we obtain the followmg estimates for each

term on the rlght hand 51de of (3.57] -
0%, (wu,vi) — 0%, (upsu, vi)| < l[uflig lu — wsllo [vallo.
0%, (wps u —ap, vi)| S (Hlthl o + [T ()12, Fout> u—wpllre [vallio,
1 ~ -
3 /c [(Qin, 1 (@) = Qinn (o)) - 0] wp - vi| S

out

Fon(vn) = Fpnn ()| S a2 (I18in(@) 1 j2rs,, + Iinn(on) 1215, ) e = enllia Ivalho.
(3. 58)
Combining (3 and (| , and using that Hﬁm( M/2,re,, < llull1,0, which follows from
since u = ﬁin( ) on Fout, together with ( and the bounds |lullio < p, a<p and
lenlli,o < p, we obtain (3.55)), which concludes the proof. O
We continue by estabhshlng the following consistency-type estimate for Gy, and Gh

Up,Pn "

Lemma 3.10 Assume that the hypotheses of Theorems and [3.6] hold, that is, p > 0 and
p > 0 satisfy (2.69)) and (3.45), respectively, and the data are sufficiently small so that
and hold. Let (u,¢) € H, and (uy,on) € Hpzp be the unique velocity and concentra-
tion solutions of and , respectively. Then, there ewist positive constants Cg1,Cq 2,
independent of h and of the physical parameters, such that

IGue = Goyonllvy, < Canpllu—unlia +Coz(p+ wnllyzr,) le = enlha (359

Proof. Since divu = 0 in €, from the definitions of Oc and O¢, (cf. (2.7) and (3.3))) it is clear
that

Oc(u;0,¢n) = Ocn(w; o, ¢n) Vo, € ¥, (3.60)
Then, using (3.60]), and adding and subtracting Oc »(u; ¢n, 1p), we obtain, for all ¢y, € ¥y,
Gup(tn) — G, o (0n) = [Och(an; on, ¥n) — Ocn (W on, ¥n)] — Ocn(ws @ — @n, tp).  (3.61)

Applying the stability estimate (3.7)) and the Lipschitz-type estimate (3.8), we obtain

|Oc.n(un; o, ¥n) — Ocp(wson, ¥n)| S llenllie lu—unllie lvnlie, 3.6
3.62
|Ocn(u; 0 — o, ton)| < <HUHLQ + HuinHl/zIm) e — enllie Ym0
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Then, combining (3.61) and (3.62)), and using that ||ullio < p and ||¢sl1.0 < p, we obtain
(3.59), which concludes the proof. O

Finally, we provide the consistency-type estimate for <-, Ere (ﬁin(@))>r and (-, Qin,p(0n))re,, -

Lemma 3.11 Assume that the hypotheses of Lemma hold, and let ¢ € H}Oin(Q) and pp, € Uy,
be the concentration solutions of ([2.6) and (3.4), respectively. Then, there exists a positive
constant Cyir, independent of h and of the physical parameters, such that

sup | (&> Bre,, (@in(9)))p — (€n, Tinn (0n))re,, |

(ap ER)EQ R XA ‘|(Qh7€h)||
(Qh,gh)7éo

< Cair a2 [l — ¢nll1,0- (3.63)

Proof. Let (qn,&n) € Qpn x Ap. Since &, € L2(T) and &, = 0 on Iyy (cf. (B.1))), and since
ﬁin,h(@) = Ujn(p), we have

(& Ere,, (0in(#)))p — (€ Qinn(on))re,, = (€n, Bre,, (Qin,n(9) = Qinn(@n)) )p
so that, using (|1.10)) and (3.6, we obtain

| (&, Ere,, (Qin(©)))p — (€ns Qinn(0n))re, | S a2 [€nll=1/2,r [l — ¢n

out

Since [[€nll—1/2,0 < lI(gn,&n)ll, dividing (3.64) by [(ga,&n)| and taking the supremum over
(gn.&n) € (Qn x Ap) \ {0} yields (3.63]), which concludes the proof. O

Having established the consistency-type estimate for the terms on the right-hand sides of
3.53)-(3.54), now we employ Lemma to derive the Céa estimate for the Galerkin scheme

3.d).

Theorem 3.12 Assume that the hypotheses of Theorems[2.10 and[3.6 hold, that is, p > 0 and
p > 0 satisfy (2.69)) and (3.45), respectively, and the data are sufficiently small so that
and hold. Let (u, (p,\)) € H(Q) x (L2(Q) x Hy/*(I)) and (, ) € H'(Q) x Hp*(D)
be the unique solution of with (a, ) € H,, and let (up, (pr, An)) € Hy x (Qp x A;Lrj and
(on, An) € Uy x Ay, be the unique solution of with (up, on) € Hzp. Assume further that

Lo (3.64)

—_

1

where
Re ~ Re ~ ~ 1 1
A= - CFJ (10 + p), B := - CF72 a9 (,0 + P + Cl(data) + G/QP) + ..7(1 + ~7>Cdir ag,
Qap ap fa ap
Pe Pe

E = % Can P, H = % Ca2 (PJF ”uin||1/2,1"in)a
(3.66)

with Cp1,Cra, Ca1,Cg2 and Cqir as in Lemmas [3.9, and [3.11], respectively. Then, there
hold

Lo+ lle—enlle S dist(u, Hy) + Redist((p, A), Qn X Ap)
+ (1 + ag Pe)dist(y, Up) + Pedist(A, A),

u—uy

(3.67)
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1. .

(P — s A=Al S Re [dlst(u, H),) + Redist((p, X), Qn x Ap)
e (3.68)

+ (1 + a3 Pe)dist(g, U)) + Pedist(\, Ah)},

and

1
IN=Aull 1o S (5g +as) [dist(u. Hy) + Redist((p. A), Qi x Ar)

(3.69)
+ (1 4 a3 Pe)dist(y, ¥) + Pedist(), Ah)} ,

with hidden constants independent of h and of the physical parameters.

Proof. First, applying Lemmato the first and second equations of (3.53)) and (3.54)), together
with Lemmas|3.9 and the ellipticity and inf-sup bounds (3.12]) and (3.19)), and the stability

properties (2.8)), we obtain

lu -l < Cidist(u, Hy) + CaRedist((p, A), Qn X Ap) + Allu—upll1.0+ Blle — ¢nllia,

(3.70)
with C7,Cy > 0 independent of h and of the physical parameters. Analogously, noticing that
(&n, Pin)Tye = (Ens By, (@in))p for all &, € Ay, (cf. (3.1), we apply Lemma in its simplified
form (3.50)), to the third and fourth equations of (3.53|) and (3.54)). Then, using Lemma the
ellipticity bound (3.15)) (with the nonnegative term a3”¢h”(2]71"m discarded), the inf-sup condition

(3.25)), and the stability properties (2.8]), we obtain

lp —¢nlle < Cs(1+azPe) dist(p, Uy) + Cy Pedist(\, Ap) + E [u —upllio + H [[¢ — ¢nll10,
(3.71)

with C3,Cy > 0 independent of h and of the physical parameters. Then, denoting
Dy := C, dist(u, Hy) + Co Redist((p, X), Qn x Ap),
Dy := C3(1 + ag Pe)dist(p, Up,) + Cy Pedist(A, Ay),
and summing up and , we obtain
lu—illio + e — eullie < Di+ D+ (A+ B)ju—wnlia + (B+H)le - pullio.

In this way, since A+E < 1 and B+H < § (cf. (3.65)), we deduce that |[lu—up1.0+|l¢—¢nll1,0 <
2(D1 + Dy), which yields
Ju—wnllio+ o= galia S distu,Hy) + Redist((p, A), Q1 x Ar)
+ (1 4 a3 Pe)dist(y, ¥) + Pedist(\, Ap),

(3.72)

that is, (3.67).

On the other hand, applying the second estimate in (3.49)) to the first and second equations
of (3.53) and (3.54)), together with Lemmas and and the stability properties ((2.8]), we

obtain

1 . .
(2= prs A=Al S Ro dist(u, Hy) + dist ((p, A), Qn X An) + | Fup — Fub, o, 1,
Cair a2
"Re ||90 - <Ph||1,Q
¢ (3.73)

A

1
Re dist(u, Hy) + dist((p, A),Qp X Ah)
c

o]

1
—|Alju-— Bllp —
+ o [Alu = wilho+ Bl - e
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Similarly, applying the second estimate in (3.50|) to the third and fourth equations of (3.53))
and (3.54)), together with Lemma and the stability properties (2.8)), we obtain

1
A=Al S (5

h
+ Pe|Guyp — G, 4, Il

+ CL3) [(1 + ag Pe)dist(y, Up,) + Pedist(A, A)

(3.74)
1
< (P—e " ag) [(1 + a3 Pe)dist(p, Uy,) + Pedist(A, Ap) + E [u — up|1.0

+ H [|p — (PhHI,Q}-

Finally, using assumption to bound A, B, E,H < %, substituting into and
the bound for ||u—wull1,0 + || — ¢nll1,0 established in (3.67), and noticing that the remaining
terms in (3.73) and (3.74) are bounded by f= and p- + a3 times the right-hand side of (3.67),
respectively, we obtain and , which concludes the proof. ]

4 A concrete choice of finite element spaces

In this section we provide a concrete example of finite element subspaces satisfying hypotheses
(H.1)-(H.8). To this end, given an integer & > 0 and a set S C R?, which will be either a
triangle or a segment, we denote by P (.S) the space of polynomial functions on S of degree < k.

4.1 Taylor-Hood and continuous piecewise polynomials

To approximate the velocity and pressure fields we consider the Taylor-Hood pair (see, e.g.,
[20]). More precisely, given an integer k > 1, we let

H), == {v), € [C(Q) : valx € Prri(K)? VK € Tp},

v (4.1)
Qn:={an € C(Q) : qu|lx € Pr(K) VK € Tp}.

For the concentration field we use continuous piecewise polynomials of the same degree as the
velocity,

Uy, := {Yn € C(Q) : Yulk € P (K) VK € Ty} (4.2)

To approximate the multipliers A and A, and for the technical reasons detailed in [19, Sec-
tion 4.3], we introduce partitions I'; , = {I't,...,I's} and I'; = {T'sy1,..., It} of Iy and 'y,
respectively, which are independent of the triangulation of €2, with h = max{izm, iLm}, where
hin and hy, denote the corresponding mesh sizes, that is,

hiy ;= max || and hy:= max Tl
" je{l,...,s}| il o je{s+1,...,t}| il

Given an integer [ > 0, we set
A = {E;; € L(D) : &ls € [Pi(S)]* VS €Ly ULy 0 &lro, = 0}’ (4.3)
AL = {g,; € L*(T) : &ls € Pi(S) VS €Ty, &l = 0}-
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It is straightforward to check that AZ;L and A% satisfy , and that, since [ > 0, hypothe-
ses (H.1) and (H.2) hold. In turn, (H.3) is clearly satisfied by Qp, (H.4) follows with v
constructed as in [I0, Lemma 3.2], and (H.5) is classical for the Taylor-Hood pair. More-
over, proceeding analogously to [19, Lemma 4.7], one can show that, for | = k, there exist
€0, A1, Bc > 0, independent of h and h, such that, for each h < oh, there hold

br2(vh, &) ~ k
sup 2 Sk Sl VE: € AF 4.4
Vhegh HVhHLQ BT ||$hH I/Q,F Eh h ( )
Vh¢0

and
be (Y, &)
sup

YREY ||¢h“1,§2
Yr#0

that is, (H.6) and (H.7) hold.
Now, let

> Bollgll-ijor V& € AL, (4.5)

AL(T,) = {gﬁ ELAT,): &ls € [PUS)? VS € rm}, « € {in,m},

AL (Ty) = {5,3 € L*(Tw) : &ls € Pi(S) VS € an}’

and denote by H% i L2(T,) — A%(F*), * € {in,m}, and H% . L2(Ty) — A%(Fin) the respective
orthogonal projections. Analogously to [19, Lemma 4.8], one shows the existence of C, cn > 0,
* € {in, m}, independent of h, such that

la=T0_@lor, < CHRYllalyor, and |z =T (o, < cBR2lior,, (46)

for all z € HY/2(I',), x € {in,m}, and all z € HY/2(T'y,).
These estimates will be employed to prove that the estimates (3.26) and (3.28]) hold. This
is established in the following lemma.

Lemma 4.1 Let p > 0 and set M(p) := (1 + a2) p + Ci(data). Then there exist 1,2 > 0,
independent of h, h, p and the physical parameters, such that, if h and ao satisfy

~ €1
<
~ max{Re, Pe}? M(p)?

and azPep < eg, (4.7)

then hypothesis (H.8) holds.

Proof. Let (wp, ¢p) € Hy, x ¥y, be such that ||wy|1.0 < p and ||¢n|l1,0 < p, and let vi, € V.
Since br(va, (0,€;)) = (&5, vi)re,, = 0 for all §; € A%, and since the extension by zero of any

element of A%(F*) belongs to AL, we deduce that H%*(th‘*) = 0 for x € {in,m}. Hence, by

@8), (L7 and @2),

vallore, < Y. H(I—H%’*)(Vh)Ho,p* < R vy

*€{in,m}

1,0- (4.8)
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Then, by Holder’s inequality, (1.6)), (1.2), (4.8) and (3.5)), we obtain
[ (= Gualon) - m)lva

out

< (Iwnlleaey + lIs(@n)llary) Ivalluaey Ivallors,,

IN

CL Y2 M(P) |[vili o

with C; > 0 independent of &, h and the physical parameters, and therefore

ap 1 . ap 1 ~
felvilto+ g [ (o= twalo) Wil = {3 - S CREM@ Ivalfo,  (49)

out

which, under the first condition in (4.7)), is bounded below by legfe v |? o that is, (3.26) holds.
Assume now, in addition, that (wp, ¢5) € Xj. Since &;r,,, = O for all §; € A% (cf. (4.3),
the definition of X}, yields

(&> Wh — Qi p(Qn))re, =0 V& € AL,

out

which, since the extension by zero of any element of A%(F*) belongs to A%, implies that

H%*((Wh — ipp(dn))|r,) =0, € {in,m}. (4.10)

Then, applying the first estimate in (4.6)), together with (1.7]), (1.2)) and (3.5]), we obtain, for
* € {in, m},

IWh — Qin s (én) o, = ||X— H%,*)(Wh — @i (d0)|op, < Cp R [, — @i (0n) 1 jo.r,
< Cp b (lwnllne + Is(@n)lljer) < A2 M(p).
(4.11)
Hence, given 1y, € Vi, by Holder’s inequality, (1.6)), (1.2) and (4.11]), we get

1

2

((@in,n(dn) — Wp) - n) Y7 — / ((@inn (o) — wp) - )7
T'm Tin

1 . 1 ~
<5 D Iwn = Gna(@n)llor. [¢nlfar < 5O h'? M
*€{in,m}

with Cy > 0 independent of h, h and the physical parameters. In addition, by (T.1)) and (T.6),

there holds
| onvt
I'm

Consequently, the left-hand side of (3.28)) is bounded below by

a2

a9 1 ~ N
5 < 5 lonllor lnlEsry < 5CrCRaspllvnlie:

Wh’h o+ ; / ((Qunp(Bn) — Wn) - 1) ¢j — ;/Fm((ﬁin,h(fﬁh) — wy) -n)? w12

a vt ~
w5 [ ot = {§2- SR uG) - SorGa vl
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which, under (4.7)), is bounded below by %HwhHiQ, that is, (3.28) holds. Here, it suffices to
take g1 := min{dp/Cl, ac/(2 Cg)}2 and g9 1= dc/(2 Cr 61%), which concludes the proof. O

Having verified hypotheses (H.1)—(H.8), Theorems [3.6[ and guarantee that (3.4)) is well
posed and convergent.

We now turn to deriving the theoretical rate of convergence. To that end, we recall that the
particular choice of spaces introduced above satisfies the following approximation properties:

(AP}) There exists C' > 0, independent of h, such that, for all u € H*2(Q), infy, eq, [[u —
vl < CR*H|ullpi0.

(APY) There exists C > 0, independent of h, such that, for all p € H**1(Q), inf,, cq, [p—anlo0 <
Ch**YIpllet1,0:

(APY) There exists C > 0, independent of h, such that, for all ¢ € H*2(Q), infy,cu, [¢ —
Unllie < CHEollkta.0-

(AP%) There exists C' > 0, independent of h, such that, for all X € HF1/2(1), infg;leAg A —
Eill-1/2r < Cﬁk+1||)\||k+1/2,r-

(AP%) There exists C' > 0, independent of A, such that, for all A € HFT1/2(T), infg;beA’;b 1A —
& ll—1/2r < CRFFY| Ak /2.7

The following theorem establishes the well-posedness of problem (3.4)) with the spaces Hy,
Qn, Uy, A;fl and A;fl defined in (4.1)), (4.2)) and (4.3)), and provides the corresponding theoretical

rates of convergence.

Theorem 4.2 Let k > 1 be an integer, let Hy, Q 1, Vy, be as in (4.1)—(4.2), and let A%,A% be as

m with | = k. Assume that h < Egﬁ, with €y such that and hold, and that h and
ay satisfy , with p as in Theorem . Assume further that the hypotheses of Theorem @
hold. If the exact solution satisfies u € HF2(Q), p € HF1(Q), ¢ € HF2(Q), A € HF/2(T),
and A € HFY2(T), then there exists a unique (W, (pr, An), ©n, An) € Hy x (Qp % A;fl) x Uy, X A%
solving , satisfying the following rates of convergence:

lu—wllio+ e —enllie S A E(up, @) + R EAN),

1 ~
[0 =2 A= M)l S 5o [P E1(wp,0) + T E(A V)], (4.13)

1 -
”)\ - )\hH—l/Z,F S (Fe =+ (13) [hk+1 gl(uapa 80) + h‘k+1 62(A7 )‘)]7

where
E(w,p, @) = [[ullgy2.0 + (1 + azPe)|l@llkt2,0 + Re [pllkr1,0,

E2(A ) == Re|[Allgq1/2,0 + Pe || Mlrg1/2,r;
and the hidden constants are independent of h, h and the physical parameters.

Proof. The well-posedness of ({3.4)) follows from Theorem 3.6} since hypotheses (H.1)—(H.8) have

been verified above (cf. (4.4), (4.5) and Lemma [4.1)). In turn, estimate (4.13) follows directly
from ([3.67)-(3.69)), together with the approximation properties (AP}), (AP}), (AP}), (AP%‘),

and (AP%). We omit further details. O
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5 Computational results

In this section, we present a series of numerical experiments to assess the accuracy and perfor-
mance of the proposed finite element method introduced in Section [3| The numerical study is
organized into two main parts. First, we investigate the convergence behavior of the method for
different finite element configurations through a systematic mesh-refinement study. The numer-
ical errors and experimental convergence rates are reported for the different unknowns of the
coupled problem.

In the second part, we consider a membrane channel representing a reverse osmosis configu-
ration and investigate the effect of different spacer arrangements on the computed solution. Four
configurations are considered, ranging from a single Central spacer and a Non-centered spacer
to configurations involving three spacers, namely the Submerged and Zig-zag arrangements. The
numerical results are analyzed from two complementary perspectives. First, the velocity, pres-
sure, and salt concentration fields are examined throughout the computational domain. Second,
the behavior of the relevant quantities along the membrane is analyzed to characterize the local
influence of the spacer arrangement on the flow and transport processes.

5.1 Convergence and stability test

In our first example, we illustrate the accuracy of our method by considering a manufactured
exact solution defined on the unit square Q = (0,1) x (0, 1), whose boundary is decomposed as
in . We consider a Reynolds Re = 1 and Péclet number Pe = 1, and adjust the terms on
the right-hand side of so that the exact solution is given by the functions

B (2x2y(2y Dy - 1)(z - 1)

o = cos(mz) ex and
—2xy%(y — 1)*(22 — 1)(z — 1)) P (mz) exp(y)

o= ;«1 — 2y)(=22y2(y — 1)2(20 — 1)z — 1)) + ax).

Since the manufactured solution is smooth, the restriction of the exact Lagrange multiplier for
the velocity A to I'g,; reduces to Alpe = — (éVu —p I)l’l|1"ccmt. Analogously, the exact Lagrange
multiplier for the concentration satisfies A\|r,, = —PieVga -n|r,,. The approximation errors for

the velocity and pressure are denoted by

e(w) = [[u—u,

1,05 e(p) := llp — prllog, e(p) == |l — ¢nllo-

Now, since the natural H=/2(T')- and H~'/2(I")-norms of the corresponding Lagrange multi-
pliers are not directly computable, their errors are measured in the L?- and L2-norms on the
corresponding boundary portions, namely,

e(A) = [[A = Anllory, and  e(A):= [|A = Anllorg

out

Given two successive mesh sizes h and h/, the experimental order of convergence is computed as

_ log(e(x)/e'(x))

= A A
r(*) log(h/h/) ? * E {u7p7 307 Y }?

where e(x) and €/(x) denote the corresponding errors for h and h'.

42



Besides the Taylor-Hood family introduced in Section the velocity and pressure can also
be approximated by means of the MINI-element (see, e.g., [20]). To this end, for each K € T,
we let b := uiuops be the cubic bubble function on K, where 1, 2, u3 denote the barycentric
coordinates of K, and set Py ,(K) := P1(K) @ span{bx}. Then, the MINI-element consists of
the pair (Hy, Qp) given by

Hh = {Vh S [C(ﬁ)]z : Vh‘K S [Pl,b(K)]2 VK € 771,}7

_ (5.1)
Q= {an € CO): qulx € PL(K) YK € Ti}.
In this case, the concentration and the multipliers A and A are approximated by
U, = {q,z)h e C@): nlx € P1(K) VK € Th}, AY and A, (5.2)

respectively, with A% and A% as in (4.3) with [ = 0. Proceeding as in Section one can

show that these spaces satisfy hypotheses (H.1)-(H.8), provided that h < eoh and holds.
Then, from Theorem and the approximation properties of these spaces (see, e.g., [20]),
we deduce that under minimal regularity assumptions, the total error is of order O(h) + O(B),
where the contributions O(h) and O(h) come from the approximation of (u, p,¢) and of (A, \),
respectively.

In all the experiments, the partitions I'; . and I';  used to define the multiplier spaces are

obtained by merging pairs of consecutive boundary edges of 7, so that h = 2h, in agreement
with the condition h < eoh required by the analysis (cf. Section .

The convergence histories for the two parameter configurations are reported in Tables
and The first experiment corresponds to a = (2.0,0.2,4.5), which satisfies the theoreti-
cal assumption az > 0.5a;. In contrast, the second experiment considers a = (3.0,2.0,0.1),
for which the hypothesis of Lemma is not satisfied. Nevertheless, both numerical experi-
ments exhibit the expected asymptotic behavior for all finite element families considered. The
MINI+P; + Py + Py approximation attains the expected first-order convergence for the ve-
locity, pressure, concentration, and both Lagrange multipliers, while the pressure displays the
well-known superconvergent behavior of order O(h!?), in agreement with the analysis reported
in [I2]. From the viewpoint of computational cost, this family therefore provides an efficient
low-order approximation.

For the Taylor-Hood families, the results confirm the optimal convergence rates predicted by
the theory. The Py — P; — Py — P; — P approximation yields second-order convergence for the
velocity, concentration, and both Lagrange multipliers, together with second-order convergence
for the pressure. Increasing the polynomial degree to the P3 — Py — P3 — Py — Py family further
improves the accuracy, producing third-order convergence for all variables while preserving the
expected asymptotic behavior. These results indicate that the higher-order Taylor—-Hood dis-
cretizations provide a substantial accuracy gain at the expense of a larger number of degrees of
freedom.

5.2 Membrane channel with different spacer configurations

This experiment aims to test the proposed scheme in a membrane channel unit whose length
is chosen to allow the development of the flow before interacting with the spacer. We consider
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Table 5.1: Example

Convergence history of the scheme in the square

domain for a =

(2.0,0.2,4.5).
h DoFs e(u) r(u) e(p) 7(p) e(p) () e(A) r(A) e()) r(A)
MINI: Py — Py — Py — Py — Py
0.0202 40595  2.1451e-03  1.00 8.0231e-04 1.52 4.0212¢-03 1.00 5.5671e-02 1.00 6.6125¢-03 1.01
0.0177 52795  1.8759e-03 1.00 6.5482e-04 1.52 3.5196e-03 1.00 4.8707e-02 1.00 5.7776e-03 1.01
0.0157 66595  1.6668e-03 1.00 5.4751e-04 1.52 3.1292e-03 1.00 4.3292e-02 1.00 5.1306e-03 1.01
0.0141 81995  1.4996e-03 1.00 4.6659e-04 1.52 2.8166e-03 1.00 3.8961e-02 1.00 4.6143e-03 1.01
0.0129 98995  1.3629e-03 1.00 4.0379e-04 1.52 2.5609e-03 1.00 3.5418e-02 1.00 4.1926e-03  1.00
Taylor-Hood: Py — Py — Py — Py — Py
0.0202 66346 3.76183e-05 2.08 1.11671e-04 2.02 9.47230e-05 2.00 7.57596e-04 1.99 2.34458¢-04 2.03
0.0177 86226 2.85031e-05 2.07 8.52328e-05 2.02 7.25169e-05 2.00 5.80969e-04 1.99 1.78881e-04 2.02
0.0157 108706 2.23362e-05 2.06 6.71792e-05 2.02 5.72915e-05 2.00 4.59604e-04 1.99 1.40963e-04 2.02
0.0141 133786 1.79720e-05 2.06 5.43069¢-05 2.02 4.64012e-05 2.00 3.72643e-04 1.99 1.13946e-04 2.02
0.0129 161466 1.47712e-05 2.05 4.48080e-05 2.02 3.83442e-05 2.00 3.08212e-04 1.99 9.40177e-05 2.01
High-order Taylor-Hood: P3 — Py — P3g — Po — Py

0.0202 155937 3.9018e-07 3.01  6.7896e-07 3.00 9.8069¢-07 3.01  3.6629¢-06 3.00 4.8991e-06 2.98
0.0177 203017 2.6107e-07 3.01 4.5466e-07 3.00 6.5590e-07 3.00 2.4532e-06 3.00 3.2921e-06 2.98
0.0157 256297 1.8319e-07 3.01  3.1922e-07 3.00 4.6039e-07 2.99 1.7226e-06 3.00 2.3178¢-06 2.98
0.0141 315777 1.3344e-07 3.01  2.3265e-07 3.00 3.3582e-07 2.98 1.2556e-06 3.00 1.6933e-06 2.98
0.0129 381457 1.0020e-07 3.01  1.7476e-07 3.00 2.5281e-07 2.96 9.4322e-07 3.00 1.2749e-06 2.97

the dimensionless computational domain Q := (O, %) x (0,1), where ¢ = 20mm and b = 2mm,
so that 2 = (0,10) x (0,1). The scaling by the channel width b allows us to work with a fixed
transverse dimension while preserving the relevant geometric features of the membrane channel.

The numerical simulations presented in Figures and were performed using
1,358,310 degrees of freedom (DoFs). The velocity and pressure fields were approximated using
the Taylor-Hood finite element pair Po — Py, while the concentration was approximated using
Ps elements. The Lagrange multipliers were discretized using discontinuous P; elements on
the boundary. The numerical results in the computational channel, presented in Figures
and were visualized using ParaView. In contrast, the quantities evaluated along the
membrane, presented in Figures |5.4 were obtained and visualized using a custom Python
script based on the matplotlib.pyplot library.

The channel contains impermeable circular spacers arranged in different configurations,
which modify the local flow field and, consequently, the transport of salt near the membrane.
For each spacer configuration, we denote by I'y, the boundary of the solid spacers. On I'y, we
impose

1
u=0, (cpu——Vgo)-n:O on I'y.
Pe

The first condition imposes zero velocity on the spacer boundary, reflecting the fact that the
spacers act as solid obstacles. The second condition imposes zero salt flux through the solid
spacers.

We consider four different spacer configurations to investigate the effect of the spacer arrange-
ment on the velocity, pressure, and salt concentration fields. In the first configuration, referred
to as the Central spacer configuration, a single circular spacer is placed at (z,y) = (5,0.5).
In the second configuration, referred to as the Non-centered spacer configuration, the spacer is
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Table 5.2: Example Convergence history of the scheme in the square domain for a =
(3.0,2.0,0.1).

h DoFs e(w)  r(w) elp)  rlp)  ely)  rlp) e (A e(N) (N
MINI: Pl,b — Pl — Pl — P(] — P()

0.0202 40595 2.1452e-03 1.00 8.0354e-04 1.52 4.0212e-03 1.00 5.5670e-02 1.00 6.6117e-03 1.01
0.0177 52795 1.8760e-03 1.00 6.5570e-04 1.52 3.5196e-03 1.00 4.8707e-02 1.00 5.7771le-03 1.01
0.0157 66595 1.6668e-03 1.00 5.4816e-04 1.52 3.1291e-03 1.00 4.3292e-02 1.00 5.1302e-03 1.01
0.0141 81995 1.4996e-03 1.00 4.6709¢-04 1.52 2.8166e-03 1.00 3.8961e-02 1.00 4.6140e-03 1.01
0.0129 98995 1.3629e-03 1.00 4.0419e-04 1.52 2.5609e-03 1.00 3.5418e-02 1.00 4.1924e-03 1.00

Taylor-Hood: Py — Py — Py — P1 — Py

0.0202 66346 3.7605e-05 2.08 1.1164e-04 2.02 9.4727e-05 2.00 7.5581e-04 1.99 2.3451e-04 2.03
0.0177 86226 2.8495e-05 2.07 8.5212e-05 2.02 7.2519e-05 2.00 5.7971le-04 1.99 1.7891e-04 2.02
0.0157 108706 2.2331e-05 2.06 6.7165e-05 2.02 5.7293e-05 2.00 4.5869e-04 1.99 1.4098e-04 2.02
0.0141 133786 1.7968e-05 2.06 5.4297e-05 2.02 4.6402e-05 2.00 3.7195e-04 1.99 1.1396e-04 2.02
0.0129 161466 1.4768e-05 2.05 4.4801e-05 2.02 3.8345e-05 2.00 3.0768e-04 1.99 9.4024e-05 2.02

High-order Taylor-Hood: P3 — Py — Pg — Py — Py

0.0202 155937 3.9018e-07 3.01 6.7896e-07 3.00 9.8074e-07 3.01 3.6629e-06 3.00 4.9008e-06 2.98
0.0177 203017 2.6107e-07 3.01 4.5466e-07 3.00 6.5591e-07 3.01 2.4532e-06 3.00 3.2930e-06 2.98
0.0157 256297 1.8319e-07 3.01 3.1922e-07 3.00 4.6038e-07 3.00 1.7226e-06 3.00 2.3183e-06 2.98
0.0141 315777 1.3344e-07 3.01 2.3265e-07 3.00 3.3580e-07 2.98 1.2556e-06 3.00 1.6936e-06 2.98
0.0129 381457 1.0020e-07 3.01 1.7476e-07 3.00 2.5278e-07 2.96 9.4322e-07 3.00 1.2751e-06 2.97

displaced toward the lower membrane, with its center located at (z,y) = (5,0.21), allowing us
to assess the effect of reducing the gap between the spacer and the membrane. The third con-
figuration, referred to as the Submerged configuration, consists of three circular spacers aligned
along the horizontal direction, with their centers located at (z,y) = (2.5,0.5), (z,y) = (5,0.5),
and (z,y) = (7.5,0.5). Finally, the fourth configuration, referred to as the Zig-zag configuration,
consists of three circular spacers arranged in a staggered pattern, with their centers located at
(x,y) = (2.5,0.21), (z,y) = (5,0.79), and (z,y) = (7.5,0.21). This arrangement induces an
asymmetric flow structure and promotes the interaction of recirculation regions between consec-
utive spacers. For all configurations, the radius of each spacer is v = 0.2.

The boundary T' is decomposed according to the partition introduced in . For the
numerical experiments, we consider the coupled problem , with the inlet velocity prescribed
by the following (nondimensional) Berman-type profile (see, e.g., [9]):

g (1-¢1- %(2 - 7¢2 - 7¢Y)]
uin(0,y) = ) Re vV (0,y) € Ty, (5.3)
b5 ¢3¢ = 2 ¢(2-3¢ +¢9)]

where ¢ := 2y — 1 and v,, := a1 — az denotes the (nondimensional) permeate velocity, where we
take ¢g := @i, as the reference concentration, so that the nondimensional inlet concentration
equals 1. Notice that u i, vanishes at y = 0 and y = 1, so that holds, and that ug iy (0,1) =
Uy and u2in(0,0) = —wvy, so that the compatibility condition is satisfied. In addition,
since ug iy is a polynomial and i, is constant, holds for any n € (0, 1].

The physical parameters associated with the scaled computational domain are reported in
Table[5.3] These include the membrane permeability, transmembrane pressure, salt permeability,
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fluid properties, temperature, inlet salt concentration, and the derived parameters appearing in
the scaled formulation. These quantities are kept fixed throughout the numerical experiments,
while the spacer arrangement and the characteristic inlet velocity are varied according to the
test under consideration.

The characteristic inlet velocity is varied according to Uy € {30,45,60} mms~—!, with the
corresponding value of Uy used in the inlet profile . The parameters a1, as, and ag are defined
consistently with the scaling associated with the computational domain ©Q = (0,a/b) x (0, 1),
and their corresponding values are reported in Table

The results shown in Figures illustrate the behavior of the velocity, pressure, and
salt concentration fields, respectively, for the four spacer configurations at an inlet velocity of
Uy = 60mms—'. Overall, the results show that the arrangement of the spacers significantly
affects the local flow structure and, consequently, the convective transport of salt throughout
the channel.

Figure|5.1|shows that the Central spacer configuration produces an approximately symmetric
flow structure around the spacer. The flow accelerates as it passes through the regions on either
side of the obstacle, followed by the development of a recirculation region downstream. In the
Non-centered spacer configuration, the displacement of the spacer toward the lower membrane
reduces the available gap between the obstacle and the wall, leading to a more asymmetric flow
structure and a recirculation region concentrated downstream of the spacer. In the Submerged
configuration, the three spacers generate a sequence of acceleration and recirculation regions,
with the wakes produced by consecutive spacers interacting along the channel. Finally, in the
Zig-zag configuration, the alternating arrangement of the spacers with respect to the membranes
produces a more complex flow structure, with recirculation regions developing alternately near
the upper and lower membranes. These results illustrate the strong dependence of the flow
structure on the geometric arrangement of the spacers.

The corresponding pressure distributions are shown in Figure [5.2} For the Central config-
uration, the spacer produces an increase in pressure upstream of the obstacle, followed by a
localized decrease downstream and a subsequent pressure recovery. The Non-centered config-
uration exhibits a more asymmetric pressure distribution, with a pronounced variation in the
region where the gap between the spacer and the lower membrane is reduced. In the Submerged
configuration, the three spacers generate a sequence of pressure variations along the channel,
reflecting the successive acceleration, deceleration, and recovery of the flow around the obstacles.
A similar behavior is observed in the Zig-zag configuration, although the alternating position of
the spacers produces pressure variations near both membranes. Thus, the pressure field reflects
the successive interaction between the flow and the solid obstacles.

The salt concentration distributions are presented in Figure In all four configurations,
the concentration exhibits a relatively uniform distribution in the central region of the channel,
while pronounced variations develop in the vicinity of the membranes and around the spacers.
For the Central configuration, the effect of the spacer is mainly localized around the obstacle
and in its downstream region. In the Non-centered configuration, the proximity of the spacer to
the lower membrane produces a more localized perturbation of the concentration field near the
obstacle. In the Submerged configuration, the three spacers generate a sequence of concentration
perturbations associated with the recirculation regions developing downstream of each obstacle.
Finally, the Zig-zag configuration produces alternating concentration variations near the upper
and lower membranes, following the arrangement of the spacers. These results indicate that
the modification of the flow structure induced by the spacers is directly reflected in the salt
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distribution throughout the channel.

The behavior of the relevant quantities along the membrane is examined next. Figures
5.6 provide a more detailed description of the local response of the permeable membrane to
the different spacer arrangements. The permeate velocity shown in Figure [5.4] exhibits localized
variations at the positions of the spacers. The Central configuration presents a single pronounced
perturbation, whereas the Non-centered configuration exhibits a sharper local variation due
to the proximity of the spacer to the membrane. The Submerged and Zig-zag configurations
produce multiple peaks and valleys, corresponding to the successive interactions between the
spacers and the membrane. In particular, the Zig-zag arrangement leads to alternating local
variations along the membrane, consistent with the staggered position of the spacers.

The pressure distributions along the membrane, shown in Figure [5.5] exhibit corresponding
local variations at the spacer locations. The Central and Non-centered configurations display a
single dominant pressure variation, whereas the Submerged and Zig-zag configurations produce
successive pressure drops and recoveries along the membrane. These repeated variations reflect
the influence of the individual spacers and their interaction with the surrounding flow.

The salt concentration along the membrane is shown in Figure[5.6] The Central configuration
exhibits a relatively smooth variation along the membrane, with a localized perturbation near
the spacer. The Non-centered configuration produces a more pronounced local concentration
variation in the vicinity of the spacer. For the Submerged and Zig-zag configurations, the
concentration exhibits repeated oscillations associated with the successive spacers. In the Zig-
zag configuration, these variations alternate along the membrane according to the staggered
arrangement of the obstacles.

Overall, the numerical results show that the spacer arrangement plays an important role in
determining the local flow, pressure, and salt concentration along the membrane. The Central
spacer configuration leads to relatively smooth variations in the membrane quantities, with a
localized perturbation near the spacer. By contrast, the Non-centered configuration results in
more pronounced local changes in the permeate velocity and salt concentration, which can be
attributed to the reduced distance between the spacer and the membrane. The Submerged and
Zig-zag configurations generate successive variations along the membrane as a consequence of
the interaction between the multiple spacers and the surrounding flow. In particular, the Zig-zag
arrangement produces alternating local perturbations along the membrane, consistent with the
staggered configuration of the spacers. These numerical observations are in agreement with the
behavior reported in [2] [11].

Furthermore, the computed salt concentration remains positive throughout the computa-
tional domain and along the membrane for all the configurations considered, even though the
assumption as — %al > 0 of Lemma is not satisfied in this setting. This suggests that the
latter is a technical requirement of the analysis rather than a limitation of the method.
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6 Appendix A. Proof of Lemma [1.1
Let 31, ¥9 and x; be as in Lemmam and set

Y3 ::F\(il UiQ), Xg:=39NY3 and X3:=X3MNX].
From [21], Theorem 1.5.2.3] it follows that the operator

T:H(Q) = (€l lle),  T() = (11(v),72(0),73(v)),
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is linear, bounded, and surjective, where

2
do < 400 Vje{1,2,3} s,

5 5 | Re (i hiny:
C:= (¢1’¢2’¢3)€HH1/2(21')1/0 | X](¢]7f]+170-)’

j=1

with

Rx].((ﬁj,qﬁj_u;(f) = ¢j+1(xj(a)) — (ﬁj (xj(—a)), for a.e. o € (0,(5]‘), j € {1,2,3},

and
3 1/2

(Sj RX' i . ; 2
161,62, 68)llc = 3 ||¢j||1/2,z_,.+</0 [P (9 b l da) ,

j=1

where, by convention, ¢j11 = ¢1 when j = 3. Here, §; > 0 is chosen sufficiently small so that
Xj(O') € Ej+1 and Xj(—O') S Ej, Vo e (O,(Sj),

where 0 — x;(0) and o — x;(—0) are Lipschitz-continuous parametrizations of ¥;;1 and 3;,
respectively, with Lipschitz-continuous inverses. We also adopt the convention ;41 = ¥; when
j=3.

Given f; € H/2(%) and f, € HY/2(%,), let

f_ fl on 217
B f2 on 22.

To prove that f € H'/2(X; U X5), we introduce the auxiliary operator
T:H(Q) = € llg),  T():=(m(v),72(0)),

where

51 c )2
¢ i {(¢1,¢2) € HY2(Ey) x (s s [ 1Pl g +oo} ,

endowed with the norm

: Ry (6, b o)\
l@én el =3 sl s, + /0 do ) . (6.1)
j=1

g

We first prove that T is surjective. Indeed, given (o1, ¢2) € (?, we can choose ¢3 € H1/2(23)
such that

(¢17 ¢27 ¢3) ecC.
Hence, by the surjectivity of T', there exists v € H!(Q2) such that

T(v) = (¢1, P2, $3)-

It follows that R
T(v) = (m(v),72(v)) = (¢1, ¢2),
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and therefore T is also surjective.
Now, by the compatibility assumption (1.19)), we have that (f1, f2) € C. Hence, the surjec-
tivity of 7' ensures the existence of w € H!(Q) such that

T(w) = (f1, f2).

By the definition of v;, this implies

’YO(w)|Ej - fj? J=12
and consequently
Yo(w)[s,us, = f-
Therefore, by the definition of H/2(2; U %),

feH2(3 un,).

Now we turn to prove (1.20)) by means of the Bounded Inverse Theorem (see [29] Theorem
3.8]). To that end, we let N R R
T HY(Q)/Ker(T) = (C. | - llg)

be the operator defined by ~ N
T([v]) =T (v),

where [v] denotes the equivalence class of v with respect to the equivalence relation

~

v~y <= v—u € Ker(T).
It is not difficult to see that

Ker(T) = leg(Q) ={veH'(Q) : () =0 ae onX§:=3%US}.

By the continuity and surjectivity of T\, it follows that T is also continuous and surjective. In
addition, since
[0] = {v cH(Q):v-0=v¢c Ker(f)} = Ker(T),

we readily deduce that

Ker(T) = {[0]},

and hence T is injective. In turn, since H(€2) is a Hilbert space and Ker(f) is a closed subspace
of HY(Q), it is well known (see, e.g., [29, Theorem 3.13]) that the quotient space

H'(Q)/Ker(T)

is a Banach space. Thgrefore, in order to apply the Bounded Inverse Theorem to T, it only
remains to prove that (C, || - [|z) is a Banach space. To this end, we introduce the product space

X = HY2(%;) x HY2(25) x L2((0,61); 0 Ldo),

where

LQ((O,él);rldU) = {q :(0,61) > R: /61 Mda < —i—oo} :
0

o
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Endowed with the norm

o1 ’ 2 1/2
Q(O—)‘
1= ——d
||q”0,0' 1 (/0 o J> )

the space Lz((O, 01); U_ldcr) is a Hilbert space and, in particular, a Banach space.
We endow X with the norm

(@1, 02, 0)llx = lP1llijz,sy + lP2llij2,5, + llal

070.—1 .

Since each factor of X is a Banach space, (X, || - ||x) is also a Banach space.
We now define the operator

o:(Cllp) — (X1 lIx)

by
(1, p2) = (o1, 2, R, (01, P25 -)).

By the definitions of the norms || - [|x and || - ||5, for each (¢1, ¢2) € C, we have

J Rxl 5 e 2 1/2
19(h1, 02)|lx = o1l /2 + 92l /2,5, + (/0 | (¢1J¢>2 )l da)

= [|(¢1, d2)l¢-

Hence, @ is an isometric isomorphism from C onto its range <I>(5)
Now, let {(¢1n, P2.n) tnen C C be a Cauchy sequence. Since ® is an isometry, it follows that

{q)(¢1,n7 ¢2’")}n€N = {(¢1,na ¢2,na Qn)}neN )

where
qn(0) = Rx, (1,0, P2,n;0) for ae. o€ (0,01),
is a Cauchy sequence in (X, || - || x). Since X is a Banach space, there exists
(01, ¢2,q9) € X
such that
(¢1,na¢2,an) — (¢17¢27Q) in X.
Equivalently,
Gin — ¢; i HYAE)),  j=1,2
and

Gn —q inL*((0,61);0 'do). (6.2)
In particular, by the continuous embedding H'/2(%;) < L2(X;), we also have
Gin — ¢; in LA(%,), j=1,2.

Hence, by [9, Theorem 4.9], and after successively extracting subsequences, there exists a com-
mon subsequence, still denoted by {ny}ren, such that

Qjny — @j a.e. on Xj, j=12.
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Then, since 0 — x;(0) and ¢ — x1(—0) are Lipschitz-continuous with Lipschitz-continuous
inverses, it follows from [16, Theorem 2.8] that

P20, (X1(0)) = 2(x1(0)) and @1, (x1(—0)) = ¢1(x1(~0))
for a.e. o € (0,01). Therefore,
klggo Gn, (0) = klggo |:¢2,nk (Xl (U)) — Q1 (Xl(_a))]
= ¢2(x1(0)) — ¢1(x1(—0))
= Ry, (¢1, ¢2;0) for a.e. o € (0,01).

In addition, by (6.2) and [9, Theorem 4.9], there exists a further subsequence {anl teen C
{qn,, } ken such that
Gny, (0) = q(0) for ae. o € (0,8).

On the other hand, from the preceding convergence result, we have

Gny, (0) = Rx,(¢1,¢2;0) for ae. o€ (0,01).

Hence, by uniqueness of the limit,

q(0) = R, (¢1, ¢2;0) = ¢2(x1(0)) — d1(x1(—0)) for ae. o € (0,61).

Since

q € LQ((O, 0); ailda),
it follows that (41, ¢2) € C and

(91, 92) = (é1, ¢2,9).
Moreover,

[(P1,05 P2.0) — (D1, 02)|lg = [[ P10 — P1ll1 /2,5, + ([ P20 — D21 /2,5,

+ llgn — qupfl — 0 as n — oo.

Therefore, every Cauchy sequence in (C, || - || &) converges to an element of C, and hence (C, ||| &)
is a Banach space.

Consequently, T satisfies the hypotheses of the Bounded Inverse Theorem. Hence, there
exists a constant C' > 0 such that

H[w]HHl(Q)/Ker(f) < C”f([w])”ﬁ
= C|IT(w)lg = Cll(mw),12(w)llg = Cll(f1. f2)

On the other hand, recalling that v;(w) = f;, i = 1,2, and using the definition of the quotient
norm, we obtain

(6.3)

w ~ = inf w—+ v
||[ ]HHl(Q)/Ker(T) veKer() || ||1,Q

= inf {||w/[1.0: T(w') = T(w)}
= inf {Hw’HLQ tn(w') = fi, ye(w') = fQ}
= inf {Hw’Hm y0(w)|syus, = f}

= [If 12,508,
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Combining this identity with (6.3]) and (6.1), we conclude that

& . 1/2
By (1. f2:0) da) }

(o

1flli/2,2u8, <C {||f1||1/2,21 + 1 f2ll1/2,5, + </0

which proves ((1.20) and completes the proof.

7 Appendix B. Proof of Lemma
Given v;, € Hy, we first recall that (3.48) implies that the operator By, : Hy, — Q), Bp(vp) :=
b(vp, +), is surjective. Then, proceeding analogously to [14, Theorem 2.34], there exists rj, € Hy,
such that

b(rn,qn) = b(u—vp,qn) Yan € Qp and Bllralla < bl [lu — valu- (7.1)

Setting wy, := ), + vp, we get b(wn, qn) = b(u, gn) = G(qn) for all g, € Qp, and
e < (1 By
|u—wpllg < (1+ 5 |u — vpllm (7.2)

By the surjectivity of By again, there exists s;, € Hy such that

- G -G
b(sh,qn) = Grlan) — G(qn) Vg, € Qp and flspllu < sup G an) h(qh)|-
th;éQOh thHQ
qp

(7.3)

Setting Wy, = wp + sp, we have b(wp,qn) = Gr(qn) = bun,qr) for all g, € Qp, so that
Y = up — Wy, € Ker(By), and, by (7.2)), (7.3) and the triangle inequality,

. b 1 G(gn) — Gnlan
fu—iinll < = wlla-+ sl < mon) = (14 100 ) v 4 & sup 1900 = Cnlanl]
B s <Gy lanllq
qdh

(7.4)
Since yy, € Ker(By,), it follows that

a(un, Yn) = Fn(yn) — b(Yn,pn) = Ful(yn)-

On the other hand, for any ¢, € Qp, using again that y, € Ker(By), we have b(yn,p) =
b(yn,p — qn), so that
a(u, yn) = F(yn) — b(yn, p — qn)-

In this way, adding and subtracting suitable terms, we deduce that
a(un—wn, yn) = a(un, yn) —a(u, yp)+a(u—dn, yn) = [Fa(yn)—F (yn)]+b(yn, p—aqn)+a(u—ibn, yn),

(7.5)
which, together with (3.47) and (7.4)), yields

B ) F(yn) — Fn(yn
G un il < sup L) = L)

yp€Hp || h”H
yr#0

+1blllp = anllq + lallna(vn) — Van € Qn. (7.6)
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Then, the triangle inequality ||u — up|lg < ||u — Wn||u + ||Wn — up|lu, combined with (7.4]) and
(7.6)), and taking the infimum over v, € Hy and g, € Q}, independently, yields the first estimate

in (.19)

For the second estimate, we notice that, for all vy, € Hy, and g, € Q 1,

b(vn, an —pn) = b(vh, g —p) +b(vn, p—pr) = b(vn, qn —p) +alup —u, vp) + F(vn) — Fp(vn). (7.7)
Applying the discrete inf-sup condition (3.48)) to the left-hand side of , we obtain
= |F'(2n) — Fi(2n)|
Bllan —prlle < 1IblHllp = anllq + llall lu — ualln + sup

2 €H), |z |1
270

(7.8)

Then, combining ([7.8)) with the triangle inequality |[p —pnllq < llp—anllQ +lgn —prllq, we get

p=pilo < (1+ )1~ gl + esllu— unll + & sup ECERI = LG
B Zhe;fzél [E7A 5%
Zh

which, together with the first estimate in (3.49), and noticing that %—1— % = c3, yields the second
estimate in (3.49) after taking the infimum over ¢, € Q. This concludes the proof.
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