
UNIVERSIDAD DE CONCEPCIÓN
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Abstract. Countercurrent decantation (CCD) is an industrial separation process used to wash
a slurry (solid-liquid suspension) by allowing the wash liquid and the slurry to flow in opposite
directions through a series of clarifier-thickeners (CTs). The solid-liquid two-phase flow dynamics in
a CCD circuit can be represented by a system of N CT models, where the effluent and underflow
streams are fed into neighboring units in opposite directions. The slurry to be treated and the wash
water are fed into the first and the Nth unit, respectively. The final CCD circuit model is formulated
as a system of N weakly coupled, nonlinear first-order conservation laws with discontinuous flux and
smooth source terms combined with N ordinary differential equations representing mixing tanks.
The unknowns are the solids volume fraction in each CT, in the connecting pipes, and in the mixing
tanks. An L1-stability result for weak entropy solutions for the CCD model is established, which in
particular implies uniqueness. It is demonstrated that a monotone finite difference scheme, based on
the Engquist–Osher numerical flux, converges to the unique weak entropy solution. Finally, optimal
steady states of the CCD circuit are characterized, and numerical simulations are presented.
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1. Introduction.

1.1. Scope. Countercurrent decantation (CCD) is an industrial separation pro-
cess used to wash a slurry (solid-liquid suspension) by allowing the wash liquid and
the slurry to flow in opposite directions through a series of continuously operated set-
tling tanks, so-called clarifier-thickeners (CTs). Common applications of CCD include
hydrometallurgy (to recover gold, copper, uranium, and other valuable minerals from
leached ores); chemical processing (to remove impurities from chemical precipitates);
and the food industry (to extract soluble materials from organic matter). The princi-
ple of countercurrent flow states that when water is to act upon solids, both are made
to pass, in contact, in opposite directions, so that at each end the strongest or most
potent portion of either is acting upon the weakest or most exhausted portion of the
other. A CCD circuit consists of a sequence of N of CTs, also called stages, denoted
CTi, i = 1, . . . , N ; see Fig. 1. In each stage, solids settle to the bottom and leave
as underflow, which is fed into CTi+1, while the clarified liquid leaves through the
effluent and is fed into CTi−1. The feed slurry enters CT1, while clean wash water
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Fig. 1. A CCD circuit composed of N clarifier-thickeners CTi connected to mixing tanks Ti.
Red arrows indicate the flow direction of slurry (solids), and blue arrows the wash-water flow.

enters the final unit, CTN , where the solids are already largely washed.
A well-studied mathematical model of a CT is given by a spatially one-dimensional

nonlinear scalar conservation law with discontinuous flux and a possibly singular
source term, where the unknown function is the solids volume fraction in the in-
terior of the unit, the effluent, and the underflow pipes [6,7,9,11]. We herein model a
CCD circuit based on N versions of the known CT model, modified to include effluent
and underflow pipes of finite length to connect with neighboring CTs, a mixing tank
that receives the incoming streams from neighboring units and converts them into the
feed stream (see Fig. 2(a)), and a distributed feed source within each CT.

The governing model can be summarized as follows. We assume that the interior
of each CTi occupies the depth interval z ∈ [−H,B] and has constant cross-sectional
area A, that its effluent tube has length σe

i and cross-sectional area Ae
i , and that σu

i

and Au
i are the analogous constants for the underflow tube; see Fig. 1. Thus, each CTi

corresponds to the z-interval Ii := [−H − σe
i , B + σu

i ] and a piecewise constant cross-
sectional area Ai = Ai(z). Furthermore, we assume that Qu,i(t) and Qe,i(t) are the
underflow and effluent flows leaving CTi, qu,i(t) := Qu,i(t)/A, qe,i(t) := Qe,i(t)/A, and
that b(ϕ) = ϕv(ϕ) is the non-negative batch hindered-settling function, where v(ϕ)
is the hindered-settling velocity and ϕ is the solids volume fraction. We denote by
ϕi(z, t) the solids volume fraction in CTi and define the conserved variables ui(z, t) :=
Ai(z)ϕi(z, t), i = 1, . . . , N , along with b̃(ui(z, t)) := b(ui(z, t)/Ai(z)). We denote by
µ(z) a compactly supported smooth function of unit mass centered around z = 0
and by h(z) its primitive, and define Si(z, t) to be the source term for CTi (specified
later), which depends on Qe,i+1(t) (or Qw(t) for i = N) and on Qu,i−1(t) (or Qin(t) for
i = 1), and the corresponding concentrations ϕu,i−1(t) := ϕi−1(B + σu

i−1, t), etc., via
the solution of an ordinary differential equation (ODE) representing the solids mass
balance of mixing tank Ti. The governing PDE model can be expressed as a system
of N conservation laws with discontinuous flux weakly coupled via source terms

∂tui + ∂z
(
gi(ui, z, t)

)
= Si(z, t), z ∈ Ii, t > 0, i = 1, . . . N, where

gi(ui, z, t) :=


−(Qe,i(t)/A

e
i )ui, −H − σe

i < z < −H,(
(h(z)− 1)qe,i(t) + h(z)qu,i(t)

)
ui +Ab̃(ui), −H < z < B,

(Qu,i(t)/A
u
i )ui, B < z < B + σu

i ,

(1.1)

supplied with suitable initial conditions and control functions. Clearly, solutions of
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this initial value problem (IVP) will in general be discontinuous.
It is the purpose of the present work to introduce a concept of weak entropy

solution to this IVP and to prove a stability result for weak entropy solutions that
in particular implies uniqueness. Moreover, we develop a monotone finite difference
scheme consistent with (1.1) and prove its convergence to the unique weak entropy
solution, thereby establishing the well-posedness of the model. We also analyze steady
states in a CCD circuit, which leads to sufficient conditions on the control functions
for the existence of stationary solutions for so-called optimal operation of the CCD
circuit. The difference scheme is applied to simulate the transient dynamics of the
system, including the recovery of optimal steady-state operation after a perturbation.

1.2. Related work. Engineering descriptions of CCD circuits and their appli-
cations can be found in [12, 19, 20] and [21, Ch. 16] (see also the references therein).
For the formulation, analysis, and numerical approximation of CT models governed
by conservation laws with discontinuous flux and a singular feed source, as well as
extensions to suspensions that form compressible sediments (leading to an additional
degenerate diffusion term that is not considered herein), we refer to [6, 7, 9]. Our
analysis also builds on results concerning the well-posedness and numerical analysis
of conservation laws and related equations with fluxes that depend discontinuously on
the spatial variable; which include [5,8,17,18]. The present analysis is particularly mo-
tivated by models of multilane vehicular traffic analyzed by Holden and Risebro [16]
and Goatin and Rossi [14]. Their structure resembles that of (1.1). In both settings,
N continua are considered in parallel (traffic lanes in [14, 16]), the evolution of the
density in each continuum is governed by a scalar conservation law (the Lighthill–
Whitham–Richards model in the traffic setting), and the continua are weakly coupled
through source terms describing lane changes. The principal novelty of [14], com-
pared with [16], is the inclusion of spatial discontinuities in both the speed law and
the number of lanes. In both cases, the resulting model is a weakly coupled system
of conservation laws similar to (1.1). However, in contrast to the models in [14, 16]
we herein consider a collection of finite spatial domains (CT units) I1, . . . , IN , and
the source term describing the transfer of solids from one unit to the other depends
on the solution values at the endpoint of each domain. Thus, we need to ensure that
these values are well defined as traces. This property is ensured since the governing
model is linear on intervals of positive length adjacent to each of the endpoints of each
interval Ii, in conjunction with a technique of providing local spatial BV bounds of
approximate solutions (originally introduced in [5]) that applies to z-intervals that
avoid flux discontinuities, but that may include one of the endpoints of Ii.

1.3. Outline of the paper. The remainder of the paper is organized as follows.
In Sect. 2, we formulate the CCD model, discuss the choice of feed and underflow bulk
flows as control variables, describe the mixing tank associated with each CT unit, state
the assumptions on the model functions and initial data, introduce a notion of entropy
weak solutions, and prove an L1-stability result implying uniqueness. Sect. 3 presents
a monotone finite-difference scheme for the governing IVP and proves its convergence
to the unique entropy solution. In Sect. 4, we investigate stationary solutions of the
CCD model. After reviewing the corresponding idealized model with a point source,
we characterize optimal steady-state solutions for the smoothed model and for the
complete CCD circuit. Sect. 5 presents two numerical examples for a CCD circuit
with N = 3 CTs, illustrating the attainment and recovery of optimal steady-state
operation. Finally, Sect. 6 contains some concluding remarks.
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2. A model of a countercurrent decantation (CCD) circuit. We consider
a CCD circuit consisting of N ≥ 2 clarifier-thickeners CT1, . . . ,CTN , each equipped
with a stirred mixing tank T1, . . . ,TN at its feed inlet (see Fig. 1).

2.1. Bulk flows and control variables. The external feed flow Qin and solids
volume fraction ϕin are prescribed. The wash water flow Qw and the underflows
Qu,1, . . . , Qu,N are considered to be N + 1 control variables. The wash water solids
volume fraction is usually ϕw = 0, but may be nonzero if the wash water is recycled.
We assume that all volumetric flows are non-negative and time dependent. We assume
conservation of volume across each CT, so that the feed, effluent, and underflow satisfy

Qf,i = Qe,i +Qu,i, i = 1, . . . , N.(2.1)

We define the auxiliary variables of inflow Qu,0 := Qin and Qe,N+1 := Qw, and outflow
Qu := Qu,N and Qe := Qe,1, and use analogous notation for the corresponding solids
volume fractions. The volume conservation at each feed inlet is expressed as

Qf,i = Qu,i−1 +Qe,i+1, i = 1, . . . , N.(2.2)

For simplicity, we assume that all CTs are identical and have the constant cross-
sectional area A (however, the pipe lengths and diameters may be different). Each
volumetric flow into and out of CTi is then related to a bulk velocity qf,i := Qf,i/A,
etc. The 2N equations (2.1) and (2.2) uniquely determine the 2N unknown feed
and effluent bulk velocities qf,i and qe,i, i = 1, . . . , N , for prescribed input flows and
control variables. Equations (2.1) and (2.2) imply qe,i = qe,i+1 + qu,i−1 − qu,i for
i = 1, . . . , N . Solving the recursion backward from CTN , we obtain the effluent bulk
velocities, which we require to be nonnegative:

qe,N = qe,N+1 + qu,N−1 − qu,N = qw − qu + qu,N−1 ≥ 0,

qe,N−1 = (qw − qu + qu,N−1) + qu,N−2 − qu,N−1 = qw − qu + qu,N−2 ≥ 0, . . .

qe,1 = qw − qu + qu,0 = qw − qu + qin ≥ 0.

(2.3)

The last equality immediately yields global volume conservation.

Lemma 2.1. Global volume conservation holds: qw + qin = qe + qu.

For the nonnegative feed bulk velocities, we obtain the explicit expressions

qf,1 = qu,1 + qe,1 = qu,1 + qw − qu + qin,

qf,2 = qu,2 + qe,2 = qu,2 + qw − qu + qu,1, . . .

qf,N = qu,N + qe,N = qu + qw − qu + qu,N−1.

(2.4)

2.2. CCD model in final form. We recall that each CTi is associated with
the cross-sectional area

Ai(z) =


Ae

i for −H − σe
i < z < −H,

A for −H ≤ z ≤ B,

Au
i for B < z < B + σu

i .

We assume that maxi,z Ai(z) = A. The feed volume fraction ϕf,i(t) to CTi depends
on the effluents and underflows of neighboring CTs, as will be detailed below. Each
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Fig. 2. (a) Completely mixed tank Ti with volume Vi whose outlet stream is fed into CTi,
(b) function b(ϕ) = ϕv(ϕ) = vStϕ(e

−rVϕ − erVϕmax )/(1− e−rVϕmax ), where vSt = 1.5 cm s−1 is the
Stokes velocity, rV = 5 is a dimensionless constant, and ϕmax = 1.0 is the maximum concentration.
The maximum point ϕ̂ and the inflection point ϕinfl are marked. We set b(ϕ) := 0 outside [0, 1].

CTi is modeled by the conservation law with discontinuous flux and source term

∂t
(
Ai(z)ϕi

)
+ ∂z

(
g̃i(ϕi, z, t)

)
= µ(z)Qf,i(t)ϕf,i(t), z ∈ Ii, t > 0,

g̃i(ϕi, z, t) :=


−Qe,i(t)ϕi, −H − σe

i < z < −H,(
(h(z)− 1)Qe,i(t) + h(z)Qu,i(t)

)
ϕi +Ab(ϕi), −H < z < B,

Qu,i(t)ϕi, B < z < B + σu
i ,

(2.5)

where µ ∈ C1
c (R) is assumed to satisfy µ ≥ 0, suppµ ⊂ (−ε, ε) for some ε ∈

(0,min{B,H}), and
∫
R µ(z) dz = 1. Moreover, we define h(z) :=

∫ z

−∞ µ(ζ) dζ.
To model the coupling between the units we denote by ϕe,i(t) := ϕi(−H − σe

i , t)
and ϕu,i(t) := ϕi(B + σu

i , t) the effluent and underflow volume fractions of CTi at
time t, measured at the end of the corresponding tubes. For CTi we assume that the
streams coming from the neighboring units enter a completely mixed tank Ti with
volume Vi whose outlet stream with solid volume fraction ϕf,i(t) is fed into CTi; see
Fig. 2(a). We denote the solid volume per time unit entering Ti by

Mi(t) := ϕu,i−1(t)Qu,i−1(t) + ϕe,i+1(t)Qe,i+1(t), i = 1, . . . , N.(2.6)

Then ϕf,i(t), i = 1, . . . , N , is the solution to the ODE

Vi
dϕf,i
dt

= Mi(t)− ϕf,i(t)Qf,i(t), t > 0,(2.7)

given the initial datum ϕf,i(0), i = 1, . . . , N . The solution is

ϕf,i(t) =
1

Ei(t)

(
ϕf,i(0) +

1

Vi

∫ t

0

Ei(τ)Mi(τ) dτ

)
, Ei(t) := exp

(∫ t

0

Qf,i(τ) dτ/Vi

)
.

Besides the conserved variables ui(z, t) = Ai(z)ϕi(z, t), i = 1, . . . , N (cf. Sect. 1.1),
we also define uf,i(t) := Aϕf,i(t), uw(t) := Aϕw(t) and Si(z, t) := µ(z)qf,i(t)uf,i(t).
Then we obtain the final governing model, which is a coupled ODE-PDE system con-
sisting of N PDEs (1.1) coupled with the N ODEs (2.7) supplied with the initial
conditions

ui(z, 0) = u0i (z) = Ai(z)ϕi(z, 0) = Ai(z)ϕ
0
i (z), z ∈ Ii;

uf,i(0) = u0f,i = Aϕ0f,i, i = 1, . . . , N.
(2.8)
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2.3. Assumptions. We assume that ϕ0i (z) = u0i (z)/Ai(z) satisfies ϕ
0
i ∈ L1(Ii)∩

L∞(Ii; [0, 1]) ∩ BV (Ii) for all i = 1, . . . , N , and that ϕin, ϕw ∈ L∞([0, T ]; [0, 1]) ∩
L1([0, T ]) ∩ BV ([0, T ]) and Qin, Qw, Qu,1, . . . , Qu,N ∈ L∞([0, T ];R+

0 ) ∩ L1([0, T ]) ∩
BV ([0, T ]). (Analogous properties hold for uin, uw, u

0
i , qu,i for i = 1, . . . , N , etc.) For

simplicity, we set ϕmax = 1. Furthermore, we require that the constitutive function
satisfies b(ϕ) = 0 for ϕ ≤ 0 and ϕ ≥ 1, b(ϕ) > 0 for 0 < ϕ < 1, that there exists
ϕ̂ ∈ (0, 1) such that b′(ϕ) > 0 for 0 < ϕ < ϕ̂, b′(ϕ̂) = 0, that b′(ϕ) < 0 for ϕ̂ < ϕ < 1,
and that b has an inflection point ϕinfl ∈ (0, 1). A sample function b(ϕ), which will
also be used for the numerical examples of Sect. 5, is provided in Fig. 2(b).

2.4. Weak entropy solution. Motivated by [14, Def. 1.2] we define a weak
entropy solution of (1.1), (2.8), where Πi,T := Ii × [0, T ] for T > 0, i = 1, . . . , N .

Definition 2.1 (Weak entropy solution). The functions ui = Ai(z)ϕi with ϕi ∈
L∞(Πi,T ; [0, 1]) for i = 1, . . . , N , are said to form a weak entropy solution to the IVP
(1.1), (2.8) if the following conditions are satisfied:

(i) The following (trace) functions exist and assume values in [0, 1]:

ϕu,i(t) = lim
z→(B+σu

i )
−
ϕi(z, t) = lim

z→(B+σu
i )

−
ui(z, t)/A

u
i , i = 1, . . . , N − 1,

and ϕe,i(t) = lim
z→(−H−σe

i )
+
ϕi(z, t) = lim

z→(−H−σe
i )

+
ui(z, t)/A

e
i , i = 2, . . . , N,

Moreover, they have bounded variation, i.e., there exists a constant C1 such that
TV[0,T ] ϕu,i ≤ C1 for i = 1, . . . , N − 1 and TV[0,T ] ϕe,i ≤ C1 for i = 2, . . . , N .

(ii) For any test function φi ∈ C1
c ([0, T )× Ii;R) there holds

∫ T

0

∫
Ii

(
ui∂tφi + gi(ui, z, t)∂zφi + Si(z, t)φi

)
dz dt+

∫
Ii

u0i (z)φi(z, 0) dz = 0.(2.9)

(iii) For any test function φi ∈ C1
c ([0, T )× Ii;R+) and any k ∈ R there holds

∫ T

0

∫
Ii

(
|ui − k|∂tφi + sgn(ui − k)

(
(gi(ui, z, t)− gi(k, z, t))∂zφi + Si(z, t)φ

))
dz dt

+

∫
Ii

|u0i − k|φi(z, 0) dz +

∫ T

0

∑
ζ∈{−H,B}

∣∣gi(k, ζ+, t)− gi(k, ζ
−, t)

∣∣φi(ζ, t) dt ≥ 0.

2.5. Stability and uniqueness of weak entropy solutions. The following
theorem ensures that solutions to the IVP (1.1), (2.8) depend L1 Lipschitz continu-
ously on the initial data; hence, they are unique.

Theorem 2.1. Assume that u := (u1, . . . , uN ) and v := (v1, . . . , vN ) are weak
entropy solutions to the IVP (1.1), (2.8) with the respective initial functions u0i and v0i ,
i = 1, . . . , N . We also denote by ϕf,i, ϕin and ϕw the feed functions associated with u,
and by ψf,i, ψin and ψw those associated with v. Then we have the following properties.

(i) There holds an ordering principle in the following sense: if ϕf,i(0) ≤ ψf,i(0), and
for all s ∈ [0, T ], ϕin(s) ≤ ψin(s) and ϕw(s) ≤ ψw(s); and in addition ui(z, 0) ≤
vi(z, 0) for all z, then ui(z, t) ≤ vi(z, t) for all (z, t) ∈ Πi,T , and all i = 1, . . . , N .
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(ii) Let V := min{V1, . . . , VN} and Q̂f(t) := max{Qf,1(t), . . . , Qf,N (t)}. Then

N∑
i=1

∥∥ui(·, t)− vi(·, t)
∥∥
L1(Ii)

≤ exp

(∫ t

0

Q̂f(τ)

V
dτ

)
×

×
(

N∑
i=1

∥∥ui(·, 0)− vi(·, 0)
∥∥
L1(Ii)

+

N∑
i=1

∣∣ϕf,i(0)− ψf,i(0)
∣∣ ∫ t

0

Qf,i(τ) dτ

+

∫ t

0

Q̂f(τ)

V

∫ τ

0

(
Qin(s)

∣∣ϕin(s)− ψin(s)
∣∣+Qw(s)

∣∣ϕw(s)− ψw(s)
∣∣) dsdτ)

(2.10)

for a.e. t ∈ [0, T ]. In particular, if we choose ui(z, 0) = vi(z, 0) for almost all z ∈ Ii,
ϕf,i(0) = ψf,i(0), and ϕin(s) = ψin(s) and ϕw(s) = ψw(s) for almost all s ∈ [0, T ], we
obtain uniqueness of an entropy weak solution.

Before proving Theorem 2.1 we recall an auxiliary result. If ω ∈ C∞
0 satisfies

ω ≥ 0, suppω ⊂ (−1, 1), and ∥ω∥L1(R) = 1, then ωh(z) := ω(z/h)/h is a standard
mollifier with support in (−h, h), h > 0. For h > 0 and a < b we then define ρh(z) :=∫ z

−∞ ωh(ξ) dξ, µh,a(z) := 1− ρh(z − (a+ 2h)), and νh,b(z) := ρh(z − (b− 2h)). Then
|µ′

h,a(z)|, |ν′h,b(z)| ≤ Cµ/h with a constant Cµ that is independent of h. Moreover,
these functions have the following well-known property (cf., e.g., [4]):

Proposition 2.1. Let v ∈ L1((0, T );L∞(a, b)). If the traces γav := (γv)(a, t)
and γbv := (γv)(b, t) exist a.e. on (0, T ), then for φ ∈ C∞((a, b)× (0, T )) there holds

∫ b

a

∫ T

0

∂z
(
φ(z, t)(µh,a(z) + νh,b(z))

)
v(z, t) dtdz

h↓0−→
∫ T

0

(
φ(b, t)γbv − φ(a, t)γav

)
dt.

Proof of Theorem 2.1. We partially follow the proof of [14, Th. 2.9], which in turn
is partially based on treatments in [8, 16, 18]. We fix i ∈ {1, . . . , N}. Then, following
[18, Th. A.1 and (2.22)] we deduce that for any φi ∈ C1

c ((0, T )× Ii\{−H,B};R+),

−
∫ T

0

∫
Ii

(
|ui − vi|∂tφi + sgn(ui − vi)

(
gi(ui, z, t)− gi(vi, z, t)

)
∂zφi

+ sgn(ui − vi)
(
Si(z, t)− S̃i(z, t)

)
φi

)
dz dt ≤ 0,

(2.11)

where Si(z, t) and S̃i(z, t) denote the source terms pertaining to u and v, respectively.
Noticing that ui and vi satisfy item (ii) in Definition 2.1 and following [16, Th. 3.3],
we subtract from (2.11) equation (2.9) for ui and add (2.9) for vi to obtain

−
∫ T

0

∫
Ii

(
(ui − vi)

+∂tφi +H(ui − vi)
(
gi(ui, z, t)− gi(vi, z, t)

)
∂zφi

+H(ui − vi)
(
Si(z, t)− S̃i(z, t)

)
φi

)
dz dt ≤ 0

(2.12)

for any φi ∈ C1
c ((0, T ) × Ii\{−H,B};R+), and where a+ := max{a, 0} and a− :=

min{a, 0}. Following a procedure similar to that of [18, Th. 2.1] we may extend (2.12)
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to Φi ∈ C1
c (Ii × (0, T );R+) and obtain

−
∫ T

0

∫
Ii

(
(ui − vi)

+∂tΦi +H(ui − vi)
(
gi(ui, z, t)− gi(vi, z, t)

)
∂zΦi

+H(ui − vi)
(
Si(z, t)− S̃i(z, t)

)
Φi

)
dz dt

≤ E :=

∫ T

0

∑
ζ∈{−H,B}

[
H(ui − vi)

(
gi(ui, z, t)− gi(vi, z, t)

)]z=ζ+

z=ζ− Φi(ζ, t) dt

(2.13)

for all Φi ∈ C1
c (Ii × (0, T );R+). Notice that since Ae

i < A and Au
i < A, the fluxes

gi
(
u, (−H)−, t

)
= −

(
Qe,i(t)/A

e
i

)
u and gi

(
u, (−H)+, t

)
= −

(
Qe,i(t)/A

)
u+Ab̃(u)

defined by (1.1) and adjacent to ζ = −H satisfy the “crossing condition” (cf. [6,18]),
which states that if f(u) and g(u) denote the fluxes to the right and to the left adjacent
to a discontinuity (considering, e.g., ut + (H(x)f(u) + (1 − H(x))g(u))x = 0), then
these fluxes either do not cross or if they do, then the graph of g(u) lies above that
of f(u) to the left of any intersection point. Similarly, the fluxes

gi(u,B
−, t) =

(
Qu,i(t)/A

)
u+Ab̃(u) and gi(u,B

+, t) =
(
Qu,i(t)/A

u
i

)
u

adjacent to ζ = B also satisfy the crossing condition, which implies that E ≤ 0 (cf.,
e.g., [6, Th. 2.1]). We again follow [16, Th. 3.3] and for τ ∈ (0, T ] and sufficiently
small h choose Φ = χh,[0,τ ](t)(1− µh(z)− νh(z)), where χh,[0,τ ] ≈ χ[0,τ ]. Since

−
∫ T

0

∫
Ii

H(ui − vi)
(
gi(ui, z, t)− gi(vi, z, t)

)
∂z
(
1− µh(z)− νh(z)

)
χ̃h,[0,τ ] dz dt

h↓0−→
∫ τ

0

(
Qu,i(t)

Au
i

(
uui (t)− vui (t)

)+
+
Qe,i(t)

Ae
i

(
uei (t)− vei (t)

)+)
dt =: Θ̃i(τ),

we deduce from (2.13) and E ≤ 0 that Θi(t) :=
∫
Ii
(ui(z, t)− vi(z, t))

+ dz + Θ̃i(t) and
Ri(t) :=

∫ t

0

∫
Ii
H(ui − vi)(Si(z, τ)− S̃i(z, τ)) dz dτ satisfy the inequality

Θi(t) ≤
∫
Ii

(
ui(z, 0)− vi(z, 0)

)+
dz +Ri(t) = Θi(0) +Ri(t).(2.14)

Clearly, considering that always Ei(τ) ≥ 1, we obtain

Ri(t) ≤
∫ t

0

∫
Ii

(
Si(z, τ)− S̃i(z, τ)

)+
dz dτ =

∫ t

0

Qf,i(τ)
(
ϕf,i(τ)− ψf,i(τ)

)+
dτ

≤
∫ t

0

Qf,i(τ)

((
ϕf,i(0)− ψf,i(0)

)+
+

1

Vi

∫ τ

0

(
Qu,i−1(s)

Au
i−1

(
uui−1(s)− vui−1(s)

)+
+
Qe,i+1(s)

Ae
i+1

(
uei+1(s)− vei+1(s)

)+)
ds

)
dτ.

Let us now define Θ(t) := Θ1(t) + · · ·+ΘN (t) and R(t) := R1(t) + · · ·+RN (t). Then

R(t) ≤
∫ t

0

Q̂f(τ)

V

∫ τ

0

N∑
i=1

(
Qu,i−1(s)

Au
i−1

(
uui−1(s)− vui−1(s)

)+
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+
Qe,i+1(s)

Ae
i+1

(
uei+1(s)− vei+1(s)

)+)
dsdτ

+

N∑
i=1

(
ϕf,i(0)− ψf,i(0)

)+ ∫ t

0

Qf,i(τ) dτ

≤
∫ t

0

Q̂f(τ)

V

∫ τ

0

N∑
i=1

(
Qu,i(s)

Au
i

(uui (s)− vui (s)
)+

+
Qe,i(s)

Ae
i

(uei (s)− vei (s)
)+)

dsdτ

+

∫ t

0

Q̂f(τ)

V

∫ τ

0

(
Qin(s)

(
ϕin(s)− ψin(s)

)+
+Qw(s)

(
ϕw(s)− ψw(s)

)+)
dsdτ

+

N∑
i=1

(
ϕf,i(0)− ψf,i(0)

)+ ∫ t

0

Qf,i(τ) dτ.

Thus, summing (2.14) from i = 1 to N , we arrive at the inequality

Θ(t) ≤ Θ(0) +

∫ t

0

Q̂f(τ)

V
Θ(τ) dτ +

N∑
i=1

(
ϕf,i(0)− ψf,i(0)

)+ ∫ t

0

Qf,i(τ) dτ

+

∫ t

0

Q̂f(τ)

V

∫ τ

0

(
Qin(s)

(
ϕin(s)− ψin(s)

)+
+Qw(s)

(
ϕw(s)− ψw(s)

)+)
dsdτ.

By Grönwall’s inequality we obtain

Θ(t) ≤ exp

(∫ t

0

Q̂f(τ)

V
dτ

)(
Θ(0) +

N∑
i=1

(
ϕf,i(0)− ψf,i(0)

)+ ∫ t

0

Qf,i(τ) dτ

+

∫ t

0

Q̂f(τ)

V

∫ τ

0

(
Qin(s)

(
ϕin(s)− ψin(s)

)+
+Qw(s)

(
ϕw(s)− ψw(s)

)+)
dsdτ

)
.

(2.15)

If the feed control functions associated with u and v are ordered in the sense stated
in item (i), then (2.15) reduces to Θ(t) ≤ Θ(0) exp (

∫ t

0
(Q̂f(τ)/V )dτ). Consequently,

if in addition ui(z, 0) ≤ vi(z, 0) for all z and all i = 1, . . . , N , then Θ(0) = 0, and we
get Θ(t) = 0 for all t ∈ [0, T ], i.e., ui(z, t) ≤ vi(z, t) for all z and t. This concludes
the proof of item (i). Finally, there holds a second version of (2.15) with u and v
interchanged. Suppose that Θ̂(t) is the version of Θ(t) for that case. Summing (2.15)
and its analog for Θ̂(t) and noticing that

∑N
i=1 ∥ui(·, 0)− vi(·, 0)∥L1(Ii) = Θ(0) + Θ̂(0)

as well as
∑N

i=1 ∥ui(·, t)− vi(·, t)∥L1(Ii) ≤ Θ(t) + Θ̂(t) we obtain (2.10).

3. Numerical method. We discretize all intervals Ii by cells Ij := [zj− 1
2
, zj+ 1

2
),

j ∈ Z, with cell interfaces zj∓ 1
2
:= (j∓ 1

2 )∆z and centers zj := j∆z. Similarly, the time

interval [0, T ] is discretized as tn = n∆t for n = 0, . . . ,M , where M = ⌊T/∆t⌋ + 1.
We take a spatial meshwidth ∆z and a time step ∆t, subject to the CFL condition

∆tmax

(
2

∆z
max

1≤i≤N

{∥Qe,i∥∞
Ae

i

,
∥Qu,i∥∞
Au

i

}
+

∥b̃′∥∞
∆z

, max
1≤i≤N

∥Qf,i∥∞
2Vi

)
≤ 1

2
(CFL)

In the remainder of the present Sect. 3, it is always assumed that (CFL) is in effect
and that λ = ∆t/∆z is kept constant.
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3.1. Discretization of the CCD model. The points z = −H and z = B are
assumed belong to one cell Ij−H

and IjB , respectively. Similarly, the endpoints of the
pipes at z = −H − σe

i and z = B + σu
i are located within Ije,i and Iju,i

, respectively,
where je,i < j−H and ju,i > jB . We discretize the initial condition (2.8) by

u0i,j :=
1

∆z

∫ z
j+1

2

z
j− 1

2

u0i (z) dz, j ∈ Ji := {je,i, . . . , ju,i}, i = 1, . . . , N ;(3.1)

the approximate values uni,j for n = 1, . . . ,M are understood as analogous cell aver-
ages. We discretize given time-dependent functions by unf := 1

∆t

∫ tn+1

tn
uf(t) dt, etc.,

and all z-dependent parameters on a grid that is staggered with respect to that of uni,j ,
following, e.g., [6,7,17]). Thus, we define jε := ⌈ε/∆z⌉ and µj :=

1
∆z

∫
Ij
µ(z) dz, where

we notice that µj = 0 if j < −jε or j > jε and µj ≤ ∥µ∥∞ for all j, along with

hj+ 1
2
:= h(zj+ 1

2
) =

∫ z
j+1

2

−H

µ(z) dz = ∆z(µj−H
+ · · ·+ µj),(3.2)

and introduce the parameters

γ1,n
i,j+ 1

2

:= hj+ 1
2
(qne,i + qnu,i), γ2j+ 1

2
:=

{
A if j = j−H , . . . , jB ,

0 otherwise,
(3.3)

γ3,n
i,j+ 1

2

:=


−Qn

e,i/A
e
i , j = je,i − 1, . . . , j−H − 1,

−qne,i, j = j−H , . . . , jB ,

Qn
u,i/A

u
i − qne,i − qnu,i, j = jB + 1, . . . , ju,i,

(3.4)

Finally, we discretize the ODE (2.7) by a first-order explicit Euler step, i.e.,

unf,i =

{
u0f,i, n = 0,

un−1
f,i +∆t(AMn−1

i − un−1
f,i Qn−1

f,i )/Vi, n = 1, . . . ,M,
(3.5)

and use unf,i to define the approximate source term

Sn
i,j := µju

n
f,iq

n
f,i = (hj+ 1

2
− hj− 1

2
)unf,iq

n
f,i/∆z.(3.6)

3.2. Marching formula. The numerical flux is a combination of the upwind
flux for the linear part and the Engquist–Osher flux for the nonlinear portion involv-
ing b̃(u). To define it we introduce the Engquist–Osher numerical flux [13]

B(γ2, γ3;u, v) :=
∫ u

0

max
{
0, γ3 + γ2b̃′(s)

}
ds+

∫ v

0

min
{
0, γ3 + γ2b̃′(s)

}
ds,

where we recall that b̃(0) = 0. Considering that γ1,n
i,j+ 1

2

≥ 0, we introduce

Fn
i,j+ 1

2
(u, v) := γ1,n

i,j+ 1
2

u+ B
(
γ2j+ 1

2
, γ3,n

i,j+ 1
2

;u, v
)
.(3.7)

Collecting the ingredients, recalling the difference operators acting on the spatial index
∆±ui,j := ±(ui,j±1 − ui,j), and defining λ := ∆t/∆z, we obtain the scheme

un+1
i,j = uni,j − λ∆−Fn

i,j+ 1
2

(
uni,j , u

n
i,j+1

)
+∆t Sn

i,j

=: Hn
i,j(u

n,un−1), j ∈ Ji, i = 1, . . . , N, n = 0, . . . ,M − 1.
(3.8)
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where un := {uni,j : j ∈ Ji, i = 1, . . . , N}, and unf,i in (3.6) is given by (3.5). (Note
that H0

i,j depends on u0 only.) Here it is assumed that the coupling conditions (2.1)
and (2.2) are in effect. In view of the regularity assumptions in Sect. 2.3 on ϕ0i
(equivalently, u0i ) there exists a constant C2 independent of (∆z,∆t) such that

ju,i∑
j=je,i

∣∣λ∆−F0
i,j+ 1

2

(
u0i,j , u

0
i,j+1

)
−∆t S0

i,j

∣∣ ≤ C2 for all i = 1, . . . , N .

The piecewise constant approximate solutions u∆1 , . . . , u
∆
N are given by

u∆i (z, t) :=

ju,i∑
j=je,i

M−1∑
n=0

χIj (z)χ[tn,tn+1)(t)u
n
i,j , i = 1, . . . , N, (z, t) ∈ Πi,T ,(3.9)

where χΩ refers to the characteristic function of the set Ω. To go back to the original
independent volume fractions, we first define

Ai,j :=


Ae

i , j = je,i − 1, . . . , j−H − 1,

A, j = j−H , . . . , jB ,

Au
i , j = jB + 1, . . . , ju,i

j ∈ Ji, i = 1, . . . , N.

then ϕni,j := uni,j/Ai,j , and finally the piecewise constant approximate solution ϕ∆i (z, t)
in analogy with (3.9).

Theorem 3.1. The scheme is conservative in the following sense. We define the
volume of solids, the so-called inventory, contained in the discrete version of CTi (in-
cluding the tank Ti) at time tn by Sn

i :=
∑

j∈Ji
∆zAi,jϕ

n
i,j + Viϕ

n
f,i, and the inventory

of the whole CCD circuit by Sn := Sn
1 + · · ·+ Sn

N . Then

Sn+1 − Sn = ∆t
(
Qn

wϕ
n
w −Qn

e ϕ
n
e +Qn

inϕ
n
in −Qn

uϕ
n
u

)
.(3.10)

Proof. Using that
∑

j∈Ji
µj =

1
∆z along with (3.5) and (3.6) we get

Sn+1
i − Sn

i = −∆tFn
i,ju,i+

1
2

(
unju,i

, unju,i+1

)
+∆tFn

i,je,i− 1
2

(
unje,i−1, u

n
je,i

)
+∆z∆t

∑
j∈Ji

µju
n
f,iq

n
f,i + Vi

(
ϕn+1
f,i − ϕnf,i

)
= ∆t

(
−Qn

u,iϕ
n
ju,i

−Qn
e,iϕ

n
je,i +Qn

f,iϕ
n
f,i +Mn

i −Qn
f,iϕ

n
f,i

)
= ∆t

(
−Qn

u,iϕ
n
ju,i

−Qn
e,iϕ

n
je,i +Qn

u,i−1ϕ
n
ju,i−1

+Qn
e,i+1ϕ

n
je,i+1

)
.

Summing the last identity from i = 1 to N and applying cancellations, we obtain

Sn+1 − Sn = ∆t
(
Qn

e,N+1ϕ
n
e,N+1 −Qn

e,1ϕ
n
e,1 +Qn

u,0ϕ
n
u,0 −Qn

u,Nϕ
n
u,N

)
,

which implies (3.10) in light of the conventions in Sect. 2.1.

3.3. Convergence of the scheme. In what follows, we derive a series of prop-
erties and compactness estimates of the scheme (3.8) that will eventually allow us to
appeal to standard arguments to prove convergence of approximate solutions to the
unique entropy solution of the IVP (1.1), (2.8).

Lemma 3.1. The scheme (3.8) is monotone, i.e.,

∂un+1
i,j /∂unl,k ≥ 0 for all i, l = 1, . . . , N ; j ∈ Ji; and k ∈ Jl.(3.11)
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Proof. The source term Sn
i,j (cf. (3.5), (3.6)) is a linear combination of compo-

nents of un−1 with nonnegative coefficients if 1 − ∆tQn−1
f,i /Vi ≥ 0, which follows

from (CFL); hence, ∂Sn
i,j/∂u

m
l,k ≥ 0 for all indices listed in (3.11). Thus, to prove

monotonicity of (3.8), it suffices to recall that if (CFL) holds, then for all i = 1, . . . , N
the scheme ηn+1

i,j = ηni,j − λ∆−Fn
i,j+ 1

2

(ηni,j , η
n
i,j+1) is monotone since both the upwind

and Engquist–Osher numerical fluxes in (3.7) are increasing in u and decreasing in v.

Lemma 3.2. The scheme (3.8) satisfies an invariant region principle, i.e., if
0 ≤ ϕmi,j = umi,j/Ai,j ≤ 1 for all i = 1, . . . , N , j ∈ Ji, and m = n − 1, n (if n ≥ 1,
otherwise m = 0), then 0 ≤ ϕn+1

i,j = un+1
i,j /Ai,j ≤ 1 for all i = 1, . . . , N and j ∈ Ji.

Proof. We denote by 0 and A vectors of the same format as un with all entries
equal to 0 andAi,j , respectively. By the assumptions on b(ϕ) there holdsHn

i,j(0,0) = 0
for all i, j. Furthermore, Bi,j+1/2(γ

2, γ3;Ai,j , Ai,j) = γ3,ni,j+1/2Ai,j and (2.1) imply

Fn
i,j+ 1

2
(Ai,j , Ai,j) =


−Qn

e,i, j = je,i − 1, . . . , j−H − 1,

hj+ 1
2
Qn

f,i −Qn
e,i, j = j−H , . . . , jB ,

Qn
u,i, j = jB + 1, . . . , ju,i,

hence Fn
i,j+ 1

2

(Ai,j , Ai,j) = hj+ 1
2
Qn

f,i −Qn
e,i for all j ∈ Ji. In light of (3.2), (3.5), (2.2),

and Lemma 3.1, we now obtain for j ∈ Ji, i = 1, . . . , N ,

0 = Hi,j(0,0) ≤ un+1
i,j = Hi,j(u

n,un−1) ≤ Hi,j(A,A)

= Ai,j − λ(hj+ 1
2
− hj− 1

2
)Qn

f,i

+∆t µjq
n
f,i

(
A+ (∆t/Vi)

(
A(Qn−1

u,i−1 +Qn−1
e,i+1)−AQn−1

f,i

))
= Ai,j −∆tµjQ

n
f,i +∆tµjq

n
f,i(A+ 0) = Ai,j .

For simplicity, from now on we assume that Qu,i, Qe,i, Qf,i, Qin, and Qw are
constant in time. The proofs in the remainder of this section can be adapted to
the case of time-dependent Q-flows at the cost of additional terms involving time
differences of Q-terms, which we will not pursue herein.

Lemma 3.3 (L1 Lipschitz continuity in time). There exists a constant C3 that
does not depend on ∆t or ∆z such that

∆z
∑
j∈Ji

∣∣un+1
i,j − uni,j

∣∣ ≤ C3∆t for all i = 1, . . . , N .(3.12)

Proof. We define θ
n− 1

2
i,j := uni,j − un−1

i,j for i = 1, . . . , N , j ∈ Ji, and n = 1, . . . ,M ,
and now fix i ∈ {1, . . . , N}. Subtracting from (3.8) the scheme for uni,j and defining

b
n− 1

2
i,j+1 :=

∫ 1

0

(
γ2i,j+1/2 + γ3j+1/2b̃

′)−(θuni,j+1 + (1− θ)un−1
i,j+1

)
dθ ≤ 0,

c
n− 1

2
i,j := γ1i,j+1/2 +

∫ 1

0

(
γ2i,j+1/2 + γ3j+1/2b̃

′)+(θuni,j + (1− θ)un−1
i,j

)
dθ ≥ 0,

we obtain

θ
n+ 1

2
i,j = θ

n− 1
2

i,j − λc
n− 1

2
i,j θ

n− 1
2

i,j + λc
n− 1

2
i,j−1θ

n− 1
2

i,j−1 + λb
n− 1

2
i,j θ

n− 1
2

i,j − λb
n− 1

2
i,j+1θ

n− 1
2

i,j+1

+∆t
(
Sn
i,j − Sn−1

i,j

)
=
{
1− λc

n− 1
2

i,j + λb
n− 1

2
i,j

}
θ
n− 1

2
i,j + λc

n− 1
2

i,j−1θ
n− 1

2
i,j−1 − λb

n− 1
2

i,j+1θ
n− 1

2
i,j+1
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+ ∆t
(
Sn
i,j − Sn−1

i,j

)
for all j ∈ Ji. Since {. . . } ≥ 0 due to (CFL), we obtain∣∣θn+ 1

2
i,j

∣∣ ≤ (1− λc
n− 1

2
i,j + λb

n− 1
2

i,j

)∣∣θn− 1
2

i,j

∣∣+ λc
n− 1

2
i,j−1

∣∣θn− 1
2

i,j−1

∣∣− λb
n− 1

2
i,j+1

∣∣θn− 1
2

i,j+1

∣∣
+∆t

∣∣Sn
i,j − Sn−1

i,j

∣∣ for all j ∈ Ji.
(3.13)

Moreover, in view of (3.5) and (3.6) there exists a constant C4 ≥ 0 such that

∣∣Sn
i,j − Sn−1

i,j

∣∣ = ∆t µj
qf,iA

Vi

∣∣Qn−1
u,i−1ϕ

n−1
u,i−1 +Qn−1

e,i+1ϕ
n−1
e,i+1 −Qn−1

f,i ϕn−1
f,i

∣∣ ≤ C4µj∆t

Consequently, summing (3.13) from j = je,i to j = ju,i and then taking into account
that cn−

1
2

i,je,i−1 = 0 and bn−
1
2

i,ju,i+1 = 0 as well as µ−jε + . . .+ µjε = 1/∆z, we get∑
j∈Ji

∣∣θn+ 1
2

i,j

∣∣ ≤ ∑
j∈Ji

∣∣θn− 1
2

i,j

∣∣− λc
n− 1

2
i,ju,i

∣∣θn− 1
2

i,ju,i

∣∣+ λb
n− 1

2
i,je,i

∣∣θn− 1
2

i,je,i

∣∣+ C4λ∆t

≤
∑
j∈Ji

∣∣θn− 1
2

i,j

∣∣+ C4λ∆t ≤
∑
j∈Ji

∣∣θn− 3
2

i,j

∣∣+ C4λ2∆t ≤ · · ·

≤
∑
j∈Ji

∣∣θ 1
2
i,j

∣∣+ C4λn∆t ≤ C5 + C4λT =: C6.

This proves (3.12) if we take C3 = C6/λ.

Lemma 3.4. Let Σ := {−H,B}. For any family of intervals [ai, bi] ⊂ [−H −
σe
i , B + σu

i ] such that [ai, bi] ∩ Σ = ∅ for all i = 1, . . . , N let us fix r > 0 such that
2r < dist(Σ, [ai, bi]) for all i = 1, . . . , N , and without loss of generality we assume
that r > ∆z for all ∆z of interest. Then for any i = 1, . . . , N and n = 1, . . . ,M the
following estimate holds, where the constant C7 is independent of ∆t and ∆z:

N∑
i=1

∑
j∈Ja,b,i

∣∣uni,j+1 − uni,j
∣∣ ≤ C7, where Ja,b,i := {j ∈ Ji | a ≤ zj ≤ b}.

Proof. We fix i ∈ {1, . . . , N}, select [a, b] := [ai, bi] and define the cell-index sets

A∆,i :=
{
j ∈ Ji | zj ∈ [a− r −∆z, a]

}
and B∆,i :=

{
j ∈ Ji | zj ∈ [b, b+ r +∆z]

}
.

By construction, for all i each set A∆,i and B∆,i has at least two elements, and
|A∆,i|∆z ≥ r, |B∆,i|∆z ≥ r. Moreover, Lemma 3.3 implies that there exists a con-
stant K such that for all i = 1, . . . , N there holds

∆z
∑

j∈A∆,i

M−1∑
n=0

∣∣θn+ 1
2

i,j

∣∣ ≤ K, ∆z
∑

j∈B∆,i

M−1∑
n=0

∣∣θn+ 1
2

i,j

∣∣ ≤ K.(3.14)

For all i = 1, . . . , N we now choose ja,i ∈ A∆,i and jb,i with jb,i + 1 ∈ B∆,i such that

M−1∑
n=0

∣∣θn+ 1
2

i,ja,i

∣∣ = min
j∈A∆,i

M−1∑
n=0

∣∣θn+ 1
2

i,j

∣∣ and

M−1∑
n=0

∣∣θn+ 1
2

i,jb,i+1

∣∣ = min
j∈B∆,i

M−1∑
n=0

∣∣θn+ 1
2

i,j

∣∣.
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Consequently, (3.14) implies that

M−1∑
n=0

∣∣θn+ 1
2

i,ja,i

∣∣ ≤ K

|A∆,i|∆z
≤ K

r
and

M−1∑
n=0

∣∣θn+ 1
2

i,jb,i+1

∣∣ ≤ K

|B∆,i|∆z
≤ K

r
.(3.15)

The choice of ja,i and jb,i implies that for all ja,i ≤ j ≤ jb,i, the parameters γ2
j± 1

2

and
γ3
i,j± 1

2

belong to the same case of (3.3) and of (3.4), respectively. For these j, and in
view of (3.6), we may rewrite (3.8) in the form

un+1
i,j = uni,j + Cn

i,j+ 1
2
∆+u

n
i,j −Dn

i,j− 1
2
∆−u

n
i,j ,(3.16)

where for all i = 1, . . . , N we define Cn
i,j+ 1

2

:= 0 if ∆+u
n
i,j = 0 and

Cn
i,j+ 1

2
:= λ

(
gi
(
uni,j , zj+ 1

2
, tn
)
−Fi,j+ 1

2

(
uni,j , u

n
i,j+1

)
+ unf,iqf,ihj+ 1

2

)
/∆+u

n
i,j

otherwise, and Dn
i,j− 1

2

:= 0 if ∆−u
n
i,j = 0 and

Dn
i,j− 1

2
:= λ

(
gi
(
uni,j , zj− 1

2
, tn
)
−Fi,j− 1

2

(
uni,j−1, u

n
i,j

)
+ unf,iqf,ihj− 1

2

)
/∆−u

n
i,j

otherwise. The monotonicity of the scheme (3.8) and (CFL) imply that

Cn
i,j+ 1

2
≥ 0, Dn

i,j+ 1
2
≥ 0, Cn

i,j+ 1
2
+Dn

i,j+ 1
2
≤ 1.(3.17)

According to the incremental form (3.16), we get

∆+u
n+1
i,j = ∆+u

n
i,j + Ci,n

j+ 3
2

∆+u
n
i,j+1 − Ci,n

j+ 1
2

∆+u
n
i,j

−Di,n

j+ 1
2

∆+u
n
i,j +Di,n

j− 1
2

∆−u
n
i,j ;

(3.18)

notice that for j = ja,i and j = jb,i we obtain the respective equations

∆+u
n+1
i,ja,i

= ∆+u
n
i,ja,i

+ Ci,n

ja,i+
3
2

∆+u
n
i,ja,i+1 −Dn

i,ja,i+
1
2
∆+u

n
i,ja,i

−
(
un+1
i,ja,i

− uni,ja,i

)
,

∆+u
n+1
i,jb,i

= ∆+u
n
i,jb,i

− Ci,n

jb,i+
1
2

∆+u
n
i,jb,i

+Di,n

jb,i− 1
2

∆−u
n
i,jb,i

+
(
un+1
i,jb,i+1 − uni,jb,i+1

)
.

Taking absolute values and summing over j in (3.18) and utilizing the properties
(3.17) to proceed as in the proof of Harten’s lemma [15, Lemma 2.2] along with the
last two equations to deal with the boundary contributions, and by reasoning exactly
as in the proof of [5, Lemma 4.2], we arrive at the inequality

jb,i∑
j=ja,i

∣∣∆+u
n+1
i,j

∣∣ ≤ jb,i∑
j=ja,i

∣∣∆+u
n
i,j

∣∣+ ∣∣un+1
i,ja,i

− uni,ja,i

∣∣+ ∣∣un+1
i,jb,i+1 − uni,jb,i+1

∣∣.
Proceeding by induction and using (3.15) we obtain for 1 ≤ n ≤M

jb,i∑
j=ja,i

∣∣∆+u
n
i,j

∣∣ ≤ jb,i∑
j=ja,i

∣∣∆+u
0
i,j

∣∣+ 2K

r
.

The proof is completed by the observation that [a, b] ⊆ [zja,i
, zjb,i+1] along with the

assumption that u0i has bounded variation.
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Let V b
a (g) be the total variation of a function z 7→ g(z) over the interval (a, b).

Therefore, by using the results cited before, we can deduce the following lemma.

Lemma 3.5. Fix i ∈ {1, . . . , N} and let [a, b] be an interval such that [a, b]∩Σ = ∅.
Then the piecewise constant functions u∆i given by (3.9) satisfy the uniform bound
V b
a (u

∆
i (·, t)) ≤ C(a, b), where C(a, b) is independent of ∆z, ∆t, and t for t ∈ [0, T ].

Notice that for given i ∈ {1, . . . , N}, Lemma 3.5 includes the choices a = −H−σe
i ,

a < b < −H and b = B + σu
i , B < a < b.

Lemma 3.6. There exist constants C8 and C9 such that for all i = 1, . . . , N ,

M−1∑
n=0

∣∣un+1
i,ju,i

− uni,ju,i

∣∣ ≤ C8 and

M−1∑
n=0

∣∣un+1
i,je,i

− uni,je,i
∣∣ ≤ C9.(3.19)

Proof. We only prove the first inequality in (3.19); the proof of the second is
analogous. Let us fix i ∈ {1, . . . , N} and consider a fixed interval [a, b] with B <
a < b = B + σu

i . Let j = ja,i be such that [zja,i+1, zju,i
] ⊆ [a, b] ⊆ [zja,i

, zju,i
]. Then

Lemma 3.5 implies that there exists a constant C10 such that

ju,i−1∑
j=ja,i

∣∣∆+u
n
i,j

∣∣ ≤ C10.

To simplify notation, in this proof we omit the index i in uni,j , θ
n+ 1

2
i,j (defined as in the

proof of Lemma 3.3), ju,i, and ja,i, and define q := λQu,i/Au,i. Notice that by (CFL),
0 ≤ q < 1. We can now write

θ
n+ 1

2
ju

= −q∆+u
n
ju−1, θ

n+ 3
2

ju
= −q∆+u

n+1
ju−1 = −q(1− q)∆+u

n
ju−1 − q2∆+u

n
ju−2,

θ
n+ 5

2
ju

= −q∆+u
n+2
ju−1 = −q(1− q)2∆+u

n
ju−1 − 2q2(1− q)∆+u

n
ju−2 − q3∆+u

n
ju−3

and so on, as long as all spatial differences of values of un are taken within [a, b].
Thus, defining ck,l := ql+1(1− q)k−l

(
k
l

)
, we obtain

θ
n+k+ 1

2
ju

= −
k∑

l=0

ck,l∆+u
n
ju−l−1 for k = 0, 1, . . . , ju − ja − 1.

Let J := ju − ja − 1. Defining δl :=
∑J

k=l ck,l, we now get

J∑
k=0

∣∣θn+k+ 1
2

ju

∣∣ ≤ J∑
k=0

k∑
l=0

ck,l
∣∣∆+u

n
ju−l−1

∣∣ = J∑
l=0

δl
∣∣∆+u

n
ju−l−1

∣∣.(3.20)

Setting p := k − l and using the known limit of the binomial series we obtain

δl = ql+1
J−l∑
p=0

(
p+ l

p

)
(1− q)p < ql+1

∞∑
p=0

(
p+ l

p

)
(1− q)p = ql+1 · q−(l+1) = 1.

Thus, from (3.20) we deduce that

J∑
k=0

∣∣θn+k+ 1
2

ju

∣∣ ≤ J∑
l=0

∣∣∆+u
n
ju−l−1

∣∣ = C10.(3.21)
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Since J + 1 = ju − ja ≤ ⌊(b− a)/∆z⌋, we observe that at most

K :=

⌈ ⌊T/∆t⌋+ 1

⌊(b− a)/∆z⌋

⌉
≤ 1

λ

T +∆t

b− a−∆z

versions of (3.21) are required so that we may write

M−1∑
k=0

∣∣θn+ 1
2

ju

∣∣ = K−1∑
s=0

J∑
r=0

∣∣θsL+r+ 1
2

ju

∣∣ ≤ KC10

(where we set unj = uMj if n > M if necessary). Since K may be chosen constant if
∆t and ∆z are sufficiently small, we obtain (3.19) with C8 = KC10.

Lemmas 3.2 to 3.6 allow us to prove the following result.

Theorem 3.2. Suppose that the functions u∆1 , . . . , u
∆
N are defined by (3.9), where

the values uni,j are computed by (3.8). Let ∆t,∆z → 0, with λ = ∆t/∆z = const. Then
for each i ∈ {1, . . . , N} the function u∆i converges in L1

loc(Πi,T ) and a.e. in Πi,T to
a function ui ∈ L∞(Πi,T ; [0, A]) such that ϕi(z, t) = ui(z, t)/Ai(z) ∈ [0, 1] for almost
all z ∈ Ii and t ∈ [0, T ]. The functions u1, . . . , uN form a weak solution of the IVP
(1.1), (2.8) in the sense that for all i = 1, . . . , N , items (i) and (ii) of Definition 2.1
is satisfied. Moreover, each limit function ui belongs to C0([0, T ];L1(Ii; [0, A])).

Proof. The proof follows the first part of that of [14, Theorem 2.8], which in turn
is based on those of [8, Theorem 5.1] and [17, Theorem 5.1]. Lemma 3.2 ensures that
u∆i ∈ L∞ for all i = 1, . . . , N , t ∈ [0, T ] and z ∈ Ii; in particular u∆i (z, t) ∈ [0, Ai(z)].
For each i = 1, . . . , N , Lemma 3.3 proves the L1-continuity in time of the sequence u∆i
while Lemmas 3.4 and 3.5 guarantee a bound on the spatial total variation of u∆i on
any interval [a, b] not containing any point of Σ. Standard compactness results then
imply that for any interval [a, b] with [a, b]∩Σ = ∅ there exists a subsequence, still de-
noted by u∆i , that converges in L

1([a, b]× [0, T ]; [0, A]). Consider now a countable set
of intervals [am, bm] such that

⋃
m∈N[am, bm] = Ii\Σ. By a standard diagonal process

we may extract a sequence, still denoted by u∆i , that converges in L
1
loc(Πi,T ; [0, A]) and

a.e. to a function ui ∈ L∞(Πi,T ; [0, A]) (more precisely, ϕi(z, t) = ui(z, t)/Ai(z) ∈ [0, 1]
a.e.). Moreover, let us define for all i = 1, . . . , N the piecewise constant in time func-
tions ϕ∆u,i and ϕ

∆
e,i with the property that ϕ∆u,i(t) = unju,i

/Au
i and ϕ∆e,i(t) = unje,i/A

e
i for

t ∈ [tn, tn+1). By Lemma 3.2 we know that these functions assume values in [0, 1] for
all t ∈ [0, T ], and Lemma 3.6 ensures that TV[0,T ](ϕ

∆
u,i) and TV[0,T ](ϕ

∆
e,i) are uniformly

bounded. Thus, by Helly’s selection theorem, and extracting another subsequence if
necessary, we know that there exist functions ϕe,i, ϕu,i ∈ L∞([0, T ]; [0, 1]) ∩ BV [0, T ]
such that ϕ∆e,i → ϕe,i and ϕ

∆
u,i → ϕu,i a.e. on [0, T ] as ∆z,∆t→ 0.

To see that these limit functions coincide with corresponding traces of the limit
functions ui we focus on the interval (B,B + σu

i ] of each unit (the interval [−H −
σe
i ,−H) is handled by completely analogous arguments). Let us fix i and select ai ∈

(B,B + σu
i ]. In view of Lemma 3.5 the restriction of each function ui to Πu

i,T :=
[ai, B + σu

i ] × [0, T ] has bounded spatial variation on Πu
i,T for all t ∈ [0, T ], and

therefore has a trace at B+σu
i for almost all t ∈ [0, T ]. To see that this trace coincides

with the limit function constructed above, we proceed by an argument similar to
that of the proof of [2, Lemma 4.3]. Choosing φi(z, t) := Φ(t)νh(z), where Φ ∈
C∞

0 ([0, T ]) and νh(z) = νh,B+σu
i
(z) (cf. Proposition 2.1) with h sufficiently small such

that supp νh ⊂ (B,B + σu
i ], multiplying (3.8) by

∫
Ij
φi(z, tn) dz, summing the result

over n = 0, . . . ,M − 1, applying summation by parts and omitting the index i in uni,j
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(for simplicity) we get

0 =

M−1∑
n=0

(
un+1
ju,i

− unju,i
− λ

Qu,i

Au
i

(
unju,i

− unju,i−1

))
Φ(tn)

∫
Iju,i

νh(z) dz

=

M−1∑
n=0

(
un+1
ju,i

− unju,i

)
Φ(tn)

∫
Iju,i

νh(z) dz −∆t
Qu,i

Au
i

M−1∑
n=0

unjuΦ(tn)
1

∆z

∫
Iju,i

νh(z) dz

+∆t
Qu,i

Au
i

M−1∑
n=0

ju,i∑
j=jB+1

unj−1Φ(tn)

∫
Ij

νh(z)− νh(z −∆z)

∆z
dz.

Applying a summation by parts to the first term on the right-hand side and using
that Φ has bounded variation, we see that this term vanishes as ∆z → 0. Thus, we
obtain for ∆z → 0, after multiplying by Au

i /Qu,i,

0 = −
∫ T

0

uju,i(t)Φ(t) dt+

∫ T

0

∫ B+σu
i

B

u(z, t)Φ(t)ν′h(z) dz dt.

Invoking Proposition 2.1 we obtain the desired result. Thus, the limit functions uui
satisfy item (i) of Definition 2.1. A Lax-Wendroff-type argument similar to that of [17,
Th. 3.1] suffices to prove that the limit functions also satisfy item (ii) of Definition 2.1.
Finally, ui ∈ C0([0, T ];L1(Ii; [0, A])) follows from Lemma 3.3.

Next, we need to prove that the limit functions u1, . . . , uN constitute an entropy
solution. To this end we establish a discrete entropy inequality.

Lemma 3.7. The approximate values uni,j generated by (3.8) satisfy the following
discrete entropy inequality for all i = 1, . . . , N , j ∈ Ji, n = 0, . . . ,M − 1, and k ∈ R:∣∣un+1

i,j − k
∣∣− ∣∣uni,j − k

∣∣+ λ∆−G
k
i,j+ 1

2

(
uni,j , u

n
i,j+1

)
− λ

∣∣Fn
i,j+ 1

2
(k, k)−Fn

i,j− 1
2
(k, k)

∣∣−∆t sgn
(
un+1
i,j − k

)
Sn
i,j ≤ 0,

(3.22)

with the numerical entropy flux Gk
i,j+ 1

2

(a, b) := Fn
i,j+ 1

2

(a∨k, b∨k)−Fn
i,j+ 1

2

(a∧k, b∧k).
Proof. We fix i ∈ {1, . . . , N}, j ∈ Ji, and define

Hi,j(a, b, c) := b− λ
(
Fn

i,j+ 1
2
(b, c)−Fn

i,j− 1
2
(a, b)

)
.

Clearly, un+1
i,j −∆tSn

i,j = Hi,j(u
n
i,j−1, u

n
i,j , u

n
i,j+1). Since the scheme is monotone, for

all k there holds

Hi,j

(
uni,j−1 ∨ k, uni,j ∨ k, uni,j+1 ∨ k

)
≥ Hi,j

(
uni,j−1, u

n
i,j , u

n
i,j+1

)
∨Hi,j(k, k, k),

−Hi,j

(
uni,j−1 ∧ k, uni,j ∧ k, uni,j+1 ∧ k

)
≥ −

(
Hi,j

(
uni,j−1, u

n
i,j , u

n
i,j+1

)
∧Hi,j(k, k, k)

)
.

Summing these inequalities and considering that a∨ b− a∧ b = |a− b| as well as that
Hi,j

(
uni,j−1 ∨ k, uni,j ∨ k, uni,j+1 ∨ k

)
−Hi,j

(
uni,j−1 ∧ k, uni,j ∧ k, uni,j+1 ∧ k

)
=
∣∣uni,j − k

∣∣− λ∆−G
k
i,j+ 1

2

(
uni,j , u

n
i,j+1

)
,

Hi,j

(
uni,j−1, u

n
i,j , u

n
i,j+1

)
∨Hi,j(k, k, k)−Hi,j

(
uni,j−1, u

n
i,j , u

n
i,j+1

)
∧Hi,j(k, k, k)

=
∣∣un+1

i,j −∆tSn
i,j − k + λ

(
Fn

i,j+ 1
2
(k, k)−Fn

i,j− 1
2
(k, k)

)∣∣
≥
∣∣un+1

i,j − k
∣∣−∆t sgn

(
un+1
i,j − k

)
Sn
i,j − λ

∣∣Fn
i,j+ 1

2
(k, k)−Fn

i,j− 1
2
(k, k)

∣∣,
where in last step we have used that |a+ b| ≥ |a|+ sgn(a)b, we arrive at (3.22).
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Theorem 3.3. Under the conditions of Theorem 3.2 the functions u1, . . . , uN
satisfy item (iii) of Definition 2.1.

Combining Theorems 3.2 and 3.3, which are proven here under the assumption
that the Q-flows are constant in time (see the remark before Lemma 3.3) and we can
therefore write gi(u, z) instead of gi(u, z, t), we deduce that a weak entropy solution
in the sense of Definition 2.1 exists. In view of Theorem 2.1 we can say that the
IVP (1.1), (2.8) is well posed, and that in the sense of Theorem 3.2, the approximate
solutions produced by the scheme (3.8) converge to the unique entropy solution of
(1.1), (2.8).

Proof of Theorem 3.3. The proof is similar to the last part of the proof of [14,
Theorem 2.8]. We fix i ∈ {1, . . . , N}, multiply (3.22) by ∆zφn

i,j = ∆zφi(zj , tn) and
sum over j ∈ Ji and n = 0, . . . ,M −1 to obtain an inequality E1+ · · ·+E4 ≤ 0, where

E1 := ∆z

M−1∑
n=0

ju,i∑
j=je,i

(∣∣un+1
i,j − k

∣∣− ∣∣uni,j − k
∣∣)φn

i,j ,

E2 := ∆t

M−1∑
n=0

ju,i∑
j=je,i

(
∆−G

k
i,j+ 1

2

(
uni,j , u

n
i,j+1

))
φn
i,j ,

E3 := −∆t

M−1∑
n=0

ju,i∑
j=je,i

∣∣Fn
i,j+ 1

2
(k, k)−Fn

i,j− 1
2
(k, k)

∣∣φn
i,j ,

E4 := −∆t∆z

M−1∑
n=0

ju,i∑
j=je,i

sgn
(
un+1
i,j − k

)
Sn
i,jφ

n
i,j .

Summing by parts, letting ∆z → 0+ (where we always assume that λ = ∆t/∆z is
kept constant) and applying the dominated convergence theorem we get

E1 ∆z→0+−→ −
∫
Ii

∣∣u0i (z)− k
∣∣φi(z, 0) dz −

∫ T

0

∫
Ii

∣∣ui(z, t)− k
∣∣∂tφi(z, t) dz dt.(3.23)

Furthermore, applying a summation by parts, and since φi(−H − σe
i , t) = 0 and

φi(B + σu
i , t) = 0 along with ∂zφi(−H − σe

i , t) = 0 and ∂zφi(B + σu
i , t) = 0, we get

E2 = −∆t∆z

M−1∑
n=0

ju,i−1∑
j=je,i

Gk
i,j+ 1

2

(
uni,j , u

n
i,j+1

)φn
i,j+1 − φn

i,j

∆z

+∆t∆z

M−1∑
n=0

Gk
i,ju,i+

1
2

(
uni,ju,i

, uni,ju,i+1

)φn
i,ju,i

− φi(B + σu
i , t)

∆z

−∆t∆z

M−1∑
n=0

Gk
i,je,i− 1

2

(
uni,je,i−1, u

n
i,je,i

)φn
i,je,i

− φi(−H − σe
i , t)

∆z
.

(3.24)

Since by the properties of the function φi, the two last terms on the right-hand side
of (3.24) are O(∆z) quantities, we obtain by the dominated convergence theorem

E2 ∆z→0+−→ −
∫ T

0

∫
Ii

sgn
(
ui(z, t)− k

)(
gi(ui, z)− gi(k, z)

)
∂zφi(z, t) dz dt.(3.25)
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Since only the summands for j = j−H and j = jB in the definition of E3 do not vanish,

E3 = −∆t

M−1∑
n=0

∑
j∈{j−H ,jB}

∣∣Fn
i,j+ 1

2
(k, k)−Fn

i,j− 1
2
(k, k)

∣∣φn
i,j

= −∆t

M−1∑
n=0

∑
j∈{j−H ,jB}

∣∣gi(k, zj+ 1
2
)− gi(k, zj− 1

2
)
∣∣φn

i,j

∆z→0+−→ −
∫ T

0

∑
ζ∈{−H,B}

∣∣gi(k, ζ+)− gi(k, ζ
−)
∣∣φi(ζ, t) dt.

(3.26)

Finally, again by the dominated convergence theorem,

E4 ∆z→0+−→ −
∫ T

0

∫
Ii

sgn(ui − k)Si(z, t)φi(z, t) dz dt.(3.27)

Combining (3.23), (3.25), (3.26), and (3.27), we deduce that E1 + · · ·+ E4 ≤ 0 implies
that ui satisfies item (iii) of Definition 2.1.

4. Optimal steady states of a CCD circuit. We study stationary solu-
tions of the PDE model (2.5) for the solids volume fraction ϕi(z) in each clarifier-
thickener CTi and its outlet pipes. Unlike the models considered in the authors’
previous works [6,7,9,11], the feed inlet is represented here by a smooth source rather
than a point source. After reviewing the idealized point-source model in Sect. 4.1, for
which all steady-state solutions have been completely characterized [10], we analyze
the corresponding smoothed model in Sect. 4.2, with particular emphasis on opti-
mal steady states (defined below). Finally, Sect. 4.3 characterizes the corresponding
optimal steady states of the complete CCD circuit.

4.1. Steady states of a single idealized CT. We consider (2.5) with h(z)
replaced by the Heaviside function H̄(z) and µ(z) by δ(z) = H̄ ′(z) for a CTi and
suppress the index ‘i’. It is well known that the stationary outlet volume fractions
ϕe :− ϕ(−H−) and ϕu :− ϕ(B+) are independent of the pipe cross-sectional areas Ae

and Au [9,10]. Indeed, flux continuity at z = B gives Ab(ϕ(B−))+Quϕ(B
−) = Quϕu,

and hence (provided qu > 0), ϕu = ϕ(B−)+b(ϕ(B−))/qu. Thus, the underflow volume
fraction ϕu depends only on the bottom trace ϕ(B−) and the bulk velocity qu in the
tank. An analogous formula holds for ϕe. The complete categorization of the steady
states of a CT, including ϕe and ϕu, can be represented in a single flux diagram,
referred to as an operating chart, where the outlet pipes have the bulk velocities qe
and qu (other bulk velocities arise in the CCD problem, but here we only determine
the outlet volume fractions). This corresponds to the following model for an idealized
CT with a constant feed flux sf := qfϕf :

∂tϕ− qe∂zϕ = 0, z < −H,
∂tϕ+ ∂z

(
fL(ϕ)(1− H̄(z)) + fR(ϕ)H̄(z)

)
= δ(z)sf , −H < z < B,

∂tϕ+ qu∂zϕ = 0, z > B,

(4.1)

where δ(z) = H̄ ′(z), and fL(ϕ) := b(ϕ) − qeϕ and fR(ϕ) := b(ϕ) + quϕ are the flux
functions in the clarification (−H < z < 0) and thickening zone (0 < z < B),
respectively. A steady-state solution ϕ(z) to (4.1) is a piecewise constant function
of z. For the CCD process, we are interested only in CTs in optimal operation: the
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Fig. 3. (a) A stationary solution of an idealized CT in optimal operation with a discontinuity
at zD ∈ (0, B). (b) Operating chart for steady-state solutions based on the graph of fR (dashed). (c)
The green region represents the inequalities (4.14). The marked point corresponds to the optimal
steady state shown in the simulations in Sect. 5, with input data qin = 0.5977 cm s−1 and ϕin = 0.2.

clarification zone and the effluent contain no solids and the thickening zone contains
a discontinuity; see Fig. 3(a).

To state sufficient conditions for such a solution, we recall the following. The
inflection point of fR is independent of qu, so we can define q̄u := −b′(ϕmax) and
¯̄qu := −b′(ϕinfl). These are the values of qu for which f ′R vanishes at ϕmax and
ϕinfl, respectively. For q̄u < qu < ¯̄qu, fR has a local minimizer ϕM > ϕinfl. Then
0 = f ′R(ϕM) = qu + b′(ϕM). Thus, ϕM depends on qu. Since b

′ is strictly increasing on
(ϕinfl, ϕmax), we define

ϕM = ϕM(qu) :=


ϕmax, 0 ≤ qu ≤ q̄u,

((b|(ϕinfl,ϕmax))
′)−1(−qu), q̄u < qu < ¯̄qu,

ϕinfl, qu ≥ ¯̄qu.

Given ϕM, let ϕm = ϕm(qu) be the unique concentration satisfying fR(ϕm) = fR(ϕM),
where 0 ≤ ϕm ≤ ϕinfl. For clarity, we henceforth write fR(ϕ; qu) when the dependence
on qu is relevant. From [10, Lemma 2], we recall the following result.

Lemma 4.1. The following properties hold: ϕ′M(qu) = 0 if qu < q̄u, ϕ
′
M(qu) < 0 if

q̄u < qu < ¯̄qu, and ϕ
′
M(qu) = 0 if qu > ¯̄qu, along with dfR(ϕM(qu); qu)/dqu = ϕM(qu).

The operating chart of an idealized CT is based on the graph of fR; see Fig. 3(b).
All qualitatively distinct steady states are categorized by the location of the feed point
(ϕf , sf) in this chart; see [10, Th. 1]. If the feed point lies on line segment ℓ in the
chart, that is, if (ϕf , sf) ∈ ℓ := {(ϕ, fR(ϕM)) : ϕm < ϕ ≤ ϕu = fR(ϕM)/qu}, then the
following optimal-operation stationary solution to (4.1) exists:

ϕ(z) =


0, z < 0,

ϕm, 0 < z < zD,

ϕM, zD < z < B,

ϕu = fR(ϕM)/qu, z > B.

This solution is unique up to the location of the discontinuity at the depth zD ∈ (0, B);
see Fig. 3(a). The conditions for optimal operation are

sf = fR(ϕM(qu)),(4.2)
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ϕm(qu) < ϕf .(4.3)

Condition (4.2) states that all solids are transported through the thickening zone. In
fact, by Lemma 4.1, (4.2) determines qu uniquely; the right-hand side is an increasing
function of qu ∈ [0, ¯̄qu] and takes values in [0, fR(ϕM(¯̄qu); ¯̄qu)] = [0, fR(ϕinfl; ¯̄qu)].

4.2. Optimal steady states in a single CT with smoothed feed inlet.
We now construct an optimal steady state for the model (2.5) with a smoothed feed
inlet. The idealized system (4.1) is replaced by

∂tϕ− qe∂zϕ = 0, z < −H,(4.4)

∂tϕ+ ∂z
(
fL(ϕ)(1− h(z)) + fR(ϕ)h(z)

)
= h′(z)sf , −H < z < B,(4.5)

∂tϕ+ qu∂zϕ = 0, z > B,(4.6)

and seek a piecewise C1 solution ϕ = ϕ(z) for a CT in optimal operation. For some
constant flux C the solution must satisfy, for all −H < z < B,

fL(ϕ(z))(1− h(z)) + (fR(ϕ(z))− sf)h(z) = C.(4.7)

Optimal operation requires ϕ(z) = 0 for z ≤ −ε. Eq. (4.7) implies that C = 0. We
then obtain that the flux in the thickening zone is (let z > ε) fR(ϕ(z)) = sf . Under
condition (4.2), there are two roots: ϕm and ϕM. The entropy condition for scalar
conservation laws yields a possible existence of a discontinuity from ϕm to ϕM at any
zD ∈ (ε,B). We assume 0 < qu < ¯̄qu, so that the discontinuity is non-degenerate.

It remains to construct the solution ϕ(z) = ϕε(z) in |z| < ε satisfying (4.5) with
ϕε(−ε) = 0 and ϕε(ε) = ϕm. Since fR(ϕ)− fL(ϕ) = qfϕ and sf = qfϕf , Equation (4.7)
with C = 0 can be written fL(ϕ) + h(z)qf(ϕ− ϕf) = 0, or equivalently,

(4.8) h(z) = H(ϕ), where H(ϕ) := fL(ϕ)/(qf(ϕf − ϕ)).

We have H(0) = 0 and H(ϕm) = 1 (use (4.2) and the definition of ϕm). To show that
H(ϕ) is strictly increasing on [0, ϕm], we differentiate

H′(ϕ) = N(ϕ)/(qf(ϕf − ϕ)2), where N(ϕ) := (ϕf − ϕ)f ′L(ϕ) + fL(ϕ),

and see that the numerator N satisfies N ′(ϕ) = (ϕf−ϕ)b′′(ϕ) < 0 for 0 < ϕ < ϕm < ϕf
andN(ϕm) = (ϕf−ϕm)f ′L(ϕm)+fL(ϕm) = (ϕf−ϕm)(f ′L(ϕm)+qf) = (ϕf−ϕm)f ′R(ϕm) >
0. Consequently, N(ϕ) > 0 on [0, ϕm] and, hence H′(ϕ) > 0 on [0, ϕm]. We can
therefore define ϕε(z) := H−1(h(z)) for |z| ≤ ε. The implicit-function theorem gives
ϕε ∈ C1([−ε, ε]) and ϕ′ε(z) = h′(z)/H′(ϕε(z)) > 0 for |z| < ε.

Theorem 4.1. If 0 < qu < ¯̄qu, (4.2) and (4.3) hold, then the following optimal
stationary solution to (4.4)–(4.6) exists:

ϕ(z) =



0, z < −ε,
ϕε(z), −ε ≤ z ≤ ε,

ϕm, ε < z < zD,

ϕM, zD < z < B,

ϕu = fR(ϕM)/qu, B < z,

(4.9)

where ϕε(z) ∈ C1 is a strictly increasing function satisfying (4.7) with ϕε(−ε) = 0
and ϕε(ε) = ϕm. The solution ϕ(z) is unique up to the location of zD ∈ (ε,B).
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4.3. Optimal steady states in a CCD circuit. Given the external inlet vol-
ume fraction ϕin and velocity qin > 0, and no solids in the wash water, ϕw = 0, we will
obtain conditions for the control bulk velocities qu,1, . . . , qu,N and qw so that every
CT is in optimal operation. We assume that 0 < qu,i < ¯̄qu for all i (see Theorem 4.1),
which is obtained if the cross-sectional area A is sufficiently large.

With ϕe,i = 0 in optimal operation, all solids are transported through the thick-
ening zones of all CTs and the stirred tanks (cf. (2.6) and (2.7)):

sin := qinϕin = qf,iϕf,i = qu,iϕu,i, i = 1, . . . , N.(4.10)

Thus, the feed flux to each CTi is sf = qf,iϕf,i = sin. We define every qu,i as the
unique solution of (4.2); qu := qu,1 = . . . = qu,N . Finally, we verify that we may
choose qw such that all bulk velocities are non-negative and (4.3) holds for each CTi.
By the last equality in (4.10), ϕu := ϕu,i = sin/qu for all i, and (2.3) and (2.4) yield

qe,1 = qe = qw + qin − qu ≥ 0; qe,i = qw ≥ 0 for i = 2, . . . , N ,(4.11)

qf,1 = qw + qin; qf,i = qw + qu for i = 2, . . . , N .(4.12)

Consequently, (4.10) implies that

ϕf,1 = sin/(qw + qin); ϕf,i = sin/(qw + qu) for i = 2, . . . , N .(4.13)

Condition (4.3) implies the following together with (4.10) and (4.12):

ϕm(qu) < min{ϕf,1, ϕf,2} = sin/max{qf,1, qf,2} = sin/(qw +max{qin, qu}),

which gives an upper bound for qw. A lower bound follows from (4.11) so that

max{0, qu − qin} ≤ qw < sin/ϕm(qu)−max{qin, qu}.(4.14)

We conclude the results, and recall that fR(ϕ) = g̃i(ϕ, z)/A for ε < z < B in (2.5).

Theorem 4.2. Consider a CCD circuit with N ≥ 2, constant inputs qin > 0,
ϕin ∈ (0, ϕmax] and ϕw = 0 such that sin := qinϕin ∈ (0, fR(ϕinfl; ¯̄qu)). If every qu,i ∈
(0, ¯̄qu) is the unique solution to (4.2) and qw satisfies (4.14), then there exists an
optimal steady-state solution of the form (4.9) in every CTi with ϕu,i = sin/qu, i =
1, . . . , N and ϕf,i satisfies (4.13). The CCD steady state is unique up to the locations
of the discontinuities in the thickening zones.

5. Numerical simulations. For ε ∈ (0,min{B,H}) we define µ(z) via the
classical Friedrichs mollifier, i.e., µ(z) := φ(z)/I, where φ(z) := exp(−1/(1− (z/ε)2))
for |z| < ε and φ(z) := 0 otherwise, and I :=

∫
R φ(z) dz. Then µ is discretized by

µj := φ(zj)/(∆z(φ(z−jε) + · · ·+ φ(zjε))) for j ∈ J .

5.1. Computation of numerical error. We compute reference solutions for
error tests in Example 1 below and approximate L1 errors at different times for the
scheme as follows. We denote by (ϕKi,j(t))

K
j=1 and (ϕrefi,j (t))

Kref
j=1 the numerical solution

for CTi at time t calculated with K and Kref cells, respectively. Notice that all data
are given in the variables ϕi, however, the scheme is computed in terms of the variables
ui; that is, we set ϕKi,j = uKi,j/Ai,j , for i = 1, . . . , N and j = 1, . . . ,K, where we have
renumbered the cells starting from j = 1 to simplify notation. We compute

ϕ̃refi,j (t) =
1

R

R∑
k=1

ϕrefi,R(j−1)+k(t), R := Kref/K.
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Fig. 4. Example 1: All three CTs contain initially water (blue). Darker color is higher solids
volume fraction; cf. Fig. 5. The pipe lengths between the CTs cause time delays in filling them up.

The total approximate L1 error of the numerical solution on the K-cell grid at time t
and numerical order of convergence are given by

etotK (t) := ∆z

N∑
i=1

K∑
j=1

∣∣ϕ̃refi,j (t)− ϕKi,j(t)
∣∣, θK(t) := log2

(
etotK (t)/etot2K(t)

)
.

We compute the error by comparing the numerical solution obtained with K = 10 ·2ℓ,
ℓ = 1, . . . , 5, grid cells with a reference solution obtained with Kref = 1280 cells.

5.2. Two examples. We consider N = 3 laboratory-size CTs with H = 0.6m,
B = 1m, A = 83.65 cm2 and Au

i = Ae
i = 3.14 cm2, i = 1, 2, 3. The length of all

underflow and overflow pipes is σu
i = σe

i = 2m, hence Ii = I := [−2.6, 3]m, i = 1, 2, 3.
The volumes of the stirred tanks are Vi = 100 cm3. The function b(ϕ) is specified in
Figure 2(b). These data are the same as in [3] and imply ϕinfl = 0.4. We consider
constant inputs: ϕin = 0.2, ϕw = 0, Qin = 50 cm3 s−1 and Qw = 10 cm3 s−1, whence
qin = 0.5977 cm s−1 and qw = 0.1195 cm s−1. With these values, the first prerequisite
of Theorem 4.2 is satisfied: sf = 0.1195 ∈ (0, fR(ϕinfl; ¯̄qu)) = (0, 0.1635) cm s−1. The
constants of the corresponding optimal steady-state solution are

qu = qu,i = 0.1356 ≤ ¯̄qu = 0.2146, qf,1 = 0.7173, qf,2 = 0.2552,

ϕf,1 = 0.1667, ϕf,2 = 0.4685, qe,1 = 0.5817, qe,2 = qw, ϕu = 0.8815

(with units as above). The constraint (4.14) for qw is satisfied (see Fig. 3(c)):

0 ≤ qw = 0.1195 < sin/ϕm(qu)−max{qin, qu} = 0.2837.

In Example 1, we consider ε = 0.25 (Scenario 1) and ε = 0.5 (Scenario 2). Initially,
there is only water in the CCD circuit, i.e., ϕi(z, 0) = 0, z ∈ I, i = 1, 2, 3. Then
we manipulate the control variables qu,i as shown in Fig. 4 so the tanks fill up and
eventually reach the optimal steady-state solution described above. For both scenar-
ios, we perform convergence tests at two time points; see Table 1. We simulate until
T = 100 s; see Fig. 5, which also demonstrates the convergence of the scheme. In Ex-
ample 2 we start with a concentration profile at the end of Example 1. We change the
control variables qu,i so that the system becomes overloaded; see Fig. 6. At t = 120 s,
we choose qu = 0.1356 cm s−1 to recover optimal operation.
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Fig. 5. Example 1: (a)–(c) simulated solids volume fractions in the three CTs and in parts of
the outlet pipes, (d), (e) numerical solution at T = 75 s for (d) ε = 0.25m and (e) ε = 0.5m, (f)
approixmate L1 errors as a function of the number of grid cells K for the two scenarios.

Table 1
Example 1 : L1 errors and numerical order in Scenarios 1 and 2 of the scheme at times T = 5 s

and T = 75 s. The reference solution is computed by with Kref = 1280.

K etotK θK etotK θK etotK θK etotK θK

Scenario 1, T = 5 s Scenario 1, T = 75 s Scenario 2, T = 5 s Scenario 2, T = 75 s

20 6.97e-02 — 4.83e-01 — 6.89e-02 — 5.08e-01 —
40 5.47e-02 0.349 3.29e-01 0.550 5.41e-02 0.348 3.44e-01 0.562
80 3.85e-02 0.505 2.27e-01 0.537 3.81e-02 0.504 2.30e-01 0.577
160 2.39e-02 0.689 1.20e-01 0.912 2.36e-02 0.689 1.24e-01 0.889
320 1.27e-02 0.908 5.76e-02 1.066 1.25e-02 0.910 5.76e-02 1.109

6. Conclusions. We have formulated and analyzed a model of a CCD circuit
consisting of N clarifier-thickeners (CTs) coupled in series, where the effluent from
each CT is fed to its predecessor and the underflow to its successor. Each CT, includ-
ing its outlet pipes, is modeled by a one-dimensional scalar hyperbolic conservation
law with discontinuous flux. The conservation laws are weakly coupled through the
merging of the two incoming streams feeding each CT. In many industrial plants,
these streams are first mixed in a small continuously stirred tank, whose outlet forms
the feed to the next CT. These mixing tanks, which have finite volume, are included
in the model and provide a smoothing effect. Furthermore, whereas the feed to a CT
has often been modeled by a point source, we employ a smooth source with support
of width 2ε, which converges to the Dirac measure as ε→ 0. This feature is preferred
by practitioners, and our mathematical results are independent of the parameter ε.

We have established the well-posedness of the resulting coupled PDE–ODE system
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Fig. 6. Example 2: After varying bulk underflow velocities that cause an overflow, the CCD
circuit is recovered to an optimal operating state.
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Fig. 7. Example 2: Volume fractions in the three CTs and in parts of the outlet pipes.

with respect to the notion of weak solution introduced in Definition 2.1. Theorem 2.1
provides both a ordering principle and an L1-Lipschitz stability estimate with respect
to the initial data, implying uniqueness. Existence is obtained by proving convergence
of a monotone finite difference scheme under a CFL condition. Moreover, Theorem 3.1
shows that the scheme is globally conservative with respect to the total volume of
the solids in the entire CCD circuit. The analysis can be extended to vessels with
continuously varying cross-sectional area; see [1].

Optimal operation of a CCD circuit means that no solids leave through the effluent
streams, so that all solids are transported through the underflow streams at the highest
possible concentration. For given input data (qin, ϕin), we have characterized the
choices of the control variables qu,1, . . . , qu,N and qw for which an optimal steady
state exists. In this regime, every effluent stream is free of solids, and the first CT
plays a distinctive role. The feed solids concentration is diluted in the first mixing
tank, so that ϕf,1 < ϕin, whereas the feeds to the remaining CTs satisfy ϕf,2 = . . . =
ϕf,N > ϕin. Example 2 in Sect. 5 illustrates that solids may overflow during transient
operation. To avoid such overflows and to control the sharp discontinuity in the
thickening zone at steady state, one may employ the regulator proposed in [11].

In mineral processing a CCD circuit treats a suspension of ore particles in a leach
solution consisting of water, acid, and dissolved metal. The present work focuses on
the hydrodynamics of the two-phase solid-liquid separation. A more comprehensive
model would also describe the transport of the dissolved liquid components. Notice
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that, whereas optimal steady-state operation requires specific values of the underflow
control variables qu,1, . . . , qu,N , the wash-water flow rate qw may vary within the
interval given by (4.14); see also Fig. 3(c). This additional degree of freedom could be
exploited to optimize the recovery of dissolved metals while minimizing their loss in
the overall underflow. Such a multiphase model will be investigated in future work.
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