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A two-dimensional multilayer shallow water model of
tsunami-forest interaction

Raimund Bürger, Cipriano Escalante,
Enrique D. Fernández Nieto, Jorge Moya

PREPRINT 2026-14

SERIE DE PRE-PUBLICACIONES
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AND JORGE MOYAA,C,∗

Abstract. Investigating the interaction of tsunamis with coastal forests is essential for assessing
the protective role of coastal vegetation. This interaction can be described by a multilayer shallow-
water model in two horizontal space dimensions, which is derived from a free-surface formulation
of the Euler equations for an ideal fluid. The resulting governing equations are approximated
by a layer-averaged non-hydrostatic (LDNH) approach. Within the LDNH framework pressures
are treated as linear functions within each layer and velocities are represented as piecewise con-
stant. Following [K. Iimura, N. Tanaka, Numerical simulation estimating effects of tree density
distribution in coastal forest on tsunami mitigation, Ocean Engrg. 54 (20212) 223–232], additional
source terms describing drag, inertia, and porosity effects are incorporated to represent momentum
exchange between the flow and the forested terrain. These factors are specified in each vertical
layer to achieve a more detailed description of vegetation structure than is possible with single-
layer formulations. The resulting horizontally two-dimensional multilayer system is approximated
numerically by combining projection techniques for the non-hydrostatic pressure with polynomial
viscosity finite volume schemes of the PVM class [M. J. Castro, E. D. Fernández-Nieto, A class of
computationally fast first order finite volume solvers: PVM methods, SIAM J. Sci. Comput. 34
(2012) A2173–A2196]. This methodology allows efficient simulation of tsunami propagation and
onshore inundation in the presence of vegetated landscapes. The model performance and numerical
method are assessed through comparisons with laboratory measurements and available observa-
tional data. In general good agreement is obtained. The simulations further support the conclusion
that coastal vegetation can provide substantial attenuation of tsunami impact and thus serves as a
valuable component of natural coastal defense strategies.

Keywords: Finite volume method, layer averaged non-hydrostatic approach, multilayer model,
coastal forest, tsunami mitigation.

1. Introduction

1.1. Scope. The propagation of tsunamis over coastal regions covered by vegetation is a complex
phenomenon involving strong interactions between the incoming wave, the fluid motion within the
vegetated layer, and the underlying bathymetry. The accurate representation of these processes
is crucial for understanding natural coastal protection mechanisms and for improving predictive
models used in risk assessment and mitigation strategies.

Depth-averaged models based on the classical Saint–Venant equations are widely employed for
tsunami simulations due to their simplicity and computational efficiency. However, their inherent
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assumption of a hydrostatic situation limits their ability to capture vertical accelerations, dis-
persive effects, and interactions with complex obstacles such as vegetation. To overcome these
limitations, various non-hydrostatic and multilayer extensions of the shallow-water equations have
been proposed (see, for example, [1, 9]). These formulations account for vertical structure and de-
viations of pressure from the hydrostatic profile, and thereby provide a more accurate description
of free-surface dynamics. The final governing model for a number N of layers can be written as
a first-order system of balance equations with non-conservative and source terms as follows. We
denote the conservative variables by

Wα = Wα(x, y, t) = (hα, hαu
T
α , hαwα)

T, α = 1, . . . , N, (1.1)

where hα = hα(x, y, t) the height of layer α that depends on the horizontal coordinates x and y
and on time t, uα = (uα, vα)

T = (uα, vα)
T(x, y, t) is the horizontal velocity, and wα = wα(x, y, t) is

the vertical velocity associated with layer α. The sought unknowns are the functions (1.1), which
are collected in the vector W = (W1, . . . ,WN )T = W (x, y, t). The governing multilayer system of
4N scalar partial differential equations (PDEs) can then be written in compact form as

∂tW +∇ · F (W ) = −B(W )∇W + S(W ), (1.2)

where ∇ = (∂x, ∂y) and F (W ) collects the advective fluxes, B(W ) contains the non-conservative
hydrostatic and interfacial transfer terms, and S(W ) includes bed slope and frictional forces; these
terms will be specified in later parts of the paper. As is common in geophysical applications, (1.2)
involves non-conservative terms and source terms.

In [12], a horizontally one-dimensional multilayer non-hydrostatic model was developed to study
the attenuation of tsunami waves by coastal forests. That work introduced a finite volume–projection
method capable of handling non-hydrostatic pressures, wet-dry interfaces, and vegetation-induced
drag, inertia, and porosity effects in a consistent manner. Despite its robustness and physical accu-
racy, the model was limited to one spatial dimension. Lateral variations and directional effects in
the flow field were neglected. It is the purpose of the present work to extend the approach of [12] to
a horizontally two-dimensional multilayer non-hydrostatic shallow-water model for tsunami–forest
interaction. The new formulation describes the depth-averaged motion of each layer over the (x, y)-
plane, incorporating non-hydrostatic pressure corrections, anisotropic vegetation effects, and com-
plex bathymetry. This extension enables the simulation of realistic tsunami propagation patterns,
including wave diffraction, channeling between vegetated patches, and spatially varying attenuation
across the coastal zone. The model, which can be written in the form (1.2), is discretized using a
finite volume (FV) method coupled with a projection step for the non-hydrostatic pressure. The
scheme maintains well-balancedness, ensures positivity of the water depth, and accurately treats
dry–wet interfaces. Vegetation effects are modelled through drag and porosity tensors that vary
spatially, allowing the representation of heterogeneous forest distributions. Numerical experiments
demonstrate the capability of the model to reproduce laboratory and field-scale observations, high-
lighting its potential as a predictive tool for coastal protection analysis.

1.2. Related work. Finite volume (FV) schemes are widely used for hyperbolic systems describing
geophysical flows. One of the main difficulties associated with FV schemes in these applications
is the appropriate treatment of nonconservative products [31], which arise, for instance, in shallow
water equations with variable bottom topography [42]. Path-conservative schemes [20, 32, 33] were
specifically designed to handle non-conservative products. A particularly useful family of path-
conservative schemes are polynomial viscosity matrix (PVM) methods [15] that include several
classical schemes such as the Harten-Lax-van Leer (HLL) [26] and Rusanov schemes (also known
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as local Lax-Friedrichs (LLF) schemes) as special cases, and which we employ here to deal with the
hyperbolic part of the model. See also [17, 29] for general background.

Multilayer shallow water models are a natural choice for the computation of flows in domains
whose horizontal extension is much larger than the vertical, and where one wishes to avoid solving
the full three-dimensional Navier-Stokes equations while keeping some vertical information. These
models were originally developed by Audusse, Bristeau, Sainte-Marie, and coworkers [2, 6, 7, 8,
10]. They were later extended to stratified and viscous flows [24, 25] and also to sedimentation
problems [13, 14, 23]. The model studied in the present work fits into this family but adds a
non-hydrostatic pressure unknown in each layer. In fact, standard shallow water models assume
hydrostatic pressure, which means they miss vertical acceleration, and therefore, dispersive effects.
One way to recover these effects consists in formulating a Boussinesq-type model by introducing
high-order derivatives for the unknowns. A cleaner way to recover these effects is to include a
non-hydrostatic pressure correction directly. A hierarchy of such models, starting from the Euler
equations and averaging layer by layer, was derived in [25, 34, 36, 37]. Our model is the lowest-order
member of this hierarchy, the so-called LDNH0 model. Numerical aspects like well-balancing and
wet-dry treatment for these models were addressed in [4, 16, 28].

The non-hydrostatic pressure correction requires solving an elliptic problem for the pressure in
each layer and time iteration. This is achieved by following the projection approach by Chorin and
Temam [18, 19, 41]. This idea was adapted to non-hydrostatic shallow water flows by Escalante
et al. [21]. The present work essentially extends the approach of [21] to the horizontally two-
dimensional multilayer setting, where an additional complication arises from the inertia effects
(described below). Regarding the application side, we comment that coastal forests are known to
reduce tsunami impact significantly [27, 35, 38, 39, 40, 43]. Modelling the interaction between the
flow and the forest introduces drag, porosity, and inertia forces. A horizontally one-dimensional
multilayer model including these effects was introduced in [12]. The present work extends that
model to two dimensions, which is the main new contribution from the modelling point of view.

1.3. Outline of the paper. This article is organized as follows. Section 2 introduces the gov-
erning equations of the two-dimensional multilayer non-hydrostatic system. Section 3 describes
the numerical method, including the FV discretization and the pressure projection step. Section 4
presents numerical experiments assessing the performance of the proposed scheme. Finally, Sec-
tion 5 summarizes the main findings and outlines directions for future research.

2. Formulation of the model

2.1. Layer-wise balance equations. We consider an incompressible, homogeneous fluid with a
free surface elevation η = η(x, y, t) over a bottom given topography zb = zb(x, y) (see Figure 1). The
total water depth h = h(x, y, t) is defined as h := η − zb. The flow domain is vertically discretized
into N layers of variable thickness hα = hα(x, y, t) such that h(x, y, t) = h1(x, y, t)+ · · ·+hN (x, y, t)
for all x, y and t. We denote by zα+1/2 the interface between layers α and α + 1. The vertical
position of this interface is then given by zα+1/2 = zb+h1+ · · ·+hα. Each layer is associated with

a depth-averaged horizontal velocity uα = (uα, vα)
T, a representative vertical velocity wα, and a

non-hydrostatic pressure correction qα that accounts for deviations from hydrostatic equilibrium.
The balance equations for layer α arise from the mass and linear momentum balance formulated

for each layer [5, 9] and can be written as

∂thα +∇ · (hαuα) = Γα+1/2 − Γα−1/2, (2.1)

∂t(hαuα) +∇ · (hαuα ⊗ uα) + ghα∇h = −ghα∇zb − τ − F nh
α − Sveg

α , (2.2)
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Figure 1. Schematic representation of the vertical multilayer discretization above
the (x, y)-plane.

where the terms Γα±1/2 represent mass exchanges between adjacent layers due to vertical velocity.
Moreover, τ denotes the drag force induced by bottom friction, F nh

α represents the non-hydrostatic
pressure correction, and Sveg

α collects the vegetation-induced forces, including drag, inertia, and
porosity effects. The combination of these contributions describes the horizontal dynamics of each
layer within the multilayer structure.

The non-hydrostatic correction F nh
α is given by

F nh
α = ∇zα+1/2qα+1/2 −∇zα−1/2 qα−1/2 −∇(hαqα), α = 1, . . . , N,

where qα is the non-hydrostatic pressure in the middle of the layer.
The vegetation source term Sveg

α accounts for the resistance exerted by stems, trunks, or roots
distributed over the computational domain. It can be expressed as

Sveg
α = fD,α + fM,α, α = 1, . . . , N (2.3)

with the contributions

fD,α := CDρθα|uα|uα and fM,α := CIρθα∂tuα,

where CD and CI are the drag and inertia coefficients, ρ is the fluid density, and θα is a porosity.
At the free surface (α = N) and at the bottom (α = 1), the boundary conditions

ΓN+1/2 = Γ1/2 = 0,

are imposed to ensure mass conservation across the boundaries; the terms Γα+1/2 for α = 1, . . . , N−
1 are specified in Section 2.2.
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Summing (2.1) over all layers yields the total depth-integrated continuity equation

∂th+∇ · (hu) = 0,

where u is defined as

u :=
α∑

β=1

hα
h
uα.

This relation, together with (2.2), forms the basis of the proposed multilayer non-hydrostatic
model for two-dimensional free-surface flows.

2.2. Two-dimensional multilayer LDNH0 model. The extension of the one-dimensional mul-
tilayer model [12] to two horizontal dimensions x = (x, y) yields the following balance equations
for each layer α:

∂th+
1

θ̄
∇ · (hu) = 0, (2.4a)

∂t(hαuα) +
1

θα
∇ · (hαuα ⊗ uα) + θα∇(hαqα)− θαqα+1/2∇zα+1/2 + θαqα−1/2∇zα−1/2

= −ghαθα∇η +
Γα+1/2

θα
ũα+1/2 −

Γα−1/2

θα
ũα−1/2 − fD,α − fM,α +

1

θα
Kα−1/2 −

1

θα
Kα+1/2, (2.4b)

∂t(hαwα) +
1

θα
∇ · (hαwαuα) + qα+1/2 − qα−1/2 =

Γα+1/2

θα
w̃α+1/2 −

Γα−1/2

θα
w̃α−1/2, (2.4c)

together with the (layer-wise) incompressibility constraint

wα − wα−1 − (uα − uα−1) · ∇zα−1/2 − 1
2

(
hα−1∇ · uα−1 + hα∇ · uα

)
= 0, α = 2, . . . , N, (2.5)

w1 − u1 · ∇zb − 1
2h1∇ · u1 = 0, (2.6)

The term Γα+1/2(x, t) represents the mass exchange from layer α to layer α+1, taken as positive
in the upward direction. It is defined as

Γα+1/2 =
N∑

β=1

γα,β∇ · (hβuβ), where γα,β :=


1−

α∑
k=1

θk
Nθ̄

for α ≥ β,

−
α∑

k=1

θk
Nθ̄

for α < β.

Moreover, ũα±1/2 and w̃α±1/2 denote interface average velocities that are given by

ũα+1/2 :=
1

2
(uα + uα+1), w̃α+1/2 :=

wα + wα+1

2
.

Finally, the quantities Kα±1/2 denote the viscous or momentum transfer terms between adjacent
layers. These terms are vector quantities in two dimensions and generalize the scalar interlayer
transfer terms Kα±1/2 used in the one-dimensional formulation.

2.3. Friction force and shear stress. The bottom friction force τα acts on the lowest layer
(α = 1) only. It represents the shear stress between the fluid and the ground. It is defined as

τα := k1,α∥hαuα∥hαuα =


gn2∥u1∥
θ1h

1/3
1

u1 for α = 1,

0 for α = 2, . . . , N ,

(2.7)

where n is the Manning coefficient and θα denotes the layer porosity.
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The upper layers are not directly affected by this bottom friction. However, the shear stress
generated at the ground is transmitted upward through the internal viscosity of the fluid. This
transmission is modeled by interlayer viscous coupling terms that are defined as

Kα+1/2 :=


0 for α = N ,

− η0
hα+1 + hα

(uα+1 − uα) for α = 1, . . . , N − 1,

−τ1 for α = 0,

(2.8)

where η0 is the dynamic viscosity coefficient and the term for α = 0 represents bottom friction.
These viscous terms represent the vertical transfer of horizontal momentum between neighboring
layers. In the general case, η0 could depend on depth, turbulence, or sediment concentration (see,
e.g., [22]), but here it is assumed constant for simplicity.

2.4. Layer-wise effective tree density and porosity. Let nt denote the number of trees per
unit length in the streamwise direction (as in the one-dimensional setup), AF the forest cross-
sectional area used to non-dimensionalize densities and dα the mean diameter of the trees per
layer. Then the effective tree density for layer α is taken as

nt,α =
d̄αm(ctrcle)α

AF
, (2.9)

where m is the density of trees and (ctrcle) are the effect of branches and leafs (see Appendix A).
Then, the layer porosity is defined by

θα := 1− nt,απd̄
2
α

4
. (2.10)

The vectorial drag force per unit horizontal area acting on layer α is now given by

fD,α =
nt,α

θ2α

1

2
ρCD,αAv,α∥uα∥uα =

1

2
ρ
nt,α

θ2α
CD(Reα)(ctrcle)αd̄α∥uα∥uα. (2.11)

Similarly, if we assume radial symmetry of trunks, the inertia force per unit horizontal area is given
by the following expression, where we adopt the calibration CM,α = 2 from [40]:

fM,α = CM,α
nt,α

θα
hαAt,α∂tuα = CM,α

nt,α

θα
hα

πd̄2α
4

∂tuα. (2.12)

3. Numerical implementation for the multi-layer tsunami model

To advance the multilayer model over one time step from tν to tν+1 = tν + ∆t, we adopt a
fractional-step algorithm that separates the computation into three substeps: (i) a hydrostatic
prediction, (ii) a friction and inertia correction, and (iii) a non-hydrostatic projection. These

substeps correspond to intermediate times tν , tν+1/3, tν+2/3, and tν+1. For simplicity, at each stage
the respective preceding state is denoted by an asterisk (∗). Each stage preserves key physical
constraints: positivity of the water depth, well-balancedness for the lake-at-rest state, and stability
across wet/dry interfaces.
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3.1. Compact formulation. The layer fluxes are defined component-wise as

Fα,x(Wα) =


hαuα

hαu
2
α +

1

2
gh2α

hαuαvα

hαwαuα

 , Fα,y(Wα) =


hαvα

hαuαvα

hαv
2
α +

1

2
gh2α

hαwαvα

 ,

so that the divergence term reads∇·Fα = ∂xFα,x+∂yFα,y, with interfacial coupling terms contained
in B(W ).

3.2. Incorporation of inertia effects. In tsunami propagation and run-up, high Froude number
flows make the inertia force non-negligible. Following the approach in [12], we may incorporate
these effects for each layer α by multiplying the system (1.2) by the 4× 4 inertia matrix

Mα =


1 0 0 0

−k3,αuα 1 + k3,α 0 0
−k3,αvα 0 1 + k3,α 0

0 0 0 1

 , k3,α = CM
nt,απd̄

2
α

4
.

The matrix Mα represents the added-inertia effect due to turbulent interactions within layer α.
For the implementation of the FV method it is convenient to pre-multiply the flux terms by

Cα := M−1
α =



1 0 0 0

k3,αuα
1 + k3,α

1

1 + k3,α
0 0

k3,αvα
1 + k3,α

0
1

1 + k3,α
0

0 0 0 1

 ,

so that the inertia contributions are handled consistently in the flux computation. In other words,
the original system for each layer is multiplied by Mα to include the inertia effects, and the FV
discretization applies Cα to isolate the time derivatives and maintain a consistent conservative
formulation.

3.3. Hydrostatic predictor: path-conservative finite volume scheme. At this stage, we
advance the multilayer system under the hydrostatic assumption, setting all non-hydrostatic pres-
sures to zero (q = 0). The corresponding hyperbolic part of the equations is discretized by means
of a path-conservative FV scheme. This stage computes an intermediate state W ∗

i that will later
be corrected by the non-hydrostatic projection step.

The computational domain is partitioned into non-overlapping control volumes Vi with polygonal
boundaries. For simplicity, we consider a Cartesian mesh, so that each cell Vi has area |Vi| = ∆x∆y.
Let Ki denote the set of indices of all cells Vk that share a common edge Eik with Vi. The length
of this edge is denoted by |Eik|, and ηik = (ηx,ik, ηy,ik)

T is the outward unit normal vector to Eik,
pointing from cell Vi toward cell Vk. The distance between the cell centers of Vi and Vk is written
as dik. The marching formula of the FV method then reads

W ∗
i = W ν

i − ∆t

|Vi|
∑
k∈Ki

|Eik|Fik(W
ν
i ,W

ν
k ,ηik) + ∆tS

(f)
i , (3.1)

where S
(f)
i contains the hydrostatic source terms including the bed slope and vegetation contribu-

tions evaluated within cell Vi. For each edge Eik, the numerical flux F ik(Wi,Wk,ηik) approximates
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the flux of the hyperbolic system in the direction of the interface normal ηik. The directionally
projected flux is defined as

F (W ,η) := Fx(W )ηx + Fy(W )ηy,

where Fx and Fy are the physical flux functions effective in the x- and y-directions, respectively.

B(W ,η) := Bx(W )ηx +By(W )ηy,

where Bx and By denote the non-conservative matrices associated with the x- and y-directions,
respectively, which is dimensionally consistent with the flux divergence terms in (3.1).

To compute F ik, we employ a path-conservative HLL-type Riemann solver that also accounts for
the non-conservative products Bx(W )∂xW and By(W )∂yW present in the multilayer formulation.
For the edge between cells Vi and Vk the numerical flux is given by

F ik =
1

2
Cik

(
F (Wi,ηik) + F (Wk,ηik)

)
− 1

2
Cik

(
α0,ik(Wk −Wi)

+ α1,ik

(
F (Wk,ηik)− F (Wi,ηik) +B(Wk,Wi,ηik)(Wk −Wi)

))
,

(3.2)

where the coefficients α0,ik and α1,ik are computed from the estimated minimum and maximum
signal velocities SL,ik and SR,ik along the normal direction ηik:

α0,ik =
SR,ik|SL,ik| − SL,ik|SR,ik|

SR,ik − SL,ik
, α1,ik =

|SR,ik| − |SL,ik|
SR,ik − SL,ik

. (3.3)

The operator B(Wk,Wi,ηik) represents the path integral of the non-conservative matrix along a
straight segment joining Wi and Wk in the state space. This term guarantees the correct treatment
of non-conservative products, which is essential for preserving the well-balanced property of the
scheme.

The signal velocities SL,ik and SR,ik arising in (3.3) are estimated as in the standard HLL solver
based on the layer-averaged velocities and the gravity-wave speed:

SL,ik = min
1≤α≤N

(
uiηx,ik + viηy,ik −

√
ghα,i

)
, SR,ik = max

1≤α≤N

(
ukηx,ik + vkηy,ik +

√
ghα,k

)
.

This hydrostatic predictor stage produces the intermediate state W ∗
i , which is consistent with the

hyperbolic dynamics of the multilayer model, maintains well-balancing for the still-water equilib-
rium, and preserves the positivity of the layer depths hα. The correction due to non-hydrostatic
pressure effects is subsequently applied during the projection step. The CFL condition ensuring
stability is

max
i,k,l

|λik,l|
dik

∆t ≤ 1,

where dik is the distance between cell centers and λik,l is the l-th eigenvalue of the system matrix
A(Wi,ηik) given by

A(W ,η) =

(
∂F

∂W
(W ) · η

)
+B(W ,η).

In practice, the eigenvalues λik,l are approximated by the characteristic wave speeds of a shallow
water-type model defined at each layer. Instead of computing the full spectrum of A, we use the
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standard estimate of the propagation speeds. Consequently, the spectral radius required in the
CFL condition is approximated by

max
l

|λik,l| ≈ max
α

(
|ui,α · ηik|+

√
ghi

)
.

3.4. Hydrostatic reconstruction at an interface. Consider an interface shared by a control
volume Vi and one of its neighbouring cells Vk in a structured rectangular mesh. Without loss of
generality, the index k refers to the neighbour located to the north or east of cell i. The free-surface
elevations in the two cells are defined as Hi := hi + zb,i and Hk := hk + zb,k, respectively, and the
interface reference bed elevation is z∗ik := max{zb,i, zb,k}. The hydrostatic reconstruction of the
water depths across the interface between cells i and k is then given by

h−ik = max{Hi − z∗ik, 0}, h+ik = max{Hk − z∗ik, 0}. (3.4)

For interfaces with neighbours to the west or south of cell i, the same expressions apply interchanges
the roles of the “minus” and “plus” states.

Next, we reconstruct velocities and concentration consistently with the reconstructed depths.
Assume that uα,i = (uα,i, vα,i) is the horizontal velocity of layer α in cell i. We will use the same
velocity components from the cell (i.e., hydrostatic reconstruction preserves the cell velocity), but
the reconstructed momentum for each layer is scaled by the reconstructed depth:(

huα

)−
ik

= h−ikuα,i,
(
huα

)+
ik

= h+ikuα,k; (3.5)

the same treatment is applied to hwα. We collect the reconstructed quantities in the interfacial
states

W−
ik :=

(
h−ik, {h−α,ikuα,i, h

−
α,ikwα,i}Nα=1

)T
, W+

ik :=
(
h+ik, {h+α,ikuα,k, h

+
α,ikwα,k}Nα=1

)T
.

Using the hydrostatic reconstruction we enforce positivity and the well-balancing of the system,
particularly in presence of dry fronts [3].

3.5. Semi-implicit friction and inertia correction. After the predictor step we apply a local
implicit correction that incorporates the nonlinear drag and inertia effects. The hyperbolic step
provides the intermediate state W ∗, and the corrected variables W ν+1/3 are obtained by solving

1

∆t

(
W ν+1/3

α −W ∗
α

)
= CαS

(f)
α

(
W ν+1/3,W ∗), α = 1, . . . , N, (3.6)

where S
(f)
α contains the quadratic drag and bed friction terms, namely

S(f)
α =

 0
−k2,α∥hαuα∥hαuα

0

 , k2,α =
CD,αdαnt,α

2θαhα
.

To enhance stability, we evaluate the drag term in a semi-implicit form, namely

hαuα|hαuα| ≈ (hαuα)
n+1∥hαuα∥∗,

so from (3.6) we get the layer update

W
ν+1/3
α,i = Nα,iW

∗
α,i,

where we define

Nα,i := diag

(
1,

1 + k3,α
1 + k3,α + k2,α∥hαuα∥∆t

,
1 + k3,α

1 + k3,α + k2,α∥hαuα∥∆t
, 1

)
.
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3.6. Adding viscosity and bottom friction. At this stage, we have obtained all layer variables
at time level tν+1, denoted by the intermediate state (·)∗, before accounting for viscous and bottom
friction effects. Since these forces only modify the horizontal velocity field, the update is performed
for uα while hα is kept fixed. The correction step for each layer reads

hαu
ν+2/3
α = hαu

∗
α +

∆t

θα
K

ν+2/3
α−1/2 −

∆t

θα
K

ν+2/3
α+1/2, α = 1, . . . , N, (3.7)

where the interlayer viscous terms Kα±1/2, the bottom friction K−1/2 = −τ1, and KN+1/2 = 0
are defined in (2.8). Substituting the definitions of Kα±1/2 and τ1, we obtain the following implicit
relations for the corrected velocities u

ν+2/3
α , α = 1, . . . , N :

h1u
ν+2/3
1 = h1u

∗
1 −∆tk1∥h1u∗

1∥h1uν+2/3
1 +

∆tη0
2θ1h1

(
u
ν+2/3
2 − u

ν+2/3
1

)
,

hαu
ν+2/3
α = hαu

∗
α − ∆tη0

2θαhα

(
uν+2/3
α − u

ν+2/3
α−1

)
+

∆tη0
2θαhα

(
u
ν+2/3
α+1 − uν+2/3

α

)
, α = 2, . . . , N − 1,

hNu
ν+2/3
N = hNu∗

N − ∆tη0
2θNhN

(
u
ν+2/3
N − u

ν+2/3
N−1

)
.

This system can be rewritten as(
1 +

η0∆t

2θ1h21
+∆tk1∥h1u∗

1∥
)
h1u

ν+2/3
1 − η0∆t

2θ1h21
h1u

ν+2/3
2 = h1u

∗
1,(

1 +
η0∆t

θαh2α

)
hαu

ν+2/3
α − η0∆t

2θαh2α
hα

(
u
ν+2/3
α−1 + u

ν+2/3
α+1

)
= hαu

∗
α, α = 2, . . . , N − 1,(

1 +
η0∆t

2θNh2N

)
hNu

ν+2/3
N − η0∆t

2θNh2N
hNu

ν+2/3
N−1 = hNu∗

N .

(3.8)

The coefficient matrix of the tridiagonal linear system (3.8) is symmetric and strictly diagonally
dominant, and it is solved efficiently at each time step by a Thomas algorithm. Since each horizontal
velocity component (uα, vα) evolves independently in this step, the same tridiagonal system is solved
twice, once for each velocity component.

3.7. Non-hydrostatic projection. The non-hydrostatic variables qα (and the interface pressures
qα±1/2) are not advanced through hyperbolic transport equations. Instead, they are obtained by
enforcing the incompressibility or kinematic constraint (2.5) at the new time step. This procedure
leads to an elliptic (Poisson-like) problem for the pressure corrections which is solved during the
projection step. The projection approach introduced in [12] extends naturally to two dimensions,
with the elliptic operator incorporating spatially variable coefficients that depend on the layer
thickness hα, the porosity θα, and the geometric effects associated with the bottom topography∇zb.

The intermediate solution W ∗ is corrected by projecting the non-hydrostatic pressure field.
For each layer α, the intermediate velocities u∗

α and w∗
α are updated according to the pressure

gradients obtained from the solution of the elliptic system. It is worth noting that since the mass
conservation equation for hα does not depend on the non-hydrostatic pressure, the layer thickness
remains unchanged during this projection step, that is,

hν+1
α = h∗α, α = 1, . . . , N.

The correction is thus applied exclusively to the velocity components, which ensures that the final
solution satisfies the discrete incompressibility constraint at time level ν + 1. The correction is
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computed from

hν+1
α uν+1

α = h∗αu
∗
α − f∗

α∆t

(
1

2
∇
(
hν+1
α qν+1

α−1/2 + hν+1
α qν+1

α+1/2

)
+ qν+1

α−1/2∇zν+1
α−1/2 − qν+1

α+1/2∇zν+1
α+1/2

) (3.9)

with

fα =
θα

1 + k3,α + k2,α∥uα∥∆t
,

and where qα±1/2 denotes the non-hydrostatic pressure at the interface between layers α and α±1/2.
For the vertical velocity we have

hν+1
α wν+1

α = h∗αw
∗
α −∆tqν+1

α+1/2 +∆tqν+1
α−1/2. (3.10)

On the other hand, multiplying the incompressibility constraint (2.5) by hα and applying it to each
layer, for the bottom layer (α = 1) we obtain

−h1∇ · (h1u1) + 2(∇z1) · h1u1 − 2h1w1 = 0, (3.11)

while for the higher layers (α = 2, . . . , N), subtracting the condition at layer α − 1 from that at
layer α and regrouping terms gives, since all layers share the same thickness,

−hα∇· (hαuα)−hα∇· (hαuα−1)+2hαuα ·∇zα−2hαuα−1 ·∇zα−1−2hαwα+2hαwα−1 = 0. (3.12)

Replacing (3.9) and (3.10) in the incompressibility conditions (3.11)–(3.12) we get a linear system
of equations for the unknown interface pressures qα+1/2. For simplicity, in what follows we denote

hn+1
α = h∗α and zn+1

α = z∗α simply as hα and zα, respectively. We recall that ∇ = (∂x, ∂y) denotes
the continuous horizontal gradient operator:

hα∇ ·
(
f∗
α∆t

(
1

2
∇(hαq

ν+1
α−1/2) +

1

2
∇(hαq

ν+1
α+1/2) + qν+1

α−1/2∇zα−1/2 − qν+1
α+1/2∇zα+1/2

))
+ hα∇ ·

(
f∗
α−1∆t

(
1

2
∇(hαq

ν+1
α−3/2) +

1

2
∇(hαq

ν+1
α−1/2) + qν+1

α−3/2∇zα−3/2 − qν+1
α−1/2∇zα−1/2

))
− 2f∗

α∆t

(
1

2
∇(hαq

ν+1
α−1/2) +

1

2
∇(hαq

ν+1
α+1/2) + qν+1

α−1/2∇zα−1/2 − qν+1
α+1/2∇zα+1/2

)
· ∇zα (3.13)

+ 2f∗
α−1∆t

(
1

2
∇(hαq

ν+1
α−3/2) +

1

2
∇(hαq

ν+1
α−1/2) + qν+1

α−3/2∇zα−3/2 − qν+1
α−1/2∇zα−1/2

)
· ∇zα−1

− 2∆t
(
qν+1
α+1/2 − 2qν+1

α−1/2 + qν+1
α−3/2

)
= hα∇ · (hαu∗

α) + hα∇ · (hαu∗
α−1)− 2hαu

∗
α · ∇zα + 2hαu

∗
α−1 · ∇zα−1 + 2(hαw

∗
α − hαw

∗
α−1).

In matrix form, this system resembles a discrete Poisson problem that links all layers through
the vertical fluxes. The projection step is implemented on a structured Cartesian mesh using
a staggered arrangement of variables following the classical Arakawa C-grid configuration [21].
Scalar quantities hα and the horizontal discharges hαuα are stored at cell centers (xi, yj), while the
interface pressures qα±1/2 and vertical velocities wα are defined at cell corners (xi+1/2, yj+1/2). This
layout ensures a consistent discretization of the gradient and divergence operators appearing in the
projection step. Spatial derivatives are evaluated using second-order centered finite differences,
with quantities required at corner nodes obtained by arithmetic averaging of the four surrounding
cell-centered values. For further details on the staggered discretization and the finite-difference
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operators we refer to [21]. The fully discrete linear system to be solved for the unknown interface
pressures qν+1 = (qν+1

1/2 , qν+1
3/2 , . . . , qν+1

N+1/2)
T at each corner node (xi+1/2, yj+1/2) takes the form

Mqν+1 = P ∗, (3.14)

where M is a sparse matrix with at most five nonzero entries per row, and P ∗ collects all right-hand
side terms evaluated at the intermediate state W ∗ (see the right-hand side of the incompressibility
conditions (3.13)). Specifically,

P ∗ = Mp,pqα−1/2,i+1/2,j+1/2 +Mp,pEqα−1/2,i+3/2,j+1/2 +Mp,pWqα−1/2,i−1/2,j+1/2

+Mp,pNqα−1/2,i+1/2,j+3/2 +Mp,pSqα−1/2,i+1/2,j−1/2.

The subscripts E, W, N, and S within the coefficientsMp,p, Mp,pE , Mp,pW , Mp,pN , andMp,pS indicate
the adjacent control volumes in the positive x-direction (east), negative x-direction (west), positive
y-direction (north), and negative y-direction (south). Thus, the discrete operator represents a five-
point stencil coupling the pressure unknown q at the cell corner with its four immediate horizontal
neighbours.

Boundary conditions for the pressure system follow the approach of [21], extended here to each
interface pressure qα+1/2, α = 1, . . . , N . At solid wall boundaries, a homogeneous Neumann con-
dition is imposed, implemented via ghost cells whose pressure values are extrapolated from the
adjacent interior cells, which is equivalent to enforcing

∇qα+1/2 · n = 0 on ∂Ω.

At open or absorbing boundaries, the non-hydrostatic pressure is relaxed toward zero through a
sponge layer that drives qα+1/2 to zero smoothly so that outgoing waves leave the domain without
spurious reflections [21]. Together, these conditions close the system (3.14).

All coefficients are evaluated at the edge location (xi+1/2, yj+1/2) unless otherwise noted. We
denote by fα,i+1/2,j+1/2 the interpolation of fα to the corner (xi+1/2, yj+1/2), which is computed as
the arithmetic mean of the two cell-centred values sharing that edge, i.e.,

fα,i+1/2,j+1/2 =
1

2
(fα,i,j+1/2 + fα,i+1,j+1/2),

and analogously in the y-direction for the north/south edges, and similarly for hi+1/2,j+1/2. We
also introduce the auxiliary function ϕ

ϕα = 2N∇
(
zα−1/2 +

hα
2

)
=

(
ϕ(x)
α , ϕ(y)

α

)
.

We use the notation |ϕα|2 := (ϕ
(x)
α )2 + (ϕ

(y)
α )2, and it is assumed that the spatial derivatives at the

point (xi+1/2, yj+1/2) are approximated by suitable central differences. Precisely, we introduce the
notation

Dxφi+1/2,j+1/2 :=
φi+1,j+1/2 − φi,j+1/2

∆x
≈ (∂xφ)(xi+1/2, yj+1/2),

Dyφi+1/2,j+1/2 :=
φi+1/2,j+1 − φi+1/2,j

∆y
≈ (∂yφ)(xi+1/2, yj+1/2),

where φ denotes the interpolated quantity.
The nonzero coefficients of M in (3.14) are given explicitly below.
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Mp,p = 8N2 + fα,i+1/2,j+1/2|ϕα,i+1/2,j+1/2|2 + fα−1,i+1/2,j+1/2|ϕα−1,i+1/2,j+1/2|2

− hi+1/2,j+1/2Dx

(
fα,i+1/2,j+1/2ϕ

(x)
α,i+1/2,j+1/2

)
+ hi+1/2,j+1/2Dx

(
fα−1,i+1/2,j+1/2ϕ

(x)
α−1,i+1/2,j+1/2

)
− hi+1/2,j+1/2Dy

(
fα,i+1/2,j+1/2ϕ

(y)
α,i+1/2,j+1/2

)
+ hi+1/2,j+1/2Dy

(
fα−1,i+1/2,j+1/2ϕ

(y)
α−1,i+1/2,j+1/2

)
+

(
2

∆x2
+

2

∆y2

)
h2i+1/2,j+1/2

(
fα,i+1/2,j+1/2 + fα−1,i+1/2,j+1/2

)
,

(3.15)

the coefficients in x-direction

Mp,pE = − 1

2∆x

(
hi+1/2,j+1/2Dx(fα,i+1/2,j+1/2hi+1/2,j+1/2)

+ hi+1/2,j+1/2Dx(fα−1,i+1/2,j+1/2hi+1/2,j+1/2)
)

− 1

∆x2
h2i+1/2,j+1/2(fα,i+1/2,j+1/2 + fα−1,i+1/2,j+1/2),

Mp,pW = +
1

2∆x

(
hi+1/2,j+1/2Dx(fα,i+1/2,j+1/2hi+1/2,j+1/2)

+ hi+1/2,j+1/2Dx(fα−1,i+1/2,j+1/2hi+1/2,j+1/2)
)

− 1

∆x2
h2i+1/2,j+1/2(fα,i+1/2,j+1/2 + fα−1,i+1/2,j+1/2)

(3.16)

and the analogous coefficients in y-direction

Mp,pN = − 1

2∆y

(
hi+1/2,j+1/2Dy(fα,i+1/2,j+1/2hi+1/2,j+1/2)

+ hi+1/2,j+1/2Dy(fα−1,i+1/2,j+1/2hi+1/2,j+1/2)
)

− 1

∆y2
h2i+1/2,j+1/2(fα,i+1/2,j+1/2 + fα−1,i+1/2,j+1/2),

Mp,pS = +
1

2∆y

(
hi+1/2,j+1/2Dy(fα,i+1/2,j+1/2hi+1/2,j+1/2)

+ hi+1/2,j+1/2Dy(fα−1,i+1/2,j+1/2hi+1/2,j+1/2)
)

− 1

∆y2
h2i+1/2,j+1/2(fα,i+1/2,j+1/2 + fα−1,i+1/2,j+1/2).

(3.17)

Finally, Mp,q = 0 for all other columns, so each row has at most five nonzero entries.
The system matrix is similar to the one introduced in [12] in the one-dimensional context. To

obtain the solution, we employ an iterative algorithm (e.g., a Gauss–Seidel relaxation) until the
residual of the incompressibility constraints falls below a prescribed tolerance (10−6).

Once the pressure field is computed, we return to (3.9)–(3.10) and correct the velocities accord-
ingly, evaluating qα+1/2 with the obtained values.

3.8. Summary of algorithm per time step. The complete scheme described in the present
section advances the solution from tν to tν+1 = tν +∆t as summarized in Algorithm 1.
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Algorithm 1: Time stepping for the 2D multilayer non-hydrostatic tsunami–forest model

Input: W ν = (hν
α, h

ν
αu

ν
α, h

ν
αw

ν
α)

N
α=1, bathymetry zb = zb(x, y), vegetation parameters

(nt,α, d̄α, θα)
N
α=1, time step ∆t satisfying the CFL condition.

Output: W ν+1 = (hν+1
α , hν+1

α uν+1
α , hν+1

α wν+1
α )Nα=1

// Step 1 | Hydrostatic predictor

1. Hydrostatic predictor. Set qα±1/2 = 0 and advance the system (1.2) via the path-conservative
HLL flux (3.2) with hydrostatic reconstruction (3.4), (3.5),

W
(1)
α,i = W ν

α,i −
∆t

|Vi|
∑
k∈Ki

|Eik|F ik(W
ν
i ,W

ν
k ,ηik) + ∆tS

(f)
i ,

to obtain W (1). from W ν .

// Step 2 | Vegetation and friction corrections

2. Inertia and drag correction. Following the approach of Section 3.5 we apply the semi-implicit
drag correction (3.6) to obtain

W
(ν+1/3)
α,i = Nα,iW

(1)
α,i ,

where

Nα,i := diag

(
1,

1 + k3,α
1 + k3,α + k2,α∥hαuα∥∆t

,
1 + k3,α

1 + k3,α + k2,α∥hαuα∥∆t
, 1

)
.

3. Viscosity and inter-layer friction. Solve the symmetric tridiagonal system (3.8),
independently for each component (uα, vα) and with u∗

α replaced by u
ν+1/3
α , for instanxce by the

Thomas algorithm, to obtain u
ν+2/3
α .

// Step 3 | Non-hydrostatic projection

4. Non-hydrostatic projection Set hν+1
α = h∗

α and:

(a) Solve the pressure system (3.14), with coefficients (3.15)–(3.17), for qν+1 = (qν+1
1/2 , . . . , qν+1

N+1/2)
T

via Gauss–Seidel iteration until ∥P ∗ −Mqν+1∥∞ < 10−6.
(b) Correct horizontal and vertical velocities via (3.9)–(3.10):

hν+1
α uν+1

α = h∗
αu

∗
α − f∗

α∆t
(

1
2∇

(
hν+1
α (qν+1

α−1/2 + qν+1
α+1/2)

)
+ qν+1

α−1/2∇zν+1
α−1/2 − qν+1

α+1/2∇zν+1
α+1/2

)
,

hν+1
α wν+1

α = h∗
αw

∗
α −∆tqν+1

α+1/2 +∆tqν+1
α−1/2.

Now W ν+1 = (hν+1
α , hν+1

α uν+1
α , hν+1

α wν+1
α )Nα=1 is the sought output.

// Step 4 | Time step control

5. CFL update. Compute ∆tν+1 from max
i,k,ℓ

|λik,ℓ|
dik

∆t ≤ 1 and set tν+1 := tν +∆t.

4. Numerical examples

4.1. Example 1: convergence test. To assess the convergence of the numerical scheme we record
the history of approximate L1 errors for the case of the interaction of a solitary wave with a conical
island (this configuration is described in detail in Section 4.3). The computational domain and
physical parameters are identical to those of the reference solution, with the obvious exception of
the grid resolution which is systematically refined. Five uniform square grids of N ×N cells with
N = 100, 200, 400, 800, and 3200 are considered, where the numerical solution on the finest grid
(N = 3200) is taken as the reference solution, and the L1 norm of the error is computed for the
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Table 1. Example 1 (convergence test against reference solution on a 3200× 3200
grid at simulated time t = 50 s): approximate L1 errors for the free surface η, the
horizontal velocities u and v, and the vertical velocity w.

N ×N ∆x
L1 error

η u v w
100× 100 0.2800 2.55× 10−3 2.88× 10−2 1.70× 10−2 2.07× 10−3

200× 200 0.1400 1.82× 10−3 1.51× 10−2 8.91× 10−3 1.26× 10−3

400× 400 0.0700 1.13× 10−3 1.16× 10−2 6.11× 10−3 1.22× 10−3

800× 800 0.0350 7.49× 10−4 5.63× 10−3 3.50× 10−3 8.23× 10−4

Overall order (LS) 0.60 0.74 0.74 0.40

100 200 400 800
N

10−4
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p
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x
im
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te
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η
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Figure 2. Example 1 (convergence test against reference solution on a 3200×3200
grid at simulated time t = 50 s): approximate L1 errors at simulated time t = 50 s
for the free-surface elevation η, horizontal velocity components u and v, and vertical
velocity w, obtained from the test on the conical island case (Section 4.3). Dashed
and dotted lines indicate first- and second-order reference slopes, respectively.

free-surface elevation η, the horizontal velocity components u and v, and the vertical velocity w
at simulated time t = 50 s. The results are presented in Table 1 and Figure 2, showing that the
scheme achieves convergence rates smaller than one (with overall rates of 0.60, 0.74, and 0.74 for η,
u, and v, respectively). The vertical velocity w exhibits a lower convergence rate of 0.40, probably
due to increased sensitivity to the accumulated truncation error in the projection method.

4.2. Examples 2 to 4: numerical tests based on laboratory experiments by Iimura and
Tanaka [27]. The numerical tests presented here are based on the laboratory experiments by
Iimura and Tanaka [27], who investigated tsunami–vegetation interactions by using a laboratory
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15
12.15

7.26
6.5

1.37
0.52

0
−0.2

0

0.2
11.36

10.36

x [m]
y [m]

z [m]

0.1

0.2

0.3

0.4

0.5

zb(x, y)

Figure 3. Examples 2 and 3: schematic of the experimental used in [27]. The steep-
ness of the inclined portions of zb(x, y), for fixed y, is 1:20 for x ∈ [0.52m, 1.37m],
1:4.5 for x ∈ [6.5m, 7.26m], and 1:20.5 for x ∈ [7.26m, 15m]. The dashed lines
enclose the forest area stretching over the full width of the channel for Example 2,
and the green area denotes an inclined rectangle corresponding to the assumed veg-
etation area of Example 3. Notice that different scales are used for the x-, y- and
z-axes.

channel at 1:100 scale. This configuration was previously used in one-dimensional multilayer simu-
lations [12] to validate the LDNH0 model against measured water levels and drag forces. Here, we
extend the approach to two horizontal dimensions to analyze lateral effects on tsunami attenuation
and flow variability induced by vegetation.

4.2.1. Experimental setup, vegetation parameters and wave generation. The experimental setup
consists of a 15m-long and 0.4m-wide flume with a sloping bottom representing a beach (Figure 3).
A wave-making plate at x = 0m generates a solitary wave of amplitude η0 = 3.14 cm over still water
depth h0 = 0.4m. Vegetation is represented by arrays of vertical cylinders (d = 5mm) arranged
between x = 10.36m and x = 11.36m, forming forest patches of varying density. We here select
Case 3 of the 15 cases studied in [27]. For this case, the forest is uniform and the spacing between
neighbouring trees is Db = 50mm. The tree density, in trees per square meter, is nt = 577.5m−2.
The solitary wave generated by the piston follows the Rayleigh profile [30]:

η(x, 0) = η0sech
2(βx), β =

√
3η0

4h20(h0 + η0)
, u(x, 0) = c

η(x, 0)

h(x, 0)
, c =

√
g(h0 + η0). (4.1)

4.2.2. Computational domain and boundary conditions. The full flume (15 m×0.4 m) is discretized
with a uniform Cartesian mesh with ∆x = ∆y = 0.02m. The inlet imposes the solitary wave
of (4.1), the outlet uses a transmissive condition to prevent reflections, and lateral walls are treated
as slip boundaries.

4.2.3. Example 2: calibration results. As a first validation, we reproduce Case 3, of Iimura et al. [27]
experiment, described at the beginning of Section 4, corresponding to a uniform forest. Figure 4
compares the simulated free-surface elevation at the downstream edge of the vegetation with the
experimental data. The simulation accurately reproduces the wave amplitude, shape, and arrival
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Figure 4. Example 2: Temporal evolution of η in Case 3 of [27] at the downstream
end of the vegetation (x = 11.36 m), with H0 = 0.44 m representing the water level
at rest.

time, demonstrating that the model correctly captures the interaction between the solitary wave and
the vegetation array. This single calibration test confirms that the numerical framework resolves the
key hydrodynamic processes, including wave attenuation, flow redistribution. Having established
this baseline, the model will be used in subsequent simulations to systematically investigate how
different forest configurations influence tsunami propagation and flow dynamics.

4.2.4. Example 3: partial forest configuration: central patch. To investigate the influence of lateral
forest distribution, we consider a variation of Case 3 in which the vegetation is confined to the central
portion of the flume. In this configuration, the forest occupies only the region y ∈ [−0.05, 0.05]m in
the transverse direction, which spans the full channel width of [−0.2, 0.2]m. Also we will consider
10 layers case in order to also study the verticality of the test.

This setup allows us to investigate how the partial lateral coverage of the forest modifies tsunami
propagation, wave attenuation, and flow redistribution. By comparing this configuration with
the full-width forest of Case 3, we can isolate the influence of lateral variability and assess how
concentrated vegetation patches affect both the amplitude and the spatial structure of the water
surface, including potential lateral flow around the vegetation.

As shown in Figure 5, the incoming wave reaches the upstream edge of the forest (x = 11m)
at approximately t = 6 s, where the vegetation partially blocks its propagation. Along the flume
sides, outside the vegetated region, the wave advances freely, illustrating how lateral confinement
of the forest redistributes the flow. When the backflow develops after reflection from downstream,
the vegetation again exerts a damping effect, reducing both the velocity and surface elevation of
the returning wave.

Figure 6 presents the corresponding horizontal velocity field u = (u, v)T at two characteristic
stages. At t = 6 s, as the wave front impacts the forest, the vegetation generates a strong resistance
that decelerates the flow within the canopy and increases velocity upstream of it. This partial
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Figure 5. Example 3: snapshots of η in Case 3 of [27] at the downstream end
of the vegetation (x = 11.36 m), with H0 = 0.44 m and the forest confined to
y ∈ [−0.05, 0.05]. Left: Wave reaching the front of the forest (t = 6 s). Right: Back
flow of the forest (t = 11 s).

blockage diverts part of the flow laterally, producing marked transverse velocity components near
the forest edges.

At t = 11 s, when the wave moves seaward, the interaction reverses: the forest again induces
momentum accumulation at its downstream boundary and local high-velocity zones around it. This
pattern of deceleration inside the vegetation and acceleration near its borders demonstrates how
the forest simultaneously dissipates energy and redistributes the flow during both the advancing
and receding phases of the wave.

The snapshots also reveal several complementary features of the flow–vegetation interaction. A
pronounced velocity gradient forms between vegetated and non-vegetated areas, evidencing lateral
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Figure 6. Example 3: snapshots of the mean horizontal velocity field u = (u, v)T

in Case 3 of [27] at the downstream end of the vegetation (x = 11.36 m), with
H0 = 0.44 m and the forest confined to y ∈ [−0.05, 0.05]: (a) wave reaching the
front of the forest (t = 6 s), (b) wave reaching the back of the forest (t = 11 s).
Velocity vectors are normalized by |u|max ≈ 10 m/s.

flow redistribution. Partial reflection at the forest edge produces a localized rise in free-surface ele-
vation immediately upstream, while the velocity within and behind the forest remains significantly
lower than in unobstructed zones. Overall, these results highlight the dual hydrodynamic role of
the forest as both a dissipative and deflective structure that shapes the spatial pattern of wave
propagation.

As shown in Figure 7, at t = 19 s, the flow exhibits a distinct recirculation pattern near the
beach. This phenomenon arises when water climbing the slop goes backward and interacts with the
portion of the wave that is still propagating through the forest. The interaction generates backward
flow and local vortices that are only resolved in a multilayer model; a single-layer approach fails to
capture this complex vertical structure. The velocity vectors indicate a clear separation between
backward-moving water near the slope and the advancing flow, forming a closed-loop circulation.

4.2.5. Example 4: Influence of a uniform vegetation patch. We consider a rectangular channel with
spatial dimensions x ∈ [−5, 25] m, y ∈ [−1, 1] m, and an initial solitary wave described by (4.1),
with amplitude η0 = 0.0628m and still water level h0 = 0.44m. The channel bathymetry is defined
as a piecewise function:

zb(x) =


0, x ≤ 10 m,

0.1(x− 10), 10 < x ≤ 15 m,

0.5, x > 15 m.

(4.2)

The initial condition, along with the bathymetry and vegetation regions, is illustrated in Figure 8.
For the vegetation area, we consider two uniform configurations, both placed in the region

x ∈ [16, 17] m: the small vegetation area covers y ∈ [−0.25, 0.25], while the larger configuration
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Figure 7. Example 3: velocity vector field (u,w)T in the vertical (x, z)-plane at
y = 0, at t = 19 s. The plot highlights the development of a recirculation zone
near the beach. This phenomenon is only captured by a multilayer model, while a
single-layer model cannot resolve it.
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Figure 8. Example 4: initial condition of the channel, showing the bathymetry,
the water level and the vegetation configuration for the full-width patch spans the
entire y-range.

extends across the full width, y ∈ [−1, 1]. The stem diameter and density are identical for both
configurations, with d = 0.005 m and ρ = 1604 stems/m2, respectively.

Figure 9 presents the maximum water level at each point along the channel for simulations with
and without vegetation. The presence of the forest significantly limits wave propagation into the
vegetated region, whereas in the absence of vegetation the wave reaches further downstream. The
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Figure 9. Example 4: maximum water level comparison. Top: simulation without
vegetation. Middle: simulations whit a small vegetation patch. Bottom: simulation
with a long vegetation patch. The forest reduces wave penetration and increases
water level at the leading and trailing edges of the vegetated region.

water level increases locally at the forest front (x = 16m), indicating flow accumulation caused by
obstruction.

In the small patch configuration, we observe that the water flows around the vegetation, similar
to what was seen in Example 3.2. This creates a protective region, or wake, behind the vegetation,
which also reduces the extent to which the water propagates further downstream.

This behavior illustrates both energy dissipation and flow deflection due to the forest. The stems
extract momentum from the incoming wave, reducing downstream propagation. These effects high-
light the protective role of the vegetation in mitigating tsunami impact, in agreement with previous
studies (e.g., Case 3 in [27]) where vegetation modifies wave amplitude and spatial structure.

4.3. Example 5: Solitary wave on a conical island. The objective of this study is to evaluate
the extent to which surrounding forestation mitigates wave impact on a conical island. The physical
benchmark considered here was originally conducted at the U.S. Army Engineer Research and De-
velopment Center, specifically within its Coastal and Hydraulic Laboratory [11]. The experimental
configuration represents an idealized model of Babi Island, located in the Flores Sea.

In the laboratory setup, planar solitary waves with prescribed crest length and amplitude were
generated using a directional wavemaker. The experimental basin measures 25×30m, with a conical
island positioned approximately at its center. The still water depth is H = 0.32m. The island
geometry is defined by a base diameter of 7.2m, a top diameter of 2.2m, and a height of 0.625m,
corresponding to a side slope of 1 : 4. Free-surface elevations were recorded at four wave gauges
(WG1–WG4) distributed circumferentially around the island (see Fig. 10).

For the numerical component, the computational domain spans [−5, 23]×[0, 28]m with a uniform
grid resolution of ∆x = ∆y = 0.02m. Open (free-outflow) boundary conditions are prescribed along
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Figure 10. Example 5: Experimental configuration of the basin topography
and wave gauge locations. The measurement points are positioned as follows:
WG1 (9.36m, 13.8m), WG2 (10.36m, 13.8m), WG3 (12.96m, 11.22m), and WG4
(15.56m, 13.8m). Coordinates are given in meters relative to the basin reference
frame. The green area represents the vegetation zone.

the domain boundaries. The initial condition for the free-surface elevation η and velocity field u
corresponds to a solitary wave (Eq. (4.1)) with amplitude A = 0.06m, initially centered at x = 0.
The wave is propagated up to t = 30 s using a Courant number CFL = 0.9 and gravitational
acceleration g = 9.81m/s2. Bottom friction is modeled through a Manning roughness coefficient of
n = 0.015.

To assess the ability of the numerical model to reproduce the physical experiment, the simulated
results are compared against the experimental wave-gauge measurements. As we can see in Fig-
ure 11 the comparison between the simulation and the experimental data shows that the model
captures both the amplitude and phase of the first waves .

For the present configuration, the test is extended by incorporating a toroidal vegetation belt
surrounding the island. The vegetated region is modelled as an annular ring centred on the island,
with external radius r2 = 3m and internal radius r1 = 2m, measured from the island centre as we
can see in Figure 12.

Within the annular vegetated region, four cases are considered. In Case 1, we assume a uniform
vegetation density of n = 800 trees/m2, where each tree is modeled as a rigid cylindrical element
with radius d = 0.005m. In Case 2 we consider a reduced vegetation density of n = 400 trees/m2,
combined with an increased cylinder radius of d = 0.01m. Case 3 is based on the same density
and cylinder radius as Case 2 (n = 400 trees/m2, d = 0.01m), but with a maximum tree height of
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Figure 11. Example 5: simulated and experimental free-surface elevation time
series at the wave gauges.

0.03m. Finally, in Case 4 we take the same density and cylinder radius as in Case 2 but a maximum
tree height of 0.09m.

For all configurations, N = 10 vertical layers are employed. As shown in Figure 13, the differences
between Case 1 and Case 2 are minimal, whereas both cases exhibit significant reductions compared
to the non-vegetated configuration. In contrast, comparing Case 3 and Case 4 (Figure 14) reveals
noticeable differences in both the minimum and maximum water levels, reflecting the effect of
varying maximum tree height. Additionally, we examined Case 3 using only a single vertical layer,
with constant tree diameter. As expected, the single-layer model tends to overestimate the ability
of the vegetation to mitigate waves, since it cannot accurately capture the vertical structure of the
trees, particularly the maximum height.

We define the attenuation factor as

β = 1− Hveg

Href
, (4.3)

where Hveg and Href are the maximum wave heights measured at each gauge in the vegetated and
non-vegetated simulations, respectively. Figure 15 shows the computed attenuation factors at the
four wave gauges for Case 1. The results indicate that the wave height reduction ranges between
approximately 10% and 40%, with the greatest attenuation observed at Gauge 4 and the smallest
at Gauge 1.

As illustrated in Figure 16, the vegetation acts as a natural barrier. At t = 0 s, both the reference
and vegetated cases exhibit identical initial conditions. By t = 5 s, the presence of vegetation begins
to induce noticeable differences compared with the reference simulation, as the long-wave soliton
interacts with the forest and generates partial reflection. At t = 8 s, the vegetation causes a local
increase in the water level upstream of the island due to the blockage of the wave passage. Finally,
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Figure 12. Example 5: Snapshots of the difference in free-surface elevation case
without vegetation at four different times.

at t = 10 s, the region downstream of the island exhibits a lower water level relative to the reference
case, showing the protective effect of the vegetative barrier.

5. Conclusions and future work

This work presents a two-dimensional multilayer non-hydrostatic shallow-water model designed
to simulate tsunami propagation and tsunami–vegetation interactions with improved physical re-
alism. The model combines a multilayer depth-averaged formulation with a projection method
for the non-hydrostatic pressure, providing a robust and computationally efficient framework for
representing vertically structured hydrodynamics in coastal environments.

The proposed approach captures several flow features that cannot be reproduced with classical
hydrostatic or single-layer models, including vertical recirculation, return flows near the shoreline,
and lateral redistribution of momentum as the tsunami interacts with vegetated regions. The multi-
layer structure enables the inclusion of vertical variability in drag, inertia, and porosity, allowing the
model to represent the influence of vegetation along the water column more accurately. This results
in improved predictions of wave attenuation, energy dissipation, and flow deformation within and
around vegetated belts. The elliptic projection for the non-hydrostatic pressure further stabilizes
the vertical velocity structure and enhances the representation of steep gradients and transient flow
features.
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Figure 13. Example 5: simulated free-surface elevation time series at the wave
gauges for the three configurations: non-vegetated case, Case 1 (n = 800 trees/m2,
d = 0.005m), and Case 2 (n = 400 trees/m2, d = 0.01m).

The numerical experiments demonstrate that, while single-layer depth-averaged models remain
suitable for capturing bulk tsunami propagation, a multilayer non-hydrostatic formulation is es-
sential for resolving internal flow structure and layer-to-layer energy exchanges, both of which
determine the damping efficiency of coastal forests. The model therefore provides a valuable tool
for assessing the protective function of vegetation belts and for supporting coastal management
strategies that rely on nature-based protection measures.

The outcomes of this study highlight the importance of incorporating vertical resolution and non-
hydrostatic effects into depth-averaged models when representing the interaction between tsunamis
and coastal vegetation. Beyond its methodological advances, the model offers practical capabilities
for evaluating the role of native vegetation in mitigating tsunami hazards and promoting sustain-
able, ecosystem-based coastal defense strategies.

Several directions for future research emerge from this work. One promising avenue is the devel-
opment of a unified two-dimensional hydro-morphodynamic framework that couples the present
multilayer non-hydrostatic model with sediment transport processes to study tsunami-induced
erosion in vegetated coastal zones. Numerical enhancements such as adaptive mesh refinement,
implicit–explicit time integration, and high-order reconstructions would further improve accuracy
and computational efficiency. Finally, extending the model to simulate tsunami run-up and other
nearshore processes would broaden its applicability and support more comprehensive risk assess-
ments in coastal engineering and management.
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Figure 14. Example 5: simulated free-surface elevation time series at the wave
gauges for Cases 3 and 4, both with a vegetation density of n = 400 trees/m2 and
cylinder radius d = 0.01m, showing the effect of maximum tree height: Case 3 with
0.03m and Case 4 with 0.09m.
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Figure 15. Example 5: wave attenuation coefficient at the four gauges induced by
the vegetated belt, computed relative to the non-vegetated configuration.
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Appendix A. Forest forces in the multi-layer system

Vegetation effects are introduced in a layer-wise form via layer-specific geometric and vegetation
averages. As in the one-dimensional formulation [12], let d(ζ) denote the tree diameter at height ζ
measured from the bed zb, and let ctr(ζ) and cle(ζ) be the trunk- and leaf-shape factor, respectively.
For each layer α we define the layer-averaged diameter d̄α and the vegetation coefficient (ctrcle)α
by

d̄α :=
1

hα

∫ zα+1/2−zb

zα−1/2−zb

d(ζ) dζ, (ctrcle)α :=
1

hα

∫ zα+1/2−zb

zα−1/2−zb

ctr(ζ)cle(ζ) dζ. (1.1)

The definition of d̄α allows us to define thre effective frontal area Av,α := hαd̄α and the transverse
area At,α := πd̄2α/4 of a single tree in layer α.

Following the experimental parametrization used in the one-dimensional study, we introduce a
base (Reynolds number-dependent) drag coefficient CD(Re) according to [35]:

CD(Re) :=


1.2 if Re ≤ 2× 105,

1.2− 0.5

(
Re

3× 105
− 2

3

)
if 2× 105 < Re ≤ 5× 105,

0.7 if Re > 5× 105,

(1.2)

where the Reynolds number Re is replaced by a layer-wise Reynolds number Reα that is computed
based on the layer velocity magnitude, namely Reα := ∥uα∥d̄α/νwater, where νwater = 1.19 ×
10−6m2/s is the kinematic viscosity of water. The layer-specific drag coefficient used in the drag
force is the base coefficient modulated by the trunk/leaf factor, i.e.

CD,α = CD(Reα)(ctrcle)α. (1.3)
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C. Parés, and M. E. Vázquez-Cendón. The numerical treatment of wet/dry fronts in shallow
flows: application to one-layer and two-layer systems. Math. Comput. Modelling, 42:419–439,
2005.

[17] M. J. Castro, T. Morales de Luna, and C. Parés. Well-Balanced Schemes and Path-Conservative
Numerical Methods. In R. Abgrall and C.-W. Shu, editors, Handbook of Numerical Analysis,
volume 18 of Handbook of Numerical Methods for Hyperbolic Problems Applied and Modern
Issues, pages 131–175. Elsevier, 2017. DOI: 10.1016/bs.hna.2016.10.002.

[18] A. J. Chorin. The numerical solution of the navier-stokes equations for an incompressible fluid.
Bull. Am. Math. Soc., 73:928–931, 1967.

[19] A. J. Chorin. Numerical solution of the navier-stokes equations. Math. Comput., 22:745–762,
1968.

[20] M. J. C. Dı́az, J. Gallardo, and C. Parés. High order finite volume schemes based on recon-
struction of states for solving hyperbolic systems with nonconservative products. applications
to shallow-water systems. Math. Comput., 75:1103–1134, 2006.

[21] C. Escalante, T. Morales de Luna, and M. Castro. Non-hydrostatic pressure shallow flows:
Gpu implementation using finite volume and finite difference scheme. Appl. Math. Comput.,
338:631–659, 2018.

[22] E. Fernández-Nieto, J. Garres-Dı́az, A. Mangeney, and G. Narbona-Reina. A multilayer shal-
low model for dry granular flows with the µ(i)-rheology: Application to granular collapse on
erodible beds. J. Fluid Mech., 798:643–681, 2016.
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