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Abstract. Countercurrent decantation (CCD) is an industrial separation process used to wash
a slurry (solid-liquid suspension) by allowing the wash liquid and the slurry to flow in opposite
directions through a series of clarifier-thickeners (CTs). The solid-liquid two-phase flow dynamics in
a CCD circuit can be represented by a system of N CT models, where the effluent and underflow
streams are fed into neighboring units in opposite directions. The slurry to be treated and the wash
water are fed into the first and the Nth unit, respectively. The final CCD circuit model is formulated
as a system of N weakly coupled, nonlinear first-order conservation laws with discontinuous flux and
smooth source terms combined with N ordinary differential equations representing mixing tanks.
The unknowns are the solids volume fraction in each CT, in the connecting pipes, and in the mixing
tanks. An L!-stability result for weak entropy solutions for the CCD model is established, which in
particular implies uniqueness. It is demonstrated that a monotone finite difference scheme, based on
the Engquist—Osher numerical flux, converges to the unique weak entropy solution. Finally, optimal
steady states of the CCD circuit are characterized, and numerical simulations are presented.
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1. Introduction.

1.1. Scope. Countercurrent decantation (CCD) is an industrial separation pro-
cess used to wash a slurry (solid-liquid suspension) by allowing the wash liquid and
the slurry to flow in opposite directions through a series of continuously operated set-
tling tanks, so-called clarifier-thickeners (CTs). Common applications of CCD include
hydrometallurgy (to recover gold, copper, uranium, and other valuable minerals from
leached ores); chemical processing (to remove impurities from chemical precipitates);
and the food industry (to extract soluble materials from organic matter). The princi-
ple of countercurrent flow states that when water is to act upon solids, both are made
to pass, in contact, in opposite directions, so that at each end the strongest or most
potent portion of either is acting upon the weakest or most exhausted portion of the
other. A CCD circuit consists of a sequence of IV of CTs, also called stages, denoted
CT;, v =1,...,N; see Fig. 1. In each stage, solids settle to the bottom and leave
as underflow, which is fed into CT;;1, while the clarified liquid leaves through the
effluent and is fed into CT;_;. The feed slurry enters CT;, while clean wash water
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Fig. 1. A CCD circuit composed of N clarifier-thickeners CT; connected to mizing tanks T;.
Red arrows indicate the flow direction of slurry (solids), and blue arrows the wash-water flow.

enters the final unit, CT y, where the solids are already largely washed.

A well-studied mathematical model of a CT is given by a spatially one-dimensional
nonlinear scalar conservation law with discontinuous flux and a possibly singular
source term, where the unknown function is the solids volume fraction in the in-
terior of the unit, the effluent, and the underflow pipes [6,7,9,11]. We herein model a
CCD circuit based on N versions of the known CT model, modified to include effluent
and underflow pipes of finite length to connect with neighboring CTs, a mixing tank
that receives the incoming streams from neighboring units and converts them into the
feed stream (see Fig. 2(a)), and a distributed feed source within each CT.

The governing model can be summarized as follows. We assume that the interior
of each CT; occupies the depth interval z € [—H, B] and has constant cross-sectional
area A, that its efluent tube has length o and cross-sectional area A$, and that o}'
and A} are the analogous constants for the underflow tube; see Fig. 1. Thus, each CT;
corresponds to the z-interval Z; := [-H — 0§, B + 0}'] and a piecewise constant cross-
sectional area A; = A;(z). Furthermore, we assume that @, ;(t) and Qe ;(t) are the
underflow and effluent flows leaving CT;, qu,i(t) = Qu:(t)/A, ge,i(t) == Qe,:(t)/A, and
that b(¢) = ¢u(¢) is the non-negative batch hindered-settling function, where v(¢)
is the hindered-settling velocity and ¢ is the solids volume fraction. We denote by
¢i(2,t) the solids volume fraction in CT; and define the conserved variables u;(z,t) =
Ai(2)¢i(z,t), i = 1,..., N, along with b(u;(z,t)) = b(u;(z,t)/A;(2)). We denote by
u(z) a compactly supported smooth function of unit mass centered around z = 0
and by h(z) its primitive, and define S;(z,t) to be the source term for CT; (specified
later), which depends on Qe ;+1(t) (or Qw(t) for i = N) and on Qy,;—1(t) (or Qin(t) for
i = 1), and the corresponding concentrations ¢y ;—1(t) == ¢;—1(B + o}, 1), etc., via
the solution of an ordinary differential equation (ODE) representing the solids mass
balance of mixing tank T;. The governing PDE model can be expressed as a system
of N conservation laws with discontinuous flux weakly coupled via source terms

(1.1)
Osu; + Bz(gi(ui,z,t)) =Si(z,t), z€Z;, t>0, i=1,...N, where

—(Qe,i(t)/AS us, —-H-0f<z<—H,
gi(ui, 2,t) = < ((h(2) = 1)qe,i(t) + h(2)qu,i(t))u; + Ab(u;), —H < z< B,
(Qu,i(t) /AN, B <z<B+oa},

supplied with suitable initial conditions and control functions. Clearly, solutions of
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this initial value problem (IVP) will in general be discontinuous.

It is the purpose of the present work to introduce a concept of weak entropy
solution to this IVP and to prove a stability result for weak entropy solutions that
in particular implies uniqueness. Moreover, we develop a monotone finite difference
scheme consistent with (1.1) and prove its convergence to the unique weak entropy
solution, thereby establishing the well-posedness of the model. We also analyze steady
states in a CCD circuit, which leads to sufficient conditions on the control functions
for the existence of stationary solutions for so-called optimal operation of the CCD
circuit. The difference scheme is applied to simulate the transient dynamics of the
system, including the recovery of optimal steady-state operation after a perturbation.

1.2. Related work. Engineering descriptions of CCD circuits and their appli-
cations can be found in [12,19,20] and [21, Ch. 16] (see also the references therein).
For the formulation, analysis, and numerical approximation of CT models governed
by conservation laws with discontinuous flux and a singular feed source, as well as
extensions to suspensions that form compressible sediments (leading to an additional
degenerate diffusion term that is not considered herein), we refer to [6,7,9]. Our
analysis also builds on results concerning the well-posedness and numerical analysis
of conservation laws and related equations with fluxes that depend discontinuously on
the spatial variable; which include [5,8,17,18]. The present analysis is particularly mo-
tivated by models of multilane vehicular traffic analyzed by Holden and Risebro [16]
and Goatin and Rossi [14]. Their structure resembles that of (1.1). In both settings,
N continua are considered in parallel (traffic lanes in [14,16]), the evolution of the
density in each continuum is governed by a scalar conservation law (the Lighthill-
Whitham—Richards model in the traffic setting), and the continua are weakly coupled
through source terms describing lane changes. The principal novelty of [14], com-
pared with [16], is the inclusion of spatial discontinuities in both the speed law and
the number of lanes. In both cases, the resulting model is a weakly coupled system
of conservation laws similar to (1.1). However, in contrast to the models in [14, 16]
we herein consider a collection of finite spatial domains (CT units) Zy,...,Zy, and
the source term describing the transfer of solids from one unit to the other depends
on the solution values at the endpoint of each domain. Thus, we need to ensure that
these values are well defined as traces. This property is ensured since the governing
model is linear on intervals of positive length adjacent to each of the endpoints of each
interval Z;, in conjunction with a technique of providing local spatial BV bounds of
approximate solutions (originally introduced in [5]) that applies to z-intervals that
avoid flux discontinuities, but that may include one of the endpoints of Z;.

1.3. Outline of the paper. The remainder of the paper is organized as follows.
In Sect. 2, we formulate the CCD model, discuss the choice of feed and underflow bulk
flows as control variables, describe the mixing tank associated with each CT unit, state
the assumptions on the model functions and initial data, introduce a notion of entropy
weak solutions, and prove an L!-stability result implying uniqueness. Sect. 3 presents
a monotone finite-difference scheme for the governing IVP and proves its convergence
to the unique entropy solution. In Sect. 4, we investigate stationary solutions of the
CCD model. After reviewing the corresponding idealized model with a point source,
we characterize optimal steady-state solutions for the smoothed model and for the
complete CCD circuit. Sect. 5 presents two numerical examples for a CCD circuit
with N = 3 CTs, illustrating the attainment and recovery of optimal steady-state
operation. Finally, Sect. 6 contains some concluding remarks.
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2. A model of a countercurrent decantation (CCD) circuit. We consider
a CCD circuit consisting of N > 2 clarifier-thickeners CTy,...,CTy, each equipped
with a stirred mixing tank T4,..., Ty at its feed inlet (see Fig. 1).

2.1. Bulk flows and control variables. The external feed flow @;, and solids
volume fraction ¢;, are prescribed. The wash water flow @), and the underflows
Qu.,1;---,QunN are considered to be N + 1 control variables. The wash water solids
volume fraction is usually ¢y, = 0, but may be nonzero if the wash water is recycled.
We assume that all volumetric flows are non-negative and time dependent. We assume
conservation of volume across each CT, so that the feed, efluent, and underflow satisfy

(2.1) Qti=Qei+Qui, i=1,...,N.

We define the auxiliary variables of inflow Q0 == Qin and Qe n+1 = Qw, and outflow
Qu = Qu,~n and Q. = Q. 1, and use analogous notation for the corresponding solids
volume fractions. The volume conservation at each feed inlet is expressed as

(2.2) Qri = Quyi—1 + Qejix1, t=1,...,N.

For simplicity, we assume that all CTs are identical and have the constant cross-
sectional area A (however, the pipe lengths and diameters may be different). Each
volumetric flow into and out of CT; is then related to a bulk velocity ¢f; = Qs,:/A,
etc. The 2N equations (2.1) and (2.2) uniquely determine the 2N unknown feed
and effluent bulk velocities gf; and gc4, @ = 1,..., N, for prescribed input flows and
control variables. Equations (2.1) and (2.2) imply ¢e; = Geit1 + Qui—1 — Gu,i for
i=1,...,N. Solving the recursion backward from CTy, we obtain the effluent bulk
velocities, which we require to be nonnegative:

Ge,N = Qe,N+1 + quN—1 — qu,N = @w — qu + qu,n—1 = 0,
(2.3) gen—1=(gw — qu+ quN—-1) + quN—2 — Gu,N—1 = Gw — Gu + Gu,n—2 > 0,
Ge,1 = Gw — Gu + qu,0 = @w — qu + Gin = 0.

The last equality immediately yields global volume conservation.

LEMMA 2.1. Global volume conservation holds: ¢w + ¢in = Ge + qu.

For the nonnegative feed bulk velocities, we obtain the explicit expressions

4f,1 = qu,1 + Ge,1 = qu,1 + Gw — Qu + Gin,
(2'4) 2 = qu2 t 9,2 =qu2+qw — Gqu+ qu,
qt,N = quN T de,N = qu +qw — qu + qu,N—-1-

2.2. CCD model in final form. We recall that each CT; is associated with
the cross-sectional area

A for —H — 0 <2< —H,
Ai(z) =< A for —H <2< B,
A} for B<z< B+ol

We assume that max; , A;(z) = A. The feed volume fraction ¢¢;(t) to CT; depends
on the effluents and underflows of neighboring CTs, as will be detailed below. Each
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Fic. 2. (a) Completely mized tank T; with volume V; whose outlet stream is fed into CT;,
(b) function b(¢p) = ¢pv(p) = vgep(e™TV® — "V Pmax) /(1 — 7TV Pmax) where vsy = 1.5cms ™! is the
Stokes velocity, rv = 5 is a dimensionless constant, and ¢max = 1.0 is the mazimum concentration.
The mazimum point ¢ and the inflection point ¢inn are marked. We set b(¢) :== 0 outside [0, 1].

CT; is modeled by the conservation law with discontinuous flux and source term

(2.5)
O (Ai(2)0i) + 02(gi(¢i, 2,1)) = u(2)Qri(t)ri(t), z€L;, t>0,
—Qe,i(t) i, —H—-0f<z<—H,
Gi(pi, 2,t) = ((h(z) —1)Qe,i(t) + h(Z')QM(?f))(bZ + Ab(¢i), —H < z< B,
Qu,i(t) i B <z < B+oa},

where p € CL(R) is assumed to satisfy u > 0, suppu C (—¢,¢e) for some ¢ €
(0,min{B, H}), and [; p(z)dz = 1. Moreover, we define h(z) := [*_ u(¢) dC.

To model the coupling between the units we denote by ¢e ;(t) = ¢;(—H — 05, 1t)
and ¢, () = ¢;(B + o}',t) the effluent and underflow volume fractions of CT; at
time ¢, measured at the end of the corresponding tubes. For CT; we assume that the
streams coming from the neighboring units enter a completely mixed tank T; with
volume V; whose outlet stream with solid volume fraction ¢ ,(t) is fed into CT;; see
Fig. 2(a). We denote the solid volume per time unit entering T; by

(2.6) M;(t) = b i—1(t)Qu,i—1(t) + Pe,iv1(t)Qeit1(t), i=1,...,N.
Then ¢ ;(t), i =1,..., N, is the solution to the ODE

dos
(27) Vi = Mi(1) — e a()Qet), >0,
given the initial datum ¢x;(0), i = , N. The solution is

bralt) = — () <¢>f1 v/ By d7)7 E;(t) = exp (/Oth,i(T)dT/m-).

Besides the conserved variables u;(z,t) = A;(2)¢i(z,t),i =1,..., N (cf. Sect. 1.1),
we also define ug;(t) == Aggi(t), uw(t) = Adw(t) and S;(z,t) = p(2)gei(t)us(t).
Then we obtain the final governing model, which is a coupled ODE-PDE system con-
sisting of N PDEs (1.1) coupled with the N ODEs (2.7) supplied with the initial
conditions

ui(2,0) = ul(2) = A (2)pi(2,0) = A (2)0(2), 2z €Iy

2.8
(28) ur ;(0) = u? Agﬁ?’h i=1,...,N.
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2.3. Assumptions. We assume that ¢{(2) = u?(2)/A;(2) satisfies ¢? € L1 (Z;)N
L>(Z;;[0,1])) N BV(Z;) for all i« = 1,...,N, and that ¢in, ¢y € L>([0,T];[0,1]) N
LY([0,T)) n BV([0,T]) and Qin, Qw,Qu1,---,Qunx € L=®([0,T];RF) N L([0,T]) N
BV ([0,T]). (Analogous properties hold for wiy, Uy, u?, qu; fori=1,..., N, etc.) For
simplicity, we set ¢max = 1. Furthermore, we require that the constitutive function
satisfies b(¢) = 0 for ¢ < 0 and ¢ > 1, b(¢) > 0 for 0 < ¢ < 1, that there exists
¢ € (0,1) such that ¥'(¢) > 0 for 0 < ¢ < ¢, b'(¢) = 0, that ¥'(¢) < 0 for ¢ < ¢ < 1,
and that b has an inflection point ¢ina € (0,1). A sample function b(¢), which will
also be used for the numerical examples of Sect. 5, is provided in Fig. 2(b).

2.4. Weak entropy solution. Motivated by [14, Def. 1.2] we define a weak
entropy solution of (1.1), (2.8), where Il; p :=Z; x [0,T] for T >0,i=1,...,N.

DEFINITION 2.1 (Weak entropy solution). The functions u; = A;(2)¢; with ¢; €
L>(1L;7;10,1]) fori=1,...,N, are said to form a weak entropy solution to the IVP
(1.1), (2.8) if the following conditions are satisfied:

(i) The following (trace) functions exist and assume values in [0, 1]:

wil(t) = lim i(z,t) = lim ui(z,t)JAY, i=1,...,N—1,
¢ ’ ( ) z—(B+o})~ (;5 ( ) z—=(B+o})~ ( )/
and ¢ (t) = H(,lg?gw odi(z,t) = z%(fhl-?logfr wi(z,t)JAS, i=2,...,N,

Moreover, they have bounded wvariation, i.e., there exists a constant Cy such that
TV[O’T] ¢u7i < Cl fO?“i = 1,...,N— 1 and TV[O,T] ¢e,i < Cl fori = 2,...,N.

(ii) For any test function p; € CL([0,T) x Z;;R) there holds

T
(2.9) / / (uiﬁtgoi + gi(ug, 2, )0z 05 + S (2, t)gai) dzdt + / u?(z)cpi(z, 0)dz = 0.
o Jz,

Z;

(iii) For any test function ¢; € CL([0,T) x Z;;R*) and any k € R there holds

T
/ / (lui — k|0pi + sgn(ui — k) ((gi(ui, 2, t) — gi(k, 2, 1)) D=0 + Si(%t)tp)) dzdt
o Jz,

T
+/ = Haz 0zt [ 3 €)= a0t de > 0

CE{*H,B}

2.5. Stability and uniqueness of weak entropy solutions. The following
theorem ensures that solutions to the IVP (1.1), (2.8) depend L' Lipschitz continu-
ously on the initial data; hence, they are unique.

THEOREM 2.1. Assume that u = (uy,...,uy) and v = (vy,...,vn) are weak
entropy solutions to the IVP (1.1), (2.8) with the respective initial functions u? and v,
i=1,...,N. We also denote by ¢¢;, ¢in and ¢y, the feed functions associated with u,
and by V¢ ;, Yin and 1y, those associated with v. Then we have the following properties.

(i) There holds an ordering principle in the following sense: if ¢r;(0) < )¢ ;(0), and
for all s € [0,T), ¢in(s) < ¥in(s) and ¢w(s) < Yw(s); and in addition u;(z,0) <
vi(2,0) for all z, then u;(z,t) < w;(z,t) for all (z,t) €, and alli=1,...,N.
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(it) Let V := min{Vi, ..., Vyx} and Q¢(t) == max{Qs1(t),...,Qs.n(t)}. Then

N . A .
S ) = Ol < o [ G )
1= v t
(210) X (ZHUZ(7 _/Uz bl HLI(I +Z‘¢fl wf’z(o)‘A Qf,i(T) dT
i=1

+f Q) [ (@u(s)1ons) = vn(5)] + Quis)lon(s) = (o)) s dT>

for a.e. t € [0,T]. In particular, if we choose u;(z,0) = v;(z,0) for almost all z € T,
¢£,:(0) = ¢,:(0), and ¢in(s) = Yin(s) and dw(s) = w(s) for almost all s € [0,T], we

obtain uniqueness of an entropy weak solution.

Before proving Theorem 2.1 we recall an auxiliary result. If w € C§° satisfies
w >0, suppw C (—1,1), and |Jw|[z1(r) = 1, then wp(2) == w(z/h)/h is a standard
mollifier with support in (—h, h), h > 0. For h > 0 and a < b we then define pp,(z) =
J7 o wn()dE, pnalz) =1—= pp(z — (a+2h)), and vy 5(2) == pp(z — (b — 2h)). Then
g, o (2)], [y, (2)] < Cu/h with a constant C), that is independent of h. Moreover,
these functions have the following well-known property (cf., e.g., [4]):

PROPOSITION 2.1. Let v € LY((0,T); L>(a,b)). If the traces y,v = (yv)(a,t)
and ypv = (yv)(b,t) exist a.e. on (0,T), then for p € C*°((a,b) x (0,T)) there holds

h10

/ / ) (h,a(2) + vrp(2)))v(2, 1) dtdz%/ (b, )0 — p(a,t)yqv) dt.

Proof of Theorem 2.1. We partially follow the proof of [14, Th. 2.9], which in turn
is partially based on treatments in [8,16,18]. We fix i € {1,..., N}. Then, following
[18, Th. A.1 and (2.22)] we deduce that for any ¢; € CL1((0,T) x Z;\{—H, B};R"),

T
- / / (\Ui — 03] Oppi + sgn(u; — v;) (i (wi, 2, ) — gi(vi, 2, 1)) D04
0o Jz,

+ sgn(u; — v;)(Si(z,t) — Si(z, t))goi) dzdt <0,

(2.11)

where S;(z,t) and S'Z(z, t) denote the source terms pertaining to w and v, respectively.
Noticing that u; and v; satisfy item (ii) in Definition 2.1 and following [16, Th. 3.3],
we subtract from (2.11) equation (2.9) for u; and add (2.9) for v; to obtain

/ / *fUz 8t901+H(u1 *Ui)(gi(uiazat) 7gi(viaz7t))az@i

H(u; —v;)(Si(z,t) — S;(z, t))gpi> dzdt <0

(2.12)

for any ¢; € CL((0,T) x Z,\{—H, B};RT), and where a* := max{a,0} and a= =
min{a,0}. Following a procedure similar to that of [18, Th. 2.1] we may extend (2.12)



8 BARAJAS-CALONGE, BURGER, DIEHL, AND VILLADA

to ®; € CH(Z; x (0,T); RT) and obtain

/ / i —v;)T0,®; + H(u; — vi)(gi(ui, z,t) — gi(v4, z,t))@zqn
(2.13) + H(Ui — ) (Si(z,t) — Si(z, t))CDZ) dzdt

z:(+
<E:= H (u; — ;) (gi(ui, 2, ) — gi(vivzvt))]zch ®;(¢,t)dt
0 cef- HB}

for all ®; € CL(Z; x (0,T);R*). Notice that since A¢ < A and A} < A, the fluxes

Gi (ua (_H)_vt) = _<Qe,i(t)/A$)u and Gi (u, (_H)+7t) = _(Qe,i(t)/A)u + A?)(’LL)

defined by (1.1) and adjacent to { = —H satisfy the “crossing condition” (cf. [6,18]),
which states that if f(u) and g(u) denote the fluxes to the right and to the left adjacent
to a discontinuity (considering, e.g., u; + (H(z)f(u) + (1 — H(z))g(u)), = 0), then
these fluxes either do not cross or if they do, then the graph of g(u) lies above that
of f(u) to the left of any intersection point. Similarly, the fluxes

9i(u, B™,t) = (Qui(t)/A)u+ Ab(u) and gi(u, BT, t) = (Qu.:(t)/A})u

adjacent to ¢ = B also satisfy the crossing condition, which implies that E < 0 (cf.,
e.g., [6, Th. 2.1]). We again follow [16, Th. 3.3] and for 7 € (0,7] and sufficiently
small h choose ® = xp, [0,7(t)(1 — pn(2) — vn(2)), where X4 (0,71 = X[0,r]- Since

/ / H(u i) (9i (i, 2,t) = gi(vi, 2,4)) 0= (1 = pn(2) = va(2)) X, 0,7 de dt
w [ (%(ﬁ(t)—vi o) Q;fﬁ)ws(t)—vf(t))*) = 6,(7).

we deduce from (2 13) and E < 0 that ©,( fI ui(z,t) — vi(z, 1))+ dz + ©;(t) and
fo Jz, H v;)(Si(2,7) — Si(z, )) dz dr satisfy the inequality
214)  6,) < / (us(2,0) — v5(2,0)) " dz + Ri(t) = ©,(0) + Ry(2).
Z;

Clearly, considering that always E;(7) > 1, we obtain

// Silz, T)) dZdT_/ Qr,i(7) (bri(T) — ¢f,i(7'))+dr
# 2t ) -t ()) ds) o

Let us now define ©(t) :== O1(t) +-- -+ Opn(t) and R(t) := Ry (t) +-- -+ Ry(t). Then

/Qf /Z(Quff;lll (w1 (s) = vty () "
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Qefgjf ) (ungl(s) - v?+1(5))+) dsdr

idﬁfl — (0 /sz

Qe(r) [ N .
vV n =) ™ ¥in w wls) — Yw dsdr
+/0 v /0 (Qin(5) (¢in(5) = tin()) " + Qu(5) (dw(s) — thu(5)) ") ds
N
+ Z(gf)fﬂ( wf i / Qf i
i=1
Thus, summing (2.14) from i = 1 to N, we arrive at the inequality
*/tw@ﬁdﬂi(ﬂﬁ (0) —v /Q
\%4 = £,1 fZ f,i

/ (r) / (Qin(5)(in(5) = ¥in(5)) " + Qu(s) (6w (5) — V() ") dsdr.

/ (Q‘” Nt - o)+ L o) - (o) ) asar

By Gronwall’s inequality we obtain

(2.15)

O(t) < exp (/t Qf‘y) dT) (@(0) + i((bf,i(o) - z/Jf,i(o))Jr /Ot Qr,i(T)dr

i=

/Qf / Qm<)(amn(s)—win<s>)++czw<s>(¢w<s>—ww<s>)*>dsdT).

If the feed control functions associated Wlth u and v are ordered in the sense stated
in item (i), then (2.15) reduces to O(t) < ©(0)exp fo Q¢(7)/V)dr). Consequently,
if in addition u;(z,0) < v;(z,0) for all z and all i=1,...,N, then ©(0) =0, and we
get O(t) = 0 for all ¢ € [0,T], i.e., ui(z,t) < vi(z,1) for all z and ¢t. This concludes
the proof of item (i). Finally, there holds a second version of (2.15) with w and v
interchanged. Suppose that O(t) is the version of ©(t) for that case. Summing (2.15)
and its analo%/for O(t) and noticing that SN | wi(:,0) —vi(-,0)[| 21 (z,) = ©(0) + 6(0)
as well as D ;0 [Jui(+, 1) — vi(+, )| z1(z,) < O(t) + O(t) we obtain (2.10). |

3. Numerical method. We discretize all intervals Z; by cells I; [z]; 1,Zj41 1),
j € Z, with cell interfaces Zj1 = (]$ )Az and centers z; == jAz. Slmllarly, the time
interval [0, 7] is discretized as t, = nAt for n = 0,..., M, where M = |T/At] + 1.
We take a spatial meshwidth Az and a time step At, subject to the CFL condition

) ) 71
||Q81||<X> |Qu1||00}+ ”bHoo ma: ||sz||00> ;

2
(CFL) AtmaX(Az1I§n%}§V{ Ae T Av Az 1<1<N 2V;

In the remainder of the present Sect. 3, it is always assumed that (CFL) is in effect
and that A = At/Az is kept constant.
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3.1. Discretization of the CCD model. The points z = —H and z = B are
assumed belong to one cell I;_,, and I;,, respectively. Similarly, the endpoints of the
pipes at z = —H — of and 2 = B + o} are located within [;_, and I}, ,, respectively,
where je; < j_g and jyu; > jp. We discretize the initial condition (2.8) by

0 1[5+ , . . ,
(31> ui,j = E U; (Z)dZ, J 6\71 = {]efiw‘w]u,i}a 1= 1)7N7
Zj 1

™

the approximate values u;'; for n = 1,..., M are understood as analogous cell aver-
ages. We discretize given tlme dependent functions by uf = At ft "tue(t) dt, ete.,
and all z-dependent parameters on a grid that is staggered with respect to that of ug;,
following, e.g., [6,7,17]). Thus, we define j. :== [¢/Az] and p; = AZ J; m(z) dz, where
we notice that p; = 01if j < —j. or j > j. and p; < ||ploo for all j, a iong w1th

Zi+d
(3.2 vy = heyp) = [ ) e = Ay oo+ )
and introduce the parameters
A ifj=4_pg,....j

1,n o n n 2 o J J—-H, yJB)>
(3-3) Yigri T hj"'%(qe’i +qu>i)’ Vivy T {0 otherwise,

, il AT, J=Jei—L,....,j-m—1,
(34) /71;;1% = _qgia .7 :ija"-7jB7

S,Z/AZH_QQ,'L_QS,'H j:jB+17"'7ju,ia

Finally, we discretize the ODE (2.7) by a first-order explicit Euler step, i.e.,

u? n=20
3.5 up, =9 o0 7
( ) o {U?z 1+At(AM?_1 _u?z ! ;L,z_l)/‘/l? n= 1""7M’

and use uf; to define the approximate source term

(3.6) Sty = Hyus G5 = (hj+% - hj—%)u?,iqgfi/AZ-

3.2. Marching formula. The numerical flux is a combination of the upwind
flux for the linear part and the Engquist—Osher flux for the nonlinear portion involv-
ing b(u). To define it we introduce the Engquist—Osher numerical flux [13]

B2, 73 u,0) = / max{0,7" + ’}/26/(8)} ds + / min{0,~°* + ’}/26/(8)} ds,
0 0
where we recall that b(0) = 0. Considering that 71 "+1 > 0, we introduce

n . 1,n
(3.7) fi’jJr%(u,v) .:fyi,jJr%quB( J+1,7”+1,u EOR

Collecting the ingredients, recalling the difference operators acting on the spatial index
Atu; = %(u; j+1 — U5 ;), and defining X := At/Az, we obtain the scheme

(3.8) iy =gy = AACFY (] u ) + ALST
’ ::H;.fj(u",u" Y, jed, i=1,...,N, n=0,...,M—1.
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where u™ = {u}, : j € Z,i =1,...,N}, and ug; in (3.6) is given by (3.5). (Note
that 7—[0 depends on u® only.) Here it is assumed that the coupling conditions (2.1)
and (2. ) are in effect. In view of the regularity assumptions in Sect. 2.3 on ¢?
(equivalently, u?) there exists a constant Cy independent of (Az, At) such that

.7u i

DAAFY (el ) — ALS) < Cy foralli=1,...,N.

J=Je,i
The piecewise constant approximate solutions u%, ... ,u% are given by
ju,i M—-1
(3.9)  ul(z,t) = Z Z X1 ()Xt tws) iy, i=1,...,N,  (2,t) € i,
j:je,i n=0

where xq refers to the characteristic function of the set €2. To go back to the original
independent volume fractions, we first define

A?7 j:je,ifla"'aj—H717
Ai,j:: A7 j:ijw"ajB, ]Eth 22177N
A;lﬂ j:jB+1;~~-7ju,i

then ¢}, == uf;/A; j, and finally the piecewise constant approximate solution d2 (2, 1)
in analogy with (3.9).

THEOREM 3.1. The scheme is conservative in the following sense. We define the
volume of solids, the so-called inventory, contained in the discrete version of CT; (in-
cluding the tank T;) at time t,, by SJ' == 3" c 7 Az A; ;7 ; + Vidt;, and the inventory
of the whole CCD circuit by 8™ =S +--- + Sy. Then

(3.10) S — 8" = AH(Qu ol — Quor + Qinodh — QUon).
Proof. Using that 3, . puj = x; along with (3.5) and (3.6) we get
Srtl_sr = —ALFY (U], ) AL -1 (uf —1,u} )
+ AzAtL Z :U’Juf 1qu + V( n+1 - ¢f z)
JET;

= At(=QUd5,, — QLid). , + QFidr; + M — QF6%,)
= At(_ S,i .;Lu,i - TL :;Lel + Q u,i— 1¢]u1 1 + Qg7i+l¢?e,i+l)'

Summing the last identity from i = 1 to N and applying cancellations, we obtain

S — 8" = At(QU N1 P N1 — QU@ + QU odl o — Qu NPT N),
which implies (3.10) in light of the conventions in Sect. 2.1. O

3.3. Convergence of the scheme. In what follows, we derive a series of prop-
erties and compactness estimates of the scheme (3.8) that will eventually allow us to
appeal to standard arguments to prove convergence of approximate solutions to the
unique entropy solution of the IVP (1.1), (2.8).

LEMMA 3.1. The scheme (3.8) is monotone, i.e.,

(3.11) 8u2j1/8u{fk >0 foralli,l=1,...,N;j€ J;and k€ J.
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Proof. The source term S, (cf. (3.5), (3.6)) is a linear combination of compo-
nents of ™' with nonnegatlve coefficients if 1 — At Q? ! /Vi > 0, which follows
from (CFL); hence, 9S7';/0up, > 0 for all indices listed in (3.11). Thus, to prove
monotonicity of (3. 8) it sufﬁces to recall that if (CFL) holds, then for alli =1,..., N
the scheme 77”+1 =n; — AA_ Filis 1 (nf';,mi'j4+1) is monotone since both the upwmd
and Engquist— Osher numerical ﬂuxes in (3.7) are increasing in u and decreasing in v.0

LEMMA 3.2. The scheme (3.8) satisfies an invariant region principle, i.e., if
0< o =u/Ai; <1 foralli=1,. Njejl,andm—n—l,n(ifnzl,
otherwzse m=20), then 0 < gb"'H = uM'l/Az i<1lforalli=1,...,N and j € J;.

Proof. We denote by 0 and A vectors of the same format as 4™ with all entries

equal to 0 and A, ;, respectively. By the assumptlons on b(¢) there holds H7;(0,0) = 0
for all 4, j. Furthermore, Bz]+1/2(’y 35 Aig, Ai ) = A A; j and (2.1) imply

'LJ+1/2
- g,iV j:jc,i_la"'vij_]w
,H— 1 (A g A, ) hj+%Q&—QL‘,i, J=J-Hs---,JBs
g,ﬂ j:jB—’_la"'vju,i,

hence 7. 1 (Aij, Aijj) = hj 1QF; — Q¢ for all j € Ji. In light of (3.2), (3.5), (2.2),
and Lemma 3.1, we now obtain for JjE Z, i=1,...,N

0="H;;(0,0) <ult' =H,; ;(u",u""") < H; (A A)
= Az‘,j - A(hj-i-% - j—%)Qf,i
+ At piap; (A+ (At/Vi) (AQu71, + Qeih) — AQFT )
= Aij — Atp;QF; + Atpjqri(A+0) = Ay ;. U
For simplicity, from now on we assume that Q. s, Qc:, Qf,i, Qin, and Qy are
constant in time. The proofs in the remainder of this section can be adapted to

the case of time-dependent @-flows at the cost of additional terms involving time
differences of )-terms, which we will not pursue herein.

LEMMA 3.3 (L' Lipschitz continuity in time). There exists a constant Cs3 that
does not depend on At or Az such that

(3.12) Az uftt —up| < CsAt foralli=1,...,N.
]6.71
Proof. Wedeﬁne0 uj—u"]lforz—l N,je Ji,andn=1,..., M,

and now fix ¢ € {1,. N } Subtractmg from (3.8) the scheme for u;; and deﬁmng

1

1
by = /0 (V212 +701)20) (Oufypn + (1= 0)ui7,) A0 <0,

nol

1
. Nt n n—1

Cj o= Vil,j+1/2 + /0 (%QJH/Q + V?H/Qb/) (eui,j + (1= 0)ui'; )do >0,

we obtain

n+i n— n—=% n— n—=% n— n—=% n—21 n—% n—1
0, % =0 I Ac; 29 : + Aci 219” B H b, 200 = b6
+At(S»"» —S?‘. 1)
={1-xq; 2+)\b *}9" I Ve A NV N

i,j—174,57—1 2,7+1 z]+1
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+AL(S?; - SiT)
for all j € J;. Since {...} > 0 due to (CFL), we obtain

10772 < (1= AT 4+ MBS 2) |60 2|+ Ac 2 (0052, — Ab

(313) i,5—1 ) j+1‘91 J+1
—|—At|Si7j—SZj y for all j € J;.

Moreover, in view of (3.5) and (3.6) there exists a constant Cy > 0 such that
n n— Qf i
|S _S ! At ’Quz 1%u,i— 1+Qe1+1¢ez+1 fi 1’ <C4/J’]At

Consequently, summing (3 13) from j = je,; to j = ju,; and then taking into account
that ¢'; 2 _; =0 and b} +1—0as well as p—j. + ...+ pj. = 1/Az, we get

Z 07 < 100 F = A A2 AR E |+ canae
JE€T: JE€T:
< SO+ Crat < SO0 4 Cun2At < -
JE€ET: JjE€T:
<> |6; 2|+ CidnAt < Cs + C4AT = Gy,
JjeTi
This proves (3.12) if we take C3 = Cg/\. d

LEMMA 3.4. Let ¥ := {—H, B}. For any family of intervals [a;,b;] C [-H —
oS, B+ o}'] such that [a;,b;] "X = & for alli=1,...,N let us fix r > 0 such that
2r < dist(X, [a;, b)) for alli = 1,..., N, and without loss of generality we assume
that r > Az for all Az of interest. Then foranyi=1,..., N andn=1,...,M the
following estimate holds, where the constant Cy is independent of At and Az:

Z Z ’quJrl — u?]| < Cr, where Jop;:={j € Ji|a<z <b}.
i=1j5€Jap,i
Proof. We fix i € {1,..., N}, select [a,b] := [a;, b;] and define the cell-index sets
Api = {j €Ji|z € [a—r—Az,a]} and Ba, = {j €eJilz € [b,b—f—r—i—Az]}.

By construction, for all ¢ each set Aa; and Ba,; has at least two elements, and
|Aai|Az > 7, |Bai|Az > r. Moreover, Lemma 3.3 implies that there exists a con-
stant K such that for all s = 1,..., N there holds

M—-1
(3.14) Az S S <k A Y Z|e”+2
JEAA,; n=0 Jj€EBA,i n=0

For all i =1,..., N we now choose j,; € Aa; and jp,; with j,; +1 € Ba ; such that

Z Ua%

JEBA

M—-1
1 .
~ i S e S = i S
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Consequently, (3.14) implies that

(3.15) Z |97fjai

The choice of j,; and jp; implies that for all j, ; < j < js.;, the parameters 2 1 and

75’ 41 belong to the same case of (3.3) and of (3.4), respectively. For these j], and in

view of (3.6), we may rewrite (3.8) in the form

=

K g+ K K
< d 2 < < —
|-AA |Az* r an Z| b+l — |BA |Az* r

(3.16) upft =l + O A = DY A,
where for all i = 1,..., N we define Cz'anrl =01if Ayui,; =0 and
) 2 ’

Zj+% :)‘(g2< U 55 J+lat )7‘Fi,j+ ( U 55 z]+1)+ufzqf1 jt+i )/A-i-u

otherwise, and Dl =0 if A_u’; =0 and
3 ;

)

D?J—l = A(g’b( 2]7 J—fatn) - ]:’i,j*% (U2j717u?’j) + u?,iqu j**)/A u
otherwise. The monotonicity of the scheme (3.8) and (CFL) imply that
(3.17) Clipy =0, DIy >0, CF 4+ Dy <1

According to the incremental form (3.16), we get

1) At = Al ” Ta Ayl - c?’”l Ajull;

i,n in
_D]+%A+U/ +D A u”,

notice that for j = j,; and j = j,; we obtain the respective equations

n+l __ n R0 n n+1 n
Ajuij, = Asug;,  +C5 +3A+“w w1 m D5 1B P — (Wi —ui,)

% Ja,i v Ja,i ©Ja,i/)?
n+1 _ i,m i,n n+1 o
Ajuyy, = Agugy, Cj i+l LAy, Djb,i LAy, + (“i,jb,i-s-l “i,jb,i+1)~

Taking absolute values and summing over j in (3.18) and utilizing the properties
(3.17) to proceed as in the proof of Harten’s lemma [15, Lemma 2.2] along with the
last two equations to deal with the boundary contributions, and by reasoning exactly
as in the proof of [5, Lemma 4.2], we arrive at the inequality

Jb,i Jb,i

n+1 n+l _ n n+1 _
Z ’AJFU | < Z ’A+ulj| + |u i Ja,i Wi + uiqu,1',+1 ui,jb,i+1 .
j:ja,t J ja,z

Proceeding by induction and using (3.15) we obtain for 1 <n < M

]bz 7b1
Z ’A+u”|< Z |A+U,J|+7
J=Ja,i J=Ja,i

The proof is completed by the observation that [a,b] C [z, ., 2j, ,+1] along with the
assumption that u) has bounded variation. d
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Let V’(g) be the total variation of a function z + g(2) over the interval (a,b).
Therefore, by using the results cited before, we can deduce the following lemma.

LEMMA 3.5. Fizi € {1,...,N} and let [a, b] be an interval such that [a, )N = @.
Then the piecewise constant functzons u? given by (3.9) satisfy the uniform bound
VE(uB(-,t)) < C(a,b), where C(a,b) is mdependent of Az, At, and t fort € [0,T).

Notice that for given i € {1,..., N}, Lemma 3.5 includes the choices a = —H — 0¥,
a<b<-Handb=B+o0}, B<a<hb.

LEMMA 3.6. There exist constants Cg and Cg such that for alli=1,... N,

M—1
n+l u™ nt+l _ . n
(3.19) Z ‘ul Tos T Ui < (Cs and Z up g < Cy.
n=0

Proof. We only prove the first inequality in (3.19); the proof of the second is
analogous. Let us fix ¢ € {1,..., N} and consider a fixed interval [a,b] with B <
a <b=B+o}. Let j = ju; be such that [z, ,11,2;,.] C [a,b] C [z, ,,2,,]. Then

Lemma 3.5 implies that there exists a constant Cjg such that

ju,i_l

S I < G

J=Ja,i

l
To simplify notation, in this proof we omit the index ¢ in u}';, 9- g 2 (defined as in the
proof of Lemma 5.5), Juir and jq ;, and define ¢ := AQy; /A, ;. Notice that by (CFL),
0 < g < 1. We can now write

(S5

+3 +

0?11 t= _qAJruJu_l7 0.;1 = _qAJruJu_l - (1 - q)A+uJ -1 4 A+u_7u_27
+5

0. = —aluf? = —q(1 = ¢)*Aru} _y —2¢°(1 — @) Aquf, 5 — ¢’ Ajuf 4

and so on, as long as all spatial differences of values of u™ are taken within [a, b].

Thus, defining ¢y ; == ¢'T}(1 — g)*~ (Il“)7 we obtain

n+k+2— ch1A+u -1 fork=0,1,...,54 —Ja— 1.

Let J := ju — ja — 1. Defining §; := Zi:l Ck,1, We now get

J k J
(3.20) ZW*’““ S D N ] - ) S AV

k=0 1=0 1=0

Setting p := k — [ and using the known limit of the binomial series we obtain

J—1 fe'e)
p+1 p+l -
ql+1z< ) >(1q)p<ql+12( ) >(1q)pql+1,q +1) — 1.
p=0

p=0

Thus, from (3.20) we deduce that

J
(3.21) Z|e"+’“+2\ <S|Aasu? | = Cro.
=0
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Since J + 1 =jy — jo < |(b—a)/Az], we observe that at most

_ [ lT/At +1 1 T+At
K= h(b—a)/AzJ—‘ = Ab—a—Az

versions of (3.21) are required so that we may write

M-1 il K-1 J SLiril
D671 = 2 2167 < KCu
k=0 s=0 r=0

(where we set u} = uM if n > M if necessary). Since K may be chosen constant if

j
At and Az are sufficiently small, we obtain (3.19) with Cs = KC1o. 0
Lemmas 3.2 to 3.6 allow us to prove the following result.

THEOREM 3.2. Suppose that the functions uf, ..., u5 are defined by (3.9), where
the values uf ; are computed by (3.8). Let At, Az — 0, with A = At/Az = const. Then
for each i € {1,...,N} the function u? converges in L. _(II;7) and a.e. in ;1 to
a function u; € L (IL; 7; [0, A]) such that ¢i(z,t) = u;(z,t)/Ai(z) € [0,1] for almost
all z € Z; and t € [0,T]. The functions uy,...,un form a weak solution of the IVP
(1.1), (2.8) in the sense that for alli=1,..., N, items (i) and (ii) of Definition 2.1
is satisfied. Moreover, each limit function u; belongs to C°([0,T); L' (Z;; [0, A])).

Proof. The proof follows the first part of that of [14, Theorem 2.8], which in turn
is based on those of [8, Theorem 5.1] and [17, Theorem 5.1]. Lemma 3.2 ensures that
ud € L foralli=1,...,N,t€[0,T] and z € T;; in particular u2(z,t) € [0, A;(2)].
For eachi = 1,..., N, Lemma 3.3 proves the L!-continuity in time of the sequence u?
while Lemmas 3.4 and 3.5 guarantee a bound on the spatial total variation of u2 on
any interval [a,b] not containing any point of X. Standard compactness results then
imply that for any interval [a, b] with [a, ))NE = & there exists a subsequence, still de-
noted by u2, that converges in L'([a, b] x [0, T}; [0, A]). Consider now a countable set
of intervals [am, by] such that |, cy[@m, bm] = Z;\X. By a standard diagonal process
we may extract a sequence, still denoted by uZ*, that converges in L . (II; 7; [0, A]) and
a.e. to a function u; € L (II; 1; [0, A]) (more precisely, ¢;(z,t) = u;(z,t)/Ai(2) € [0,1]
a.e.). Moreover, let us define for all ¢ = 1,..., N the piecewise constant in time func-
tions qSﬁi and qﬁeA,i with the property that qﬁﬁi(t) =uf? ,/A} and Cf)eA,i (t) = u?e/Af for
t € [tn,tni1). By Lemma 3.2 we know that these functions assume values in |0, 1] for
allt € [0, 7], and Lemma 3.6 ensures that TV 7(¢5;) and Vo 71(¢Z;) are uniformly
bounded. Thus, by Helly’s selection theorem, and extracting another subsequence if
necessary, we know that there exist functions ¢e i, ¢u,; € L*([0,T];[0,1]) N BV[0,T)
such that gbﬁi — ¢e,; and (bﬁi — ¢y, a.e. on [0,T] as Az, At — 0.

To see that these limit functions coincide with corresponding traces of the limit
functions w; we focus on the interval (B, B + o}'] of each unit (the interval [-H —
o¢,—H) is handled by completely analogous arguments). Let us fix ¢ and select a; €
(B,B + o}']. In view of Lemma 3.5 the restriction of each function u; to I}, =
[a;, B + 0}'] x [0,T] has bounded spatial variation on II}, for all ¢ € [0,7], and
therefore has a trace at B+ o' for almost all ¢ € [0, T]. To see that this trace coincides
with the limit function constructed above, we proceed by an argument similar to
that of the proof of [2, Lemma 4.3]. Choosing ¢;(z,t) = ®(t)vp(z), where ® €
C5e([0,T7) and v4(2) = vh,B1ou(2) (cf. Proposition 2.1) with A sufficiently small such
that supp v, C (B, B + o}'], multiplying (3.8) by flj vi(z,t,) dz, summing the result

over n =0,..., M — 1, applying summation by parts and omitting the index ¢ in u;’;
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(for simplicity) we get

M-—1
n T Qu [
0=> (“jutl —up = A () |2 (t) - m(2)dz

n=0 Ju,i
M-1 0 1
_ n+1 n u,i n
- _ujm,)@(tn)/fj (o) s - At T;ujp(tn)—m /Ij m()ds
M—-1 jui
Qu,i - " vp(2) — vp(z — Az)
+ At > ul (ty) i A dz.

Applying a summation by parts to the first term on the right-hand side and using
that ® has bounded variation, we see that this term vanishes as Az — 0. Thus, we
obtain for Az — 0, after multiplying by A}'/Qu.,

T T rB+o}
0= _/0 uj, () ®(t) dt + /0 /B u(z, t)®(t)vy,(2) dz dt.

Invoking Proposition 2.1 we obtain the desired result. Thus, the limit functions '
satisfy item (i) of Definition 2.1. A Lax-Wendroff-type argument similar to that of [17
Th. 3.1] suffices to prove that the limit functions also satisfy item (ii) of Definition 2.1.
Finally, u; € C°([0,T]; L(Z;; [0, A])) follows from Lemma 3.3. O

Next, we need to prove that the limit functions uy,...,uyN constitute an entropy
solution. To this end we establish a discrete entropy inequality.

LEMMA 3.7. The approzimate values u;'; generated by (3.8) satisfy the following
discrete entropy inequality for alli=1,... N, je€ T;,n=0,...,.M —1, and k € R:

lul Tt — k| = |up; — k| + AAZ Gkﬁl(”,u;’jﬂ)

2y}

= A7 ig+1 kk)*]-‘?’j kk|—Atsgn( T k)Sr <o,

7, %] —

(3.22)

; ; k n
with the numerical entropy flux Gi7j+%(a’ b) = Fi; (a\/k: bVk)— Fi; 41 (ank,DAK).
Proof. We fixi € {1,...,N}, j € J;, and deﬁne
Hij(a,b,c) =b— A(‘Fﬁj-k—%(b’ c) — 7]—7(a b)).

Clearly, ’f‘+ !

all £ there "holds

— AtS]; = Hi j(ufj_q1,uij,ufj1q). Since the scheme is monotone, for

Hi j (ufa VR VgV k:) > M ; (uzj717uzj,uzj+1) vV Hi (kK k),
—Hi; (ufJ 1 N kul A k,ul i1 A k) (Hz}j (uﬁjfl, u?,j, u;jj+1) AH; ik, k, k))
Summing these inequalities and considering that a Vb —aAb = |a — b| as well as that

Hi (uZ]—_l Vkul, Vkulig vV k) —H,;, (uzj_l Nkyuis Nksug i A k)

= |U?J - ‘ AA- Gfﬁ (u H’UZJ'H)’

Hij (ufj 17uzj,u§fj+1) V Hij(k k k) —Hi (uzj717uzj,uzj+1) NHij(k, k, k)
= |ui 't — ALSE =k MF oy (B k) — 1(k k)|

> |un+1 | Atsgn( nt+l k)sn | titd k) — J_'Z?J,%(k7k)|’

where in last step we have used that |a + b| > |a| 4 sgn(a)b, we arrive at (3.22). O
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THEOREM 3.3. Under the conditions of Theorem 3.2 the functions uy,...,un
satisfy item (iii) of Definition 2.1.

Combining Theorems 3.2 and 3.3, which are proven here under the assumption
that the Q-flows are constant in time (see the remark before Lemma 3.3) and we can
therefore write g;(u, z) instead of g;(u, z,t), we deduce that a weak entropy solution
in the sense of Definition 2.1 exists. In view of Theorem 2.1 we can say that the
IVP (1.1), (2.8) is well posed, and that in the sense of Theorem 3.2, the approximate
solutions produced by the scheme (3.8) converge to the unique entropy solution of

(1.1), (2.8).

Proof of Theorem 3.3. The proof is similar to the last part of the proof of [14,
Theorem 2.8]. We fix i € {1,..., N}, multiply (3.22) by Az}, = Azp;(zj,t,) and
sum over j € J; and n =0,..., M —1 to obtain an inequality & +- - -+ &4 < 0, where

M—1 Ju,

E1 =023 > (Juftt — k| = |up; — k])e};,
n=0 j=je,i
M—1 Ju,
62 = At Z Z 2j+ Lj’u;]:j-‘rl))w?vj’
n=0 j=je,i
M—1 Ju,
S3im DY 3 By k) — Fyy (Bl
n=0 j=je,i
M—1 Ju
&y = —AtAz Z Z sgn (u ”+1 )SZ,LJ‘@ZJ"
n=0 j=je,

Summing by parts, letting Az — 07 (where we always assume that A\ = At/Az is
kept constant) and applying the dominated convergence theorem we get

T
(3.23) & 229 —/ ‘u?(z)—k’goi(z,o)dz—/ /|Ui(z7t)_k‘at@i(zvt)dZdt'
Z; 0 Z;

Furthermore, applying a summation by parts, and since ¢;(—H — o§,t) = 0 and
vi(B+ ol',t) =0 along with 0,¢;,(—H — 0$,t) = 0 and 9,¢;(B + o}',t) = 0, we get

M—1 Ju,i—

(pn i1 (p” .
_ 1,7 2,7
2= —AOthz Z Z G,JJr Ui w+1) Az
n=0 j=Je,i
M-—1 n u
Pri. —pi(B+oit)
(324) + AtAz Z G it (u?,ju,w“ﬁju,ﬁl) e ;Z :
n=0
M-—1 n e
Pijei pi(—H — 0§, t)
— AtAz Z Gl Jei—% (u?’jc,ifl’u?,jc,i) Az :

n=0

Since by the properties of the function ¢;, the two last terms on the right-hand side
of (3.24) are O(Az) quantities, we obtain by the dominated convergence theorem

N T
(3.25) & Az —/ / sgn(ui(z,t) — k) (gi(ui, 2) — gi(k, 2)) 0.i(z, t) dz dt.
0 Jz,
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Since only the summands for j = j_ g and j = jp in the definition of £3 do not vanish,

M-1
E=-AtY > | Fry (ko k) = Fry o (R K)|of

n=0 je{j_m,jp}

M—1
(3.26) =—-At Z Z ‘gi(kaszr%) - gi(kvzj—%)’@?,j

n=0 je{j_m.jn}

AZ—*W/O ST stk ) — il )| pilC 1) dt

¢e{—H,B}

Finally, again by the dominated convergence theorem,

T
(3.27) &y Azt 7/ / sgn(u; — k)S;(z,t)pi(z,t) dz dt.
o Jz,

Combining (3.23), (3.25), (3.26), and (3.27), we deduce that & + - -+ &4 < 0 implies
that u; satisfies item (iii) of Definition 2.1. d

4. Optimal steady states of a CCD circuit. We study stationary solu-
tions of the PDE model (2.5) for the solids volume fraction ¢;(z) in each clarifier-
thickener CT; and its outlet pipes. Unlike the models considered in the authors’
previous works [6,7,9,11], the feed inlet is represented here by a smooth source rather
than a point source. After reviewing the idealized point-source model in Sect. 4.1, for
which all steady-state solutions have been completely characterized [10], we analyze
the corresponding smoothed model in Sect. 4.2, with particular emphasis on opti-
mal steady states (defined below). Finally, Sect. 4.3 characterizes the corresponding
optimal steady states of the complete CCD circuit.

4.1. Steady states of a single idealized CT. We consider (2.5) with h(z)
replaced by the Heaviside function H(z) and u(z) by d(z) = H'(z) for a CT; and
suppress the index ‘’. It is well known that the stationary outlet volume fractions
¢e :— ¢(—H™) and ¢, :— ¢(BT) are independent of the pipe cross-sectional areas A®
and A" [9,10]. Indeed, flux continuity at z = B gives Ab(¢(B7)) 4+ Qué(B~) = Quu,
and hence (provided ¢, > 0), ¢y = (B~ )+b(¢(B~))/qu. Thus, the underflow volume
fraction ¢, depends only on the bottom trace ¢(B~) and the bulk velocity ¢, in the
tank. An analogous formula holds for ¢.. The complete categorization of the steady
states of a CT, including ¢, and ¢,, can be represented in a single flux diagram,
referred to as an operating chart, where the outlet pipes have the bulk velocities g
and ¢, (other bulk velocities arise in the CCD problem, but here we only determine
the outlet volume fractions). This corresponds to the following model for an idealized
CT with a constant feed flux s; == geops:

at¢ - qe8z¢ = 07 z < _H7
(41) 0+ 0. (frle)(1 - H(2)) + fr(¢)H(2)) = 6(2)sr, —H <z<B,
8t¢+quaz¢:07 Z>B7

where 6(z) = H'(z), and fr(¢) = b(¢) — ge¢ and fr(¢) == b(¢) + qué are the flux
functions in the clarification (—H < z < 0) and thickening zone (0 < z < B),
respectively. A steady-state solution ¢(z) to (4.1) is a piecewise constant function
of z. For the CCD process, we are interested only in CTs in optimal operation: the
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(a) (b) (c)

1 T
(Z;u I J fron) F
M .

0 1 I I 1
-H 0 2D B 0 ¢ on Py 1 0 0.1 0.2
Gu [cm/s]

Fic. 3. (a) A stationary solution of an idealized CT in optimal operation with a discontinuity
at zp € (0,B). (b) Operating chart for steady-state solutions based on the graph of fr (dashed). (c)
The green region represents the inequalities (4.14). The marked point corresponds to the optimal
steady state shown in the simulations in Sect. 5, with input data g, = 0.5977cms™! and ¢y, = 0.2.

clarification zone and the effluent contain no solids and the thickening zone contains
a discontinuity; see Fig. 3(a).

To state sufficient conditions for such a solution, we recall the following. The
inflection point of fr is independent of ¢, so we can define §, == —b'(Pmax) and
Gu = —b'(¢ina). These are the values of g, for which ff; vanishes at ¢max and
®ing, respectively. For g, < ¢qu < Gu, fr has a local minimizer ¢y > ¢ing. Then
0= fh(ém) = qu + ' (ém). Thus, ¢y depends on gy. Since b is strictly increasing on
(Pinfl, Pmax ), we define

¢max7 O S qu S qu7
on = OM(qu) = (0l (grnmdme))) (= @u)s G < qu < Qu
¢inﬁ7 Gu > §u~

Given ¢n, let ¢m = ¢m(qu) be the unique concentration satisfying fr(ém) = fr(édm),
where 0 < ¢, < ding. For clarity, we henceforth write fr(¢; ¢u) when the dependence
on ¢, is relevant. From [10, Lemma 2], we recall the following result.

LEMMA 4.1. The following properties hold: ¢};(qu) =0 if qu < qu, Py(qu) <0 if
Gu < qu < q:u7 and ¢i\/I(Qu) =0 Zf qu > gu; along with de(¢M(Qu)§QU>/dQU = QI)M(Qu)-
The operating chart of an idealized CT is based on the graph of fr; see Fig. 3(b).

All qualitatively distinct steady states are categorized by the location of the feed point
(¢%, s¢) in this chart; see [10, Th. 1]. If the feed point lies on line segment ¢ in the

chart, that is, if (¢, st) € £ = {(¢, fR(dM)) : Pm < & < Py = frR(OM)/qu}, then the
following optimal-operation stationary solution to (4.1) exists:

0, z <0,

¢m7 0<z<zp,
P(z) =

oM, 2p < z < B,

¢u = fr(dM)/qu, 2> B.

This solution is unique up to the location of the discontinuity at the depth zp € (0, B);
see Fig. 3(a). The conditions for optimal operation are

(4.2) st = fr(dm(qu)),
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(4.3) Pm(qu) < ¢x.

Condition (4.2) states that all solids are transported through the thickening zone. In
fact, by Lemma 4.1, (4.2) determines ¢, uniquely; the right-hand side is an increasing
function of ¢, € [0, Gy] and takes values in [0, fr(¢M(Gu); Gu)] = [0, fR(Pina; Gu)]-

4.2. Optimal steady states in a single CT with smoothed feed inlet.
We now construct an optimal steady state for the model (2.5) with a smoothed feed
inlet. The idealized system (4.1) is replaced by

(4.4) 01 — g0, = 0, z < —H,
(45) 00+ 0.(A(@) (1~ h(2) + fr(@h() = W(2)sr, —H<z<B,
(4.6) Ord + qu0,¢9 =0, z> B,

and seek a piecewise C'! solution ¢ = ¢(z) for a CT in optimal operation. For some
constant flux C' the solution must satisfy, for all —H < z < B,

(4.7) fu(@(2))(1 = h(z)) + (fr(e(2)) — se)h(z) = C.

Optimal operation requires ¢(z) = 0 for z < —e. Eq. (4.7) implies that C' = 0. We
then obtain that the flux in the thickening zone is (let z > ¢) fr(¢(2)) = s¢. Under
condition (4.2), there are two roots: ¢y, and ¢yn. The entropy condition for scalar
conservation laws yields a possible existence of a discontinuity from ¢, to ¢ at any
zp € (g, B). We assume 0 < ¢, < Gy, so that the discontinuity is non-degenerate.

It remains to construct the solution ¢(z) = ¢-(2) in |z| < ¢ satisfying (4.5) with
¢(—e) = 0 and ¢.(g) = ¢m. Since fr(¢) — fL(¢) = gr¢ and s¢ = ¢rr, Equation (4.7)
with C' = 0 can be written f1(¢) + h(z)g:(¢ — ¢¢) = 0, or equivalently,

(4.8) h(z) = H(¢), where H(®) = fr(d)/(ar(¢x — ).

We have H(0) = 0 and H(¢m) = 1 (use (4.2) and the definition of ¢y,). To show that
H(¢) is strictly increasing on [0, ¢n,], we differentiate

H'(¢) = N(¢)/(ar(¢x — 6)*), where N(¢) := (¢r — d)fi(0) + fL(9),

and see that the numerator N satisfies N'(¢) = (¢ — )b (¢) < 0for 0 < ¢ < ppy < %
and N(¢m) = (¢f7¢m)f£(¢m)+fL(¢m) = ((bf*(bm)(fﬁ(d)m)‘i’%) - (¢f7¢m)f1§{(¢m) >
0. Consequently, N(¢) > 0 on [0, ¢n] and, hence H'(¢) > 0 on [0, pn]. We can
therefore define ¢.(z) == H~1(h(z)) for |z| < e. The implicit-function theorem gives
¢ € CL([—¢,¢]) and ¢.(2) = I/ (2)/H (¢e(2)) > 0 for |2] < e.

THEOREM 4.1. If 0 < qu < qu, (4.2) and (4.3) hold, then the following optimal
stationary solution to (4.4)—(4.6) exists:

0, 2z < —¢,

¢a(z)a —e<z<g,
(4.9) o(z) =3 om, € <z < 2p,

oM, 2p < 2z < B,

(bu = fR(¢M)/Qu7 B < Z,

where ¢.(z) € Ct is a strictly increasing function satisfying (4.7) with ¢.(—¢) = 0
and ¢-(€) = ¢m. The solution ¢(z) is unique up to the location of zp € (g, B).
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4.3. Optimal steady states in a CCD circuit. Given the external inlet vol-
ume fraction ¢;, and velocity ¢, > 0, and no solids in the wash water, ¢, = 0, we will
obtain conditions for the control bulk velocities ¢y,1,...,qu,n and gy so that every
CT is in optimal operation. We assume that 0 < gy ; < Gy for all i (see Theorem 4.1),
which is obtained if the cross-sectional area A is sufficiently large.

With ¢.; = 0 in optimal operation, all solids are transported through the thick-
ening zones of all CTs and the stirred tanks (cf. (2.6) and (2.7)):

(410) Sin = qin¢in = Qf,i¢f,i = qu,i(bu,ia 1= 17 v 7N'
Thus, the feed flux to each CT; is s¢ = ¢i¢¢; = Sin. We define every ¢y ; as the
unique solution of (4.2); ¢y = qu1 = ... = qun. Finally, we verify that we may

choose ¢, such that all bulk velocities are non-negative and (4.3) holds for each CT;.
By the last equality in (4.10), ¢, == ¢y, = Sin/qu for all ¢, and (2.3) and (2.4) yield

(4.11) Qo1 =Ge =Qw T Gin —qu >0; @e;=¢qw >0 fori=2,... N,
(4.12) 41 = qw + G5 Qi = qw +qu fori=2,... N.

Consequently, (4.10) implies that

(4.13) o1 = Sin/(¢w + Gin); G0 = Sin/(qw +qu) fori=2,... N.

Condition (4.3) implies the following together with (4.10) and (4.12):

ém(qu) < min{es 1, ¢r o} = sin/ max{qe,1,¢r2} = Sin/(¢w + max{gin, qu}),

which gives an upper bound for g,,. A lower bound follows from (4.11) so that

(414) maX{O, qu — qin} S Qw < 8i11/¢rrl(Qu) - maX{C]in, Qu}

We conclude the results, and recall that fr(¢) = §i(¢,2)/A for e < z < B in (2.5).

THEOREM 4.2. Consider a CCD circuit with N > 2, constant inputs ¢, > 0,
¢in € (05¢max] and ¢W = 0 such that Sin = qinqsin € (vaR(d)inﬂ;éu))- If every qu,; S
(0,qu) is the unique solution to (4.2) and ¢y satisfies (4.14), then there exists an
optimal steady-state solution of the form (4.9) in every CT; with ¢y = Sin/qu, @ =

. N and ¢¢; satisfies (4.13). The CCD steady state is unique up to the locations
of the discontinuities in the thickening zones.

5. Numerical simulations. For ¢ € (0,min{B, H}) we define u(z) via the
classical Friedrichs mollifier, i.e., u(z) = p(2)/I, where ¢(z2) == exp(—1/(1 — (2/¢)?))
for |z| < e and ¢(z) = 0 otherwise, and I := [, ¢(z)dz. Then g is discretized by
py = @(2)/(Az(o(z—5.) + -+ ¢(25.))) for j € T.

5.1. Computation of numerical error. We compute reference solutions for
error tests in Example 1 below and approximate L' errors at different times for the
scheme as follows. We denote by (¢ (t))1<, and ( ;ejf(t))f:“f the numerical solution
for CT; at time t calculated with K and Kt cells, respectively. Notice that all data
are given in the variables ¢;, however, the scheme is computed in terms of the variables
u;; that is, we set q&ZKj = ul{(j/Am, fori=1,...,N and j =1,..., K, where we have
renumbered the cells starting from j = 1 to simplify notation. We compute

ref Z¢§elf?(] 1)+k t R = Kref/K~
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Fic. 4. Ezample 1: All three CTs contain initially water (blue). Darker color is higher solids
volume fraction; cf. Fig. 5. The pipe lengths between the CTs cause time delays in filling them up.

The total approximate L' error of the numerical solution on the K-cell grid at time ¢
and numerical order of convergence are given by

N K

RN (t) = AzY Y | (t) — of(D)

i=1j=1

;o Oxc(t) = logy (eR" (1) /e3% (1))

We compute the error by comparing the numerical solution obtained with K = 10-2¢,
{=1,...,5, grid cells with a reference solution obtained with K, = 1280 cells.

5.2. Two examples. We consider N = 3 laboratory-size CTs with H = 0.6 m,
B =1m, A= 83.65cm? and A} = A = 3.14cm?, i = 1,2,3. The length of all
underflow and overflow pipes is o' = 0 = 2m, hence Z; = 7 := [-2.6,3]m, i = 1,2, 3.
The volumes of the stirred tanks are V; = 100 cm?3. The function b(¢) is specified in
Figure 2(b). These data are the same as in [3] and imply ¢ing = 0.4. We consider
constant inputs: ¢y = 0.2, ¢y = 0, Qin = 50cm3s™! and Qy, = 10cm3s™!, whence
Gin = 0.5977cms ™! and ¢, = 0.1195cm s~ . With these values, the first prerequisite
of Theorem 4.2 is satisfied: s = 0.1195 € (0, fr(dina; Gu)) = (0,0.1635) cms~1. The
constants of the corresponding optimal steady-state solution are

Gu = qui = 0.1356 < Gy = 0.2146, g1 = 0.7173, gro = 0.2552,
g1 = 0.1667, o =0.4685, o1 =0.5817, Qoo = qw, ¢u=0.8815

(with units as above). The constraint (4.14) for ¢, is satisfied (see Fig. 3(c)):
0 < gw = 0.1195 < $in/Pm(qu) — max{qin, qu} = 0.2837.

In Example 1, we consider € = 0.25 (Scenario 1) and & = 0.5 (Scenario 2). Initially,
there is only water in the CCD circuit, i.e., ¢;(2,0) =0, 2 € Z, i = 1,2,3. Then
we manipulate the control variables q,,; as shown in Fig. 4 so the tanks fill up and
eventually reach the optimal steady-state solution described above. For both scenar-
ios, we perform convergence tests at two time points; see Table 1. We simulate until
T = 100s; see Fig. 5, which also demonstrates the convergence of the scheme. In Ex-
ample 2 we start with a concentration profile at the end of Example 1. We change the
control variables ¢, ; so that the system becomes overloaded; see Fig. 6. At ¢t = 120s,
we choose ¢, = 0.1356 cms™! to recover optimal operation.
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Fic. 5. Example 1: (a)—(c) simulated solids volume fractions in the three CTs and in parts of
the outlet pipes, (d), (e) numerical solution at T = 75s for (d) ¢ = 0.25m and (e) e = 0.5m, (f)
approizmate L' errors as a function of the number of grid cells K for the two scenarios.

TABLE 1
Ezample 1 : L' errors and numerical order in Scenarios 1 and 2 of the scheme at times T = 55
and T = 75s. The reference solution is computed by with K..f = 1280.

K etot Ok etot 0K etot % etot O
Scenario 1, T =5s Scenario 1, T'=75s Scenario 2, T =5s Scenario 2, T = 75s

20 6.97e-02 — 4.83e-01 — 6.89e-02 — 5.08e-01 —

40 5.47e-02  0.349  3.29e-01 0.550 5.41e-02  0.348  3.44e-01 0.562
80 3.85e-02 0.505  2.27e-01 0.537 3.81e-02  0.504  2.30e-01 0.577
160 2.39e-02  0.689 1.20e-01 0.912 2.36e-02  0.689 1.24e-01 0.889
320 1.27e-02  0.908  5.76e-02 1.066 1.25e-02  0.910  5.76e-02 1.109

6. Conclusions. We have formulated and analyzed a model of a CCD circuit
consisting of N clarifier-thickeners (CTs) coupled in series, where the effluent from
each CT is fed to its predecessor and the underflow to its successor. Each CT, includ-
ing its outlet pipes, is modeled by a one-dimensional scalar hyperbolic conservation
law with discontinuous flux. The conservation laws are weakly coupled through the
merging of the two incoming streams feeding each CT. In many industrial plants,
these streams are first mixed in a small continuously stirred tank, whose outlet forms
the feed to the next CT. These mixing tanks, which have finite volume, are included
in the model and provide a smoothing effect. Furthermore, whereas the feed to a CT
has often been modeled by a point source, we employ a smooth source with support
of width 2¢, which converges to the Dirac measure as € — 0. This feature is preferred
by practitioners, and our mathematical results are independent of the parameter €.

We have established the well-posedness of the resulting coupled PDE-ODE system
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Fic. 6. Example 2: After varying bulk underflow velocities that cause an overflow, the CCD
circuit is recovered to an optimal operating state.

(a) o1 (b) ¢2 (c) ¢3
1 1 1
06 06 06
04 04 0.4
02 02 02 ‘H.“.‘”l
o o b N
-H 50 -H 50 -H 50
z[m] t[s] z[m] t[s] z[m] t[s]

Fic. 7. Exzample 2: Volume fractions in the three CTs and in parts of the outlet pipes.

with respect to the notion of weak solution introduced in Definition 2.1. Theorem 2.1
provides both a ordering principle and an L'-Lipschitz stability estimate with respect
to the initial data, implying uniqueness. Existence is obtained by proving convergence
of a monotone finite difference scheme under a CFL condition. Moreover, Theorem 3.1
shows that the scheme is globally conservative with respect to the total volume of
the solids in the entire CCD circuit. The analysis can be extended to vessels with
continuously varying cross-sectional area; see [1].

Optimal operation of a CCD circuit means that no solids leave through the efluent
streams, so that all solids are transported through the underflow streams at the highest
possible concentration. For given input data (g, ¢in), we have characterized the
choices of the control variables qu1,...,qu,~n and gy for which an optimal steady
state exists. In this regime, every effluent stream is free of solids, and the first CT
plays a distinctive role. The feed solids concentration is diluted in the first mixing
tank, so that ¢r1 < ¢in, whereas the feeds to the remaining CTs satisfy ¢ro = ... =
¢f,N > ¢in. Example 2 in Sect. 5 illustrates that solids may overflow during transient
operation. To avoid such overflows and to control the sharp discontinuity in the
thickening zone at steady state, one may employ the regulator proposed in [11].

In mineral processing a CCD circuit treats a suspension of ore particles in a leach
solution consisting of water, acid, and dissolved metal. The present work focuses on
the hydrodynamics of the two-phase solid-liquid separation. A more comprehensive
model would also describe the transport of the dissolved liquid components. Notice
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that, whereas optimal steady-state operation requires specific values of the underflow
control variables qu,1,...,qu,n, the wash-water flow rate g, may vary within the
interval given by (4.14); see also Fig. 3(c). This additional degree of freedom could be
exploited to optimize the recovery of dissolved metals while minimizing their loss in
the overall underflow. Such a multiphase model will be investigated in future work.
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