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Abstract

As a continuation of the previous work on the Lamé system by Aslam et al.
[28], where global existence and exponential stability of solutions were established,
this paper is devoted to the analysis of finite-time blow-up phenomena. Specifically,
we consider the same system as in [28] under suitable conditions on the relaxation
functions and focus on the case of low initial energy, for which we prove a finite-time
blow-up result.

To complement the theoretical results, we design a finite volume method com-
bined with a Newmark-type time discretization to approximate the system numer-
ically. The numerical experiments corroborate the theoretical decay rates, capture
the blow-up dynamics, and demonstrate the efficiency of the proposed schemes.
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1 Introduction

The study of dynamical systems arising in elasticity theory has attracted considerable
attention over the past decades due to their rich mathematical structure and signifi-
cant applications in engineering and material sciences. In particular, the Lamé system,
which models the displacement field in isotropic elastic media, plays a fundamental role
in describing wave propagation phenomena. When additional physical effects such as
damping, memory, and nonlinear sources are incorporated, the resulting models exhibit
complex qualitative behaviors including stability, decay, and blow-up of solutions.

In recent years, increasing attention has been devoted to the analysis of evolution
equations involving fractional derivatives. These operators provide an effective framework
for modeling hereditary and anomalous dissipation mechanisms that cannot be captured
by classical integer-order derivatives. Fractional damping has been successfully used to
describe viscoelastic materials and wave propagation in complex media; see, for instance,
[1,2,3,4,5,6,7, 8.

In parallel, systems with infinite memory have been extensively investigated, as they
naturally arise in viscoelasticity where the current state depends on the entire past history
of the system [9, 14, 15, 16, 17, 18]. The interplay between fractional damping and memory
effects leads to new analytical challenges and deeper insights into the dissipative structure
of such systems.

On the other hand, nonlinear source terms, especially of logarithmic type, have proven
to be particularly interesting due to their critical growth and delicate analytical properties.
Logarithmic nonlinearities appear in various physical models and often lead to competing
effects between dissipation and energy production. This competition may result in either
global existence or finite-time blow-up of solutions depending on the initial energy and
structural parameters; see [7, 19, 20, 21]. The investigation of blow-up phenomena is of
special importance as it corresponds to the formation of singularities and the breakdown
of the physical model in finite time.

For Lamé-type systems, several results have been established concerning well-posedness
and stability under different damping mechanisms. In particular, exponential and general
decay results for Lamé systems with memory or delay terms and nonlinear damping can
be found in [22, 23, 24, 26, 27]. More recently, the incorporation of fractional damping
into Lamé systems has led to new developments, including stability and decay estimates
as well as qualitative properties of solutions [24, 28, 29, 30, 31].

However, the combined effect of fractional damping, infinite memory, and logarithmic
nonlinearities in Lamé systems remains less explored, particularly regarding the occur-
rence of blow-up and the interaction between these mechanisms.

The purpose of this paper is to contribute to this direction by studying a Lamé sys-
tem endowed with a nonlinear logarithmic source term, a fractional damping operator
of Caputo type, and an infinite memory term. The model under consideration captures
the combined influence of hereditary effects and nonlocal dissipation, leading to a highly
nontrivial dynamical behavior. Our analysis is motivated by recent works on wave and
Lamé equations with similar features [7, 8, 18], where the competition between damp-
ing and source terms plays a crucial role. Note that the system under consideration
was previously studied in [28], where the authors established results on local existence,



global existence, and stability. The present work extends these contributions in two di-
rections. First, we investigate the finite-time blow-up of solutions corresponding to low
initial energy under suitable conditions on the relaxation functions. Second, we develop
a detailed numerical approximation of the model by combining a finite volume discretiza-
tion with a Newmark-type time integration scheme. Particular attention is given to the
treatment of the fractional derivative and infinite memory terms through appropriate aux-
iliary variables, enabling the scheme to preserve the dissipative structure of the system.
The numerical simulations illustrate both the energy decay in the stable regime and the
occurrence of finite-time blow-up, thereby confirming the theoretical results.
More precisely, we consider the following system:

( “+oo

w” — Aow + / r(s)Aw(t — s)ds + 9;"w(t)

0
= w|w[P~?In|w|, in Q x (0, 00),

(1.1)
w =0, on 9N x (0,00),

w(z,t) = wo(x,t)in Q x (—o0,0],

\

where  is bounded domain of R? with a smooth boundary 992,

w = (wy,wy, ws)", Aew = pAw + (u + \)Vdivw,

w|w|p_2 In|w| = (w1|w1|p_2 In |w |, wg|w2|p_2 In |wyl, w3|wg]7’_2 In ]w3|)T,
and
ri(s) 0 0
r(s) = 0 7m(s) 0

0 0 r3(s)

The functions r;,7 = 1,2, 3, and the constant p will be specified later.

Note that the operator A is the Laplacian operator and A, is the elasticity operator
which is a 3 x 3 matrix-valued differential operator. The parameters A and p are the
Lamé constants, meeting the following requirements:

>0, p+X>0. (1.2)

The symbol 9;¢ denotes the modified Caputo fractional derivative, which is defined,
in [2, 33], by

1 t
ow(t) = —/ (t—71) e Dy (T)dr, 0<n<1,0>0.
' 'l —n) Jo
Throughout this paper, we assume the following conditions:
(H1) The functions r;: Ry — Ry, i = 1,23, are differentiable, non-increasing and
satisfy

+oo
>, V1<i<3, where ~;= / ri(s)ds > 0.
0
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(H2) There exists a positive constant § > 0 such that
ri(t) < —0ri(t), Vit>0.

(H3) The constant p is such that 2 < p < 4.

The paper is organized as follows. Section 2 presents the preliminaries and recalls
previously established results; detailed proofs can be found in [28]. Section 3 is devoted
to the blow-up analysis of (1.1). Section 4 addresses the numerical approximation of
the system, where we illustrate both the decay of energy in the stable regime and the
occurrence of finite-time blow-up.

2 Preliminaries and Previous results

Let recall the following lemmas.

Lemma 2.1 ([1]). Let w be the function:

(2n—1)

w(o)=lo| 2, ceR, 0<n<l,

and b = % Then the relation between the system’s input U and output O

(o, t) + (04 0)¢(x,0,t) = U(x,t)w(c) =0, 0 €R, >0, 0>0,

¢(x,0,0) = 0, (2.1)
O(t):=1b (o, )w(o)do

15 given by
O := 1",
where
¢ = ((bla ¢27 ¢3>T
and .
1
I"%u(t) := —/ t — 7)1 te Ty (1) dr.
()= | (4= (r)
Lemma 2.2 ([24]). For all A € D, = C\ | — oo, —9|, we have
+o0 w2(0) T
Ay = ———do = A =1,
A /OO A+ o0+ 02 7 sin(mr)( +0)

Now, similarly to [15], we define the variable v by:

v(z,s) =w(x,t) —w(x,t—s), (2.2)

The variable v represents the relative history of w and fulfills the following equation:
vi(z,s) —wi(z,t) + vs(z,s) =0, z€Q, t,s>0. (2.3)
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By using Lemma 2.1 and (2.3), the system (1.1) can be rewritten as follows:

( +oo +o0
w" — (uld — / r(s)ds )Aw — (u + \)Vdiv(w)) — / r(s)Av(z, s)ds
0 0
+oo
+b ¢(z,0,t)w(0)do = wlwP>In|w|, z € Q, t >0,

Od(z,0,t) + (02 + 0)p(z,0,t) —wi(z,t)w(o0) =0, c €R, t >0, 0 >0
ow(x,s) + Osv(x, s) = dyw(x,t), x € Q, t, s >0, (2.4)
w(z,t) =v(r,s) =0, x €0, t, s >0,

w(x,0) = wo(x,0), w(z,0)= dwwo(z,0), x € Q,

v(z,0) =0, wv(z,s)=rv(z,0,s)=wy(x,0)—wy(x,—s), z€Q,t s>0,

| ¢(z,0,0) =0, c € R.
where

1
Id= 10
0

o = O
_ o O

Now, let u = w; and consider Y = (w, u, ¢, v), then the problem (2.4) is equivalent to:

Y'(t) = AY (t) + B(Y (1)),
{ Y (0) = Yy = (wo, w1, 0, 1), (2.5)
and
B(Y) = (0, |w]"*wn w],0,0)7, (2:6)

and the linear operator A is defined by

u
+o0o

+00 +o00
Agw — (/0 r(s)ds)Aw — b : (0)w(o)do + /0 r(s)Avds

w(o)u — (0% + 0)p(0)
u — OV

AY =

Define J# the state space (energy space) by:
A= (HQ)P x (L)) x (1@ x R))® x IA(R,, HL(Q)),
with
LRy, HY(Q) = {w = (w0, ws)" Ry — (HH(Q)),

—+o0
/ ()] [Vu(s)|3ds < oo, 1= 1,2,3},
0
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which is endowed with the following inner product:

3 +oo
<u,w>L%(R+’Hé(Q)) :Z/o ri(s)/QVui(s)Vwi(s)dxds,
i=1

for w = (wy, wy, w3)T, u = (uy,us,uz)’ € LR, HY(Q)).
Let ¢ = (61,02, 03) and ¢ = (1, da,¢3). Then, for W = (wy,ws, ¢, w3)" and U =
(u1, us, ¢, u3)’ € H, the Hilbert space 5 will be equipped by the following inner product

3

(UW), = /Q {Z((,u — 7)) VUl V) + ubwd)dz + (A + 1) / divuy divw, |dx

i=1 Q

3 +o0 .
+b2/g / ¢z¢zd€dx + <u3’w3>LE(R+,H(}(Q))’
i=1 —oe

17 1) T

The domain D(A) of A is given by

o0
where w; = (w}, w, w)T, u; = (u},u?, u)T, and ; = / ri(s)ds, i =1,2,3.
0

(w,u,p,v) € A :w e (HQ(Q))?’, u € (H&(Q))s,
D(A) = 4 FOu@) = (@ + 0)6(0) € (L@ xR))’,
lo]é € (L*(Q x R))’
O,v € L2(R,, Hy (), v(.,0) =0
Theorem 2.3. (Local existence result)[[28]] Assume that (H1)-(H3) hold true. Then, for

any Yy € F, the problem (2.5) has a unique local solution Y € C([0,T); 7). Moreover,
if Yo € D(A), then Y € CY([0,T); )N C([0,T); D(A)).

Theorem 2.4. (Global existence result)[28] For any Uy € H satisfying

p—2+1

2
= 2 2p E(0 <1
X e 112%}%{%}) ((p2)(u 112132%{%}) (0) ’ (2.7)
1(0) > 0,

we have that the solution w is global, where

3 3 3 +oo
= — A |2 |2 ) 2
I(t) = Z(u %)/Q|VU%| dx + (A+u);/9|dwwl| dx+;b/§2/—oo |pi(o,t)|"dod

i=1

8

3
1
— Z/ |w;|P In |w;|dx + groe Vv, (2.8)
i=1 79

and C3,, is the embedding constant of H(€2) — LPT(Q).



The energy of solutions for system (2.4) is defined by

3 , 3
1 . " |
- §Z(M_%)/ﬂ|vwi‘2dx+§Z/Q‘wg|2dx+TZ/Qfdwwi\de
b 3 +oo , 1 3
2 ’ — (H)Pd
+ 2;/9/_00 |pi (o, t)] dadx—l—p2;/ﬂ|wz(t)| T

1 1
- -Z/ lw;|P In |w;|dz + =7 o Vv, (2.9)
P Ja 2
where
3 400
roVv = Z/ Ti(S)/ |Vv;(z, 5)|*dxds. (2.10)
i=1 70 Q
It is easy to verify that

3
1 +00
E'(t) = 57" oVv—1b g / / (0% + 0)|¢i(0,t)Pdodr <0, (2.11)

where
3 +oo
r'oVv = Z/ 7’;(3)/ |V, s)|[*dxds.
i=1 70 Q@

Theorem 2.5. (Exponential stability result)[[28]] Assume that (H1)-(H3) hold true and
(2.7). Then there exist positive constants k and K such that

B(t) < Ke ™. (2.12)

3 Blow-Up Result

This section is devoted to the blow up of the system. Let us define the following func-
tionals:

3 3
1 1
Hw®) =5 3= [ Voo 23 [ il ds
=1 =1

13 LA 3
- = w; [P In |w;| de + —— /divwﬂdw 3.1
p2/| ool o+ P52 [ (3.)

and

() = =) [ (Ve =3 [l infu do

3
+(M+)\)Z/Q|divwi|2dx (3.2)
=1



It is clear that

Iw(v) = 1(u0) / updo+ (222 ;(u—%) [ 19 ds

2
+%Z L+ A) /|d1vwl|2dx (3.3)
i=1

B = Bw®) = 3 DIl +5rovr+ 53 [ [ o ds e + ()
:_E:H t)|2 + M+A§:/ﬁmvamw—rovu
+ - Z// OO]gbz|2dsal1'—|— Z/]wl\pd:v

2
_'_WZM Yi /]wadx
=1

Remark 3.1. The functional I(w(t)) differs from that defined in [28]. If1(0) > 0 in (2.7)
is replaced by I1(0) > 0, the results on global existence and exponential stability remain
valid, since 1(0) > 1(0).

(3.4)

Let us define the potential depth as

0<d= inf sup J(lw), 3.5
weHG(2))*\{0} lzg) (w) (3:5)

As demonstrated in [10, 21, 20, 11], it is therefore satisfactory

0<d= inf J(w(t)), (3.6)

where N is the well-known Nehari manifold and is defined as,(see[13, 12])

N ={we Hj(2)*\ {0} | I(w) = 0}.
Lemma 3.2. Let w € (H})?\ {0}. Then, we have:
(a) llir(g J(lw) =0, hm J(lw) = —o0.

—+00

(b) There exists a unique I* > 0 such that %J(lw)‘l:l* =0, and J(lw) is increasing on
(0,1%), decreasing on (I*,+00) and attains its maximum at I*. Moreover I* < 1 if

I(w) < 0.
(c) I(lw) >0 for 0 <l <1*, I(lw) <0 forI* <l < 400, and I(I*w) = 0.
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Proof. We will just prove the existence of [* that satisfies * < 1 if I(w) < 0. The proof
of the other points is classical so we omit it. We start by proving that the equation
g(l) = a1lP7? + aylP~2Inl = a3, has a unique solution, where a;,a, and asz are positive
constants. It is clear that g is continuous and differentiable on (0,+o00) and we have

g() =ai(p—2)I" 7 + as(p — 2)IP3Inl + axl®> = 1P (a1 (p — 2) + az(p — 2)Inl + as) .
Besides, it is easy to see that
_(p=2)ajtag

g,(l) =01 = ll =e (p—2)ag

and g is decreasing on (0,/;) and increasing on (I, +00). Since ¢(l;) < 0 and llim g(l) =
—+o00

+00, then the equation g(/) = a3 has a unique solution [* and we have
" <1<=a3<a.

Let
IR ), P I
) = 0w = 5 3= [Vl + 5 3 [ e = =3
=1 i=1 i=1

ZP/ P+ N = e 2
- — w; [P In |w;| de + ———= div w;ll; .
[ 1w 73w

Differentiate h(l) with respect to [, we get

3
Z =) IVwillz + (A + ) [ div wil|3)

.y Z (/ |w;|P In |w;| dz + Inl ||w,||§)

3
(Z g =) | Vawil5 + (A + p)[|div w[3)
=1

3
—zHZ/ |wi|pln|wi|da:—lp_zlanHwiH]’;). (3.7)
i=1 v/ i=1

Putting

3 3 3
o =3 [ fo sl de = 3 sl a0 = 3 (6= 319wl + O )i )
i=1 1=1 i=1

we see that A'(I) = 0 has a unique solution I* which satisfies

3
<= Y (= WVl + O+ ) div wi2) Z/]wzlpln]wz\d$<:>[( ) <0,

=1

]



Now (2.11) can be expressed as

3 400
E’(t)+b; /Q /_ ) (02 + 0)|¢:(0, ) Pdodz < 0, (3.8)
and hence
t 3 +o00
E b 2 (o, t)|?dodz | ds < E(0), VO <t < Thas. (3.9
(t) + /(//m (0 + 0)l6i(0 1) aa:) S<E(0), Vo<t (3.9)

Lemma 3.3. If £(0) < d and I(wy) < 0, then the solution w of the problem (2.4) satisfies
I(w) <0 and E(t)<d forte[0,Thax)- (3.10)

Proof. From (3.9), it is clear that E(t) < d. Given that I(wy) < 0 and w is continuous
on [0, Tinax)
I(w(t)) < 0 for some interval [0,t1) C [0, Tiax)- (3.11)

Let to be the maximum time that satisfies (3.11). If ¢ty < Tynaz, then I(w(tg)) = 0 and
w(ty) # 0, that is w(tg) € N .
Thus, we obtain from (3.6) that

J(w(ty)) > inf J(w(t) = d.

However, this contradicts the fact
J(w(ty)) < E(tg) < E(0) < d.
The proof is now complete. O]

Remark 3.4. If I(wy) < 0, then according to Lemma 3.2 and Lemma 3.3, we have, for
any small positive constant Ey such that 0 < Fy < d,

B <d < JLui(t) - (lp)Z [ap s @r (222) if;w —) [ 19w
+(1%)? (%) ii(/ﬁ +A) /Q |divw|? dx

3
1 / (p—2> / )

< = w;|Pde + | —— - Vw;|” dx
pgi; | % D (=) [ [V

=1 Q

4 (%) i(“ + ) /Q | divw;|* du. (3.12)

i=1

Notations: Throughout the remaining of the paper, we will adopt the following
notations:

. _ o _lp—oy" _ nlp—2)
~v* = max ;, ’y*—lléliléls’yi, 0<a—§ﬂ_% <1, 5—T.

(3.13)

1<i<3

10



Theorem 3.5. Let the conditions (H1) — (H3) holds and E(0) < aE; and I(wy) < 0,
where E1 is as in Remark 3.4. Moreover, suppose that

¥ <min{g,W}. (3.14)

Then, the solution to problem (2.4) blows up in finite time.
Proof. Let’s define the function G(t) as

G(t) =aE, — E(t). (3.15)
From (2.11) in (3.15), we have
g'(t)y=—-FE'(t) > bz:/g/foo(a2 + 0)|¢i(0, ) *do dx > 0 (3.16)

By using (2.9) and (3.12) in (3.15), we get

0 < G(0) < G(t) = ad — E(t)

3
< lz/ fsl? In ] der o= K (w(2)). (3.17)
P Ja
Now, let us define
D(t) = G(t) P + EZ/ w(H)w)(t) da = G(t)' P +eN(t) (3.18)

for some 0 < < 1 to be determined and differentiating Z(t), then using (2.4), we obtain

7'(t) =(1- H)J( +eZ i1 = G = 20) V@) = (1 4+ X) divun ()12}
3 +00
- Vw; i(s)Vv,; dsd i(z, )P In |w;| d
5;/9 w/o (s)Vv, sai+52/|wx P In |w;| dz
b
3 400
—¢b i i(o, dod 3.19
5;/910/_00¢(0t)w(0)0$ (3.19)
Ta

11



Therefore, by using (2.9), we get that, for any 0 < d; < 1 — 1%
3

7)< (™ 51”)Zu 0l + < (P22 Y-l vastol

=1

e (P22 3 01— <ptt - ot

3
+ed K(w(t)) + Mr oVv—¢eJ; —elo + e=d) Z/ |w;|? dx

ey | [ ot dode (- 516000 (3.20)

Using Young’s inequality, we get that

|| < 5Z/|sz| dx+ Z%/ ri(s)/|Vz/i|2 dzds
Q

2 ol
5121/9 \Vw;|* dz + ETOVV, (3.21)

IN

Applying the inequality

/ |ulP de < C (CO(Q,p) +/ |w|P In |ul dx) ,
Q Q

one has

1 3 S %
Jo| < bAZ |l 22 (ot 2 d d)
Bt (/Q/_wwf ) (0 + o) dods
3 1 . %
<uai 3o ([rupmtotassc@n) ([ [~ ot e+ o) dodo)

bAéé(Q,p) <K(w(t))1 + (3¢o) % (// ¢i(o,t) (0 + o )dada:)é. (3.22)

By selecting 0 < 5 < 1 — ]% and combining with (3.16) and (3.17), (3.22) can be reduced
to

12



for any 6; > 0. By substituting (3.21), (3.23) and (3.15) into (3.20), we obtain
/ _B 1 5 + 2
9(0) 2 (1- 6 - 2C) G(0) 76 1) + = (L= E2 )ZH e

+€<( p(L —61) = 2)(u — 7)—5)Z||sz 2+ 61 K(w(t))

2

1=

+5((p(1—61); 2) (u+ ) )anww, DI — ep(l — 81)a

=1

p(1=6) 7 e -0
+5<T_E>TOVV+T;/Q|UH|F(Z:E
1— 3 +oo
* M Z//O@ [6i(o, D) dodz + ep(1 = 01)G(1).

Then by using (3.12) in (3.24), we find that

2(0) 2 (15~ C) 6070 (0 + < (152 ) 3 it

(3.24)

62 7*)—04(19—2)(1—51)(#—%)_5)iwwi(t)\|§

2

( 1—51—2 )+ A alp—2)( >Z||d1vw 2
(g——)roVy—l— (1—a)(1—6) Z/|wz|pdx

%Z//O:O|¢,~(a,t)|2dadm—l—sp(1—51)9()+521K( (t))-

i=1

+

™

By the help of (3.13) and (3.14) we have

(3.25)

P=2)(p—r"—alp=") ,_ @=2)w-7) pr-2) pp-2 pp-2)

2 4 8 8
and

- =T = >
2 46 2 pulp-—2)
Then we can choose §; small enough such that
(p(1—01) =2) (p=7") —alp = 2)(1 = 01)(p — 1)
2

A 2y p_P_,
2 2

—6>0

and

(P(1=06) =2)(u+A) _alp—=2)(1-24)
2 2

> 0.

13

8

=0,



Now, we fix € > 0 sufficiently small so that 1 — 8 —eCjs, > 0. Then (3.25) implies that

3

7'(t) = & {g(t) + K(w(t) + ) [lwi@)ll3 + 1V + || divei(®)]5] } (3.26)

=1

Once more, let’s assume that € > 0 is small enough to obtain
3
2(0) = G(0) + eZ/ wo(x, 0)dw;(x,0) dz > 0 (3.27)
i=1 79

After that, we derive from (3.26) and (3.27).
2(t)>20)>0,Vt>0.
Moreover, we also impose that 0 < § < % — %. Then we have
2077 <277 (G(t) + N 77) (3.28)

and

_1

3
1 L =+
IN(t)|-7 SCZH@WII% w7
=1
& 25 1t
SCZ [0y~ || willp~”
=1

3 2
<cy” (Hatwiué ; uwiH;w)
(

. (3.29)

Note that we can obtain a more precise estimate than that in (3.17):

3

(6]
> llwil,

i=1

1

0<G(t)=aF — BE(t) < K(w(t)) — ;2
which entails that

3 _2
(Z Hwius-”)
=1

Then the above estimate together with (3.17) and (3.29) yields that

(a-=28)p
2

3 2
p
<C E Nwillh < CEK(W(@)-
i=1

3
N7 <O [[0aw]3 + CK (w(t)) o2

=1

<O (wlll3 + K (wn) T K (w(®)

=1

<C Y (Il + 9O K (w(®)
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Substituting the above inequality into (3.28) and combining with (3.26) implies that
POTF <CD'(t), t€ (0, Tpas)

It implies that

5 g0y
Tmaz‘ < Om@(O)B .

Consequently, the solution blows up at finite time. O

4 Numerical Approximation

In this section, we illustrate numerically the qualitative behavior of the system, including
the decay of energy in the stable regime (as established in [28] and recalled in Section
2) and the finite-time blow-up proved in Section 3. For simplicity, we consider numerical
examples in dimension n = 2. The real case n = 3 is merely a general physical description
that, due to symmetry, can be reduced to two dimensions Q = (0,1).

4.1 Finite Volume Approximation

We consider the finite volume method (FVM) for spatial discretization of w = (wy, ws)7,

with wy = wg(x,t), k = 1,2 and & = (x,y), based on a discretization of finite differences

of flux [32]. In this sense, let 7 = [J K;; be a rectangular nonuniform structured mesh
i,J

for the domain € = (0,1) x (0,12) in small N; x N3 control volumes Ky; = (2;_1,2;,1) X

(yj_%,yﬂ%), with Tl = T;1 + 0x;, 1 = 0,..., Ny, Yird = Y1 +0y;, 7 =0,..., Ny

Ny N,

and ) 0z; = > 0y; = 1. The unknown w(x,y,t) is approximated by w = w;;(¢) in the
i—1 j—1

control volume Kj;;. When integrating the Laplace operator in a control volume, there are

4 fluxes on the edges of the rectangle of the form fg Vw-nds(x) which is approximated by

finite differences in each edge z =z, 1 and y =y, 1. In summary, the Laplace operator

is approximated by (see [32]):
Aw(z;,y;) =~ (D°w)

]

L fwi —wiy wiy —wia n A fwigp —wiy Wiy — Wi (4.1)
ow; (5ZL‘Z~+% 5x~_% 0y, 5yj+% 5yj_%

(]

with 5%% = Tiy1 — Ty, 6yj+% =Yji+1 — Yy and Up,j = Ui 0 = Ui No+1 = UNy+1,5 = U00 =
UN,+1,0 = U0 No+1 = UN 41,841 = 0, for i =1,..., Ny, j =1,..., No. On the other hand,
the approximation of the grad-div operator is also obtained from the approximation of
the flux that are deduced from the integration over a control volume K;:

ik Vi
div(w)(z; 11, y)dy — div(w)(z;_1,y)dy

Y1 Y;

/ V(div(w))dx = z, 2 21
K, /  div(w) (@, ;1 )de — / *div(w)(z,y;_1)da

1
i3

+ o=

.1
i—3
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in which each term can be approximated by the following numerical fluxes:

Y.l
2 div(w)(z, vy)dy~ H, 1.
i+35 1+5,]
y

i—

Nl

1,7 +
51}4% 5yj+é + 5%‘—%

1 1 2 2 2 2
— 5y (wm,j —w Wity 41— Wij—1 — Wiy ; + wm‘)
= 0Y;

Tl .
/ * div(w)(z, ijr%)d:c ~H,

.1
i—g

1 1 1 1 2 2
B Wit 41— Wijpe1 — Wi+ W5 Wi — W

5$i+% +5:1:i,% 5yj+%

where w = (w', w?)" and w" = (w};); s for k = 1,2. In summary, the approximation of
the grad-div operator is as

) _ ((Dgwh); (Dyyw?),;
V(div(w)) ~ <(Dny1)ij (DyyWQ)ij)

where

_ +17.7 ] ] 7'717]
(D.Z’:L‘W)’L] - < -
_ Witjp1 + 2Wi + Wis i1 — Wi — Wig1j — Wiclj — Wij—1
51 (5yj+% n 5yj,%)
Wi+ 2Wi 5+ Wis1 o1 — Wi — Wit — Wim1j — Wijj—1

0y, <5%+% + (5:761-_%)

I wijp —wiy  wij —w; i
(D W)'L - 5] 5] _ 2] 2]
vy J 5y] 5yj+% 63/]'7%

4.2 Linear equations of Motion
Let the vector w(t) = (W(t), w2(t))T = [wi(t), ..., wi(t),wi(t),..., wi(t)]", an approxi-
mation of w(z,t) in R?/ with J = N, + N,. Taking into account the approximations (4.1)
and (4.1) in the system (1.1), the following equation of motion is obtained

Mw (t) + Kw(t) + Cw(t) = J(w) (4.2)
where M = I, ;.97 is the identity matrix of size 2.J x 2J,

K (wl) _ (—MDQWI — (4 A) (Dapw! + nyW2))

w? —pD*W? — (1 + ) (Dyw' + Dy, w?)

is the stiffness matrix, and

C= Cmemo + Cfrac

is the dissipation matrix given by the sum of the two matrices taking part in the approx-
imation of the dissipative terms of the equation (1.1);:
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e C,.cmo which characterizes the infinite memory dissipative term fooo q(s)Aw(t—s) ds;

e Cy,4c which characterizes the fractional derivative dissipative term ;" w(t);

4.3 Time discretization

In order to preserve the energy with a second-order scheme in time, we choose a (-
Newmark scheme for w. The method consists of updating the displacement, velocity and
acceleration vectors at the current time " = ndt to the time "™ = (n + 1)dt, a small
time interval 6t later. The Newmark algorithm [34] is based on a set of two relations
expressing the forward displacement w™*! and velocity w”*! in terms of their current
values and the forward and current values of the acceleration:

w'th = W (1 — )6t W+ ot W (4.3)

1

where [ and ~ are parameters of the methods that will be fixed later. Returning now to
the description of nonlocal dissipative matrices, we have the following.

4.4 Infinite memory term.

The infinite memory term [;° r(s)Aw(t — s) ds taking part in the equation (1.1), can be
approximated by C,,.noW. Before specifying the matrix associated with this decay, we
must note that this type of infinite memory terms have already been treated numerically
in multiple works, for example in [36] in which reasonable results are obtained, however
the energy is not conserved and spurious oscillations occur in the decay. In order to
avoid these unwanted oscillations, we consider another approximation in which we use the
modified model (2.4), and we discretize the variable o' introduced in (2.2). This allows
us to obtain a conservative scheme whose energy will be numerically decreasing. To do
this, we approximate o'(z,s) by of"", for j =1,...,J,n=1,...,Nandm = 1,..., M
in the equation (2.2), and defining

o =Wl — W™ (4.5)

Replacing (4.3)-(4.4) in (4.5), we obtain

m,n+1 m—1n _  ntl n
268 —
ot (B g (12 B ) 2 20 g
¥ J v J 2,)/ J

1
Then v = =, B = =~ is chosen, in order to obtain the following conservative scheme
2 2

L
o = o St (4.6)
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T R
with w; g JTJ Then from (2.4), the approximation of the infinite-memory term

at time t = ¢,,.1 can be written as

+00 M
- / q(s)Ao" ' (z,8)ds ~ —6t Z gmD?0™ "t
0

m=1

M M
==ty guD%" " — 5t (Z qm> D2w"* (4.7)
m=1 m=1

4.5 Fractional derivative term.

In order to numerically simulate the improper integral (2.1)3;, we consider R > 0 suffi-
ciently large, so that

R
OF“w(t) ~ 2b / 0(¢. 1)C(E)de

(we note the parity of the function #¢ with respect to £ from (2.1)). Let & := £6¢
¢=1,...,L, 6 = L/R. From (2.1), we define

G = |§£|(2w—1)/2’ (=1,....L, 0<w<1.

In the case of this dissipative term, we will simply be inspired by the work of [31], where
considering the augmented model of [1] results in a conservative scheme and decreasing
numerical energy. Thus, an approximation of the fractional derivative term, is given by

L
O “w(t) ~ 200 Y Gy (4.8)
/=1

On the other hand, the system (2.1) can be discretized using the Crank—Nicolson method
[35], in order to maintain the conservation of energy, or its nondecrease in case of dissi-
pation. Then, we obtain the following conservative numerical scheme:

Or L = 08 — 0t (€ +¢) 0] + Stgwth (4.9)

Combining then (4.7) and (4.9) with (4.3) and (4.4), and replacing these expressions in
(4.2) for t = t,41 gives the following system of nonlinear equations describing the first
part of the conservative scheme:

(M + 70t C + 86t K) w" ™ — J(w" ™) =

—C(2w" + (1 —7) 6tw") — K <w" + Stw™ + (% - B) 5t2v'v”> ,

M 512 M L
— 5ty gD " — - (Z qk> D>W" — 2b0¢ Y ¢} (4.10)
m=1 m=1 /=1
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with C = Cyemo + Crac and

M
Cmemo = _ﬁ (Z Qk) D2

2(26¢ o 2=6(8 +<)
Ctrac = 0t (Z 2ot (2 + g)) I, with (= WMQ

4.6 Source term J(w)

In the first instance we propose a discretizations of the nonlinear term J(w) for the scheme
(4.10), in a quite natural and naive way as

J(Wn+1) _J( n+1)_ ;z+1’w§1+1‘gln|wn+1‘ (4_11)

This choice is reasonable; however, it does not preserve the system’s energy when the
dissipative terms in equation (1.1) and the corresponding (4.10) scheme are not taken into
account. Specifically, when analyzing the (4.10) scheme combined with (4.11), a numerical
dissipation of energy is observed, as shown in Figure 77, along with persistent oscillations
around this decay. While dissipation is desirable, we aim for a more accurate scheme
free of spurious numerical effects, enabling a clearer assessment of the performance of the
approximate dissipative terms. For this reason, we subsequently propose the following
conservative scheme:

(M + 76t C + Bot* K) W'+ — J(w", w'h) = L(w", w", w", 0", 6")

— C(W"+ (1 —7)dtw") — K <w" + oW + (5 - 5) 5t2wn> ,

M (5t2 M L N
— 6ty gnD?" " — - <§ qm> D*W" — b3S > (by (4.12)
m=1 /=1

m=1
where
F(w'™) — F(w?
n n+1 ( ]n+2 7’(L ]> lf W;L #WJT'LJA ;
J(w",wh),; = Wi = W] j=1,...,4J, (4.13)
0 otherwise,

1
with F(w); = — |w;]¢(In |w;|¢ — 1) and
0
Lw", W' W' 0" 0") =— MW"+ Kw"+ Kw")

M L
— 6t Y gmD?0™" — b0 Y G} (4.14)
m=1 /=1
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4.7 Discrete energy and stability

In order to analyze the stability properties of the proposed scheme, we consider a discrete
energy functional naturally induced by the algebraic structure of the fully discrete system
(4.10)—(4.9). This construction follows the approach introduced in [37], where auxiliary
variables are employed to reformulate both the fractional damping and the memory term
within a unified framework.

The discrete energy is defined consistently with the numerical implementation and
includes contributions from the kinetic and elastic terms, as well as from the auxiliary
variables associated with the fractional damping and the memory effect, together with
the logarithmic potential term. More precisely, it is computed from the discrete solution
(w", w", 0" 0") in a form that mirrors the continuous energy while accounting for the
quadrature and discretization procedures involved.

Although this discrete energy does not coincide exactly with the continuous functional
due to spatial discretization and numerical integration of the nonlocal terms, it preserves
its qualitative structure and, in particular, its dissipative character.

Discrete energy decay. Under the choice v = % and [ = %1 in the Newmark scheme,

and using Crank—Nicolson discretizations for the auxiliary variables, the discrete energy

satisfies
E" < B (4.15)

This monotonicity property follows from the discrete balance obtained by testing the
scheme against the midpoint velocity Wn+%, and from the dissipative contributions in-
duced by the fractional and memory terms. The resulting behavior is fully consistent
with the continuous energy estimate derived in Section 2 and with the structure of the
augmented formulations considered in [37].

4.8 Numerical examples

We illustrate the behavior of the proposed numerical scheme on the square domain 2 =
(0,1)%, using a uniform mesh with n = 200 interior nodes in each direction, so that
Az = Ay = 1/(n+1). The physical parameters are fixed as p; = ps =1, p =2, A = —1,
and p = 3. The Newmark parameters are chosen as v = % and 8 = i.

4.8.1 Energy decay test

We first consider the regime corresponding to Theorem 2.5, where the solution remains
globally bounded and the energy decays over time.
We take initial data of the form

wl(x7y70) = A(I)(l',y), w2<$7y70) = _Aq)($7y>7 atwl - ath = 07

with ®(z,y) = sin(7x) sin(7y).
The amplitude A is chosen sufficiently small so that the initial data lie in the stable
set of the potential well, namely

I(wg) >0, E(0) < E.
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Fxponential Decay in semilog scale, A = 1
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Figure 1: Time evolution of the discrete energy for the decay test with A = 1, T' = 10,

and N; = 1000 (hence At = 1072). The energy decreases monotonically and exhibits an
exponential decay, in agreement with the theoretical prediction.

simulation at t=0.1795 simulation at t=0.1795

0
0.4
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y 0 o

X

(a) Profile of wy at t = 0.18.

(b) Profile of wy at t = 0.18.

Figure 2: Spatial profiles of the displacement components w; and ws in the stable regime
for A = 1. The solution is displayed at ¢t = 0.18, a time comparable to the blow-up time
observed in the unstable case, highlighting the contrast between both behaviors.

For small A, the quadratic part of the energy, which scales as A%, dominates the nonlinear
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logarithmic term, which behaves like AP log A and becomes negligible as A — 0.
In the present simulation, we take
A=1,
which satisfies the above conditions.
The numerical scheme is run with 7" = 10 and N, = 1000, corresponding to At = 1072,
The evolution of the discrete energy is shown in Figure 1, where a clear monotone decay

is observed. For comparison with the blow-up case, the solution profiles are displayed at
time ¢t = 0.1795 in Figure 2.

These results confirm that, when the initial data belong to the stable regime, the solu-
tion remains bounded and the energy decays over time, in agreement with the theoretical
predictions.

4.8.2 Numerical blow-up test

«10'! Blow-up test energy, A = 40

2 L 4
0 4
>
=
o -2 :
e
L
&)
T 4 -
O
L
O -6 1
8t i
-10 ' ' '
0 0.05 0.1 0.15 0.2

t

Figure 3: Time evolution of the discrete energy for the blow-up test with A = 40, T' = 0.25,
and N; = 1000 (hence At = 2.5x 107*). The energy grows rapidly and becomes non-finite
at approximately ¢t = 0.1795, indicating the occurrence of blow-up.

We now illustrate the finite-time blow-up behavior predicted by Theorem 3.5. In order
to satisfy the structural condition required in that theorem, we choose the memory kernel

r(s) = 0.5e?,
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simulation at t=0.1795 simulation at t=0.1795
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(a) Profile of wy. (b) Profile of ws.

Figure 4: Spatial profiles of the displacement components w; and ws in the blow-up regime

for the initial amplitude A = 40. These profiles illustrate the rapid growth of the solution
before the numerical blow-up time ¢ ~ 0.1795.

so that -
v = / r(s)ds = 0.5.
0

For the parameters used in the simulation, namely y© = 2, A = —1 and p = 3, condition

(3.16) becomes
* . puopplp—2)
m —F =1
v < min { 5 1 } ,

which is satisfied. We consider the initial data
wi(z,y,0) = A®(z,y),  wa(z,y,0) = —AP(z,y),
with zero initial velocity and
O(x,y) = sin(mrz) sin(my).

The amplitude is chosen as A = 40. For this choice, the discrete counterparts of the
functionals appearing in the blow-up analysis give

I(wg) = —4.60 x 10°, J(wg) = —7.25 x 10°,  E(0) = —7.25 x 10°.
Thus I(wp) < 0. Moreover, since E(0) < 0 and o = 0.5, the condition
E(0) < aF;
is satisfied for any admissible £; > 0 such that 0 < E; < d. The simulation is performed

with T' = 0.25 and N, = 1000, corresponding to At = 2.5 x 10~*. The numerical blow-up
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is detected when the computed energy becomes non-finite. In the present experiment,
this occurs at approximately
t ~ 0.1795.

The corresponding energy evolution and the profiles of w; and ws are displayed in Figures 3
and 4. These results provide numerical evidence of finite-time blow-up for large initial
data and are fully consistent with the unstable dynamics predicted by the analytical study.
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