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Centro de Investigación en
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this class of epidemiological models. It establishes mathematical and com-
putational foundations by focusing on reaction coefficients, while subsequent
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termination of transmission and recovery rates from final-time observations
as a constrained optimization problem. We study existence and uniqueness
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1. Introduction

The current literature thoroughly documents the mathematical modeling
of epidemic spread [1–7]. Despite the advances, there are still aspects where
mathematical analysis needs to be precise; an example of such a case is the
problem of identification of the reaction and diffusion terms from observa-
tions of state variables. In a broad sense, the approaches used to model
the dynamics of epidemics are based on differential and difference equations,
both deterministic and stochastic. One of the most used methodologies to
formulate those mathematical models is the compartmental approach, pio-
neered by Kermack-McKendrick [8]. In this context, the most basic model
considers that the total population N is divided into two classes of individ-
uals called susceptible and infected, denoted by S and I. Then, assuming
that the compartment populations change by direct contact of infected indi-
viduals with susceptible ones or after having completed the infection period,
the following mathematical model is deduced

dS

dt
= −βSI + γI,

dI

dt
= βSI − γI. (1)

Here, βSI models the interaction of infected and susceptible individuals by
applying the mass-action law, and γI models the recovery.

The model (1) is generalized into a reaction–diffusion system by assuming
that spatial dispersion significantly impacts the disease dynamics and obtain
the model

∂S

∂t
− dS∆S = −βSI + γI,

∂I

∂t
− dI∆I = βSI − γI. (2)

The strictly positive constants dS and dI are the diffusion coefficients, which
account for the spatial mobility of the population. It is worth noting that
model (2) can be further generalized to include other aspects affecting the
dynamics of spread. Particularly, we distinguish four possible groups of gen-
eralized models. Specifically, we extend the model to account for: the spatio-
temporal dependence of the reaction coefficients β and γ; the generalization
of the mass-action incidence through non-linear incidence functions [9–12];
the inclusion of a non-linear recovery term [13]; and the incorporation of a
generalized diffusion matrix [14–17]. In the present work, we focus on the

2



analytical and numerical investigation of the inverse problem of identifying
spatio-temporal reaction coefficients, assuming an observed profile of the in-
fected population at a fixed time.

More precisely, in this paper, we consider that the spatio–temporal dy-
namics of the disease are governed by the following reaction–diffusion SIS
model:

St − dS∆S = −β(x, t)f(S, I) + γ(x, t)I, in QT := Ω× (0, T ], (3)
It − dI∆I = β(x, t)f(S, I)− γ(x, t)I, in QT , (4)

∇S · η = ∇I · η = 0, on Γ := ∂Ω× (0, T ], (5)
(S, I)(x, 0) = (S0, I0)(x), in Ω, (6)

where Ω ⊂ Rd (d ≥ 1) is a bounded open set with a smooth boundary ∂Ω, and
η denotes the outward unit normal vector to ∂Ω, QT := Ω×(0, T ] denotes the
spatio-temporal domain and Γ := ∂Ω×(0, T ] represents the boundary; S(x, t)
and I(x, t) correspond to the densities of susceptible and infected individu-
als, respectively; S0(x) and I0(x) are initial distributions; the transmission
and recovery processes are characterized by the spatio-temporally dependent
coefficients β(x, t) and γ(x, t), respectively; the function f(S, I) introduces a
generalized nonlinear incidence rate. The boundary conditions (5) imply a
null flux across ∂Ω, suggesting that the population remains isolated within
the geographic domain Ω.

In this paper, we investigate the inverse problem of identifying the spatio-
temporal coefficients (β, γ) in the reaction–diffusion system (3)–(6), based
on available observational data for the susceptible and infected populations;
more precisely, we address the inverse problem:

Given T, dS, dI ∈ R+, the functions S0, I0, S
obs, and Iobs defined

on Ω, and the function f , find the functions β and γ defined
on QT , such that (S, I)(·, T ), the solution of (3)-(6) at t = T ,
is as close as possible to the observation data (Sobs, Iobs).

 (7)

We notice that the problem (7) is introduced to validate the proposed math-
ematical models with experimental data or to solve the well-known model
calibration problems. We cast the parameter identification problem into an
optimal control framework by defining an appropriate cost functional that
measures the discrepancy between the predictions of the model (3)-(6) and
the observational data.
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To formalize the optimal control problem used to analyze (7), we intro-
duce the cost function and the admissible set as follows

J(S, I) =
1

2

∥∥(S, I)(·, T )− (Sobs, Iobs)
∥∥2
[L2(Ω)]2

+
Λ

2

∫∫
QT

(
|∇xβ|2 + |∇xγ|2

)
dx dt, (8)

Uad =
{
(β, γ) ∈ [Cα,α/2(QT )]

2 ∩ [L2(0, T ;H1(Ω))]2 :

∥(β, γ)∥[Cα,α/2(QT )]2 + ∥(β, γ)∥[L2(0,T ;H1(Ω))]2 ≤ M and

(β, γ)(x, t) ∈ [β⊥, β⊤]× [γ⊥, γ⊤] ⊂ R2
+ on QT

}
, (9)

with Λ ≥ 0. Here and throughout, ∇x and ∆x denote differentiation with
respect to the spatial variable only. Thus, the regularization penalizes spatial,
but not temporal, variations of the coefficients β and γ. The first term of J
is introduced to make mathematical precise sense of the term “as close as” in
(7), and the second term is proposed to regularize the cost function with an
appropriate selection of the regularization parameter Λ. Then, the inverse
problem (7) is reformulated as the constrained optimization problem

(β, γ) ∈ argmin
(β,γ)∈Uad

J (β, γ), J (β, γ) = J(S(β,γ), I(β,γ)),

subject to (S(β,γ), I(β,γ)) solution of (3)-(6).

}
(10)

We notice that J denotes the reduced cost functional with (S(β,γ), I(β,γ)) the
solution of (3)-(6) with coefficients (β, γ). The notation L2(Ω) and Cα,α/2(QT )
is used for the Lebesgue and Hölder spaces [19–22].

The main results of this paper focus on establishing the well-posedness of
the optimal control problem and developing its numerical solution, providing
simulations that complement and illustrate the analytical findings. To per-
form the rigorous mathematical analysis of the optimization problem (10),
we consider the following assumptions:

(A1) The set Ω ⊂ Rd is an open bounded and convex set with smooth
boundary of class C2+α.

(A2) The initial condition is assumed to have the regularity requirements
(S0, I0) ∈ [C2+α(Ω)]2 such that (S0, I0)(x) ∈ [0,∞)2 on Ω, and satisfy-
ing the compatibility conditions ∂ηS0 = ∂ηI0 = 0 on ∂Ω.
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(A3) The function f : [0,∞)2 → R+ is a function satisfying the proper-
ties: f ∈ C2+α

loc ([0,∞)2); f is an increasing function of both variables
on [0,∞)2; and f(S, I) > 0 for S > 0, I > 0, and f(0, 0) = f(0, I) =
f(S, 0) = 0. Furthermore, when dS ̸= dI , it is assumed that f satisfies
at least one of the following global growth restrictions for all S, I ≥ 0:

f(S, I) ≤ c1(S
q + Iq) + c2,

for q ∈ [1, 1 + 4/d) and some strictly positive constants c1 and c2.

(A4) The reaction coefficients are such that (β, γ) ∈ Uad with Uad defined
in (9) and the diffusion coefficients dS and dI are positive.

(A5) The functions Sobs and Iobs belong to C2+α(Ω). and satisfying the com-
patibility conditions ∂ηS

obs = ∂ηI
obs = 0 on ∂Ω.

In a broad sense, the assumptions (A1)-(A4) and (A5) are related with the
well-posedness of the state equations and the adjoint system, respectively.
The condition of positivity of the initial conditions, given in (A2) is required
to get the positivity of the solution of the system (3)-(6). The assumptions on
the incidence function f in (A3) (see [18]) reflect the biological requirement
that the interaction be positive only when both populations coexist, and null
otherwise.

From an analytical perspective, and within the framework of optimal
control theory, we establish seven main results: (i) the existence and unique-
ness of global classical solutions for (3)–(6); (ii) the existence of an optimal
solution for the optimization problem (10); (iii) the formulation of the cor-
responding adjoint system; (iv) the derivation of a first-order necessary opti-
mality condition for (10); (v) the stability of the direct problem solution with
respect to the reaction coefficients; (vi) the stability of the adjoint problem
solution with respect to the reaction coefficients and observational data; and
(vii) a condition ensuring uniqueness on a fixed-mean admissible subset. In
particular, if the optimal control is an interior point of the admissible set so
that arbitrary signed variations are allowed, the optimal coefficients formally
satisfy the following elliptic system:

−Λ∆xβ = −f(S, I)(p2 − p1), in QT ,

−Λ∆xγ = I(p2 − p1), in QT ,

∇xβ · η = ∇xγ · η = 0, on Γ,
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where (p1, p2) are the solutions of the adjoint system (see (39)–(42) below).
This theoretical finding is also supported computationally; an equivalent dis-
cretization exhibits a consistent behavior regarding the discrete necessary
optimality condition within the numerical scheme considered for the param-
eter identification problem.

In the numerical setting, we compute parametric sensitivities using a
numerical-gradient approach [23]. We discretize the state system (3)–(6)
using a finite difference scheme and solve the resulting finite-dimensional
problem with a black-box constrained optimization procedure. Lastly, we
present three numerical experiments illustrating the parameter-identification
procedure.

We remark that there are several works focused on the analytical ap-
proaches for optimal control problems for reaction–diffusion problems, for
instance [24–34]. Particularly, the study of the inverse problem (10) was ini-
tiated by Xiang and Liu in [34], where the authors develop a well-detailed
analysis of one-dimensional (d = 1) with (β, γ) space dependent functions
and f(S, I) = SI/(S + I). An extension to d ≥ 1 was developed in [27],
by introducing appropriate assumptions and functional framework such that
the results of [34] are still valid in higher spatial dimensions. Some ad-
vances, in order to research the application of the methodology to similar
systems and to define the consistent general assumptions, are recently given
in [26, 35], where the authors consider (β, γ) space dependent functions and
f(S, I) = SqIp, for p, q ∈ R+.

The remainder of this paper is organized as follows. In Section 2, we
present the mathematical analysis and results concerning the state system.
Section 3 is devoted to the theoretical analysis of the optimal control frame-
work and the corresponding inverse problem. Finally, Section 4 describes
the numerical discretization scheme, details the optimization algorithm, and
presents the numerical simulations that illustrate our findings.

2. Analysis and results of the state system.

2.1. Well-posedness of the state system.
Lemma 1. Suppose that assumptions (A1)–(A4) are satisfied. Let (S, I) be
the unique positive classical solution of the state system (3)–(6) defined on
QT . Then, there exists a uniform positive constant C > 0, depending only
on Ω, T , dS, dI , Uad, and the initial data ∥(S0, I0)∥[L∞(Ω)]2, such that

∥S(·, t)∥L∞(Ω) + ∥I(·, t)∥L∞(Ω) ≤ C, ∀t ∈ [0, T ]. (11)
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Proof. Firstly, summing the equations (3) and (4) and rearranging the initial
and boundary conditions, we deduce the following initial-boundary value
problem

(S + I)t − dS∆S − dI∆I = 0, in QT , (12)
∇(S + I) · η = 0, on Γ, (13)
(S + I)(x, 0) = (S0 + I0)(x), in Ω. (14)

Integrating (12) over Ω, the Neumann boundary conditions imply the con-
servation of the total population:

d

dt

∫
Ω

(S + I) dx = 0 then ∥S(·, t) + I(·, t)∥L1(Ω) = ∥S0 + I0∥L1(Ω), (15)

providing a uniform L1 bound for all t ∈ [0, T ]. Then, we define the total
population density variable N(x, t) = S(x, t) + I(x, t) to establish the nec-
essary a priori estimates, dividing the analysis into two cases based on the
diffusion parameters: dS = dI = d̂ and dS ̸= dI .

Case (a): Let dS = dI = d̂. In this case (12)–(13), implies that N satisfies a
linear heat equation subject to homogeneous Neumann boundary conditions

Nt − d̂∆N = 0 in QT , with ∇N · η = 0 on Γ.

By the standard parabolic maximum principle, the total population density is
uniformly bounded in time by the initial populations, which directly implies:

0 ≤ S(x, t), I(x, t) ≤ N(x, t) ≤ ∥S0 + I0∥L∞(Ω) < ∞, ∀(x, t) ∈ QT .

Consequently, the uniform estimate (11) holds immediately for this case,
without requiring any further global growth condition on assumption (A3).

Case (b): Let dS ̸= dI . From (12), we deduce that N(x, t) satisfy the
parabolic relation

Nt − dI∆N = (dS − dI)∆S in QT . (16)

Multiplying (16) by N(x, t), integrating by parts over the bounded spatial
domain Ω, utilizing the boundary conditions (5), and applying the ϵ–Young’s
inequality with ϵ = dI , we deduce:

1

2

d

dt

∫
Ω

N2dx+
dI
2

∫
Ω

|∇N |2dx ≤ (dS − dI)
2

2dI

∫
Ω

|∇S|2dx. (17)
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Moreover, multiplying the first state equation (3) by S, and using the fact
that the generalized non-linear incidence function satisfies f(S, I) ≥ 0 for all
(S, I) ∈ R2

+ assumed in Assumption (A3), Assumption (A4), and 0 ≤ I ≤ N ,
we get the inequality:

1

2

d

dt

∫
Ω

S2dx+ dS

∫
Ω

|∇S|2dx ≤ γ⊤
∫
Ω

SIdx

≤ γ⊤

2

∫
Ω

S2dx+
γ⊤

2

∫
Ω

N2dx. (18)

Multiplying (18) by ξ > (dS − dI)
2/2dSdI and adding the result to (17), we

obtain the following coupled energy estimate:

1

2

d

dt

∫
Ω

(ξS2 +N2) dx+

(
ξdS − (dS − dI)

2

2dI

)∫
Ω

|∇S|2 dx+
dI
2

∫
Ω

|∇N |2 dx

≤ max

{
γ⊤

2
,
ξγ⊤

2

}∫
Ω

(ξS2 +N2) dx. (19)

where the choice of ξ guarantees that the coefficient of the second term on
left hand side remains strictly positive. Applying the Grönwall’s inequality
over [0, t], we conclude the following estimate∫

Ω

(ξS2(t) +N2(t)) dx ≤
(∫

Ω

(ξS2(0) +N2(0)) dx

)
eκt, ∀t ∈ [0, T ]. (20)

with κ = γ⊤max {ξ, 1/ξ}.
From the energy estimate (20) and using the fact that N(x, t) bounds the

infected population I(x, t), it follows immediately that there exists a positive
constant M0, depending only on the initial data, such that the L2(Ω)-norms
of the biological components are uniformly bounded for all time, i.e.,

∥S(·, t)∥L2(Ω) + ∥I(·, t)∥L2(Ω) ≤ M0, ∀t ∈ (0,∞).

In order to lift these L2-bounds to the L∞(Ω)-norm, we apply the result
given in [36, Lemma 2.1]. We observe that all the required conditions of that
lemma are satisfied: the components possess uniform bounds in Lp0(Ω) with
p0 = 2; the non-linear incidence function satisfies the polynomial growth
condition with exponent q; and for a spatial dimension n ≤ 3, the sub-
criticality condition max{0, q−1} < 4

n
holds strictly since max{0, 1} = 1 < 4

3
.

Consequently, by virtue of [36, Lemma 2.1], we obtain the uniform L∞(Ω)
bounds given in (11).
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Theorem 1. Suppose that the assumptions (A1)-(A4) are satisfied and con-
sider the notation W(0, T ) for the reflexive Banach space:

W(0, T ) =
{
u ∈ L2(0, T ;H1(Ω)) : ∂tu ∈ L2(0, T ;H−1(Ω))

}
, (21)

equipped with the norm ∥u∥W = ∥u∥L2(0,T ;H1) + ∥∂tu∥L2(0,T ;H−1). Then, the
initial boundary value problem (3)-(6) admits a unique global classical solu-
tion (S, I) such that:

(S, I) ∈ [C2+α,1+α/2(QT )]
2, (22)

S(x, t) ≥ 0 and I(x, t) ≥ 0 on QT , (23)
∥(S + I)(·, t)∥L1(Ω) = ∥S0 + I0∥L1(Ω), for all t ≥ 0, (24)
∥S(·, t)∥L∞(Ω) + ∥I(·, t)∥L∞(Ω) ≤ C, for all t ≥ 0, (25)
∥S∥W(0,T ) + ∥I∥W(0,T ) ≤ C, (26)

for a constant C > 0, depending only on Ω, T, dS, dI , and the initial data
(S0, I0). In particular, the mapping t 7→ (S(·, t), I(·, t)) is continuous from
[0, T ] into [L2(Ω)]2.

Proof. We first establish the existence and uniqueness of local solutions, and
subsequently extend these results to ensure global well-posedness.

To prove the local existence and uniqueness of the solution for the sys-
tem (3)–(6), we apply the classical Schauder theory for semilinear parabolic
equations [20, 21]. It can be summarized as follows. Let us consider M > 0,
a constant determined by the initial data, and T ∗ > 0 be a sufficiently small
time horizon, we define the closed and convex set X as follows:

X =
{
(S, I) ∈ [Cα,α/2(QT ∗)]2 : (S, I)(·, 0) = (S0, I0), ∥(S, I)∥Cα,α/2 ≤ M

}
.

We introduce the linearization operator T from X to [C2+α,1+α/2(QT ∗)]2, such
that for any (Ŝ, Î) ∈ X, the pair (S, I) = T (Ŝ, Î) is defined as the unique
solution to the linearized system:

St − dS∆S = −β(x, t)f(Ŝ, Î) + γ(x, t)Î , in QT ∗ , (27)

It − dI∆I = β(x, t)f(Ŝ, Î)− γ(x, t)Î , in QT ∗ , (28)
∇S · η = ∇I · η = 0, on Γ∗, (29)

(S, I)(x, 0) = (S0, I0)(x), in Ω. (30)

9



We notice that the Hölder continuity of the source term as consequence of the
assumptions (A3), (A4) and the definition of the set X, or more specifically,
if Ŝ, Î ∈ Cα,α/2(QT ) and f ∈ C1+α

loc ([0,∞)2) then reaction terms have the
regularity ∓βf(Ŝ, Î) ± γÎ ∈ Cα,α/2(QT ). According to the linear Schauder
theory [20, 21], there exists a unique solution (S, I) of (27)-(30) satisfying
the estimate:

∥(S, I)∥[C2+α,1+α/2(QT∗ )]2

≤ C

(∥∥∥(− βf(Ŝ, Î) + γÎ, βf(Ŝ, Î)− γÎ
)∥∥∥

[Cα,α/2(QT∗ )]2

+
∥∥∥(S0, I0)

∥∥∥
[C2+α(Ω)]2

)
.

Hence, by the fixed point arguments, we follow the existence of local so-
lutions. For a sufficiently small T ∗, the mapping T satisfies T (X) ⊆ X.
Using the fact that the embedding C2+α,1+α/2 ↪→ Cα,α/2 is compact by the
Arzelà-Ascoli Theorem, we deduce that T is a compact operator. Then, by
Schauder’s Fixed-Point Theorem, there exists at least one point (S̄, Ī) ∈ X
such that T (S̄, Ī) = (S̄, Ī), which constitutes a classical local solution. More-
over, the uniqueness of the solution in [0, T ∗] follows from the C1 regularity
of f , which implies it is locally Lipschitz. If two solutions were to exist, their
difference would satisfy a linear system with zero initial data. By applying
Gronwall’s inequality to the L2-norm of the difference, we conclude that the
solutions must coincide identically on QT ∗ .

The transition from local existence to global existence is established by
showing that the classical solution (S, I) does not blow up in any finite time
interval [0, Tmax]. This is achieved through uniform a priori estimates. From
(A3) we have that f(S, I) > 0, f(0, 0) = f(0, I) = f(S, 0) = 0 for (S, I) ∈
R2

+, and we can deduce that (0, 0) is a sub-solution of (3)–(6) on QTmax .
Then, the assumption (A2) and the parabolic comparison principle implies
that S(x, t) ≥ 0 and I(x, t) ≥ 0 on QTmax . Proceeding as (12)–(14) we get a
uniform L1 bound for all t ∈ [0, T ], and particularly on [0, Tmax]. Moreover,
by application of Lemma 1 we get the the uniform L∞(Ω) estimate, which
implies that the local solution provided by Schauder’s Theory can be uniquely
extended to the entire interval [0, Tmax] for any Tmax > 0. We thus conclude
that Tmax = ∞ and clearly the solution satisfies the regularity (22) and the
estimates given in (23)-(25).

The estimate in (26) is derived by energy estimates: testing the equa-
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tions with (S, I), applying Green’s identity, replacing the Neumann bound-
ary conditions, and then using the Gronwall’s inequality. The trace result is
a classical result for functions in W(0, T ) and the fact that the state variables
(S, I) belong to the Hölder space [C2+α,1+α/2(QT )]

2, regularity that implies
the trace at any time t ∈ [0, T ] is well-defined in the classical sense as an
element of [C2+α(Ω)]2.

2.2. Coefficient stability of the state system solution.
Theorem 2. Suppose that the assumptions (A1)-(A4) are satisfied and con-
sider that (S, I) and (Ŝ, Î) are solutions to (3)-(6) with coefficients (β, γ) and
(β̂, γ̂) belonging to Uad, respectively. Then, the estimate

∥((Ŝ, Î)− (S, I))(·, t)∥2[L2(Ω)]2 ≤ C∥(β̂, γ̂)− (β, γ)∥2[L2(QT )]2 , (31)

holds for any t ∈ [0, T ] and C a positive constant.

Proof. Let us define the error of the states as s = Ŝ − S, i = Î − I, and
the control perturbations as δβ = β̂ − β, δγ = γ̂ − γ. Subtracting the
corresponding equations for (S, I) and (Ŝ, Î), we obtain the following system
for (s, i):

st − dS∆s = −[β̂f(Ŝ, Î)− βf(S, I)] + (γ̂Î − γI), in QT , (32)

it − dI∆i = [β̂f(Ŝ, Î)− βf(S, I)]− (γ̂Î − γI), in QT , (33)
∇s · η = ∇i · η = 0, on Γ, (34)
(s, i)(x, 0) = 0, in Ω. (35)

We decompose and bound the non-linear and linear terms on the reaction,
by using the Assumption (A3) and the fact that the states are bounded (see
Theorem 1):

|β̂f(Ŝ, Î)− βf(S, I)| = |δβf(Ŝ, Î) + β(f(Ŝ, Î)− f(S, I))|
≤ C(|δβ|+ |s|+ |i|), (36)

|γ̂Î − γI| = |δγÎ + γi| ≤ C(|δγ|+ |i|), (37)

where C depends on the L∞-bounds of the states and the Lipschitz constant
of f . Multiplying (32) and (33) by s and i respectively, integrating over Ω,
and applying the boundary conditions, we have

1

2

d

dt
∥s(·, t)∥2L2 + dS∥∇s(·, t)∥2L2 ≤

∫
Ω

|β̂f(Ŝ, Î)− βf(S, I)||s|(x, t)dx,
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1

2

d

dt
∥i(·, t)∥2L2 + dI∥∇i(·, t)∥2L2 ≤

∫
Ω

|β̂f(Ŝ, Î)− βf(S, I)||i|(x, t)dx

+

∫
Ω

|γ̂Î − γI||i|(x, t)dx.

Using the bounds (36)–(37), the Young’s inequality, and summing both re-
sulting inequalities, we get

d

dt

(
∥s(·, t)∥2L2 + ∥i(·, t)∥2L2

)
≤ C

{
∥s(·, t)∥2L2 + ∥i(·, t)∥2L2 + ∥δβ(·, t)∥2L2 + ∥δγ(·, t)∥2L2

}
.

Consequently, by applying the Gronwall inequality we obtain

∥s(·, t)∥2L2 + ∥i(·, t)∥2L2 ≤ C

∫ T

0

(
∥δβ(·, τ)∥2L2 + ∥δγ(·, τ)∥2L2

)
dτ.

This concludes the proof of the desired estimate (31).

3. Analysis and Results of the Optimal Control Problem.

3.1. Existence of Solutions of the Optimal Control Problem
Theorem 3. Suppose that the assumptions (A1)-(A5) are satisfied. There
exists at least one solution to the optimization problem (10).

Proof. We prove the result by using the standard direct method of the cal-
culus of variations, constructing minimizing sequences, and utilizing appro-
priate compactness embeddings.

We begin by noticing that Uad is non-empty, and the cost functional
J(S, I) is bounded from below since J ≥ 0. Thus, there exists a minimizing
sequence {(βn, γn)}∞n=1 ⊂ Uad such that:

lim
n→∞

J (βn, γn) = inf
(β,γ)∈Uad

J (β, γ).

The set Uad is a closed, bounded, and convex subset of [Cα,α/2(QT )]
2 ∩

[L2(0, T ;H1(Ω))]2. Its uniform Hölder bound and the Arzelà–Ascoli the-
orem give compactness in [C(QT )]

2, while the L2(0, T ;H1(Ω)) bound gives
weak compactness in the spatial Sobolev topology. Therefore, we can extract
a subsequence (still denoted by {(βn, γn)}∞n=1) and a limit pair (β̄, γ̄) ∈ Uad
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such that (βn, γn) → (β̄, γ̄) uniformly in QT , and (βn, γn) ⇀ (β̄, γ̄) weakly in
[L2(0, T ;H1(Ω))]2.

Let (Sn, In) be the unique classical solution of the state system associated
with (βn, γn) for each n ∈ N. From Theorem 1, the sequence {(Sn, In)}∞n=1

is uniformly bounded in the Hölder space [C2+α,1+α/2(QT )]
2. By the com-

pactness of the embedding [C2+α,1+α/2(QT )]
2 ↪→ [C2,1(QT )]

2 ↪→ [C(QT )]
2

via the Arzelà–Ascoli Theorem, we can extract a subsequence such that
(Sn, In) → (S̄, Ī) uniformly in QT . This uniform convergence guarantees,
in particular, the strong convergence of the state variables at the final time,
i.e., (Sn, In)(·, T ) → (S̄, Ī)(·, T ) strongly in [L2(Ω)]2. Additionally, from the
energy bounds (26) and the Aubin–Lions Lemma, the sequence is uniformly
bounded in [W(0, T )]2, ensuring that ∂tSn ⇀ ∂tS̄ and ∂tIn ⇀ ∂tĪ weakly in
L2(0, T ;H−1(Ω)).

The strong convergence of the sequence of the states {(Sn, In)}∞n=1, com-
bined with the uniform convergence of the sequence of controls {(βn, γn)}∞n=1,
allows us to pass to the limit in the coupled non-linear terms. Specifically,
as n → ∞, we have that βnf(Sn, In) → β̄f(S̄, Ī) and γnIn → γ̄Ī strongly
in L2(QT ) (and almost everywhere in QT ). This convergence is justified by
the continuity of f and the fact that the product of a uniformly convergent
sequence and a strongly L2-convergent sequence converges strongly in L2.
Consequently, we verify that the limit (S̄, Ī) is indeed the classical solution
associated with the optimal control (β̄, γ̄).

The norm in L2 is weakly lower semicontinuous. Specifically, for the
regularization term:

∥∇x(β̄, γ̄)∥2[L2(QT )]2d ≤ lim inf
n→∞

∥∇x(βn, γn)∥2[L2(QT )]2d .

Combining this property with the strong convergence of the states in [L2(Ω)]2

at t = T , we deduce that J (β̄, γ̄) ≤ lim inf
n→∞

J (βn, γn). Since (β̄, γ̄) ∈ Uad, it

achieves the minimum value of the reduced cost functional. Hence, (β̄, γ̄)
constitutes an optimal control solution to problem (10), which completes the
proof of the theorem.

3.2. Well-posedness and Coefficient-observations Stability of the Adjoint Sys-
tem.

The adjoint system for (3)–(6) can be derived using the Lagrange multi-
plier method. For the optimal control problem (10), we define the Lagrangian
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functional L = L(S, I, β, γ, p1, p2) as follows:

L = J(S, I)−
∫∫

QT

p1 (∂tS − dS∆S + βf(S, I)− γI) dxdt

−
∫∫

QT

p2 (∂tI − dI∆I − βf(S, I) + γI) dxdt

= J(S, I) +

∫∫
QT

{
S(∂tp1 + dS∆p1) + I(∂tp2 + dI∆p2)

+ (βf(S, I)− γI)(p2 − p1)
}
dxdt

−
∫
Ω

(p1S + p2I)(x, T )dx+

∫
Ω

(p1(x, 0)S0(x) + p2(x, 0)I0(x))dx

−
∫
Γ

(
dSS∇p1 · η + dII∇p2 · η

)
dSdt. (38)

The necessary condition to satisfy ∇(S,I)L = 0 is obtained by vanishing the
first variation of L with respect to the state variables S and I, evaluated at
(S, I), which is the unique classical solution of (3)–(6) associated with the
optimal pair (β, γ) ∈ Uad. This optimization requirement implies that the
Lagrange multipliers (p1, p2) must solve the backward-in-time system:

−(p1)t − dS∆p1 = β(x, t)∂1f(S, I)(p2 − p1), in QT , (39)

−(p2)t − dI∆p2 =
(
β(x, t)∂2f(S, I)− γ(x, t)

)
(p2 − p1), in QT , (40)

∇p1 · η = ∇p2 · η = 0, on Γ, (41)

(p1, p2)(x, T ) = (S, I)(x, T )− (Sobs, Iobs)(x), in Ω. (42)

It is called the the adjoint system to the state system (3)-(6).

Theorem 4. Suppose that the assumptions (A1)-(A5) are satisfied and con-
sider the notation (S, I) for the strong solution of (3)-(6) associated with
(β, γ) ∈ Uad a solution of (10). Then, there exists a unique classical so-
lution (p1, p2) ∈ [C2+α,1+α/2(QT )]

2 to the backward-boundary value problem
(39)-(42). Moreover, the following uniform estimates hold:

∥(p1, p2)∥[C2+α,1+α/2(QT )]2 ≤ C∥(S̄ − Sobs, Ī − Iobs)∥[C2+α(Ω)]2 , (43)

∥(p1, p2)(·, t)∥2[L2(Ω)]2 ≤ C, for t ∈ [0, T ], (44)

∥(p1, p2)(·, t)∥2[H1(Ω)]2 ≤ C, for t ∈ [0, T ], (45)
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∥∆(p1, p2)(·, t)∥2[L2(Ω)]2 ≤ C, for t ∈ [0, T ], (46)

∥(p1, p2)(·, t)∥2[L∞(Ω)]2 ≤ C, for t ∈ [0, T ], (47)

for a positive constant C independent of (β, γ).

Proof. We rewrite the end backward-boundary problem (39)-(42) as the fol-
lowing initial-boundary value problem

(q1)τ − dS∆q1 = β∗(x, τ)∂1f(S
∗, I∗)(q2 − q1), in QT , (48)

(q2)τ − dI∆q2 = (β∗(x, τ)∂2f(S
∗, I∗)− γ∗(x, τ))(q2 − q1), in QT , (49)

∇q1 · η = ∇q2 · η = 0, on Γ, (50)
(q1, q2)(x, 0) = (S̄ − Sobs, Ī − Iobs)(x) in Ω. (51)

by considering τ = T − t for t ∈ [0, T ], (q1, q2)(x, τ) = (p1, p2)(x, T − τ),
(S∗, I∗)(x, τ) = (S, I)(x, T − τ), and (β∗, γ∗)(x, τ) = (β, γ)(x, T − τ). We
notice that the system (48)-(51) is linear with all coefficients belong to
Cα,α/2(QT ), and the initial condition has the regularity C2+α(Ω). Then the
existence and uniqueness of a classical solution (q1, q2) ∈ [C2+α,1+α/2(QT )]

2

follows from the standard linear Schauder theory [20, 21]. Additionally, from
the Schauder estimate, we get that the inequality

∥(q1, q2)∥[C2+α,1+α/2(QT )]2 ≤ C∥(S̄ − Sobs, Ī − Iobs)∥[C2+α(Ω)]2 ,

is satisfied. Then, we deduce (43) and the other estimates are a conse-
quence of the fact that Schauder regularity is stronger than the Sobolev
norms mentioned or a bound in C2+α automatically ensures uniform-in-time
control over the other spatial norms. More precisely, we have that (44) is
deduced from the fact that (p1, p2)(·, t) is continuous on the bounded do-
main Ω; (45) is a consequence of (44) and the fact that ∇(p1, p2)(·, t)L2(Ω)
is bounded since (p1, p2)(·, t) ∈ [C2(Ω)]2, its first derivatives ∇(p1, p2)(·, t)
are continuous and bounded; (46) is satisfied since ∆p(p1, p2)(·, t) is con-
tinuous on Ω and L2 norm is necessarily bounded; and (47) is an immedi-
ate consequence of the definition of the Hölder norm, since we have that
∥(p1, p2)(·, t)∥[L∞(Ω)]2 ≤ ∥(p1, p2)(·, t)∥[C2+α(QT )]2 .

Theorem 5. Suppose that the assumptions Theorem 2 are satisfied and con-
sider the adjoint states (p1, p2) and (p̂1, p̂2) are solutions to (39)-(42) with
controls (β, γ) and (β̂, γ̂) and observations (Sobs, Iobs) and (Ŝobs, Îobs), re-
spectively. Then, the estimates

∥((p̂1, p̂2)− (p1, p2))(·, t)∥2[L2(Ω)]2
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≤ C
(
∥(β̂, γ̂)− (β, γ)∥2[L2(QT )]2 + ∥(Ŝobs, Îobs)− (Sobs, Iobs)∥2[L2(Ω)]2

)
, (52)

holds for any t ∈ [0, T ] and C a positive constant.

Proof. The result is established by a similar argument to that of Theorem 2.
By defining the adjoint errors as P1 = p̂1 − p1 and P2 = p̂2 − p2, writing
their corresponding system, and testing the equations with (P1, P2), we can
develop the standard energy estimates. Applying the assumption of the local
Lipschitz continuity of the derivatives of f , the uniform bounds of the states
from Theorem 1, and integrating backwards from t = T , and using Gronwall’s
inequality we get the stability estimate (52).

3.3. First order optimality condition(3)-(6)
Theorem 6. Suppose that the assumptions of Theorem 4 are satisfied. Then,
the inequality∫∫

QT

{[
(β̂ − β)f(S, I)− (γ̂ − γ)I

]
(p2 − p1)

+ Λ∇xβ · ∇x

(
β̂ − β

)
+ Λ∇xγ · ∇x

(
γ̂ − γ

)}
dxdt ≥ 0, (53)

is satisfied for any (β̂, γ̂) ∈ Uad. In particular, if (β, γ) belongs to the inte-
rior of Uad so that arbitrary signed variations are admissible, then the optimal
controls satisfy the following system of elliptic equations with natural homo-
geneous Neumann boundary conditions:

−Λ∆xβ = −f(S, I)(p2 − p1), in QT , (54)

−Λ∆xγ = I(p2 − p1), in QT , (55)

subject to the boundary conditions ∇xβ · η = ∇xγ · η = 0 on Γ.

Proof. Let (β̂, γ̂) ∈ Uad be arbitrary. Since Uad is convex, the convex combi-
nation (βϵ, γϵ) = (1− ϵ)(β̄, γ̄) + ϵ(β̂, γ̂) also belongs to Uad for any ϵ ∈ [0, 1].
Let (Sϵ, Iϵ) and (S̄, Ī) be the solutions to (3)–(6) corresponding to the con-
trols (βϵ, γϵ) and (β̄, γ̄), respectively. For convenience, we adopt the following
notation:

(zϵ1, z
ϵ
2) =

(
Sϵ − S

ϵ
,
Iϵ − I

ϵ

)
, (z1, z2) = lim

ϵ→0
(zϵ1, z

ϵ
2),
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F ϵ = −βϵ

{[
f(Sϵ, Iϵ)− f(S, Iϵ)

Sϵ − S

]
zϵ1 +

[
f(S, Iϵ)− f(S, I)

Iϵ − I

]
zϵ2

}
− (β̂ − β)f(S, I) + γϵzϵ2 + (γ̂ − γ)I,

F = −β
(
∂1f(S, I)z1 + ∂2f(S, I)z2

)
− (β̂ − β)f(S, I) + γz2 + (γ̂ − γ)I.

The sensitivity variables (zϵ1, zϵ2) converge uniformly to (z1, z2) (due to Schauder
estimates and Theorem 2) and the perturbed controls (βϵ, γϵ) converge uni-
formly to (β̄, γ̄). Furthermore, we notice that F ϵ → F as ϵ → 0, which is
established by using the regularity of the incidence function f and the prop-
erties of the states (Sϵ, Iϵ) and (S̄, Ī) given in Theorem 1. Specifically, since
f ∈ C1+α

loc ([0,∞)2) by Assumption (A3), the terms in square brackets in F ϵ

are difference quotients that, by the mean value theorem, satisfy:

f(Sϵ, Iϵ)− f(S̄, Iϵ)

Sϵ − S̄
= ∂1f(ξ

ϵ, Iϵ), with ξϵ ∈ (S̄, Sϵ),

f(S̄, Iϵ)− f(S̄, Ī)

Iϵ − Ī
= ∂2f(S̄, η

ϵ), with ηϵ ∈ (Ī , Iϵ).

Consequently, the continuity of the partial derivatives ∂1f and ∂2f implies
that ∂1f(ξ

ϵ, Iϵ) and ∂2f(S̄, η
ϵ) converge to ∂1f(S̄, Ī) and ∂2f(S̄, Ī), respec-

tively.
Subtracting the systems for the states (Sϵ, Iϵ) and (S̄, Ī), and subse-

quently dividing by ϵ, we deduce that (zϵ1, z
ϵ
2) satisfies the system

(zϵ1)t − dS∆zϵ1 = F ϵ, in QT , (56)
(zϵ2)t − dI∆zϵ2 = −F ϵ, in QT , (57)

∇zϵ1 · η = ∇zϵ2 · η = 0, on Γ, (58)
(zϵ1, z

ϵ
2)(x, 0) = 0, in Ω. (59)

Then, taking the limit as ϵ → 0+ in (56)-(59), we have that (z1, z2) is solution
of the system

(z1)t − dS∆z1 = F, in QT , (60)
(z2)t − dI∆z2 = −F, in QT , (61)

∇z1 · η = ∇z2 · η = 0, on Γ, (62)
(z1, z2)(x, 0) = (0, 0), in Ω. (63)
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The well-posedness of the systems (56)–(59) and (60)–(63) follows from Schauder
theory, since the initial conditions and the reaction terms satisfy the required
Hölder regularity.

Let Jϵ be the evaluation of J at (βϵ, γϵ), i. e,

Jϵ =
1

2
∥(Sϵ, Iϵ)(·, T )− (Sobs, Iobs)∥2[L2(Ω)]2 +

Λ

2
∥∇(βϵ, γϵ)∥2[L2(QT )]2 .

From the definition of (Sϵ, Iϵ) and using the hypothesis that (β, γ) is a solu-
tion of (10), we follow that

dJϵ
dϵ

∣∣∣
ϵ=0

=

∫
Ω

(
Sϵ(x, T )− Sobs(x)

) ∂

∂ϵ
Sϵ(x, T ) +

(
Iϵ(x, T )− Iobs(x)

)
× ∂

∂ϵ
Iϵ(x, T )dx

∣∣∣
ϵ=0

+ Λ

∫∫
QT

∇(β, γ) · ∇
(
(β̂, γ̂)− (β, γ)

)
dxdt

=

∫
Ω

(
S(x, T )− Sobs(x)

)
z1(x, T ) +

(
I(x, T )− Iobs(x)

)
z2(x, T )dx

+ Λ

∫∫
QT

∇(β, γ) · ∇
(
(β̂, γ̂)− (β, γ)

)
dxdt, (64)

with (z1, z2) solution of (60)-(63). From (39)-(42) and (60)-(63), we observe
that, we can rewrite the first term of (64) as follows∫

Ω

(
S(x, T )− Sobs(x)

)
z1(x, T ) +

(
I(x, T )− Iobs(x)

)
z2(x, T )dx

=

∫
Ω

(p1z1)(x, T ) + (p2z2)(x, T )dx =

∫∫
QT

∂

∂t

(
p1z1 + p2z2

)
(x, t)dxdt

=

∫∫
QT

{
dSp1∆z1 + dIp2∆z2 − dSz1∆p1 − dIz2∆p2

+
[
(β̂ − β)f(S, I)− (γ̂ − γ)I

]
(p2 − p1)

}
dxdt

=

∫∫
QT

[
(β̂ − β)f(S, I)− (γ̂ − γ)I

]
(p2 − p1)dxdt

since
∫∫

QT

(
p1∆z1 + p2∆z2 − z1∆p1 − z2∆p2

)
dxdt = 0. Hence, we conclude

the proof of (53). To prove (54)-(55), we apply integration by parts to the
last two terms of the integrand in (53).
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To prove the elliptic optimality equations (54)–(55), we apply Green’s first
identity (integration by parts in space) to the regularization terms of (53):∫∫

QT

Λ∇xβ · ∇x

(
β̂ − β

)
dxdt

=

∫∫
QT

−Λ∆xβ
(
β̂ − β

)
dxdt+

∫
Γ

Λ(∇xβ · η)
(
β̂ − β

)
dSdt,∫∫

QT

Λ∇xγ · ∇x

(
γ̂ − γ

)
dxdt

=

∫∫
QT

−Λ∆xγ
(
γ̂ − γ

)
dxdt+

∫
Γ

Λ(∇xγ · η)
(
γ̂ − γ

)
dSdt.

Because the optimizer is assumed to be an interior point, the variational
inequality is an equality for arbitrary signed directions. Choosing first di-
rections with compact support in QT , the lateral boundary integrals vanish.
Factoring out the variations, (53) becomes:∫∫

QT

{[
− Λ∆xβ + f(S, I)(p2 − p1)

](
β̂ − β

)
+
[
− Λ∆xγ − I(p2 − p1)

](
γ̂ − γ

)}
dxdt = 0.

The fundamental lemma of the calculus of variations forces the bracketed
terms to vanish in the interior. Allowing signed variations with nonzero
traces and using these interior equations then gives the natural homogeneous
Neumann conditions on Γ. This establishes (54)–(55).

3.4. A Uniqueness Result of the Inverse Problem
Theorem 7. Suppose that the assumptions of Theorem 6 are satisfied, and
let Uc be the subset of Uad defined as follows:

Uc =

{
(β, γ) ∈ Uad :

∫
Ω

(β, γ)(x, t) dx = c for all t ∈ [0, T ]

}
, (65)

where c ∈ R2
+ is a fixed positive vector constant. Then, there exists a threshold

parameter Λ∗ > 0 such that for any Λ > Λ∗, the solution to the optimization
problem (10) is uniquely defined on Uc.
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Proof. Let (S, I, p1, p2) and (Ŝ, Î , p̂1, p̂2) be the solutions to the state system
(3)–(6) and the adjoint system (39)–(42), associated with the coefficients and
observations (β, γ, Sobs, Iobs) and (β̂, γ̂, Ŝobs, Îobs), respectively. From Theo-
rem 6 and the hypothesis that (β, γ) and (β̂, γ̂) are solutions of (10), we get
the following inequalities∫∫

QT

{[
(β − β)f(S, I)− (γ − γ)I

]
(p2 − p1)

+ Λ∇xβ∇x

(
β − β

)
+ Λ∇xγ∇x

(
γ − γ

)}
dxdt ≥ 0, ∀(β, γ) ∈ Uad,

(66)∫∫
QT

{[
(β − β̂)f(Ŝ, Î)− (γ − γ̂)Î

]
(p̂2 − p̂1)

+ Λ∇xβ̂∇x

(
β − β̂

)
+ Λ∇xγ̂∇x

(
γ − γ̂

)}
dxdt ≥ 0, ∀(β, γ) ∈ Uad.

(67)

In particular, if we select (β, γ) = (β̂, γ̂) in (66) and (β, γ) = (β, γ) in (67),
by adding the resulting inequalities, we get

Λ

∫∫
QT

[
|∇x(β̂ − β)|2 + |∇x(γ̂ − γ)|2

]
dxdt

≤
∫∫

QT

[
(β̂ − β)f(S, I)− (γ̂ − γ)I

]
(p2 − p1)

+
[
(β − β̂)f(Ŝ, Î)− (γ − γ̂)Î

]
(p̂2 − p̂1)dxdt. (68)

We now analyze and bound the integrand components on the right-hand side
of (68). For the transmission components, algebraic rearrangement and the
Mean Value Theorem yield:∣∣∣(β̂ − β)f(S, I)(p2 − p1) + (β − β̂)f(Ŝ, Î)(p̂2 − p̂1)

∣∣∣
=
∣∣∣(β̂ − β)

[(
f(S, I)− f(Ŝ, Î)

)
(p2 − p1) + f(Ŝ, Î)

(
(p2 − p1)− (p̂2 − p̂1)

)]∣∣∣
≤ |β̂ − β|

(
|p1|+ |p2|

) (
|∂1f(ξ, χ)| |S − Ŝ|+ |∂2f(ξ, χ)| |I − Î|

)
+ |β̂ − β|∥f∥L∞(X)

(
|p1 − p̂1|+ |p2 − p̂2|

)
≤ C|β̂ − β|

(
|S − Ŝ|+ |I − Î|+ |p1 − p̂1|+ |p2 − p̂2|

)
, (69)
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where (ξ, χ) is an intermediate point, and the constant C depends on the
local Lipschitz constants of f and the uniform bounds derived in Theorem 1
and Theorem 4. Similarly, for the recovery terms, we have:∣∣∣− (γ̂ − γ)I(p2 − p1)− (γ − γ̂)Î(p̂2 − p̂1)

∣∣∣
≤ |γ̂ − γ||I|

(
|p1 − p̂1|+ |p2 − p̂2|

)
+ |γ̂ − γ|

(
|p1|+ |p2|

)
|I − Î|. (70)

Applying the Young’s inequality to (69) and (70), and using the estimates of
Theorems 1 and 4, and the stability results on Theorems 2 and 5, we deduce
that the estimate (68) implies the inequality

Λ

∫∫
QT

[
|∇x(β̂ − β)|2 + |∇x(γ̂ − γ)|2

]
dxdt

≤ C

∫∫
QT

[
|β̂ − β|2 + |γ̂ − γ|2 + |p̂1 − p1|2

+ |p̂2 − p2|2 + |Ŝ − S|2 + |Î − I|2
]
dxdt

≤ C

∫∫
QT

(
|β̂ − β|2 + |γ̂ − γ|2

)
dxdt

+ C

∫
Ω

(
|Ŝobs − Sobs|2 + |Îobs − Iobs|2

)
dx. (71)

Since (β, γ) and (β̂, γ̂) belong to the restricted parameter set Uc, their spatial
integral discrepancy satisfies

∫
Ω
((β̂, γ̂)− (β, γ)) (x, t)dx = 0 for all t ∈ [0, T ].

Consequently, the generalized Poincaré inequality yields the uniform spatial
estimate:

∥(β̂ − β)(·, t)∥L2(Ω) + ∥(γ̂ − γ)(·, t)∥L2(Ω)

≤ C
(
∥∇x(β̂ − β, γ)(·, t)∥[L2(Ω)]d + ∥∇x(γ̂ − γ))(·, t)∥[L2(Ω)]d

)
. (72)

Integrating (72) in time over [0, T ] and substituting the result into the first
integral on the right-hand side of (71), we can group the gradient terms to
find:

(Λ− C0)

∫∫
QT

(
|∇x(β̂ − β)|2 + |∇x(γ̂ − γ)|2

)
dxdt

≤ C

∫
Ω

(
|Ŝobs − Sobs|2 + |Îobs − Iobs|2

)
dx, (73)
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where C0 > 0 is a positive constant incorporating both the regular embedding
factors and the Poincaré scaling constant from (72). Then, to establish the
conditional uniqueness of the inverse problem solution, we consider the fact
that (Ŝobs, Îobs) = (Sobs, Iobs) almost everywhere in Ω. Under this condition,
the right-hand side of (73) vanishes identically. By defining the threshold
parameter Λ∗ = C0, it follows that for any regularization choice satisfying
Λ > Λ∗, the coefficient matrix factor (Λ− C0) remains strictly positive. Con-
sequently, inequality (73) implies that:∫∫

QT

(
|∇x(β̂ − β)|2 + |∇x(γ̂ − γ)|2

)
dxdt ≤ 0, (74)

which forces ∇x(β̂ − β) = 0 and ∇x(γ̂ − γ) = 0 almost everywhere in QT .
Then, the identified coefficients can only differ by space-independent func-
tions, i.e., (β̂ − β)(x, t) = ϕ1(t) and (γ̂ − γ)(x, t) = ϕ2(t). Hence, since
both parameter pairs are constrained to the restricted admissible subset Uc,
integrating their difference over Ω yields:

|Ω|ϕ1(t) =

∫
Ω

(
β̂(x, t)− β(x, t)

)
dx = c1 − c1 = 0, (75)

and similarly |Ω|ϕ2(t) = 0 for all t ∈ [0, T ], where |Ω| > 0 denotes the
Lebesgue measure of the spatial domain. Thus, ϕ1(t) = ϕ2(t) = 0, ensuring
that β̂ = β and γ̂ = γ almost everywhere in QT . This completes the proof
of uniqueness on Uc.

4. Numerical Solution and Simulations of the Inverse Problem

In this section, we introduce a numerical scheme to approximate the op-
timization problem (10) and conduct several numerical experiments to il-
lustrate our findings. We assume that the spatio–temporal reaction coeffi-
cients β and γ can be parameterized by a finite set of parameters denoted by
θ = (θ1, . . . , θm) ∈ Rm, such that β(x, t) = β(x, t;θ) and γ(x, t) = γ(x, t;θ).
Consequently, the continuous constrained optimization problem (10), under
this parametric framework, is reduced to the following finite-dimensional pa-
rameter identification problem:

θ = min
θ∈Θad

J (θ), with J (θ) = J(Sθ, Iθ),

subject to (Sθ, Iθ) being the solution to (3)–(6)
with coefficients (β, γ)(x, t) = (β, γ)(x, t;θ),

 (76)
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where Θad ⊂ Rm denotes the set of admissible parameters mapping into Uad.
The discretization of the state equations is based mainly on the method-
ologies described in [37–41]. Concerning the discretization of the inverse
problem, we introduce a discrete cost functional which is utilized to solve the
resulting parameter estimation problem.

4.1. Discretization of the State System
We assume that the spatial domain Ω where the epidemic event occurs is

a hyperrectangle of the form Ω = (L1, L1)×· · ·× (Ld, Ld), with its boundary
denoted by ∂Ω. Let M1, . . . ,Md, and N be positive integers. We introduce
the following grid notations:

∆xi =
Li − Li

Mi + 1
for i = 1, . . . , d, ∆t =

T

N
,

K =
{
1, . . . ,M1

}
× · · · ×

{
1, . . . ,Md

}
,

K =
{
0, . . . ,M1 + 1

}
× · · · ×

{
0, . . . ,Md + 1

}
, ∂K = K \ K,

k = (k1, . . . , kd) ∈ K, xk = (L1 + k1∆x1, . . . , Ld + kd∆xd) ,

such that the discrete approximations of Ω, ∂Ω, [0, T ], QT , and Γ are de-
fined by:

Ω∆ =
{
xk ∈ Ω : k ∈ K

}
, ∂Ω∆ =

{
xk ∈ ∂Ω : k ∈ ∂K

}
,

T∆ =

{
tn ∈ [0, T ] : tn = n∆t for n ∈

{
0, . . . , N

}}
,

Q∆ = Ω∆ ×
(
T∆ \ {t0}

)
, Γ∆ = ∂Ω∆ ×

(
T∆ \ {t0}

)
,

respectively.
The approximation of a generic function H : Ω × [0, T ] → R at the grid

point (xk, tn) is denoted by Hn
k . The finite difference operators modeling the

partial derivatives at (xk, tn) are given by the relations:

∂w

∂t
(xk, tn) ≈

wn+1
k − wn

k

∆t
,

∇w(xk, tn) ≈
(
wn

k+e1
− wn

k

∆x1

, . . . ,
wn

k+ed
− wn

k

∆xd

)
,
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∆w(xk, tn+1) ≈
d∑

i=1

wn+1
k+ei

− 2wn+1
k + wn+1

k−ei

∆x2
i

,

where ei denotes the i-th vector of the canonical basis of Rd. For the non-
linear transmission dynamics, we linearize the reaction term f(Sn+1

k , In+1
k )

around the state at the previous time-step (Sn
k , I

n
k ). Specifically, we consider

the notation F n+1
k and the Taylor expansion:

F n+1
k = F n+1

k (xk, tn+1, S
n+1
k , In+1

k )

= −β(xk, tn+1)f(S
n+1
k , In+1

k ) + γ(xk, tn+1)I
n+1
k

= −βn+1
k

[
f(Sn

k , I
n
k ) + ∂1f(S

n
k , I

n
k )(S

n+1
k − Sn

k)

+ ∂2f(S
n
k , I

n
k )(I

n+1
k − Ink )

]
+ γn+1

k In+1
k .

Consequently, the fully discrete approximation of the initial-boundary value
problem (3)–(6) is governed by the following system of algebraic equations:

Sn+1
k − Sn

k

∆t
= dS

d∑
i=1

Sn+1
k+ei

− 2Sn+1
k + Sn+1

k−ei

∆x2
i

+ F n+1
k , k ∈ K, (77)

In+1
k − Ink

∆t
= dI

d∑
i=1

In+1
k+ei

− 2In+1
k + In+1

k−ei

∆x2
i

− F n+1
k , k ∈ K, (78)

∇Sn+1
k · ηn+1

k = ∇In+1
k · ηn+1

k = 0, k ∈ ∂K, (79)
S0
k = S0(xk), I0k = I0(xk), k ∈ K. (80)

In equation (79), ηn+1
k is an approximation of the vector n at (xk, tn+1).

The implementation of (77)-(80) is developed by recursive form on n.
More precisely, the scheme begins by discretizing the initial conditions and
calculating u0

k = (S0
k, I

0
k)

t using the relation (80) and then calculate recur-
sively un+1

k = (Sn+1
k , In+1

k )t for n = 0, . . . , N−1 by solving the system defined
by (77)–(79). More precisely, let us consider the notation Un for the column
vector formed by the concatenation of the vectors un

k at each node k such
that xk ∈ Ω∆ ∪ ∂Ω∆. Then, the scheme (77)–(79), implies that Un+1 can be
calculated by solving the linear system[

I−∆t D⊗ L−∆t JF(U
n)
]
Un+1 = Un +∆t F(Un)−∆t JF(U

n)Un,
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where I is the identity matrix, D = diag(dS, dI) represents the diagonal
diffusion coefficient matrix, ⊗ is the matrix Kronecker product, L is the
discrete Laplacian matrix incorporating boundary conditions, F is a vector
constructed as the evaluation of the reaction terms at Un, and JF represents
the block-diagonal Jacobian matrix of F. For instance, when d = 1 we have
that

Un = (Sn
1 , . . . , S

n
M , In1 , . . . , I

n
M)t,

L =
1

∆x2


−1 1
1 −2 1

. . . . . . . . .
1 −2 1

1 −1


M×M

F(Un) =



−βn+1
1 f(Sn

1 , I
n
1 ) + γn+1

1 In1
...

−βn+1
M f(Sn

M , InM) + γn+1
M InM

βn+1
1 f(Sn

1 , I
n
1 )− γn+1

1 In1
...

βn+1
M f(Sn

M , InM)− γn+1
M InM


.

When d > 1 the structure of the matrices are similar.

4.2. Discretization of the Optimal Control Problem
For discretization of the inverse problem (10), we begin by considering

the discret cost function J∆ defined as follows

J∆(S∆, I∆) :=
∆x1 . . .∆xd

2

∑
k∈K

[
(SN

k − Sobs
k )2 + (INk − Iobsk )2

]

+
Λ∆x1 . . .∆xd∆t

2

∑
k∈K

N∑
n=0

(
|∇βn

k |2 + |∇γn
k |2
)
, (81)

where ∇βn
k = ∇xβ(xk, tn) and ∇γn

k = ∇xγ(xk, tn). Recalling that (10) is
reformulated as the parameter identification problem (76), we consider that
the numerical approximation of the inverse problem is given by

θ = min
θ∈Θad

J∆(θ), with J∆(θ) = J∆(S∆, I∆),

subject to (S∆, I∆) being the solution of (77)-(80)
with coefficients (β, γ)(xk, tn) = (β, γ)(xk, tn;θ).

 (82)
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The finite-dimensional optimization problem (82) can be solved by any opti-
mization algorithm. Specifically, this paper employs a black–box numerical
gradient approach via the interior-point method and numerical gradient, im-
plemented using the standard fmincon solver in MATLAB.

4.3. Example 1: Identification of β Modeling Non-Pharmaceutical Interven-
tions and γ some Spatial Heterogeneity

In this example we consider that the spatial domain is Ω =]0, 1[, the end
time of the process is T = 0.6, the incidence function is modeled by the mass
action function f(S, I) = SI, dS = dI = 0.01, and the initial conditions are
given by

S0(x) = 0.99, I0(x) = 0.01 exp
(
−(x− 0.5)2/0.005

)
. (83)

We note that the initial susceptible population exhibits a uniform spatial
distribution of healthy yet vulnerable individuals. Concurrently, the infected
population is characterized by a Gaussian profile centered at x = 0.5 with
a maximum outbreak amplitude of 0.01, where a spatial dispersion param-
eter of 0.05 determines the geographic concentration or spread of the initial
infectious focus.

Furthermore, we assume that the transmission rate β characterizes the
temporal evolution of the contagion velocity, thereby incorporating human
behavioral changes or non-pharmaceutical interventions. Meanwhile, the re-
covery rate γ couples spatial heterogeneity, such as healthcare infrastructure,
with temporal adaptation, reflecting the medical learning curve. More pre-
cisely, these functions are defined as follows:

β(x, t) = βmax −
αx

1 + exp
(
−rval(t− t∗)

) , and (84)

γ(x, t) =

(
γmin +

γmax − γmin

1 + exp
(
−γval(x− γ0)

))+ γinc (1− exp (−γηt)) , (85)

where βmax is the baseline maximum transmission rate without mitigation
measures; αx is the reduction amplitude from control strategies; t∗ is the
critical inflection time of policy enforcement; rval is the social implementa-
tion rate; γmin and γmax denote the minimum and maximum recovery rates
across regions, respectively; γ0 is the geographical infrastructure threshold;
γval represents the spatial transition gradient; γinc is the asymptotic tem-
poral increment via medical progress; and γη is the systemic learning rate.

26



We observe that the second term of β models public behavioral changes rel-
ative to t∗. Specifically, during the early phase t ∈ [0, t∗), this negative term
remains close to zero, representing the period before containment measures
achieve widespread efficacy. Conversely, as time progresses t ≥ t∗, the term
rapidly approaches −αx, capturing the accelerated and cumulative impact of
social compliance in lowering transmission. On the other hand, the formula-
tion of γ is explicitly split into two distinct mechanisms: the first and second
terms dictate how the recovery rate transitions spatially across the boundary
γ0 due to unequal healthcare access, while the third term captures tempo-
ral adaptation, modeling the gradual optimization of clinical treatments and
healthcare response.

We assume that θ =
(
βmax, αx, t

∗, rval, γmin, γmax, γ0, γval, γinc, γη

)
defines

the parameter vector to be identified. The observed profiles are synthetic and
are constructed from a numerical simulation of the forward problem using
the parameter values θobs listed in Table 1, with spatial and temporal grid
sizes of M = 200 and N = 100000. The simulation using θobs is shown in
Figure 1. For the inverse optimization process, the numerical identification
is performed on a coarser grid with M = 100 and N = 1000, initiated
from an initial guess θig to yield the identified parameters θ∞, and with the
Tikhonov regularization parameter Λ = 10−5. A comparison of the observed,
initial guess, and identified profiles is illustrated in Figure 2.

This first test case shows that the optimization framework reliably re-
constructs the parametric profiles from the initial guess θig, even under a
coarser simulation grid (M = 100, N = 1000). As the final state profiles
in Figure 2a–2b indicate, the identified solutions S∞ and I∞ align closely
with the synthetic observations Sobs and Iobs, successfully smoothing out
the discrepancies introduced by the initial parameters. Figure 2c confirms
that the algorithm tracks the transmission rate β(x, t) exceptionally well,
capturing the exact inflection time t∗ ≈ 0.25 where behavioral mitigation
policies take effect. At the same time, the framework accurately calibrates
the multi-component recovery rate γ(x, t). It successfully captures both the
sharp spatial sigmoid transition across the healthcare infrastructure thresh-
old γ0 = 0.5 and the asymptotic temporal growth driven by the medical
learning rate γη. Quantitatively, Table 1 highlights that Tikhonov regular-
ization with Λ = 10−5 suppresses numerical oscillations. This allows the
identified vector θ∞ to tightly approach the true targets θobs, leaving only
minor structural deviations in the spatial gradient γval due to the inherent
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ill-conditioning of coupled non-linear inverse problems.

Table 1: Numerical values for the observation (θobs), the initial guess (θig) and the iden-
tified parameters (θ∞) for example on Subsection 4.3.

βmax αx t∗ rval γmin

θobs 0.5000 0.2000 0.2500 20.0000 0.0500
θig 0.5843 0.1741 0.2912 23.4150 0.0421
θ∞ 0.4947 0.2067 0.2515 23.0890 0.0595

γmax γ0 γval γinc γη

θobs 0.1200 0.5000 20.0000 0.0800 0.1000
θig 0.1384 0.4125 17.8920 0.0914 0.0832
θ∞ 0.1005 0.4770 18.0982 0.0805 0.1001

(a) S(x, t) on QT . (b) I(x, t) on QT ..

Figure 1: Numerical solution for direct problem with the initial data (83) and the numerical
values of the parameter given in θobs in Table 1.

4.4. Example 2: Identification for Seasonal Transmission Hotspots (β) and
Propagating Vaccination Fronts (γ).

We assume that QT = ]0, 1[× (0, 1], f(S, I) = SI, dS = dI = 0.01, and
the initial conditions are given by

S0(x) =
0.2 + exp (50|x− 0.5| − 10)

1 + exp (50|x− 0.5| − 10)
, I0(x) = 1.0− S0(x). (86)
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Figure 2: Comparison of the final profiles for the direct problem solution using the ini-
tial data (83) with the reaction coefficients β and γ given in (84)-(85) for the numerical
parameter values θobs, θig, and θ∞ provided in Table 1. (a) and (b) Comparison of the
final profiles for the susceptible and infected populations, respectively. (c) Comparison
of the coefficients: β on the left, γ1(x) = γmin + γmax−γmin

1+exp(−γval(x−γ0))
in the center, and

γ2(t) = γinc (1− exp (−γηt)) on the right.
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We note that the initial condition for the infected population has a maximum
infectious density of 0.8 within the outbreak core, where the geographic cen-
ter of the infected zone is located at 0.5. Moreover, the radius of the heavily
affected area is fixed at 0.2 and the parameter regulating the boundary sharp-
ness is 0.02, modeling a smooth epidemiological transition from the saturated
epicenter to the disease-free outskirts. Meanwhile, the initial condition for
the susceptible population S0(x) is complementarily structured, assuming a
normalized constant total population density of 1.0. In a broad sense, the
consideration of the initial condition in the form of (86) provides a smoothed,
step-like distribution for the initial infectious profile, which is motivated by
both epidemiological realism and theoretical considerations. From a biolog-
ical perspective, this formulation accurately depicts an advanced outbreak
scenario where the pathogen has thoroughly saturated a localized urban
core—establishing a uniform plateau of high infectivity—before spreading
toward adjacent, disease-free suburban or rural outskirts. From a theoret-
ical standpoint, avoiding traditional sharp piecewise formulations, such as
Heaviside step functions, prevents severe numerical oscillations and gradient
indeterminacies during numerical simulations.

On the other hand, for the reaction coefficients, we consider the following
parametric forms:

β(x, t) = β0 exp

(
−(x− xc)

2

2σ2

)(
1 + ϵ sin(ωt+ ϕ)

)
, (87)

γ(x, t) = γmin +
γmax − γmin

1 + exp
(
−κ
(
t− |x−x0|

v

)) · (88)

The transmission rate β(x, t) models both geographic localization and envi-
ronmental periodicity, where the parameter β0 is a scaling factor establishing
the global baseline magnitude of the contact rate, xc denotes the geograph-
ical epicenter where the transmission probability reaches its peak, σ repre-
sents the spatial dispersion or physical variance of the outbreak, ϵ represents
the relative intensity of the temporal fluctuations, ω defines the angular fre-
quency governing the duration of each epidemiological cycle, and ϕ introduces
a phase shift to calibrate the exact timing of the seasonal peaks. Specifically,
these effects are governed by a Gaussian distribution that captures the spa-
tial heterogeneity (second factor of β) and a periodic sinusoidal forcing that
accounts for cyclical or seasonal variations (third term of β). Meanwhile, the
recovery rate γ(x, t) models a spatially propagating public health response
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or medical intervention wave. Here, γmin represents the baseline recovery
rate prior to intervention, γmax denotes the maximum attainable recovery
capacity once resources are fully deployed, x0 identifies the operational head-
quarters or origin from which medical resources are distributed, and v defines
the propagation velocity of this intervention wave across the spatial domain,
and κ regulates the activation speed or logistics deployment rate at any
given location. Consequently, the dynamic fraction models a smooth sig-
moidal transition that captures the delayed arrival and subsequent scaling of
healthcare capacity at varying distances from the distribution center.

We assume that xc = x0 = 0.5 coincident with center of the infected zone
in the initial condition (86), the vector of parameters to identify is defined by
θ =

(
β0, σ, ϵ, ω, ϕ, γmin, γmax, κ, v

)
. The observed profiles are synthetic and

are constructed from a numerical simulation of the forward problem using
the parameter values θobs listed in Table 2, with spatial and temporal grid
sizes of M = 200 and N = 100000. The simulation using θobs is shown in
Figure 3. For the inverse optimization process, the numerical identification
is performed on a coarser grid with M = 100 and N = 1000, the Tikhonov
regularization parameter Λ = 10−5, and its initiated from an initial guess θig

to yield the identified parameters θ∞. A comparison of the observed, initial
guess, and identified profiles is illustrated in Figures 4- 5.

This numerical test evaluates a highly demanding scenario characterized
by high infectivity plateaus in the initial states (83) and spatiotemporal os-
cillations in the governing dynamics. As illustrated in Figures 4a–4b, despite
the severe discrepancies present in the initial guess state variables, the opti-
mization algorithm achieves a precise reconstruction of the final-time spatial
distributions for both the susceptible and infected populations. Looking at
the retrieved coefficients in Figure 4c, the framework demonstrates an out-
standing ability to decouple the spatial and temporal components of the
transmission rate β(x, t). Specifically, the spatial Gaussian variance σ (epi-
center focus) and the periodic sinusoidal oscillations β2(t) (seasonal varia-
tions) are tracked with high morphological accuracy. Similarly, the prop-
agating recovery front γ(x, t) successfully captures the delayed arrival and
subsequent logistics deployment rate κ of the medical intervention wave away
from the headquarters x0 = 0.5. From a quantitative perspective (Table 2),
the identified vector θ∞ accurately captures the wave propagation velocity
(v∞ = 0.8100 vs. vobs = 0.8000) and the activation speed κ. However,
a slight numerical underestimation is observed in the baseline transmission
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scaling factor (β∞
0 = 1.6600 vs. βobs

0 = 2.0000), which is compensated by
structural adjustments in the fluctuation amplitude ϵ and frequency ω. This
subtle parameter trade-off highlights the presence of a mild identifiability
compromise, typical of complex non-linear inverse problems operating under
Tikhonov regularizations (Λ = 10−5) on coarse discretization grids.

Table 2: Numerical values for the observation (θobs), the initial guess (θig) and the iden-
tified parameters (θ∞) for example on Subsection 4.4.

β0 σ ϵ ω ϕ

θobs 2.000 0.1500 0.3000 6.2832 0.0000
θig 3.500 0.2000 0.2500 5.2000 0.0010
θ∞ 1.6600 0.1702 0.2000 7.0000 0.0100

γmin γmax κ v

θobs 0.2000 0.8000 20.0000 0.8000
θig 0.2500 0.9500 25.5500 0.5000
θ∞ 0.3500 0.7500 19.1500 0.8100

(a) S(x, t). (b) I(x, t).
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(c) S0(x) and I0(x).

Figure 3: Numerical solution for direct problem with the initial data (86) and the numerical
values of the parameter given in θobs in Table 2.
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Figure 4: Comparison of the final profiles for the direct problem solution using the initial
data (86) with the reaction coefficients β and γ given in (87)-(88) for the numerical pa-
rameter values θobs, θig, and θ∞ provided in Table 2. (a) and (b) Comparison of the final
profiles for the susceptible and infected populations, respectively. (c) Comparison of the
coefficients: β1(x) = exp

(
− (x−xc)

2

2σ2

)
on the left, β2(t) =

(
1+ ϵ sin(ωt+ϕ)

)
in the center,

and γ(x, t) along the diagonal x = t.
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Figure 5: Comparison of the reaction coefficients β and γ given in (87)-(88) for the nu-
merical parameter values θobs, θig, and θ∞ provided in Table 2.
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4.5. Example 3: Two Dimensional Spatial Domain with Multiple Outbreaks
Foci

In this example, we consider the two-dimensional spatial domain Ω =
]0, 1[× ]0, 1[. Moreover, we assume that T = 0.6, f(S, I) = SI, dS = dI =
0.01, and

S0(x) = 0.99, (89)

I0(x) = 0.01

[
exp

(
−∥x− c1∥2

0.005

)
+ exp

(
−∥x− c2∥2

0.005

)]
, (90)

where x = (x1, x2), c1 = (0.25, 0.25) and c2 = (0.75, 0.75). Specifically,
the initial susceptible population is assumed to be uniformly and spatially
homogeneous throughout Ω. Meanwhile, the initial infected population is
characterized by two independent active foci localized at c1 and c2, each
exhibiting a maximum outbreak amplitude of 0.01 and a spatial dispersion
controlled by variance of 0.05.

The reaction coefficients are defined as follows:

β(x, t) = βmax −
α0 + α1x+ α2y

1 + exp (−rval(t− t∗))
, (91)

γ(x, t) = γmin +
(
γmax − γmin

)
×
[

1

1 + exp (−γval (∥x− c1∥2 −R0))
+

1

1 + exp (−γval (∥x− c2∥2 −R0))

]
+ γinc (1− exp (−γηt)) . (92)

The transmission rate β models a behavioral mitigation that varies linearly
across the geographic domain. The recovery rate γ is considered as a bifocal
configuration, to ensure mathematical and epidemiological consistency with
the initial infection function I0 in (90), modeling the fact that public health
interventions and medical infrastructure are deployed symmetrically at the
twin outbreak centers, namely (0.25, 0.25) and (0.75, 0.75). The parameters
βmax, rval, t

∗, γmin, γmax, γval, γinc, and γη has a same meaning of the one-
dimensional version of β and γ given in (84)-(85); α0, α1, and α2 denote
the spatial attenuation plane parameters that quantify the intensity of the
institutional and behavioral response, where α0 is the baseline or mean global
reduction magnitude, and α1 and α2 measure the geographic variations in
mitigation efficiency along the x-axis (East-West gradient) and y-axis (North-
South gradient), respectively; and R0 is an operational radius, regulated by
the spatial sharpness parameter γval.

35



We consider that θ =
(
βmax, α0, α1, α2, t

∗, rval, γmin, γmax, γval, γinc, γη, R0

)
is the vector of parameters to identify. The observed profiles are synthetic
and are constructed from a numerical simulation of the forward problem
using the parameter values θobs listed in Table 3, with spatial and temporal
grid sizes of M = 200 and N = 1000. The simulation using θobs is shown in
Figure 6. For the inverse optimization process, the numerical identification
is performed on a coarser grid with M = 100 and N = 500, initiated from
an initial guess θig to yield the identified parameters θ∞. Additionally, the
Tikhonov regularization parameter is set to Λ = 10−5. A comparison of the
observed, initial guess, and identified profiles is illustrated in Figure 7.

This third numerical test evaluates the performance of the identifica-
tion framework within a two-dimensional spatial setting Ω =]0, 1[× ]0, 1[
governing dual infection epicenters. As illustrated by the final-time state
profiles in Figure 7, the computed optimal fields S∞ and I∞ accurately
replicate the twin-peak morphology of the synthetic observations, success-
fully eliminating the massive overestimation boundary artifacts present in
the initial guess. Regarding the multidimensional coefficient reconstruction,
we present the results on Figures 8–10. The Figure 10 show the compari-
son along the domain diagonal, combined with the spatial contours in Fig-
ures 8–9, confirms that the algorithm effectively reconstructs the geometric
gradients. Specifically, the planar attenuation parameters (α0, α1, α2) that
quantify the East-West and North-South behavioral mitigation gradients are
mapped with high spatial fidelity. Simultaneously, the bifocal recovery frame-
work γ(x, t) successfully matches the symmetric logistics capacity deployed
around the operating nodes c1 and c2. From a quantitative perspective,
the parameter values reported in Table 3 reveal an excellent convergence
behavior; the identified vector θ∞ captures the baseline maximum trans-
mission (β∞

max = 0.4947 vs. βobs
max = 0.5000) and the critical inflection time

(t∗,∞ = 0.2515 vs. t∗,obs = 0.2500) with remarkable accuracy. This suc-
cessful multidimensional calibration, achieved under a coarse optimization
grid (M = 100, N = 500), underscores the structural stability and robust
engineering applicability of the proposed discrete optimal control scheme in
complex geographic territories.
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Figure 6: Initial condition and numerical solution for the direct problem: (a)–(b) contours
of the initial data (89)–(90), and (c)–(d) contours for the numerical solution calculated
with the parameter values given by θobs in Table 3 at the final time T .
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(a) End time profiles.
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(b) End time profiles through the diagonal

Figure 7: Comparison of state variables and identified coefficients using the initial
data (89)–(90) with the spatial forms (91)–(92), evaluated at the parameter vectors θobs,
θig, and θ∞ from Table 3: (a) final spatial profiles for the susceptible and infected popu-
lations, and (b) behavior of the reaction coefficients β and γ along the diagonal of Ω.
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Table 3: Numerical values for the observation (θobs), the initial guess (θig) and the iden-
tified parameters (θ∞) for example on Subsection 4.5.

βmax α0 α1 α2 t∗ rval

θobs 0.6000 0.1500 0.0500 0.05000 0.3500 15.000
θig 0.7000 0.1000 0.0700 0.0700 0.4000 18.0000
θ∞ 0.5758 0.1460 0.0625 0.0625 0.3471 17.9139

γmin γmax γval γinc γη R0

θobs 0.1000 0.3500 10.0000 0.1200 2.0000 0.0800
θig 0.2000 0.4000 12.0000 0.1400 2.5000 0.0900
θ∞ 0.1527 0.3540 11.9239 0.1300 2.0933 0.0747

Figure 8: Comparison of the spatial contours for β evaluated at the parameter vectors θobs,
θig, and θ∞ from Table 3, displayed across three distinct time steps.
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Figure 9: Comparison of the spatial contours for γ evaluated at the parameter vectors θobs,
θig, and θ∞ from Table 3, displayed across three distinct time steps.

40



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.2

0.4

0.6

0.8

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.2

0.4

0.6

0.8

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.2

0.4

0.6

0.8

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Figure 10: Behavior of the reaction coefficients β and γ along the diagonal of Ω, evaluated
at the parameter vectors θobs, θig, and θ∞ from Table 3, displayed across three distinct
time steps.
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5. Conclusion

In this work, we have studied a mathematical framework for the inverse
problem of identifying spatio-temporal reaction coefficients (β, γ) in a gener-
alized SIS reaction–diffusion system. The analysis addresses the state and ad-
joint systems, existence of an optimal control, first-order necessary optimality
conditions, stability estimates, and conditional uniqueness on a fixed-mean
admissible subset. The numerical section illustrates a finite-dimensional
parameter-identification procedure in one and two spatial dimensions. The
reported examples attain small final-time tracking errors for the chosen syn-
thetic data and a regularization parameter Λ = 10−5.

A critical limitation observed in the parameter identification is the sen-
sitivity of the optimization trajectory to the initial guess θig, where certain
tightly coupled parameters require high-quality final-time spatial data to
avoid localized structural stagnation. Future research directions will address
the extension of this optimization framework to identify unknown functions
in reaction terms and diffusion coefficients and validate the algorithms using
real-world clinical datasets from specific historical epidemics.
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