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Abstract

In this paper, we consider the mixed-primal and fully-mixed Banach spaces-based formulations re-
cently proposed for the coupling of the stationary Brinkman—Forchheimer and convection-diffusion-
reaction equations, and develop reliable and efficient residual-based a posteriori error estimators
for both two- and three-dimensional versions of the associated mixed finite element schemes. For
the reliability analysis, we employ the global inf-sup conditions associated with each uncoupled
problem, combined with appropriate small data assumptions, stable Helmholtz decompositions in
nonstandard Banach spaces, and the local approximation properties of the Raviart—Thomas and
Clément interpolants. Efficiency is established using inverse inequalities, bubble-function localiza-
tion in local LP-spaces, and auxiliary estimates available in the literature. Finally, several numerical
experiments are presented, confirming the theoretical properties of the proposed estimators and il-
lustrating the performance of the corresponding adaptive algorithms, including the recovery of
optimal convergence rates and the ability to handle challenging physical regimes.
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1 Introduction

Recently, in [6], two Banach spaces-based mixed finite element methods for the transport of chemical
species in a saturated porous medium were introduced and analyzed. In this model, the velocity field is
governed by the stationary Brinkman—Forchheimer (BF) equations, which in turn drives the evolution
of the concentration via a convection-diffusion-reaction (CDR) equation. Within that framework, a
pseudostress-velocity mixed formulation was proposed for the BF equations, while two distinct strate-
gies were developed for the CDR equation. Specifically, the first approach consists of a mixed-primal
formulation for the coupled problem, whereas the second one introduces the diffusion vector as an ad-
ditional unknown, resulting in a fully-mixed formulation in a Banach space setting. A key distinction
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between these strategies lies in the treatment of the boundary conditions: whereas the mixed-primal
approach enforces the Dirichlet condition for the concentration via a suitable Lagrange multiplier, the
fully-mixed formulation circumvents this requirement entirely, incorporating it naturally as a func-
tional on the right-hand side of the weak formulation. The resulting schemes are recast as fixed-point
equations, whose well-posedness is established by employing recently developed solvability results for
perturbed saddle-point problems in Banach spaces, the Babuska—Brezzi theory, the Banach—Necas—
Babuska theorem, and the Banach fixed-point theorem. Regarding the finite element discretization,
the proposed schemes utilize Raviart—Thomas elements for both the pseudostress tensor and the dif-
fusion vector, and discontinuous polynomial elements for the velocity field. For the concentration,
Lagrange finite elements are employed in the mixed-primal approach, while discontinuous polynomials
are used in the fully-mixed case.

Although stability, convergence, and optimal a priori error estimates were also derived in [6], it is
well known that the discretization of nonlinear problems on complex geometries, as well as the approx-
imation of solutions exhibiting singularities or steep gradients, poses significant numerical challenges
and often deteriorates the theoretically optimal convergence rates. Adaptive algorithms driven by
a posteriort error estimates provide a key mechanism to recover optimal convergence rates in stan-
dard Galerkin discretizations, including finite element and mixed finite element methods, and their
analysis has been extensively studied in the literature. Foundational contributions include the pio-
neering works [2, 9, 10], which established the theoretical framework for residual-based a posteriori
error estimation for saddle-point and mixed problems, and [39], which provided a comprehensive treat-
ment of adaptive mesh-refinement techniques. These ideas were subsequently extended to augmented
mixed and pseudostress-based methods [31, 15, 28, 22], as well as to coupled fluid flow and transport
problems [24, 4, 16, 29]. In the context of the CDR equation, a posteriori error analysis has also
received considerable attention, particularly for convection-dominated regimes. Seminal contributions
in this direction are due to Verfiirth [38], later refined to yield estimates that are fully robust with
respect to convection dominance and uniform with respect to the magnitude of the zero-order reaction
term [40]. More recently, a mixed formulation for the CDR equation was considered in [25], where
suitable residual-based a posteriori error estimators were derived. Specifically, the authors introduce a
diffusion-type vector as an additional unknown, present centered and upwind-weighted mixed schemes,
and develop the a posteriori error analysis via postprocessing techniques, thereby avoiding Helmholtz
decompositions and dual arguments. Nevertheless, the analysis therein is restricted to the lowest-order
case, and the error estimates are measured only in the L?-norm of both the diffusion vector and the
concentration.

It should be noted that most of the aforementioned works are set within standard Hilbert space
frameworks, where nonlinearities are typically handled via augmentation techniques. In contrast,
working in Banach space settings avoids such augmented formulations, but makes the derivation of
reliability and efficiency estimates substantially more involved, as classical tools such as orthogonality
arguments and the Riesz representation theorem are no longer directly available. First steps in this
direction were taken in [13] and [7], where the authors derived reliable and efficient residual-based a
posteriori error estimators for the mixed finite element method applied to the Navier—Stokes/Darcy—
Forchheimer coupled model and to the Navier—Stokes model, respectively. Key contributions of these
works include novel Helmholtz decompositions adapted to the Banach space framework for the relia-
bility analysis, as well as inverse inequalities and bubble function techniques for the efficiency bounds.
These tools have since become cornerstones for the a posteriori error analysis of mixed finite element
methods in Banach spaces and have subsequently inspired, for example, the development of estima-
tors for Boussinesq-type models [30] and for the coupled Brinkman—Forchheimer and double-diffusion
equations [14].



In the context of flows in porous media, a posteriori error analysis has been investigated in both
Hilbert and Banach space settings across a range of models, including the Darcy—Forchheimer [35],
Brinkman-Darcy [5], and Brinkman-Darcy—Forchheimer [34] problems, as well as coupled formulations
such as the Brinkman—Navier—Stokes system with an advection-diffusion equation [3], the Brinkman—
Forchheimer system with double-diffusive convection [12], and the Brinkman—Forchheimer/Darcy
problem [18]. Most closely related to the present work are [11], where the tools of [13, 7] were
employed to derive a residual-based a posteriori error estimator for a Banach spaces-based mixed
formulation of the stationary convective Brinkman—Forchheimer equations, and [37], where an a pos-
teriori error analysis was developed for the coupling of the Darcy—Forchheimer problem with the CDR
equation. Of particular relevance is also [12], where a reliable and efficient estimator is proposed for
the Brinkman—Forchheimer equations coupled with a double-diffusive convection system. However,
the formulation therein differs from the one adopted in [6]: in [12], the velocity gradient and the pseu-
dostress tensor are introduced as additional unknowns for the BF system, while the double-diffusion
equations are handled via vectors involving the temperature/concentration, their gradients, and the
velocity. In our formulation, by contrast, the velocity gradient is not introduced as an unknown, and
the CDR equation is handled, in the fully-mixed approach, through the classical diffusion vector.

In light of the above discussion, in this paper we propose residual-based a posteriori error estimators
for the BF equations coupled with the CDR, equation, considering both the mixed-primal and fully-
mixed formulations studied in [6]. Drawing upon the techniques of [13, 7, 39, 38] and building on
the approach of [11], we analyze the proposed estimators within our Banach space setting, rigorously
establishing their reliability and efficiency in two- and three-dimensional domains. More precisely, we
derive global estimators expressed in terms of computable local indicators © g defined on each element
K of a given mesh 7Ty, which are then employed to drive an adaptive mesh refinement algorithm. In
particular, we prove that each estimator © is reliable and efficient, meaning that there exist positive
constants Ce and Ci), independent of the mesh sizes, such that

Cet © + hoo.t. < |lerror || < Cpq © + heo.t.,

where h.o.t. denotes one or more terms of higher order.

The rest of this paper is organized as follows. The remainder of this section is devoted to standard
notation and functional spaces. In Sections 2 and 3, we recall from [6] the model problem and its
continuous formulations based on the mixed-primal and fully-mixed approaches, along with the two
discrete schemes. Subsequently, Section 4 deals with the derivation and analysis of a residual-based a
posteriori error estimator for the mixed-primal formulation, establishing its reliability and efficiency.
Section 5 then addresses the analogous analysis for the fully-mixed formulation. In Section 6, we
present several numerical examples illustrating the performance of the proposed estimators and the
associated adaptive algorithm, confirming the recovery of optimal convergence rates in the presence
of singularities, steep gradients, and challenging physical scenarios with and without manufactured
solutions. Finally, auxiliary results employed in the reliability and efficiency analyses are collected in
Appendices A and B, respectively.

Preliminary notations

Let Q < R",n € {2,3}, be a bounded domain with polyhedral boundary I', and let n be the outward
unit normal vector on I'. Standard notation will be adopted for Lebesgue spaces LP(€2) and Sobolev
spaces W*P(Q), with s € R and p > 1, whose corresponding norms, either for the scalar, vectorial, or
tensorial case, are denoted by || - |00 and | - |5 .0, respectively. In particular, given a non-negative
integer m, W™2() is also denoted by H™(), and the notations of its norm and seminorm are



simplified to | - ;.0 and |- |m.q, respectively. In addition, H/2(T") is the space of traces of functions of
HY(Q), and HY/ 2(T") denotes its dual. On the other hand, given any generic scalar functional space
S, we let S and S be the corresponding vectorial and tensorial counterparts, whereas | - |, with no
subscripts, will be employed for the norm of any element or operator whenever there is no confusion
about the space to which they belong. For any normed vector space V', we denote its topological dual
space by V', which is a Banach space when endowed with the norm

F
|F|y: := sup |F(v) VFeV'.
ozvev [v]v

Also, | - | denotes the Euclidean norm in both R™ and R™*", and as usual, I stands for the identity
tensor in R™*™. In turn, for any vector field v = (v;)?_;, we set the gradient and divergence, as

8Ui " . L L avj
Vv = <5acj> and div(v) := ; 3z

i,j=1

whereas for any tensor fields 7 = (73;)};_; and ¢ = ((;5)7 =1, we let div(7) be the divergence operator
div acting along the rows of 7, and define the transpose, the trace, the deviatoric tensor, and the tensor
inner product, respectively, as

n n
1
b= (Tji)zjzl, tr(7) := E i, Thi=1— ﬁtl‘(T)H, and 7:(:= E Tij Gij -
i=1 ij=1

Furthermore, for each t € [1, +00) we introduce the Banach spaces

H(divy; Q) := {v eL?(Q): div(v)e Lt(Q)}, and

H(divi; Q) := {T eLX(Q): div(r)e Lt((z)} ,

endowed with the natural norms

[V]givi;o == [IV]o,o + [[div(v)[ose Vv e H(divy; ), and

ITlaivese == I7loe + [div(T)ose V7 € H(divi; Q).

In addition, we consider the canonical injections i), : LP(Q2) — L%(2) for all p,q € [1,+), p > ¢,
and i, : HY(Q) — LP(Q) for all p € [1,4+00) when n = 2, and for all p € [1,6] when n = 3, which are
continuous with norms depending on the domain. In particular, we have

lipgll < QP99 (1.1)

In turn, we let %, , and 4, be the corresponding vector or tensor counterparts of i, , and i), respectively.
Note that the norm of %, , also achieves the bound (1.1). Additionally, we recall that, proceeding as in

(1, 40o0] in R2,

[27, eq. (1.43), Section 1.3.4] (see also [8, Section 4.1]), one can prove that for ¢ € { [, 4] in R?

there hold

(€& -n,p) = JQ {E -V + cpdiv(f)} V (€, ¢) € H(divy; Q) x HY(Q), and (1.2)
(tn,v) = JQ {T Vv +v. div(r)} V(7,v) e H(divy; Q) x HY(Q), (1.3)
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where (-,-) in (1.2) and (1.3) denotes the duality pairing between H~/2(T") and H'/?(I"), and between
H~Y2(T) and H'/2(T"), respectively.

Finally, we use the letters C' or ¢ to denote generic constants that are independent of mesh sizes
and may vary from line to line. We only indicate their precise dependencies if they depend on physical
parameters of the model problem.

2 The model problem

We consider the physical process of fluid flow and reactive transport in a saturated porous medium
occupying the region 2. The fluid flow is governed by the Brinkman—Forchheimer equations (cf. [19],
[23], [17]), characterized by the velocity u and the pressure p. In addition, following the approach in
[36], the scalar field ¢ denotes the concentration of a chemical species transported by the fluid and
modeled by a convection-diffusion-reaction equation. As a result, the coupled model of interest is
described by the following system of partial differential equations:

—div(yVu) + Du + Fluf’ ?u + Vp=£(¢) in Q, (2.1a)
div(u) = f in Q, (2.1b)
—kAdp+u-Vo+nodp=g in Q, (2.1¢)

where v > 0 is the Brinkman coefficient (or effective viscosity), D > 0 is the Darcy coefficient, F > 0
is the Forchheimer coefficient, p € [3,4] is a given number representing the inertial power, £ > 0 is
the diffusion coefficient, and n > 0 is the reaction coefficient. We assume that v, D, and F may vary
spatially and are bounded in terms of positive constants 1g, v1,Dg,D1,Fg, and F; satisfying

vy < v(x) < vy, Dp <D(kx) <Dy, and Fg < F(x) < Fy, Vxe Q. (2.2)

The source terms f and g belong to suitable function spaces to be specified later. In addition, the
external force f(¢) is defined by

f(¢) == —(¢—¢r) 8, (2.3)

where g represents the gravitational acceleration of potential type, and ¢, is the reference concentration
of the solute.

Equations (2.1) are complemented with Dirichlet boundary conditions for the velocity and concen-
tration fields, namely,
u=up and ¢ = ¢p on I, (2.4)

with given data up € HY?(T") and ¢p € H/?(I'). Due to condition (2.1b) and the Dirichlet boundary
condition for u, the datum up must satisfy the compatibility condition

foon- [

Additionally, to ensure uniqueness of the pressure p in (2.1a), we seek p in the space

L3(Q) - {qeL2<n>: f9q=o}.



3 Continuous and discrete mixed formulations

In this section, we recall the mixed-primal and fully-mixed formulations of the model problem (2.1),
together with their corresponding Galerkin discretizations based on conforming finite element spaces.
We also summarize the associated well-posedness results. Further details are provided in [6, Sections
3 and 4].

3.1 Mixed-primal approach

We briefly recall from [6, Section 3.1] the derivation of the mixed-primal formulation for the coupled
problem (2.1). Following the approach proposed in [17] and [21], we introduce the pseudostress
tensor o as an additional unknown, which is defined by

o:=vVu—pl in Q, (3.1)

and observe that, by taking the matrix trace and using the fact that tr(¥Vu) = vdiv(u) = vf, we
obtain

1 v .
p= —ﬁtr(a) + f in Q. (3.2)

Then, applying the divergence to o in (3.1) and replacing the result into (2.1a), together with us-
ing (3.2) in (3.1), leads to an equivalent representation of the system (2.1): Find o, u and ¢, in
suitable spaces to be indicated below, such that

%a’d—Vu:—%f]I in Q, (3.3a)

—div(o) + Du + Flu|’?u = f(¢) in Q, (3.3b)
—kAp+u-Vo +n¢ =g in Q, (3.3¢)
u=up, ¢=¢p on I, (3.3d)

JQ {tr(a’) - I/f} =0. (3.3¢)

Notice that p was eliminated from the system, and it can subsequently be recovered through a post-
processing step via (3.2). We remark that (3.3e) represents the uniqueness condition of the pressure

Sop=0.
We now set £ := p/(p — 1) € [4/3,3/2] as the Holder conjugate of p, and recall the decomposition
H(divy; Q) = Ho(divy; Q) @ RI, where

Ho(divy: Q) = {T e H(divy: Q) L br(r) = 0} |

Then, we note that, by looking for o in H(divy; ), there exist unique components o € Hy(divy; 2)
and dy € R such that o = o9 + ds I. Moreover, using (3.3¢), we deduce that the RI-component can

be computed as
1 1
da—ftra—fyf. 3.4
wiol Jo " e by 34

Certainly, by employing this decomposition in (3.3a) and (3.3b), the system remains unaltered, with
only o replaced by og. In this context, we simply seek o¢ and compute the complete pseudostress
tensor using (3.4). For simplicity, we shall denote o by o.



To derive a weak formulation of (3.3), we first test (3.3a) and (3.3b) against functions in Hy(divy; 2)
and L”(Q), respectively, and integrate by parts the second term in (3.3a) using the Dirichlet boundary
condition u = up (cf. (2.4)). In turn, we test the convection-diffusion-reaction equation (cf. (2.1c))
against functions in H'(f2), and integrate by parts the first term. In this case, it is necessary to
introduce a normal flux-type variable A, defined by

Ai=—kV¢p-n on T, (3.5)

and enforce the Dirichlet boundary condition ¢ = ¢p (cf. (2.4)) weakly.

Thus, denoting H := Hy(divy; Q) and Q := LP(Q), the weak mixed-primal formulation of (2.1)
reads: Find (o,u) € H x Q and (¢, ) € H(Q) x H~Y/2(I') such that

a(o,7)+b(r,u) = F(1) VTeH,
b(o,v) —cu(u,v) = Gg(v) VveQ,

au($, 1) + b(), \) F(y) — VyeH(Q),
b(¢, €) = G(¢) VEe HTVA(T),

where the bilinear formsa: H xH > R, b: Hx Q@ - R, and ¢, : @ x Q — R, for each z € Q, and
the linear functionals F : H — R and G, : @ — R, for each ¢ € H, are defined as

(3.6)

a(x,7) := l d. 7 T,v):= | v-div(T

(er)i= | oxtirts b | vedivie), (37)
Cz(wW,Vv) = WV z|P 2w v .
(wv) = [ Dwevs | Elap ey, (38)

F(7):=(tn,up) — ifgftr(r), G,(v) = —JQ fp)-v, (3.9)

while the bilinear forms a, : H'(Q) x H'(Q) — R and b : H(Q) x H"Y/?(T") — R, and linear functionals
F:HY(Q) —» Rand G : HV2(I') - R, are given by

%www—mLwawwjng@w+nL¢w, (3.10)
Mwa:@w»,ww:ﬁﬁwam G(€) = (€. bpyr - (3.11)

In order to introduce a Galerkin scheme for (3.6), let us consider a regular family of triangulations
{Th}),~o of Q made up of triangles K (when n = 2) or tetrahedra K (when n = 3) of diameter h,
and set h := max{hx : K € Ts}. Given an integer | > 0 and a subset S of R", we denote by P;(5)
the space of polynomials of total degree at most | defined on S, and P;(S) its vectorial counterpart.
In turn, for each integer k > 0 and K € T}, we define the local Raviart—Thomas spaces of order k as
RT;(K) := P(K) ® P (K)x, where x := (z1,...,2,)" is a generic vector of R and Pj(K) is the
space of polynomials of total degree equal to k defined on K. Furthermore, define RT;(K) as the
tensor space in which each row lies in RT(K).

To handle the boundary variable A\, we introduce an independent partition of I', consisting of
straight segments when n = 2 and flat triangles when n = 3, denoted by {I'1,T's,...,I';,}, and we set



~

h = {max } IT';|. Under this notation, we define the following finite element subspaces:
7e{1,....m

HY .= {TheHO(diw;Q): hl, € RT4(K) VKeTh},
b= {VhELp(
HY = {whe()(ﬁ): Unli € Prs1(K) VKeTh},

H = {gﬁelﬁ(r): &Ir, € Py(T) we{1,...,m}}.

Q): vy, € Py(K) VKEE}, 51

Thus, the Galerkin scheme associated with (3.6) reads: Find (o, up,) € H xH}! and (¢p, A;) € Hﬁ xH%
such that

a(on, Th) +b(Th,un) = F(1p) VT, eH7,
(o, Vi) — Cu, (Un, Vi) = G, (Vi) Vv, e HE
auy, (Pns Yr) +0(Yn, A;) = F(in) Vb, € HY (3.13)
b(én, &) = G(&) V¢, e HY.

The well-posedness of (3.6) and (3.13) was established in [6, Sections 3.2 and 3.3], respectively, by
means of a fixed-point argument. In particular, the solvability of the Galerkin scheme was proved for
arbitrary finite element spaces satisfying suitable assumptions. In the present work, we restrict the
analysis to the specific finite element spaces given in (3.12), which were also considered as a particular
example in [6, Section 3.5].

For later use, let us recall some notation from the solvability analysis. Let cp denote the Poincaré
constant (cf. [6, eq. (38)]), and let s := 2p/(p —2) € [4,6]. In addition, following [6, Lemmas 1 and 2],
let § > 0, set 0y := % lis]| ! & cp, and define ro := min{d, dp}, so that r € (0,79]. Then, we define the
continuous and discrete balls

W(r) = {z €Q: |z]opa < r} and Wy(r) := {zh eHy: |z,

opa <t} (314)

and denote by (o, u,¢,\) € H x Q x H'(Q) x H~/2(I"), with u € W(r), the unique solution to (3.6),
and by (on,up, ¢n, A;;) € Hf x H} x Hz X H%, with up € Wy (r), the unique solution to (3.13).
Furthermore, we recall from [6, Theorem 1] that there exist C; > 0 depending only on r, p, vg, 1, D1,
Fi, |isl, B (cf. [6, eq. (34)]), and |©2], and C2 > 0 depending only on x, 1, § (cf. [6, Lemma 2]), and
||, such that the following a priori estimates hold:

H(U7u>HHXQ < Cl \Ijl(uvavgvg7¢D7¢r) (315)

and (¢, M) @) xm-12(ry < C2Va(g,¢n), (3.16)

where ¥y and ¥y are defined as

Vi (up, f,8,9,¢p, ¢r) = |[upllior + | floo + [gloa (HQHO,Q + [¢pl1/2,0 + |6x O,S;Q) (3.17)
and  Us(g,¢p) == [glo + [éD]1/2r - (3.18)

Moreover, from [6, Theorem 2], there exist C1 4 > 0, depending only on r, p, vy, v1, D1, F1, [|is], Ba
(cf. [6, eq. (60)]), and ||, and Ca4 > 0, depending only on x, 1, B4 (cf. [6, eq. (62)]), and ||, such
that

H(o.h; uh)“HXQ < Cl,d \Ijl(uDa fa g, 9, d)Dv ¢r) (319)



and  |[(én, Aj) i (@) w12y < Co.a P2(g, ¢p) - (3.20)

Additionally, given z € Q and ¢ € H!(2), we introduce the bilinear form A, : (Hx Q) x (Hx Q) —» R
and the linear functional R, : H x Q — R, defined as

Az((x,w), (T,v)) :=a(x,7)+b(r,w) + b(x,Vv) — cz(w, V)
and Ry(7,v) :=F (1) + Gy(v),

for all (x,w), (7,v) € H x Q, and we observe that the first two rows in (3.6) can be written equivalently
as

Au((o,u),(1,v)) = Ry(T,Vv) V(r,v)eH x Q. (3.21)
Then, it is possible to establish the global inf-sup condition (cf. [6, eq. (37)])

sup AZ ((X?W)7 (’T,V))
ox(rvenxo (T, V)|nxe

Zap[(x;wW)|uxe  V(x,w)eH x Q, (3.22)

for all z € Q satisfying |z[o,;0 < r, where as is a positive constant depending only on 7, p, vy, v1,
D1, F1, B (cf. [6, eq. (6)]), and ||, and thus independent of h and h.

Although we did not mention in [6] that a global inf-sup condition associated with the uncoupled
CDR equations can also be obtained, this result will be useful in the forthcoming analysis. Indeed,
having established the well-posedness of the uncoupled problem associated with the last two rows
n (3.6), by invoking the Babuska—Brezzi Theorem (cf. [26, Theorem 2.34]), one establishes the
existence of a positive constant acpr, depending only on &, 7, 5 (cf. [6, Lemma 2]), and ||, and thus
independent of h and ?L, such that

sup az(QO, ¢) + b(wa §) + b(‘P, 1/))
0xw.eemt@xa-12wy W& ) xu-12(r)

> acor [ (#: ) [ @) xm-12(r) 5 (3.23)
for all (¢,¢) € H(Q) x H"V2(T') and z € Q satisfying ||z[o .0 < r.

3.2 Fully-mixed approach

We now recall from [6, Section 4.1] the fully-mixed formulation of (2.1). We still employ a pseudostress
mixed formulation for the Brinkman—Forchheimer equations, which consists of the first two equations
in (3.6). To derive a mixed formulation for the CDR equation, we introduce the diffusion vector ¥,
defined by

¥ :=kVep in Q. (3.24)

Applying the divergence operator to ¢ in (3.24) and substituting back into (2.1c), we deduce that the
mixed strong formulation of the CDR equation reads:

K19 —Vep=0 in Q (3.25a)
div(ﬂ) — kw9 —np=—g in Q, (3.25b)
p=¢p on T. (3.25¢)

In this case, it is not necessary to introduce the normal flux-type variable defined in (3.5), since the
boundary condition for the concentration (cf. (3.25¢)) now becomes natural. As rigorously explained
in [6, Section 4.1}, we test (3.25a) and (3.25b) against functions in H(div,; ©2) and L*(Q2), respectively,



where s and t are Holder conjugates suitably defined below, and integrate by parts the second term
in (3.25a) using the Dirichlet datum (3.25¢), which allows us to seek ¥ € H(div;; Q) and ¢ € L*(Q).
Bearing in mind that p € [3, 4], we recall the index ¢ already introduced in the mixed-primal approach,
and define the two new parameters s and ¢:

4 3 2 2 6 4
[ = =1, 5= P €[4,6] and ti= L ¢ = =|- (3.26)
372 b_2 p+2 |53

These parameters allow us to define the spaces X := H(div;2) and Y := L*(Q2), in addition to
the spaces H := Hp(divy; Q) and Q := LP(Q) already introduced in the mixed-primal formulation
(cf. (3.6)). Thus, according to the first two equations of (3.6), and proceeding as described above to
derive the mixed weak formulation of the CDR equation based on the diffusion vector (cf. (3.24)), the
fully-mixed formulation of problem (2.1) reads: Find (o,u) € H x Q and (¢, ¢) € X x Y such that

a(o,7) + b(r,u) = F(7) VreH,
(0, v) = cu(u, V) = Gy(v) VveQ,
a9, 9) + b, ) F(y)  VyeX,
(9,6) 26,8 +du(®,6) = G  VEeY,

where the bilinear formsa: HxH - R, b: Hx Q — Rand ¢, : @ x Q@ — R, for each z € Q, and the
linear functionals F : H — R and G, : @ — R, for each ¢ € Y, are already defined in (3.7)-(3.9). In
turn, the bilinear forms a : XxX—»R,g:XxYHR, dy : XxY —> R, foreachze Q,¢: Y xY - R,
and the linear functionals F: X > R and G:Y — R, are defined as

o

(3.27)

S

@&whiLﬁ%'¢75W£%—L&MWL«MQ@F—Lf1@(M,

am@:ﬁﬂ@,ﬁww=w-m@m @O:—Lﬁ~

In order to introduce the Galerkin scheme associated with (3.27), let us define the finite element
subspaces

HY = {¢heH(divt;Q): ¥, € RT(K) VKGE},

iy = {gheLS(Q): &) € Pr(K) VKeTh},

which we use to approximate the solutions ¥ and ¢ of the problem (3.27). In turn, & and u are
approximated by functions belonging to the first two spaces in (3.12). As mentioned also in the
mixed-primal approach (cf. Section 3.1), in [6] we consider arbitrary finite element spaces to develop
the solvability analysis, but we include in [6, Section 4.5] these specific choices that satisfy the suitable
hypotheses detailed therein.

Thus, the announced Galerkin scheme reads: Find (o, up) € HZ x HY and (95, ¢5) € HY x ﬁ;’:
such that

a(ah,Th)+b(Th,uh) = F(’Th) VThEHg,

b(op, v) — Cuy, (Up, Vi) = Gy,(vn) VvpeHy,

R - ~ (3.28)
a(On, Yp) + b(y, én) = F(yy) Vpy, € H}z,

b(9n, ) — &S, €n) + du, (90 &) = G(&) V&, e Y.

10



In the same way as we introduced the bilinear form A, in the mixed-primal approach (cf. (3.21)),
we may consider the bilinear form A : (X x Y) x (X x Y) — R defined by

A((0.0), (1,€)) := (e, %) + b(1h,C) + b(o,&) — (¢, €), (3.29)

for all ((,¢), (¥,€)) € X x Y, which allows us to rewrite the last two rows of (3.27) as

A((9,0),(4,8) +du(9,6) =F(9) + G(&) V(1) eXxY.

As established in [6, eq. (95)], there exists a positive constant az, depending only on &, 1, p, C;
(cf. [6, Lemma 12]) and |€2|, and thus independent of h, such that

A((0.0), (#,9) + du(0:&) _ o4

o ~ 2

0%(1,)eXxY [(3.€)[xxy l(e.Qlxxy  Y(e,Q)eXxY, (3.30)

for all z € Q such that |z[o 0 <.

Regarding the solvability analysis of (3.27) and (3.28), we let € (0, min{7, 73}], where, follow-
ing [6, egs. (98) and (112)], 7o := min{d, dp} with § > 0 and o := K az /2, and 7§ := min{da, 05} with
dqa > 0 and gg = Kag d/2. Here a Aa > 0 is the discrete counterpart of the global inf-sup constant
of (3.30), as made precise in [6, Lemma 19]. The continuous and discrete balls (3.14) are then defined

with this new radius r. The well-posedness of (3.27) and (3.28) was subsequently established in [6,
Sections 4.2 and 4.3], respectively, via a fixed-point strategy.

From now on, we shall denote by (o,u, 9, ¢) € Hx Qx X xY, with ue W(r), and (o, up, 9p, ¢n) €
HZ x HP x HY x ICI‘,?, with u, € Wy (r), the unique solutions of the continuous problem (3.27) and the
Galerkin scheme (3.28), respectively. We recall from [6, Theorem 5] that there exist C; > 0, depending
only on r, p, 1, v1, D1, F1, B (cf. [6, eq. (34)]), and [Q2], and C2 > 0, depending only on &, 1, p, C;
(cf. [6, Lemma 12]), and |€|, such that the following a priori estimates hold:

H(Uvu)HHxQ < Cl ‘/l\ll(uvavgvg7 ¢D7¢r)v (331)
and H(’ﬂ? gb)HXXY < C2 \/I}Q(Q, qu) ) (332)

where \fll and @2 are defined as

~

V1 (up, f,8,9,%D, ¢r) := |uplijor + | f
and  Ws(g, ¢p) = ||g

oa (lg

lo,;0 + [¢Dl1 /2T -

O,s;Q> )

0.0+ lg lot:0 + [#p[1/2,0 + [éx

Moreover, from [6, Theorem 6], there exist C; 4 > 0, depending only on r, p, vy, v1, D1, F1, Ba (cf. [6,
eq. (60)]), and ||, and Ca4 > 0, depending only on &, 1, p, Cj ; (cf. [6, eq. (108)]) and ||, such that

l(oh, up)|7xo < Cra¥i(up, f,8,9,¢p, 6x) (3.33)

and (9, ¢n)xxy < Coa V(g dp). (3.34)

Note that the only difference between ¥, and ¥y and the expressions defined in (3.17) and (3.18) is
that g is now measured in the L’-norm. Furthermore, we emphasize that C; and C; 4, with i € {1,2}, are

not the same constants as those appearing in (3.15), (3.16), (3.19) and (3.20). However, as previously
noted, they exhibit the same dependence on the physical parameters of the model.
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4 A posteriori error analysis for the mixed-primal scheme

The main goal of this section is to propose a residual-based a posteriori error estimator for the Galerkin
scheme (3.13) and to prove its reliability and efficiency. To this end, throughout this section we employ
the notation and auxiliary results presented in Appendices A and B.

Let us introduce the following residual based a posteriori error estimator for the mixed-primal
Galerkin scheme (3.13):

1/p 1/2 1/
Owp = { Z GT,K} +{ Z (@%,K + @gK)} +{ Z @iK} +|¢p = énlijor,  (4.1)

K€77L Keﬁb Keﬁb

where, for each K € Tj, the local error indicators ©; i, i € {1,2,3, 4}, are defined as

1 1 P
of k= ;a%%—gf]I—Vuh

+ Z he |lup — uhug,p;e ) (42)
0.0 K ecg, (D) nEL(K)

) ) 1 4 1 2 14 1 2
GQ,K::}LK curl ;o-h—i_;f]l + 2 he 5* ;ah—i_ﬁfﬂ
0,K e€ER () NER(K) O.e
, 1 , (4.3)
+ > he 5*<a;1+f11—qu> ,
ce&h ()R (K) g " O
O3 k=i lg + £ Adp —wp - Vo —nonl§ 5 + > he | [V - n] Hze
) ee&p (Q)NER(K) (44)
+ > he |\; + £V [,
eeSh(I‘)m‘Zh(K)
and ,
@iK = Hf(¢h) + diV(O’h) —Duy —F |uh\p_2 uh|‘07£;K . (4.5)

Note that the last term in © x requires that &.(Vup)le € L2(e) for all e € &,(T'). A sufficient
condition for this property is to assume that up € H'(I'), and for simplicity we will make this
assumption throughout the remainder of this work. We emphasize, however, that this requirement
can in fact be relaxed. Indeed, it would suffice to require that up admits an extension lip € HY?*¢(Q)
for some £ > 0, so that the trace of Viip on I' belongs to L%(T"). On the other hand, the first term
in the definition of ©y i requires that the source term f to be sufficiently regular so as to ensure that
curl(f1I) e L?(K) for all K € Tp, while the second and third terms in O ;¢ require that 8, (f 1) € L?(e)
for all e € £,. Both requirements are satisfied by assuming that f|x € H'(K) for all K € Tj,.

The residual character of each term defining Oy becomes clear by examining the strong prob-
lem (2.1) and the regularity of the continuous weak solution. Indeed, if the discrete solutions coincide
with the continuous ones, the local error indicators O g and ©; g vanish owing to (3.3a) and the
Dirichlet boundary condition for the velocity in (3.3d). In turn, ©3 k vanishes at the continuous
solution due to (3.3c) and the Dirichlet boundary condition for the concentration in (3.3d), while
©4 K also vanishes at the continuous solution by virtue of (3.3b). We stress here that the presence
of the last term in (4.1) prevents Owp from being fully local. To overcome this issue, we will show in
Section 4.4 that this estimator induces another one that is indeed fully computable, which will allow
us to construct an adaptive refinement algorithm.

12



In what follows, our goal is to establish the efficiency and reliability of the a posteriori error
estimator (4.1). More precisely, we show that there exist positive constants Crel and Cef, independent
of the mesh sizes h and h, and of both the continuous and discrete solutions, such that

Cor Opp + hoo.t. < H(O‘ —Op, 0 — uh)||H><Q + H(gb — Op, A — )\'FL)HHl(Q)XHfl/Z(F) < Crol Owp (4.6)

where h.o.t. stands for one or several terms of higher order. To establish the reliability of the estimator
(upper bound in (4.6)), we first derive some preliminary results in Section 4.1, and then complete the
proof in Section 4.2. The efficiency (lower bound in (4.6)) is then addressed in Section 4.3.

4.1 Preliminaries for the reliability analysis

In this section, we derive some preliminary estimates required for the proof of the reliability. We first
define the residual functionals R : H — R and Ry : @ — R by

Ri(t) :=F(r) —a(op,7) — b(T,uy) VreH, (4.7)
and
Ra(v) := Gy, (V) —b(op, V) — cy, (up, V) VveQ, (4.8)

respectively. Notice that, according to the first and second equations of the Galerkin scheme (3.13),
there hold

Ri(tr) =0 VrpeHy, and Ra(vy) =0 Vv, e Hy .
The following result gives us an estimate for the error associated with the continuous and discrete

solutions of the Brinkman-Forchheimer part of the systems (3.6) and (3.13).

Lemma 4.1 There exists a positive constant C1, depending on r, p, v, vi, D1, F1, |is|, B, Ba, and
|Q|, but independent of h and h, such that

0.0 l¢—on

0,052 -

C1 (o —onu—up)|nxo < [Ri|w + IR2] o + |8
+ ¥y (up, f,8,9, D, ¢z) [u —uy

Lo (4.9)

Proof. By using (3.21), the definition of the residual functionals R and Ro (cf. (4.7)-(4.8)), and
performing some algebraic manipulations, we obtain, for all (7,v) € H x Q,

Au((a —op,u—uy), (T, v)) =Ry(T,v) — Au((a'h, up), (7, v))
= Ri(T) + Ra(v) + G4(v) — Gy, (V) + cu(up, v) — cy, (up, v),

which together with the global inf-sup condition (3.22) with z = u, x = 0 — o}, and w = u — uy,
yields

aa (o —onu—w)luxo < [Rilw + [Relo + [Go = G, o + [culun; -) = cu, (un,-)[o - (4.10)
Then, to bound the last two terms, we may proceed as in [6, egs. (69)—(70)] to establish that

1Gy — Gy, llor < llis]l |glo,n ¢ — &n

leu(up, -) = cu, (Un, )l < Le (27)° 72 |up o0 Ju —up

|17Q s and

0,052 »

where L is a positive constant depending only on p, F1 and Q| (cf. [6, eq. (46)]). Putting these
estimates into (4.10), and then using the a priori estimate (3.19), we conclude (4.9), as desired. o
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With the aim of obtaining an estimate analogous to (4.9), but now for the error associated with the
CDR system, we introduce the residual functionals R; : H'(Q) — R and Ry : H-Y2(I') — R defined
by
Ri($) == F(Y) = au, ($n, ) = b(e, N;) Ve HY(Q), (4.11)
and

Ra(8) = G(&) —b(¢n, ) VEeH VD), (412)
respectively. From the third and fourth equations of (3.13), it follows that

Ri(n) =0 Yo eH and Rp(&)=0 V& eH}. (4.13)

Lemma 4.2 There exists a positive constant Cy depending on k, n, p, |is], B, Ba, and |Qf, but
independent of h and h, such that

Ca (6 = dns A — X)) w1720y < IRl yy + 1R2ll 1200y + ¥2(g, 6p) [u — wpfo e (4.14)

Proof. We proceed similarly as in the proof of Lemma 4.1. In fact, using the last two rows of (3.6)
and performing some algebraic manipulations, we have that, for all (1, &) € H(Q) x H-1/2(I),

au(® — P, ) + bW, A = X;) + b(¢ — dn, &) = F(¥) — au(dn, ) — b(1h, A;) + G(&) — b(¢n, &)
= R1(¥) + Ra(€) + auy, (61, 0) — aul(en, ).

Now, by using the global inf-sup condition (3.23) with z =u, p = ¢ — ¢p, and ¢ = A — Ay, along with
the above equation, we find that

acor (¢ — ¢n, A = M) < IRall oy + IR2l g2y + law, (6, ) — aulén, My - (4.15)

To bound the last term, we apply the Holder inequality and the a priori estimate (3.20), so that

law, (P, ) — au(Pn, )| @)y < lis] [u—anfop e lonlie < Coalis] Y2(g, ¢p) [u —uplo,pa-

Putting this into (4.15), we obtain (4.14), thus concluding the proof. o

As a consequence of this lemma, we can bound the concentration error in (4.9), thereby arriving at
Cill(o —op,u—up)|uxo < [Rilw + [Ralor + [Rillg @)y + [Rellg-1/2(r)y

(4.16)
+ {\1/1(11]), fagvg7 ¢D7 ¢r) + \112(.93 ¢D)}”u - uh”o,p;Q y

where C; = C1C5 /max{Cy, |glon}. As a result, and employing once again the previous lemma, we
can establish the following preliminary upper bound for the total error.

Theorem 4.3 Assume that the data satisfy

C
\Ill(uD7f7gvgv¢Da¢r)+\P2(97¢D) < 71 (417)
Then, there exists a positive constant Cs, depending on v, p, vy, v1, D1, F1, |lis|, B, Ba, lgllo.o, &, 0,
B, Ba, and |Q|, but independent of h and h, such that
(o —onu—up)uxo + [(& = dn A = X)) xu-12()
(4.18)

< Cs {HR1 I + |R2llr + [Rall gy + HﬁQH(H*1/2(F))’} :
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Proof. Substituting the assumption (4.17) into (4.16) yields

01 ~
- @ —onu—w)luxo < [Ralw + [Raller + [Rall ey + IRel vaqryy - (4.19)

Replacing this into (4.14) to control the last term, invoking Ws(g, ¢p) < C:’l /2 from (4.17), and adding
the resulting inequality to (4.19), we obtain (4.18) with C3 := 2 max{1/Cy,1/Cs}. D

It follows from (4.18) that, in order to establish the reliability of the a posteriori error estimator
(cf. (4.6)), it is necessary to derive suitable bounds for the residual functionals. This will be the main
objective of the following section.

4.2 Reliability

We start our analysis by establishing estimates for |R1]y and |R2| o/ For the sake of brevity, we do
not reproduce the proof of the first estimate here and instead refer the reader to [11, Lemma 3.4], where
an analogous result is given for the convective Brinkman—Forchheimer equations. Nevertheless, the
argument follows a standard strategy based on a Helmholtz decomposition, which will be illustrated
later in the proof of Lemma 5.5.

Lemma 4.4 There exists a positive constant C, independent of h and 7@, such that
1/p 1/2
IRl < C { > @T,K} +{ > @%,K} :
KeTy, KeTy,
where O1 i and O i are defined in (4.2) and (4.3), respectively.

Proof. The proof follows by a slight modification of that of [11, Lemma 3.4], where the local error
indicator additionally accounts for a convective term and the L*-norm is employed instead of the
L#-norm, which explains the presence of the exponent p in our case. o

Lemma 4.5 Let Oy be defined as in (4.5). Then, there holds
1/¢
IR2llor < { > @4K} :
KeTy

Proof. 1t follows directly from the definition of Ry (cf. (4.8)) and the Hélder inequality. o

We continue the reliability analysis by deriving suitable bounds for the norms of the residual func-
tionals R and Ra (cf. (4.11) and (4.12)).

Lemma 4.6 There exists a positive constant C, independent of h and TL, such that

1/2
IRl o)y < C { > @§,K} and  |Ra|g-12(ry) < [éD — nlijor, (4.20)
KeTy,

where O3 ¢ is defined in (4.4).
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Proof. We proceed as in [22, Lemma 3.12]. In fact, to prove the first estimate in (4.20), we fix
) € Hl(Q) and define w = 1 — Iy(v), so that employing the first relation in (4.13) we find that
Ri(y) = Ry (1/)) Then, by using the definition of Ry (cf. (4.11)) and performing local integration by
parts, we get

Ri(w) = ), {L{g@+ﬁ JKAQbMZJK(Uh'VGﬁh)@Z?? L{%&}

KeTy,

fﬂwh n - Y j»mwh n)d.

eec‘,’h eegh

Hence, by using the Cauchy—Schwarz inequality and the approximation properties (A.5) and (A.6),
we conclude the first estimate in (4.20). The second estimate follows directly from the definitions of
R (cf. (4.12)) and of the dual norm. This completes the proof. o

The main result of this section, which is the reliability of the a posteriori error estimator Oyp
(cf. (4.1)), is stated below.

Theorem 4.7 Let (o,u,¢,\) € H x Q x H'(Q) x H™V2(T') and (o4, up, ¢p, A;) € HY x Hi x HY x HA
be the solutions to (3.6) and (3.13), respectively. Assume that the data satisfy the assumption of

Theorem 4.3. Then, Owp is a reliable estimator, i.e. there exists a positive constant C’rel, depending on
r, p, Vo, V1, D1, F1, |is|, B, Ba, | K, 1, B /de and ||, but independent of h and h such that

(o —on,u—up)rxe + (¢ = ¢n A = X)) xi-1/2(r) < Crel Owp -

Proof. 1t follows from the estimate (4.18), together with a straightforward application of Lem-
mas 4.4, 4.5 and 4.6. o

4.3 Efficiency

Having established the reliability of the a posteriori error estimator (4.1) (cf. Theorem 4.7), it remains
to prove its efficiency, that is, the upper bound in (4.6). In this regard, we observe that the resulting
arguments closely follow those available in the literature (see, for instance, [7, 11, 13, 30, 31]), which
rely on classical inverse and discrete trace inequalities, together with the localization technique based
on bubble functions. For convenience, these auxiliary results are recalled in Appendix B, and we adopt
the notation introduced therein.

Throughout this section, we assume that up, f, g, and % are piecewise polynomials. Otherwise,
if the data are sufficiently smooth, one can proceed as in [15, Section 6.2], in which case additional
higher-order terms, arising from suitable polynomial approximations of these functions, appear in the
lower bound of (4.6). This accounts for the possible presence of the h.o.t. term in that inequality.

The following result provides estimates for the terms involved in ©1 i (cf. (4.2)).

Lemma 4.8 There exists a positive constant C, depending on vg, but independent of h and 71, such

that
p

1
h. —U%—l—ﬁf]I—Vuh

;

<O {hﬁ{ lo — onllf o+ lu— uhH’&p;K} , (4.21)
0,p; K

for all K € Ty, where o =2 whenn =2, and o = 3 — p/2 when n = 3.
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Proof. We proceed as in [11, Lemma 3.7]. We fix K € 7, and define x g := %0’2 + %f]l — Vuy
in K. By assumption, both % and f are piecewise polynomials, which, together with the fact that
onlk € RTy(K) < Pry1(K) and Vuy|x € Pr—1(K), implies that x € Pi(K) for some positive integer
k depending on k and the polynomial degrees of % and f. Hence, by (B.2) in Lemma B.1, there holds

f Xr : (YK T)
alxglopx < sup & (4.22)
0£7eP;(K) HTHO,&K
Moreover, since o and u satisfy (3.3a) in the sense of distributions, it follows that
14 1
-0+ —fI—-Vu|: (YvgT)=0. (4.23)
K \V n

Hence, combining this with an integration by parts and the fact that ¢¥x = 0 on 0K (cf. (B.1)), we
obtain

[ xcsnm = [ (L on=ar =V -w) : wxr)
| Sen—o) @)+ [ - w-divies).

Thus, employing the Cauchy—Schwarz and Holder inequalities, the boundedness of v (cf. (2.2)), the
fact that |div(vYx 7)|o.ex < |V(¥K 7)o,k the estimate (B.3), and (B.1), we arrive at

1
J Xk (VrT) < P lo = onlox Y 7ok + [u—wnlo,p 5 V(K 7)lloex
K

0.k + 3 hi[u = wp oo | Tk

1
< —|o—oulox T
Vo

which, together with the inverse inequality (B.4) with I =m =0, p = 2 and q = /¢, gives

W«) Ir

Hence, returning to (4.22), recalling that 1/¢ = 1 — 1/p and the definition of xj, we get

1 1/2—1/¢ _
f X (VK T) < <V0 W20 6 — ook + s bt u— | 00K -
K

1 n(l/p—1/2
< 7]/ h‘K( / /
0,0, K 0

1 1 _
Cc1 ;0’%-1— 5f]1—Vuh )HO'—O'hHO’K-i-C;ghKlHu—uh 0,p; K

whence, upon multiplying by hx and raising the resulting expression to the power p, we arrive at (4.21).

]

Lemma 4.9 There exists a positive constant Cy depending on vy, but independent of h and TL, such
that

p
0

bk | (4.24)

for all e € E,(T"), where K. is the triangle/tetrahedron of T having e as an edge/face, and o is defined
as in Lemma 4.8.

he [up — un|l? . < Oy {hﬁ(e lo — anllf 5. + lu—wyl
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Proof. We proceed as in [11, Lemma 3.8]. Indeed, fixing e € &,(I"), we first note that since up is
piecewise polynomial, we are able to use the local inverse inequality (B.4) in the (n — 1)-dimensional
element e, with [ =m =0, p = p, q = p/2, to obtain

lup — upflope < ch ™7 Jup — wpfo pjze = AP Ju - wy,

0,p/2; €

where in the last equality we used that u = up weakly on T', according to (3.3d). Then, multiplying
by hﬁ”‘l)/ P and then applying the discrete trace inequality (B.5), we arrive at

“hHO o2k T

. ) 2/p
U T

A Jup = wnfoge < € {htu -
In turn, applying the subadditivity inequality with 2/p < 1, the above estimate implies that

} , (4.25)

where C' is certainly different to the constant in the previous estimate, but still independent of A and
h.

Similarly to (4.23), from (3.3a) it follows that Vu = %O'd + %f]l weakly in K, so substituting
this into (4.25), adding and subtracting %0'2, applying the triangle inequality, and performing some
algebraic manipulations, we obtain

R =V/P lup — uy,

ome < C {h P [a = wnllopyaire, + i, V(0 = wn)

1-2/p

o — Uh||o,p/2;Ke

20
070/2;1(6}

Next, we apply the continuous embedding ip,p/Q(Ke), in its vector- and tensor-valued forms, to the
first and third terms on the right-hand side of the above estimate, and the continuous embedding
i2,p/2(Ke), in its tensor-valued form, to the second term. Moreover, recalling from (1.1) that

-2
,f<0{%fw—mhmm+
(4.26)

1— 2/p

+h h+ f]I—VUh

8. pa (K| < [Kel /7 and i 0 (Ke)| < [Ke| 47030,

and using the fact that |K.| = h} , the estimate (4.26) becomes

1— 2/p+n(

)
0,0;Ke }

where C(19) > 0 depends on 1y. By raising to the power p, using (4.21) to bound the last term,
dividing by h?~2, and performing some algebraic manipulations, we obtain

, hie, \" , hie \" ™ noti-ny2)
Ope S C(v) T Ja — uh”o,p;KE + T by, lo

whence, by using the uniform bound hx, < che, with a constant ¢ > 0 depending only on the
shape-regularity parameter of the mesh, we get the desired estimate (4.24). o

R Ju

0,p;Ke + h‘

e<cum{h; 2 [u = o

L+ (n=2)/p

€

1
+ %+EfH—Vuh

he HuD - uh‘

The corresponding bounds for the terms defining ©y i (cf. (4.3)) are given in the following lemma.
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Lemma 4.10 There exist positive constants Cs and Cy4, depending on vy, but independent of h and

7L, such that
2

<Cslo—oulix VEKEeTh, (4.27)

1 1
h2 1({=of + = fI
% |lcur (Vah+nf)0,K

_5* (ia’%%—ifﬂ)ﬂ

where we denotes the union of the two elements of T sharing the edge&face e. Additionally, there
exists a positive constant Cs, depending on vy, but independent of h and h, such that

and
2

he

<Cylo— U'hH(Q),we Vee&r(Q), (4.28)
0,e

2
< Cslo— ahHg,Ke Vee&n(T), (4.29)
0,e

he

1 1
0 <0'§1L+fJI—VuD)
v n

where K, is the element to which the boundary edge/face e belongs.

Proof. Noting from (3.3a) that Vu = %a’d + %fﬂ and curl(% od + %f]l) = 0 weakly in €2, the
estimates (4.27) and (4.28) follow from slight adaptations of [31, Lemma 4.11] when n = 2, and of [28,
Lemma 4.10] when n = 3. In turn, for the proof of (4.29), we refer the reader to [31, Lemma 4.15] for
n = 2, and to [28, Lemma 4.12] for n = 3. o

The following result provides an estimate for ©4 i (cf. (4.5)).

Lemma 4.11 There exists a positive constant Cg, depending on D1 and F1, but independent of h and
h, such that

|£(én) + div(en) —Duy, — F |uh|p_2“h|\€,e; K

, _2 o (4.30)
06K+ H\u\p u— |upl” uhHu;K + ¢ — én

< Co {lldivio — )6 g + o~ wn fx}

for all K € Ty,

Proof. According to the second row in (3.6), we have that Du + F [u|’~2u — div(o) = f(¢) in L(Q).
Using this identity together with the triangle inequality, gives us

|£(¢n) + div(op) —Duy —F \uh\p_QuhHMK < [[f(9) — £(on)
+[D (u — uy)

o0, 5 + |div(e — op)llos i

(4.31)

04K + HF (’u|P*2u - ’uh’p72uh)}|07g;]{ .
We continue by bounding the first term on the right-hand side. Indeed, from relation (2.3), we apply
the Holder inequality and the continuous embedding is(K) : H'(K) — L*(K) to obtain

[£(6) — £(on)

Here, we note that the constant arising from the continuous embedding depends on | K |, which, in turn,
is bounded by another constant depending on |€2|. Using this and substituting the result into (4.31),
bounding the third and fourth terms according to (2.2), and raising to the power ¢, we arrive at (4.30).
This completes the proof. o

Next, we establish bounds for each term defining ©3  (cf. (4.4)).

o = (0 —dn)g

lo.6: 5 < lgllo.x |6 = Pnllo,s; i < is (K| [&llo,rc [ & = dnlo,s; i -
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Lemma 4.12 There exists a positive constant C7, depending on k, n, r, p and ¥a(g, ¢p), but inde-
pendent of h and h, such that

Wi llg + 5 Agp —ap - Vén —nénl§ x
< O {1+ W+ 150) 16 — onliE i + b o — walld e}

where ¢ = 8/p when n =2, and o = 12/p — 1 when n = 3.

(4.32)

Proof. Similarly as in the proof of Lemma 4.8, we fix K € Tj, and define xx := g+ A¢pp—up-Vor—n op
in K, which, thanks to the assumption that g is piecewise polynomial, belongs to Py (K) for some non-
negative integer k depending on k and the polynomial degree of g. Then, using (B.2) in Lemma B.1,

j XK YK v
K (4.33)

|0,K

0K <  sup

a[xx
0#vePy (K) |l

In turn, from the third row in (3.6), we have that g + Kk A¢p —u-V¢p —n¢ = 0 weakly in K. Then,
combining this with integration by parts, and the fact that ¥x = 0 on 0K, gives

| acvnco = | {x8Gn=6)~w - Vou +u- Vo -n(6n - )} vico
K K
==k | Vo— o) Vo) + | fw VG- + - w) Vo n(on- o) vxo.
K K

for all v € Pz(K). Thus, by applying the Hélder and Cauchy—Schwarz inequalities, we find that

11,k VK |05

JK XK YEV < K¢ — én l0,0:K [ — &0

+ [ = wnlo i 11,5 [rc lo.sic + 1 16 — dnlox lerc vlox -

i [V (@ v) o, + [un

(4.34)

To bound the terms on the right-hand side, we use that 0 < ¥x < 1 in K, the continuous embedding
from L*(K) to L?(K), the fact that |K| =~ A% and the definition of s in terms of p (cf. (3.26)). This
yields

0 < JE|C7D/C) oo e < ehp P oo e Vo e P(K).

1K v

For the term ||V (¢k v)|lo,x we in turn employ the estimate (B.3). Moreover, by recalling that u, €
Wy, (r), we have |upo,p; k <, while to bound |¢|1,x we use the a priori estimate (3.16). Therefore,
by putting these bounds into (4.34) and using the fact that [¢ — ¢pfo,x < ||¢ — énl1,x, we arrive at

05K < [v]

J XK VKV < (03 K hf(l +ecr h?((4_p)/(2’)) + ?7> o — dnlli,x |v]o,x
K

+Cy Wa(g, ép) chil ™ u—w,

(4.35)

0,0:K |[V]0, K VvePp(K).

Thus, substituting (4.35) into (4.33), and then multiplying by hx and squaring, we obtain (4.32), as

desired. o

Lemma 4.13 There exists a positive constant Cg, depending on k, n, r, p and ¥a(g, ¢p), but inde-
pendent of h and h, such that

hell IeVn-nl B <Cs Y, { (1+nk +hk,) Io— ol x, + b, lu—wild .} (436)

Ke€we

where we is the set conformed by the two elements in Ty, having e as an edge/face, and ¢ is defined as
i Lemma 4.12.
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Proof. 1t follows from a slight adaptation of [29, Lemma 4.21] (see also [22, Lemma 3.19]). We omit
further details for brevity. =

Lemma 4.14 Assume that the partition on I' inherited from Ty is quasi-uniform, and that each
edge/face of E,(T') is contained in one of the elements of the independent partition of T' defining H%

Then, there exists a positive constant Cy, depending on k, n, r, p and Ya(g, ¢p), but independent of
h and h, such that

Y, el +r Ve mlE < Co{lo— o
eEgh(F)

o+ la—wald o+ A= Nl 1ar )

Proof. The result is proved by repeating the argument of [22, Lemma 3.20] in our setting. Details are
omitted. o

Our final step to prove the efficiency of the a posteriori error estimator is to bound the non-linear
term appearing at the right-hand side in (4.30). To this end, we recall that u € W (r) and u € Wy(r),
and proceed as in [11, egs. (3.37)—(3.38)] to find that

S a2 a2y, < Cllu—w,
KeTy,

|(€,p;Q ’ (4'37)

where C' is a positive constant depending on p, r and other constants. Thus, we have arrived at the
main result of this section.

Theorem 4.15 Let (o,u,$,\) € Hx Qx H(Q) x H-V2(T') and (op, up, op, A;) € HY x Hj x Hi X H%
be the solutions to (3.6) and (3.13), respectively. Assume that the partition on T inherited from Ty, is
quasi-uniform, and that each edge/face of En(I") is contained in one of the elements of the independent
partition of I' defining H% Then, Oywp is an efficient estimator, i.e. there exists a positive constant

Cest, depending on vy, D1, F1, Kk, 1, p, 7, ¥a(g, ¢p), but independent of h and %, such that

Cet Owp +hoo.t. < [(00 —op,u—up)|uxg + [(9 = dn A = X)) [m ) xi-172(ry) - (4.38)

Proof. Assuming that up, f, g, and % are piecewise polynomials, the result is a direct consequence of
Lemmas 4.8-4.14 together with (4.37). Otherwise, as mentioned at the beginning of this section, one
proceeds as in [15, Section 6.2] by employing suitable polynomial approximations of the data, which
results in additional higher-order terms appearing on the left-hand side of the estimate (4.38). o

4.4 A fully local estimator

As discussed at the beginning of Section 4, the estimator Oup (cf. (4.1)) has the disavantage of not
being fully local and computable. However, it is possible to construct another estimator that is induced
by Owp, with the aforementioned properties. In fact, let Oyp be defined as

1/p 1/2 1/¢
Owp = { > @g’yK} + { (O3 +05k+ @;K)} + { > @ik} , (4.39)
KeTy, KeTy, KeTy,

where ©; i, i € {1,2,3,4}, are given in (4.2)-(4.5), and Os  is defined by

Os5 i = Z léD — dn

6E£h (K)K\Sh (F)

yie . (4.40)
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Notice that the only difference between (:)Mp and Owp is the local error indicator ©5 i instead of the
non-local term [¢p — ¢p1/2,r- Observe also that, in view of the definition of ©5 k', we now require

¢p € HY(T).
Certainly, as in [4, Theorem 4.3] (see also [21, Section 4]), an interpolation argument shows

lép = énl3 o0 < Clép —dnlir =C > lép —ouli,,
eeé‘h(I‘)

for some C > 0, which says, in particular, that Owp is induced by Owp (cf. (4.1)). Moreover, by
proceeding as in Section 4.2, one deduces that (:)Mp is reliable and satisfies the estimate given in
Theorem 4.7 with the same constant Cye up to another hA- and ﬁ—independent multiplicative constant
C. In turn, up to the term Os g in (4.39), we also have that Owp is efficient. Nevertheless, we will
see in the numerical examples (cf. Section 6) that, in practice, this estimator actually satisfies both
properties.

5 A posteriori error analysis for the fully-mixed scheme

We now turn our attention to the derivation of an a posteriori error estimator for the fully-mixed
Galerkin scheme (3.28), following the same approach as in Section 4 but applied to the diffusion-
based mixed formulation for the CDR equation instead of its primal formulation. Since the first two
equations of the fully-mixed continuous and discrete systems (cf. (3.27) and (3.28)) coincide with
those of the mixed-primal formulation (cf. (3.6) and (3.13)), the resulting estimator shares all the
terms associated with the Brinkman—Forchheimer part of the system. Accordingly, we define Oy by

1/p 1/2 1/¢
O = { 5 @'f,K} +{ 3 <@%,K+@%,K>} +{ 3 eﬁvK}

KeTy, KeT;, KeT;,

1/s 1/t
+{ Z 95,1{} +{ Z @tS,K} ;

KeTy, KeTy,

(5.1)

where O1 i, ©2 g and O4 g are defined in (4.2), (4.3) and (4.5), respectively, whereas the remaining
local error indicators are given by

0% = h lewnl(s )3+ Y. he| [Su(s7t00)] [0,
eeé’h(Q)mgh(K)

(5.2)
+ ) he|6u(Vop — 5 ) o
eeSh(F)mgh(K)
O3 i =i Vo — 6 Ol s+ D) hellép — onl sie (5.3)
ee€p(T)NER(K)
04 k= |lg +div(9y) —ndn — K wp - I e - (5.4)

Notice that these terms are associated with the CDR system in its mixed formulation, and therefore
replace the terms O3 x and |[¢p — @plli/2,r in the definition of Oyp (cf. (4.1)). Observe also that the

third term in the definition of @)LK requires 8.(V¢p) to belong to L2(e). This requirement is satisfied
by simply assuming that ¢p € H'(T'). As explained for up at the beginning of Section 4, we emphasize
that this additional assumption on ¢p can also be relaxed by the same reasoning.
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It is worth noting the residual character of these error estimators. Indeed if the discrete solutions
coincide with the continuous ones, we readlly observe that ©; .k and @2 x vanish thanks to (3.25a)
and the Dirichlet condition (3.25¢). In turn, @3, K also vanishes owing to (3.25b). This, together with
the residual character of the remaining local error indicators in (5.1), already defined and analyzed
in Section 4, confirms that Oy is a residual-based a posteriori error estimator. Moreover, examining
the definition of each local error indicator, we observe that, in contrast to Owp (cf. (4.1)), Opy is fully
local and computable.

5.1 Preliminaries for the reliability analysis

Following the same outline as in Section 4, we now derive some preliminary estimates that are required
for the proof of the reliability. In particular, the following result provides an estimate analogous to
that of Lemma 4.1, the only difference being that the associated constant now depends on the a priori
estimates of the fully-mixed scheme (cf. (3.31)—(3.34)). Since the proof is entirely analogous to the
one already presented, it is omitted.

Lemma 5.1 There exists a positive constant 6’1, depending on r, p, vy, v1, D1, F1, B, Ba, and |9,
but independent of h, such that

Cil(e —onu—w)lyxo < [Rilw + [Rale

. (5.5)
+ \111(1.1]), fagvga ¢D7 ¢r) Hll —up

0,p; 82

where Ry and Ry are defined in (4.7) and (4.8), respectively.

We now turn our attention to the CDR system. Let 7%1 X — R and Rz Y — R be the residual
functionals defined by

~ ~

Ri() := F(p) — (O, ) — b(h, ¢n)  Vpe X, (5.6)

and
RQ(&) = G(E) _b(ﬂhng)+E(¢h7£)_duh(ﬂh7£) V£€Ya
respectively. According to the third and fourth rows of the Galerkin scheme (3.28), it follows that

Ri(,) =0  Vep,e HY, and Ra(&) =0 V&, e HY. (5.7)

Similarly as in Lemma 4.2, the following result provides an estimate for the error associated with
the continuous and discrete solutions of the CDR part of the systems (3.27) and (3.28).

Lemma 5.2 There exists a positive constant 6’2 depending on k, 1, p, Cy, C; , and ||, but indepen-

b,d’
dent of h, such that

Co (9 — 9, & — dn)|xxy < [Rilx + [Rally + ¥alg, ép) [u — up)

0,00 - (5.8)

Proof. Similarly as in the proof of Lemma 4.2, we use the definition of A (cf. (3.29)), the last two
rows of (3.27), and perform some algebraic manipulations to obtain

A((9 =D, & — 1), (,6)) + du(® — 94, ) = F(3p) + G(&) — A((n, dn), (1,€)) — du(95,€)
(%

+
= R() + Ra(€) + duy, (90, &) — du(Ph, &),
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for all (¢,&) € X x Y. Using this into the global inf-sup condition (3.30) with z = u, g = 9 — 9}, and
¢ = ¢ — ¢pn, we obtain

ax ~ A~
7A [(® =B, ¢ = dn)lxxy < [Rallx + [Rallyr + |du(On, ) — du, (9n, ) [x - (5.9)

In order to estimate the last term in the above inequality, we use the Holder inequality and the a
priori estimate (3.34) yielding

|du(Fn,-) = duy, (On, ) |x = &4 [In]laivee |1 — unlop0 < K7 Coa Walg, ép) [u — wplopma -

Putting this into (5.9), we arrive at (5.8), as desired. o

By reasoning as in (4.16), we now combine (5.8) with the estimate (5.5) to deduce
Cil(e = an,u—up)|uxo < |[Rilw + [Relo + [Rilx + [Ralv:

+ {"I}l(uDu f7 g,9, (bD: (br) + \’I}2(gu ¢D)} Hu - uhH()vﬂ;Q ’

where C} = élég/max{ég, |gllo,o}. Then, using again Lemma 5.2 together with this estimate, we
readily obtain the following theorem, which constitutes the fully-mixed counterpart of Theorem 4.3.

Theorem 5.3 Assume that the data satisfy

~ ~ 4
qll(“D? fa 8,9, ¢D7 ¢r) + \112(97 ng) < 7
Then, there exists a positive constant 6’3, depending on r, p, vo, V1, D1, F1, B, Ba, k, n, Gy, G5 4, and
||, but independent of h, such that
(o = on,u—an)|pxo + [(F = n, & — dn)lxxy
(5.10)

< Co {[Rullw + IRsllor + [Rallxe + [Raly:}

5.2 Reliability

In view of Theorem 5.3, it only remains to establish suitable bounds for the residual functionals
appearing on the right-hand side of (5.10). We recall that the terms R; and R, have already been
bounded in Lemmas 4.4 and 4.5, respectively, so it suffices to derive corresponding estimates for the
residual functionals associated with the CDR system. We begin with a bound for Hﬁg“y/.

Lemma 5.4 Let (:)37[( be defined as in (5.4). Then, there holds

1t
IRa]yr < { Z @g,K} :

KeTy,

Proof. Tt follows from a straightforward application of the Holder inequality in the definition of Ro.
We omit further details. o

We now turn our attention to 7%1. We note that the definition of the curl operator (cf. Appendix A)
differs in the cases n = 2 and n = 3, and, in particular, that the Helmholtz decomposition stated in
Lemma A.2 depends on the spatial dimension. For the sake of simplicity and clarity, we restrict
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ourselves to the case n = 2 for the proof of the following lemma, while emphasizing that the analysis
remains valid for n = 3. Accordingly, we fix ©¥» € X and use Lemma A.2 to deduce the existence of
¢ e WHH(Q) and w € H'(Q) such that

¥ = ¢+ curl(w) and o < Ci|[Y|aivea (5.11)

where C} is a positive constant depending on ¢ (cf. (3.26)), but independent of h. Then, we may define
Wy, = () + curl(Zy (w)) € HY .
Now, by using the first identity in (5.7), we find that
Ra(#) = Ra(9 — 1) = Ra(Q) + Ra(cwrl(@)). (5.12)

where ¢ = ¢ — I (¢) and @ := w — Zp,(w). The following result provides an estimate for IR1]Ix,
whose proof is based on bounding each term in the above decomposition.

Lemma 5.5 There exists a positive constant C, independent of h, such that

1/2 1/s
IR1lx < C < > Gf,K> + ( > @S,K> , (5.13)

KeTy, KeTy,
where éLK and ég,K are defined in (5.2) and (5.3), respectively.
Proof. According to the previous discussion, given @ € X, we focus on derive estimates for each term

in the right-hand side of (5.12). To that end, we use the definition of R1 (cf. (5.6)) and integrate by
parts locally to find that

Ri(@) = & - n, do)r — L 1y 6 - f on div(®)

fc n¢D—K;J 1y c+m (f V¢ f 3 nth).

In turn, by recalling the identity (A.1), we observe that the last term in the above equality vanishes.
Moreover, the same identity allows us to introduce an artificial term into the first one, thereby obtaining

eEgh (F

R1(C) = jC n(¢p — ¢n) + ZJ Von —r19) ¢,

eeEh KET

which, by applying the Holder inequality and the approximation properties (A.4) and (A.3), implies

Ri(¢) < > bl |ép — ke T Y, chi [Von — K™
ee&p () KeTh,

1,t; K »

where K. denotes the element of T;, that has e as one of its edges/faces. Then, we use the Holder
inequality, the estimate given in (5.11) and perform some algebraic manipulations to deduce the
existence of ¢ > 0, independent of all physical parameters and A, such that

1/s
S C{ > 93,1(} 1Y ]divy; - (5.14)

KeTy,
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We now focus on the last term in (5.12). Using the definition of Ry (see (5.6)) and the fact that
curl(®) is divergence-free, we obtain

Ry (curl(d)) = {curl(®) - n, ¢pdr — JQ k19, - curl(@) . (5.15)

Recalling that ¢p € H!(T'), we invoke [24, Lemma 3.5] to perform integration by parts on the boundary
thus obtaining

(curl(@) - n, ¢p)r = —(6+(V¢p), Wyr = — Z «(Vop) 0

ec&y (D) Ve

which, combined with a local integration by parts of the second term on the right-hand side of (5.15),
gives

R4 (curl(d 2 JJ (Vép) w — 2 f curl(k~ 1 9,) @ + Z 04 (K71 9,) @

ecEp () KeTy, KeT, VK

Splitting the last term into boundary and interior skeleton contributions, we arrive at

Ry (curl(®) ZJ (Vop — k™~ ﬁhw‘Zj curl(k 1 9,) @

e () KeTy,

+ > f[[ti* (o)) @.

eegh(Q

Now, by applying the Cauchy—Schwarz inequality and the approximation properties (A.6) and (A.5),
we obtain

Ri(curl(@) < D [8:(Vop — k7 ). c2 W2 wliae + Y. Jeurl(s™" )| g 1 €1 i 1wl ack)
ccén(T) KeTn

DI | G 0] | 1

eegh(Q)

) .

Hence, by employing once again the Cauchy—Schwarz inequality in each term, bearing in mind the
shape-regularity of the mesh, and using the estimate (5.11), we conclude that

1/2
7% (curl { Z @ } H"vadivt;Qu (516)

KeTy,
for some positive constant ¢ independent of all physical parameters and h. Therefore, putting the
estimates (5.14) and (5.16) into the decomposition (5.12), we deduce (5.13), as desired. o

The main result of this section is stated below. Its proof follows immediately from combining
Lemmas 4.4, 4.5, 5.4, and 5.5 with the estimate provided by Theorem 5.3.

Theorem 5.6 Let (o,u,9,¢) € H x Q x X x Y and (op,up, 9y, ¢p) € HY x H}! x H}L9 X ﬁi be
the solutions to (3.27) and (3.28), respectively. Assume that the data satisfies the assumption of
Theorem 5.3. Then, Oy is a reliable estimator, i.e. there exists a positive constant C.e1, depending on
T, p, V0, V1, D1, F1, B, Ba, k, 1, G, C’b o and |Q|, but independent of h, such that

[ —onu—up)lyxo + (9 =B ¢ = ¢n)xxy < Crel Opu.-
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5.3 Efficiency

We now aim to establish the efficiency of the a posteriori error estimator ©gy (cf. (5.1)). To this end,
we note that the local error indicators associated with the Brinkman—Forchheimer system, namely
O1,K, O2 Kk, and Oy4 ¢, appearing in the definition of Opy, have already been analyzed in Lemmas 4.8
4.11. Consequently, it only remains to derive suitable bounds for the local error indicators defined
in (5.2), (5.3), and (5.4). Furthermore, throughout this section, and following the same approach as
in Section 4.3, we assume for simplicity that ¢p, up, f, and % are piecewise polynomials.

The following three results provide estimates for each term defining (:)1, K, (:)27 K, and (:)37 K, respec-
tively.

Lemma 5.7 There exist positive constants 6’1 and 6’2, depending on k, but independent of h, such
that

W Jeurl(x  9y) |2 o < Ci 9 — |2k VK ETh,

2
Mo,k
and ) R

he ||[0: (k7 94)] lo.. < Cal9 - Olfw.  Vee&n(9),

where we denotes the union of the two elements of Ty, sharing the edge/face e. Additionally, there
exists a positive constant C3, depending on k, but independent of h, such that

_ 2 A
he |8:(Vép — w7 00) o, < Cs[9 =[5k, Vee&n(D),
where K, is the element to which the boundary edge/face e belongs.

Proof. We follow the same strategy as in [16, Lemma 5.13]. More precisely, by a straightforward
adaptation of [28, Lemmas 4.9 and 4.10] to the vector-valued setting, we deduce that for each v, €
L2(2), piecewise polynomial of degree k > 0 on every K € Tp, and for all ¢ € L2(f) satisfying
curl(ep) = 0 on each K € Ty, there exist positive constants ¢; and ¢, independent of h, such that

lenrl(wp)lo.xc < erhi % = wplosc and [ [84(4)] loe < c2he? |9 — 4,
Next, observe that k!9 = V¢ in Q (see (3.25a)), which immediately implies curl(x~1%9) = 0.
Therefore, the first two estimates follow by applying (5.17) with 1 = k719 and 1, = k=1 9},.

Finally, the last estimate is obtained by adapting [31, Lemma 4.15] to the vector-valued case. We
omit the details for brevity. o

0,we - (5.17)

Lemma 5.8 There exist positive constants 6’4 and 65, depending on k, but independent of h, such
that

¢ [V 0n — 57 0l e < Co {1 |9 = Onll i + 16— on

g,S;K} VK e Ty, (5.18)

and

hellop = onllssie < Co {hfe, 19 = Oulli e, + 16 — onlbre.}  Vee&ad,  (519)

where K. is the triangle/tetrahedron of Ty, having e as an edge/face, while 0 = 2 when n = 2, and
o =3—5s/2 when n = 3.

Proof. The estimates (5.18) and (5.19) follow from straightforward adaptations of [16, Lemmas 5.11
and 5.12], respectively, by replacing the L*-norm used therein with the L*-norm and omitting the
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nonlinear terms considered there. Alternatively, the proof follows the same strategy as in Lemmas 4.8
and 4.9. We omit the details. o

As a preliminary step before proving an estimate for @37 i, we note that, by applying the triangle
and Holder inequalities, we obtain

-9 —up - Gpfopr < u- (F—9p)

< [ullo,psx [ — I

lo,6;5¢ + [(w—uap) -9y
o, + [u—uy

0,t; K

which, together with the fact that u e W(r) and the a priori estimate (3.34), becomes

-9 = wy - Inlore < C {19 = Onllaiorc + [u = wiloprc | (5.20)

where C is a positive constant depending only on «, 0, p, Cj 4, [€2], 7, and @2(9, ®D)-

Lemma 5.9 There exists a positive constant CA*6, depending on k, 1, p, Cj 4, |9, r, and @2(9, D),
but independent of h, such that

lg + div(9) — non — & up - I lb i < Co {Hi"‘ — O, + |0 — o

b u = wnlh e b (5.21)

for all K € Ty,

Proof. We first observe that the fourth row of the system (3.27) implies div(¥9) —n¢ —xtu-9 = —g
in LY(2). Then, by applying the triangle inequality together with the estimate (5.20), we readily
obtain (5.21). Further details are omitted. o

We are now in a position to establish the main result of this section, namely, the efficiency of the a
posteriori error estimator Ogy.

Theorem 5.10 Let (o,u,9,¢) € H x Q x X x Y and (o, up, Op, dp) € HT x HY x HY x ITI‘;; be the
solutions to (3.27) and (3.28), respectively. Then, Oy is an efficient estimator, i.e. there exists a
positive constant Ceg, depending on vy, D1, F1, kK, 1, p, Cg’d, T, @Q(g, ¢p), but independent of h, such
that

Cetf Orm + hoo.t. < (0 —op,u—up)|uxo + [(9 — Fn, & — dn)xxv -

Proof. Assuming that ¢p, up, f, and % are piecewise polynomial, the result follows directly from
Lemmas 4.8-4.11 together with Lemmas 5.7-5.8 and the bound (4.37). Further details are omitted. o

6 Numerical results

In this section, we assess the performance and accuracy of the mixed schemes (3.13) and (3.28), and
illustrate the reliability and efficiency of the a posteriori error estimators (:)Mp and Oy (cf. (4.39)
and (5.1)) derived in Sections 4 and 5. We emphasize here that the implementation of Owp is preferred
over Oyp for the reasons detailed in Section 4.4. The corresponding finite element subspaces generated
by k € {0, 1} are denoted by RTy—Pj—Pj1—Pj for the mixed-primal scheme and RTy—P;—RT;—Py
for the fully-mixed case. The computational results were obtained using FreeFEM [32], where the
resulting nonlinear systems (3.13) and (3.28) are solved via a Newton—Raphson algorithm with a fixed
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tolerance of tol = 1E — 06. The iterative process terminates when the relative error between two
successive iterates of the full coefficient vector coeff™ and coeff™*! satisfies

lcoeff™ 1 — coeff™ |por

Hcoeﬁ'erl |poF

< tol,

where | - |por denotes the standard Euclidean norm in RPF, and DoF represents the total number of
degrees of freedom associated with the finite element subspaces involved.

The global errors for the mixed-primal and fully-mixed formulations are defined, respectively, by
ewp :=e(o) +e(u) +e(d) +e(N) and epy:=e(o)+e(u)+e(d) +e(¢p),

where

000, &) :=[o—on

or,  e(®):= [0 —Fnlavia, and &) := ¢ = dnlosa;

and ¢,¢ and s are described in (3.26) in terms of p € [3,4], and will be specified in the examples
below. Furthermore, the effectivity index associated to the global estimators Oy and Opy (cf. (4.39)
and (5.1)) are denoted, respectively, by

e(o) := o —opldivee, e(u):=|u—-u,

e(\) == A — A

1,9,

eﬁ(éMp) = gjﬂ and eff(@pM) = (:L:; .
MP

The uniform boundedness of this index provides computational evidence for the reliability and ef-
ficiency of the corresponding estimator. As anticipated in Section 4.4, we will see in the following
examples that eff(Op) is indeed uniformly bounded.

Next, by using that DoF~'/" =~ h, we compute the corresponding experimental convergence rates as

log(e(¢)/€e (¢
r(o) := _nk)gg(([)(cff')?DCEF’))) foroe{a,u,ﬂ,¢,A},

where DoF and DoF’ denote the total degrees of freedom associated to two consecutive triangulations
with errors e and €, respectively. The experimental rates of convergence associated with ¢ in the fully-
mixed approach, denoted by T(¢), is computed by replacing e(¢) by €(¢) in the above formula. We
also denote by ryp and regy the convergence rates associated with the total errors for the mixed-primal
and fully-mixed formulations, respectively, which are computed as in the above formula by replacing
the individual errors by the global errors.

As noted in [6, Section 5], additional physically relevant variables, including the pressure, velocity

gradient, vorticity, and shear stress tensor, can be recovered via suitable postprocessing formulae.
Here, we restrict attention to the pressure field, which is approximated by means of (3.2) as

1
pn = ——tr(op) + Kf in Q.
n n

Regarding the construction of the boundary mesh in the mixed-primal approach, the partition
{I'1,...,T,} is defined such that each segment I'; consists of exactly two edges of ,(I"). Consequently,
the assumptions of Theorem 4.15 are satisfied, and the mesh constraint h < Cy h (cf. [6, Section 3.5])
is fulfilled with Cy = 1/2.

The examples considered in this section are described below. For all subsequent tests, the potential
gravitational acceleration is taken as g = —e,, where e, denotes the n-th canonical vector in R™.
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In the first three tests, for the sake of simplicity, we set Kk = 1, n = 1, and ¢, = 0, and choose the
Brinkman, Darcy, and Forchheimer coefficients as follows:

v(x) = exp <— H%) , D(x) =exp (— Z xz> , and F(x)=exp (2 xz> ,
i=1 i=1

i=1

respectively. Notice that v, D and F satisfy (2.2). In addition, the mean value of tr(op) over  is fixed
via a Lagrange multiplier strategy, which means adding one row and one column to the matrix system
that solves (3.13) and (3.28) for (o, up).

Example 1 is devoted to validating the reliability and efficiency of the a posteriori error estimators
éMp and Opy. Examples 2, 3, and 4 are then employed to illustrate the performance of the associated
adaptive algorithm on two- and three-dimensional domains, both with and without manufactured
solutions, following the adaptive procedure proposed in [39]:

(1) Start with a coarse mesh Tp.
(2) Solve the Newton iterative method associated to (3.13) (resp. (3.28)) for the current mesh 7.

(3) Compute the local indicator éMp, k in the mixed-primal case for each K € 7}, where

)1/2

Ow,x =01k + (O3 + O3k + O k) /" + Ourk,

with each local error indicator defined respectively in (4.2), (4.3), (4.4), (4.40), and (4.5), whereas
in the fully-mixed case,

Or,x = O1,K + (@%’K + @%7}()1/2 + Oy + éQ’K + @37](,
with each local error indicator given in (4.2), (4.3), (5.2), (4.5), (5.3), and (5.4), respectively.
(4) Check the stopping criterion and decide whether to finish or go to the next step.

(5) Use the automatic meshing algorithm adaptmesh from [33, Section 9.1.9] to refine each K’ € T,
satisfying
1

Or = Caam Z O, for some Cyugm € (0,1),

# KeTy,
where #K denotes the number of triangles of the mesh 7, and Ok stands for éMpy K Or Oy k.

(6) Define the resulting mesh as the current mesh 75, and go to step (2).

In particular, in Examples 2, 3 and 4, we set Cpqm as 0.83, 0.9, and 0.85, respectively.

Example 1: Accuracy assessment with a smooth solution in the unit square

In this test, we focus on the accuracy of the mixed methods (3.13) and (3.28), and examine the
performance of the effectivity index for both schemes. The domain is the square Q = (0,1)2. We
choose the inertial power p = 3, from which the remaining parameters follow as ¢ = 3/2, s = 6, and
t = 6/5 (cf. (3.26)). We then adjust the data f(¢) (cf. (2.3)), f, and ¢ in (2.1) so that the exact
solutions are given by

u(x) = (Cos(mﬁl) sin(7a)

sin(rz1) exp(xg)) ,  p(x) = cos(mxy) sin(mxe), and ¢(x) = 0.1+ 0.3 exp(z122).
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Additionally, the model problem is complemented with the appropriate Dirichlet boundary conditions.

The errors and the corresponding convergence rates are reported in Tables 6.1 and 6.2, and are
consistent with the theoretical bounds established in [6, Theorems 4 and 8]. In addition, we compute
the global a posteriori error indicators Oyp and Oy (cf. (4.39) and (5.1)) and assess their reliability
and efficiency through the effectivity index. We observe that this index remains uniformly bounded.
In all cases, and for both discrete schemes, the Newton iteration converges in four steps.

Mixed-primal RTy — Py — Px11 — Py scheme with £ = 0
DoF [ eld) [ro) [ ew [rw) ] e [t ][ e [N [ ee | ne [eff(On)
914 [[ 1.58E+00 [ — [ 1.54E-01 3.25E-02 | — 1.O7TE-01 | — 1.88E+00 [ - 0.409
1988 || 1.04E+00 | 1.094 | 9.97E-02 | 1.114 | 2.20E-02 | 0.999 || 7.07E-02 | 1.071 || 1.23E+00 | 1.093 | 0.393
5313 6.28E-01 | 1.019 | 6.16E-02 | 0.979 | 1.29E-02 | 1.081 || 4.06E-02 | 1.131 7.43E-01 | 1.023 0.394
17342 3.42E-01 | 1.029 | 3.34E-02 | 1.037 | 6.96E-03 | 1.050 || 2.22E-02 | 1.023 4.04E-01 | 1.029 0.394
60969 1.81E-01 | 1.010 | 1.76E-02 | 1.013 | 3.71E-03 | 1.000 || 1.16E-02 | 1.034 2.14E-01 | 1.012 0.392
227170 || 9.41E-02 | 0.995 | 9.13E-03 | 1.003 | 1.95E-03 | 0.981 || 5.92E-03 | 1.018 || 1.11E-01 | 0.997 | 0.393

Fully-mixed RTy — Py — RT; — Pg scheme with k =0
DoF [ e(o) | r(o) e [rw) [ e®) [ r®) e(¢) T¢) [ er rew | off ()

1188 || 1.58E+00 1.54E-01 5.80E-02 1.81E-02 1.81E400 0.386
2622 || 1.04E+00 | 1.074 | 9.97E-02 | 1.094 | 3.95E-02 | 0.969 | 1.41E-02 | 0.619 || 1.19E4+00 | 1.067 0.371
7095 6.28E-01 | 1.006 | 6.16E-02 | 0.967 | 2.36E-02 | 1.039 | 8.25E-03 | 1.082 7.21E-01 | 1.005 0.374
23376 || 3.42E-01 | 1.020 | 3.34E-02 | 1.029 | 1.25E-02 | 1.065 | 4.59E-03 | 0.983 || 3.92E-01 | 1.022 0.374
82623 1.81E-01 | 1.006 | 1.76E-02 | 1.009 | 6.73E-03 | 0.981 | 2.61E-03 | 0.893 || 2.08E-01 | 1.004 0.372
308772 9.41E-02 | 0.993 | 9.13E-03 | 1.001 | 3.46E-03 | 1.007 | 1.34E-03 | 1.013 1.08E-01 | 0.994 0.373

Table 6.1: [Example 1, k& = 0] Number of degrees of freedom, errors, rates of convergence, and
effectivity index for the mixed approximations.

Mixed-primal RTy — Py — Pry1 — Py scheme with £ =1

DoF || e(o) | r(o) ew) [rw) | el@) [r@ [ e [rN ] e | ne [cf(Ow)
2801 [[ 9.28E-02 [ — [ 7.22E-03| - [ 1.14E-03[ - 4.84E-03 [ - LOGE-01 [ - 0.284
6427 || 3.99E-02 | 2.114 | 3.16E-03 | 2.066 | 4.79E-04 | 2.178 || 2.14E-03 | 2.043 || 4.57E-02 | 2.108 | 0.274
17531 || 1.45E-02 | 2.016 | 1.21E-03 | 1.918 | 1.62E-04 | 2.163 || 7.61E-04 | 2.061 || 1.66E-02 | 2.013 | 0.273
56983 || 4.43E-03 | 2.014 | 3.71E-04 | 2.005 | 4.51E-05 | 2.166 || 2.34E-04 | 2.001 || 5.08E-03 | 2.014 | 0.275
198563 1.26E-03 | 2.011 | 1.04E-04 | 2.034 | 1.25E-05 | 2.055 || 6.54E-05 | 2.041 1.44E-03 | 2.014 0.277
743263 || 3.39E-04 | 1.993 | 2.77E-05 | 2.008 | 3.26E-06 | 2.037 || 1.73E-05 | 2.012 || 3.87E-04 | 1.995 0.276

Fully-mixed RTy — Py — RT) — Py scheme with £ =1

DoF ‘ e(o) r(o) e(u) ‘ r(u) ‘ e(v) ‘ r(d9) e(o) ‘ () H e rem ‘ eff (Opy)
3744 || 9.28E-02 - 7.22E-03 1.61E-03 - 5.31E-04 - 1.02E-01 - 0.268
8400 || 3.99E-02 | 2.090 | 3.16E-03 | 2.043 | 7.53E-04 | 1.883 | 2.81E-04 | 1.570 || 4.41E-02 | 2.080 0.258
23088 1.45E-02 | 2.001 | 1.21E-03 | 1.904 | 2.69E-04 | 2.034 | 1.14E-04 | 1.785 1.61E-02 | 1.993 0.258
75456 || 4.43E-03 | 2.005 | 3.71E-04 | 1.996 | 8.02E-05 | 2.046 | 3.26E-05 | 2.115 || 4.91E-03 | 2.005 0.260
263760 1.26E-03 | 2.006 | 1.04E-04 | 2.029 | 2.30E-05 | 1.993 | 1.05E-05 | 1.812 1.40E-03 | 2.006 0.262
989088 || 3.39E-04 | 1.990 | 2.77E-05 | 2.005 | 6.21E-06 | 1.985 | 2.73E-06 | 2.038 || 3.76E-04 | 1.991 0.261

Table 6.2: [Example 1, k& = 1] Number of degrees of freedom, errors, rates of convergence, and
effectivity index for the mixed approximations.
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Example 2: Adaptivity in a 2D nonconvex horseshoe-shaped domain

The second numerical example is aimed at testing the performance of the adaptive mesh refinement
based on the a posteriori error estimators Oyp and Opy (cf. (4.39) and (5.1)). To this end, we consider
a 2D horseshoe-shaped domain defined as Q = (—1,1) x (—0.25,1.25)\(—0.75,0.75) x (0.25,1.25), and
the inertial power given by p = 7/2, thus leaving the other parameters as ¢ = 7/5, s = 14/3, and
t =14/11 (cf. (3.26)). The data f(¢), f and g are defined so that the exact solutions are given by

xTro — 0.26 xTro — 0.26

w) = |00 | pe0 = i) costrra),
B ro(x) B r1(x)

and  ¢(x) = 0.5 + 0.2 tanh(25 a(x)),

where

r(x) = A/ (z1 — 0.74)2 + (22 — 0.26)2, 79(x) = v/(z1 + 0.74)2 + (z2 — 0.26)2,
and a(x) =xy — (0.3 +0.427).

Note that u exhibits two singularities near the points (£0.25,0.75) placed in the boundary of the
domain 2, and ¢ has large gradients along the curve a(x) = 0.

The refinement histories for the mixed-primal formulation with £ = 0 and k = 1 are reported in
Tables 6.3 and 6.4, respectively, to assess the accuracy of the a posteriori error estimator (:)Mp and
the asymptotic convergence rates for both the quasi-uniform refinement and the adaptive refinement.
We remark that in all the experiments the Newton iteration finished in the fourth step. As the
fully-mixed formulation exhibits the same behavior, we restrict the tabulated results to the mixed-
primal case and present the remaining comparisons between quasi-uniform and adaptive refinements in
Figure 6.1. Notice how the quasi-uniform refinement presents disturbed convergence and how optimal
convergence rates are attained at the presence of adaptive refinement guided by the a posteriori error
estimators. Moreover, from Figure 6.1, we observe that in all cases, adaptive refinement leads to
more accurate results at a cheaper computational cost. Finally, the initial mesh, some refinements,
and some computed solutions, are illustrated in Figure 6.2. The computed solutions were obtained
with the mixed-primal formulation with & = 1, in the nine step of the adaptive process, and with
1,133,942 DoF.

Example 3: Adaptivity in a 3D L-shaped domain

In this third test, we consider the L-shaped 3D domain Q = (—0.5,0.5) x (0,0.5) x (—0.5,0.5)\(0, 0.5)3
and set the inertial power to p = 4, which leads to the indices £ = 4/3, s = 4, and t = 4/3 (cf. (3.26)).
The manufactured solutions are defined by

sin(mzxy) sin(mwzg) sin(mwxs)
u(x) = | —cos(mxy) cos(mxg) cos(mxs) |, p(x) =
cos(mxy) cos(may) sin(mxs)

10 I3
(z1 — 0.05)2 + (23 — 0.05)2

+Po,

and ¢(x) = 0.1+ 0.3 exp(z1 x2 23),

where pg € R is prescribed such that SQ p = 0. The source terms f(¢), f, and g, as well as the Dirichlet
boundary conditions, are then computed according to these exact solutions.
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‘ Mixed-primal RTy — Py — Pry1 — Py scheme with £ =0 ‘
Quasi-uniform refinement

DoF [ elo) [ria) ]| ew [rw | e@ [r@ ] eN [ ) [ ew | ne [ef(Gw)
1354 || 5.56E+01 - 2.25E-01 - 7.05E-01 - 1.48E+00 - 5.80E+401 - 0.932
5328 || 4.54E+01 | 0.298 | 1.37E-01 | 0.724 | 4.22E-01 | 0.751 | 1.29E400 | 0.197 | 4.72E4+01 | 0.301 0.943
21053 || 3.04E401 | 0.583 | 8.72E-02 | 0.655 | 2.21E-01 | 0.938 | 6.73E-01 | 0.951 || 3.14E+401 | 0.595 0.907
77858 || 1.91E+01 | 0.708 | 4.71E-02 | 0.942 | 1.25E-01 | 0.877 | 3.47E-01 | 1.011 | 1.96E401 | 0.716 0.885
311764 || 1.02E401 | 0.905 | 2.49E-02 | 0.917 | 6.07E-02 | 1.039 | 1.59E-01 | 1.131 || 1.04E+401 | 0.910 0.862
1242181 || 5.41E+00 | 0.917 | 1.18E-02 | 1.080 | 3.11E-02 | 0.966 | 7.77E-02 | 1.032 | 5.53E400 | 0.919 0.860

‘ Adaptive refinement ‘

1354 || 5.56E+01 2.25E-01 7.05E-01 1.48E4-00 5.80E+01 0.932
2155 || 3.67TE4+01 | 1.793 | 1.27E-01 | 2.461 | 4.62E-01 | 1.826 | 1.21E+00 | 0.869 || 3.85E401 | 1.770 0.917
3148 || 1.91E401 | 3.446 | 1.05E-01 | 1.022 | 4.55E-01 | 0.078 | 1.26E+00 | -0.202 || 2.09E4-01 | 3.219 0.882
4827 || 1.03E+01 | 2.884 | 9.68E-02 | 0.358 | 3.79E-01 | 0.858 | 1.21E4-00 | 0.177 || 1.20E401 | 2.600 0.848
7546 || 7.90E400 | 1.187 | 8.05E-02 | 0.825 | 2.81E-01 | 1.332 | 8.06E-01 | 1.820 || 9.07E4-00 | 1.249 0.829
11276 || 6.57E4-00 | 0.921 | 6.04E-02 | 1.434 | 2.24E-01 | 1.120 | 5.96E-01 | 1.503 || 7.45E400 | 0.981 0.822
16258 || 5.40E4-00 | 1.071 | 5.25E-02 | 0.766 | 1.84E-01 | 1.081 | 4.53E-01 | 1.503 || 6.09E4-00 | 1.102 0.815
23390 || 4.54E+00 | 0.947 | 4.20E-02 | 1.225 | 1.47E-01 | 1.230 | 4.50E-01 | 0.038 | 5.18E+00 | 0.885 0.827
33001 || 3.84E+00 | 0.980 | 3.55E-02 | 0.976 | 1.24E-01 | 0.998 | 2.93E-01 | 2.491 | 4.29E+00 | 1.097 0.812
46773 || 3.22E+00 | 1.008 | 2.92E-02 | 1.120 | 1.01E-01 | 1.172 | 2.54E-01 | 0.815 | 3.60E+00 | 1.000 0.817
66324 || 2.72E+00 | 0.957 | 2.42E-02 | 1.086 | 8.16E-02 | 1.230 | 2.12E-01 | 1.040 | 3.04E+00 | 0.972 0.816
92927 || 2.30E+00 | 1.005 | 2.01E-02 | 1.079 | 7.22E-02 | 0.726 | 1.73E-01 | 1.215 | 2.56E+00 | 1.012 0.813

Table 6.3: [Example 2, k& = 0] Number of degrees of freedom, errors, rates of convergence, and
effectivity index for the mixed-primal approximations.

\ Mixed-primal RT;, — P, — Pj,1 — P, scheme with k& = 1 \
Quasi-uniform refinement

DoF | elo) [ro) | ew [rw | e [re) [ e [ r ee | ne | cff(Ow)
4191 || 3.48E+01 | — | 7.40E-02 | — | 474E-01| - | 1.18E400| - 3.65E+01 | - 0.783
16955 || 2.61E+01 | 0.410 | 4.60E-02 | 0.680 | 1.36E-01 | 1.784 | 4.96E-01 | 1.243 || 2.68E+01 | 0.442 | 0.820
67935 || 1.52E401 | 0.782 | 2.04E-02 | 1.172 | 3.92E-02 | 1.794 | 2.18E-01 | 1.187 || 1.54E+01 | 0.793 | 0.819
252875 || 6.34E+00 | 1.327 | 7.04E-03 | 1.618 | 1.23E-02 | 1.770 | 5.22E-02 | 2.173 || 6.42E+00 | 1.337 | 0.762
1016451 || 1.91E400 | 1.724 | 2.11E-03 | 1.733 | 2.96E-03 | 2.044 | 1.29E-02 | 2.013 || 1.93E+00 | 1.727 | 0.724

‘ Adaptive refinement ‘

4191 || 3.48E+01 - 7.40E-02 - 4.74E-01 - 1.18E+00 - 3.65E+01 - 0.783
6977 || 1.86E401 | 2.447 | 2.98E-02 | 3.568 | 1.66E-01 | 4.118 | 7.31E-01 | 1.886 || 1.96E+401 | 2.447 0.841
10271 || 5.07E+00 | 6.735 | 7.21E-03 | 7.344 | 1.35E-01 | 1.067 | 5.12E-01 | 1.845 || 5.72E400 | 6.359 0.793
17461 || 1.30E4-00 | 5.132 | 5.41E-03 | 1.083 | 5.31E-02 | 3.513 | 3.18E-01 | 1.790 || 1.68E400 | 4.629 0.731
33986 || 6.52E-01 | 2.070 | 2.63E-03 | 2.159 | 3.74E-02 | 1.053 | 2.13E-01 | 1.207 || 9.05E-01 | 1.850 0.759
64341 || 3.49E-01 | 1.954 | 1.54E-03 | 1.683 | 1.44E-02 | 2.985 | 7.94E-02 | 3.092 || 4.45E-01 | 2.226 0.732
130177 || 1.73E-01 | 1.987 | 6.76E-04 | 2.337 | 8.45E-03 | 1.521 | 3.37E-02 | 2.431 || 2.16E-01 | 2.045 0.714
259210 || 8.74E-02 | 1.991 | 3.62E-04 | 1.814 | 3.53E-03 | 2.537 | 2.05E-02 | 1.447 || 1.12E-01 | 1.918 0.739
557851 || 4.07E-02 | 1.996 | 1.48E-04 | 2.341 | 2.05E-03 | 1.417 | 7.55E-03 | 2.605 || 5.04E-02 | 2.078 0.716
1133942 || 2.11E-02 | 1.848 | 8.08E-05 | 1.698 | 7.76E-04 | 2.738 | 4.25E-03 | 1.619 || 2.62E-02 | 1.843 0.736

Table 6.4: [Example 2, k& = 1] Number of degrees of freedom, errors, rates of convergence, and
effectivity index for the mixed-primal approximations.

Table 6.5 reports the convergence history, once again showing that adaptive refinement yields ac-
curate approximations at a significantly lower computational cost. This effect is particularly evident
when compared with the quasi-uniform refinement, where the convergence of the pseudostress tensor
approximation is noticeably slower, a behavior that can be attributed to the singularity present in the
pressure field. Figure 6.3 displays several refinement iterations, illustrating how the adaptive strategy
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Figure 6.1: [Example 2] Log-log plots of the total error vs. degrees of freedom for k € {0,1} and for
each formulation.

effectively localizes the sources of error in the vicinity of the pressure singularity. The solutions shown
were obtained using 543,308 DoF.

‘ Fully-mixed RTy — Pr — RT; — Py scheme with k =0 ‘
Quasi-uniform refinement

DoF | elo) [rlo) | e [rw | e [r@) | e [T ern | rew [ eff(Om)
1952 || 7.04E401 - 7.16E-01 - 9.59E-03 - 2.38E-03 - 7.11E+01 - 0.978
14720 || 5.45E+01 | 0.379 | 4.20E-01 | 0.792 | 4.77E-03 | 1.036 | 1.18E-03 | 1.041 || 5.49E+401 | 0.383 1.013
114176 || 3.27E+01 | 0.749 | 1.81E-01 | 1.231 | 2.27E-03 | 1.090 | 5.88E-04 | 1.019 || 3.29E+401 | 0.752 1.026
381312 || 2.29E+401 | 0.882 | 1.03E-01 | 1.397 | 1.46E-03 | 1.090 | 3.92E-04 | 1.010 || 2.30E+01 | 0.884 1.032
1077392 || 1.67TE+01 | 0.919 | 5.96E-02 | 1.588 | 1.01E-03 | 1.072 | 2.76E-04 | 1.007 || 1.67E+401 | 0.922 1.039

‘ Adaptive refinement ‘

1952 || 7.04E4-01 - 7.16E-01 - 9.59E-03 - 2.38E-03 - 7.11E+401 - 0.978
6148 || 4.81E4+01 | 0.995 | 2.89E-01 | 2.370 | 8.30E-03 | 0.377 | 2.04E-03 | 0.393 || 4.84E+01 | 1.005 0.997
17080 || 3.31E+01 | 1.101 | 1.55E-01 | 1.839 | 5.69E-03 | 1.106 | 1.51E-03 | 0.883 || 3.32E+401 | 1.104 1.025
56760 || 2.06E4-01 | 1.177 | 7.37E-02 | 1.851 | 3.91E-03 | 0.936 | 1.07E-03 | 0.869 || 2.07E+01 | 1.180 1.035
171208 || 1.42E+01 | 1.024 | 4.46E-02 | 1.363 | 2.60E-03 | 1.108 | 7.13E-04 | 1.101 || 1.42E4-01 | 1.025 1.042
543308 || 9.74E4-00 | 0.972 | 2.82E-02 | 1.190 | 1.76E-03 | 1.018 | 4.88E-04 | 0.983 || 9.77E+00 | 0.973 1.043

=

Table 6.5: [Example 3, k& = 0] Number of degrees of freedom, errors, rates of convergence, and
effectivity index for the mixed approximations.

Example 4: Flow across a highly heterogeneous porous matrix

In this final example, we evaluate the performance of the proposed adaptive scheme in a domain
featuring non-convex geometry and coefficients that vary in space. The setup simulates a fluid pass-
ing through a heterogeneous porous matrix into a free-flow regime, validating the robustness of the
estimator under complex coupling conditions. For simplicity, in this test we only employ the fully-
mixed method (cf. (3.28)). We consider the non-convex domain Q = (0,4) x (0,1)\ Qobs, Where
Qops := [1,1.8] x [0.45,0.55] U [1.8,2.4] x [0.3,0.7].

Let us define the following functions to regularize the transition between the free-flow and porous
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Figure 6.2: [Example 2] Initial mesh (top left), computed velocity and concentration fields (top center
and right), three successive adaptive mesh refinements for the mixed-primal scheme (middle row) and
for the fully mixed scheme (bottom row).

regions:

51 (x) = % [1 + tanh (L“)] and  da(x) = % [1 + tanh (M)] n Q,

€1 €2

where € = 0.1 and e = 0.15 are small positive parameters that control the thickness of the transition
interfaces, and P is the pattern function defined by

P(x) := sin(27x1) cos(3mx2) + 0.5 cos(dmxy) sin(bras) + 0.25sin(77x1) cos(2mxs) in .

Notice that 47 is close to 1 in the region where x1 > 2.4 and decays smoothly to 0 as x; decreases,
while d5 is close to 1 in the region where P(x) > 0.4 and decays smoothly to 0 as P(x) decreases. The
region governed by free flow is now described by the global indicator function x, constructed from
the algebraic union of both transitions:

X7(x) 1= 61(x) + d2(x) — 01(x) d2(x) in €.
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Figure 6.3: [Example 3] Initial mesh, velocity streamlines and pressure field (top), and three adaptive
mesh refinement iterations (bottom).

This function takes values close to 1 in the free-flow region and decays smoothly to 0 in the pure rock
matrix. Using x¢(x), the Darcy and Forchheimer coefficients are extended continuously across the
entire domain €:

D(x) :=2500(x)(1 — xs(x)) and F(x):= (2—-6(x))(1 —xs(x)) in Q,

where 6 is used to model the heterogeneity of the porous medium, highlighting areas of greater com-
paction, and is defined by

0(x) := 1+ 0.4 sin (47 (21 + 0.222)) + 0.1cos(107z2) in Q.

Observe that the first equation in the model (2.1) becomes the Stokes equation where D = F = 0.
We stress here that this case is also valid for the continuous and discrete analysis, as noted in [6,
Section 3.2]. We also emphasize that D and F have steep gradients in the interface between the porous
and free-flow regions. Both coefficients are displayed in Figure 6.4.

As in Example 3, we set the inertial power p = 4. Furthermore, the Brinkman coefficient, as well
as the remaining data and coefficients of the model, are given by

v(x) =01+0.02z5, f=g=0 in Q, k=5-10% and 5n=5-10"2.

The boundary is partitioned into three disjoint parts, namely, I' = I'j, U I'yans U 'out. The inlet Iy,
consists in the left side of the channel, the outlet I'yyt is the right side of the channel, and I'yas
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Figure 6.4: [Example 4] Darcy and Forchheimer coefficients.

consists of the ceiling and floor of the channel along with the boundary of the obstacle Qops. Under
this geometrical setting, the system is complemented with the following mixed boundary conditions:

t
u:(uin,O) on Iy, u=0 on IDyus, on=0 on Iy,

¢p=0¢wm on Iy, and ¥-n=0 on DIyas U Loy,

where . )
—-0.9
1 (9520082) if |29 — 0.9 < 0.08,
_ 2
Uin:4$2(1_x2) and ¢in: ) 1—@2()0225) if ’.732—05’ < 0.08,
\0 otherwise .

As remarked in Example 3 of [6, Section 5|, the analysis of the continuous and discrete problems
can be slightly adapted to accommodate these particular mixed boundary conditions. Moreover, the
a posteriori error estimator (5.1) remains unchanged, except that the boundary norms are replaced
with norms restricted to the Dirichlet part, since the boundary conditions on the Neumann part are
homogeneous. Specifically, we replace I' with I'j, for the concentration (third term in (5.2) and second
term in (5.3)) and with T'j, U Iyans for the velocity (second term in (4.2) and third term in (4.3)). We
refer the reader to [18], where this type of boundary conditions is considered.

The proposed setting entails substantial numerical challenges, mainly arising from the sharp tran-
sitions of the physical coefficients D and F across the porous-fluid interface at x1 = 2.4, as well as
from the presence of non-convex corners in 5. These difficulties, together with the heterogeneous
structure of the porous matrix and the nonlinear coupling between the Brinkman—Forchheimer and
CDR equations, constitute a stringent test for the efficiency and robustness of the adaptive refinement
strategy in accurately capturing both localized singularities and complex flow patterns.

Table 6.6 reports the refinement history using the adaptive refinement strategy and the fully-mixed
scheme with & = 1. We certainly observe a systematic decrease of the error estimator and opti-
mal convergence rates, as expected. Furthermore, Figure 6.5 illustrates how the adaptive refinement
successfully detects the steep gradients in D and F, as well as the corners of the obstacle, while the
refinement in the free-flow region remains significantly milder than in the porous region. Figure 6.6
displays the computed velocity, pressure, and concentration profiles. Notably, the fluid exhibits pref-
erential flow paths primarily governed by the heterogeneous porous matrix, which is modeled through
the Darcy coefficient. Moreover, the fluid accelerates through narrow constrictions and stabilizes
into a parabolic profile upon entering the free-flow region. Regarding the concentration, we observe
distinct patterns dictated by the porous matrix and influenced by the localized inlet boundary condi-
tions, which correspond to two separate solute injections that do not initially mix. These behaviors
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are in strong agreement with physical expectations, demonstrating that the proposed mixed scheme
accurately captures the underlying physics of the coupled model.

Adaptive fully-mixed RTy — Pr — RT} — Py scheme with k = 1

A 0 1 \ 2 \ 3] 4] 5 | 6 7 8 ]
DoF 5169 9882 24255 57405 124974 262299 544056 | 1130667 | 2368620
it 8 4 4 4 4 4 4 4 4
Oy || 2.93E+02 | 1.82E+02 | 9.03E+01 | 4.88E+01 | 2.65E+01 | 1.55E+01 | 9.54E+00 | 5.74E+00 | 3.46E+00
ey - 3.81E+00 | 1.90E+00 | 1.76E+00 | 2.12E+00 | 1.85E+00 | 2.15E400 | 1.90E+00 | 2.07E+00

Table 6.6: [Example 4] Number of degrees of freedom, Newton iteration count, global estimator, and
experimental rate of convergence of the global estimator for each mesh refinement 1.

Figure 6.5: [Example 4] Four adaptive mesh refinement iterations.

A Preliminaries for reliability

We start by introducing a few useful notations for describing local information on elements and
edges. First, given K € Ty, we let £(K) be the set of edges of K, and denote by &, the set of all
edges of Ty, with corresponding diameters denoted by h.. Then, we set &, = &,(2) U &, (), where
En(Q):={eec&  ec Q}and &) :={eec & : e cI'}. Moreover, for each e € &,, we fix a
unit normal vector to e, denoted by n.. In the two-dimensional case (n = 2), if n, = (n1,n2), the
corresponding unit tangential vector to e is defined as s, := (—n2,n1)'. When no confusion arises, we
will simply write n and s instead of n. and s., respectively. In addition, the usual jump operator [-]
across an internal edge e € &,(2) is defined for piecewise continuous tensor, vector, or scalar-valued
functions ¢ as simply [(] := (|x — {|k’, where K and K’ are the triangles (tetrahedra) of 7 having
e as a common edge (face). Furthermore, for sufficiently smooth scalar w, vector v := (vy,...,v,)",

and tensor fields 7 := (Tij)?’jzl, we let
a_w % — % forn =2
curl(w) := agz , curl(v) := ory  0xa ’
A V xv forn =3,

aIl
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Figure 6.6: [Example 4] Computed velocity, pressure and concentration fields.

( t
curl(r}) forn =2,
@ _% curl(7})
ox or
curl(v) := 01); 60; forn =2, curl(r) := < curl(+)t
Ory O curl(74)t | for n =3,
curl(74)*
TS forn=2,
Suv) = Vs forn=2 oy (7 <)
vxn forn=3, (Tgxn)t forn=3,

(15 x n)*

where 7; is the i-th row of 7 and the derivatives involved are taken in the distributional sense.

Let us now recall the main properties of the Raviart—Thomas and Clment interpolation operators
(cf. [20, 26, 27]). For each p = 2n/(n + 2), we consider the spaces

Z, = {TGH(divp;Q) © T|g € WHP(K) VKEE},

and
X, = {TGH(din;Q): 7|k € RTy(K) VKGE}.

In addition, we let H’,i : Z, — X, be the Raviart-Thomas interpolation operator, which is character-
ized for each 7 € Z,, by the identities

J(Hﬁ(r)-n)ﬁzf(T-n)ﬁ VEePrle), Veel&, (A.1)

e

when k£ > 0, and

f Hﬁ('r)-'z,bzf TP VipePr1(K), YKeT,, (A.2)
K K

when k£ > 1. We now collect some approximation properties of Hﬁ.
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Lemma A.1 Given p > 1, there exist positive constants c1 and co, independent of h, such that for
all 0 <1 < k and for each K € Ty, there hold

It = T () o ie < 1 RS rliape Y7 e WHIP(K), (A.3)

and
|7 0 —TE(T) -nfope < cahl VP lrhipx VTe WHP(K), Vee&(K). (A.4)

Proof. For the first estimate, we refer to [30, Lemma 3.1], whereas for the second estimate, we refer
to [7, Lemma 4.2]. o

The following result provides a stable Helmholtz decomposition in H(divy;€2). Its proof, in the
tensor-valued version, can be found in [7, Lemma 4.4].

Lemma A.2 Let1l <p <2 whenn =2 and6/5 <p < 2 whenn = 3. Then, for each 1 € H(divp; ),
there exist

1. ¢ e WHP(Q) and w e HY(Q) such that ¥ = ¢ + curl(w) in Q, when n = 2,
2. ¢ € WHP(Q) and w € HY(Q) such that ¥ = ¢ + curl(w) in Q, when n = 3.
Moreover, there hold

I<

for n =2 and n = 3, respectively, where C}, is a positive constant independent of all the foregoing
variables.

l1pa + [Wlie < CpllY]divya s

Lp T lw

On the other hand, defining M, := {v, € C(Q) : wu|lg € P1(K) VK € T,} and denoting by My,
its vector version, we let Zj, : H'(Q) — My, and Zj : H'(2) — M}, be the usual Clment interpolation
operator and its vector version, respectively. Some local properties of Zj, and, hence, of Z;, are
established in the following lemma.

Lemma A.3 There exist positive constants ci and co, such that

v —Zn(v)

ok <cahi|v|iamxy VK€ETh, (A.5)

and
lv = Zh(0)]oe < c2h? [v]1a¢)  VeEEn, (A.6)

where A(K) :=\{K'eT;, : K nK#2}andAle):=\{K'€T, : K ne+#o}.

B Preliminaries for efficiency

For the efficiency analysis, we apply the localization technique based on bubble functions, along with
inverse and discrete trace inequalities. For the former, given K € T, we let K be the usual element-
bubble function (cf. [39, eq. (1.5) and Remark 3.2]), which satisfies

Y €Ppi1(K), supp(¥x)<c K, Y =0 on 0K, and 0<¢r <1 in K. (B.1)

The specific properties of i to be employed in what follows, are collected in the following lemma,
for whose proof we refer to [39, Lemma 3.3].
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Lemma B.1 Let k be a non-negative integer, and let p,q € (1,+00) conjugate to each other, i.e.
1/p+1/q=1, and K € T,. Then, there exist positive constants c1, ca and c3, independent of h and
K, but depending on the shape-reqularity of the triangulations (minimum angle condition) and k, such
that for each u € Py (K) there hold

J UYPEV
< JK
0,p; K X sup

0#veP (K) v

c1 |lul < lu 0,p; K » (B.2)

0,q;

and

o i [k ulog k < V(WK u)log x < eshgh [¥k wlog i - (B.3)

We also make use of the following inverse inequality (cf. [26, Lemma 1.138]).

Lemma B.2 Let k, I, and m be non-negative integers such that m < I, and let p,q € [1,4+x], and
K € Tn. Then, there exists ¢ > 0, independent of h, K, p and q, but depending on k, I, m, and the
shape reqularity of the triangulations, such that

[0ip ¢ < Rl APTYD e Ve PR(K). (B.4)

Finally, proceeding as in [1, Lemma 3.10], that is, employing the usual scaling estimates with respect
to a fixed reference element K, and applying the trace inequality in WP(K), for a given p € (1, +0),
one is able to establish the following discrete trace inequality.

Lemma B.3 Let p € (1,+0w). Then, there exists ¢ > 0, depending only on the shape regularity of the
triangulations, such that for each K € Ty, and e € E(K), there holds

H’U ,p;e

boce < LB 0l + W5 oy b Yo e WR(K). (B.5)
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