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ANALYTIC AND GEVREY REGULARITY FOR A HYBRID
THERMOELASTIC EULER-BERNOULLI BEAM WITH SINGULAR
INTERACTIONS

RODRIGO CARRASCO JOFRE, MAURICIO SEPULVEDA-CORTES, JAIME MUNOZ RIVERA

ABSTRACT. We investigate the regularity and stability properties of a hybrid Euler-Bernoulli
beam consisting of elastic and thermoelastic components, with type III thermoelasticity, discon-
tinuous material coefficients, and singular pointwise interactions modeled by Dirac distributions
and their derivatives. The beam is dynamically coupled at one endpoint to a rigid tip body
with mass, rotational inertia, and an offset center of mass, giving rise to a PDE-ODE system
with dynamic boundary conditions.

Using frequency-domain methods and high-frequency resolvent estimates, we show that when
the thermoelastic mechanism acts throughout the beam, the associated Cp-semigroup is analytic,
despite the presence of singular interactions and the dynamic coupling with the tip body. In
contrast, when the thermoelastic effects are confined to a proper subinterval, analyticity is lost
and the semigroup is of Gevrey class 2. In both configurations, the system is exponentially
stable. These results show that the transition from analyticity to Gevrey regularity induced
by the localization of the thermoelastic mechanism persists in the presence of both singular
interactions and dynamic tip-body coupling.

1. INTRODUCTION AND MAIN RESULTS

Thermoelasticity provides a fundamental framework for describing the interaction between me-
chanical deformation and thermal effects in elastic structures. Classical theories based on Fourier’s
law of heat conduction lead to parabolic thermal equations and therefore predict an infinite speed
of thermal propagation. Generalized thermoelastic theories have been developed to overcome this
limitation. Among them, the type III theory introduced by Green and Naghdi [7, 8, O] is par-
ticularly relevant, since it allows thermal waves to propagate with finite speed while retaining a
dissipative mechanism through the thermal constitutive law.

The coupling between elastic structures and type III heat conduction has been extensively
studied from the viewpoints of well-posedness, stability, and semigroup regularity. The situation
becomes substantially more delicate when the thermoelastic mechanism acts only on a proper
subregion of the structure, as occurs naturally in composite materials, layered structures, and
systems with localized thermal devices. From the mathematical point of view, localization destroys
the uniform interaction between the elastic and thermal variables and may significantly affect both
the long-time dynamics and the smoothing properties of the associated semigroup. In particular,
analyticity may be lost when the thermoelastic mechanism is restricted to a subinterval, while a
weaker Gevrey regularization may persist.

Additional difficulties arise in the presence of concentrated interactions. Pointwise dampers,
feedback devices, and concentrated forces are naturally represented by Dirac distributions, while
moment-type actions lead to derivatives of Dirac distributions. Such terms cannot be treated
simply as regular lower-order perturbations, since they generate jump conditions for the bending
moment and shear force and lead naturally to a transmission formulation.

The purpose of this paper is to investigate the regularity and stability of such a localized
thermoelastic structure when these singular interactions are combined with a genuinely dynamic
boundary coupling. More precisely, we consider an Euler—Bernoulli beam with discontinuous
elastic coefficients, type I1I thermoelasticity acting on a prescribed subinterval, singular pointwise
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interactions, and a rigid tip body dynamically coupled to the right endpoint. The configuration
is illustrated in Figure
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FIGURE 1. Localized thermoelastic beam with singular interactions at &y and &;
and with a tip body of mass my.

The governing equations are

d .
(1'1) put + MLEI + 60ut(§0)650 + Blut(gl)(gfl - BQuwt(gl)%éﬁl = 07 m (an) X Rg,
(1.2) Drt — Qu — Mgy + B30:(£1)0¢, =0, in (Lo, 01) x R,

where u denotes the transverse displacement, ¢ the thermal displacement, and J¢ the Dirac distri-
bution concentrated at £. The bending moment and heat flux are given by

M = a(x)ugy + m(xz)0s, Q = KBy + Koby.

At z = /¢, a rigid body of mass mg and moment of inertia J is attached to the beam, with
its center of mass located at a distance d from the attachment point. If w(t) and z(t) denote,
respectively, the transverse displacement and rotation of the beam tip, the boundary conditions
are given by

w(0,8) = uyp(0,8) =0, w(l,t) =w(t), ugx(l,t)==z(t), 6(l,t)=0((,t)=0, Vt>0,
The balance of forces and moments at the tip yields the dynamic boundary conditions
(1.3) mowy + modzy + ywy — (ozumx + mﬁmt) (4,t) = 0,
(1.4) modwy; + (J + m0d2)ztt + dywy + dy*ze + aug (6,t) = 0.

Notice that the thermal contribution to the dynamic boundary conditions is present whenever
the thermoelastic region reaches the right endpoint of the beam, that is, when ¢; = ¢. This
includes both the fully thermoelastic case, {5 = 0 and ¢; = ¢, and the partially thermoelastic case,
0 < £y < 1 =¥. On the other hand, if ¢; < ¢, the neighborhood of the tip is purely elastic, so
that m = 0 near = £ and the thermal term m#,;(¢,t) does not appear in the dynamic boundary
condition. For related beam models with dynamic tip bodies, we refer to [16, 17, [18].

The offset d has a direct mechanical significance: it acts as a lever arm coupling the translational

and rotational motions of the attached body. In particular, for d > 0 the tip kinetic energy is
Eiip(t) = %m0|wt|2 + mod wyzy + %(J + m0d2)|zt|2.

Consequently, the tip-body dynamics form part of the principal energy of the system and cannot

be treated merely as a lower-order boundary perturbation.

The model therefore combines several mechanisms that are individually nontrivial: transmission
across discontinuous material interfaces, localized type III thermoelasticity, singular interactions
generated by Dirac distributions and their derivatives, and a finite-dimensional mechanical system
coupled through the high-order boundary traces of the beam. The main analytical challenge is to
propagate the regularization generated in the thermoelastic region through the elastic components
and up to the translational and rotational degrees of freedom of the tip body.
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Our main result shows that the regularity transition induced by the localization of the ther-
moelastic mechanism persists in the presence of the combined effects of transmission, singular
interactions, and dynamic tip-body coupling. In the fully thermoelastic configuration, the associ-
ated Cy-semigroup is analytic, whereas in the localized configuration it is of Gevrey class 2. More
precisely, a frequency-domain analysis of the generator yields, for sufficiently large |A|,

[GA = A7 5y < CINT
in the fully thermoelastic case, while
AL = A7y < O

when the thermoelastic mechanism is localized. In particular, the latter estimate improves the
Gevrey regularity previously obtained in [6], where Gevrey class 8 was established for a nonhybrid
beam with localized thermoelasticity and without singular interactions. Thus, the present result
not only extends the analysis to a substantially more complex hybrid setting, but also improves
the Gevrey regularity from class 8 to class 2.

The resolvent estimates are obtained by combining localized energy arguments with multiplier
and trace estimates designed to control the transmission terms, the singular interactions, and the
dynamic boundary variables. Besides providing enhanced temporal regularity and an instanta-
neous smoothing effect, the Gevrey property ensures that the type of the semigroup coincides
with the spectral bound of its generator. Consequently, a strictly negative spectral bound yields
exponential stability.

We also examine the robustness of this regularity under bounded lower-order perturbations
and show that the Gevrey property is preserved. Finally, a structure-preserving finite-element
approximation is introduced. The discretization incorporates the point interactions and tip-body
dynamics at the variational level and preserves the dissipative structure of the continuous problem.
Numerical computations of the discrete resolvent along the imaginary axis exhibit a high-frequency
behavior consistent with the |A\|~'/? estimate obtained for the continuous localized system.

The remainder of the paper is organized as follows. Section 2 introduces the hybrid thermoe-
lastic model, its transmission formulation, and the associated semigroup framework. Section 3 is
devoted to the high-frequency resolvent analysis and the proofs of analyticity and Gevrey regular-
ity, together with the preservation of Gevrey regularity under bounded lower-order perturbations.
Finally, Section 4 develops a conforming finite-element approximation of the hybrid system and
presents the corresponding numerical experiments.

2. THE HYBRID THERMOELASTIC BEAM MODEL

Let I denote the beam domain, excluding the material interfaces and the singular interaction
points, and let I+ C I denote the region where the thermoelastic mechanism is active. More
precisely,

I=1]0,6[U]&0, o[ Uy, &1[ U &, €[ U ey, (], I =y, &[U])&, 4.
Then, the model f can be equivalently written as the following transmission problem:
(2.5) puy + My =0, (x,t) € I xR{,
(2.6) Oyt — Qp — Mgy =0, (2,t) € I7 X R}

Furthermore, we will assume that p, ¢, k, ko are positive constants, « is a positive function and
m a non negative function.

o1, T E (0,@0) 0, x € (0760)
(27) a(x) = g, T E (60,61), m(x) = my, I E (60781)

a3, T E (61,6) 0, S (fl,@
Verifying the transmission and singularity conditions

(2.8) [M]e, = Bouae(&1,t) ,  [Qley, = Bsbe(&1, ),



4 RODRIGO CARRASCO JOFRE, MAURICIO SEPULVEDA-CORTES, JAIME MUNOZ RIVERA EJDE-2026/64

where the jump of f at the point = b is denoted by [f], and is given by
] = F67) — (7).
We consider the following boundary conditions:
(2.9) u(0,t) = u,(0,t) =0, wu(l,t)=w(t), u(lt)==z(t), 0(,t)=00,t)=0 Vt>D0,
together with the initial conditions
u(z,0) =uo(x), w(x,0)=ui(x), Vae]0,,
(2.10) 0(x,0) = Og(x), 0O:(x,0) =61(z), Ve lly, l].

Therefore, system -, coupled with the dynamic boundary equatlons ) and ( .,
provides a transmlssmn formulation equivalent to the original system (|1.1] ., subJect to the

boundary and initial conditions (2.9)) and (2.10)).

Remark 2.1. The model (1.1)) - (1.2) and the model (2.5)) - (2.6|) their have a variational formu-
lation equivalent. Furthermore, for the both model we have the energy

I I 1
E(t) = 5/ p|ut|2+oz|um|2dx—|—§/ c|9t|2+/<|9x|2dx—|—§ (molwe|* + 2modwyze + (J + mod?) |2:[%)
0 t

that verifies

d b
ZE(t) = —Ho/l 02 daz = B [ur (60, 6)[* = B fue (61, 8)[" = B2 luae (1, 0)1” = B3 10261, )"
0
—y|we|* — dywsze — dy*|z)?.

Where this condition must be satisfied
dy < 47

Now, we present the main result of this work

Theorem 2 2 Let S(t) be the Co-semigroup associated with system (2.5 - coupled to the

equations (1.3)) and . Then:

(1) ]f]ﬁo,fl[ 10, 4], then S(t) is analytic.

(2) If 14y, £1[Z]0, £[, then S(t) is of Gevrey class 2.
(3) In all cases, S(t) is not compact.

It is worth emphasizing that the localized configuration includes two different situations at the
tip. If 0 < 4y < ¢1 = £, the thermoelastic component reaches the tip and the dynamic boundary
condition retains the thermal coupling. If ¢; < ¢, the tip lies in the purely elastic region and
this thermal contribution disappears. Nevertheless, both configurations lead to the same Gevrey
regularity established below.

In that follows we assume, without loss of generality, that p = c = 1.

Denoting by us = v, 0 =0, wy =W, 2z = Z and U = (u,v,6,0,W, Z). We define the phase
space H as

H =V x L*(0,0) x Hy(Ir) x L*(I7) x C?,
where
V= {g € H?(0,0) : g(0) = g,(0) = O} )
With the norm
14 £y
U2, = / 02 + g |2 + / O + k|0, Pde + mo| WP + 2modWZ + (J + mod®) | 2P
0 Lo

For simplify the notation we call U = (U, V) with U = (u,v,0,0) and V = (W, Z). We note that

d
—V=—-K'BY+ K™l
dtv Y+
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~(mg mod _(~ 0 [ QUges(0) + MmO (L)
K= (mod J+ mon) , B= (d*y d’y*) , I'= ( — Qg (0)

Now, we introduce the operator A, as

where

v
_anz
(2.11) AU = o
Qe + Mgy
K 'BV4+ KT
with domain D(A) given by
(2.12)

D(A)={UeH;veV,©€cHy(Ir), M € H*(I), Q € H'(Ir), satisfying (2.8) and (2.9)} .
It is straightforward to verify that A is a dissipative operator. Indeed,

£y
Re(AU,U)y = — / K0|Oz|* da — Bolv(&0)|* — Bilv(€1)* = Bolva(&1)> — B30 (&)

£o
(2.13) — AW —dyWZ — dy*|Z?,

provided that dy < 4~*.
‘We now consider the resolvent equation

(il — A)U = F.

In terms of its components, the corresponding resolvent system is given by
(2.14) iAu—v = fi,
(2.15) I+ (QUgy +MO)py = fo,
(2.16) AN — O = fs,
(2.17) iIAO — (KOy + K0Oy)z — MUz = f1,
(2.18) A (MW 4+ mpdZ) — (QUges + mOy) (£) — YW = myg f5 + modfs,
(2.19) i\ (mOdW + (J + m0d2) Z) + Qg (£) — dYW — dv* Z = modfs + (J + mon) fe-
The above system satisfies the transmission and singularity conditions

[M]e, = [Mz]e, =0, [M]e; = —Biv(&), i=0,1,
(2.20) [M]e, = B2v2(61), [Qle, = B3O(&1),
together with the boundary conditions
(2.21) u(0) =uz(0) =0, ull)=w, u,(£) =2, 6)=06(¢)=0.

Taking the real part of the inner product in H of the resolvent equation with U, and using

(2.13)), we obtain

£y
/e k0[O [* da + Bolv(€0)* + Brlv(€)]? + Balva (§1)]? + Ba|O(&1)]? +~[W?

(2.22) +d YW Z + dy*|Z|* = Re(U, F)y.
Since dy < 4v*, it follows from the above identity that
£y
/é 10 d + [0(&)* + [v(€) * + |va (1) + [O(E0) > + [W[* + | Z?
0
(2.23) < Ul F I

for some positive constant c.
Under the above assumptions, we obtain the following result.
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Theorem 2.3. The operator A defined by (2.11)—(2.12) is the infinitesimal generator of a con-
traction Cy-semigroup on H.

Proof. We apply the Lumer—Phillips theorem. Since A is dissipative, it remains to prove that 4
is maximal dissipative. For this purpose, it is enough to show that

0 € o(A).
Equivalently, for every F' = (f1,..., fs) € H, we shall prove that there exists a unique U € D(A)
satisfying

—AU = F.

Setting A = 0 in (2.14)—(2.19), we immediately obtain
v=—f1, O=—fs
and consequently
W =v(l) = —f1(¢), Z =v,(0) = —f1,.(0).

Thus, it remains to determine the displacement u and the thermal variable 6.
Let

V={peH*0,0): ¢(0) = p,(0) =0},  Hr=Hy(lo, ).

We introduce the bilinear forms

¢
am(u, @) = / (2 Uy Py d, u,p €V,
0

and ,
1
aT<97’(/)) =K 9:#/}30 d.’E, 9) ¢ S HT'
Lo
Using v = —f; and © = — f3, the weak mechanical equation can be written as

L V4
am(u, ) = /0 fapdr — / M f30zz dz — Bo f1(60)p(§0) — B1f1(&1)p(61)

Lo

+ B2 f1,2(§1) ez (1) + (mofs + modfs —mfs3.(€) —vfi (f))<ﬁ(£)

(2.24) + (modfs + (7 +mod®) fo = dvf1(0) = 47 f1,0(0) ) (D),

for every ¢ € V., where terms involving m at the endpoint are understood according to the
corresponding trace of the thermoelastic component.
Similarly, the thermal equation is written in weak form as

2 £1 21
CLT(G, 1/f) = — Ko , fS,zwm dr +m , fl,mnw dz + , f41/J dx
(2.25) — B3 f3(&)v (&),

for every ¢ € Hr.
Since a(z) > a, > 0 and k > 0, the forms a,, and ar are continuous and coercive on V and
Hr, respectively. Indeed, by the Poincaré inequalities on these spaces,

am(p, ) > cllplF2(0.0)5 ar (1, 9) = ellll3n g 0,)-

Moreover, all the terms on the right-hand sides of and define continuous linear
functionals. In particular, the point evaluations are continuous in H?(0,¢) and H'(¢y,¢;) in one
space dimension.

Therefore, the Lax—Milgram theorem yields unique

wevV, 0 € H}(lo, l1)
satisfying ([2.24)—(2.25).

It remains to verify that the solution actually belongs to D(A). From the variational identities,
first by taking test functions compactly supported in each subinterval determined by ¢y, ¢1, &9, &1,
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and then integrating by parts, we recover the differential equations together with the transmission
and jump conditions in (2.8)). Consequently,

M = g, +mO € H*(I), Q = Kb, + KkoO, € H (I7),

in the piecewise sense prescribed by the definition of D(A), and the boundary terms in (2.24))
recover precisely the two tip-body equations at x = ¢.
Hence

U = (U, _f1707 _f3a _f1(£)7 _f17x(£)) S D(A)
and satisfies
—-AU = F.

Therefore —A is onto. Since the homogeneous problem has only the trivial solution, the solution
is unique, and thus

0 € o(A).

Hence A is maximal dissipative. The Lumer—Phillips theorem then implies that A generates a
contraction Cp-semigroup on H. O

Next, we will enunciate an interpolation theorem used in the next section

Theorem 2.4. Suppose that w and w™ € L?(a,b). Then w9 € L?*(a,b) forj=1,...,m—1,
where w9 = ‘577;}. Moreover, for any 0 < € < ey, we have
(2.26) @2 < cellw™ |2 + e ] 2,
which implies

() DI,
(2.27) w2 < cflwllz> + cllwllze ™ [[w™ ]| 7.

Proof. Inequality (2.26)) follows from Theorem 4.14 in [I]. Define ||u|m = ||ulz2 + [[u®™)| 2.

Choosing € such that
m=j
_ <IIUL2> B
€ = €
e[|

yields
@) L=l
w2 < Cllull . ™ [[ulls -
Substituting this into (2.26)) and recalling the definition of || - ||, gives (2.27]). O
Corollary 2.5. Let w € H%(a,b). Then
3/4 1/4
(2.28) [w]leo = sup ()l < ellwllze + ellw] 75 weall5,
s€|a,
1/4 3/4
(2.29) [zl = s wa(s)| < ellwllze + cllwll 5 fwaa 35"
sEla,

Proof. Applying Theorem [2.4] with m = 2 and j = 1 gives

1/2

1/2
lwallzz < ellwll " (Ilwllze + lweallz2)

The fundamental theorem of calculus yields, for any s € [a, b],
wa(5)]* < [b = alllwe| L2 w2 < cllwe L2 ([wllze + [wae|L2)-

Substituting the interpolation estimate for ||w,| 2 gives

1/2
Jwa(s)? < ellwl]* (lwll 2 + l[wee | 12

from which (2.29)) follows. The estimate (2.28)) is obtained similarly. O

)3/2

)
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3. ANALYTICITY AND GEVREY REGULARITY

we will denote the energy over thermoelastic part by

£y
€ = [P+ fual + 8P +16. Pz
Lo
and R to any function that verifies
R < C Uy [IF |14,

Furthermore, the norm || - |2 means the L?-norm sometimes to simplify we denote | - ||. Our
starting point is the following lemma.

Lemma 3.1. The solution to (2.14)—(2.21) satisfies

(3.1) lozll < elAM2U e + Ul 2 IF 137,
(3.2) olloc, 1Moo < elA4U 3 + U3 I3,
(3.3) oslloos [1Malloe < elAP/ 41U s + Ul IFI13
(3.4) Qs < clAV2RVZEY2 4 cRV2| |3/,
(3.5) Ml Nuzaall < el AY2[Ullse + U3 I F 15,

Moreover, on any subset of the thermal interval I, the norm ||U|lx can be replaced by € in all
the above estimates.

Proof. We begin with estimate (3.1). Using (2.14]) and a standard interpolation inequality, we
obtain

vzl < ellv)|*2]vzel*/
< C”v”l/z”i)‘um - fl,ob’ﬂfr”l/2
< AP0l uae [V + cllol 2 fraal2,
which yields (3.1)). Similarly, for M, we get
M| < e M2 Mg ||/
< | M2 |fidw — fol 2
1/2 1/2
< AUl + e U2 IF .

This implies (3.5). Next, we derive the L estimates. Using inequality (2.29) from Corollary
applied to w = M, and equation (2.15]), we obtain

1M ]|oo < el| M4 My ||/
< || U3/ [ixv + fa| 4
3/4 1/4
< N YHT |30 + U1
A similar argument yields

|3/4 |1/4

[v]lo < cllv]
< e[ U3 liMtag + fi ol
< AU e + U IEN Y
which proves . For M,, we write
HMxHoo < CHMmHl/QHMMHUQ
< | M4 Moy |24
< U3 ixv — fol P4

1/4 3/4
< AP g + cllU I | F I

|V |
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An analogous estimate holds for ||v,] o, yielding (3.3).

Finally, using inequality (2.28]) of Corollaryapplied to w = @, together with equation (2.17)),
we obtain

Qoo < cllQI™?1Qull™?
< RV (A€ + [ Flln)
< c|)\|1/29"i1/2€1/2 ml/an”l/Z
which proves (3.4)). O

Remark 3.2. Let f and g be functions that may have a discontinuity at x = b, and assume that
they are sufficiently smooth on (0,b) and (b,£). Then the following integration by parts formula

holds:
l
/ fogds
0
l
l
P - - xd’
falo —1fgle /Ofg x

the above expression can be rewritten as
¢ ¢
‘ _
| gtz = goll - 171s07) = bt 6) - [ fosda
0 0
Lemma 3.3. The solution of (2.14) - (2.21) verifies

¥/
Fols 4+ F g7 — FH)g(bh) — / Jg. du
0

£y
(3.6) / W0 Pz < — 92 4 | P12,
t A2 AR
£y
(3.7) / 02dz < € + SR + SIEN,
t Al |>\|
for X large.
Proof. Using (2.16) and ([2.23]) we arrive to (3.6). On the other hand, multiplying (2.17) by i\©,
we get

Vg IAO dax = / f1iA© dx
50 ZO
Performing an integration by parts using the jump condition (2.20) and taking the real part we
get

£y A
e / O dx — / (ko — 0@ )NO i — m
Lo Lo

[1 El ll El Zl
|)\|2/ |02 dx = / m|@z|2da:+Re/ Kf3.0zdr — Re mugiAO dx + Re f4i\Odzx .
Lo Lo

I I €
<R2+c||F1Z, J <el[ABZ+ec |
Where we used that Re ([Q]¢,iAO(&1)) = 0. Using to estimate J we get
] < e[Al[lva |||

< APPER + | \R2

from where we have

m? 2 79{2
R TR R S g

Hence inequality (3.7]) follows for X large. O

|2|J\ <

Lemma 3.4. Over the thermoelastic interval, for any € > 0 there exists a constant ¢, > 0 such

that any solution to system ([2.14)—(2.21)) satisfies

I
3.8 / Upe|2dr < €€ + 79{2
(38) A SR
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Proof. Using equations (2.17)) and -, we obtain
1 1
O — —/\(/10 + K0Oy)r — MUgy = a(f;;—ﬁ—mfl’m).
Multiplying the above identity by u,, and applying Remark we arrive at

l l £y
1 1 1
/ mluge|> de = @umdx—i— [[Qu:,m]]g1 (59 + k0O )Uzs
Lo Lo Lo
::I()
51 1 ll 1
(3.9) b [ st o dot [ i~ S do.
b A b A
1111
<ellueal +|/\|2HFII2
We first estimate the term I so we have
| < P\I [0z + 0Oz || oo [[tiwa o
<5y I+ 08 M+ 157 6+ 000 o O]
::Ig ::14

Using estimates and (| .7 we deduce
|13‘ < |)\| ( |)\|1/29¢{1/2€1/2 0%1/2”1;1”;[/2) (C|/\‘1/4€ + C@3/4 ||F||1/4)

AR b s RPN PG R P 4 o e F

< |)\|1/4 |)\‘1/2

2 L 2 L a3 p2/3 4
= ¢ |)\|m |>\|4/59%/ [1]]3¢

(3.10) < e€? + Wm? |>\|2\|F||72L[.

Moreover, using the estimate |0 < ¢/|©]Y/2]|0.]*/? < c&2R'/2, we obtain

L] < ﬁ (C|A|1/2m1/2@1/2 + cm1/2\|F||},{2) ¢/ 2R/

|)\|3/4
S RIF e +

A
R0 F 5

|)\|3/2 |)\|8/5

3.11 < @24 R4 F|3
Combining (3.10) and (3.11]), we conclude
3.12 Io) < @+ S + 5| F|2,.
Next, using (2.23)) and (3.5]), we estimate
c
L] < 7 Rlueasl| e
Al
(3.13) < @4 %m?
Finally, inserting the estimates for Iy and I; into (3.9), and using Lemma we obtain
B3). O

In the next lemma, we complete the estimate of the energy over ]¢y, ¢1[ by deriving an appropriate
bound for v.

Lemma 3.5. Ower the thermoelastic interval, there exists a constant ¢ > 0 such that the solution
to system (2.14)—(2.21) satisfies

3.14 ¢ < Sy S F
(3.14) ) BE [Vl
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1
Proof. Multiplying equation (2.15)) by jﬁ and integrating over [{g, ¢1], we obtain
i

1 1 h “
[ e Slgne) - Ao + Al - Lo
‘% A 2 i\ 2
Zlle d /elf 17d
. i)\vm T = . gi)\v x.
Since
1 1
e (DLIt6) - M) =0,
taking real parts yields
61 1 el 1 Zl fl 1 61 1
(3.15) / \v|2dx =—- —M, 5| + ——Mv,| + M —T,, dx + fo—~vdx
A iA 0 A 0w e iA 0 | IA
J
=J; =J =
: ’ =ellvl|*+ 5 | FII?

|A|2‘

We now estimate the point term. Using (3.2), (3.3) and remembering the estimates (3.7) and
(3.8)), we obtain

(3.16) |l < ellv]|2e + e€? + mmz + WHFHQ
similarly,
(3.17) |Ja] < ellv]|2e + €€ + me + W||F||2

For estimate J3, we use and (3.8)

5

1
3.18 Jz < M(0Tyy — — f1a0) d < €62 + SSRm2 4+ 1p|2
( ) 3> v (au i)\fl’ ) xz € +|>\| +|>\|2H H

Substituting (3.16])—(3.18]) into (3.15]), we conclude that

£y
|v|2de < €@ + Lem? oy
/e(, A |>\\2

Finally, combining this estimate with Lemma and Lemma [3.4] the result follows. O

3.1. Observability inequalities. Let us introduce the functional

1
(@) = 5 (v(@)? + aluea (7))
we have the following result

Lemma 3.6. Let (a,b) be either (0,4y), (¢1,£), or any subinterval of (o, 1) that does not contain
the singular point &;. Let

q(x):xfrv r€{a,b},

so that q vanishes at one of the endpoints of (a,b). Then, for every e > 0 and |A| sufficiently large,
any solution U of the resolvent system (2.14])-(2.21)) satisfies

b b
—/ q(m)I’(x)d;E+/ gy da

Proof. Multiplying equation (2.15]) by q%vw and integrating over (a,b), we obtain

b b
1
/qvvzdm——/ Moquzdx = —a/ foqUy dzx.

< Ul + S FIE.

Al
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Since ¢'(xz) = 1 and ¢(r) = 0 at one of the endpoints, using the resolvent equation and integrating
by parts, we get

b b b

o 1 _ 1. | alé

—/a qUU; dx — KQMar a+ anm a+ (M)

—_— —

[[Mx]]&)@(éb)

Ju Jo =J3

10 10 1 °
[y ——

Ja

Here, J3 is present only when &, € (a,b). Moreover, since ¢(r) = 0, only the endpoint different
from r contributes to Jj.

Using (2.14)), we have
1 b b 1 b
o [ Memde = [ Mo [ MFde
ixJ, a ixJ, ’

b b 1 b
/ a\urx\zdx+/ MOUg, dr — 7)\/ Mfl,rrdx7
a a ? a

=R,
and

1 b b 1 /b

.f/ qM v dr = —/ qu,-uTzdx—.f/ qMy f1 20 dx

A Jq o A g ’

b b 1 [t
= _/ qaumede—/ qm@medI+a/ qM:cfl,aca: dzx .
=Ry
Therefore,

b b b
—/ QUL dx — / qOUg 0 Ugs AT + Ry — J1 + Jo + J3 —|—/ |y |* dr + Ry = Jy.
a a a
Taking the real part and recalling that

I(z) = 5 ([o(@)]* + ofues (2)]?) ,

N |

we obtain
b d b
(319) —/ q%I(x)da:-&-/ Oé‘ul.l.‘de:Re(_Rl — Ry + J4 _JQ—J3+J4).

We now estimate the terms on the right-hand side. Using (3.2)), (3.3]), and the estimates over
the thermoelastic interval I, we have

Mo (6], [oa(€)] < AP/ €+ c@MH R,
(M) < AV + c@® 4 B4
Since ¢ vanishes at one of the endpoints, these estimates give
(3.20) BA gc\/\|1/2(’32+ﬁ(’31/2|\F\|3/2,
(3.21) o] < € + [P
For J3, using [M,]¢, = —Bov(&), (3-3), and the dissipation estimate, we obtain

FARES ﬁ\v(fo)vx(foﬂ
C

< A[3/4 1/4 F|[3/4
< oy (AP e+ 0T
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and hence

(3.22) [Jsl < ellUl5 +

Ce

2
|)\|1/29‘{ .

Using (3.1)), we also have

U N3l F o+ U2 F |32

|Ja] < B

|)\|1/2
Ce
(3.23) §6||U|\%+|7\‘HFII%~

For the remaining terms, the Cauchnychwarz inequality, (3.5)), and Lemma yield

(3.24) |Ri| < € + U3 | Fllae,

A

(3.25) |Ra| < emi€ + |1/2||U||H||F||H+ Ul IE.

A A
Moreover, Lemma [3.5] gives

RE <

R+ SR F .

|)\|1/2 | | H ”H

Consequently, using R? < O||U||»||F||3 and Young’s inequality in 3.20 3.20)-(3.25)), we obtain
|J1| + | 2| + [Js| + | Ja] + [Ra| + [Ro| < €l|U|13, + = IM “||F||3,.

Substituting this estimate into (3.19) gives
b b

—/ q(x)I'(z) dx—i—/ |ty |* d
a a

which completes the proof. O

C
I F I3

< ellU5 + W'

Lemma 3.7. For every € > 0, there exists a constant c. > 0 such that any solution U of the
resolvent system (2.14)—(2.21)) satisfies the following estimates:
(1) If the thermoelastic mechanism acts on the entire beam, that is, |y, ¢1[=]0, ¢], then

(3.26) mo|W|* + 2mod Re(WZ) + (J + mod®)|Z|* < €| U3, + iz 1F 13-

IAI2

(2) If the thermoelastic mechanism is localized in a proper subinterval of the beam, that is,
]Eo,gl[ ]O 6[ then

(3.27) mo|W|? + 2mod Re(W2Z) + (J +mod?)|Z|? < €||U||3, + IAI “||F|3,

Remark 3.8. Notice that case 2 includes both the configuration 0 < €y < 1 = £, in which the
thermoelastic region reaches the tip, and the configuration 1 < £, in which the tip lies in the purely
elastic part of the beam. Estimate (3.27)) holds in both configurations.

Proof. Multiplying equation (2.18) by W and (2.19) by Z and adding, we get

1 1
mo|W|? +modW Z + (J + mod?)| Z)? = = (qgzs + mOy) (OW — oty (0)Z +

2 i\
11 12
1 N 1 — 1 _
(3.28) B (VW + dyW Z + dv*|Z|?) + Y (mofs + modfe) W + Y (modfs + (J +mod®) f6) Z
Ig 14

Using (2.23) and Young’s inequality and taking |A| sufficiently large we get

C
I

[Is| + 14| <
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In case 1, the endpoint x = ¢ belongs to the thermoelastic region. Recall that, on the thermal
interval I7, the estimates of Lemma [3.1] remain valid with ||U||3 replaced by €. Therefore, using

(13-2), (3.3)), and Lemma we obtain

1] + 1| < €Ul +
Combining this estimate with (3.28), we obtain (3.26).
In case 2, using (3.2)) and (3.3]), we obtain

c 4 3/4
11, 18] < o5 (NP0 T+ WIS IE IR ) (W] 120,

Using (2.23)) to estimate W and Z, and then applying Lemma we obtain, for |A| sufficiently
large,

(3.29) ||+ | L2| < €U, +

Ce

A2

1113,

Le
Al
Finally, combining (3.29) with (3.28]) yields (3.27)), and the proof is complete.

1713,

O

Lemma 3.9 (Lack of compactness). The operator A does not have compact resolvent. Conse-
quently, the semigroup generated by A is not compact.
Proof. Set

KR
)\0:,77 I€+/\0K?0:0.
Ko

We construct a singular Weyl sequence associated with \yg. Choose an open interval
J € (4o, 41), & ¢,
and let 0 # x € C(J). Since the coefficients are constant on .J, denote by a2 and m; the
corresponding values of o and m. Define
Un(z) = n " 3x(2)e™?, O = 0!,

and
B mq )\0

Un, Vp, = AoUn, O, = Aobp, W, =2, =0.

Uy =
a2
All these functions are extended by zero outside J.

Since their supports are strictly contained in the thermoelastic region and avoid the singular
point &, all boundary, transmission, and singular interaction conditions are automatically satisfied.
Moreover,

Mn = 0Un za + m1®n =0
and
Qn = Han,z + K:O@n,z = (H + )\Oﬁo)gn,x =0.
Hence U,, € D(A).

By construction,

AoUp — Uy = 0, Ao, — ©, =0,

while
AoV, + Mn,xw = /\(2)Un
and
mi
)\0971 - Qn,x — M1Vn,gx = )\% (1 + ) en
a9
Since
[Ynlle =00™2),  |0ulle =0(n™Y),  [|fnzlrz = O(1),
we have
Unll =<1, l(AoI — A)Up|l2e — O.

After normalization, we may therefore assume that

[Unll3 = 1.
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Moreover, the oscillatory character of the sequence implies
U,—0 in H.
Suppose, by contradiction, that .4 has compact resolvent. Choose p € g(A) and set
R(p, A) = (uI — A)~".
Since R(p,.A) is compact and U,, — 0,
R(p, A)U,, — 0 strongly in H.
On the other hand,
R(p, A) (Aol — A)Un = Un + (Ao — p) R, A)Un,.
Both the left-hand side and the second term on the right-hand side converge strongly to zero.

Consequently,
U, —0 strongly in H,

contradicting ||U,||% = 1. Therefore A does not have compact resolvent. O

Proof of Theorem We estimate In case of |{g, ¢1[=]0, £[, Lemma applied to € = ||U||»
together with Lemma [3.7] implies that

C
Ul Fll +
R

From where the analyticity follows.

Ce

A2

Ce

1713, = IIUI@SMP

U135 < 1113,

In case of J¢, £1[Z]0, 4],
Using Lemma over the intervals Ja, ¢1[ and €y, b] for & < a < £1 and £y < b < &, we get

b b
C
d()I (L) < /e I(z)dz + /g el -+ U + L
0 0
C

F 2
|>\| || ||’H7

< €+ e|UI5 +
Similarly
<
A
Applying Lemma |3.6| over the intervals ]0, £o[ and ]¢1, £[ we get

q()I(t) < @+ €|lUF + = 1F 15

<
A
Cc

< €4 e|U|E+ WHFH%,

Lo
| 1@de < a1t + Ui+ I
0

<
A
C

< €4 e|U|3 + WIIFH%

£
[1@de < a@)10)+ AU+ I
£y

And furthermore, using (3.27) we get

2 ¢
U< [ 1@ et €+ [ 1@ dr < e + U+ P
0 41

Using Lemma [3.5] we arrive to
<
Al
Hence the semigroup is of Gevrey class 2. Finally, item 3) follows from Lemma [3.9) and from [}
Theorem 4.29].

1015, < el U5 + 71113
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Remark 3.10. If we insert the first derivate of Dirac Delta in the elastic part produce a discon-
tinuity of first order in uy,, when using integration by part in Lemma (3.6) we obtain the term
q(&)[M]¢, that we can estimate by means the dissipation, as

q(60)[M]e, < 2.

There implies that loss all reqularizing properties of semigroup.
Furthermore, if all terms are estimate as in this article and adding this last estimate, for A
large we obtain

2 2
1UN13 < el Fll;
by [15], the semigroup decays exponentially.
As a direct consequence of the bounded perturbation argument, the Gevrey regularity obtained

above remains unchanged under bounded lower-order perturbations. The argument is based on
the classical bounded perturbation theory for semigroups; see, for instance, [13].

Corollary 3.11. Let A be the infinitesimal generator of a Cy-semigroup of Gevrey class u, and
let Be L(H). Then A+ B, with
D(A+ B)=D(A),

generates a Co-semigroup of the same Gevrey class pu.

Proof. Since B is bounded and the Gevrey regularity of the semigroup generated by A yields the
high-frequency resolvent estimate

) _ C
| (iAI — A) 1H£(H) < NRCE Al > 1,
we have ClIB|
) _ L(H)
HB(“\I*A) 1“5(7{)— [T/
Consequently,
[BEAT — A) 7| 15y < 1

for |A| sufficiently large. Hence
I— B — A)~!
is invertible, and its inverse is uniformly bounded for large |\|. Using the factorization
iN — (A+B) = [I =BG — A) " (iM — A),

we obtain X

(M — (A+B))™" = (iAX] — A) 7' [T — BGX — A~ .

Therefore,

C

H(i)\I — (A+B))_1’|£(H) < N[17F

Al > 1.

Thus, the high-frequency resolvent estimate characterizing the Gevrey class p is preserved under
the bounded perturbation, and the conclusion follows. O

We can now apply Corollary to the hybrid thermoelastic system. In particular, Theorem[2.2]
remains valid after the addition of the following bounded lower-order terms.

Theorem 3.12. Let A,B,C,D,E,F,G € R, and let T(t) denote the Cy-semigroup associated
with the perturbed system

d
puge + Moy + Youe(§0)de, + V1ue(&1)0e, — ’YQUxt(&)%(&l = Augy + Buy + Cu,

O — (Kb + Kobzt) s — MUy + V301 (61)0¢, = Dugg + Euy + Fu+ GO,
subject to the transmission and boundary conditions (2.8)—(2.10). Then:
(1) If (Lo, £1) = (0,£), then T(t) is analytic.
(2) If (Lo, £1) € (0,£), then T(t) is of Gevrey class 2.
(3) In either case, T(t) is not compact.
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4. NUMERICAL ILLUSTRATIONS

In this section we introduce a finite element approximation for the transmission problem ([2.5)—
(2.10), coupled with the tip-body equations (1.3)—(1.4). The approximation is based on a primal
conforming finite element method for the Euler-Bernoulli displacement [3} [, [10] and on the
Newmark scheme for the time discretization [12]. The resolvent approximation and the numerical
experiments will be discussed in subsequent subsections.

4.1. Spatial approximation using Hermite polynomials. Let 0 = zg < 21 < -+ < xny =¥,
be a partition of [0, £] such that the points &g, £y, &1, ¢1 belong to the set of nodes. This assumption
is important in order to incorporate the transmission conditions and the singular interactions
without introducing any regularization of the Dirac distributions. We define

Vi, = {on € C([0,4]); Ohlie;z;01) €P3,  on(0) = pn2(0) = 0} cV,

where P3 denotes the space of polynomials of degree less than or equal to three. For the thermal
variable we use

O, = {wh 6H5(€07£1);wh|[$j,l'j+1] €Py, k=1or 2}.

We also introduce the tip trace operator T¢ = (f(fé))) . For p,n € V}, and ¥, x € Oy, we define

¥/ ¥/
mu(mw):/o pnpdr + (KTn, Te)gs au(n,w):/o A Nz Paa A,

du(n, ) = Bon(€o)p(&o0) + Bin(&1)p(€1) + Bane (€)@= (&1) + (BT0, T@)ge »

and

01 41
me(x,w)=/ cxy de, ae(x,w)=/ K Xz d,

lo Lo
51 Zl
do(x, ) = / Ko Xa¥u dz + Bax(§1)¥(&1),  b(Y,0) = [ myY . da.
2o £o
The semidiscrete problem reads as follows: find
Up, - [0,00) — Vh, 9h : [0, OO) — @h
such that, for all ¢, € V}, and ¢y, € Oy,
(4.30) My (Untt, o) + au(un, on) + du(tne, on) +0(0n,t, on) = 0,
(4.31) mo(On,ee, Vr) + ao(On, ¥n) + do(On,e, Yn) — b(n, un,) = 0.

The terms involving &y and &; are well-defined because these points are nodes of the mesh. Thus
the singularities are treated exactly at the discrete level as point interactions.
Let {®;} be a basis of V}, and {\Ifj};y:gl a basis of ©),. Writing

Nu. No
un(t) =Ygt On() = ri(6)T;,
i=1 j=1

we obtain the matrix system

(4.32) MyG+ Dyg+ Aug+ Cr =0,

(4.33) Myi + Dgi-+ Agr — CT§ = 0.

Equivalently, for Y = (g,7)7, system 7 can be written as
MY + DY +AY =0,

M, 0 (A, 0
w=("¢ ) 2= 4)

D, C

where

and
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The skew-symmetric structure of the coupling blocks reflects the conservative nature of the ther-
moelastic interaction, while the matrices D, and Dy contain the dissipative terms.
The semidiscrete energy is given by

1 1 1 1
En(t) = imu(uh,tyuh,t) + iau(uh,uh) + §m0(9h,t,9h,t) + §a9(9h7 On).

Taking @5, = up s and ¢, = 0y in (4.30)—(4.31), and adding the resulting identities, we obtain
d
%Eh(t) = —du(Un,t, un,t) — do(On,t, Ont)-

Consequently, under the same condition dy < 4+*, the semidiscrete energy is non-increasing.

4.2. Newmark time approximation. We now introduce the time discretization. Let At > 0
and t, = nAt. We denote by Y™, V" and A" the approximations of Y (¢,), Y (t,) and Y (t,),
respectively.

We use the trapezoidal Newmark method with parameters Sy = 1/4 and vy = 1/2. With this
choice, the method satisfies

Yn+1 _ Yn _ VnJrl + Vn
At B 2 '
Testing the fully discrete equation with (V™+! + V™)/2 yields the discrete energy identity

n+1 m n+1 m n+1 n+1 m
E;LH_I—E;LL:—At |:du <U’h+ _u}i uh+ _U’fi>_|_d0 (9h+ _92 9h+ _9hf>:|’

At At At At
where
Ep = §mu(Vu Vi) + 5%(“}17%) + §m9(V9 V') + §a9(9h79h)'
Therefore,

Ept < B, n>0,

which is the discrete counterpart of the continuous energy dissipation law.

4.3. First example. In this first numerical example we illustrate the dissipative behavior of the
fully discrete scheme. The parameters used in the simulation are summarized in Table

Group Parameters

Geometry L=1 & =020, ¢ =035 & =055 /¢ =0.75
Mechanical coefficients p=1, a; =1, a;=2, az=1

Thermal coefficients c=1, m; =025 krK=0.15, kKo =0.05

Localized damping Bo =0.50, pB; =0.50, pBy=0.10, [G3=0.20

Tip body mo=1, d=0.05, J=0.05, v=0.20, ~*=0.20
Spatial discretization Ngup = 160, N, = 1600, Ny =319, Ngor = 1919
Time discretization T =400, At=0.005, N;=80000, Byv=1%, w=3
Energy fitting interval ~ Second half of the simulation

Estimated decay rate  wp =~ 0.00100337

TABLE 1. Parameters used in the first numerical example.

The condition dy < 4+* is satisfied for the above choice of parameters. The localized thermoe-

lastic region is the interval (g, ¢;), while the singular mechanical interactions are located at &
and 61.
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The initial data are chosen as smooth functions compatible with the essential boundary condi-
tions:

ug(z) = 0.0222(3L — 2x), up(z) = 0.0222(L — x)?,

and

fo(z) = 0.01sin (M) . 6i(z) =0.01sin (W) , x € (Lo, ).

We do not impose all the strong transmission conditions defining D(.A), since the purpose of this
example is to illustrate the dissipative behavior of the fully discrete scheme for finite-energy data.

For the Hermite approximation, the nodal values of ug and wu, as well as their derivatives, are
used. In particular,

ug(x) =0.122(L — x), uy(x) =0.04z(L — z)(L — 2x).

The mesh is constructed by using 160 elements on each one of the five subintervals [0, &, [£o, %ol
[€o, 1], [€1, ¢1], and [¢1, L]. Thus the displacement is approximated by 800 cubic Hermite elements
on the whole beam. Since each Hermite node has two degrees of freedom, corresponding to u;, and
Up, oz, and since the clamped conditions at x = 0 are imposed strongly, the number of mechanical
degrees of freedom is N, = 2(800 + 1) — 2 = 1600. The thermal variable is approximated by
continuous P; finite elements only on the interval (¢y,¢;). This interval contains 320 elements,
and after imposing the homogeneous boundary conditions at ¢y and ¢;, the number of thermal
degrees of freedom is Ny = 321 — 2 = 319. Therefore, the total number of degrees of freedom is

Naot = Ny + Ny = 19109.

Figure [2| shows the normalized numerical energy Ep(t)/Ep(0) in semilogarithmic scale. Since
the exponential regime is not necessarily visible during the initial transient, the exponential fit is
computed using the second half of the simulation. The estimated decay rate is

wp, ~ 0.00100337.

The almost linear behavior in semilogarithmic scale is consistent with the exponential stability
predicted by the theoretical results.

%1074 Numerical Energy
85F T T T T T T q
Numerical energy
8r — — exp. fit: rate = 0.001003 1
75}
S
=
=
& 65)
6
55¢ ‘ ‘ ‘ ‘ ‘ ‘
50 100 150 200 250 300 350 400

FIGURE 2. Numerical energy in semilogarithmic scale.
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FIGURE 3. Discrete spectrum for ng,, = 20.

4.4. Discrete spectrum. We also compute the spectrum of the finite-dimensional system asso-
ciated with the semidiscrete approximation. This experiment is intended only as a qualitative
illustration of the location of the discrete eigenvalues and of their relation with the dissipative
character of the model.

The semidiscrete system can be written as

(4.34) MY +DY + AY =0,

where Y = (¢,7)T, and where M, D, and A denote the mass, damping and stiffness matrices,
respectively. Introducing:

oo 2=(0). o= (1 &), w-(% L),

we obtain the generalized first-order system

(4.36) GZ =HZ,
Thus, the discrete eigenvalues are obtained from the generalized eigenvalue problem
HZ = unGZ.

For this spectral experiment we use a coarser mesh than in the previous time evolution example.
More precisely, we take ngy, = 20, which gives N, = 200, Ny = 39, Ngof = 239. Therefore, the
first-order generalized eigenvalue problem has size 2Ngor = 478. All eigenvalues are computed
using the standard dense generalized eigenvalue solver.

The computed spectrum is shown in Figure[3] The eigenvalues are located in the left half-plane,
consistently with the dissipative structure of the semidiscrete system. For this mesh, the largest
real part of the discrete spectrum is

s(Ap) := max Repy ~ —5.651033 x 1072
pr€a(Ap)
Here s(.Aj) denotes the spectral abscissa of the finite-dimensional discrete generator. Hence, a
modal solution associated with u; behaves as e#r!, while the corresponding energy contribution
behaves as e?Re#nt This gives the spectral estimate for the energy decay rate

wiP® 1= —2s(Ap) ~ 1.130207 x 107",
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This quantity should not be confused with the essential spectrum of the continuous operator.
The latter is an infinite-dimensional notion, whereas the present computation concerns only the
point spectrum of the finite-dimensional semidiscrete generator. The relation between spectral
bounds and semigroup growth is classical; see, for instance, [11], [I3]. We also recall that for non-
normal matrices the spectral abscissa describes the asymptotic modal behavior, but it may not
fully characterize transient dynamics [14].

For finer meshes, the computation of the full spectrum becomes sensitive to high-frequency
modes of the discretized pencil. Some of these modes may appear with small positive real part
in the raw eigenvalue computation, although they are not consistent with the discrete energy
identity. Since removing such modes would require additional filtering criteria, we restrict the
present spectral plot to the coarser mesh Ny = 239, and use it only as qualitative evidence of
the spectral location in the left half-plane.

4.5. Discrete resolvent norm. We now compute the norm of the discrete resolvent along the
imaginary axis. This experiment is motivated by the resolvent estimates used in the proof of
Gevrey regularity. More precisely, for the localized thermoelastic case, the theoretical result is
consistent with a resolvent behavior of the form

IGA = A7 e < CATV2 N> 1

which corresponds to Gevrey regularity of class 2. The discrete generator is Ay, = G~'H. For each
A > 0, the discrete resolvent is therefore given by

(G — Ap)™' = (iAG — H)'G.

The norm is computed in the discrete energy space. We introduce the energy matrix
A 0
=i w)
so that [|Z]|%, = Z*WZ. The resolvent norm induced by this energy is
G — Ap) Y5, = HW”Q(MG - H)*IGW*I/QH .
2
Hence, for each frequency A\, we compute the largest singular value of the matrix

By = WY2(i\G — H) " 'GW~1/2,

In the numerical implementation, this singular value is computed without forming B, explicitly.
Instead, matrix-vector products with By and B} are evaluated by solving the complex linear
systems associated with iAG — H, and the largest singular value is obtained by an iterative Lanczos
bidiagonalization method; see, for instance, [2, [5].

The computation was performed for A € [10°, 10°], using 1000 logarithmically spaced values and
total DOF Npor = 3839. Figure [4] shows, on the left, the discrete energy norm of the resolvent,
and, on the right, the scaled quantity

A2|GAL = AR) s,

The left panel shows that the resolvent norm decreases on average as the frequency increases,
although several peaks appear. These peaks are expected in a finite-dimensional frequency re-
sponse computation, since they correspond to frequencies close to discrete spectral components of
the semidiscrete system. The right panel shows that the scaled quantity

A2|GAL = Ap) g,

remains essentially bounded over the computed range of frequencies, up to the oscillations produced
by the discrete spectrum. This behavior is consistent with the estimate

IGA = An) s, S CATY2,

which is the expected signature of Gevrey regularity of class 2 in the localized thermoelastic case.
We emphasize that this computation is not intended as a proof of the Gevrey regularity, since
the semidiscrete system is finite dimensional. Nevertheless, it provides numerical evidence that
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FIGURE 4. Discrete resolvent norm and scaled resolvent norm.

the frequency response of the discrete model is compatible with the resolvent behavior predicted

by

the continuous theory.

ACKNOWLEDGMENTS

Jaime Murtioz Rivera was supported by ANID Fondecyt (Chile) project 1230914 and CNPq

(Brazil) project 307947,/2022-0. Rodrigo Carrasco Jofré was supported by ANID beca/doctorado
nacional 21231849. Mauricio Sepulveda Cortés was supported by Universidad de Concepcién
project VRID 2026001602INV and ANID-Basal, CMM Universidad de Chile project FB210005.

CONFLICT OF INTEREST

This work does not have any conflicts of interest.

REFERENCES

[1] Adams, R. A. (1975). Sobolev Spaces. New York: Academic Press.
(2] Baglama, J., & Reichel, L. (2005). Augmented implicitly restarted Lanczos bidiagonalization methods. SIAM

Journal on Scientific Computing, 27(1), 19-42.

(3] Brenner, S. C., & Scott, L. R. (2008). The Mathematical Theory of Finite Element Methods. Third edition.

New York: Springer.

[4] Ciarlet, P. G. (1978). The Finite Element Method for Elliptic Problems. Amsterdam: North-Holland.
[5] Golub, G. H., & Van Loan, C. F. (2013). Matriz Computations. Fourth edition. Baltimore: Johns Hopkins

University Press.

[6] Gémez, G., Muioz, J., & Ochoa, E. (2023). Gevrey semigroup of the type III localized thermoelastic model.

Journal of Differential Equations, 347, 282-309. https://doi.org/10.1016/j.jde.2022.11.053

[7] Green, A. E., & Naghdi, P. M. (1991). A re-examination of the basic postulates of thermomechanics. Proceedings

of the Royal Society of London A, 432, 171-194. https://doi.org/10.1098/rspa.1991.0012

[8] Green, A. E., & Naghdi, P. M. (1992). On undamped heat waves in an elastic solid. Journal of Thermal

Stresses, 15, 253-264. https://doi.org/10.1080/01495739208946136

[9] Green, A. E., & Naghdi, P. M. (1995). A unified procedure for construction of theories of deformable media.

(10]
(11]
(12]
(13]

(14]

I. Classical continuum physics, II. Generalized continua, III. Mixtures of interacting continua. Proceedings of
the Royal Society of London A, 448, 335-356, 357-377, 379-388. https://doi.org/10.1098/rspa.1995.0022
Hughes, T. J. R. (1987). The Finite Element Method: Linear Static and Dynamic Finite Element Analysis.
Englewood Cliffs: Prentice-Hall.

Klaus-Jochen, E., & Nagel, R. (2000). One-Parameter Semigroups for Linear Evolution Equations. New York:
Springer-Verlag. https://doi.org/10.1007/b97696

Newmark, N. M. (1959). A method of computation for structural dynamics. Journal of the Engineering Me-
chanics Division, ASCE, 85(EM3), 67-94.

Pazy, A. (1983). Semigroups of Linear Operators and Applications to Partial Differential Equations. New
York: Springer-Verlag. https://doi.org/10.1007/978-1-4612-5561-1

Trefethen, L. N., & Embree, M. (2005). Spectra and Pseudospectra: The Behavior of Nonnormal Matrices and
Operators. Princeton: Princeton University Press.


https://doi.org/10.1098/rspa.1991.0012
https://doi.org/10.1098/rspa.1995.0022
https://doi.org/10.1007/b97696
https://doi.org/10.1007/978-1-4612-5561-1

ANALYTIC AND GEVREY REGULARITY FOR A HYBRID THERMOELASTIC EULER-BERNOULLI BEAM WITH SINGULAR INTERAC"

[15] Priiss Jan (1984). On the spectrum of Cp-semigroups. American Mathematical Society, 284, 847-857.

[16] K. T. Andrews, M. Shillor, Vibrations of a Beam with a Damping Tip Body Math. Mathematical and Computer
Modelling, 35,1033-1042,(2002).

[17] K. T. Andrews, J. R. Ferndndez, M. Shillor, A thermoviscoelastic beam with a tip body. Computational
Mechanics, 33, 225-234, (2004).

[18] Liu, Kangsheng and Liu, Zhuangyi; Boundary stabilization of a nonhomogeneous beam with rotatory in-
ertia at the tip, Journal of Computational and Applied Mathematics Vol. 114, (1), pages 1- 10, (2000).
doi:10.1016/S0377-0427(99)00284-8

RODRIGO CARRASCO JOFRE
DEPARTAMENTO DE MATEMATICA, FACULTAD DE CIENCIAS UNIVERSIDAD DEL Bio Bio, AveENIDA CoLLAO 1202,
CONCEPCION, CHILE.

Email address: rodrigo3300@gmail.com

MAURICIO SEPULVEDA-CORTES
DEPARTAMENTO DE INGENIERIA MATEMATICA AND CI2MA, UNIVERSIDAD DE CONCEPCION, CONCEPCION, CHILE.
Email address: maursepu@udec.cl

JAIME MUNOZ RIVERA
DEPARTAMENTO DE MATEMATICA, FACULTAD DE CIENCIAS, UNIVERSIDAD DEL Bio Bfo, AvENIDA CoLLAO 1202,
CONCEPCION, CHILE. LABORATORIO NACIONAL DE COMPUTACION CIENTI{FICA, PETROPOLIS, BRAZIL.

Email address: jemunozrivera@gmail.com



Centro de Investigacién en Ingenieria Matematica (CI'MA)

2026-19

2026-20

2026-21

2026-22

2026-23

2026-24

2026-25

2026-26

2026-27

2026-28

2026-29

2026-30

PRE-PUBLICACIONES 2026

FAaiMm AspaM, MARCELO CAVALCANTI, ZAYD HAJJEJ, YOU HAIYANG LIN Bo,
MAURICIO SEPULVEDA: Blow-up of a Lamé system with fractional damping and

infinite memory: theoretical and numerical study
GABRIEL N. GATICA, SALIM MEDDAHL: A hybridizable discontinuous Galerkin

method for the elasto—acoustic transmission problem
IDULFO ARROCHA, RAIMUND BURGER, MARiA GOMEZ, YOLANDA VASQUEZ:

Modeling and numerical simulation of the colonization of plant growth-promoting

bacteria in the rice rhizosphere
ABRAHAM J. ARENAS, JUAN BARAJAS-CALONGE, GILBERTO GONZALEZ-PARRA,

Luis M. VILLADA: Convergence analysis of a nonstandard finite volume method for a

diffusion-production-destruction model
JUAN BARAJAS-CALONGE, RAIMUND BURGER, STEFAN DIEHL, LUis M. VILLADA:

A network of conservation laws with discontinuous flures and source terms modeling

countercurrent decantation
RAIMUND BURGER, BAKHTIYOR KHUZHAYOROV, USMONALI SAYDULLAEV, IRODA

BEKNAZAROVA: Numerical simulation of filtration of a suspension through a radial

filter with given flow rate
FERNANDO MUNOz GARCiA, FERNANDO ROLDAN: Forward-reflected-backward

algorithm with linesearch
EIDER ALDANA, RICARDO OYARZUA: A Lagrange multiplier approach for fluid-flow

problem with inhomogeneous mixed boundary conditions
JEAN-CHRISTOPHE PESQUET, FERNANDO ROLDAN: Nonlinear forward-backward

algorithm for solving non-monotone+Lipschitz inclusions with applications to adjoint

mismatch problems
JuAN  BARAJAS-CALONGE, JurLio  CAREAGA, Luis M.  VILLADA:

Invariant-region-preserving high-order schemes for a model of reactive sedimentation
ANIBAL CORONEL, FERNANDO HUANCAS, MAURICIO SEPULVEDA: Theoretical

analysis and numerical validation of an inverse problem in a SIS reaction—diffusion

system, Part 1: Identification of transmission and recovery rates
RODRIGO CARRASCO JOFRE, MAURICIO SEPULVEDA, JAIME MUNOZ-RIVERA:

Analytic and Gevrey reqularity for a hybrid thermoelastic Euler—Bernoulli beam with
singular interactions

Para obtener copias de las Pre-Publicaciones, escribir o llamar a: DIRECTOR, CENTRO DE
INVESTIGACION EN INGENIERIA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA
160-C, CONCEPCION, CHILE, TEL.: 41-2661324, o bien, visitar la pagina web del centro:
http://www.ci2ma.udec.cl



CENTRO DE INVESTIGACION EN
INGENIERIA MATEMATICA (CI2MA)
Universidad de Concepcién

Casilla 160-C, Concepcién, Chile
Tel.: 56-41-2661324 /2661554 /2661316
http://www.ci2ma.udec.cl




	1. Introduction and main results
	2. The hybrid thermoelastic beam model
	3. Analyticity and Gevrey regularity 
	3.1. Observability inequalities
	Proof of Theorem 2.2

	4. Numerical illustrations
	4.1. Spatial approximation using Hermite polynomials
	4.2. Newmark time approximation
	4.3. First example
	4.4. Discrete spectrum
	4.5. Discrete resolvent norm

	Acknowledgments
	Conflict of interest
	References

