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Abstract

In this paper, we consider the mixed-primal and fully-mixed Banach spaces-based formulations re-
cently proposed for the coupling of the stationary Brinkman–Forchheimer and convection-diffusion-
reaction equations, and develop reliable and efficient residual-based a posteriori error estimators
for both two- and three-dimensional versions of the associated mixed finite element schemes. For
the reliability analysis, we employ the global inf-sup conditions associated with each uncoupled
problem, combined with appropriate small data assumptions, stable Helmholtz decompositions in
nonstandard Banach spaces, and the local approximation properties of the Raviart–Thomas and
Clément interpolants. Efficiency is established using inverse inequalities, bubble-function localiza-
tion in local Lp-spaces, and auxiliary estimates available in the literature. Finally, several numerical
experiments are presented, confirming the theoretical properties of the proposed estimators and il-
lustrating the performance of the corresponding adaptive algorithms, including the recovery of
optimal convergence rates and the ability to handle challenging physical regimes.
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1 Introduction

Recently, in [6], two Banach spaces-based mixed finite element methods for the transport of chemical
species in a saturated porous medium were introduced and analyzed. In this model, the velocity field is
governed by the stationary Brinkman–Forchheimer (BF) equations, which in turn drives the evolution
of the concentration via a convection-diffusion-reaction (CDR) equation. Within that framework, a
pseudostress-velocity mixed formulation was proposed for the BF equations, while two distinct strate-
gies were developed for the CDR equation. Specifically, the first approach consists of a mixed-primal
formulation for the coupled problem, whereas the second one introduces the diffusion vector as an ad-
ditional unknown, resulting in a fully-mixed formulation in a Banach space setting. A key distinction
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(FB210005) and Fondecyt project 1250937; by Grupo de Investigación en Análisis Numérico y Cálculo Cient́ıfico
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between these strategies lies in the treatment of the boundary conditions: whereas the mixed-primal
approach enforces the Dirichlet condition for the concentration via a suitable Lagrange multiplier, the
fully-mixed formulation circumvents this requirement entirely, incorporating it naturally as a func-
tional on the right-hand side of the weak formulation. The resulting schemes are recast as fixed-point
equations, whose well-posedness is established by employing recently developed solvability results for
perturbed saddle-point problems in Banach spaces, the Babuška–Brezzi theory, the Banach–Nečas–
Babuška theorem, and the Banach fixed-point theorem. Regarding the finite element discretization,
the proposed schemes utilize Raviart–Thomas elements for both the pseudostress tensor and the dif-
fusion vector, and discontinuous polynomial elements for the velocity field. For the concentration,
Lagrange finite elements are employed in the mixed-primal approach, while discontinuous polynomials
are used in the fully-mixed case.

Although stability, convergence, and optimal a priori error estimates were also derived in [6], it is
well known that the discretization of nonlinear problems on complex geometries, as well as the approx-
imation of solutions exhibiting singularities or steep gradients, poses significant numerical challenges
and often deteriorates the theoretically optimal convergence rates. Adaptive algorithms driven by
a posteriori error estimates provide a key mechanism to recover optimal convergence rates in stan-
dard Galerkin discretizations, including finite element and mixed finite element methods, and their
analysis has been extensively studied in the literature. Foundational contributions include the pio-
neering works [2, 9, 10], which established the theoretical framework for residual-based a posteriori
error estimation for saddle-point and mixed problems, and [39], which provided a comprehensive treat-
ment of adaptive mesh-refinement techniques. These ideas were subsequently extended to augmented
mixed and pseudostress-based methods [31, 15, 28, 22], as well as to coupled fluid flow and transport
problems [24, 4, 16, 29]. In the context of the CDR equation, a posteriori error analysis has also
received considerable attention, particularly for convection-dominated regimes. Seminal contributions
in this direction are due to Verfürth [38], later refined to yield estimates that are fully robust with
respect to convection dominance and uniform with respect to the magnitude of the zero-order reaction
term [40]. More recently, a mixed formulation for the CDR equation was considered in [25], where
suitable residual-based a posteriori error estimators were derived. Specifically, the authors introduce a
diffusion-type vector as an additional unknown, present centered and upwind-weighted mixed schemes,
and develop the a posteriori error analysis via postprocessing techniques, thereby avoiding Helmholtz
decompositions and dual arguments. Nevertheless, the analysis therein is restricted to the lowest-order
case, and the error estimates are measured only in the L2-norm of both the diffusion vector and the
concentration.

It should be noted that most of the aforementioned works are set within standard Hilbert space
frameworks, where nonlinearities are typically handled via augmentation techniques. In contrast,
working in Banach space settings avoids such augmented formulations, but makes the derivation of
reliability and efficiency estimates substantially more involved, as classical tools such as orthogonality
arguments and the Riesz representation theorem are no longer directly available. First steps in this
direction were taken in [13] and [7], where the authors derived reliable and efficient residual-based a
posteriori error estimators for the mixed finite element method applied to the Navier–Stokes/Darcy–
Forchheimer coupled model and to the Navier–Stokes model, respectively. Key contributions of these
works include novel Helmholtz decompositions adapted to the Banach space framework for the relia-
bility analysis, as well as inverse inequalities and bubble function techniques for the efficiency bounds.
These tools have since become cornerstones for the a posteriori error analysis of mixed finite element
methods in Banach spaces and have subsequently inspired, for example, the development of estima-
tors for Boussinesq-type models [30] and for the coupled Brinkman–Forchheimer and double-diffusion
equations [14].
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In the context of flows in porous media, a posteriori error analysis has been investigated in both
Hilbert and Banach space settings across a range of models, including the Darcy–Forchheimer [35],
Brinkman–Darcy [5], and Brinkman–Darcy–Forchheimer [34] problems, as well as coupled formulations
such as the Brinkman–Navier–Stokes system with an advection-diffusion equation [3], the Brinkman–
Forchheimer system with double-diffusive convection [12], and the Brinkman–Forchheimer/Darcy
problem [18]. Most closely related to the present work are [11], where the tools of [13, 7] were
employed to derive a residual-based a posteriori error estimator for a Banach spaces-based mixed
formulation of the stationary convective Brinkman–Forchheimer equations, and [37], where an a pos-
teriori error analysis was developed for the coupling of the Darcy–Forchheimer problem with the CDR
equation. Of particular relevance is also [12], where a reliable and efficient estimator is proposed for
the Brinkman–Forchheimer equations coupled with a double-diffusive convection system. However,
the formulation therein differs from the one adopted in [6]: in [12], the velocity gradient and the pseu-
dostress tensor are introduced as additional unknowns for the BF system, while the double-diffusion
equations are handled via vectors involving the temperature/concentration, their gradients, and the
velocity. In our formulation, by contrast, the velocity gradient is not introduced as an unknown, and
the CDR equation is handled, in the fully-mixed approach, through the classical diffusion vector.

In light of the above discussion, in this paper we propose residual-based a posteriori error estimators
for the BF equations coupled with the CDR equation, considering both the mixed-primal and fully-
mixed formulations studied in [6]. Drawing upon the techniques of [13, 7, 39, 38] and building on
the approach of [11], we analyze the proposed estimators within our Banach space setting, rigorously
establishing their reliability and efficiency in two- and three-dimensional domains. More precisely, we
derive global estimators expressed in terms of computable local indicators ΘK defined on each element
K of a given mesh Th, which are then employed to drive an adaptive mesh refinement algorithm. In
particular, we prove that each estimator Θ is reliable and efficient, meaning that there exist positive
constants Ceff and Crel, independent of the mesh sizes, such that

Ceff Θ` h.o.t. ď } error } ď Crel Θ` h.o.t. ,

where h.o.t. denotes one or more terms of higher order.

The rest of this paper is organized as follows. The remainder of this section is devoted to standard
notation and functional spaces. In Sections 2 and 3, we recall from [6] the model problem and its
continuous formulations based on the mixed-primal and fully-mixed approaches, along with the two
discrete schemes. Subsequently, Section 4 deals with the derivation and analysis of a residual-based a
posteriori error estimator for the mixed-primal formulation, establishing its reliability and efficiency.
Section 5 then addresses the analogous analysis for the fully-mixed formulation. In Section 6, we
present several numerical examples illustrating the performance of the proposed estimators and the
associated adaptive algorithm, confirming the recovery of optimal convergence rates in the presence
of singularities, steep gradients, and challenging physical scenarios with and without manufactured
solutions. Finally, auxiliary results employed in the reliability and efficiency analyses are collected in
Appendices A and B, respectively.

Preliminary notations

Let Ω Ă Rn, n P t2, 3u, be a bounded domain with polyhedral boundary Γ, and let n be the outward
unit normal vector on Γ. Standard notation will be adopted for Lebesgue spaces LppΩq and Sobolev
spaces Ws,ppΩq, with s P R and p ą 1, whose corresponding norms, either for the scalar, vectorial, or
tensorial case, are denoted by } ¨ }0,p;Ω and } ¨ }s,p;Ω, respectively. In particular, given a non-negative
integer m, Wm,2pΩq is also denoted by HmpΩq, and the notations of its norm and seminorm are
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simplified to } ¨ }m,Ω and | ¨ |m,Ω, respectively. In addition, H1{2pΓq is the space of traces of functions of
H1pΩq, and H´1{2pΓq denotes its dual. On the other hand, given any generic scalar functional space
S, we let S and S be the corresponding vectorial and tensorial counterparts, whereas } ¨ }, with no
subscripts, will be employed for the norm of any element or operator whenever there is no confusion
about the space to which they belong. For any normed vector space V , we denote its topological dual
space by V 1, which is a Banach space when endowed with the norm

}F }V 1 :“ sup
0‰vPV

|F pvq|

}v}V
@F P V 1 .

Also, | ¨ | denotes the Euclidean norm in both Rn and Rnˆn, and as usual, I stands for the identity
tensor in Rnˆn. In turn, for any vector field v “ pviq

n
i“1, we set the gradient and divergence, as

∇v :“

ˆ

Bvi
Bxj

˙n

i,j“1

and divpvq :“
n
ÿ

j“1

Bvj
Bxj

,

whereas for any tensor fields τ “ pτijq
n
i,j“1 and ζ “ pζijq

n
i,j“1, we let divpτ q be the divergence operator

div acting along the rows of τ , and define the transpose, the trace, the deviatoric tensor, and the tensor
inner product, respectively, as

τ t :“ pτjiq
n
i,j“1 , trpτ q :“

n
ÿ

i“1

τii , τ d :“ τ ´
1

n
trpτ q I , and τ : ζ :“

n
ÿ

i,j“1

τij ζij .

Furthermore, for each t P r1,`8q we introduce the Banach spaces

Hpdivt; Ωq :“
!

v P L2pΩq : divpvq P LtpΩq
)

, and

Hpdivt; Ωq :“
!

τ P L2pΩq : divpτ q P LtpΩq
)

,

endowed with the natural norms

}v}divt;Ω :“ }v}0,Ω ` }divpvq}0,t;Ω @v P Hpdivt; Ωq , and

}τ }divt;Ω :“ }τ }0,Ω ` }divpτ q}0,t;Ω @ τ P Hpdivt; Ωq .

In addition, we consider the canonical injections ip,q : LppΩq Ñ LqpΩq for all p, q P r1,`8q, p ě q,
and ip : H1pΩq Ñ LppΩq for all p P r1,`8q when n “ 2, and for all p P r1, 6s when n “ 3, which are
continuous with norms depending on the domain. In particular, we have

}ip,q} ď |Ω|pp´qq{ppqq . (1.1)

In turn, we let ip,q and ip be the corresponding vector or tensor counterparts of ip,q and ip, respectively.
Note that the norm of ip,q also achieves the bound (1.1). Additionally, we recall that, proceeding as in

[27, eq. (1.43), Section 1.3.4] (see also [8, Section 4.1]), one can prove that for t P

#

p1,`8s in R2 ,

r65 ,`8s in R3 ,

there hold

〈ξ ¨ n, ϕ〉 “
ż

Ω

!

ξ ¨∇ϕ` ϕdivpξq
)

@ pξ, ϕq P Hpdivt; Ωq ˆ H1pΩq , and (1.2)

〈τn,v〉 “
ż

Ω

!

τ : ∇v ` v ¨ divpτ q
)

@ pτ ,vq P Hpdivt; Ωq ˆ H1pΩq , (1.3)
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where 〈¨, ¨〉 in (1.2) and (1.3) denotes the duality pairing between H´1{2pΓq and H1{2pΓq, and between
H´1{2pΓq and H1{2pΓq, respectively.

Finally, we use the letters C or c to denote generic constants that are independent of mesh sizes
and may vary from line to line. We only indicate their precise dependencies if they depend on physical
parameters of the model problem.

2 The model problem

We consider the physical process of fluid flow and reactive transport in a saturated porous medium
occupying the region Ω. The fluid flow is governed by the Brinkman–Forchheimer equations (cf. [19],
[23], [17]), characterized by the velocity u and the pressure p. In addition, following the approach in
[36], the scalar field φ denotes the concentration of a chemical species transported by the fluid and
modeled by a convection-diffusion-reaction equation. As a result, the coupled model of interest is
described by the following system of partial differential equations:

´div
`

ν∇u
˘

` Du ` F |u|ρ´2 u ` ∇p “ fpφq in Ω , (2.1a)

divpuq “ f in Ω , (2.1b)

´κ∆φ ` u ¨∇φ ` η φ “ g in Ω , (2.1c)

where ν ą 0 is the Brinkman coefficient (or effective viscosity), D ą 0 is the Darcy coefficient, F ą 0
is the Forchheimer coefficient, ρ P r3, 4s is a given number representing the inertial power, κ ą 0 is
the diffusion coefficient, and η ą 0 is the reaction coefficient. We assume that ν, D, and F may vary
spatially and are bounded in terms of positive constants ν0, ν1, D0, D1, F0, and F1 satisfying

ν0 ď νpxq ď ν1 , D0 ď Dpxq ď D1 , and F0 ď Fpxq ď F1 , @x P Ω . (2.2)

The source terms f and g belong to suitable function spaces to be specified later. In addition, the
external force fpφq is defined by

fpφq :“ ´pφ´ φrqg , (2.3)

where g represents the gravitational acceleration of potential type, and φr is the reference concentration
of the solute.

Equations (2.1) are complemented with Dirichlet boundary conditions for the velocity and concen-
tration fields, namely,

u “ uD and φ “ φD on Γ , (2.4)

with given data uD P H1{2pΓq and φD P H1{2pΓq. Due to condition (2.1b) and the Dirichlet boundary
condition for u, the datum uD must satisfy the compatibility condition

ż

Γ
uD ¨ n “

ż

Ω
f .

Additionally, to ensure uniqueness of the pressure p in (2.1a), we seek p in the space

L2
0pΩq :“

"

q P L2pΩq :

ż

Ω
q “ 0

*

.
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3 Continuous and discrete mixed formulations

In this section, we recall the mixed-primal and fully-mixed formulations of the model problem (2.1),
together with their corresponding Galerkin discretizations based on conforming finite element spaces.
We also summarize the associated well-posedness results. Further details are provided in [6, Sections
3 and 4].

3.1 Mixed-primal approach

We briefly recall from [6, Section 3.1] the derivation of the mixed-primal formulation for the coupled
problem (2.1). Following the approach proposed in [17] and [21], we introduce the pseudostress
tensor σ as an additional unknown, which is defined by

σ :“ ν∇u ´ p I in Ω , (3.1)

and observe that, by taking the matrix trace and using the fact that trpν∇uq “ ν divpuq “ νf , we
obtain

p “ ´
1

n
trpσq `

ν

n
f in Ω . (3.2)

Then, applying the divergence to σ in (3.1) and replacing the result into (2.1a), together with us-
ing (3.2) in (3.1), leads to an equivalent representation of the system (2.1): Find σ, u and φ, in
suitable spaces to be indicated below, such that

1

ν
σd ´∇u “ ´

1

n
f I in Ω , (3.3a)

´div
`

σq ` Du ` F |u|ρ´2 u “ fpφq in Ω , (3.3b)

´κ∆φ ` u ¨∇φ ` η φ “ g in Ω , (3.3c)

u “ uD, φ “ φD on Γ , (3.3d)
ż

Ω

!

trpσq ´ ν f
)

“ 0 . (3.3e)

Notice that p was eliminated from the system, and it can subsequently be recovered through a post-
processing step via (3.2). We remark that (3.3e) represents the uniqueness condition of the pressure
ş

Ω p “ 0.

We now set ` :“ ρ{pρ ´ 1q P r4{3, 3{2s as the Hölder conjugate of ρ, and recall the decomposition
Hpdiv`; Ωq “ H0pdiv`; Ωq ‘ R I, where

H0pdiv`; Ωq :“

"

τ P Hpdiv`; Ωq :

ż

Ω
trpτ q “ 0

*

.

Then, we note that, by looking for σ in Hpdiv`; Ωq, there exist unique components σ0 P H0pdiv`; Ωq
and dσ P R such that σ “ σ0 ` dσ I. Moreover, using (3.3e), we deduce that the R I-component can
be computed as

dσ “
1

n |Ω|

ż

Ω
trpσq “

1

n |Ω|

ż

Ω
ν f . (3.4)

Certainly, by employing this decomposition in (3.3a) and (3.3b), the system remains unaltered, with
only σ replaced by σ0. In this context, we simply seek σ0 and compute the complete pseudostress
tensor using (3.4). For simplicity, we shall denote σ0 by σ.
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To derive a weak formulation of (3.3), we first test (3.3a) and (3.3b) against functions in H0pdiv`; Ωq
and LρpΩq, respectively, and integrate by parts the second term in (3.3a) using the Dirichlet boundary
condition u “ uD (cf. (2.4)). In turn, we test the convection-diffusion-reaction equation (cf. (2.1c))
against functions in H1pΩq, and integrate by parts the first term. In this case, it is necessary to
introduce a normal flux-type variable λ, defined by

λ :“ ´κ∇φ ¨ n on Γ , (3.5)

and enforce the Dirichlet boundary condition φ “ φD (cf. (2.4)) weakly.

Thus, denoting H :“ H0pdiv`; Ωq and Q :“ LρpΩq, the weak mixed-primal formulation of (2.1)
reads: Find pσ,uq P HˆQ and pφ, λq P H1pΩq ˆH´1{2pΓq such that

apσ, τ q ` bpτ ,uq “ Fpτ q @ τ P H ,

bpσ,vq ´ cupu,vq “ Gφpvq @v P Q ,

aupφ, ψq ` bpψ, λq “ Fpψq @ψ P H1pΩq ,

bpφ, ξq “ Gpξq @ ξ P H´1{2pΓq ,

(3.6)

where the bilinear forms a : H ˆH Ñ R, b : H ˆQ Ñ R, and cz : Q ˆQ Ñ R, for each z P Q, and
the linear functionals F : HÑ R and Gϕ : QÑ R, for each ϕ P H, are defined as

apχ,τ q :“

ż

Ω

1

ν
χd : τ d , bpτ ,vq :“

ż

Ω
v ¨ divpτ q , (3.7)

czpw,vq :“

ż

Ω
Dw ¨ v `

ż

Ω
F |z|ρ´2w ¨ v , (3.8)

Fpτ q :“ 〈τ n,uD〉´
1

n

ż

Ω
f trpτ q , Gϕpvq :“ ´

ż

Ω
fpϕq ¨ v , (3.9)

while the bilinear forms az : H1pΩqˆH1pΩq Ñ R and b : H1pΩqˆH´1{2pΓq Ñ R, and linear functionals
F : H1pΩq Ñ R and G : H´1{2pΓq Ñ R, are given by

azpϕ,ψq :“ κ

ż

Ω
∇ϕ ¨∇ψ `

ż

Ω
pz ¨∇ϕqψ ` η

ż

Ω
ϕψ , (3.10)

bpψ, ξq :“ xξ, ψyΓ , Fpψq :“

ż

Ω
g ψ and Gpξq :“ xξ, φDyΓ . (3.11)

In order to introduce a Galerkin scheme for (3.6), let us consider a regular family of triangulations
tThuhą0 of sΩ made up of triangles K (when n “ 2) or tetrahedra K (when n “ 3) of diameter hK ,
and set h :“ max thK : K P Thu. Given an integer l ě 0 and a subset S of Rn, we denote by PlpSq
the space of polynomials of total degree at most l defined on S, and PlpSq its vectorial counterpart.
In turn, for each integer k ě 0 and K P Th, we define the local Raviart–Thomas spaces of order k as
RTkpKq :“ PkpKq ‘ rPkpKqx, where x :“ px1, . . . , xnq

t is a generic vector of Rn and rPkpKq is the
space of polynomials of total degree equal to k defined on K. Furthermore, define RTkpKq as the
tensor space in which each row lies in RTkpKq.

To handle the boundary variable λ, we introduce an independent partition of Γ, consisting of
straight segments when n “ 2 and flat triangles when n “ 3, denoted by tΓ1,Γ2, . . . ,Γmu, and we set
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rh :“ max
jPt1,...,mu

|Γj |. Under this notation, we define the following finite element subspaces:

Hσh :“
!

τ h P H0pdiv`; Ωq : τ h
ˇ

ˇ

K
P RTkpKq @K P Th

)

,

Hu
h :“

!

vh P LρpΩq : vh
ˇ

ˇ

K
P PkpKq @K P Th

)

,

Hφ
h :“

!

ψh P CpΩq : ψh|K P Pk`1pKq @K P Th
)

,

Hλ
rh

:“
!

ξ
rh
P L2pΓq : ξ

rh
|Γj P PkpΓjq @ j P t1, . . . ,mu

)

.

(3.12)

Thus, the Galerkin scheme associated with (3.6) reads: Find pσh,uhq P HσhˆHu
h and pφh, λrhq P Hφ

hˆHλ
rh

such that
apσh, τ hq ` bpτ h,uhq “ Fpτ hq @ τ h P Hσh ,

bpσh,vhq ´ cuh
puh,vhq “ Gφhpvhq @vh P Hu

h ,

auh
pφh, ψhq ` bpψh, λrhq “ Fpψhq @ψh P Hφ

h ,

bpφh, ξrhq “ Gpξ
rh
q @ ξ

rh
P Hλ

rh
.

(3.13)

The well-posedness of (3.6) and (3.13) was established in [6, Sections 3.2 and 3.3], respectively, by
means of a fixed-point argument. In particular, the solvability of the Galerkin scheme was proved for
arbitrary finite element spaces satisfying suitable assumptions. In the present work, we restrict the
analysis to the specific finite element spaces given in (3.12), which were also considered as a particular
example in [6, Section 3.5].

For later use, let us recall some notation from the solvability analysis. Let cP denote the Poincaré
constant (cf. [6, eq. (38)]), and let s :“ 2ρ{pρ´ 2q P r4, 6s. In addition, following [6, Lemmas 1 and 2],
let δ ą 0, set δ0 :“ 1

2 }is}
´1 κ cP , and define r0 :“ mintδ, δ0u, so that r P p0, r0s. Then, we define the

continuous and discrete balls

Wprq :“
!

z P Q : }z}0,ρ; Ω ď r
)

and Whprq :“
!

zh P Hu
h : }zh}0,ρ; Ω ď r

)

, (3.14)

and denote by pσ,u, φ, λq P HˆQˆH1pΩq ˆH´1{2pΓq, with u P Wprq, the unique solution to (3.6),

and by pσh,uh, φh, λrhq P Hσh ˆ Hu
h ˆ Hφ

h ˆ Hλ
rh
, with uh P Whprq, the unique solution to (3.13).

Furthermore, we recall from [6, Theorem 1] that there exist C1 ą 0 depending only on r, ρ, ν0, ν1, D1,
F1, }is}, β (cf. [6, eq. (34)]), and |Ω|, and C2 ą 0 depending only on κ, η, rβ (cf. [6, Lemma 2]), and
|Ω|, such that the following a priori estimates hold:

}pσ,uq}HˆQ ď C1 Ψ1puD, f,g, g, φD, φrq (3.15)

and }pφ, λq}H1pΩqˆH´1{2pΓq ď C2 Ψ2pg, φDq , (3.16)

where Ψ1 and Ψ2 are defined as

Ψ1puD, f,g, g, φD, φrq :“ }uD}1{2,Γ ` }f}0,Ω ` }g}0,Ω

´

}g}0,Ω ` }φD}1{2,Γ ` }φr}0,s; Ω

¯

(3.17)

and Ψ2pg, φDq :“ }g}0,Ω ` }φD}1{2,Γ . (3.18)

Moreover, from [6, Theorem 2], there exist C1,d ą 0, depending only on r, ρ, ν0, ν1, D1, F1, }is}, βd
(cf. [6, eq. (60)]), and |Ω|, and C2,d ą 0, depending only on κ, η, rβd (cf. [6, eq. (62)]), and |Ω|, such
that

}pσh,uhq}HˆQ ď C1,d Ψ1puD, f,g, g, φD, φrq (3.19)
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and }pφh, λrhq}H1pΩqˆH´1{2pΓq ď C2,d Ψ2pg, φDq . (3.20)

Additionally, given z P Q and ϕ P H1pΩq, we introduce the bilinear form Az : pHˆQqˆpHˆQq Ñ R
and the linear functional Rϕ : HˆQÑ R, defined as

Az

`

pχ,wq, pτ ,vq
˘

:“ apχ, τ q ` bpτ ,wq ` bpχ,vq ´ czpw,vq

and Rϕpτ ,vq :“ Fpτ q `Gϕpvq ,

for all pχ,wq, pτ ,vq P HˆQ, and we observe that the first two rows in (3.6) can be written equivalently
as

Au

`

pσ,uq, pτ ,vq
˘

“ Rφpτ ,vq @ pτ ,vq P HˆQ . (3.21)

Then, it is possible to establish the global inf-sup condition (cf. [6, eq. (37)])

sup
0‰pτ ,vqPHˆQ

Az ppχ,wq, pτ ,vqq

}pτ ,vq}HˆQ
ě αA }pχ,wq}HˆQ @ pχ,wq P HˆQ , (3.22)

for all z P Q satisfying }z}0,ρ; Ω ď r, where αA is a positive constant depending only on r, ρ, ν0, ν1,

D1, F1, β (cf. [6, eq. (6)]), and |Ω|, and thus independent of h and rh.

Although we did not mention in [6] that a global inf-sup condition associated with the uncoupled
CDR equations can also be obtained, this result will be useful in the forthcoming analysis. Indeed,
having established the well-posedness of the uncoupled problem associated with the last two rows
in (3.6), by invoking the Babuška–Brezzi Theorem (cf. [26, Theorem 2.34]), one establishes the
existence of a positive constant αCDR, depending only on κ, η, rβ (cf. [6, Lemma 2]), and |Ω|, and thus
independent of h and rh, such that

sup
0‰pψ,ξqPH1pΩqˆH´1{2pΓq

azpϕ,ψq ` bpψ, ςq ` bpϕ,ψq

}pψ, ξq}H1pΩqˆH´1{2pΓq

ě αCDR }pϕ, ςq}H1pΩqˆH´1{2pΓq , (3.23)

for all pϕ, ςq P H1pΩq ˆH´1{2pΓq and z P Q satisfying }z}0,ρ; Ω ď r.

3.2 Fully-mixed approach

We now recall from [6, Section 4.1] the fully-mixed formulation of (2.1). We still employ a pseudostress
mixed formulation for the Brinkman–Forchheimer equations, which consists of the first two equations
in (3.6). To derive a mixed formulation for the CDR equation, we introduce the diffusion vector ϑ,
defined by

ϑ :“ κ∇φ in Ω . (3.24)

Applying the divergence operator to ϑ in (3.24) and substituting back into (2.1c), we deduce that the
mixed strong formulation of the CDR equation reads:

κ´1 ϑ ´ ∇φ “ 0 in Ω , (3.25a)

div
`

ϑ
˘

´ κ´1u ¨ ϑ ´ η φ “ ´ g in Ω , (3.25b)

φ “ φD on Γ . (3.25c)

In this case, it is not necessary to introduce the normal flux-type variable defined in (3.5), since the
boundary condition for the concentration (cf. (3.25c)) now becomes natural. As rigorously explained
in [6, Section 4.1], we test (3.25a) and (3.25b) against functions in Hpdivt; Ωq and LspΩq, respectively,
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where s and t are Hölder conjugates suitably defined below, and integrate by parts the second term
in (3.25a) using the Dirichlet datum (3.25c), which allows us to seek ϑ P Hpdivt; Ωq and φ P LspΩq.
Bearing in mind that ρ P r3, 4s, we recall the index ` already introduced in the mixed-primal approach,
and define the two new parameters s and t:

` :“
ρ

ρ´ 1
P

„

4

3
,
3

2



, s :“
2ρ

ρ´ 2
P r4, 6s and t :“

2ρ

ρ` 2
P

„

6

5
,
4

3



. (3.26)

These parameters allow us to define the spaces X :“ Hpdivt; Ωq and Y :“ LspΩq, in addition to
the spaces H :“ H0pdiv`; Ωq and Q :“ LρpΩq already introduced in the mixed-primal formulation
(cf. (3.6)). Thus, according to the first two equations of (3.6), and proceeding as described above to
derive the mixed weak formulation of the CDR equation based on the diffusion vector (cf. (3.24)), the
fully-mixed formulation of problem (2.1) reads: Find pσ,uq P HˆQ and pϑ, φq P XˆY such that

apσ, τ q ` bpτ ,uq “ Fpτ q @ τ P H ,

bpσ,vq ´ cupu,vq “ Gφpvq @v P Q ,

papϑ,ψq `pbpψ, φq “ pFpψq @ψ P X ,

pbpϑ, ξq ´ pcpφ, ξq ` dupϑ, ξq “ pGpξq @ ξ P Y ,

(3.27)

where the bilinear forms a : HˆHÑ R, b : HˆQÑ R and cz : QˆQÑ R, for each z P Q, and the
linear functionals F : H Ñ R and Gϕ : QÑ R, for each ϕ P Y, are already defined in (3.7)–(3.9). In

turn, the bilinear forms pa : XˆX Ñ R, pb : XˆY Ñ R, dz : XˆY Ñ R, for each z P Q, pc : YˆY Ñ R,
and the linear functionals pF : X Ñ R and pG : Y Ñ R, are defined as

papζ,ψq :“

ż

Ω
κ´1 ζ ¨ ψ , pbpψ, ξq :“

ż

Ω
ξ divpψq , dzpζ, ξq :“ ´

ż

Ω
κ´1 pz ¨ ζq ξ ,

pcpζ, ξq :“

ż

Ω
η ζ ξ , pFpψq :“ 〈ψ ¨ n, φD〉 , pGpξq :“ ´

ż

Ω
g ξ .

In order to introduce the Galerkin scheme associated with (3.27), let us define the finite element
subspaces

Hϑ
h :“

!

ψh P Hpdivt; Ωq : ψh
ˇ

ˇ

K
P RTkpKq @K P Th

)

,

pHφ
h :“

!

ξh P LspΩq : ξh
ˇ

ˇ

K
P PkpKq @K P Th

)

,

which we use to approximate the solutions ϑ and φ of the problem (3.27). In turn, σ and u are
approximated by functions belonging to the first two spaces in (3.12). As mentioned also in the
mixed-primal approach (cf. Section 3.1), in [6] we consider arbitrary finite element spaces to develop
the solvability analysis, but we include in [6, Section 4.5] these specific choices that satisfy the suitable
hypotheses detailed therein.

Thus, the announced Galerkin scheme reads: Find pσh,uhq P Hσh ˆHu
h and pϑh, φhq P Hϑ

h ˆ
pHφ
h

such that
apσh, τ hq ` bpτ h,uhq “ Fpτ hq @ τ h P Hσh ,

bpσh,vhq ´ cuh
puh,vhq “ Gφhpvhq @vh P Hu

h ,

papϑh,ψhq `
pbpψh, φhq “ pFpψhq @ψh P Hϑ

h ,

pbpϑh, ξhq ´ pcpφh, ξhq ` duh
pϑh, ξhq “ pGpξhq @ ξh P pHφ

h .

(3.28)
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In the same way as we introduced the bilinear form Az in the mixed-primal approach (cf. (3.21)),
we may consider the bilinear form pA : pXˆYq ˆ pXˆYq Ñ R defined by

pA
`

p%, ζq, pψ, ξq
˘

:“ pap%,ψq `pbpψ, ζq `pbp%, ξq ´ pcpζ, ξq , (3.29)

for all
`

p%, ζq, pψ, ξq
˘

P XˆY, which allows us to rewrite the last two rows of (3.27) as

pA
`

pϑ, φq, pψ, ξq
˘

` dupϑ, ξq “ pFpψq ` pGpξq @ pψ, ξq P XˆY .

As established in [6, eq. (95)], there exists a positive constant α
pA

, depending only on κ, η, ρ, C
pb

(cf. [6, Lemma 12]) and |Ω|, and thus independent of h, such that

sup
0‰pψ,ξqPXˆY

pApp%, ζq, pψ, ξqq ` dzp%, ξq

}pψ, ξq}XˆY
ě

α
pA

2
}p%, ζq}XˆY @ p%, ζq P XˆY , (3.30)

for all z P Q such that }z}0,ρ; Ω ď r.

Regarding the solvability analysis of (3.27) and (3.28), we let r P
`

0,mintpr0, pr
d
0u
‰

, where, follow-

ing [6, eqs. (98) and (112)], pr0 :“ mintδ, pδ0u with δ ą 0 and pδ0 :“ κα
pA
{2, and prd0 :“ mintδd, pδ

d
0u with

δd ą 0 and pδd0 :“ κα
pA,d
{2. Here α

pA,d
ą 0 is the discrete counterpart of the global inf-sup constant

of (3.30), as made precise in [6, Lemma 19]. The continuous and discrete balls (3.14) are then defined
with this new radius r. The well-posedness of (3.27) and (3.28) was subsequently established in [6,
Sections 4.2 and 4.3], respectively, via a fixed-point strategy.

From now on, we shall denote by pσ,u,ϑ, φq P HˆQˆXˆY, with u P Wprq, and pσh,uh,ϑh, φhq P

Hσh ˆHu
h ˆHϑ

h ˆ
pHφ
h, with uh P Whprq, the unique solutions of the continuous problem (3.27) and the

Galerkin scheme (3.28), respectively. We recall from [6, Theorem 5] that there exist C1 ą 0, depending
only on r, ρ, ν0, ν1, D1, F1, β (cf. [6, eq. (34)]), and |Ω|, and C2 ą 0, depending only on κ, η, ρ, C

pb
(cf. [6, Lemma 12]), and |Ω|, such that the following a priori estimates hold:

}pσ,uq}HˆQ ď C1
pΨ1puD, f,g, g, φD, φrq , (3.31)

and }pϑ, φq}XˆY ď C2
pΨ2pg, φDq , (3.32)

where pΨ1 and pΨ2 are defined as

pΨ1puD, f,g, g, φD, φrq :“ }uD}1{2,Γ ` }f}0,Ω ` }g}0,Ω

´

}g}0,t;Ω ` }φD}1{2,Γ ` }φr}0,s; Ω

¯

,

and pΨ2pg, φDq :“ }g}0,t;Ω ` }φD}1{2,Γ .

Moreover, from [6, Theorem 6], there exist C1,d ą 0, depending only on r, ρ, ν0, ν1, D1, F1, βd (cf. [6,
eq. (60)]), and |Ω|, and C2,d ą 0, depending only on κ, η, ρ, C

pb,d
(cf. [6, eq. (108)]) and |Ω|, such that

}pσh,uhq}HˆQ ď C1,d
pΨ1puD, f,g, g, φD, φrq , (3.33)

and }pϑh, φhq}XˆY ď C2,d
pΨ2pg, φDq . (3.34)

Note that the only difference between pΨ1 and pΨ2 and the expressions defined in (3.17) and (3.18) is
that g is now measured in the Lt-norm. Furthermore, we emphasize that Ci and Ci,d, with i P t1, 2u, are
not the same constants as those appearing in (3.15), (3.16), (3.19) and (3.20). However, as previously
noted, they exhibit the same dependence on the physical parameters of the model.
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4 A posteriori error analysis for the mixed-primal scheme

The main goal of this section is to propose a residual-based a posteriori error estimator for the Galerkin
scheme (3.13) and to prove its reliability and efficiency. To this end, throughout this section we employ
the notation and auxiliary results presented in Appendices A and B.

Let us introduce the following residual based a posteriori error estimator for the mixed-primal
Galerkin scheme (3.13):

ΘMP :“

#

ÿ

KPTh

Θρ
1,K

+1{ρ

`

#

ÿ

KPTh

`

Θ2
2,K `Θ2

3,K

˘

+1{2

`

#

ÿ

KPTh

Θ`
4,K

+1{`

` }φD ´ φh}1{2,Γ , (4.1)

where, for each K P Th, the local error indicators Θi,K , i P t1, 2, 3, 4u, are defined as

Θρ
1,K :“ hρK

›

›

›

›

1

ν
σd
h `

1

n
f I´∇uh

›

›

›

›

ρ

0,ρ;K

`
ÿ

ePEhpΓqXEhpKq
he }uD ´ uh}

ρ
0,ρ; e , (4.2)

Θ2
2,K :“ h2

K

›

›

›

›

curl

ˆ

1

ν
σd
h `

1

n
f I

˙›

›

›

›

2

0,K

`
ÿ

ePEhpΩqXEhpKq
he

›

›

›

›

s
δ˚

ˆ

1

ν
σd
h `

1

n
f I

˙{›
›

›

›

2

0,e

`
ÿ

ePEhpΓqXEhpKq
he

›

›

›

›

δ˚

ˆ

1

ν
σd
h `

1

n
f I´∇uD

˙›

›

›

›

2

0,e

,

(4.3)

Θ2
3,K :“ h2

K }g ` κ∆φh ´ uh ¨∇φh ´ η φh}20,K `
ÿ

ePEhpΩqXEhpKq
he

›

› Jκ∇φh ¨ nK
›

›

2

0,e

`
ÿ

ePEhpΓqXEhpKq
he }λ

rh
` κ∇φh ¨ n}20,e ,

(4.4)

and
Θ`

4,K :“
›

›fpφhq ` divpσhq ´ Duh ´ F |uh|
ρ´2 uh

›

›

`

0,`;K
. (4.5)

Note that the last term in Θ2,K requires that δ˚p∇uDq|e P L2peq for all e P EhpΓq. A sufficient
condition for this property is to assume that uD P H1pΓq, and for simplicity we will make this
assumption throughout the remainder of this work. We emphasize, however, that this requirement
can in fact be relaxed. Indeed, it would suffice to require that uD admits an extension ruD P H3{2`εpΩq
for some ε ą 0, so that the trace of ∇ruD on Γ belongs to L2pΓq. On the other hand, the first term
in the definition of Θ2,K requires that the source term f to be sufficiently regular so as to ensure that
curlpf Iq P L2pKq for all K P Th, while the second and third terms in Θ2,K require that δ˚pf Iq P L2peq
for all e P Eh. Both requirements are satisfied by assuming that f |K P H1pKq for all K P Th.

The residual character of each term defining ΘMP becomes clear by examining the strong prob-
lem (2.1) and the regularity of the continuous weak solution. Indeed, if the discrete solutions coincide
with the continuous ones, the local error indicators Θ1,K and Θ2,K vanish owing to (3.3a) and the
Dirichlet boundary condition for the velocity in (3.3d). In turn, Θ3,K vanishes at the continuous
solution due to (3.3c) and the Dirichlet boundary condition for the concentration in (3.3d), while
Θ4,K also vanishes at the continuous solution by virtue of (3.3b). We stress here that the presence
of the last term in (4.1) prevents ΘMP from being fully local. To overcome this issue, we will show in
Section 4.4 that this estimator induces another one that is indeed fully computable, which will allow
us to construct an adaptive refinement algorithm.
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In what follows, our goal is to establish the efficiency and reliability of the a posteriori error
estimator (4.1). More precisely, we show that there exist positive constants Crel and Ceff , independent
of the mesh sizes h and rh, and of both the continuous and discrete solutions, such that

Ceff ΘMP ` h.o.t. ď }pσ ´ σh,u´ uhq}HˆQ ` }pφ´ φh, λ´ λrhq}H1pΩqˆH´1{2pΓq ď Crel ΘMP , (4.6)

where h.o.t. stands for one or several terms of higher order. To establish the reliability of the estimator
(upper bound in (4.6)), we first derive some preliminary results in Section 4.1, and then complete the
proof in Section 4.2. The efficiency (lower bound in (4.6)) is then addressed in Section 4.3.

4.1 Preliminaries for the reliability analysis

In this section, we derive some preliminary estimates required for the proof of the reliability. We first
define the residual functionals R1 : HÑ R and R2 : QÑ R by

R1pτ q :“ Fpτ q ´ apσh, τ q ´ bpτ ,uhq @ τ P H , (4.7)

and
R2pvq :“ Gφhpvq ´ bpσh,vq ´ cuh

puh,vq @v P Q , (4.8)

respectively. Notice that, according to the first and second equations of the Galerkin scheme (3.13),
there hold

R1pτ hq “ 0 @ τ h P Hσh , and R2pvhq “ 0 @vh P Hu
h .

The following result gives us an estimate for the error associated with the continuous and discrete
solutions of the Brinkman–Forchheimer part of the systems (3.6) and (3.13).

Lemma 4.1 There exists a positive constant C1, depending on r, ρ, ν0, ν1, D1, F1, }is}, β, βd, and
|Ω|, but independent of h and rh, such that

C1 }pσ ´ σh,u´ uhq}HˆQ ď }R1}H1 ` }R2}Q1 ` }g}0,Ω }φ´ φh}1,Ω

`Ψ1puD, f,g, g, φD, φrq }u´ uh}0,ρ; Ω .
(4.9)

Proof. By using (3.21), the definition of the residual functionals R1 and R2 (cf. (4.7)–(4.8)), and
performing some algebraic manipulations, we obtain, for all pτ ,vq P HˆQ,

Au

`

pσ ´ σh,u´ uhq, pτ ,vq
˘

“ Rφpτ ,vq ´Au

`

pσh,uhq, pτ ,vq
˘

“ R1pτ q `R2pvq `Gφpvq ´Gφhpvq ` cupuh,vq ´ cuh
puh,vq ,

which together with the global inf-sup condition (3.22) with z “ u, χ “ σ ´ σh, and w “ u ´ uh,
yields

αA }pσ ´ σh,u´ uhq}HˆQ ď }R1}H1 ` }R2}Q1 ` }Gφ ´Gφh}Q1 ` }cupuh, ¨q ´ cuh
puh, ¨q}Q1 . (4.10)

Then, to bound the last two terms, we may proceed as in [6, eqs. (69)–(70)] to establish that

}Gφ ´Gφh}Q1 ď }is} }g}0,Ω }φ´ φh}1,Ω , and

}cupuh, ¨q ´ cuh
puh, ¨q}Q1 ď Lc p2rq

ρ´3 }uh}0,ρ; Ω }u´ uh}0,ρ; Ω ,

where Lc is a positive constant depending only on ρ, F1 and |Ω| (cf. [6, eq. (46)]). Putting these
estimates into (4.10), and then using the a priori estimate (3.19), we conclude (4.9), as desired. ˝
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With the aim of obtaining an estimate analogous to (4.9), but now for the error associated with the
CDR system, we introduce the residual functionals rR1 : H1pΩq Ñ R and rR2 : H´1{2pΓq Ñ R defined
by

rR1pψq :“ Fpψq ´ auh
pφh, ψq ´ bpψ, λrhq @ψ P H1pΩq , (4.11)

and
rR2pξq :“ Gpξq ´ bpφh, ξq @ ξ P H´1{2pΓq , (4.12)

respectively. From the third and fourth equations of (3.13), it follows that

rR1pψhq “ 0 @ψh P Hφ
h and rR2pξ

rh
q “ 0 @ ξ

rh
P Hλ

rh
. (4.13)

Lemma 4.2 There exists a positive constant C2 depending on κ, η, ρ, }is}, rβ, rβd, and |Ω|, but
independent of h and rh, such that

C2 }pφ´ φh, λ´ λrhq}H1pΩqˆH´1{2pΓq ď }
rR1}pH1pΩqq1 ` }

rR2}pH´1{2pΓqq1 `Ψ2pg, φDq }u´ uh}0,ρ; Ω . (4.14)

Proof. We proceed similarly as in the proof of Lemma 4.1. In fact, using the last two rows of (3.6)
and performing some algebraic manipulations, we have that, for all pψ, ξq P H1pΩq ˆH´1{2pΓq,

aupφ´ φh, ψq ` bpψ, λ´ λrhq ` bpφ´ φh, ξq “ Fpψq ´ aupφh, ψq ´ bpψ, λrhq `Gpξq ´ bpφh, ξq

“ rR1pψq ` rR2pξq ` auh
pφh, ψq ´ aupφh, ψq .

Now, by using the global inf-sup condition (3.23) with z “ u, ϕ “ φ´ φh, and ς “ λ´ λ
rh
, along with

the above equation, we find that

αCDR }pφ´ φh, λ´ λrhq} ď }
rR1}pH1pΩqq1 ` }

rR2}pH´1{2pΓqq1 ` }auh
pφh, ¨q ´ aupφh, ¨q}pH1pΩqq1 . (4.15)

To bound the last term, we apply the Hölder inequality and the a priori estimate (3.20), so that

}auh
pφh, ¨q ´ aupφh, ¨q}pH1pΩqq1 ď }is} }u´ uh}0,ρ; Ω }φh}1,Ω ď C2,d }is}Ψ2pg, φDq }u´ uh}0,ρ; Ω .

Putting this into (4.15), we obtain (4.14), thus concluding the proof. ˝

As a consequence of this lemma, we can bound the concentration error in (4.9), thereby arriving at

rC1 }pσ ´ σh,u´ uhq}HˆQ ď }R1}H1 ` }R2}Q1 ` } rR1}pH1pΩqq1 ` }
rR2}pH´1{2pΓqq1

`

!

Ψ1puD, f,g, g, φD, φrq `Ψ2pg, φDq

)

}u´ uh}0,ρ; Ω ,
(4.16)

where rC1 “ C1C2{maxtC2, }g}0,Ωu. As a result, and employing once again the previous lemma, we
can establish the following preliminary upper bound for the total error.

Theorem 4.3 Assume that the data satisfy

Ψ1puD, f,g, g, φD, φrq `Ψ2pg, φDq ď
rC1

2
. (4.17)

Then, there exists a positive constant C3, depending on r, ρ, ν0, ν1, D1, F1, }is}, β, βd, }g}0,Ω, κ, η,
rβ, rβd, and |Ω|, but independent of h and rh, such that

}pσ ´ σh,u´ uhq}HˆQ ` }pφ´ φh, λ´ λrhq}H1pΩqˆH´1{2pΓq

ď C3

!

}R1}H1 ` }R2}Q1 ` } rR1}pH1pΩqq1 ` }
rR2}pH´1{2pΓqq1

)

.
(4.18)
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Proof. Substituting the assumption (4.17) into (4.16) yields

rC1

2
}pσ ´ σh,u´ uhq}HˆQ ď }R1}H1 ` }R2}Q1 ` } rR1}pH1pΩqq1 ` }

rR2}pH´1{2pΓqq1 .
(4.19)

Replacing this into (4.14) to control the last term, invoking Ψ2pg, φDq ď rC1{2 from (4.17), and adding
the resulting inequality to (4.19), we obtain (4.18) with C3 :“ 2 maxt1{ rC1, 1{C2u. ˝

It follows from (4.18) that, in order to establish the reliability of the a posteriori error estimator
(cf. (4.6)), it is necessary to derive suitable bounds for the residual functionals. This will be the main
objective of the following section.

4.2 Reliability

We start our analysis by establishing estimates for }R1}H1 and }R2}Q1 . For the sake of brevity, we do
not reproduce the proof of the first estimate here and instead refer the reader to [11, Lemma 3.4], where
an analogous result is given for the convective Brinkman–Forchheimer equations. Nevertheless, the
argument follows a standard strategy based on a Helmholtz decomposition, which will be illustrated
later in the proof of Lemma 5.5.

Lemma 4.4 There exists a positive constant C, independent of h and rh, such that

}R1}H1 ď C

¨

˝

#

ÿ

KPTh

Θρ
1,K

+1{ρ

`

#

ÿ

KPTh

Θ2
2,K

+1{2
˛

‚ ,

where Θ1,K and Θ2,K are defined in (4.2) and (4.3), respectively.

Proof. The proof follows by a slight modification of that of [11, Lemma 3.4], where the local error
indicator additionally accounts for a convective term and the L4-norm is employed instead of the
Lρ-norm, which explains the presence of the exponent ρ in our case. ˝

Lemma 4.5 Let Θ4,K be defined as in (4.5). Then, there holds

}R2}Q1 ď

#

ÿ

KPTh

Θ`
4,K

+1{`

.

Proof. It follows directly from the definition of R2 (cf. (4.8)) and the Hölder inequality. ˝

We continue the reliability analysis by deriving suitable bounds for the norms of the residual func-
tionals rR1 and rR2 (cf. (4.11) and (4.12)).

Lemma 4.6 There exists a positive constant C, independent of h and rh, such that

} rR1}pH1pΩqq1 ď C

#

ÿ

KPTh

Θ2
3,K

+1{2

and } rR2}pH´1{2pΓqq ď }φD ´ φh}1{2,Γ , (4.20)

where Θ3,K is defined in (4.4).

15



Proof. We proceed as in [22, Lemma 3.12]. In fact, to prove the first estimate in (4.20), we fix
ψ P H1pΩq and define pψ :“ ψ ´ Ihpψq, so that employing the first relation in (4.13) we find that
rR1pψq “ rR1p pψq. Then, by using the definition of rR1 (cf. (4.11)) and performing local integration by
parts, we get

rR1pψq “
ÿ

KPTh

"
ż

K
g pψ ` κ

ż

K
∆φh pψ ´

ż

K
puh ¨∇φhq pψ ´ η

ż

K
φh pψ

*

´
ÿ

ePEhpΩq
κ

ż

e
J∇φh ¨ nK pψ ´

ÿ

ePEhpΓq

ż

e
pλ

rh
` κ∇φh ¨ nq pψ .

Hence, by using the Cauchy–Schwarz inequality and the approximation properties (A.5) and (A.6),
we conclude the first estimate in (4.20). The second estimate follows directly from the definitions of
rR2 (cf. (4.12)) and of the dual norm. This completes the proof. ˝

The main result of this section, which is the reliability of the a posteriori error estimator ΘMP

(cf. (4.1)), is stated below.

Theorem 4.7 Let pσ,u, φ, λq P HˆQˆH1pΩqˆH´1{2pΓq and pσh,uh, φh, λrhq P H
σ
h ˆHu

h ˆHφ
hˆHλ

rh
be the solutions to (3.6) and (3.13), respectively. Assume that the data satisfy the assumption of
Theorem 4.3. Then, ΘMP is a reliable estimator, i.e. there exists a positive constant Crel, depending on
r, ρ, ν0, ν1, D1, F1, }is}, β, βd, }g}0,Ω, κ, η, rβ, rβd, and |Ω|, but independent of h and rh, such that

}pσ ´ σh,u´ uhq}HˆQ ` }pφ´ φh, λ´ λrhq}H1pΩqˆH´1{2pΓq ď Crel ΘMP .

Proof. It follows from the estimate (4.18), together with a straightforward application of Lem-
mas 4.4, 4.5 and 4.6. ˝

4.3 Efficiency

Having established the reliability of the a posteriori error estimator (4.1) (cf. Theorem 4.7), it remains
to prove its efficiency, that is, the upper bound in (4.6). In this regard, we observe that the resulting
arguments closely follow those available in the literature (see, for instance, [7, 11, 13, 30, 31]), which
rely on classical inverse and discrete trace inequalities, together with the localization technique based
on bubble functions. For convenience, these auxiliary results are recalled in Appendix B, and we adopt
the notation introduced therein.

Throughout this section, we assume that uD, f , g, and 1
ν are piecewise polynomials. Otherwise,

if the data are sufficiently smooth, one can proceed as in [15, Section 6.2], in which case additional
higher-order terms, arising from suitable polynomial approximations of these functions, appear in the
lower bound of (4.6). This accounts for the possible presence of the h.o.t. term in that inequality.

The following result provides estimates for the terms involved in Θ1,K (cf. (4.2)).

Lemma 4.8 There exists a positive constant C1, depending on ν0, but independent of h and rh, such
that

hρK

›

›

›

›

1

ν
σd
h `

1

n
f I´∇uh

›

›

›

›

ρ

0,ρ;K

ď C1

!

h%K }σ ´ σh}
ρ
0,K ` }u´ uh}

ρ
0,ρ;K

)

, (4.21)

for all K P Th, where % “ 2 when n “ 2, and % “ 3´ ρ{2 when n “ 3.
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Proof. We proceed as in [11, Lemma 3.7]. We fix K P Th and define χK :“ 1
ν σ

d
h `

1
n f I ´ ∇uh

in K. By assumption, both 1
ν and f are piecewise polynomials, which, together with the fact that

σh|K P RTkpKq Ă Pk`1pKq and ∇uh|K P Pk´1pKq, implies that χK P Pk̄pKq for some positive integer
k̄ depending on k and the polynomial degrees of 1

ν and f . Hence, by (B.2) in Lemma B.1, there holds

c1 }χK}0,ρ;K ď sup
0‰τPPk̄pKq

ż

K
χK : pψK τ q

}τ }0,`;K
. (4.22)

Moreover, since σ and u satisfy (3.3a) in the sense of distributions, it follows that

ż

K

ˆ

1

ν
σd `

1

n
f I´∇u

˙

: pψK τ q “ 0 . (4.23)

Hence, combining this with an integration by parts and the fact that ψK “ 0 on BK (cf. (B.1)), we
obtain

ż

K
χK : pψK τ q “

ż

K

ˆ

1

ν
pσh ´ σq

d ´∇puh ´ uq

˙

: pψK τ q

“

ż

K

1

ν
pσh ´ σq

d : pψK τ q `

ż

K
puh ´ uq ¨ divpψK τ q .

Thus, employing the Cauchy–Schwarz and Hölder inequalities, the boundedness of ν (cf. (2.2)), the
fact that }divpψK τ q}0,`;K ď }∇pψK τ q}0,`;K , the estimate (B.3), and (B.1), we arrive at

ż

K
χK : pψK τ q ď

1

ν0
}σ ´ σh}0,K }ψK τ }0,K ` }u´ uh}0,ρ;K }∇pψK τ q}0,`;K

ď
1

ν0
}σ ´ σh}0,K }τ }0,K ` c3 h

´1
K }u´ uh}0,ρ;K}τ }0,`;K ,

which, together with the inverse inequality (B.4) with l “ m “ 0, p “ 2 and q “ `, gives

ż

K
χK : pψK τ q ď

ˆ

1

ν0
h
np1{2´1{`q
K }σ ´ σh}0,K ` c3 h

´1
K }u´ uh}0,ρ;K

˙

}τ }0,`;K .

Hence, returning to (4.22), recalling that 1{` “ 1´ 1{ρ and the definition of χK , we get

c1

›

›

›

›

1

ν
σd
h `

1

n
f I´∇uh

›

›

›

›

0,ρ;K

ď
1

ν0
h
np1{ρ´1{2q
K }σ ´ σh}0,K ` c3 h

´1
K }u´ uh}0,ρ;K ,

whence, upon multiplying by hK and raising the resulting expression to the power ρ, we arrive at (4.21).
˝

Lemma 4.9 There exists a positive constant C2 depending on ν0, but independent of h and rh, such
that

he }uD ´ uh}
ρ
0,ρ; e ď C2

!

h%Ke
}σ ´ σh}

ρ
0,Ke

` }u´ uh}
ρ
0,ρ;Ke

)

, (4.24)

for all e P EhpΓq, where Ke is the triangle/tetrahedron of Th having e as an edge/face, and % is defined
as in Lemma 4.8.
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Proof. We proceed as in [11, Lemma 3.8]. Indeed, fixing e P EhpΓq, we first note that since uD is
piecewise polynomial, we are able to use the local inverse inequality (B.4) in the pn´ 1q-dimensional
element e, with l “ m “ 0, p “ ρ, q “ ρ{2, to obtain

}uD ´ uh}0,ρ; e ď c hp1´nq{ρe }uD ´ uh}0,ρ{2; e “ c hp1´nq{ρe }u´ uh}0,ρ{2; e ,

where in the last equality we used that u “ uD weakly on Γ, according to (3.3d). Then, multiplying

by h
pn´1q{ρ
e , and then applying the discrete trace inequality (B.5), we arrive at

hpn´1q{ρ
e }uD ´ uh}0,ρ; e ď C

!

h´1
Ke
}u´ uh}

ρ{2
0,ρ{2;Ke

` h
ρ{2´1
Ke

}∇pu´ uhq}
ρ{2
0,ρ{2;Ke

)2{ρ
.

In turn, applying the subadditivity inequality with 2{ρ ă 1, the above estimate implies that

hpn´1q{ρ
e }uD ´ uh}0,ρ; e ď C

!

h
´2{ρ
Ke

}u´ uh}0,ρ{2;Ke
` h

1´2{ρ
Ke

}∇pu´ uhq}0,ρ{2;Ke

)

, (4.25)

where C is certainly different to the constant in the previous estimate, but still independent of h and
rh.

Similarly to (4.23), from (3.3a) it follows that ∇u “ 1
ν σ

d ` 1
n f I weakly in Ke, so substituting

this into (4.25), adding and subtracting 1
ν σ

d
h, applying the triangle inequality, and performing some

algebraic manipulations, we obtain

hpn´1q{ρ
e }uD ´ uh}0,ρ; e ď C

#

h
´2{ρ
Ke

}u´ uh}0,ρ{2;Ke
`
h

1´2{ρ
Ke

ν0
}σ ´ σh}0,ρ{2;Ke

`h
1´2{ρ
Ke

›

›

›

›

1

ν
σd
h `

1

n
f I´∇uh

›

›

›

›

0,ρ{2;Ke

+

.

(4.26)

Next, we apply the continuous embedding iρ,ρ{2pKeq, in its vector- and tensor-valued forms, to the
first and third terms on the right-hand side of the above estimate, and the continuous embedding
i2,ρ{2pKeq, in its tensor-valued form, to the second term. Moreover, recalling from (1.1) that

}iρ,ρ{2pKeq} ď |Ke|
1{ρ and }i2,ρ{2pKeq} ď |Ke|

p4´ρq{p2ρq ,

and using the fact that |Ke| – hnKe
, the estimate (4.26) becomes

hpn´1q{ρ
e }uD ´ uh}0,ρ; e ď Cpν0q

#

h
pn´2q{ρ
Ke

}u´ uh}0,ρ;Ke ` h
1´2{ρ`np4´ρq{p2ρq
Ke

}σ ´ σh}0,Ke

` h
1`pn´2q{ρ
Ke

›

›

›

›

1

ν
σd
h `

1

n
f I´∇uh

›

›

›

›

0,ρ;Ke

+

,

where Cpν0q ą 0 depends on ν0. By raising to the power ρ, using (4.21) to bound the last term,
dividing by hn´2

e , and performing some algebraic manipulations, we obtain

he }uD ´ uh}
ρ
0,ρ; e ď Cpν0q

#

ˆ

hKe

he

˙n´2

}u´ uh}
ρ
0,ρ;Ke

`

ˆ

hKe

he

˙n´2

h
n`ρp1´n{2q
Ke

}σ ´ σh}
ρ
0,Ke

+

,

whence, by using the uniform bound hKe ď c he, with a constant c ą 0 depending only on the
shape-regularity parameter of the mesh, we get the desired estimate (4.24). ˝

The corresponding bounds for the terms defining Θ2,K (cf. (4.3)) are given in the following lemma.
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Lemma 4.10 There exist positive constants C3 and C4, depending on ν0, but independent of h and
rh, such that

h2
K

›

›

›

›

curl

ˆ

1

ν
σd
h `

1

n
f I

˙›

›

›

›

2

0,K

ď C3 }σ ´ σh}
2
0,K @K P Th , (4.27)

and

he

›

›

›

›

s
δ˚

ˆ

1

ν
σd
h `

1

n
f I

˙{›
›

›

›

2

0,e

ď C4 }σ ´ σh}
2
0,ωe

@ e P EhpΩq , (4.28)

where ωe denotes the union of the two elements of Th sharing the edge/face e. Additionally, there
exists a positive constant C5, depending on ν0, but independent of h and rh, such that

he

›

›

›

›

δ˚

ˆ

1

ν
σd
h `

1

n
f I´∇uD

˙›

›

›

›

2

0,e

ď C5 }σ ´ σh}
2
0,Ke

@ e P EhpΓq , (4.29)

where Ke is the element to which the boundary edge/face e belongs.

Proof. Noting from (3.3a) that ∇u “ 1
ν σ

d ` 1
nf I and curlp 1

ν σ
d ` 1

n f Iq “ 0 weakly in Ω, the
estimates (4.27) and (4.28) follow from slight adaptations of [31, Lemma 4.11] when n “ 2, and of [28,
Lemma 4.10] when n “ 3. In turn, for the proof of (4.29), we refer the reader to [31, Lemma 4.15] for
n “ 2, and to [28, Lemma 4.12] for n “ 3. ˝

The following result provides an estimate for Θ4,K (cf. (4.5)).

Lemma 4.11 There exists a positive constant C6, depending on D1 and F1, but independent of h and
rh, such that

›

›fpφhq ` divpσhq ´ Duh ´ F |uh|
ρ´2uh

›

›

`

0,`;K

ď C6

!

}divpσ ´ σhq}
`
0,`;K ` }u´ uh}

`
0,`;K `

›

›|u|ρ´2u´ |uh|
ρ´2uh

›

›

`

0,`;K
` }φ´ φh}

`
1,K

)

,
(4.30)

for all K P Th.

Proof. According to the second row in (3.6), we have that Du` F |u|ρ´2 u´ divpσq “ fpφq in L`pΩq.
Using this identity together with the triangle inequality, gives us

›

›fpφhq ` divpσhq ´ Duh ´ F |uh|
ρ´2uh

›

›

0,`;K
ď }fpφq ´ fpφhq}0,`;K ` }divpσ ´ σhq}0,`;K

`}D pu´ uhq}0,`;K `
›

›F p|u|ρ´2u´ |uh|
ρ´2uhq

›

›

0,`;K
.

(4.31)

We continue by bounding the first term on the right-hand side. Indeed, from relation (2.3), we apply
the Hölder inequality and the continuous embedding ispKq : H1pKq Ñ LspKq to obtain

}fpφq ´ fpφhq}0,`;K “ }pφ´ φhqg}0,`;K ď }g}0,K }φ´ φh}0,s;K ď }ispKq} }g}0,K }φ´ φh}0,s;K .

Here, we note that the constant arising from the continuous embedding depends on |K|, which, in turn,
is bounded by another constant depending on |Ω|. Using this and substituting the result into (4.31),
bounding the third and fourth terms according to (2.2), and raising to the power `, we arrive at (4.30).
This completes the proof. ˝

Next, we establish bounds for each term defining Θ3,K (cf. (4.4)).
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Lemma 4.12 There exists a positive constant C7, depending on κ, η, r, ρ and Ψ2pg, φDq, but inde-
pendent of h and rh, such that

h2
K }g ` κ∆φh ´ uh ¨∇φh ´ η φh}20,K

ď C7

!

p1` h2
K ` h

%̃
Kq }φ´ φh}

2
1,K ` h

%̃
K }u´ uh}

2
0,ρ;K

)

,
(4.32)

where %̃ “ 8{ρ when n “ 2, and %̃ “ 12{ρ´ 1 when n “ 3.

Proof. Similarly as in the proof of Lemma 4.8, we fixK P Th and define χK :“ g`κ∆φh´uh¨∇φh´η φh
in K, which, thanks to the assumption that g is piecewise polynomial, belongs to Pk̄pKq for some non-
negative integer k̄ depending on k and the polynomial degree of g. Then, using (B.2) in Lemma B.1,

c1 }χK}0,K ď sup
0‰vPPk̄pKq

ż

K
χK ψK v

}v}0,K
. (4.33)

In turn, from the third row in (3.6), we have that g ` κ∆φ ´ u ¨∇φ ´ η φ “ 0 weakly in K. Then,
combining this with integration by parts, and the fact that ψK “ 0 on BK, gives

ż

K
χK ψK v “

ż

K

!

κ∆pφh ´ φq ´ uh ¨∇φh ` u ¨∇φ´ η pφh ´ φq
)

ψK v

“ ´κ

ż

K
∇pφ´ φhq ¨∇pψK vq `

ż

K

!

uh ¨∇pφ´ φhq ` pu´ uhq ¨∇φ´ η pφh ´ φq
)

ψK v .

for all v P Pk̄pKq. Thus, by applying the Hölder and Cauchy–Schwarz inequalities, we find that
ż

K
χK ψKv ď κ }φ´ φh}1,K }∇pψK vq}0,K ` }uh}0,ρ;K }φ´ φh}1,K }ψK v}0,s;K

`}u´ uh}0,ρ;K }φ}1,K }ψK v}0,s;K ` η }φ´ φh}0,K }ψK v}0,K .

(4.34)

To bound the terms on the right-hand side, we use that 0 ď ψK ď 1 in K, the continuous embedding
from LspKq to L2pKq, the fact that |K| – hnK and the definition of s in terms of ρ (cf. (3.26)). This
yields

}ψK v}0,s;K ď }v}0,s;K ď |K|
ps´2q{p2sq }v}0,K ď c h

np4´ρq{p2ρq
K }v}0,K @ v P Pk̄pKq .

For the term }∇pψK vq}0,K we in turn employ the estimate (B.3). Moreover, by recalling that uh P
Whprq, we have }uh}0,ρ;K ď r, while to bound }φ}1,K we use the a priori estimate (3.16). Therefore,
by putting these bounds into (4.34) and using the fact that }φ´ φh}0,K ď }φ´ φh}1,K , we arrive at

ż

K
χK ψKv ď

´

c3 κh
´1
K ` c r h

np4´ρq{p2ρq
K ` η

¯

}φ´ φh}1,K }v}0,K

` C2 Ψ2pg, φDq c h
np4´ρq{p2ρq
K }u´ uh}0,ρ;K }v}0,K @ v P Pk̄pKq .

(4.35)

Thus, substituting (4.35) into (4.33), and then multiplying by hK and squaring, we obtain (4.32), as
desired. ˝

Lemma 4.13 There exists a positive constant C8, depending on κ, η, r, ρ and Ψ2pg, φDq, but inde-
pendent of h and rh, such that

he } Jκ∇φh ¨ nK }20,e ď C8

ÿ

KePωe

!´

1` h2
Ke
` h%̃Ke

¯

}φ´ φh}
2
1,Ke

` h%̃Ke
}u´ uh}

2
0,ρ;Ke

)

, (4.36)

where ωe is the set conformed by the two elements in Th having e as an edge/face, and %̃ is defined as
in Lemma 4.12.
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Proof. It follows from a slight adaptation of [29, Lemma 4.21] (see also [22, Lemma 3.19]). We omit
further details for brevity. ˝

Lemma 4.14 Assume that the partition on Γ inherited from Th is quasi-uniform, and that each
edge/face of EhpΓq is contained in one of the elements of the independent partition of Γ defining Hλ

rh
.

Then, there exists a positive constant C9, depending on κ, η, r, ρ and Ψ2pg, φDq, but independent of
h and rh, such that

ÿ

ePEhpΓq
he }λ

rh
` κ∇φh ¨ n}20,e ď C9

!

}φ´ φh}
2
1,Ω ` }u´ uh}

2
0,ρ; Ω ` }λ´ λrh}´1{2,Γ

)

.

Proof. The result is proved by repeating the argument of [22, Lemma 3.20] in our setting. Details are
omitted. ˝

Our final step to prove the efficiency of the a posteriori error estimator is to bound the non-linear
term appearing at the right-hand side in (4.30). To this end, we recall that u P Wprq and uh P Whprq,
and proceed as in [11, eqs. (3.37)–(3.38)] to find that

ÿ

KPTh

›

›|u|ρ´2u´ |uh|
ρ´2uh

›

›

`

0,`;K
ď C }u´ uh}

`
0,ρ; Ω , (4.37)

where C is a positive constant depending on ρ, r and other constants. Thus, we have arrived at the
main result of this section.

Theorem 4.15 Let pσ,u, φ, λq P HˆQˆH1pΩqˆH´1{2pΓq and pσh,uh, φh, λrhq P H
σ
h ˆHu

hˆHφ
hˆHλ

rh
be the solutions to (3.6) and (3.13), respectively. Assume that the partition on Γ inherited from Th is
quasi-uniform, and that each edge/face of EhpΓq is contained in one of the elements of the independent
partition of Γ defining Hλ

rh
. Then, ΘMP is an efficient estimator, i.e. there exists a positive constant

Ceff , depending on ν0, D1, F1, κ, η, ρ, r, Ψ2pg, φDq, but independent of h and rh, such that

Ceff ΘMP ` h.o.t. ď }pσ ´ σh,u´ uhq}HˆQ ` }pφ´ φh, λ´ λrhq}H1pΩqˆH´1{2pΓq . (4.38)

Proof. Assuming that uD, f , g, and 1
ν are piecewise polynomials, the result is a direct consequence of

Lemmas 4.8–4.14 together with (4.37). Otherwise, as mentioned at the beginning of this section, one
proceeds as in [15, Section 6.2] by employing suitable polynomial approximations of the data, which
results in additional higher-order terms appearing on the left-hand side of the estimate (4.38). ˝

4.4 A fully local estimator

As discussed at the beginning of Section 4, the estimator ΘMP (cf. (4.1)) has the disavantage of not
being fully local and computable. However, it is possible to construct another estimator that is induced
by ΘMP, with the aforementioned properties. In fact, let rΘMP be defined as

rΘMP :“

#

ÿ

KPTh

Θρ
1,K

+1{ρ

`

#

ÿ

KPTh

`

Θ2
2,K `Θ2

3,K `Θ2
5,K

˘

+1{2

`

#

ÿ

KPTh

Θ`
4,K

+1{`

, (4.39)

where Θi,K , i P t1, 2, 3, 4u, are given in (4.2)–(4.5), and Θ5,K is defined by

Θ5,K :“
ÿ

ePEhpKqXEhpΓq
}φD ´ φh}

2
1,e . (4.40)
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Notice that the only difference between rΘMP and ΘMP is the local error indicator Θ5,K instead of the
non-local term }φD ´ φh}1{2,Γ. Observe also that, in view of the definition of Θ5,K , we now require
φD P H1pΓq.

Certainly, as in [4, Theorem 4.3] (see also [21, Section 4]), an interpolation argument shows

}φD ´ φh}
2
1{2,Γ ď C }φD ´ φh}

2
1,Γ “ C

ÿ

ePEhpΓq
}φD ´ φh}

2
1,e ,

for some C ą 0, which says, in particular, that rΘMP is induced by ΘMP (cf. (4.1)). Moreover, by
proceeding as in Section 4.2, one deduces that rΘMP is reliable and satisfies the estimate given in
Theorem 4.7 with the same constant Crel up to another h- and rh-independent multiplicative constant
C. In turn, up to the term Θ5,K in (4.39), we also have that rΘMP is efficient. Nevertheless, we will
see in the numerical examples (cf. Section 6) that, in practice, this estimator actually satisfies both
properties.

5 A posteriori error analysis for the fully-mixed scheme

We now turn our attention to the derivation of an a posteriori error estimator for the fully-mixed
Galerkin scheme (3.28), following the same approach as in Section 4 but applied to the diffusion-
based mixed formulation for the CDR equation instead of its primal formulation. Since the first two
equations of the fully-mixed continuous and discrete systems (cf. (3.27) and (3.28)) coincide with
those of the mixed-primal formulation (cf. (3.6) and (3.13)), the resulting estimator shares all the
terms associated with the Brinkman–Forchheimer part of the system. Accordingly, we define ΘFM by

ΘFM :“

#

ÿ

KPTh

Θρ
1,K

+1{ρ

`

#

ÿ

KPTh

pΘ2
2,K `

pΘ2
1,Kq

+1{2

`

#

ÿ

KPTh

Θ`
4,K

+1{`

`

#

ÿ

KPTh

pΘs
2,K

+1{s

`

#

ÿ

KPTh

pΘt
3,K

+1{t

,

(5.1)

where Θ1,K , Θ2,K and Θ4,K are defined in (4.2), (4.3) and (4.5), respectively, whereas the remaining
local error indicators are given by

pΘ2
1,K :“ h2

K }curlpκ´1 ϑhq}
2
0,K `

ÿ

ePEhpΩqXEhpKq
he

›

›

q
δ˚
`

κ´1 ϑh
˘y ›

›

2

0,e

`
ÿ

ePEhpΓqXEhpKq
he }δ˚

`

∇φD ´ κ
´1ϑh

˘

}20,e ,
(5.2)

pΘs
2,K :“ hsK }∇φh ´ κ´1 ϑh}

s
0,s;K `

ÿ

ePEhpΓqXEhpKq
he }φD ´ φh}

s
0,s; e , (5.3)

pΘt
3,K :“ }g ` divpϑhq ´ η φh ´ κ

´1 uh ¨ ϑh}
t
0,t;K . (5.4)

Notice that these terms are associated with the CDR system in its mixed formulation, and therefore
replace the terms Θ3,K and }φD ´ φh}1{2,Γ in the definition of ΘMP (cf. (4.1)). Observe also that the

third term in the definition of pΘ1,K requires δ˚p∇φDq to belong to L2peq. This requirement is satisfied
by simply assuming that φD P H1pΓq. As explained for uD at the beginning of Section 4, we emphasize
that this additional assumption on φD can also be relaxed by the same reasoning.
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It is worth noting the residual character of these error estimators. Indeed, if the discrete solutions
coincide with the continuous ones, we readily observe that pΘ1,K and pΘ2,K vanish thanks to (3.25a)

and the Dirichlet condition (3.25c). In turn, pΘ3,K also vanishes owing to (3.25b). This, together with
the residual character of the remaining local error indicators in (5.1), already defined and analyzed
in Section 4, confirms that ΘFM is a residual-based a posteriori error estimator. Moreover, examining
the definition of each local error indicator, we observe that, in contrast to ΘMP (cf. (4.1)), ΘFM is fully
local and computable.

5.1 Preliminaries for the reliability analysis

Following the same outline as in Section 4, we now derive some preliminary estimates that are required
for the proof of the reliability. In particular, the following result provides an estimate analogous to
that of Lemma 4.1, the only difference being that the associated constant now depends on the a priori
estimates of the fully-mixed scheme (cf. (3.31)–(3.34)). Since the proof is entirely analogous to the
one already presented, it is omitted.

Lemma 5.1 There exists a positive constant pC1, depending on r, ρ, ν0, ν1, D1, F1, β, βd, and |Ω|,
but independent of h, such that

pC1 }pσ ´ σh,u´ uhq}HˆQ ď }R1}H1 ` }R2}Q1 ` }g}0,Ω }φ´ φh}0,s; Ω

` pΨ1puD, f,g, g, φD, φrq }u´ uh}0,ρ; Ω ,
(5.5)

where R1 and R2 are defined in (4.7) and (4.8), respectively.

We now turn our attention to the CDR system. Let pR1 : X Ñ R and pR2 : Y Ñ R be the residual
functionals defined by

pR1pψq :“ pFpψq ´ papϑh,ψq ´pbpψ, φhq @ψ P X , (5.6)

and
pR2pξq :“ pGpξq ´pbpϑh, ξq ` pcpφh, ξq ´ duh

pϑh, ξq @ ξ P Y ,

respectively. According to the third and fourth rows of the Galerkin scheme (3.28), it follows that

pR1pψhq “ 0 @ψh P Hϑ
h , and pR2pξhq “ 0 @ ξh P pHφ

h . (5.7)

Similarly as in Lemma 4.2, the following result provides an estimate for the error associated with
the continuous and discrete solutions of the CDR part of the systems (3.27) and (3.28).

Lemma 5.2 There exists a positive constant pC2 depending on κ, η, ρ, C
pb
, C

pb,d
, and |Ω|, but indepen-

dent of h, such that

pC2 }pϑ´ ϑh, φ´ φhq}XˆY ď } pR1}X1 ` }
pR2}Y1 `

pΨ2pg, φDq }u´ uh}0,ρ; Ω . (5.8)

Proof. Similarly as in the proof of Lemma 4.2, we use the definition of pA (cf. (3.29)), the last two
rows of (3.27), and perform some algebraic manipulations to obtain

pA
`

pϑ´ ϑh, φ´ φhq, pψ, ξq
˘

` dupϑ´ ϑh, ξq “ pFpψq ` pGpξq ´ pA
`

pϑh, φhq, pψ, ξq
˘

´ dupϑh, ξq

“ pR1pψq ` pR2pξq ` duh
pϑh, ξq ´ dupϑh, ξq ,
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for all pψ, ξq P XˆY. Using this into the global inf-sup condition (3.30) with z “ u, % “ ϑ´ϑh, and
ζ “ φ´ φh, we obtain

α
pA

2
}pϑ´ ϑh, φ´ φhq}XˆY ď } pR1}X1 ` }

pR2}Y1 ` }dupϑh, ¨q ´ duh
pϑh, ¨q}X1 . (5.9)

In order to estimate the last term in the above inequality, we use the Hölder inequality and the a
priori estimate (3.34) yielding

}dupϑh, ¨q ´ duh
pϑh, ¨q}X1 “ κ´1 }ϑh}divt;Ω }u´ uh}0,ρ; Ω ď κ´1 C2,d

pΨ2pg, φDq }u´ uh}0,ρ; Ω .

Putting this into (5.9), we arrive at (5.8), as desired. ˝

By reasoning as in (4.16), we now combine (5.8) with the estimate (5.5) to deduce

sC1 }pσ ´ σh,u´ uhq}HˆQ ď }R1}H1 ` }R2}Q1 ` } pR1}X1 ` }
pR2}Y1

`

!

pΨ1puD, f,g, g, φD, φrq ` pΨ2pg, φDq

)

}u´ uh}0,ρ; Ω ,

where sC1 “ pC1
pC2{maxt pC2, }g}0,Ωu. Then, using again Lemma 5.2 together with this estimate, we

readily obtain the following theorem, which constitutes the fully-mixed counterpart of Theorem 4.3.

Theorem 5.3 Assume that the data satisfy

pΨ1puD, f,g, g, φD, φrq ` pΨ2pg, φDq ď
sC1

2
.

Then, there exists a positive constant pC3, depending on r, ρ, ν0, ν1, D1, F1, β, βd, κ, η, C
pb
, C

pb,d
, and

|Ω|, but independent of h, such that

}pσ ´ σh,u´ uhq}HˆQ ` }pϑ´ ϑh, φ´ φhq}XˆY

ď pC3

!

}R1}H1 ` }R2}Q1 ` } pR1}X1 ` }
pR2}Y1

)

.
(5.10)

5.2 Reliability

In view of Theorem 5.3, it only remains to establish suitable bounds for the residual functionals
appearing on the right-hand side of (5.10). We recall that the terms R1 and R2 have already been
bounded in Lemmas 4.4 and 4.5, respectively, so it suffices to derive corresponding estimates for the
residual functionals associated with the CDR system. We begin with a bound for } pR2}Y1 .

Lemma 5.4 Let pΘ3,K be defined as in (5.4). Then, there holds

} pR2}Y1 ď

#

ÿ

KPTh

pΘt
3,K

+1{t

.

Proof. It follows from a straightforward application of the Hölder inequality in the definition of pR2.
We omit further details. ˝

We now turn our attention to pR1. We note that the definition of the curl operator (cf. Appendix A)
differs in the cases n “ 2 and n “ 3, and, in particular, that the Helmholtz decomposition stated in
Lemma A.2 depends on the spatial dimension. For the sake of simplicity and clarity, we restrict
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ourselves to the case n “ 2 for the proof of the following lemma, while emphasizing that the analysis
remains valid for n “ 3. Accordingly, we fix ψ P X and use Lemma A.2 to deduce the existence of
ζ P W1,tpΩq and w P H1pΩq such that

ψ “ ζ ` curlpwq and }ζ}1,t; Ω ` }w}1,Ω ď Ct }ψ}divt;Ω , (5.11)

where Ct is a positive constant depending on t (cf. (3.26)), but independent of h. Then, we may define

ψh :“ Πk
hpζq ` curlpIhpwqq P Hϑ

h .

Now, by using the first identity in (5.7), we find that

pR1pψq “ pR1pψ ´ψhq “ pR1ppζq ` pR1pcurlp pwqq , (5.12)

where pζ :“ ζ ´Πk
hpζq and pw :“ w ´ Ihpwq. The following result provides an estimate for } pR1}X1 ,

whose proof is based on bounding each term in the above decomposition.

Lemma 5.5 There exists a positive constant C, independent of h, such that

} pR1}X1 ď C

$

&

%

˜

ÿ

KPTh

pΘ2
1,K

¸1{2

`

˜

ÿ

KPTh

pΘs
2,K

¸1{s
,

.

-

, (5.13)

where pΘ1,K and pΘ2,K are defined in (5.2) and (5.3), respectively.

Proof. According to the previous discussion, given ψ P X, we focus on derive estimates for each term
in the right-hand side of (5.12). To that end, we use the definition of pR1 (cf. (5.6)) and integrate by
parts locally to find that

pR1ppζq “ xpζ ¨ n, φDyΓ ´

ż

Ω
κ´1 ϑh ¨ pζ ´

ż

Ω
φh divppζq

“
ÿ

ePEhpΓq

ż

e

pζ ¨ nφD ´
ÿ

KPTh

ż

K
κ´1 ϑh ¨ pζ `

ÿ

KPTh

ˆ
ż

K
∇φh ¨ pζ ´

ż

BK

pζ ¨ nφh

˙

.

In turn, by recalling the identity (A.1), we observe that the last term in the above equality vanishes.
Moreover, the same identity allows us to introduce an artificial term into the first one, thereby obtaining

pR1ppζq “
ÿ

ePEhpΓq

ż

e

pζ ¨ n pφD ´ φhq `
ÿ

KPTh

ż

K

`

∇φh ´ κ´1 ϑh
˘

¨ pζ ,

which, by applying the Hölder inequality and the approximation properties (A.4) and (A.3), implies

pR1ppζq ď
ÿ

ePEhpΓq
c2 h

1{s
e }φD ´ φh}0,s; e |ζ|1,t;Ke `

ÿ

KPTh

c1 hK }∇φh ´ κ´1 ϑh}0,s;K |ζ|1,t;K ,

where Ke denotes the element of Th that has e as one of its edges/faces. Then, we use the Hölder
inequality, the estimate given in (5.11) and perform some algebraic manipulations to deduce the
existence of c ą 0, independent of all physical parameters and h, such that

pR1ppζq ď c

#

ÿ

KPTh

pΘs
2,K

+1{s

}ψ}divt; Ω . (5.14)
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We now focus on the last term in (5.12). Using the definition of pR1 (see (5.6)) and the fact that
curlp pwq is divergence-free, we obtain

pR1pcurlp pwqq “ xcurlp pwq ¨ n, φDyΓ ´

ż

Ω
κ´1 ϑh ¨ curlp pwq . (5.15)

Recalling that φD P H1pΓq, we invoke [24, Lemma 3.5] to perform integration by parts on the boundary
thus obtaining

xcurlp pwq ¨ n, φDyΓ “ ´xδ˚p∇φDq, pwyΓ “ ´
ÿ

ePEhpΓq

ż

e
δ˚p∇φDq pw ,

which, combined with a local integration by parts of the second term on the right-hand side of (5.15),
gives

pR1pcurlp pwqq “ ´
ÿ

ePEhpΓq

ż

e
δ˚p∇φDq pw ´

ÿ

KPTh

ż

K
curlpκ´1 ϑhq pw `

ÿ

KPTh

ż

BK
δ˚pκ

´1 ϑhq pw .

Splitting the last term into boundary and interior skeleton contributions, we arrive at

pR1pcurlp pwqq “ ´
ÿ

ePEhpΓq

ż

e
δ˚p∇φD ´ κ

´1 ϑhq pw ´
ÿ

KPTh

ż

K
curlpκ´1 ϑhq pw

`
ÿ

ePEhpΩq

ż

e

q
δ˚pκ

´1 ϑhq
y
pw .

Now, by applying the Cauchy–Schwarz inequality and the approximation properties (A.6) and (A.5),
we obtain

pR1pcurlp pwqq ď
ÿ

ePEhpΓq

›

›δ˚p∇φD ´ κ
´1 ϑhq

›

›

0,e
c2 h

1{2
e }w}1,∆peq `

ÿ

KPTh

›

›curlpκ´1 ϑhq
›

›

0,K
c1 hK }w}1,∆pKq

`
ÿ

ePEhpΩq

›

›

q
δ˚pκ

´1 ϑhq
y›
›

0,e
c2 h

1{2
e }w}1,∆peq .

Hence, by employing once again the Cauchy–Schwarz inequality in each term, bearing in mind the
shape-regularity of the mesh, and using the estimate (5.11), we conclude that

pR1pcurlp pwqq ď rc

#

ÿ

KPTh

pΘ2
1,K

+1{2

}ψ}divt; Ω , (5.16)

for some positive constant rc independent of all physical parameters and h. Therefore, putting the
estimates (5.14) and (5.16) into the decomposition (5.12), we deduce (5.13), as desired. ˝

The main result of this section is stated below. Its proof follows immediately from combining
Lemmas 4.4, 4.5, 5.4, and 5.5 with the estimate provided by Theorem 5.3.

Theorem 5.6 Let pσ,u,ϑ, φq P H ˆ Q ˆ X ˆ Y and pσh,uh,ϑh, φhq P Hσh ˆ Hu
h ˆ Hϑ

h ˆ
pHφ
h be

the solutions to (3.27) and (3.28), respectively. Assume that the data satisfies the assumption of
Theorem 5.3. Then, ΘFM is a reliable estimator, i.e. there exists a positive constant Crel, depending on
r, ρ, ν0, ν1, D1, F1, β, βd, κ, η, C

pb
, C

pb,d
, and |Ω|, but independent of h, such that

}pσ ´ σh,u´ uhq}HˆQ ` }pϑ´ ϑh, φ´ φhq}XˆY ď Crel ΘFM .
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5.3 Efficiency

We now aim to establish the efficiency of the a posteriori error estimator ΘFM (cf. (5.1)). To this end,
we note that the local error indicators associated with the Brinkman–Forchheimer system, namely
Θ1,K , Θ2,K , and Θ4,K , appearing in the definition of ΘFM, have already been analyzed in Lemmas 4.8–
4.11. Consequently, it only remains to derive suitable bounds for the local error indicators defined
in (5.2), (5.3), and (5.4). Furthermore, throughout this section, and following the same approach as
in Section 4.3, we assume for simplicity that φD, uD, f , and 1

ν are piecewise polynomials.

The following three results provide estimates for each term defining pΘ1,K , pΘ2,K , and pΘ3,K , respec-
tively.

Lemma 5.7 There exist positive constants pC1 and pC2, depending on κ, but independent of h, such
that

h2
K

›

›curlpκ´1 ϑhq
›

›

2

0,K
ď pC1 }ϑ´ ϑh}

2
0,K @K P Th ,

and
he

›

›

q
δ˚pκ

´1 ϑhq
y›
›

2

0,e
ď pC2 }ϑ´ ϑh}

2
0,ωe

@ e P EhpΩq ,

where ωe denotes the union of the two elements of Th sharing the edge/face e. Additionally, there
exists a positive constant pC3, depending on κ, but independent of h, such that

he
›

›δ˚p∇φD ´ κ
´1 ϑhq

›

›

2

0,e
ď pC3 }ϑ´ ϑh}

2
0,Ke

@ e P EhpΓq ,

where Ke is the element to which the boundary edge/face e belongs.

Proof. We follow the same strategy as in [16, Lemma 5.13]. More precisely, by a straightforward
adaptation of [28, Lemmas 4.9 and 4.10] to the vector-valued setting, we deduce that for each ψh P
L2pΩq, piecewise polynomial of degree k ě 0 on every K P Th, and for all ψ P L2pΩq satisfying
curlpψq “ 0 on each K P Th, there exist positive constants c1 and c2, independent of h, such that

}curlpψhq}0,K ď c1 h
´1
K }ψ ´ψh}0,K and } Jδ˚pψhqK }0,e ď c2 h

´1{2
e }ψ ´ψh}0,ωe . (5.17)

Next, observe that κ´1 ϑ “ ∇φ in Ω (see (3.25a)), which immediately implies curlpκ´1 ϑq “ 0.
Therefore, the first two estimates follow by applying (5.17) with ψ “ κ´1 ϑ and ψh “ κ´1 ϑh.

Finally, the last estimate is obtained by adapting [31, Lemma 4.15] to the vector-valued case. We
omit the details for brevity. ˝

Lemma 5.8 There exist positive constants pC4 and pC5, depending on κ, but independent of h, such
that

hsK }∇φh ´ κ´1 ϑh}
s
0,s;K ď

pC4

!

hσK }ϑ´ ϑh}
s
0,K ` }φ´ φh}

s
0,s;K

)

@K P Th (5.18)

and
he }φD ´ φh}

s
0,s; e ď

pC5

!

hσKe
}ϑ´ ϑh}

s
0,Ke

` }φ´ φh}
s
0,s;Ke

)

@ e P EhpΓq , (5.19)

where Ke is the triangle/tetrahedron of Th having e as an edge/face, while σ “ 2 when n “ 2, and
σ “ 3´ s{2 when n “ 3.

Proof. The estimates (5.18) and (5.19) follow from straightforward adaptations of [16, Lemmas 5.11
and 5.12], respectively, by replacing the L4-norm used therein with the Ls-norm and omitting the
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nonlinear terms considered there. Alternatively, the proof follows the same strategy as in Lemmas 4.8
and 4.9. We omit the details. ˝

As a preliminary step before proving an estimate for pΘ3,K , we note that, by applying the triangle
and Hölder inequalities, we obtain

}u ¨ ϑ´ uh ¨ ϑh}0,t;K ď }u ¨ pϑ´ ϑhq}0,t;K ` }pu´ uhq ¨ ϑh}0,t;K

ď }u}0,ρ;K }ϑ´ ϑh}0,K ` }u´ uh}0,ρ;K }ϑh}0,Ω ,

which, together with the fact that u P Wprq and the a priori estimate (3.34), becomes

}u ¨ ϑ´ uh ¨ ϑh}0,t;K ď C
!

}ϑ´ ϑh}divt;K ` }u´ uh}0,ρ;K

)

, (5.20)

where C is a positive constant depending only on κ, η, ρ, C
pb,d

, |Ω|, r, and pΨ2pg, φDq.

Lemma 5.9 There exists a positive constant pC6, depending on κ, η, ρ, C
pb,d

, |Ω|, r, and pΨ2pg, φDq,
but independent of h, such that

}g` divpϑhq ´ η φh´ κ
´1 uh ¨ϑh}

t
0,t;K ď

pC6

!

}ϑ´ϑh}
t
divt;K ` }φ´ φh}

t
0,s;K ` }u´uh}

t
0,ρ;K

)

, (5.21)

for all K P Th.

Proof. We first observe that the fourth row of the system (3.27) implies divpϑq´ η φ´ κ´1 u ¨ϑ “ ´g
in LtpΩq. Then, by applying the triangle inequality together with the estimate (5.20), we readily
obtain (5.21). Further details are omitted. ˝

We are now in a position to establish the main result of this section, namely, the efficiency of the a
posteriori error estimator ΘFM.

Theorem 5.10 Let pσ,u,ϑ, φq P H ˆQˆXˆY and pσh,uh,ϑh, φhq P Hσh ˆHu
h ˆHϑ

h ˆ
pHφ
h be the

solutions to (3.27) and (3.28), respectively. Then, ΘFM is an efficient estimator, i.e. there exists a
positive constant Ceff , depending on ν0, D1, F1, κ, η, ρ, C

pb,d
, r, pΨ2pg, φDq, but independent of h, such

that
Ceff ΘFM ` h.o.t. ď }pσ ´ σh,u´ uhq}HˆQ ` }pϑ´ ϑh, φ´ φhq}XˆY .

Proof. Assuming that φD, uD, f , and 1
ν are piecewise polynomial, the result follows directly from

Lemmas 4.8–4.11 together with Lemmas 5.7–5.8 and the bound (4.37). Further details are omitted. ˝

6 Numerical results

In this section, we assess the performance and accuracy of the mixed schemes (3.13) and (3.28), and
illustrate the reliability and efficiency of the a posteriori error estimators rΘMP and ΘFM (cf. (4.39)
and (5.1)) derived in Sections 4 and 5. We emphasize here that the implementation of rΘMP is preferred
over ΘMP for the reasons detailed in Section 4.4. The corresponding finite element subspaces generated
by k P t0, 1u are denoted by RTk´Pk´Pk`1´Pk for the mixed-primal scheme and RTk´Pk´RTk´Pk
for the fully-mixed case. The computational results were obtained using FreeFEM [32], where the
resulting nonlinear systems (3.13) and (3.28) are solved via a Newton–Raphson algorithm with a fixed
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tolerance of tol “ 1E ´ 06. The iterative process terminates when the relative error between two
successive iterates of the full coefficient vector coeffm and coeffm`1 satisfies

}coeffm`1 ´ coeffm}DoF

}coeffm`1}DoF
ď tol ,

where } ¨ }DoF denotes the standard Euclidean norm in RDoF, and DoF represents the total number of
degrees of freedom associated with the finite element subspaces involved.

The global errors for the mixed-primal and fully-mixed formulations are defined, respectively, by

eMP :“ epσq ` epuq ` epφq ` epλq and eFM :“ epσq ` epuq ` epϑq ` pepφq ,

where
epσq :“ }σ ´ σh}div`;Ω , epuq :“ }u´ uh}0,ρ;Ω , epφq :“ }φ´ φh}1,Ω ,

epλq :“ }λ´ λ
rh
}0,Γ , epϑq :“ }ϑ´ ϑh}divt;Ω , and pepφq :“ }φ´ φh}0,s;Ω ,

and `, t and s are described in (3.26) in terms of ρ P r3, 4s, and will be specified in the examples
below. Furthermore, the effectivity index associated to the global estimators rΘMP and ΘFM (cf. (4.39)
and (5.1)) are denoted, respectively, by

effprΘMPq :“
eMP
rΘMP

and effpΘFMq :“
eFM
ΘFM

.

The uniform boundedness of this index provides computational evidence for the reliability and ef-
ficiency of the corresponding estimator. As anticipated in Section 4.4, we will see in the following
examples that effprΘMPq is indeed uniformly bounded.

Next, by using that DoF´1{n – h, we compute the corresponding experimental convergence rates as

rp˛q :“ ´n
logpep˛q{e1p˛qq

logpDoF{DoF1q
for ˛ P

 

σ,u,ϑ, φ, λ
(

,

where DoF and DoF1 denote the total degrees of freedom associated to two consecutive triangulations
with errors e and e1, respectively. The experimental rates of convergence associated with φ in the fully-
mixed approach, denoted by prpφq, is computed by replacing epφq by pepφq in the above formula. We
also denote by rMP and rFM the convergence rates associated with the total errors for the mixed-primal
and fully-mixed formulations, respectively, which are computed as in the above formula by replacing
the individual errors by the global errors.

As noted in [6, Section 5], additional physically relevant variables, including the pressure, velocity
gradient, vorticity, and shear stress tensor, can be recovered via suitable postprocessing formulae.
Here, we restrict attention to the pressure field, which is approximated by means of (3.2) as

ph “ ´
1

n
trpσhq `

ν

n
f in Ω .

Regarding the construction of the boundary mesh in the mixed-primal approach, the partition
tΓ1, . . . ,Γmu is defined such that each segment Γi consists of exactly two edges of EhpΓq. Consequently,
the assumptions of Theorem 4.15 are satisfied, and the mesh constraint h ď C0

rh (cf. [6, Section 3.5])
is fulfilled with C0 “ 1{2.

The examples considered in this section are described below. For all subsequent tests, the potential
gravitational acceleration is taken as g “ ´en, where en denotes the n-th canonical vector in Rn.
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In the first three tests, for the sake of simplicity, we set κ “ 1, η “ 1, and φr “ 0, and choose the
Brinkman, Darcy, and Forchheimer coefficients as follows:

νpxq “ exp

˜

´

n
ź

i“1

xi

¸

, Dpxq “ exp

˜

´

n
ÿ

i“1

xi

¸

, and Fpxq “ exp

˜

n
ÿ

i“1

xi

¸

,

respectively. Notice that ν, D and F satisfy (2.2). In addition, the mean value of trpσhq over Ω is fixed
via a Lagrange multiplier strategy, which means adding one row and one column to the matrix system
that solves (3.13) and (3.28) for pσh,uhq.

Example 1 is devoted to validating the reliability and efficiency of the a posteriori error estimators
rΘMP and ΘFM. Examples 2, 3, and 4 are then employed to illustrate the performance of the associated
adaptive algorithm on two- and three-dimensional domains, both with and without manufactured
solutions, following the adaptive procedure proposed in [39]:

(1) Start with a coarse mesh Th.

(2) Solve the Newton iterative method associated to (3.13) (resp. (3.28)) for the current mesh Th.

(3) Compute the local indicator rΘMP,K in the mixed-primal case for each K P Th, where

rΘMP,K “ Θ1,K `
`

Θ2
2,K `Θ2

3,K `Θ2
5,K

˘1{2
`Θ4,K ,

with each local error indicator defined respectively in (4.2), (4.3), (4.4), (4.40), and (4.5), whereas
in the fully-mixed case,

ΘFM,K “ Θ1,K `
`

Θ2
2,K `

pΘ2
1,K

˘1{2
`Θ4,K ` pΘ2,K ` pΘ3,K ,

with each local error indicator given in (4.2), (4.3), (5.2), (4.5), (5.3), and (5.4), respectively.

(4) Check the stopping criterion and decide whether to finish or go to the next step.

(5) Use the automatic meshing algorithm adaptmesh from [33, Section 9.1.9] to refine each K 1 P Th
satisfying

ΘK1 ě Cadm
1

#K

ÿ

KPTh

ΘK , for some Cadm P p0, 1q ,

where #K denotes the number of triangles of the mesh Th, and ΘK stands for rΘMP,K or ΘFM,K .

(6) Define the resulting mesh as the current mesh Th, and go to step (2).

In particular, in Examples 2, 3 and 4, we set Cadm as 0.83, 0.9, and 0.85, respectively.

Example 1: Accuracy assessment with a smooth solution in the unit square

In this test, we focus on the accuracy of the mixed methods (3.13) and (3.28), and examine the
performance of the effectivity index for both schemes. The domain is the square Ω “ p0, 1q2. We
choose the inertial power ρ “ 3, from which the remaining parameters follow as ` “ 3{2, s “ 6, and
t “ 6{5 (cf. (3.26)). We then adjust the data fpφq (cf. (2.3)), f , and g in (2.1) so that the exact
solutions are given by

upxq “

ˆ

cospπx1q sinpπx2q

sinpπx1q exppx2q

˙

, ppxq “ cospπx1q sinpπx2q , and φpxq “ 0.1` 0.3 exppx1x2q .
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Additionally, the model problem is complemented with the appropriate Dirichlet boundary conditions.

The errors and the corresponding convergence rates are reported in Tables 6.1 and 6.2, and are
consistent with the theoretical bounds established in [6, Theorems 4 and 8]. In addition, we compute
the global a posteriori error indicators rΘMP and ΘFM (cf. (4.39) and (5.1)) and assess their reliability
and efficiency through the effectivity index. We observe that this index remains uniformly bounded.
In all cases, and for both discrete schemes, the Newton iteration converges in four steps.

Mixed-primal RTk ´Pk ´ Pk`1 ´ Pk scheme with k “ 0

DoF epσq rpσq epuq rpuq epφq rpφq epλq rpλq eMP rMP effprΘMPq

914 1.58E+00 – 1.54E-01 – 3.25E-02 – 1.07E-01 – 1.88E+00 – 0.409
1988 1.04E+00 1.094 9.97E-02 1.114 2.20E-02 0.999 7.07E-02 1.071 1.23E+00 1.093 0.393
5313 6.28E-01 1.019 6.16E-02 0.979 1.29E-02 1.081 4.06E-02 1.131 7.43E-01 1.023 0.394

17342 3.42E-01 1.029 3.34E-02 1.037 6.96E-03 1.050 2.22E-02 1.023 4.04E-01 1.029 0.394
60969 1.81E-01 1.010 1.76E-02 1.013 3.71E-03 1.000 1.16E-02 1.034 2.14E-01 1.012 0.392

227170 9.41E-02 0.995 9.13E-03 1.003 1.95E-03 0.981 5.92E-03 1.018 1.11E-01 0.997 0.393

Fully-mixed RTk ´Pk ´RTk ´ Pk scheme with k “ 0
DoF epσq rpσq epuq rpuq epϑq rpϑq pepφq prpφq eFM rFM effpΘFMq

1188 1.58E+00 – 1.54E-01 – 5.80E-02 – 1.81E-02 – 1.81E+00 – 0.386
2622 1.04E+00 1.074 9.97E-02 1.094 3.95E-02 0.969 1.41E-02 0.619 1.19E+00 1.067 0.371
7095 6.28E-01 1.006 6.16E-02 0.967 2.36E-02 1.039 8.25E-03 1.082 7.21E-01 1.005 0.374

23376 3.42E-01 1.020 3.34E-02 1.029 1.25E-02 1.065 4.59E-03 0.983 3.92E-01 1.022 0.374
82623 1.81E-01 1.006 1.76E-02 1.009 6.73E-03 0.981 2.61E-03 0.893 2.08E-01 1.004 0.372

308772 9.41E-02 0.993 9.13E-03 1.001 3.46E-03 1.007 1.34E-03 1.013 1.08E-01 0.994 0.373

Table 6.1: [Example 1, k “ 0] Number of degrees of freedom, errors, rates of convergence, and
effectivity index for the mixed approximations.

Mixed-primal RTk ´Pk ´ Pk`1 ´ Pk scheme with k “ 1

DoF epσq rpσq epuq rpuq epφq rpφq epλq rpλq eMP rMP effprΘMPq

2891 9.28E-02 – 7.22E-03 – 1.14E-03 – 4.84E-03 – 1.06E-01 – 0.284
6427 3.99E-02 2.114 3.16E-03 2.066 4.79E-04 2.178 2.14E-03 2.043 4.57E-02 2.108 0.274

17531 1.45E-02 2.016 1.21E-03 1.918 1.62E-04 2.163 7.61E-04 2.061 1.66E-02 2.013 0.273
56983 4.43E-03 2.014 3.71E-04 2.005 4.51E-05 2.166 2.34E-04 2.001 5.08E-03 2.014 0.275

198563 1.26E-03 2.011 1.04E-04 2.034 1.25E-05 2.055 6.54E-05 2.041 1.44E-03 2.014 0.277
743263 3.39E-04 1.993 2.77E-05 2.008 3.26E-06 2.037 1.73E-05 2.012 3.87E-04 1.995 0.276

Fully-mixed RTk ´Pk ´RTk ´ Pk scheme with k “ 1
DoF epσq rpσq epuq rpuq epϑq rpϑq pepφq prpφq eFM rFM effpΘFMq

3744 9.28E-02 – 7.22E-03 – 1.61E-03 – 5.31E-04 – 1.02E-01 – 0.268
8400 3.99E-02 2.090 3.16E-03 2.043 7.53E-04 1.883 2.81E-04 1.570 4.41E-02 2.080 0.258

23088 1.45E-02 2.001 1.21E-03 1.904 2.69E-04 2.034 1.14E-04 1.785 1.61E-02 1.993 0.258
75456 4.43E-03 2.005 3.71E-04 1.996 8.02E-05 2.046 3.26E-05 2.115 4.91E-03 2.005 0.260

263760 1.26E-03 2.006 1.04E-04 2.029 2.30E-05 1.993 1.05E-05 1.812 1.40E-03 2.006 0.262
989088 3.39E-04 1.990 2.77E-05 2.005 6.21E-06 1.985 2.73E-06 2.038 3.76E-04 1.991 0.261

Table 6.2: [Example 1, k “ 1] Number of degrees of freedom, errors, rates of convergence, and
effectivity index for the mixed approximations.
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Example 2: Adaptivity in a 2D nonconvex horseshoe-shaped domain

The second numerical example is aimed at testing the performance of the adaptive mesh refinement
based on the a posteriori error estimators rΘMP and ΘFM (cf. (4.39) and (5.1)). To this end, we consider
a 2D horseshoe-shaped domain defined as Ω “ p´1, 1qˆ p´0.25, 1.25qzp´0.75, 0.75qˆ p0.25, 1.25q, and
the inertial power given by ρ “ 7{2, thus leaving the other parameters as ` “ 7{5, s “ 14{3, and
t “ 14{11 (cf. (3.26)). The data fpφq, f and g are defined so that the exact solutions are given by

upxq “

¨

˚

˚

˝

x2 ´ 0.26

r2pxq
`
x2 ´ 0.26

r1pxq

´
x1 ` 0.74

r2pxq
´
x1 ´ 0.74

r1pxq

˛

‹

‹

‚

, ppxq “ sinpπx1q cospπx2q ,

and φpxq “ 0.5` 0.2 tanhp25αpxqq ,

where

r1pxq “
a

px1 ´ 0.74q2 ` px2 ´ 0.26q2 , r2pxq “
a

px1 ` 0.74q2 ` px2 ´ 0.26q2 ,

and αpxq “ x2 ´ p0.3` 0.4x2
1q .

Note that u exhibits two singularities near the points p˘0.25, 0.75q placed in the boundary of the
domain Ω, and φ has large gradients along the curve αpxq “ 0.

The refinement histories for the mixed-primal formulation with k “ 0 and k “ 1 are reported in
Tables 6.3 and 6.4, respectively, to assess the accuracy of the a posteriori error estimator rΘMP and
the asymptotic convergence rates for both the quasi-uniform refinement and the adaptive refinement.
We remark that in all the experiments the Newton iteration finished in the fourth step. As the
fully-mixed formulation exhibits the same behavior, we restrict the tabulated results to the mixed-
primal case and present the remaining comparisons between quasi-uniform and adaptive refinements in
Figure 6.1. Notice how the quasi-uniform refinement presents disturbed convergence and how optimal
convergence rates are attained at the presence of adaptive refinement guided by the a posteriori error
estimators. Moreover, from Figure 6.1, we observe that in all cases, adaptive refinement leads to
more accurate results at a cheaper computational cost. Finally, the initial mesh, some refinements,
and some computed solutions, are illustrated in Figure 6.2. The computed solutions were obtained
with the mixed-primal formulation with k “ 1, in the nine step of the adaptive process, and with
1,133,942 DoF.

Example 3: Adaptivity in a 3D L-shaped domain

In this third test, we consider the L-shaped 3D domain Ω “ p´0.5, 0.5qˆp0, 0.5qˆp´0.5, 0.5qzp0, 0.5q3

and set the inertial power to ρ “ 4, which leads to the indices ` “ 4{3, s “ 4, and t “ 4{3 (cf. (3.26)).
The manufactured solutions are defined by

upxq “

¨

˝

sinpπx1q sinpπx2q sinpπx3q

´ cospπx1q cospπx2q cospπx3q

cospπx1q cospπx2q sinpπx3q

˛

‚ , ppxq “
10x3

px1 ´ 0.05q2 ` px3 ´ 0.05q2
` p0 ,

and φpxq “ 0.1` 0.3 exppx1 x2 x3q ,

where p0 P R is prescribed such that
ş

Ω p “ 0. The source terms fpφq, f , and g, as well as the Dirichlet
boundary conditions, are then computed according to these exact solutions.
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Mixed-primal RTk ´Pk ´ Pk`1 ´ Pk scheme with k “ 0

Quasi-uniform refinement

DoF epσq rpσq epuq rpuq epφq rpφq epλq rpλq eMP rMP effprΘMPq

1354 5.56E+01 – 2.25E-01 – 7.05E-01 – 1.48E+00 – 5.80E+01 – 0.932
5328 4.54E+01 0.298 1.37E-01 0.724 4.22E-01 0.751 1.29E+00 0.197 4.72E+01 0.301 0.943

21053 3.04E+01 0.583 8.72E-02 0.655 2.21E-01 0.938 6.73E-01 0.951 3.14E+01 0.595 0.907
77858 1.91E+01 0.708 4.71E-02 0.942 1.25E-01 0.877 3.47E-01 1.011 1.96E+01 0.716 0.885

311764 1.02E+01 0.905 2.49E-02 0.917 6.07E-02 1.039 1.59E-01 1.131 1.04E+01 0.910 0.862
1242181 5.41E+00 0.917 1.18E-02 1.080 3.11E-02 0.966 7.77E-02 1.032 5.53E+00 0.919 0.860

Adaptive refinement

1354 5.56E+01 – 2.25E-01 – 7.05E-01 – 1.48E+00 – 5.80E+01 – 0.932
2155 3.67E+01 1.793 1.27E-01 2.461 4.62E-01 1.826 1.21E+00 0.869 3.85E+01 1.770 0.917
3148 1.91E+01 3.446 1.05E-01 1.022 4.55E-01 0.078 1.26E+00 -0.202 2.09E+01 3.219 0.882
4827 1.03E+01 2.884 9.68E-02 0.358 3.79E-01 0.858 1.21E+00 0.177 1.20E+01 2.600 0.848
7546 7.90E+00 1.187 8.05E-02 0.825 2.81E-01 1.332 8.06E-01 1.820 9.07E+00 1.249 0.829

11276 6.57E+00 0.921 6.04E-02 1.434 2.24E-01 1.120 5.96E-01 1.503 7.45E+00 0.981 0.822
16258 5.40E+00 1.071 5.25E-02 0.766 1.84E-01 1.081 4.53E-01 1.503 6.09E+00 1.102 0.815
23390 4.54E+00 0.947 4.20E-02 1.225 1.47E-01 1.230 4.50E-01 0.038 5.18E+00 0.885 0.827
33001 3.84E+00 0.980 3.55E-02 0.976 1.24E-01 0.998 2.93E-01 2.491 4.29E+00 1.097 0.812
46773 3.22E+00 1.008 2.92E-02 1.120 1.01E-01 1.172 2.54E-01 0.815 3.60E+00 1.000 0.817
66324 2.72E+00 0.957 2.42E-02 1.086 8.16E-02 1.230 2.12E-01 1.040 3.04E+00 0.972 0.816
92927 2.30E+00 1.005 2.01E-02 1.079 7.22E-02 0.726 1.73E-01 1.215 2.56E+00 1.012 0.813

Table 6.3: [Example 2, k “ 0] Number of degrees of freedom, errors, rates of convergence, and
effectivity index for the mixed-primal approximations.

Mixed-primal RTk ´Pk ´ Pk`1 ´ Pk scheme with k “ 1

Quasi-uniform refinement

DoF epσq rpσq epuq rpuq epφq rpφq epλq rpλq eMP rMP effprΘMPq

4191 3.48E+01 – 7.40E-02 – 4.74E-01 – 1.18E+00 – 3.65E+01 – 0.783
16955 2.61E+01 0.410 4.60E-02 0.680 1.36E-01 1.784 4.96E-01 1.243 2.68E+01 0.442 0.820
67935 1.52E+01 0.782 2.04E-02 1.172 3.92E-02 1.794 2.18E-01 1.187 1.54E+01 0.793 0.819

252875 6.34E+00 1.327 7.04E-03 1.618 1.23E-02 1.770 5.22E-02 2.173 6.42E+00 1.337 0.762
1016451 1.91E+00 1.724 2.11E-03 1.733 2.96E-03 2.044 1.29E-02 2.013 1.93E+00 1.727 0.724

Adaptive refinement

4191 3.48E+01 – 7.40E-02 – 4.74E-01 – 1.18E+00 – 3.65E+01 – 0.783
6977 1.86E+01 2.447 2.98E-02 3.568 1.66E-01 4.118 7.31E-01 1.886 1.96E+01 2.447 0.841

10271 5.07E+00 6.735 7.21E-03 7.344 1.35E-01 1.067 5.12E-01 1.845 5.72E+00 6.359 0.793
17461 1.30E+00 5.132 5.41E-03 1.083 5.31E-02 3.513 3.18E-01 1.790 1.68E+00 4.629 0.731
33986 6.52E-01 2.070 2.63E-03 2.159 3.74E-02 1.053 2.13E-01 1.207 9.05E-01 1.850 0.759
64341 3.49E-01 1.954 1.54E-03 1.683 1.44E-02 2.985 7.94E-02 3.092 4.45E-01 2.226 0.732

130177 1.73E-01 1.987 6.76E-04 2.337 8.45E-03 1.521 3.37E-02 2.431 2.16E-01 2.045 0.714
259210 8.74E-02 1.991 3.62E-04 1.814 3.53E-03 2.537 2.05E-02 1.447 1.12E-01 1.918 0.739
557851 4.07E-02 1.996 1.48E-04 2.341 2.05E-03 1.417 7.55E-03 2.605 5.04E-02 2.078 0.716

1133942 2.11E-02 1.848 8.08E-05 1.698 7.76E-04 2.738 4.25E-03 1.619 2.62E-02 1.843 0.736

Table 6.4: [Example 2, k “ 1] Number of degrees of freedom, errors, rates of convergence, and
effectivity index for the mixed-primal approximations.

Table 6.5 reports the convergence history, once again showing that adaptive refinement yields ac-
curate approximations at a significantly lower computational cost. This effect is particularly evident
when compared with the quasi-uniform refinement, where the convergence of the pseudostress tensor
approximation is noticeably slower, a behavior that can be attributed to the singularity present in the
pressure field. Figure 6.3 displays several refinement iterations, illustrating how the adaptive strategy
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Figure 6.1: [Example 2] Log-log plots of the total error vs. degrees of freedom for k P t0, 1u and for
each formulation.

effectively localizes the sources of error in the vicinity of the pressure singularity. The solutions shown
were obtained using 543,308 DoF.

Fully-mixed RTk ´Pk ´RTk ´ Pk scheme with k “ 0

Quasi-uniform refinement
DoF epσq rpσq epuq rpuq epϑq rpϑq pepφq prpφq eFM rFM effpΘFMq

1952 7.04E+01 – 7.16E-01 – 9.59E-03 – 2.38E-03 – 7.11E+01 – 0.978
14720 5.45E+01 0.379 4.20E-01 0.792 4.77E-03 1.036 1.18E-03 1.041 5.49E+01 0.383 1.013

114176 3.27E+01 0.749 1.81E-01 1.231 2.27E-03 1.090 5.88E-04 1.019 3.29E+01 0.752 1.026
381312 2.29E+01 0.882 1.03E-01 1.397 1.46E-03 1.090 3.92E-04 1.010 2.30E+01 0.884 1.032

1077392 1.67E+01 0.919 5.96E-02 1.588 1.01E-03 1.072 2.76E-04 1.007 1.67E+01 0.922 1.039

Adaptive refinement

1952 7.04E+01 – 7.16E-01 – 9.59E-03 – 2.38E-03 – 7.11E+01 – 0.978
6148 4.81E+01 0.995 2.89E-01 2.370 8.30E-03 0.377 2.04E-03 0.393 4.84E+01 1.005 0.997

17080 3.31E+01 1.101 1.55E-01 1.839 5.69E-03 1.106 1.51E-03 0.883 3.32E+01 1.104 1.025
56760 2.06E+01 1.177 7.37E-02 1.851 3.91E-03 0.936 1.07E-03 0.869 2.07E+01 1.180 1.035

171208 1.42E+01 1.024 4.46E-02 1.363 2.60E-03 1.108 7.13E-04 1.101 1.42E+01 1.025 1.042
543308 9.74E+00 0.972 2.82E-02 1.190 1.76E-03 1.018 4.88E-04 0.983 9.77E+00 0.973 1.043

Table 6.5: [Example 3, k “ 0] Number of degrees of freedom, errors, rates of convergence, and
effectivity index for the mixed approximations.

Example 4: Flow across a highly heterogeneous porous matrix

In this final example, we evaluate the performance of the proposed adaptive scheme in a domain
featuring non-convex geometry and coefficients that vary in space. The setup simulates a fluid pass-
ing through a heterogeneous porous matrix into a free-flow regime, validating the robustness of the
estimator under complex coupling conditions. For simplicity, in this test we only employ the fully-
mixed method (cf. (3.28)). We consider the non-convex domain Ω “ p0, 4q ˆ p0, 1q zΩobs, where
Ωobs :“ r1, 1.8s ˆ r0.45, 0.55s Y r1.8, 2.4s ˆ r0.3, 0.7s.

Let us define the following functions to regularize the transition between the free-flow and porous
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Figure 6.2: [Example 2] Initial mesh (top left), computed velocity and concentration fields (top center
and right), three successive adaptive mesh refinements for the mixed-primal scheme (middle row) and
for the fully mixed scheme (bottom row).

regions:

δ1pxq :“
1

2

„

1` tanh

ˆ

x1 ´ 2.4

ε1

˙

and δ2pxq :“
1

2

„

1` tanh

ˆ

P pxq ´ 0.4

ε2

˙

in Ω ,

where ε1 “ 0.1 and ε2 “ 0.15 are small positive parameters that control the thickness of the transition
interfaces, and P is the pattern function defined by

P pxq :“ sinp2πx1q cosp3πx2q ` 0.5 cosp4πx1q sinp5πx2q ` 0.25 sinp7πx1q cosp2πx2q in Ω .

Notice that δ1 is close to 1 in the region where x1 ą 2.4 and decays smoothly to 0 as x1 decreases,
while δ2 is close to 1 in the region where P pxq ą 0.4 and decays smoothly to 0 as P pxq decreases. The
region governed by free flow is now described by the global indicator function χf , constructed from
the algebraic union of both transitions:

χf pxq :“ δ1pxq ` δ2pxq ´ δ1pxq δ2pxq in Ω .
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Figure 6.3: [Example 3] Initial mesh, velocity streamlines and pressure field (top), and three adaptive
mesh refinement iterations (bottom).

This function takes values close to 1 in the free-flow region and decays smoothly to 0 in the pure rock
matrix. Using χf pxq, the Darcy and Forchheimer coefficients are extended continuously across the
entire domain Ω:

Dpxq :“ 250 θpxq
`

1´ χf pxq
˘

and Fpxq :“
`

2´ θpxq
˘`

1´ χf pxq
˘

in Ω ,

where θ is used to model the heterogeneity of the porous medium, highlighting areas of greater com-
paction, and is defined by

θpxq :“ 1` 0.4 sin
`

4πpx1 ` 0.2x2q
˘

` 0.1 cosp10πx2q in Ω .

Observe that the first equation in the model (2.1) becomes the Stokes equation where D “ F “ 0.
We stress here that this case is also valid for the continuous and discrete analysis, as noted in [6,
Section 3.2]. We also emphasize that D and F have steep gradients in the interface between the porous
and free-flow regions. Both coefficients are displayed in Figure 6.4.

As in Example 3, we set the inertial power ρ “ 4. Furthermore, the Brinkman coefficient, as well
as the remaining data and coefficients of the model, are given by

νpxq “ 0.1` 0.02x2 , f “ g “ 0 in Ω , κ “ 5 ¨ 10´4 and η “ 5 ¨ 10´2 .

The boundary is partitioned into three disjoint parts, namely, Γ “ Γin Y Γwalls Y Γout. The inlet Γin

consists in the left side of the channel, the outlet Γout is the right side of the channel, and Γwalls
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Figure 6.4: [Example 4] Darcy and Forchheimer coefficients.

consists of the ceiling and floor of the channel along with the boundary of the obstacle Ωobs. Under
this geometrical setting, the system is complemented with the following mixed boundary conditions:

u “
`

uin, 0
˘t

on Γin , u “ 0 on Γwalls , σ n “ 0 on Γout ,

φ “ φin on Γin , and ϑ ¨ n “ 0 on Γwalls Y Γout ,

where

uin “ 4x2p1´ x2q and φin “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

1´
px2 ´ 0.9q2

0.082
if |x2 ´ 0.9| ă 0.08 ,

1´
px2 ´ 0.5q2

0.082
if |x2 ´ 0.5| ă 0.08 ,

0 otherwise .

As remarked in Example 3 of [6, Section 5], the analysis of the continuous and discrete problems
can be slightly adapted to accommodate these particular mixed boundary conditions. Moreover, the
a posteriori error estimator (5.1) remains unchanged, except that the boundary norms are replaced
with norms restricted to the Dirichlet part, since the boundary conditions on the Neumann part are
homogeneous. Specifically, we replace Γ with Γin for the concentration (third term in (5.2) and second
term in (5.3)) and with ΓinYΓwalls for the velocity (second term in (4.2) and third term in (4.3)). We
refer the reader to [18], where this type of boundary conditions is considered.

The proposed setting entails substantial numerical challenges, mainly arising from the sharp tran-
sitions of the physical coefficients D and F across the porous-fluid interface at x1 “ 2.4, as well as
from the presence of non-convex corners in Ωobs. These difficulties, together with the heterogeneous
structure of the porous matrix and the nonlinear coupling between the Brinkman–Forchheimer and
CDR equations, constitute a stringent test for the efficiency and robustness of the adaptive refinement
strategy in accurately capturing both localized singularities and complex flow patterns.

Table 6.6 reports the refinement history using the adaptive refinement strategy and the fully-mixed
scheme with k “ 1. We certainly observe a systematic decrease of the error estimator and opti-
mal convergence rates, as expected. Furthermore, Figure 6.5 illustrates how the adaptive refinement
successfully detects the steep gradients in D and F, as well as the corners of the obstacle, while the
refinement in the free-flow region remains significantly milder than in the porous region. Figure 6.6
displays the computed velocity, pressure, and concentration profiles. Notably, the fluid exhibits pref-
erential flow paths primarily governed by the heterogeneous porous matrix, which is modeled through
the Darcy coefficient. Moreover, the fluid accelerates through narrow constrictions and stabilizes
into a parabolic profile upon entering the free-flow region. Regarding the concentration, we observe
distinct patterns dictated by the porous matrix and influenced by the localized inlet boundary condi-
tions, which correspond to two separate solute injections that do not initially mix. These behaviors
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are in strong agreement with physical expectations, demonstrating that the proposed mixed scheme
accurately captures the underlying physics of the coupled model.

Adaptive fully-mixed RTk ´Pk ´RTk ´ Pk scheme with k “ 1

i 0 1 2 3 4 5 6 7 8

DoF 5169 9882 24255 57405 124974 262299 544056 1130667 2368620
it 8 4 4 4 4 4 4 4 4

ΘFM 2.93E+02 1.82E+02 9.03E+01 4.88E+01 2.65E+01 1.55E+01 9.54E+00 5.74E+00 3.46E+00
rFM – 3.81E+00 1.90E+00 1.76E+00 2.12E+00 1.85E+00 2.15E+00 1.90E+00 2.07E+00

Table 6.6: [Example 4] Number of degrees of freedom, Newton iteration count, global estimator, and
experimental rate of convergence of the global estimator for each mesh refinement i.

Figure 6.5: [Example 4] Four adaptive mesh refinement iterations.

A Preliminaries for reliability

We start by introducing a few useful notations for describing local information on elements and
edges. First, given K P Th, we let EpKq be the set of edges of K, and denote by Eh the set of all
edges of Th, with corresponding diameters denoted by he. Then, we set Eh “ EhpΩq Y EhpΓq, where
EhpΩq :“ te P Eh : e Ă Ωu and EhpΓq :“ te P Eh : e Ă Γu. Moreover, for each e P Eh, we fix a
unit normal vector to e, denoted by ne. In the two-dimensional case (n “ 2), if ne “ pn1, n2q, the
corresponding unit tangential vector to e is defined as se :“ p´n2, n1q

t. When no confusion arises, we
will simply write n and s instead of ne and se, respectively. In addition, the usual jump operator J¨K
across an internal edge e P EhpΩq is defined for piecewise continuous tensor, vector, or scalar-valued
functions ζ as simply JζK :“ ζ|K ´ ζ|K1 , where K and K 1 are the triangles (tetrahedra) of Th having
e as a common edge (face). Furthermore, for sufficiently smooth scalar w, vector v :“ pv1, . . . , vnq

t,
and tensor fields τ :“ pτijq

n
i,j“1, we let

curlpwq :“

¨

˚

˚

˝

Bw

Bx2

´
Bw

Bx1

˛

‹

‹

‚

, curlpvq :“

$

’

&

’

%

Bv2

Bx1
´
Bv1

Bx2
for n “ 2 ,

∇ˆ v for n “ 3 ,
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Figure 6.6: [Example 4] Computed velocity, pressure and concentration fields.

curlpvq :“

¨

˚

˚

˝

Bv1

Bx2
´
Bv1

Bx1

Bv2

Bx2
´
Bv2

Bx1

˛

‹

‹

‚

for n “ 2 , curlpτ q :“

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

˜

curlpτ t
1q

curlpτ t
2q

¸

for n “ 2 ,

¨

˚

˝

curlpτ t
1q

t

curlpτ t
2q

t

curlpτ t
3q

t

˛

‹

‚

for n “ 3 ,

δ˚pvq :“

#

v ¨ s for n “ 2 ,

v ˆ n for n “ 3 ,
δ˚pτ q :“

$

’

’

’

’

’

&

’

’

’

’

’

%

τ s for n “ 2 ,

¨

˚

˝

pτ t
1 ˆ nqt

pτ t
2 ˆ nqt

pτ t
3 ˆ nqt

˛

‹

‚

for n “ 3 ,

where τ i is the i-th row of τ and the derivatives involved are taken in the distributional sense.

Let us now recall the main properties of the Raviart–Thomas and Clment interpolation operators
(cf. [20, 26, 27]). For each p ě 2n{pn` 2q, we consider the spaces

Zp :“
!

τ P Hpdivp; Ωq : τ |K P W1,ppKq @K P Th
)

,

and
Xh :“

!

τ P Hpdivp; Ωq : τ |K P RTkpKq @K P Th
)

.

In addition, we let Πk
h : Zp Ñ Xh be the Raviart–Thomas interpolation operator, which is character-

ized for each τ P Zp by the identities

ż

e

`

Πk
hpτ q ¨ n

˘

ξ “

ż

e
pτ ¨ nq ξ @ ξ P Pkpeq , @ e P Eh , (A.1)

when k ě 0, and
ż

K
Πk
hpτ q ¨ψ “

ż

K
τ ¨ψ @ψ P Pk´1pKq , @K P Th , (A.2)

when k ě 1. We now collect some approximation properties of Πk
h.
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Lemma A.1 Given p ą 1, there exist positive constants c1 and c2, independent of h, such that for
all 0 ď l ď k and for each K P Th, there hold

}τ ´Πk
hpτ q}0,p;K ď c1 h

l`1
K |τ |l`1,p;K @ τ P Wl`1,ppKq , (A.3)

and
}τ ¨ n´Πk

hpτ q ¨ n}0,p; e ď c2 h
1´1{p
e |τ |1,p;K @ τ P W1,ppKq , @ e P EpKq . (A.4)

Proof. For the first estimate, we refer to [30, Lemma 3.1], whereas for the second estimate, we refer
to [7, Lemma 4.2]. ˝

The following result provides a stable Helmholtz decomposition in Hpdivp; Ωq. Its proof, in the
tensor-valued version, can be found in [7, Lemma 4.4].

Lemma A.2 Let 1 ă p ď 2 when n “ 2 and 6{5 ď p ď 2 when n “ 3. Then, for each ψ P Hpdivp; Ωq,
there exist

1. ζ P W1,ppΩq and w P H1pΩq such that ψ “ ζ ` curlpwq in Ω, when n “ 2,

2. ζ P W1,ppΩq and w P H1pΩq such that ψ “ ζ ` curlpwq in Ω, when n “ 3.

Moreover, there hold

}ζ}1,p;Ω ` }w}1,Ω ď Cp }ψ}divp;Ω and }ζ}1,p;Ω ` }w}1,Ω ď Cp }ψ}divp;Ω ,

for n “ 2 and n “ 3, respectively, where Cp is a positive constant independent of all the foregoing
variables.

On the other hand, defining Mh :“
 

vh P CpΩq : vh|K P P1pKq @K P Th
(

and denoting by Mh

its vector version, we let Ih : H1pΩq Ñ Mh and Ih : H1pΩq Ñ Mh be the usual Clment interpolation
operator and its vector version, respectively. Some local properties of Ih, and, hence, of Ih, are
established in the following lemma.

Lemma A.3 There exist positive constants c1 and c2, such that

}v ´ Ihpvq}0,K ď c1 hK }v}1,∆pKq @K P Th , (A.5)

and
}v ´ Ihpvq}0,e ď c2 h

1{2
e }v}1,∆peq @ e P Eh , (A.6)

where ∆pKq :“
Ť

tK 1 P Th : K 1 XK ‰ ∅u and ∆peq :“
Ť

tK 1 P Th : K 1 X e ‰ ∅u.

B Preliminaries for efficiency

For the efficiency analysis, we apply the localization technique based on bubble functions, along with
inverse and discrete trace inequalities. For the former, given K P Th, we let K be the usual element-
bubble function (cf. [39, eq. (1.5) and Remark 3.2]), which satisfies

ψK P Pn`1pKq , supppψKq Ă K , ψK “ 0 on BK , and 0 ď ψK ď 1 in K . (B.1)

The specific properties of ψK to be employed in what follows, are collected in the following lemma,
for whose proof we refer to [39, Lemma 3.3].
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Lemma B.1 Let k be a non-negative integer, and let p, q P p1,`8q conjugate to each other, i.e.
1{p ` 1{q “ 1, and K P Th. Then, there exist positive constants c1, c2 and c3, independent of h and
K, but depending on the shape-regularity of the triangulations (minimum angle condition) and k, such
that for each u P PkpKq there hold

c1 }u}0,p;K ď sup
0‰vPPkpKq

ż

K
uψK v

}v}0,q;K
ď }u}0,p;K , (B.2)

and
c2 h

´1
K }ψK u}0,q;K ď }∇pψK uq}0,q;K ď c3 h

´1
K }ψK u}0,q;K . (B.3)

We also make use of the following inverse inequality (cf. [26, Lemma 1.138]).

Lemma B.2 Let k, l, and m be non-negative integers such that m ď l, and let p, q P r1,`8s, and
K P Th. Then, there exists c ą 0, independent of h, K, p and q, but depending on k, l, m, and the
shape regularity of the triangulations, such that

}v}l,p;K ď c h
m´l`np1{p´1{qq
K }v}m,q;K @ v P PkpKq . (B.4)

Finally, proceeding as in [1, Lemma 3.10], that is, employing the usual scaling estimates with respect
to a fixed reference element pK, and applying the trace inequality in W1,pp pKq, for a given p P p1,`8q,
one is able to establish the following discrete trace inequality.

Lemma B.3 Let p P p1,`8q. Then, there exists c ą 0, depending only on the shape regularity of the
triangulations, such that for each K P Th and e P EpKq, there holds

}v}p0,p; e ď c
!

h´1
K }v}p0,p;K ` h

p´1
K |v|p1,p;K

)

@ v P W1,ppKq . (B.5)
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[29] G. N. Gatica, B. Gómez-Vargas, and R. Ruiz-Baier, A posteriori error analysis of mixed
finite element methods for stress-assisted diffusion problems. J. Comput. Appl. Math. 409 (2022),
Paper No. 114144.

[30] G. N. Gatica, C. Inzunza, R. Ruiz-Baier, and F. Sandoval, A posteriori error analysis
of Banach spaces-based fully-mixed finite element methods for Boussinesq-type models. J. Numer.
Math. 30 (2022), no. 4, 325–356.

[31] G. N. Gatica, A. Márquez, and M. A. Sánchez, Analysis of a velocity-pressure-pseudostress
formulation for the stationary Stokes equations. Comput. Methods Appl. Mech. Eng. 199 (2010),
1064–1079.

[32] F. Hecht, New development in FreeFem++. J. Numer. Math. 20 (2012), 251–265.

[33] F. Hecht, FreeFem++. Third edition, Version 3.58-1. Laboratoire Jacques-Louis Lions, Univer-
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