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Analytic and Gevrey regularity for a hybrid thermoelastic
Euler–Bernoulli beam with singular interactions

Rodrigo Carrasco Jofré, Mauricio Sepúlveda,
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Abstract. We investigate the regularity and stability properties of a hybrid Euler–Bernoulli
beam consisting of elastic and thermoelastic components, with type III thermoelasticity, discon-

tinuous material coefficients, and singular pointwise interactions modeled by Dirac distributions

and their derivatives. The beam is dynamically coupled at one endpoint to a rigid tip body
with mass, rotational inertia, and an offset center of mass, giving rise to a PDE–ODE system

with dynamic boundary conditions.

Using frequency-domain methods and high-frequency resolvent estimates, we show that when
the thermoelastic mechanism acts throughout the beam, the associated C0-semigroup is analytic,

despite the presence of singular interactions and the dynamic coupling with the tip body. In

contrast, when the thermoelastic effects are confined to a proper subinterval, analyticity is lost
and the semigroup is of Gevrey class 2. In both configurations, the system is exponentially

stable. These results show that the transition from analyticity to Gevrey regularity induced
by the localization of the thermoelastic mechanism persists in the presence of both singular

interactions and dynamic tip-body coupling.

1. Introduction and main results

Thermoelasticity provides a fundamental framework for describing the interaction between me-
chanical deformation and thermal effects in elastic structures. Classical theories based on Fourier’s
law of heat conduction lead to parabolic thermal equations and therefore predict an infinite speed
of thermal propagation. Generalized thermoelastic theories have been developed to overcome this
limitation. Among them, the type III theory introduced by Green and Naghdi [7, 8, 9] is par-
ticularly relevant, since it allows thermal waves to propagate with finite speed while retaining a
dissipative mechanism through the thermal constitutive law.

The coupling between elastic structures and type III heat conduction has been extensively
studied from the viewpoints of well-posedness, stability, and semigroup regularity. The situation
becomes substantially more delicate when the thermoelastic mechanism acts only on a proper
subregion of the structure, as occurs naturally in composite materials, layered structures, and
systems with localized thermal devices. From the mathematical point of view, localization destroys
the uniform interaction between the elastic and thermal variables and may significantly affect both
the long-time dynamics and the smoothing properties of the associated semigroup. In particular,
analyticity may be lost when the thermoelastic mechanism is restricted to a subinterval, while a
weaker Gevrey regularization may persist.

Additional difficulties arise in the presence of concentrated interactions. Pointwise dampers,
feedback devices, and concentrated forces are naturally represented by Dirac distributions, while
moment-type actions lead to derivatives of Dirac distributions. Such terms cannot be treated
simply as regular lower-order perturbations, since they generate jump conditions for the bending
moment and shear force and lead naturally to a transmission formulation.

The purpose of this paper is to investigate the regularity and stability of such a localized
thermoelastic structure when these singular interactions are combined with a genuinely dynamic
boundary coupling. More precisely, we consider an Euler–Bernoulli beam with discontinuous
elastic coefficients, type III thermoelasticity acting on a prescribed subinterval, singular pointwise
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interactions, and a rigid tip body dynamically coupled to the right endpoint. The configuration
is illustrated in Figure 1.
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Figure 1. Localized thermoelastic beam with singular interactions at ξ0 and ξ1
and with a tip body of mass m0.

The governing equations are

ρutt +Mxx + β0ut(ξ0)δξ0 + β1ut(ξ1)δξ1 − β2uxt(ξ1)
d

dx
δξ1 = 0, in (0, `)× R+

0 ,(1.1)

cθtt −Qx −muxxt + β3θt(ξ1)δξ1 = 0, in (`0, `1)× R+
0 ,(1.2)

where u denotes the transverse displacement, θ the thermal displacement, and δξ the Dirac distri-
bution concentrated at ξ. The bending moment and heat flux are given by

M = α(x)uxx +m(x)θt, Q = κθx + κ0θxt.

At x = `, a rigid body of mass m0 and moment of inertia J is attached to the beam, with
its center of mass located at a distance d from the attachment point. If w(t) and z(t) denote,
respectively, the transverse displacement and rotation of the beam tip, the boundary conditions
are given by

u(0, t) = ux(0, t) = 0, u(`, t) = w(t), ux(`, t) = z(t), θ(`0, t) = θ(`1, t) = 0, ∀t > 0,

The balance of forces and moments at the tip yields the dynamic boundary conditions

m0wtt +m0dztt + γwt −
(
αuxxx +mθxt

)
(`, t) = 0,(1.3)

m0dwtt +
(
J +m0d

2
)
ztt + dγwt + dγ∗zt + αuxx(`, t) = 0.(1.4)

Notice that the thermal contribution to the dynamic boundary conditions is present whenever
the thermoelastic region reaches the right endpoint of the beam, that is, when `1 = `. This
includes both the fully thermoelastic case, `0 = 0 and `1 = `, and the partially thermoelastic case,
0 < `0 < `1 = `. On the other hand, if `1 < `, the neighborhood of the tip is purely elastic, so
that m = 0 near x = ` and the thermal term mθxt(`, t) does not appear in the dynamic boundary
condition. For related beam models with dynamic tip bodies, we refer to [16, 17, 18].

The offset d has a direct mechanical significance: it acts as a lever arm coupling the translational
and rotational motions of the attached body. In particular, for d > 0 the tip kinetic energy is

Etip(t) =
1

2
m0|wt|2 +m0dwtzt +

1

2

(
J +m0d

2
)
|zt|2.

Consequently, the tip-body dynamics form part of the principal energy of the system and cannot
be treated merely as a lower-order boundary perturbation.

The model therefore combines several mechanisms that are individually nontrivial: transmission
across discontinuous material interfaces, localized type III thermoelasticity, singular interactions
generated by Dirac distributions and their derivatives, and a finite-dimensional mechanical system
coupled through the high-order boundary traces of the beam. The main analytical challenge is to
propagate the regularization generated in the thermoelastic region through the elastic components
and up to the translational and rotational degrees of freedom of the tip body.
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Our main result shows that the regularity transition induced by the localization of the ther-
moelastic mechanism persists in the presence of the combined effects of transmission, singular
interactions, and dynamic tip-body coupling. In the fully thermoelastic configuration, the associ-
ated C0-semigroup is analytic, whereas in the localized configuration it is of Gevrey class 2. More
precisely, a frequency-domain analysis of the generator yields, for sufficiently large |λ|,∥∥(iλI −A)−1

∥∥
L(H)

≤ C|λ|−1

in the fully thermoelastic case, while∥∥(iλI −A)−1
∥∥
L(H)

≤ C|λ|−1/2

when the thermoelastic mechanism is localized. In particular, the latter estimate improves the
Gevrey regularity previously obtained in [6], where Gevrey class 8 was established for a nonhybrid
beam with localized thermoelasticity and without singular interactions. Thus, the present result
not only extends the analysis to a substantially more complex hybrid setting, but also improves
the Gevrey regularity from class 8 to class 2.

The resolvent estimates are obtained by combining localized energy arguments with multiplier
and trace estimates designed to control the transmission terms, the singular interactions, and the
dynamic boundary variables. Besides providing enhanced temporal regularity and an instanta-
neous smoothing effect, the Gevrey property ensures that the type of the semigroup coincides
with the spectral bound of its generator. Consequently, a strictly negative spectral bound yields
exponential stability.

We also examine the robustness of this regularity under bounded lower-order perturbations
and show that the Gevrey property is preserved. Finally, a structure-preserving finite-element
approximation is introduced. The discretization incorporates the point interactions and tip-body
dynamics at the variational level and preserves the dissipative structure of the continuous problem.
Numerical computations of the discrete resolvent along the imaginary axis exhibit a high-frequency
behavior consistent with the |λ|−1/2 estimate obtained for the continuous localized system.

The remainder of the paper is organized as follows. Section 2 introduces the hybrid thermoe-
lastic model, its transmission formulation, and the associated semigroup framework. Section 3 is
devoted to the high-frequency resolvent analysis and the proofs of analyticity and Gevrey regular-
ity, together with the preservation of Gevrey regularity under bounded lower-order perturbations.
Finally, Section 4 develops a conforming finite-element approximation of the hybrid system and
presents the corresponding numerical experiments.

2. The hybrid thermoelastic beam model

Let I denote the beam domain, excluding the material interfaces and the singular interaction
points, and let IT ⊆ I denote the region where the thermoelastic mechanism is active. More
precisely,

I = ]0, ξ0[ ∪ ]ξ0, `0[ ∪ ]`0, ξ1[ ∪ ]ξ1, `1[ ∪ ]`1, `[ , IT = ]`0, ξ1[ ∪ ]ξ1, `1[ .

Then, the model (1.1)–(1.2) can be equivalently written as the following transmission problem:

ρutt +Mxx = 0, (x, t) ∈ I × R+
0 ,(2.5)

cθtt −Qx − m̃uxxt = 0, (x, t) ∈ IT × R+
0 .(2.6)

Furthermore, we will assume that ρ, c, κ, κ0 are positive constants, α is a positive function and
m a non negative function.

α(x) =

 α1, x ∈ (0, `0)
α2, x ∈ (`0, `1),
α3, x ∈ (`1, `)

m(x) =

 0, x ∈ (0, `0)
m1, x ∈ (`0, `1)
0, x ∈ (`1, `)

.(2.7)

Verifying the transmission and singularity conditions

[[M ]]`i = [[Mx]]`i = 0 , [[Mx]]ξi = −βiut(ξi, t), i = 0, 1.

[[M ]]ξ1 = β2uxt(ξ1, t) , [[Q]]ξ1 = β3θt(ξ1, t),(2.8)
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where the jump of f at the point x = b is denoted by [[f ]]b and is given by

[[f ]]b := f(b+)− f(b−).

We consider the following boundary conditions:

u(0, t) = ux(0, t) = 0, u(`, t) = w(t), ux(`, t) = z(t), θ(`0, t) = θ(`1, t) = 0, ∀ t > 0,(2.9)

together with the initial conditions

u(x, 0) = u0(x), ut(x, 0) = u1(x), ∀x ∈ ]0, `[ ,

θ(x, 0) = θ0(x), θt(x, 0) = θ1(x), ∀x ∈ ]`0, `1[ .(2.10)

Therefore, system (2.5)–(2.10), coupled with the dynamic boundary equations (1.3) and (1.4),
provides a transmission formulation equivalent to the original system (1.1)–(1.4), subject to the
boundary and initial conditions (2.9) and (2.10).

Remark 2.1. The model (1.1) - (1.2) and the model (2.5) - (2.6) their have a variational formu-
lation equivalent. Furthermore, for the both model we have the energy

E(t) =
1

2

∫ `

0

ρ|ut|2+α|uxx|2dx+
1

2

∫ `1

`0

c|θt|2+κ|θx|2dx+
1

2

(
m0|wt|2 + 2m0dwtzt +

(
J +m0d

2
)
|zt|2

)
,

that verifies

d

dt
E(t) = −κ0

∫ `1

`0

|θxt|2 dx− β0 |ut(ξ0, t)|2 − β1 |ut(ξ1, t)|2 − β2 |uxt(ξ1, t)|2 − β3 |θt(ξ1, t)|2

−γ|wt|2 − dγwtzt − dγ∗|zt|2.

Where this condition must be satisfied

dγ ≤ 4γ∗

Now, we present the main result of this work

Theorem 2.2. Let S(t) be the C0-semigroup associated with system (2.5)-(2.10) coupled to the
equations (1.3) and (1.4). Then:

(1) If ]`0, `1[=]0, `[, then S(t) is analytic.
(2) If ]`0, `1[(]0, `[, then S(t) is of Gevrey class 2.
(3) In all cases, S(t) is not compact.

It is worth emphasizing that the localized configuration includes two different situations at the
tip. If 0 < `0 < `1 = `, the thermoelastic component reaches the tip and the dynamic boundary
condition retains the thermal coupling. If `1 < `, the tip lies in the purely elastic region and
this thermal contribution disappears. Nevertheless, both configurations lead to the same Gevrey
regularity established below.

In that follows we assume, without loss of generality, that ρ = c = 1.
Denoting by ut = v, θt = Θ, wt = W , zt = Z and U = (u, v, θ,Θ,W,Z). We define the phase

space H as

H = V × L2(0, `)×H1
0 (IT )× L2(IT )× C2,

where

V =
{
g ∈ H2(0, `) : g(0) = gx(0) = 0

}
.

With the norm

‖U‖2H =

∫ `

0

|v|2 + α|uxx|2dx+

∫ `1

`0

|Θ|2 + κ|θx|2dx+m0|W |2 + 2m0dWZ +
(
J +m0d

2
)
|Z|2.

For simplify the notation we call U = (U ,V) with U = (u, v, θ,Θ) and V = (W,Z). We note that

d

dt
V = −K−1BV +K−1Γ
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where

K =

(
m0 m0d
m0d J +m0d

2

)
, B =

(
γ 0
dγ dγ∗

)
, Γ =

(
αuxxx(`) +mΘx(`)

−αuxx(`)

)
Now, we introduce the operator A, as

(2.11) AU =


v

−Mxx

Θ
Qx +mvxx

−K−1BV +K−1Γ

 ,

with domain D(A) given by
(2.12)
D(A) =

{
U ∈ H; v ∈ V, Θ ∈ H1

0 (IT ), M ∈ H2(I), Q ∈ H1(IT ), satisfying (2.8) and (2.9)
}
.

It is straightforward to verify that A is a dissipative operator. Indeed,

Re(AU,U)H = −
∫ `1

`0

κ0|Θx|2 dx− β0|v(ξ0)|2 − β1|v(ξ1)|2 − β2|vx(ξ1)|2 − β3|Θ(ξ1)|2

− γ|W |2 − dγWZ − dγ∗|Z|2,(2.13)

provided that dγ ≤ 4γ∗.
We now consider the resolvent equation

(iλI −A)U = F.

In terms of its components, the corresponding resolvent system is given by

iλu− v = f1,(2.14)

iλv + (αuxx +mΘ)xx = f2,(2.15)

iλθ −Θ = f3,(2.16)

iλΘ− (κθx + κ0Θx)x −mvxx = f4,(2.17)

iλ (m0W +m0dZ)− (αuxxx +mΘx) (`)− γW = m0f5 +m0df6,(2.18)

iλ
(
m0dW +

(
J +m0d

2
)
Z
)

+ αuxx(`)− dγW − dγ∗Z = m0df5 +
(
J +m0d

2
)
f6.(2.19)

The above system satisfies the transmission and singularity conditions

[[M ]]`i = [[Mx]]`i = 0, [[Mx]]ξi = −βiv(ξi), i = 0, 1,

[[M ]]ξ1 = β2vx(ξ1), [[Q]]ξ1 = β3Θ(ξ1),(2.20)

together with the boundary conditions

u(0) = ux(0) = 0, u(`) = w, ux(`) = z, θ(`0) = θ(`1) = 0.(2.21)

Taking the real part of the inner product in H of the resolvent equation with U , and using
(2.13), we obtain∫ `1

`0

κ0|Θx|2 dx+ β0|v(ξ0)|2 + β1|v(ξ1)|2 + β2|vx(ξ1)|2 + β3|Θ(ξ1)|2 + γ|W |2

+ dγWZ + dγ∗|Z|2 = Re(U,F )H.(2.22)

Since dγ ≤ 4γ∗, it follows from the above identity that∫ `1

`0

|Θx|2 dx+ |v(ξ0)|2 + |v(ξ1)|2 + |vx(ξ1)|2 + |Θ(ξ1)|2 + |W |2 + |Z|2

≤ c‖U‖H‖F‖H,(2.23)

for some positive constant c.
Under the above assumptions, we obtain the following result.
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Theorem 2.3. The operator A defined by (2.11)–(2.12) is the infinitesimal generator of a con-
traction C0-semigroup on H.

Proof. We apply the Lumer–Phillips theorem. Since A is dissipative, it remains to prove that A
is maximal dissipative. For this purpose, it is enough to show that

0 ∈ %(A).

Equivalently, for every F = (f1, . . . , f6) ∈ H, we shall prove that there exists a unique U ∈ D(A)
satisfying

−AU = F.

Setting λ = 0 in (2.14)–(2.19), we immediately obtain

v = −f1, Θ = −f3,

and consequently

W = v(`) = −f1(`), Z = vx(`) = −f1,x(`).

Thus, it remains to determine the displacement u and the thermal variable θ.
Let

V =
{
ϕ ∈ H2(0, `) : ϕ(0) = ϕx(0) = 0

}
, HT = H1

0 (`0, `1).

We introduce the bilinear forms

am(u, ϕ) =

∫ `

0

α(x)uxxϕxx dx, u, ϕ ∈ V,

and

aT (θ, ψ) = κ

∫ `1

`0

θxψx dx, θ, ψ ∈ HT .

Using v = −f1 and Θ = −f3, the weak mechanical equation can be written as

am(u, ϕ) =

∫ `

0

f2ϕdx−
∫ `1

`0

mf3ϕxx dx− β0f1(ξ0)ϕ(ξ0)− β1f1(ξ1)ϕ(ξ1)

+ β2f1,x(ξ1)ϕx(ξ1) +
(
m0f5 +m0df6 −mf3,x(`)− γf1(`)

)
ϕ(`)

+
(
m0df5 + (J +m0d

2)f6 − dγf1(`)− dγ∗f1,x(`)
)
ϕx(`),(2.24)

for every ϕ ∈ V , where terms involving m at the endpoint are understood according to the
corresponding trace of the thermoelastic component.

Similarly, the thermal equation is written in weak form as

aT (θ, ψ) = − κ0

∫ `1

`0

f3,xψx dx+m

∫ `1

`0

f1,xxψ dx+

∫ `1

`0

f4ψ dx

− β3f3(ξ1)ψ(ξ1),(2.25)

for every ψ ∈ HT .
Since α(x) ≥ α∗ > 0 and κ > 0, the forms am and aT are continuous and coercive on V and

HT , respectively. Indeed, by the Poincaré inequalities on these spaces,

am(ϕ,ϕ) ≥ c‖ϕ‖2H2(0,`), aT (ψ,ψ) ≥ c‖ψ‖2H1(`0,`1).

Moreover, all the terms on the right-hand sides of (2.24) and (2.25) define continuous linear
functionals. In particular, the point evaluations are continuous in H2(0, `) and H1(`0, `1) in one
space dimension.

Therefore, the Lax–Milgram theorem yields unique

u ∈ V, θ ∈ H1
0 (`0, `1)

satisfying (2.24)–(2.25).
It remains to verify that the solution actually belongs to D(A). From the variational identities,

first by taking test functions compactly supported in each subinterval determined by `0, `1, ξ0, ξ1,
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and then integrating by parts, we recover the differential equations together with the transmission
and jump conditions in (2.8). Consequently,

M = αuxx +mΘ ∈ H2(I), Q = κθx + κ0Θx ∈ H1(IT ),

in the piecewise sense prescribed by the definition of D(A), and the boundary terms in (2.24)
recover precisely the two tip-body equations at x = `.

Hence

U =
(
u,−f1, θ,−f3,−f1(`),−f1,x(`)

)
∈ D(A)

and satisfies

−AU = F.

Therefore −A is onto. Since the homogeneous problem has only the trivial solution, the solution
is unique, and thus

0 ∈ %(A).

Hence A is maximal dissipative. The Lumer–Phillips theorem then implies that A generates a
contraction C0-semigroup on H. �

Next, we will enunciate an interpolation theorem used in the next section

Theorem 2.4. Suppose that w and w(m) ∈ L2(a, b). Then w(j) ∈ L2(a, b) for j = 1, . . . ,m − 1,

where w(j) = djw
dxj . Moreover, for any 0 < ε ≤ ε0, we have

(2.26) ‖w(j)‖L2 ≤ cε‖w(m)‖L2 + cε−
j

m−j ‖w‖L2 ,

which implies

(2.27) ‖w(j)‖L2 ≤ c‖w‖L2 + c‖w‖1−
j
m

L2 ‖w(m)‖
j
m

L2 .

Proof. Inequality (2.26) follows from Theorem 4.14 in [1]. Define ‖u‖m := ‖u‖L2 + ‖u(m)‖L2 .
Choosing ε such that

ε = ε0

(
‖u‖L2

‖u‖m

)m−j
m

yields

‖u(j)‖L2 ≤ C‖u‖1−
j
m

L2 ‖u‖
j
m
m .

Substituting this into (2.26) and recalling the definition of ‖ · ‖m gives (2.27). �

Corollary 2.5. Let w ∈ H2(a, b). Then

‖w‖∞ = sup
s∈[a,b]

|w(s)| ≤ c‖w‖L2 + c‖w‖3/4L2 ‖wxx‖1/4L2 ,(2.28)

‖wx‖∞ = sup
s∈[a,b]

|wx(s)| ≤ c‖w‖L2 + c‖w‖1/4L2 ‖wxx‖3/4L2 .(2.29)

Proof. Applying Theorem 2.4 with m = 2 and j = 1 gives

‖wx‖L2 ≤ c‖w‖1/2L2

(
‖w‖L2 + ‖wxx‖L2

)1/2
.

The fundamental theorem of calculus yields, for any s ∈ [a, b],

|wx(s)|2 ≤ |b− a|‖wx‖L2‖wxx‖L2 ≤ c‖wx‖L2

(
‖w‖L2 + ‖wxx‖L2

)
.

Substituting the interpolation estimate for ‖wx‖L2 gives

|wx(s)|2 ≤ c‖w‖1/2L2

(
‖w‖L2 + ‖wxx‖L2

)3/2
,

from which (2.29) follows. The estimate (2.28) is obtained similarly. �
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3. Analyticity and Gevrey regularity

we will denote the energy over thermoelastic part by

E2 =

∫ `1

`0

|v|2 + |uxx|2 + |Θ|2 + |θx|2dx

and R to any function that verifies

R2 ≤ C ‖U‖H ‖F‖H
Furthermore, the norm ‖ · ‖L2 means the L2-norm sometimes to simplify we denote ‖ · ‖. Our
starting point is the following lemma.

Lemma 3.1. The solution to (2.14)–(2.21) satisfies

‖vx‖ ≤ c|λ|1/2‖U‖H + c‖U‖1/2H ‖F‖
1/2
H ,(3.1)

‖v‖∞, ‖M‖∞ ≤ c|λ|1/4‖U‖H + c‖U‖3/4H ‖F‖
1/4
H ,(3.2)

‖vx‖∞, ‖Mx‖∞ ≤ c|λ|3/4‖U‖H + c‖U‖1/4H ‖F‖
3/4
H ,(3.3)

‖Q‖∞ ≤ c|λ|1/2R1/2E1/2 + cR1/2‖F‖1/2H ,(3.4)

‖Mx‖, ‖uxxx‖ ≤ c|λ|1/2‖U‖H + c‖U‖1/2H ‖F‖
1/2
H .(3.5)

Moreover, on any subset of the thermal interval IT , the norm ‖U‖H can be replaced by E in all
the above estimates.

Proof. We begin with estimate (3.1). Using (2.14) and a standard interpolation inequality, we
obtain

‖vx‖ ≤ c‖v‖1/2‖vxx‖1/2

≤ c‖v‖1/2‖iλuxx − f1,xx‖1/2

≤ c|λ|1/2‖v‖1/2‖uxx‖1/2 + c‖v‖1/2‖f1,xx‖1/2,
which yields (3.1). Similarly, for Mx we get

‖Mx‖ ≤ c‖M‖1/2‖Mxx‖1/2

≤ c‖M‖1/2‖iλv − f2‖1/2

≤ c|λ|1/2‖U‖H + c‖U‖1/2H ‖F‖
1/2
H .

This implies (3.5). Next, we derive the L∞ estimates. Using inequality (2.29) from Corollary 2.5
applied to w = M , and equation (2.15), we obtain

‖M‖∞ ≤ c‖M‖3/4‖Mxx‖1/4

≤ c‖U‖3/4H ‖iλv + f2‖1/4

≤ c|λ|1/4‖U‖H + c‖U‖3/4H ‖F‖
1/4
H .

A similar argument yields

‖v‖∞ ≤ c‖v‖3/4‖vxx‖1/4

≤ c‖U‖3/4H ‖iλuxx + f1,xx‖1/4

≤ c|λ|1/4‖U‖H + c‖U‖3/4H ‖F‖
1/4
H ,

which proves (3.2). For Mx, we write

‖Mx‖∞ ≤ c‖Mx‖1/2‖Mxx‖1/2

≤ c‖M‖1/4‖Mxx‖3/4

≤ c‖U‖1/4H ‖iλv − f2‖3/4

≤ c|λ|3/4‖U‖H + c‖U‖1/4H ‖F‖
3/4
H .
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An analogous estimate holds for ‖vx‖∞, yielding (3.3).
Finally, using inequality (2.28) of Corollary 2.5 applied to w = Q, together with equation (2.17),

we obtain

‖Q‖∞ ≤ c‖Q‖1/2‖Qx‖1/2

≤ cR1/2
(
|λ|E + ‖F‖H

)1/2
≤ c|λ|1/2R1/2E1/2 + cR1/2‖F‖1/2H ,

which proves (3.4). �

Remark 3.2. Let f and g be functions that may have a discontinuity at x = b, and assume that
they are sufficiently smooth on (0, b) and (b, `). Then the following integration by parts formula
holds: ∫ `

0

fxg dx = fg|`0 + f(b−)g(b−)− f(b+)g(b+)−
∫ `

0

fgx dx

= fg|`0 − [[fg]]b −
∫ `

0

fgx dx,

the above expression can be rewritten as∫ `

0

fxg dx = fg|`0 − [[f ]]bg(b−)− [[g]]bf(b+)−
∫ `

0

fgx dx.

Lemma 3.3. The solution of (2.14) - (2.21) verifies∫ `1

`0

κ|θx|2dx ≤
1

|λ|2
R2 +

1

|λ|2
‖F‖2H,(3.6) ∫ `1

`0

|Θ|2dx ≤ εE2 +
c

|λ|
R2 +

c

|λ|2
‖F‖2H .(3.7)

for λ large.

Proof. Using (2.16) and (2.23) we arrive to (3.6). On the other hand, multiplying (2.17) by iλΘ,
we get

|λ|2
∫ `1

`0

|Θ|2dx−
∫ `1

`0

(κθxx − κ0Θxx)iλΘ dx−m
∫ `1

`0

vxxiλΘ dx =

∫ `1

`0

f4iλΘ dx

Performing an integration by parts using the jump condition (2.20) and taking the real part we
get

|λ|2
∫ `1

`0

|Θ|2dx =

∫ `1

`0

κ|Θx|2dx+ Re

∫ `1

`0

κf3,xΘxdx︸ ︷︷ ︸
≤R2+c‖F‖2H

−Re

∫ `1

`0

mvxiλΘxdx︸ ︷︷ ︸
J

+ Re

∫ `1

`0

f4iλΘdx︸ ︷︷ ︸
≤ε‖λΘ‖2+cε‖F‖2

.

Where we used that Re ([[Q]]ξ1iλΘ(ξ1)) = 0. Using (3.1) to estimate J we get

|J | ≤ c|λ|‖vx‖|R|

≤ c|λ|3/2ER + c|λ|R2.

from where we have
1

|λ|2
|J | ≤ c

|λ|1/2
ER +

c

|λ|
R2 ≤ εE2 +

c

|λ|
R2

Hence inequality (3.7) follows for λ large. �

Lemma 3.4. Over the thermoelastic interval, for any ε > 0 there exists a constant cε > 0 such
that any solution to system (2.14)–(2.21) satisfies∫ `1

`0

|uxx|2dx ≤ εE2 +
cε
|λ|

R2 +
cε
|λ|2
‖F‖2 .(3.8)
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Proof. Using equations (2.17) and (2.14), we obtain

Θ− 1

iλ
(κθx + κ0Θx)x −muxx =

1

iλ
(f4 +mf1,xx).

Multiplying the above identity by uxx and applying Remark 3.2, we arrive at∫ `1

`0

m|uxx|2 dx =

∫ `1

`0

Θuxx dx+
1

iλ
[[Quxx]]ξ1 +

1

iλ
(κθx + κ0Θx)uxx

∣∣∣∣`1
`0︸ ︷︷ ︸

:=I0

+

∫ `1

`0

1

iλ
(κθx + κ0Θx)uxxx dx︸ ︷︷ ︸

:=I1

+

∫ `1

`0

1

iλ
(mf1,xx − f4)uxx dx︸ ︷︷ ︸

≤ε‖uxx‖2+
cε
|λ|2

‖F‖2

.(3.9)

We first estimate the term I0 so we have

|I0| ≤
c

|λ|
‖κθx + κ0Θx‖∞ ‖uxx‖∞

≤ c

|λ|
‖κθx + κ0Θx‖∞ ‖M‖∞︸ ︷︷ ︸

:=I3

+
c

|λ|
‖κθx + κ0Θx‖∞ ‖Θ‖∞︸ ︷︷ ︸

:=I4

.

Using estimates (3.2) and (3.4), we deduce

|I3| ≤
c

|λ|

(
c|λ|1/2R1/2E1/2 + cR1/2‖F‖1/2H

)(
c|λ|1/4E + cE3/4 ‖F‖1/4

)
≤ c

|λ|1/4
R1/2E3/2 +

c

|λ|1/2
R1/2E5/4‖F‖1/4H +

c

|λ|3/4
R1/2E‖F‖1/2H +

c

|λ|
R1/2E3/4‖F‖3/4H .

≤ εE2 +
cε
|λ|

R2 +
cε
|λ|4/3

R4/3‖F‖2/3H +
cε
|λ|3/2

R‖F‖H +
cε
|λ|8/5

R4/5‖F‖6/5H

≤ εE2 +
cε
|λ|

R2 +
cε
|λ|2
‖F‖2H.(3.10)

Moreover, using the estimate ‖Θ‖∞ ≤ c‖Θ‖1/2‖Θx‖1/2 ≤ cE1/2R1/2, we obtain

|I4| ≤
c

|λ|

(
c|λ|1/2R1/2E1/2 + cR1/2‖F‖1/2H

)
E1/2R1/2

≤ εE2 +
cε
|λ|

R2 +
cε
|λ|2
‖F‖2H.(3.11)

Combining (3.10) and (3.11), we conclude

|I0| ≤ εE2 +
cε
|λ|

R2 +
cε
|λ|2
‖F‖2H.(3.12)

Next, using (2.23) and (3.5), we estimate

|I1| ≤
c

|λ|
R‖uxxx‖L2

≤ εE2 +
cε
|λ|

R2.(3.13)

Finally, inserting the estimates for I0 and I1 into (3.9), and using Lemma 3.3, we obtain
(3.8). �

In the next lemma, we complete the estimate of the energy over ]`0, `1[ by deriving an appropriate
bound for v.

Lemma 3.5. Over the thermoelastic interval, there exists a constant c > 0 such that the solution
to system (2.14)–(2.21) satisfies

E2 ≤ c

|λ|
R2 +

c

|λ|2
‖F‖2 .(3.14)
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Proof. Multiplying equation (2.15) by
1

iλ
v and integrating over [`0, `1], we obtain∫ `1

`0

|v|2dx+
1

iλ
[[Mx]]ξ1v(ξ1)− 1

iλ
[[M ]]ξ1vx(ξ1) +

1

iλ
Mxv

∣∣∣∣`1
`0

− 1

iλ
Mvx

∣∣∣∣`1
`0

−
∫ `1

`0

M
1

iλ
vxx dx =

∫ `1

`0

f2
1

iλ
v dx.

Since

Re

(
1

iλ
[[Mx]]ξ1v(ξ1)− 1

iλ
[[M ]]ξ1vx(ξ1)

)
= 0,

taking real parts yields∫ `1

`0

|v|2dx = − 1

iλ
Mxv

∣∣∣∣`1
`0︸ ︷︷ ︸

:=J1

+
1

iλ
Mvx

∣∣∣∣`1
`0︸ ︷︷ ︸

:=J2

+

∫ `1

`0

M
1

iλ
vxx dx︸ ︷︷ ︸

:=J3

+

∫ `1

`0

f2
1

iλ
v dx︸ ︷︷ ︸

:=ε‖v‖2+
cε
|λ|2

‖F‖2

.(3.15)

We now estimate the point term. Using (3.2), (3.3) and remembering the estimates (3.7) and
(3.8), we obtain

|J1| ≤ ε‖v‖2L2 + εE2 +
cε
|λ|

R2 +
c

|λ|2
‖F‖2,(3.16)

similarly,

|J2| ≤ ε‖v‖2L2 + εE2 +
cε
|λ|

R2 +
c

|λ|2
‖F‖2.(3.17)

For estimate J3, we use (3.7) and (3.8)

J3 ≤
∫ `1

`0

M(αuxx −
1

iλ
f1,xx) dx ≤ εE2 +

cε
|λ|

R2 +
c

|λ|2
‖F‖2,(3.18)

Substituting (3.16)–(3.18) into (3.15), we conclude that∫ `1

`0

|v|2dx ≤ εE2 +
cε
|λ|

R2 +
cε
|λ|2
‖F‖2 .

Finally, combining this estimate with Lemma 3.3 and Lemma 3.4, the result follows. �

3.1. Observability inequalities. Let us introduce the functional

I(x) =
1

2

(
|v(x)|2 + α|uxx(x)|2

)
we have the following result

Lemma 3.6. Let (a, b) be either (0, `0), (`1, `), or any subinterval of (`0, `1) that does not contain
the singular point ξ1. Let

q(x) = x− r, r ∈ {a, b},
so that q vanishes at one of the endpoints of (a, b). Then, for every ε > 0 and |λ| sufficiently large,
any solution U of the resolvent system (2.14)–(2.21) satisfies∣∣∣∣∣−

∫ b

a

q(x) I ′(x) dx+

∫ b

a

α|uxx|2 dx

∣∣∣∣∣ ≤ ε‖U‖2H +
Cε
|λ|
‖F‖2H.

Proof. Multiplying equation (2.15) by q 1
iλvx and integrating over (a, b), we obtain

−
∫ b

a

qvvx dx−
1

iλ

∫ b

a

Mxxqvx dx = − 1

iλ

∫ b

a

f2qvx dx.
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Since q′(x) = 1 and q(r) = 0 at one of the endpoints, using the resolvent equation and integrating
by parts, we get

−
∫ b

a

qvvx dx−
1

iλ
qMxvx

∣∣∣∣b
a︸ ︷︷ ︸

J1

+
1

iλ
Mvx

∣∣∣∣b
a︸ ︷︷ ︸

J2

+
q(ξ0)

iλ
[[Mx]]ξ0vx(ξ0)︸ ︷︷ ︸

:=J3

− 1

iλ

∫ b

a

Mvxx dx+
1

iλ

∫ b

a

qMxvxx dx = − 1

iλ

∫ b

a

f2qvx dx︸ ︷︷ ︸
J4

.

Here, J3 is present only when ξ0 ∈ (a, b). Moreover, since q(r) = 0, only the endpoint different
from r contributes to J1.

Using (2.14), we have

− 1

iλ

∫ b

a

Mvxx dx =

∫ b

a

Muxx dx−
1

iλ

∫ b

a

Mf1,xx dx

=

∫ b

a

α|uxx|2 dx+

∫ b

a

mΘuxx dx−
1

iλ

∫ b

a

Mf1,xx dx︸ ︷︷ ︸
:=R1

,

and

1

iλ

∫ b

a

qMxvxx dx = −
∫ b

a

qMxuxx dx−
1

iλ

∫ b

a

qMxf1,xx dx

= −
∫ b

a

qαuxxxuxx dx−
∫ b

a

qmΘxuxx dx+
1

iλ

∫ b

a

qMxf1,xx dx︸ ︷︷ ︸
:=R2

.

Therefore,

−
∫ b

a

qvvx dx−
∫ b

a

qαuxxxuxx dx+R2 − J1 + J2 + J3 +

∫ b

a

α|uxx|2 dx+R1 = J4.

Taking the real part and recalling that

I(x) =
1

2

(
|v(x)|2 + α|uxx(x)|2

)
,

we obtain

−
∫ b

a

q
d

dx
I(x) dx+

∫ b

a

α|uxx|2 dx = Re (−R1 −R2 + J1 − J2 − J3 + J4) .(3.19)

We now estimate the terms on the right-hand side. Using (3.2), (3.3), and the estimates over
the thermoelastic interval IT , we have

|Mx(`i)|, |vx(`i)| ≤ c|λ|3/4E + cE1/4‖F‖3/4,
|M(`i)| ≤ c|λ|1/4E + cE3/4‖F‖1/4.

Since q vanishes at one of the endpoints, these estimates give

|J1| ≤ c|λ|1/2E2 +
c

|λ|
E1/2‖F‖3/2,(3.20)

|J2| ≤ cE2 +
c

|λ|2
‖F‖2.(3.21)

For J3, using [[Mx]]ξ0 = −β0v(ξ0), (3.3), and the dissipation estimate, we obtain

|J3| ≤
c

|λ|
|v(ξ0)vx(ξ0)|

≤ c

|λ|
|R|
(
|λ|3/4‖U‖H + ‖U‖1/4H ‖F‖

3/4
)
,
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and hence

|J3| ≤ ε‖U‖2H +
cε
|λ|1/2

R2.(3.22)

Using (3.1), we also have

|J4| ≤
c

|λ|1/2
‖U‖H‖F‖H +

c

|λ|
‖U‖1/2H ‖F‖

3/2
H

≤ ε‖U‖2H +
cε
|λ|
‖F‖2H.(3.23)

For the remaining terms, the Cauchy–Schwarz inequality, (3.5), and Lemma 3.5 yield

|R1| ≤ cE2 +
c

|λ|
‖U‖H‖F‖H,(3.24)

|R2| ≤ cRE +
c

|λ|1/2
‖U‖H‖F‖H +

c

|λ|
‖U‖1/2H ‖F‖

3/2
H .(3.25)

Moreover, Lemma 3.5 gives

RE ≤ c

|λ|1/2
R2 +

c

|λ|
R‖F‖H.

Consequently, using R2 ≤ C‖U‖H‖F‖H and Young’s inequality in (3.20)–(3.25), we obtain

|J1|+ |J2|+ |J3|+ |J4|+ |R1|+ |R2| ≤ ε‖U‖2H +
cε
|λ|
‖F‖2H.

Substituting this estimate into (3.19) gives∣∣∣∣∣−
∫ b

a

q(x)I ′(x) dx+

∫ b

a

α|uxx|2 dx

∣∣∣∣∣ ≤ ε‖U‖2H +
cε
|λ|
‖F‖2H,

which completes the proof. �

Lemma 3.7. For every ε > 0, there exists a constant cε > 0 such that any solution U of the
resolvent system (2.14)–(2.21) satisfies the following estimates:

(1) If the thermoelastic mechanism acts on the entire beam, that is, ]`0, `1[=]0, `[, then

m0|W |2 + 2m0d Re(WZ) + (J +m0d
2)|Z|2 ≤ ε‖U‖2H +

cε
|λ|2
‖F‖2H.(3.26)

(2) If the thermoelastic mechanism is localized in a proper subinterval of the beam, that is,
]`0, `1[(]0, `[, then

m0|W |2 + 2m0d Re(WZ) + (J +m0d
2)|Z|2 ≤ ε‖U‖2H +

cε
|λ|
‖F‖2H.(3.27)

Remark 3.8. Notice that case 2 includes both the configuration 0 < `0 < `1 = `, in which the
thermoelastic region reaches the tip, and the configuration `1 < `, in which the tip lies in the purely
elastic part of the beam. Estimate (3.27) holds in both configurations.

Proof. Multiplying equation (2.18) by W and (2.19) by Z and adding, we get

m0|W |2 +m0dWZ + (J +m0d
2)|Z|2 =

1

iλ
(αuxxx +mΘx) (`)W︸ ︷︷ ︸

I1

− 1

iλ
αuxx(`)Z︸ ︷︷ ︸

I2

+

1

iλ

(
γ|W |2 + dγWZ + dγ∗|Z|2

)
︸ ︷︷ ︸

I3

+
1

iλ
(m0f5 +m0df6)W +

1

iλ

(
m0df5 + (J +m0d

2)f6

)
Z︸ ︷︷ ︸

I4

.(3.28)

Using (2.23) and Young’s inequality and taking |λ| sufficiently large we get

|I3|+ |I4| ≤ ε‖U‖2H +
cε
|λ|2
‖F‖2H,
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In case 1, the endpoint x = ` belongs to the thermoelastic region. Recall that, on the thermal
interval IT , the estimates of Lemma 3.1 remain valid with ‖U‖H replaced by E. Therefore, using
(3.2), (3.3), and Lemma 3.5, we obtain

|I1|+ |I2| ≤ ε‖U‖2H +
cε
|λ|2
‖F‖2H.

Combining this estimate with (3.28), we obtain (3.26).
In case 2, using (3.2) and (3.3), we obtain

|I1|, |I2| ≤
c

|λ|

(
|λ|3/4‖U‖H + ‖U‖1/4H ‖F‖

3/4
H

)
(|W |+ |Z|).

Using (2.23) to estimate W and Z, and then applying Lemma 3.6, we obtain, for |λ| sufficiently
large,

|I1|+ |I2| ≤ ε‖U‖2H +
cε
|λ|
‖F‖2H.(3.29)

Finally, combining (3.29) with (3.28) yields (3.27), and the proof is complete.
�

Lemma 3.9 (Lack of compactness). The operator A does not have compact resolvent. Conse-
quently, the semigroup generated by A is not compact.

Proof. Set

λ0 = − κ

κ0
, κ+ λ0κ0 = 0.

We construct a singular Weyl sequence associated with λ0. Choose an open interval

J b (`0, `1), ξ1 /∈ J,
and let 0 6= χ ∈ C∞c (J). Since the coefficients are constant on J , denote by α2 and m1 the
corresponding values of α and m. Define

ψn(x) = n−3χ(x)einx, θn = ψ′′n,

and

un = −m1λ0

α2
ψn, vn = λ0un, Θn = λ0θn, Wn = Zn = 0.

All these functions are extended by zero outside J .
Since their supports are strictly contained in the thermoelastic region and avoid the singular

point ξ1, all boundary, transmission, and singular interaction conditions are automatically satisfied.
Moreover,

Mn = α2un,xx +m1Θn = 0

and
Qn = κθn,x + κ0Θn,x = (κ+ λ0κ0)θn,x = 0.

Hence Un ∈ D(A).
By construction,

λ0un − vn = 0, λ0θn −Θn = 0,

while
λ0vn +Mn,xx = λ2

0un

and

λ0Θn −Qn,x −m1vn,xx = λ2
0

(
1 +

m2
1

α2

)
θn.

Since
‖ψn‖L2 = O(n−3), ‖θn‖L2 = O(n−1), ‖θn,x‖L2 = O(1),

we have
‖Un‖H � 1, ‖(λ0I −A)Un‖H −→ 0.

After normalization, we may therefore assume that

‖Un‖H = 1.
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Moreover, the oscillatory character of the sequence implies

Un ⇀ 0 in H.

Suppose, by contradiction, that A has compact resolvent. Choose µ ∈ %(A) and set

R(µ,A) = (µI −A)−1.

Since R(µ,A) is compact and Un ⇀ 0,

R(µ,A)Un −→ 0 strongly in H.

On the other hand,

R(µ,A)(λ0I −A)Un = Un + (λ0 − µ)R(µ,A)Un.

Both the left-hand side and the second term on the right-hand side converge strongly to zero.
Consequently,

Un −→ 0 strongly in H,
contradicting ‖Un‖H = 1. Therefore A does not have compact resolvent. �

Proof of Theorem 2.2. We estimate In case of ]`0, `1[=]0, `[, Lemma 3.1 applied to E = ‖U‖H
together with Lemma 3.7 implies that

‖U‖2H ≤
cε
|λ|
‖U‖H‖F‖H +

cε
|λ|2
‖F‖2H, ⇒ ‖U‖2H ≤

cε
|λ|2
‖F‖2H.

From where the analyticity follows.

In case of ]`0, `1[(]0, `[,
Using Lemma 3.6 over the intervals ]a, `1[ and ]`0, b[ for ξ1 < a < `1 and `0 < b < ξ1, we get

q(`0)I(`0) ≤
∫ b

`0

I(x) dx+

∫ b

`0

α|uxx|2dx+ ε‖U‖2H +
c

|λ|
‖F‖2H,

≤ cE2 + ε‖U‖2H +
c

|λ|
‖F‖2H,

Similarly

q(`1)I(`1) ≤ cE2 + ε‖U‖2H +
c

|λ|
‖F‖2H,

Applying Lemma 3.6 over the intervals ]0, `0[ and ]`1, `[ we get∫ `0

0

I(x) dx ≤ q(`0)I(`0) + ε‖U‖2H +
c

|λ|
‖F‖2H,

≤ cE2 + ε‖U‖2H +
c

|λ|
‖F‖2H,

∫ `

`1

I(x) dx ≤ q(`1)I(`1) + ε‖U‖2H +
c

|λ|
‖F‖2H,

≤ cE2 + ε‖U‖2H +
c

|λ|
‖F‖2H,

And furthermore, using (3.27) we get

‖U‖2H ≤
∫ `0

0

I(x) dx+ E2 +

∫ `

`1

I(x) dx ≤ cE2 + ε‖U‖2H +
c

|λ|
‖F‖2H,

Using Lemma 3.5 we arrive to

‖U‖2H ≤ ε‖U‖2H +
c

|λ|
‖F‖2H,

Hence the semigroup is of Gevrey class 2. Finally, item 3) follows from Lemma 3.9 and from [11,
Theorem 4.29].
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Remark 3.10. If we insert the first derivate of Dirac Delta in the elastic part produce a discon-
tinuity of first order in uxx, when using integration by part in Lemma (3.6) we obtain the term
q(ξ0)[[M ]]ξ0 that we can estimate by means the dissipation, as

q(ξ0)[[M ]]ξ0 ≤ cR2.

There implies that loss all regularizing properties of semigroup.
Furthermore, if all terms are estimate as in this article and adding this last estimate, for λ

large we obtain

‖U‖2H ≤ c‖F‖2H,
by [15], the semigroup decays exponentially.

As a direct consequence of the bounded perturbation argument, the Gevrey regularity obtained
above remains unchanged under bounded lower-order perturbations. The argument is based on
the classical bounded perturbation theory for semigroups; see, for instance, [13].

Corollary 3.11. Let A be the infinitesimal generator of a C0-semigroup of Gevrey class µ, and
let B ∈ L(H). Then A+ B, with

D(A+ B) = D(A),

generates a C0-semigroup of the same Gevrey class µ.

Proof. Since B is bounded and the Gevrey regularity of the semigroup generated by A yields the
high-frequency resolvent estimate∥∥(iλI −A)−1

∥∥
L(H)

≤ C

|λ|1/µ
, |λ| � 1,

we have ∥∥B(iλI −A)−1
∥∥
L(H)

≤
C‖B‖L(H)

|λ|1/µ
.

Consequently, ∥∥B(iλI −A)−1
∥∥
L(H)

< 1

for |λ| sufficiently large. Hence
I − B(iλI −A)−1

is invertible, and its inverse is uniformly bounded for large |λ|. Using the factorization

iλI − (A+ B) =
[
I − B(iλI −A)−1

]
(iλI −A),

we obtain
(iλI − (A+ B))−1 = (iλI −A)−1

[
I − B(iλI −A)−1

]−1
.

Therefore, ∥∥(iλI − (A+ B))−1
∥∥
L(H)

≤ C

|λ|1/µ
, |λ| � 1.

Thus, the high-frequency resolvent estimate characterizing the Gevrey class µ is preserved under
the bounded perturbation, and the conclusion follows. �

We can now apply Corollary 3.11 to the hybrid thermoelastic system. In particular, Theorem 2.2
remains valid after the addition of the following bounded lower-order terms.

Theorem 3.12. Let A,B,C,D,E, F,G ∈ R, and let T (t) denote the C0-semigroup associated
with the perturbed system

ρutt +Mxx + γ0ut(ξ0)δξ0 + γ1ut(ξ1)δξ1 − γ2uxt(ξ1)
d

dx
δξ1 = Auxx +But + Cu,

cθtt − (κθx + κ0θxt)x −muxxt + γ3θt(ξ1)δξ1 = Duxx + Eut + Fu+Gθx,

subject to the transmission and boundary conditions (2.8)–(2.10). Then:

(1) If (`0, `1) = (0, `), then T (t) is analytic.
(2) If (`0, `1) ( (0, `), then T (t) is of Gevrey class 2.
(3) In either case, T (t) is not compact.
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4. Numerical illustrations

In this section we introduce a finite element approximation for the transmission problem (2.5)–
(2.10), coupled with the tip-body equations (1.3)–(1.4). The approximation is based on a primal
conforming finite element method for the Euler–Bernoulli displacement [3, 4, 10] and on the
Newmark scheme for the time discretization [12]. The resolvent approximation and the numerical
experiments will be discussed in subsequent subsections.

4.1. Spatial approximation using Hermite polynomials. Let 0 = x0 < x1 < · · · < xN = `,
be a partition of [0, `] such that the points ξ0, `0, ξ1, `1 belong to the set of nodes. This assumption
is important in order to incorporate the transmission conditions and the singular interactions
without introducing any regularization of the Dirac distributions. We define

Vh =
{
ϕh ∈ C1([0, `]) ; ϕh|[xj ,xj+1] ∈ P3, ϕh(0) = ϕh,x(0) = 0

}
⊂ V,

where P3 denotes the space of polynomials of degree less than or equal to three. For the thermal
variable we use

Θh =
{
ψh ∈ H1

0 (`0, `1) ; ψh|[xj ,xj+1] ∈ Pk, k = 1 or 2
}
.

We also introduce the tip trace operator T ϕ =

(
ϕ(`)
ϕx(`)

)
. For ϕ, η ∈ Vh and ψ, χ ∈ Θh, we define

mu(η, ϕ) =

∫ `

0

ρ ηϕ dx+ (KT η, T ϕ)R2 , au(η, ϕ) =

∫ `

0

αηxxϕxx dx,

du(η, ϕ) = β0η(ξ0)ϕ(ξ0) + β1η(ξ1)ϕ(ξ1) + β2ηx(ξ1)ϕx(ξ1) + (BT η, T ϕ)R2 ,

and

mθ(χ, ψ) =

∫ `1

`0

c χψ dx, aθ(χ, ψ) =

∫ `1

`0

κχxψx dx,

dθ(χ, ψ) =

∫ `1

`0

κ0 χxψx dx+ β3χ(ξ1)ψ(ξ1), b(ψ,ϕ) =

∫ `1

`0

mψϕxx dx.

The semidiscrete problem reads as follows: find

uh : [0,∞)→ Vh, θh : [0,∞)→ Θh

such that, for all ϕh ∈ Vh and ψh ∈ Θh,

mu(uh,tt, ϕh) + au(uh, ϕh) + du(uh,t, ϕh) + b(θh,t, ϕh) = 0,(4.30)

mθ(θh,tt, ψh) + aθ(θh, ψh) + dθ(θh,t, ψh)− b(ψh, uh,t) = 0.(4.31)

The terms involving ξ0 and ξ1 are well-defined because these points are nodes of the mesh. Thus
the singularities are treated exactly at the discrete level as point interactions.

Let {Φi}Nui=1 be a basis of Vh and {Ψj}Nθj=1 a basis of Θh. Writing

uh(t) =

Nu∑
i=1

qi(t)Φi, θh(t) =

Nθ∑
j=1

rj(t)Ψj ,

we obtain the matrix system

Muq̈ +Duq̇ +Auq + Cṙ = 0,(4.32)

Mθ r̈ +Dθ ṙ +Aθr − CT q̇ = 0.(4.33)

Equivalently, for Y = (q, r)T , system (4.32)–(4.33) can be written as

MŸ + DẎ + AY = 0,

where

M =

(
Mu 0
0 Mθ

)
, A =

(
Au 0
0 Aθ

)
,

and

D =

(
Du C
−CT Dθ

)
.
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The skew-symmetric structure of the coupling blocks reflects the conservative nature of the ther-
moelastic interaction, while the matrices Du and Dθ contain the dissipative terms.

The semidiscrete energy is given by

Eh(t) =
1

2
mu(uh,t, uh,t) +

1

2
au(uh, uh) +

1

2
mθ(θh,t, θh,t) +

1

2
aθ(θh, θh).

Taking ϕh = uh,t and ψh = θh,t in (4.30)–(4.31), and adding the resulting identities, we obtain

d

dt
Eh(t) = −du(uh,t, uh,t)− dθ(θh,t, θh,t).

Consequently, under the same condition dγ ≤ 4γ∗, the semidiscrete energy is non-increasing.

4.2. Newmark time approximation. We now introduce the time discretization. Let ∆t > 0
and tn = n∆t. We denote by Y n, V n and An the approximations of Y (tn), Ẏ (tn) and Ÿ (tn),
respectively.

We use the trapezoidal Newmark method with parameters βN = 1/4 and γN = 1/2. With this
choice, the method satisfies

Y n+1 − Y n

∆t
=
V n+1 + V n

2
.

Testing the fully discrete equation with (V n+1 + V n)/2 yields the discrete energy identity

En+1
h − Enh = −∆t

[
du

(
un+1
h − unh

∆t
,
un+1
h − unh

∆t

)
+ dθ

(
θn+1
h − θnh

∆t
,
θn+1
h − θnh

∆t

)]
,

where

Enh =
1

2
mu(V nu , V

n
u ) +

1

2
au(unh, u

n
h) +

1

2
mθ(V

n
θ , V

n
θ ) +

1

2
aθ(θ

n
h , θ

n
h).

Therefore,
En+1
h ≤ Enh , n ≥ 0,

which is the discrete counterpart of the continuous energy dissipation law.

4.3. First example. In this first numerical example we illustrate the dissipative behavior of the
fully discrete scheme. The parameters used in the simulation are summarized in Table 1.

Group Parameters

Geometry L = 1, ξ0 = 0.20, `0 = 0.35, ξ1 = 0.55, `1 = 0.75

Mechanical coefficients ρ = 1, α1 = 1, α2 = 2, α3 = 1

Thermal coefficients c = 1, m1 = 0.25, κ = 0.15, κ0 = 0.05

Localized damping β0 = 0.50, β1 = 0.50, β2 = 0.10, β3 = 0.20

Tip body m0 = 1, d = 0.05, J = 0.05, γ = 0.20, γ∗ = 0.20

Spatial discretization nsub = 160, Nu = 1600, Nθ = 319, Ndof = 1919

Time discretization T = 400, ∆t = 0.005, Nt = 80000, βN = 1
4 , γN = 1

2

Energy fitting interval Second half of the simulation

Estimated decay rate ωh ≈ 0.00100337

Table 1. Parameters used in the first numerical example.

The condition dγ ≤ 4γ∗ is satisfied for the above choice of parameters. The localized thermoe-
lastic region is the interval (`0, `1), while the singular mechanical interactions are located at ξ0
and ξ1.
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The initial data are chosen as smooth functions compatible with the essential boundary condi-
tions:

u0(x) = 0.02x2(3L− 2x), u1(x) = 0.02x2(L− x)2,

and

θ0(x) = 0.01 sin

(
π(x− `0)

`1 − `0

)
, θ1(x) = 0.01 sin

(
2π(x− `0)

`1 − `0

)
, x ∈ (`0, `1).

We do not impose all the strong transmission conditions defining D(A), since the purpose of this
example is to illustrate the dissipative behavior of the fully discrete scheme for finite-energy data.

For the Hermite approximation, the nodal values of u0 and u1, as well as their derivatives, are
used. In particular,

u′0(x) = 0.12x(L− x), u′1(x) = 0.04x(L− x)(L− 2x).

The mesh is constructed by using 160 elements on each one of the five subintervals [0, ξ0], [ξ0, `0],
[`0, ξ1], [ξ1, `1], and [`1, L]. Thus the displacement is approximated by 800 cubic Hermite elements
on the whole beam. Since each Hermite node has two degrees of freedom, corresponding to uh and
uh,x, and since the clamped conditions at x = 0 are imposed strongly, the number of mechanical
degrees of freedom is Nu = 2(800 + 1) − 2 = 1600. The thermal variable is approximated by
continuous P1 finite elements only on the interval (`0, `1). This interval contains 320 elements,
and after imposing the homogeneous boundary conditions at `0 and `1, the number of thermal
degrees of freedom is Nθ = 321− 2 = 319. Therefore, the total number of degrees of freedom is

Ndof = Nu +Nθ = 1919.

Figure 2 shows the normalized numerical energy Eh(t)/Eh(0) in semilogarithmic scale. Since
the exponential regime is not necessarily visible during the initial transient, the exponential fit is
computed using the second half of the simulation. The estimated decay rate is

ωh ≈ 0.00100337.

The almost linear behavior in semilogarithmic scale is consistent with the exponential stability
predicted by the theoretical results.

50 100 150 200 250 300 350 400
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Figure 2. Numerical energy in semilogarithmic scale.
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Figure 3. Discrete spectrum for nsub = 20.

4.4. Discrete spectrum. We also compute the spectrum of the finite-dimensional system asso-
ciated with the semidiscrete approximation. This experiment is intended only as a qualitative
illustration of the location of the discrete eigenvalues and of their relation with the dissipative
character of the model.

The semidiscrete system can be written as

(4.34) MŸ + DY + AY = 0,

where Y = (q, r)T , and where M, D, and A denote the mass, damping and stiffness matrices,
respectively. Introducing:

(4.35) Z =

(
Y

Ẏ

)
, G =

(
I 0
0 M

)
, H =

(
0 I
−A −D

)
.

we obtain the generalized first-order system

(4.36) GŻ = HZ,

Thus, the discrete eigenvalues are obtained from the generalized eigenvalue problem

HZ = µGZ.

For this spectral experiment we use a coarser mesh than in the previous time evolution example.
More precisely, we take nsub = 20, which gives Nu = 200, Nθ = 39, Ndof = 239. Therefore, the
first-order generalized eigenvalue problem has size 2Ndof = 478. All eigenvalues are computed
using the standard dense generalized eigenvalue solver.

The computed spectrum is shown in Figure 3. The eigenvalues are located in the left half-plane,
consistently with the dissipative structure of the semidiscrete system. For this mesh, the largest
real part of the discrete spectrum is

s(Ah) := max
µh∈σ(Ah)

Reµh ≈ −5.651033× 10−2.

Here s(Ah) denotes the spectral abscissa of the finite-dimensional discrete generator. Hence, a
modal solution associated with µh behaves as eµht, while the corresponding energy contribution
behaves as e2 Reµht. This gives the spectral estimate for the energy decay rate

ωspec
h := −2s(Ah) ≈ 1.130207× 10−1.
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This quantity should not be confused with the essential spectrum of the continuous operator.
The latter is an infinite-dimensional notion, whereas the present computation concerns only the
point spectrum of the finite-dimensional semidiscrete generator. The relation between spectral
bounds and semigroup growth is classical; see, for instance, [11, 13]. We also recall that for non-
normal matrices the spectral abscissa describes the asymptotic modal behavior, but it may not
fully characterize transient dynamics [14].

For finer meshes, the computation of the full spectrum becomes sensitive to high-frequency
modes of the discretized pencil. Some of these modes may appear with small positive real part
in the raw eigenvalue computation, although they are not consistent with the discrete energy
identity. Since removing such modes would require additional filtering criteria, we restrict the
present spectral plot to the coarser mesh Ndof = 239, and use it only as qualitative evidence of
the spectral location in the left half-plane.

4.5. Discrete resolvent norm. We now compute the norm of the discrete resolvent along the
imaginary axis. This experiment is motivated by the resolvent estimates used in the proof of
Gevrey regularity. More precisely, for the localized thermoelastic case, the theoretical result is
consistent with a resolvent behavior of the form

‖(iλI −A)−1‖H ≤ C|λ|−1/2, |λ| � 1,

which corresponds to Gevrey regularity of class 2. The discrete generator is Ah = G−1H. For each
λ > 0, the discrete resolvent is therefore given by

(iλI −Ah)−1 = (iλG−H)−1G.

The norm is computed in the discrete energy space. We introduce the energy matrix

W =

(
A 0
0 M

)
,

so that ‖Z‖2Eh = Z∗WZ. The resolvent norm induced by this energy is

‖(iλI −Ah)−1‖Eh =
∥∥∥W1/2(iλG−H)−1GW−1/2

∥∥∥
2
.

Hence, for each frequency λ, we compute the largest singular value of the matrix

Bλ = W1/2(iλG−H)−1GW−1/2.

In the numerical implementation, this singular value is computed without forming Bλ explicitly.
Instead, matrix-vector products with Bλ and B∗λ are evaluated by solving the complex linear
systems associated with iλG−H, and the largest singular value is obtained by an iterative Lanczos
bidiagonalization method; see, for instance, [2, 5].

The computation was performed for λ ∈ [100, 105], using 1000 logarithmically spaced values and
total DOF NDOF = 3839. Figure 4 shows, on the left, the discrete energy norm of the resolvent,
and, on the right, the scaled quantity

λ1/2‖(iλI −Ah)−1‖Eh .
The left panel shows that the resolvent norm decreases on average as the frequency increases,

although several peaks appear. These peaks are expected in a finite-dimensional frequency re-
sponse computation, since they correspond to frequencies close to discrete spectral components of
the semidiscrete system. The right panel shows that the scaled quantity

λ1/2‖(iλI −Ah)−1‖Eh
remains essentially bounded over the computed range of frequencies, up to the oscillations produced
by the discrete spectrum. This behavior is consistent with the estimate

‖(iλI −Ah)−1‖Eh . Cλ−1/2,

which is the expected signature of Gevrey regularity of class 2 in the localized thermoelastic case.
We emphasize that this computation is not intended as a proof of the Gevrey regularity, since

the semidiscrete system is finite dimensional. Nevertheless, it provides numerical evidence that
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Figure 4. Discrete resolvent norm and scaled resolvent norm.

the frequency response of the discrete model is compatible with the resolvent behavior predicted
by the continuous theory.
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Concepción, Chile. Laboratório Nacional de Computación Cient́ıfica, Petrópolis, Brazil.
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