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Abstract

We analyze a high order unfitted hybridizable discontinuous Galerkin (HDG) method for an optimal
control problem governed by a convection-diffusion equation posed in a domain with piecewise-wise C?
boundary 0f2. The computational domain €}, does not necessarily fit 2 and the Transfer Path Method
(TPM) is used to transfer the boundary data from 9 to 9y, through segments of direction m. Under
closeness conditions between 02, and 02 and on the transfer vector m, we prove optimal order of
convergence in the L2?-norm for all variables of the state and adjoint problems. We also show numerical
examples to complement the theory.

Keywords: convection-diffusion, unfitted methods, curved domains, discontinuous Galerkin, optimal
control problems

1 Introduction

Numerous applications in engineering, physics, medicine and other fields are analyzed within the frame-
work of optimal control of distributed parameter systems [22, 28, 43, 48]. In these systems, mathematical
formulations often employ boundary controls or internally locally distributed controls, which are known as
additive controls because of their appearance as additive terms in the model equations. On the other hand,
many physical problems of interest are modelled by linear convection-diffusion partial differential equations,
such as predicting the distribution of a substance in a continuous medium, for instance, pollutants in air
or water. In this context, it is beneficial to manipulate the source terms (e.g., pollutant emission rates) to
ensure that the solution of the PDE conforms to a desired distribution or keeps the pollutant concentration
below a specified threshold. This problem can be approached using optimal control theory, where the source
term acts as a control function, and the observation is a function of the solution of the PDE. We can find
different numerical methods in the literature to solve these type of problems, such as finite differences [32],
standard finite elements [35], finite volumes [3], discontinuous Galerkin (DG) [44, 45, 46], and hybridizable
discontinuous Galerkin (HDG) [10, 11, 25]. The latter is the approach of this work.

Discontinuous Galerkin methods are known for their flexibility to handle complex meshes, their high
accuracy, and their ability to deal with discontinuities in the solution. In addition, they allow efficient local
refinement, conserve important physical quantities, and handle complex boundary conditions well. They
are also noted for their ease of parallelization, which makes them suitable for simulations in clusters. The
computational efficiency can be further enhanced by a hybridization process. The HDG method introduced
by [15] considers auxiliary variables at the interfaces of the elements, which implies a reduction in the size
of the global linear system by using a static condensation procedure. This type of HDG method has been
applied to a variety of different problems [8, 9, 17, 21, 36, 38|.

*Department of Applied Mathematics, University of Waterloo, ON, Canada (ehenriqu@uwaterloo.ca), https://orcid.org/
0000-0002-0243-0368

"Departamento de Ingenierfa Matematica, Facultad de Ciencias Fisicas y Matemadticas, Universidad de Concepcién, Con-
cepcién, Chile. (msolano@ing-mat.udec.cl), https://orcid.org/0000-0001-8589-3685


ehenriqu@uwaterloo.ca
https://orcid.org/0000-0002-0243-0368
https://orcid.org/0000-0002-0243-0368
msolano@ing-mat.udec.cl
https://orcid.org/0000-0001-8589-3685

Several existing numerical methods for solving PDEs have usually been developed assuming polygo-
nal/polyhedric domains. However, in real scenarios, the PDEs are usually posed on curved domains. In this
direction, two possible approaches can adopted: fitted or unfitted methods. The former, adjust the mesh
to the real domain using an appropriate interpolation of the boundary [26, 27]. However, these methods
tend to be inadequate because of the high computational cost for certain problems, such as in the case of
shape optimization or moving domains, where remeshing would be necessary. On the other hand, unfitted
schemes have the flexibility of working with non-body fitted grids, but it is not straightforward to obtain a
high-order method since the true boundary data is posed “away” from the computational boundary. This
produces a geometric error that usually dominates the finite element error.

During the last decade, the community has been interested in the development of high-order unfitted
schemes. Consequently, several methods have been proposed: the Cut Finite Element Method [4, 5, 20],
the Shifted Boundary Method [1, 29], and the Transfer Path Method (TPM). The latter is the focus of our
work. The TPM was originally developed in [13, 18], although the name Transfer Path Method was first
used later in [42]. It has been applied to different problems, mostly on HDG discretization: Stokes flow [40],
Oseen equations [41], linear elasticity equations [7], Helmholtz equation [6], convection diffusion equations
[14], Grad-Shafranov equations [39], and recently to a distributed control problem [23], interface problems
using non-matching grids [2, 30], and shape optimization [24]. In addition, the TPM has also been developed
for conforming mixed finite element methods [33, 34].

This manuscript is closely related to our previous work in [23] and some of the estimates that we will
present are a generalization of what we obtained in that paper. However, we would like to highlight new
aspects that the current manuscript will address. First, although the TPM was numerically developed for
convection-diffusion in the context of HDG methods [14], to date, a comprehensive theoretical convergence
analysis is still lacking. In this work, we fill that gap and present a thorough convergence analysis of the
convection-diffusion problem for that discretization and extend it to a distributed control problem. Secondly,
in all the aforementioned works on the analysis of the TPM, the authors assumed, for simplicity, that the
tangent vector m of the transfer path is parallel to the normal vector n of the boundary facets. They also
claimed that all estimates hold if that assumption is not true, as long as m does not deviate too much from
n. In this paper, we prove this claim and quantify how far m can be from n to guaranty convergence of the
scheme.

We combine the work in [10] and [18], in order to propose and analyze an HDG method for an optimal
control convection-diffusion problem posed in a non-polygonal /polyhedral domain using the TPM. To state
the problem, let ©Q be a Lipschitz domain in R", n € {2,3}, with a piecewise C?> boundary denoted by
I := Q. Given a source term f € L?(Q), a target function yq € L*(R2), and g € H'/?(I), our objective is
to minimize the functional

1 Y
J(u) == 5 ly — de%?(Q) t3 HUH%Z(Q) (1)
over u € L?(12), subject to
~Ay+pB-Vy=f+u in , (2a)
y=y9 on I, (2b)

where v > 0 is a given regularization parameter. and we assume that the vector field 3 € [Who(Q)]"
satisfies V- B8 = 0.

To characterize the variable u, we employ the adjoint state equation. Specifically, the state y and
control u variables are solutions to the optimal control problem (2) if and only if they satisfy the subsequent
optimality system.

—Az—03-Vz=yq— in €, 3c
“Ay+B-Vy=ft+u inQ (3a) p ya—y (3¢)
z2=0 on T, (3d)
y=g on I, (3b) .
z—yu=0 in Q. (3e)



The reminder of the paper is organized as follows. In Section 2, we state admissibility conditions on
the family of computational domains that approximate the true domain, introduce the transferring path
technique, and set some notation. Additionally, we provide assumptions on the distance between I' and the
computational boundary I';,. The HDG scheme is presented in Section 3 and its well-posedness is proved.
Subsequently, in Section 4 we provide the a priori error estimates of the method and present numerical
experiments in Section 5. We end with concluding remarks in Section 6.

2 Preliminaries

In this section we introduce the notation associated with the computational domain and the family of paths
that will allow us to transfer the boundary data from I' to the computational boundary I',. To that end,
we will consider the setting specified in [37] and establish a set of assumptions under which our analysis is
valid.

Admissible triangulations. Given a domain 2 and a discretization parameter h > 0, we denote by 2
an open polygonal/polyhedral computational domain, with boundary I'j,, triangulated by a simplicial mesh
Tn of meshsize h. For a simplex K, we denote its outward unit normal vector by ng, writing n instead
of nx when there is no confusion. Similarly, for a facet e, we write n instead of n. to refer to its normal
vector. We also consider, by simplicity, that the triangulation does not have hanging nodes. The set of
facets and boundary facets of 7}, are denoted by &; and 8‘2, respectively. The set €}f := O\Qy, refers to
the non-meshed region. We say the family {(Qp, T5) }n>o is admissible if each member (€, 7p,) satisfies the
following conditions:

(a) Qp C

(b) Ty, is uniformly shape-regular, that is, there exists 4 > 0, independent of h, such that hx < Jpg,
where pg is the radius of the largest ball contained in K and hx < h is the diameter of K;

(c) there exists a bijective mapping ¢ : I'y, — T;
(d) forevery K € Tp such that KNI', # @, it holds that max{dist(x,Z) : * € KNI', and T € T'} = O(hg).

Moreover,

(e) for every € > 0 there exists a pair (€, 7p,) such that A(2\ Q) < €, where A(-) denotes the Lebesgue
measure.

Let us provide a concise explanation of these conditions. If condition (a) is not met, indicating that €, is
not fully contained within €2, the analysis presented in this manuscript can be adjusted to accommodate such
scenarios, assuming that the underlying partial differential equation remains valid outside of £2. Condition
(c) is required for the analysis presented in this paper, but for computational implementation, the mapping
¢ does not necessarily have to be bijective as long as (d) is satisfied. Condition (d) is imposed to ensure
that the distance between I' and an element K that intersects the boundary I'y, is at most of order hg.

Spaces, mesh dependent inner-products and norms. In this paper we will make use of the usual
notation associated Sobolev spaces, i.e. given a domain D in R™ and s a non-zero real number, we denote
H?(D) the usual Hilbert space equipped with the inner product (-,-)s p. The induced norm and semi-norm
are denoted by || - ||s,p and |- | p, respectively. If s = 0, we just write (-,-)p and || - ||p as usual. The spaces
for vector-valued functions will be boldfaced, for instance, H*(D) := [H*(D)]¢. For a Lipschitz curve S in
R™, we employ the same notation, but the inner product is denoted (-, -)g.

For a scalar-valued function n and (, we define

(777 C)ﬁ = Z (77>C)K and <771 C)(‘)Th = Z <777C>(9K-

KeTh KeTn



Vector-valued functions are boldfaced and for i and {, we write

d d

(777C)Th = Z(%Q)Th and <nac>a771 = Z<7717C1>87—h .

i=1 i=1

These inner products induce the norms

1/2 1/2 1/2
. 2 . 2 . 2
Ml = D0 & | 5 Wlom = Do Ila ]+ and [lllp, = | D M2
=0 KeT, cce?
In addition, for w > 0, we write |[nl[y7, ,, == le/QnHaTh and |||y, , = Hw1/2?7||ph- Finally, to avoid

proliferation of constants, we will write a < b instead of a < Cb, when C is a constant independent of h.

Transferring paths and polynomial extrapolation. Since the problem will be solved in €, we must
specify a suitable boundary data on the computational boundary I'p,. To this end, we consider the idea
proposed by [18] and transfer the boundary data g from I' to I'j, by a line integration of the gradient through
transferring paths, which originates the name of the method. More precisely, let e € 82 . For each x € e, we
define [(x) := |¢(x) — x| and denote by m(x) the unit tangent vector to the segment joining  and ¢(x).
We notice that, for an admissible triangulation, [(x) < Ch with C' > 0 independent of h. A line integration
over this segment allows us to transfer the boundary data. In fact, if a given function g, is the trace of a
function v and q := —Vwv, there holds

I(x)
00(@) = gu(()) + /0 (q- m)(@(s))ds, (4)

with (s) = (¢(x) — x)s/l(x) + =, s € [0,l(x)]. Now, at the discrete level, a polynomial approximation
gn, of g will be available only inside ;. Hence, we will extrapolate g to the segment [z, ¢(x)] in order to
compute the above integral. This is why we define the extrapolation patch as

K&y ={x+sm(x):0<s<l(z),zce}.

xT

Since ¢ is a bijection, we observe that 2 = U, €0 oot~ We highlight that a bijection ¢ can be constructed
in several ways. For instance, a particular construction in two dimensions can be found in [13]. It is also
possible to use the closest-point projection as long as it is unique.

We denote by H; the largest distance of a point in K¢, to the plane determined by e and by h the

ET
distance between e and the vertex of K¢ opposite to e. We set 7. = H-/h. and define

R := maxr,.
6682

Additionally, we assume a local prozimity condition, which states that |2 —¢@(a)| < Ch?. This condition char-
acterizes the closeness between the computational and physical domains. This condition can be equivalently
written as

max H < Ch1*0, (5)
6655 ©

On the other hand, given a polynomial g defined on a boundary element K¢ € Tj such that e = K¢ N T},

E(p) denotes its extrapolation to K¢,,. In this direction, it is also useful to introduce the function

I(x)
AP(z) = 1_1(93)/0 (p(z) — E(p)(x(5))) - m(x) ds (6)



and the norm

() 1/2
el = (//0 !p(w+tm(w(8)))|2dtd8> , (7)

where e € 5’,‘? and p is sufficiently smooth for the norm to be properly defined.
Under certain assumptions on the transfer paths associated to the vertices of the boundary facet e, the
norms |||-||, and || - ||ke  are equivalent. More precisely, let m(v;) the unit tangent vector of the transfer

ext

path associated with the vertices v; (i = 1,2) of the edge e. These norms are equivalent (see [33, Lemma
3.4]) if
1. m(v1) - m(v2) >0,
2. there exists a constant S, independent of h, such that m(x) - n. > . > 0 for all x € e; and
3. m(vy)- (m('vz))L > 0, with (m(vg))L being the vector obtained from m(vy) through a counterclock-
wise rotation by /2 about the origin.

In the three-dimensional case, these norms are also equivalent under similar assumptions involving the three
vertices. We omit details and refer to [34, Lemma A.1].

In this way, we introduce the following lemma as an extension of [18, Lemma 5.2] to help us to quantify
the extrapolation error on a transferring segment.

Lemma 1. If the aforementioned over m(v;) hold, then

~1/2
1124, |, < i/g r VPl W e [HU KGN (82)
1112 AP| ke, < 77"‘2’/206 Ciw IPlg, VP € [PR(E)), (8b)
where
. 1 1E()|lke,,
cat \/7“? XE[IPk Ke))d x| rce
Proof. See appendix A.1. O

The constants C¢,, and Cf  are indeed independent of h, but they depend on the shape regularity

mv
constant and on the polynomial degree k [18].

Closeness assumptions. We state a set of assumption quantifying how close I' and I'j, must be in order
to ensure well-posedness and optimal convergence of the method. For every facet e of €7, we suppose that

(A1) B2 ?rd(Cen)*(Ch)? < 1/32,

ext inv 1
(A4) 2maxl(x)(11 — =B -n) < 1/4.
(A2) reh(n — 3B-m) <1/4, 2

) (A5) 2maxi(a)(m + 28 m) < 1/4,
(A3) rehd(ma + 5B -m) < 1/4, mee 2
where 71 and 7 are the stabilization parameters of the HDG method and (. is a constant independent
of the discretization parameter h. Let us comment on the feasibility of the above conditions. If € is
polygonal /polyhedral, then r, = 0 and all the assumptions hold true. If dist(I',,T) is of order h9*!, they
are also true for all § > 0. This is the case, for example, when I'j, is a piece-wise linear interpolation of
I" since 6 = 1. On the other hand, the TPM can handle more general scenarios where €2 is embedded in
a background triangulation and €, is constructed by the union of the elements of the triangulation lying
completely inside of €2, which means 1 > § > 0. We observe that(A.2) - (A.5) are still satisfied for h
sufficiently small, but (A.1) cannot be guaranteed in general. However, numerical experiments suggest that
the method is still optimal even for the case 6 = 0. In addition, we decompose m = (m - n)n + t with
t:=m — (m-n)n and we ask the tangential component ¢ to satisfy



1 _
(A6) Te ||t”%oo(l“h) < %BeOMP,

where Cp- > 0 is the constant obtained from the discrete trace inequality (see [19, Lemma 1.46]). This
condition states that, from the theoretical point of view, the transfer path must be constructed in such a
way that m does not deviate too much from the normal to the facet.

L? and HDG projection. Let us first recall the classical L? projection into M}, denoted by Pys. On each
K € Ty, it satisfies (cf. [19, Lemma 1.58 and Lemma 1.59)), for v € H'*(K),

[0 = Provlm e S AT ol g Vmoe {0, kY, (9a)

v = Pyollgre < B2 0] (9b)

We also consider the HDG projection introduced in [12], which is a projection into the product space Vi, x W,.
Given (q,y) € Vi, x Wy, it is defined by 11(q,y) := (IIyq, yy), where (ITy g,y y) is the only element
satisfying, for all K € Ty,

(Myq + Bllwy, 8)x = (g + By, 8)k Vs € [Py (K)]", (10a)
(MIwy, t)k = (v, )k Vt € Pr_1(K), (10b)
(IMyq-n+ B -nPyy + nllwy, p)e = (g-n+ B - ny + 11y, t)e Vi € Pi(e), Ve COK, (10c)

where 71 is the positive stabilization parameter of the HDG scheme (18) defined in 97,. If 7 is chosen
independent of h and such that (1 — 38(z) - n(z)) > 0, for all € 0K, then this projection is well-defined

2
[12]. Moreover, if ¢ € H*(K) and y € H*(K), with [ € [0, k],
Tvg — gl S PR gl x + Ryl k, (11a)
IMwy — Yl S B alinx + b5yl k- (11b)
In turn, for the convection-diffusion optimal control problem, we will use the projection operator associated

to the dual problem, introduced in [10]. Tt is a projection into the product space Vj x Wy such that, given
(p,z) € Vi, x Wy, it is defined by IIj(p, z) := (Ily p, Iy z), where, on each element K € Ty,

(ﬁvp - 5ﬁwz,s)K =(p—PBz 9K Vs € [Pk,l(K)]d, (12a)

(ﬁWzat)K = (Z7t>K vVt e Pk—l(K)a (12b)
Myp-n—B-nPyz+nlyz,we = (p-n— B -nz+ 7z, 1) Vu € Pie), Ve C 0K, (12¢)

where 75 is the positive stabilization parameter of the HDG scheme (18) defined in 07, chosen to be
independent of h and such that (m2 + 38(x) - n(z)) > 0, for all z € K. This projection is of the same
nature as IIj,. Therefore, it is well-defined and, if p € H'*'(K) and z € H'*'(K), with [ € [0, k], then

ITLyp — Pl S PPl + P 2 (13a)

Ty 2 — 2l S PE Pl i+ REEY 2] e (13b)

In the computational boundary I'y, and in the extrapolation region €} = Ueeng ¢ ., the HDG projection

exts
satisfies (cf. [18, Lemma 3.8]),

Iy q - qllp, po S P glise + B oligo, (14a)

0n((TTva — ) - m)llog sy S BY2 ITva = ally, + (1+BY2) 0+ glui 0. (14b)

Furthermore, II;, also satisfies analogous estimates.



3 HDG formulation

In order to present the HDG scheme, we state the strong mixed formulation of the equation posed in the
computational subdomain 2, which is given by

qg+Vy=0 in Qp, (15a) p+Vz=0 in Qp, (15d)
V-(qg+By)=f+az in Qp, (15b) V-(p—PB2)=vya—vy in Qp, (15e)
Yy =1 on I'p, (15¢) z =9 on I'p, (15f)

where @1 and @3 can be obtained by integrating (15a) and (15d) along the transferring paths and o := 771

More precisely, for any ¢ € e, e € 5,‘3 and T € 01, we deduce that (cf. (4))

I(x) ()
o1(@) = 9(&) + /0 g-m(z(s)ds and  ps(x) = /0 p - m(x(s))ds, (16)

where x(s) = (T—x)s/l(x)+x, s € [0,/(x)]. The HDG method seeks an approximation (g, Yn, Yh, Ph, Zhs 2h)
of the exact solution (q,y,y‘eh,p,z,z|8h) in the space Vi, x Wj, x My, x Vi, x Wy, x My, defined by

V= {v € [LAT)) : o], € [Pu(K))%, VK € Th} : (172)
W, = {weﬁ(m:wyK e Pu(K), \ﬂ(en}, (17b)
My, = {M e L&) : ,u‘e € Pi(e), Vee Eh}. (17¢)
such that
(gn, )7, — (Yn, V - 71) 75, + (Un, 71 - M)aT5, =0, (18a)
—(qn + Byn, Vi), +(@n - 1+ B - nyn, w1)a7;, — (0zp, wi)7, = (f,w1)75, (18b)
(Pr,r2)75 — (20, V - 12) 75, + (Zh, 72 - M)oT;, = 0, (18c)
—(pn — Bz, Vwa) 7, + (Pr - — B - nZp, w2)o7, + (Yn, w2)75, = (Yd, w2)7;, (18d)
(@n-m+ B 1Yy, 1)or\r, =0, (18e)
(Ph-m — B-nZp, p2)or\r, =0, (18f)
(T, 1)), = (@1 1)1, s (18g)
<2h,,u2>1‘h = <SO’21’:U’2>F}L? (18h)

for all (v, w1, 1, V2, we, p2) € Vi x Wi, x My, X Vi, X Wy, X Mj,. The numerical traces are defined as follows
an=an+7(yn—Yn)n  and  pp =pp+ 72(2n — Z)n, (181)

where 71 and 79 are stabilization parameters. Now, we observe that the true boundary data on I'y, (cf. (16))
depend on the unknowns p and q. Then, we approximate ¢; and @2 by go’f and gog as follows. Let x € 5,?
and set

N - I(z) N I(z) ‘
1 () = g(®) + ; E(gn)-m(z(s))ds  and  p5(z) :/0 E(pp) - m(z(s)) ds, (18j)

where we recall the F(qp) and E(py) are the local extrapolation defined in the previous section. For our
theoretical results, we require the assumptions used in [10, Section 3] for the stabilization parameters:
(B.1) 7 is a piecewise constant on 07,

1
(B2) p (B.3) min(m — 5,5 ‘n)lox >0 VK € Tp,
2) Mm=T+p0-n,



Note that if (B.2) and (B.3) hold, then

1
min (7 + 55 ‘n)|lox >0 VK € Th. (19)

To analyze the well-posedness of this HDG formulation, we introduce the following notation:

2 2

1 ~
5B e =B (200

h

1
2 5 _
E =1 llanll7;, + el + vl =58+ n)2(y, — yh)Ha

_ 2 _ 2
Ep =772 Iy, + 1725, - (20b)

In other words, E' quantifies the energy of the HDG solution in the computational domain €2, whereas E,, is
related to the approximation of the boundary data. From now on, assumptions (A) and (B) will be assumed
to be valid.

Lemma 2. The HDG scheme (18) is well-posed.

We will come back to the proof after Section 4.

4 Error analysis

As usual in the error analysis of these types of methods [16], we first decompose the error as the sum of the
projection of the error and the projection error. The latter will be controlled by the properties in Section 2,
while for the former we will employ an energy argument (Section 4.1) for the mixed variables and a duality
argument (Section 4.2) for the primal variables.

4.1 Energy argument

We introduce the following notation for the error, the projection of the error, and the projection error,
respectively:

e? ‘=q—qp ; e¥ =Y —Yn ’ e? ::y_@\h ) (218‘)
eq=Tvq—qn , ey =Tlwy—un , €5:=Pyuy— U, (21b)
Iy=q-1lyq , I,:=y—-Ilyy . (21c)

In the same way, but with the projector (ﬁvp, ﬁwz), we define eP, e, €2, €p, €2, €2, Ip and I,. To simplify
the notation, we define

2 2

1
Erz = lleplly, + (2 + 58 1) 2 (e: - e2)ll,» (22a)

h

1
2
Eqy = leglly, + 1l =58 n)'?(e, — 8;7)HW
h
. 2 . Ry 2
Eor =M1 = tllr, 10 Eo = llo2 —93llp, -1 (22b)

We also set £ = &gy + Ep. and &, = &, + &,,. The latter allows us to quantify the error in the
approximation the boundary data.
We begin by noting that the projection of the errors satisfied the same HDG system (18) but with a



different right-hand side. In fact, it can be deduced that (see for instance [10, 23, 47]):

(€q: )7, — (89, V- 11)7, + (e 71 - m)ar;, = —(Ig, 1) 75,5 (23a)
—(eq + Bey, Vw1)7;, + (€5 -1+ B - neg,wi)o7, — (aez, w1)7, = (o, w1)7;,, (23b)
(ep,m2)7; — (€2, V- 12)7; + (€2, 72 - Moy, = —(Ip, T2) T35 (23¢)
—(ep — Be, Vwa) 7, + (€5 -1 — B - nez, w2)or, + (e, w2)7;, = —(Iy, w2)7;, (23d)
(eg-m+ B neg, p)am\r, =0, (23e)
(ep-m — B nez, pa)ar\r, =0, (23f)
(g m)ry, = (01 = @, i)y (23g)
(€2, 1a)T, = (w2 — @b, p2)r, (23h)
V(ry, wr, g1, re, we, p2) € Vi X Wiy X My, x Vi, X Wy, x My, with
€g-m=¢eq-n+7i(ey —gp), (24)
€p N =Ep N+ To(c, —ez). (25)

Following exactly the same steps performed in the proof of Lemma 2 apply now to the system (23), we find
the following identities.

Lemma 3. It holds
E=—vUg,eq)T, + (Lz,ey) 75, — Up, €p)s, — Uys€2)75 + Ky + Ky, (26)

where

1 1
Ky =" <5q N+ (Tl - 55 ’ n)l/Q(gy - 6?}) + 516 *NEY, Y1 — (p}1l> ;

Tp
1 1
K, :=— <sp n+ (12 + 5[3 ) 2(e, —es) — 56 “ME,, P2 — ¢§>
Ty
Moreover, on I'y, we have that
eg-m=(m nl)(p1—¢})+(m n) (Al 4 A% — T, -m —eq-t), (27a)
ep-n=(m-nl) o —h)+(m -n) (AP + AP — I, - m —gp-t), (27b)

where we recall the definition of AP in (6).

Proof. Choosing 11 = €4, w1 = €y, T2 = €p, and wy = €, in (23a)-(23d), respectively. Next, applying
integration by parts (23b) and (23d), we get

||€qH7~h — (69, V- &q)7;, + (eg: €q - Mo, = —(Iq:€q) 73,
(V- (eq+B2y)sey)7, — (€q -+ B -ney,ey)ar, + (eg-n+ B-neg,en)or, — ez e)7, = Lz, 8y)7,
”Epnfrh — (€2, V - €p)7,, + (e2.6p - Mo, = —(Ip, €p)T;

(V- (ep—Be.)e), —(ep-n —B-ne.,e.)or, + (ep -1 — B neze2)o7, + (6y2)7 = —a(ly, €2) 75,
Adding first and second equations, and the third and the fourth as well,
HEqH% + (eg.€q - n)or, + ((eg — €q) -+ B-nleg — &) ey)ar, + (V- (Bey). ey)7, — alez gy)7,
= —(Iqg,€q)7;, + a(lz,&y)7;,
HEPH%',I + <53’ €p- n>377L + <(€ﬁ - EP) ‘n — B : ’n(é‘g - 52)75Z>8’Th - (v : (/652)752)7—h - (5y75z)7’h

= _(Ipvep)Th - (Iy>52)771'



1 1
Then, by (24), (25), and using the identities (Bey, Ve, )7, = §<ﬂ -ney, ey)o7;, and (Be,, Ve.)7, = 5(5-

ne,, e2)o7,, after some algebraic manipulations, we find

2

1 1
leqliy, + 11 = 58-1) 2 (ey —eg)ll__ +{eq- nueglar, + 5
h 2

oT 2<B “meg, eg)aT, — €z, Ey)T,
h

= _(qusq)ﬁ + O‘(Izafy)Tha

1 2 1
lepll7, + 1172 + 58 1) 2(e: =)l + (5 myezdom — 5 (B nez,e)om, + (eys2)7,
h
= —p,ep)7, — Iz, €2) 75,

Now, multiplying by v the first of the above equations and adding it to the second one,

ol 1
E+(eg-n+ B neg ep)r, — 5(5 -neg, ep)a7, + (€51 — B - nez,ex)r, + 5([3 “MEZ, €2)0T;,
= —vq,eq)7 + (s, y) 75, — Up,€p) s, — Iy, €2) 75> (28)

where the second and fourth terms were obtained by (23e) and (23f), respectively. Next, taking into account
(24) and (25), we can respectively rewrite the second and fourth terms of (28) as:

veg-n+B-neg o1 — @), = (g - n+ ey —g5) + B - neg, o1 — oh)r,, (29)
(ep-m —B-nes, 00— h)r, = (ep -+ Ta(ex —£5) — B-nez 02 — Ph)r,. (30)
In turn, since €5 and ez are single-valued functions across the interfaces, and bearing in mind (23g) and
(23h), there hold (%B - neg, 5§>gfrh = <%B “neg, 1 — cp’f>ph and <%,6 “MEZ, €2)0T, = <%B - NEg, P2 — cp’§>ph.
Then, combining the above with (28), (29), and (30), after algebraic manipulations we get (26).
On the other hand, by adding and subtracting Iy g, we find

or-ch= [ @ B mas= [+ e ao) -mas
=1(—- A+ I, -m— A +eq-m)).
Now, decomposing m = (m - n)n + t, we obtain
p1— o =1(— M+ I;-m— A%+ (eg-n)(m-n)+eq-t).
After reordering the terms we deduce (27a) and performing similar steps we deduce that (27b) holds. [

Corollary 1. There exists a positive constant C, independent of h, such that
€48 < CfTay+Tpz + (14 18l ey B) eyl + =130} (31)

where, for (r,v) € {(q,v), (p,2)},

2 2 - 2 2
Ty = HI””Th + ||Iv||Th + Ieré%z(ﬁe tre || Iy - mHFh,hi + R? ||VIT||Q§1,(hL)2 : (32)
Proof. By (24) and (27a), we can rewrite K, as follows

_ 2 _ _
Ky = —v|[[(m - n) "% (p1 — ODlp, ;-1 — v{(m-n) AT o — D, =y ((mm) TIAS o — o),
+y{((m-n) g m, o1 — o), +y{(m-n) teg -t o1 — ¢,

1 1
—{(n =58 n)(ey —ep) 1 — oM, — V(5B ney, 1 = e,

10



Bearing in mind Assumption (A.2) and applying the discrete trace inequality, the Cauchy-Schwarz inequality,
and Young’s inequality to each term of K,, we obtain

1 _ 2 _ 2 _ 2
Ky < =5 l(m-n) V2 (o1 = @M)ip, 11+ 3max B 1y [IV2 AT ||+ 3max By (|12 A% |
? ecly e€ly,

1 2
+ 3max S ey [ Ig - mlp, e

1 2
58-n)'2(e, —e5)l|

It -5 N

_ 2
+3Héaxﬁe el ) Care el + 5

IIﬁIILoo m%xrectngyHTh

The deduction of the last three terms follows from the facts that 8 € [L>°(Q2)]", together with the discrete
trace inequality with Cy,.. Now, applying (8), and considering that R = max.c7; 7e, we find

1 _ h 2 2 — 2
K, < —3 l(m - n) 1/2(801 - @1)”1“,“#1 + R*y HVIPHQE,(}H-P + Eé%fﬁe e CenCinnY ”6‘1”72

3 1 2
9 2 9 2 1/2
+ 35&%?5&%7 g -m|f, o+ 32%%1(5&% 1[0 ) Cir ll€qll 7, + 1 (1 — 55 n) (e, — 537)||Fh
3 2 2
t5 18175 () RC;. ley 7, (33)

An analogous estimate can be obtained for K, following the same steps. On the other hand, applying
Cauchy-Schwarz and Young’s inequality in (26) and combining with (33), we get

v 2 1 2 B2 _ 2
Lleall, +7 1= 5812 —eg)l,_ +ller = 21,0+ l0m 1) 201 = D), 1o
h
1 2 1 1/2 2 hy2 ~1/2 INTE
+ 5 lleplly, 4112+ 58-n) ez — el + ez — @2l 10 + [10m - m) ™02 = 2)lp, 12
h

2 2 2 2 2 2
< Dl + 2113 + Sl + 5 MEpl + 1% + 5 el
2 - 2 - 2

+ B VIl sy +max B Cea Chyllegli, + 3max 87 rey 11 - mlp, o
1 1/2 > 3 2 2
3B ) ey — el .+ 5V 1Bl () RO lleyli7,

h
2 2 2,302 2 2 -1 2

+R ||VIP||Q‘;‘L,(hi)2 + Iglezg‘i(ﬁ Ceactcznv HspHTh + 3?&%?5@ Te ||IP ’ 'rn’HFh,hL

3
-1 2 2
+3max B rey [t o r,) Cir leall, + 3711 (m =

2

1
58-n) e —e)|  +3 IIBHLoo ) RCE ez 17, -

It = 5 .

~1 2 2 2
+3m 5 e [ ey OB el + 5
Therefore, using the closeness assumptions items (A.1) and (A.6) and reorganizing terms we find that (31)

holds. O

The estimate obtained in Corollary 1 allows us to control €, and €, as a function of €, and €,. The
latter terms will be bounded by making use of a duality argument, which is addressed in the next section.

4.2 Duality argument

In order to obtain the desire estimates for €, and €., we introduce the following equivalent optimal control
problem (for more details, see [47, Section 4.3]):

g 2
¢€n££nm B ||\I/ ®2HL2(Q) + 5 ||¢||L2(Q)

11



subject to

—AV —-(3- VU =01 —¢ in Q,
v =0 on I

From which the following dual system can be deduced:

¢-VI=0 inQ  (35a) PP — VI =0 inQ, (35d)
—V-¢p—-pB-V¥+¢=0; inQ, (35b) =V -¢P+3-VU* -U =0y inQ, (35e)
U= 0 onT, (35¢) U*= 0 onl, (35f)
and
Yy =V =0 in Q. (35g)
To shorten notation, let © := ||O1]|o + [|O2]l. We assume the following regularity estimate (see [31,
Proposition 5.1])
llg0 + @l o+ %7 llo0 + 1670 < ©- (36)

This holds true, for instance, for convex polyhedral domains or when I' is C?. On the other hand, we observe
that (35) is posed on 2, whereas the HDG method seeks the solution in €. In other words, the duality
argument will involve expressions to take into account the influence of the mismatch between € and €2 in
(4.2). More precisely, we consider the following result that can be obtained similarly to the proof of [18,
Lemma 5.5].

Lemma 4. Under the assumptions given in Section 2 and assuming that (36) holds true, we have

~

1 — PO, hiy1 S 1O, W +10n¥|p, -3 < ©,

In turn, the same estimates hold for W=,

Lemma 5. We have that

leylly, = — (Ig, Ty @) 7, + (€q, ¢ — Ty @)7;, + (ae®, Ty V)7, + (g4, aT?)7;, + S, (37a)
le:ll5. = — (Ip, Iy @P)7;, + (€p, #° — My ¢P)7, — (¥, Iy U*) 7, — (e2, V)7, + 7, (37b)

where,

Sy = —(eg — &y, B -n(Ilw¥ — Py V))or, — (€5, @ -n)r, — (€5 -1 + B -neg, V)r,,,
S, =(ez—¢,,8- n(ﬁW\IIZ — Py¥®))or, — (€5, 0” -n)r, — (ep-n — B-nez, ¥¥)r,.
Proof. We follow the steps carried out in [23, Lemma 4.3] adapted to our context (see also [47, Lemma 4.6]).
Let ©1 = ¢, in Qp, and ©1 =0 in 2\ Q. Then, adding a subtracting ITy ¢ and Iy ¥, we have that
leyll7, = = (64, V- Iy )7, = (4. V - (¢ — v §))7;, — (Bey, VILw ¥)7;, — (5, 8- V(¥ — Uy V)7,
+ (eq: Ilv @)1, + (€q, @ — Ilv @) 7, — (eq, VIIw V)7, — (eq, V(¥ — Il V)7, + (g4, V7).

Now, choosing r; = IIy ¢ in (23a) and w; = [Ty ¥ in (23Db), followed by simple algebraic arrangements, we
deduce that

— Ug: Iy )75, — (5, v - n)s7;, — (64 -1 + B - ney, M V)s7, + (e, Iy ¥)7;,

(oL, w V)7, = (g4, V- (¢ = Iy @))7;, — (g4, B+ V(¥ — Ilw ¥))7;, + (eq, ¢ — Hy @)7,
— (eq, V(¥ = IIwy V)75, + (64, a¥%)7;,

— (g, My @)7;, + (ae”, I W) 7, + (g, ¢ — My @) 7;, + (4, @¥7) 7, + Sy,

leyll7, =

" (38)
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where, for notation purposes only,

Sy :=— (5, My @ -n)a7;, — (€5 -n+ B -ney, Uw W)y, — (64, V- (¢ — Iy @) 75, — (€q, V(¥ — I ¥))7;,
— (,Bé‘y, V(U — Iy ¥)).

On the other hand, integrating by parts the above expression and using the HDG projection, particularly
(10a) and (10b), we deduce that

Sy = — <€§ — é‘y, (Hv(;') — (;')) . n>37—h — <(€a — Eq) N, HW\I/ — \I/>a7—h — <ﬁ . nsg, HW\II — \I/>37-h
—(B- ney, ¥ — HW\I/>377L - <€Z?’ @ - n>Fh - <€§' n + B neg, lIl>Fh7

where for the last two terms we have employed the fact that ej is single-valued on & and (23e). Moreover,
by (24) and suitably applying (10c),

Sy = — (5@\ — Ey, (quf) — (b) -n 4+ B . n(PM\I/ — \If) + Tl(\If — HW\I/»GTh — <€g — Ey,ﬁ . ’I’L(HW\I’ — PM\I’)>67;L
—{eg: @ -nr, — (eg-n+ B -ney, V)rr,
=— (g — &y, 8- n(w¥ — Py ¥))or;, — (g5, @ - n)r, — (eg-n+ B ney, ¥t
which together with (38) implies (37a).
Finally, by taking Oy = ¢, in Q;, and O3 = 0 in Q\ Qp, setting 7o = IIy @P in (23c) and wy = Iy ¥? in
(23d) in (35e), similar arguments yield to (37b). O

The presence of the terms —(e5—ey, B-n(lIw ¥ — Py ¥))s7;, in SY and (ez—¢., 8- n (I U7 — PyU#)) o,
in S§* are due the convection part of the differential equation. The remaining terms in S, and S, are due
to the fact that I';, does not fit ', otherwise both would vanish by (35c) and (35f). Then, in the following
lemma we rewrite S, and S, in order to quantify explicitly the influence of the mismatch between I' and I',.

Lemma 6. We have the following decomposition: S, = 210 St and S, 2}21 St, where

i=1%y
Sy = —(e5 — &y, 8- n(lw¥ — ¥))or, , = (ez — e, 8- n(IIw ¥* — T*))o7,,
S; = —(eg — &y, B-n(¥ — Py ¥))or,, = (ez — &2, B -n(V* — Pyy¥%))or,,
Sz —((m-nl)" o — "),V +m - nl@n\I’>rh, —((m-nl)"H(p2 — M), V" 4+ m - nlop V), ,
Sy = —(¢1 — 1, PyonV — 0n V)1, , —{pg — Pl Py U% — 0, W),
Sg —((m - n)*lAI‘l,\Ifﬁh, —((m-n)~ lAI",\IlZ>ph,
Sg = —((m - n)" A%, Uir,, —{((m -n) AP, U,
Sy = —((m-n)"'ri(ey — &), V)1, —((m-n)"'r(e. —e2), V),
S5 =—(B8-nle1 — ¢1), ¥)r,, S§ = (B-n(p2— ¢5), ¥%)r,
Sy = ((m-n)""Ig-m, V- Py¥)p,, S? = (m-n)"'I, - m, U* — Py Uy,
S,) = —((m-n)"'nI,, Py ¥)r,, S = —((m-n)"'nl,, Py9*)r,
S;l =—((m-n)"tey t,¥)p,, Sll/l =—((m-n)"te, - t, V), ,

Proof. We proceed analogously to the proof of [23, Lemma 4.4] (see also [18, Lemma 5.4]), but adding the
treatment of the terms associated with the convection. Then, by (24) and (27a) we find

g n=eq n+7i(ey—ecp) =(m-nl) o1 — )+ (m-n)" (A4 A% — g n—eq-t) +T1(ey — 5),
then
Sy =—{eg @ -n)r,
—((m-nl) o1 — M)+ (m-n)~? (Afe + A% — Iy -m—eq-t) +1i(ey — g5) + B neg, U)r,
— <€Z7 — «Sy,,@ . TI,(HW\I/ — PM\I’»@’T;L
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Now, bearing in mind that ¢ = VWV in (35a) and applying (23g) we deduce that

—(eg, - n)r, = —(¢1 — ¢, Puon¥)r, and — (B nez, U)r, = —(B-n(e1 —¢}), V)r,. (39)

In turn, by (10c), we have that (Iq-n,¥)r, = (Ig-n,V — Py¥)r, — (111, Pp¥)r,. Finally, by adding and
subtracting W in the first argument of the last term of (39), and after a simple rearrangement of terms, we
conclude the identity for S,. The decomposition for S, can be obtained analogously. O

Corollary 2. There holds that
Syl S (12 + RY2R12) (€q, + €,1) 2 © + T6,

where,

~ 2 2 2

Tqy = R°h ||qu||Q2,(hl)2 + 0|1 - mllp, o+ R*h [yl o - (40)
A similar estimate holds true for |S,|, where (p, z,2) plays the role of (q,y,¢1).

Proof. Lemmas 4 and 6 imply

1 1 _
Syl + 131 + 1851 =I((m = 58 1)"/*(e, = =5), (11 = 58 M) /28 n(Tlw ¥ = ¥)or;

Fl{(n = 58 m) (e, ), (58 -m) B (T — Por®)or

2
Il = 58 1) (e — ), (m — 58 m) V2, |

Applying the Cauchy-Schwarz and Young’s inequalities, using the fact that B € [W1*°(Q)]* and recalling

1
(B.3), we deduce that there exists C; > 0 such that (7 — 56 n,)"1/2 < O, for all e € &,. Thus, we have
that

1
Syl + IS5 + IS} <l (= 58 m) ey — el Cr (18l e ey 1w % = W[,
118 < oy 1 = Par®ll g, + (m- 1)~ i RR [, 4 ).

Now, bearing in mind that ¥ € H?(2) and applying (11b), (9b), Lemma 4 and the regularity estimate (36),
we obtain

1
Syl + 1851+ S]] S ll(m = 58 n)2(ey — g)| (h3/2 + Rh)@,

T

where R appears because, for each e € T'y,, [(x) < hX .. On the other hand, from the proof of [23, Lemma
4.4] and and considering that (m -n.)~! < 8.1 for all e € &, we obtain the following estimates

S5l < RY2RV2 o1 = @, -1 ©, S5l S Rhllor = #tllp, ;-1 ©,

S3] < R3/2h1/2 IV Igllgc (sye ©; S8] < R2p1/2 leqll 7. ©,

S5 < RY21372 |8 oo (o o1 — @I, 11 ©, Syl S B llg-mllp, . ©,

S, SRRV |1y, e ©, S,!| S RhM? 1]l oo r,) llEeqll ©-

The result follows from the definition of (Ep,y + 5¢1)1/2 (cf. (22a) and (22b)). The estimate for |S,| can be
1

deduced following the same steps, but considering Assumption (B.2) and asking for C to satisfy (75 + 5[3 .

n)~12 < C,. O

We are now in position to present the main results of our work. The first one controls the L?-norm of the
projection of the error associated to the scalar unknowns, whereas the second one provides the corresponding
estimates for the mixed unknowns of the state and adjoint approximations.
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Theorem 1. There exists hg > 0, such that for all h < hg, we have that

1 2 1/2
leully, + llezli, S+ Dl + 1Tpllg) + 1yl + Wl + (B + B20Y2) (Tely + T52)

1/2 (41)

1/2

+Tgly +Tp2

Proof. Adding (37a) and (37b), we get
Yyl + lle=llF; = =7 (I v @) . +7 (eq, ¢ — Ty @) . — (Ip, v §P)7;, + (e, ¢P — Ty ¢F)7;
+ (€%, Ty ©) 7 + (g4, U5) 7, — (¥, Ty %) — (e, U) 7 +SY + S7.

In turn, applying the estimates of the HDG projections (11a) and (13a), rearranging terms and bearing in
mind the definition of £ (cf. (22a)), we deduce

g, Iy @)1, < Hqll7;, (h+1)6, —(Ip, My @P) 7, < Il 7;, (h +1)0O,
Y(eq, ¢ —IvP)7, S (Eqy + 5@1)1/2h@a (ep, 9P — ﬁv(bp)Th S (Ept 5<p2)1/2h®~
In addition, by algebraic manipulations, (11a), (13a), and the regularity estimates (36), we find
(6 W), + (60 W) 73 — (T W), — (290 S (Rl + Il + sl + 1117, )©

Now, setting ©1 = g, in Q5, ©1 = 0 in Q\Qy, in (35b) and O = ¢, in Qp, Oz = 0 in N\Q, in (35e) and
applying Corollary 2, we arrive to

leully: + sl SO+ D(lgly, + gl ) + Mylly, + 1l + (b + RY2RY2)(E + )42 + TH2 + TY2
Then, by Corollary 1 and making algebraic rearrangements, we have that
/2 1/2
leully, + lleallg, S0+ lglly, + pllg) + Iyl + 1ol + (h+ BY2012) (T3 + T32)
+ (h+ B2 eyl + llezl) + Ty + T2
Therefore, there exists hg > 0, such that, for all h < hg the estimate (41) holds. O

Corollary 3. Let us assume q and p in H*TY(Q); and y and z in H**1(Q). Theremezists ho such that,
for all h < hg, there holds

ly = wnll7 + 12 = znlly, S P (lglesre + 1Plksro + Wlkero + 12lki1.0) (42a)

and

lg —anlly, +llp—pull7, < R (lalksr.0 + [Pletio + [Ylkno + |2k1.0) - (42b)

Proof. First of all, we note that by a scaling argument and the properties of the HDG projection, we can
show that

ley”l“h,hi + HIWZHFh,hi S s (|y|k+1,Q + |Z|k+1,ﬂ) :

Then, bearing in mind the definitions (32) and (40), by the approximation properties of the HDG projections
(cf. (11), (14)), and the decomposition m = (m - n)n + t, we have that

1/2 | ~1/2
Taly +Tdly <0 (lalirre + i)
and a similar expression is obtained for T, . and Tp,.. Moreover, Lyl + L7, < R (Jyles1,0 + | 2[k41.0)-

Thus, since y —yp, = ey + 1, and z — 2, = €, + 1, (42a) follows. Fmally, (42b) can be deduced from Corollary
1 (cf. (31)) by considering similar arguments. O
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The estimates over the entire domain 2 can be obtained thanks to Corollary 3 and [18, Lemma 3.7] ,
that is,

la — anllg + llp = allo + ly — ynllg + Iz — 2nllq S AEF

We end this section by mentioning how to proof the well-posedness of the scheme (cf. Lemma (2)).

Proof. Assume f = 0 and g = 0. By Fredholm alternative, it is enough to show that the solution to (18)
is (qn, Yns Un, Phs 21y 21) = (0,0,0,0,0,0). To that end, since the left-hand side of (18) is similar to that of
(23), by proceeding exactly as in the proof of Corollary 1, we can prove that there exists a positive constant
C, independent of h, such that

B+ By < C(1+ 18l B) (lual3, + I2all7,), (43)

where we recall the definition of £ and E, in (22). Now, by the same steps as in the proof of Theorem (1),
we can show that there exists ho > 0, such that for all A < hg, we have that ||yn[l7, + [[2nll;, < 0 and the
result follows. 0

5 Numerical experiments

In this section we present numerical experiments to validate the theoretical orders of convergence of the
approximation provided by the HDG method in the two-dimensional case. For all the computations we
consider the spaces specified in (17) with k£ € {0,1,2,3} and the exact solutions y = sin(wz) for the state
and z = sin(mz)sin(ry) for the adjoint. We fix @ = 1, 71 = 1 and 7 according to assumption (B.2). We
present two different numerical examples:

Example 1: We consider a circular domain Q := {(x,y) € R? : 22 + y? < 0.75} and the vector field
of the convective term as 3 = [1, 1].

Example 2: We consider a kidney-shaped domain whose boundary satisfies the equation
[z +05)2+y*] —x—05)* = (z+0.5)2+¢*] +0.1=0.
Additionally, we set the vector field of the convective term as 8 = [y, z].

According to Corollary 3, the theoretical order of convergence for the L%-norm of the errors in all the
variables is k + 1, as long as Assumption (A.1) - (A.4) hold true. This is what we actually observe in the
numerical experiments. More precisely, we have performed numerical simulations where I'j, is a piece-wise
linear interpolation of I' by a piece-wise. In this case, the distance between I' and I'j, is of order h?, R is
proportional to h and therefore the set of assumptions is valid for h sufficiently small. The results (not
reported here) showed the optimal convergence rate predicted by Corollary 3.

On the other hand, we do report a more interesting and practical situation where the computational
domain is constructed by “embedding” €2 in a background mesh and considering €2, as the union of the
elements lying completely inside of 2 as depicted in Figures 1 and 2. In this setting, R is of order one and
we cannot guaranty (A.1) holds. However, as we observe in Tables 1-2 (Example 1) and Tables 3-4 (Example
2), the order of convergence in all the variables is still k + 1.

6 Conclusions

We have introduced and analyzed an unfitted high-order HDG method for a convection-diffusion control
problem by applying the Transfer Path Method (TPM). The method was analyzed by considering the
direction of m for the construction of the transferring paths, thus filling a gap in the existing literature. The
method is well-posed and exhibits theoretically optimal convergence rates in the L?-norm for all unknowns
when the distance between 0§ and the computational boundary 9§, is proportional to A1, with § > 0.
We highlight that the numerical experiments demonstrate optimal convergence even in the limiting case
where § = 0.
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Figure 1: Representation of a circle domain. Figure 2: Representation of a kidney-shaped domain.
k‘ N H €y orderH eq orderH o order
16 |[|8.26EK—-02 — |[|[7T.06E—-01 — |[1.16E—-01 -

96 |(|7.04F —02 0.18 ||2.24F — 01 1.28 ||3.97E — 02 1.60
400 ||3.60F —02 0.94 ||[1.13E — 01 0.96 ||1.95E — 02 1.00
1680 (|1.89F£ — 02 0.90 ||5.79E — 02 0.93 ||9.10E — 03 1.06
7000 ||1.02E — 02 0.86 ||2.84E — 02 1.00 ||3.86L — 03 1.20

28504(|5.30£ — 03 0.94 ||[141FE —02 0.99 ||1.78E — 03 1.10

1| 16 ||2.56E —-02 — ||983E —-02 — |[1.18£—-02 —
96 |(|5.65 —03 1.68 ||2.41F — 02 1.57 ||1.06E — 03 2.70
400 ||1.50F — 03 1.86 ||6.16E — 03 1.91 |2.06FE — 04 2.28
1680 [|3.88 — 04 1.88 ||1.47E —03 1.99 ||5.06E — 05 1.95
7000 ||9.44FE — 05 1.98 ||3.31E — 04 2.09 ||5.10E — 06 3.21
28504(|2.34F — 06 1.99 ||7.95E — 05 2.03 ||5.66E — 07 3.13

2] 16 ||9.34E—-03 — ||410E—-02 — ||9.38E—-03 -
96 ||4.62FE — 04 3.36 ||1.68E — 03 3.56 ||2.14F — 04 4.22
400 ||6.48E — 05 2.76 ||2.48E — 04 2.68 ||3.71E — 05 2.45

1680 ||9.16FE — 06 2.72 |[5.06E — 05 2.21 ||5.99E — 06 2.54

7000 ||8.82E — 07 3.28 ||[4.09E — 06 3.53 ||3.34E — 07 4.05

28504((9.99F — 08 3.10 ||3.58E — 07 3.47 ||1.75E — 07 4.20

3| 16 ||7.156E—-04 — ||3.15E—-03 — ||6.61E—-04 —
96 |(|2.06E —05 3.96 ||1.76E — 04 3.22 ||1.29E — 05 4.39
400 ||1.59E — 06 3.59 ||1.36E — 05 3.56 ||1.03E — 06 3.54
1680 [|1.19F — 07 3.66 ||9.12E — 07 3.76 ||8.39E — 08 3.49
7000 ||4.99F — 09 4.46 ||3.23E — 08 4.69 ||1.86L — 09 5.33
28504|(2.73E — 10 4.12 ||1.44FE — 09 4.44 ||4.76E — 11 5.22

Table 1: History of convergence history of the error in ¥, q and ¥ for Example 1.
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k ‘ N H e, order H €p order H ez order

16 ||[143E—-01 — |[[1.L10E—-00 — ||1.65E—-01 -

96 ||1.16E —01 0.02 |[4.37E —01 1.03 ||[4.41FE — 02 1.47
400 ||5.72F —02 0.99 ||2.23F — 01 0.94 ||2.21F — 02 0.97
1680 ||2.94F — 02 0.93 ||[1.11E — 01 0.97 ||1.03E — 02 1.05
7000 ||1.62E — 02 0.84 ||5.48E — 02 0.99 ||4.31E — 03 1.22
28504|(|8.45 — 03 0.93 ||2.73E — 02 0.98 ||1.99E — 03 1.10

1| 16 ||[467TE—-02 — ||[1.89EF—-01 — ||218E—-02 —
96 ||1.30F —02 1.42|(5.01E —02 1.48 ||3.56E — 03 2.04
400 ||3.36E£ —03 1.90 ||1.21E —02 1.99 ||7.72E — 04 2.13
1680 ||8.16F — 04 1.98 |[2.63FE — 03 2.13 ||1.04E — 04 2.77
7000 ||1.98E — 04 1.99 ||5.98E — 04 2.08 ||9.71E — 06 3.33
28504|(4.90E — 05 1.99 |[1.45FE — 04 2.02 ||1.03E — 06 3.20

2] 16 ||7.26E—-03 — ||340E—-02 — |[452E—-03 -
96 ||8.27TFE — 04 2.42 |[3.54FE — 03 2.52 ||2.89FE — 04 3.07
400 ||1.40E —04 249 ||7.32FE — 04 2.21 |8.66E — 05 1.69

1680 ||2.27E — 05 2.54 |[1.22FE — 04 2.49 ||1.66E — 05 2.30

7000 ||[1.93F — 06 3.45 ||9.18E — 06 3.63 ||8.79L — 07 4.12

28504|(2.04FE — 07 3.20 ||8.07E — 07 3.46 ||4.37E — 08 4.27

3| 16 ||9.36E—-04 — ||474E—-03 — ||6.50E—-04 —
96 ||8.27FE —05 2.71||7.13F — 04 2.11 ||6.83E — 05 2.51
400 ||6.41E —06 3.59 ||[4.99E — 05 3.73 ||5.22E — 06 3.60
1680 ||2.98FE — 07 4.28 ||1.89FE — 06 4.56 ||2.02E — 07 4.53
7000 ||1.21E — 08 4.49 ||6.24F — 08 4.78 ||3.51E —09 5.68
28504((6.98E — 10 4.07 ||2.89E — 09 4.39 ||7.93E — 11 5.40

Table 2: History of convergence history of the error in z, p and Z for Example 1.
residence at Institut Mittag-Lefller in Djursholm, Sweden during the fall semester of 2025.

A Proofs of previous results

A.1 Proof of Lemma 1
Let p € [HY(KE

ext

)]¢. Following the steps of [18, Lemma 5.2] (integration by parts), we have that

()
[(x)AP(x) = / O(p(x +tm(x)) - m(x))(l(x) —t)dt.
0
Using Cauchy-Schwarz inequality and defining w(x,t) := 0:(p(x + tm(x)) - m(x)), we deduce that

3 I(x) x )2
l é )/0 w?(z, t)dt < l()(fe)mw!\i- (44)

() (AP (2))* <

where for the last inequality we used that H} = r.h.. Since I is Lipschitz and piecewise C2, by [33, Lemma
3.4] we have

_ 1
A7) eg < e 2wl g (45)

V3
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k‘ N H €y orderH eq orderH €5 order
22 ||1.85F —01 — ||[4.05EF—-01 — ||830F—-02 -
85 ||9.17TE — 02 1.04 ||2.19F — 01 0.91 ||4.73E — 02 0.83
370 ||5.10F — 02 0.80 ||[1.03E£ — 01 1.02 ||1.78E — 02 1.32

1576 (|2.73FE — 02 0.86 ||5.01F — 02 0.99 ||7.70E — 03 1.16

6545 [|1.43FE — 02 0.91 ||2.43E — 02 1.01 ||3.35E — 03 1.17

26590(|7.29EFE — 03 0.96 |[1.21E — 02 1.00 |1.61E — 03 1.04

1| 22 ||I331E-02 — ||[1.OBE—-01 — ||9.66F—03 —
85 [|9.22F — 03 1.89 ||2.99F — 02 1.86 ||2.67TE — 03 1.90
370 [|2.24E —03 1.93 ||7.13E — 03 1.95 ||4.84E — 04 2.32
1576 ||5.42FE — 04 1.96 ||[1.44F — 03 2.21 ||[4.70E — 05 3.22
6545 ||1.34E — 04 1.96 ||3.32E — 04 2.06 ||5.77E — 06 2.95
26590(|3.34E — 05 1.98 ||7.98E — 05 2.03 ||6.29E — 07 3.16

2| 22 ||3.T4E-03 — ||1.OOE—-02 — ||931E—-04 -
85 |[|6.64F — 04 2.56 ||2.46E — 03 2.07 ||[4.58E — 04 1.05
370 ||7.63E — 05 2.94 (|3.00F — 04 2.84 ||[4.16E — 05 3.26
1576 (|8.44F — 06 3.04 ||3.72E — 05 2.90 ||3.20E — 06 3.54
6545 ||9.63E — 07 3.05 ||3.48E — 06 3.33 ||2.10E — 07 3.83
26590(|1.17F — 07 3.01 ||3.81E — 07 3.16 ||1.57E — 08 3.70

3| 22 ||472E—-04 — ||[1.91E—-03 — ||2.66E—04 —
85 ||5.56F — 05 3.16 ||2.91FE — 04 2.79 ||[4.79E — 05 2.53
370 [|2.95E — 06 4.00 |2.03E — 05 3.62 ||2.34E — 06 4.11
1576 ||1.12FE — 07 4.51 ||7.13E — 07 4.62 ||5.42FE — 08 5.20
6545 (|6.04E — 09 4.10 [|3.05E — 08 4.43 ||1.64E — 09 4.99
26590|(3.56 E — 10 4.04 ||1.49FE — 09 4.30 ||4.38FE — 11 5.17

Table 3: History of convergence history of the error in y, g and ¥ for the example 2.

On the other hand, by the chain rule

w(x,t) = 0(p(§) - m(x)) = (Vpm(z)) - m(x).

Then, considering that [m(x)| < 1, and combining the above equality with (45), we deduce that (8a) holds.

On the other hand, from (44), considering now p € [Py (K.)]? and using the definition of C¢,,, we deduce
1/2 Tg/Qhe 3/2
I'/2 AP, < Ceat VPl e < 122004 Cino 1P e (46)

where the last inequality was obtained after applying an inverse inequality (see [19, Lemma 1.44]) and
Ciny > 0 is a constant independent of h.
References

[1] N. M. Atallah, C. Canuto, and G. Scovazzi. The high-order shifted boundary method and its analysis.
Computer Methods in Applied Mechanics and Engineering, 394:114885, 2022.

[2] I. Bermudez, J. Manriquez, and M. Solano. A hybridizable discontinuous Galerkin method for
Stokes/Darcy coupling on dissimilar meshes. IMA Journal of Numerical Analysis, 46(1):336-371, 2026.

19



[3]

[9]

k ‘ N H e, order H €p order H ez order

22 ||318E—-01 — ||849E —-01 — ||8.95E —-02 —

85 |[|1.53F —01 1.08 ||4.27E —01 1.01 ||5.33E —02 0.77
370 ||8.56E — 02 0.78 [|2.06E — 01 0.99 ||[1.93E — 02 1.38
1576 (|4.50F — 02 0.86 ||1.03E — 01 0.97 ||8.45E — 03 1.14
6545 ||2.36E — 02 0.91 ||5.11E — 02 0.98 ||3.65E — 03 1.18
26590(|1.20E — 02 0.96 ||2.56E — 02 0.99 ||1.74E — 03 1.06

1| 22 ||6.54F—-02 — ||[1.72E—-01 — ||[1.95E—-02 —
85 |[|1.71F —02 1.99 ||4.37E — 02 2.03 ||3.81E — 03 2.42
370 |[4.16E — 03 1.92 [|9.45F — 03 2.08 ||5.07E — 04 2.74
1576 ||1.01£ — 03 1.95 ||2.13E — 03 2.06 ||3.97E — 05 3.52
6545 (|2.01E — 04 1.96 ||5.11E — 04 2.00 ||5.04E — 06 2.90
26590((6.26 — 05 1.98 ||1.26E — 04 2.00 ||5.75E — 07 3.01

2| 22 ||815E—-03 — ||249E—-02 — ||[4.06E—-03 -
85 |(|1.74E —03 2.29 ||7.17E — 03 1.83|/1.39E — 03 1.58
370 |[1.94E — 04 2.98 ||9.31FE — 04 2.78 ||1.38E — 04 3.14
1576 ||1.98E — 05 3.15 ||9.14F — 05 3.20 ||1.0TE — 05 3.54
6545 ||1.99E — 06 3.22 ||7.81E — 06 3.45 ||5.75E — 07 4.10
26590(|2.33E — 07 3.06 ||8.17TE — 07 3.22 ||3.77E — 08 3.89

3| 22 ||1.30E—-03 — ||[442E—-03 — ||8.10E—-04 —
85 |[|1.15E —04 3.59 ||5.08E — 04 3.20 ||9.06E — 05 3.24
370 |[5.30E — 06 4.18 [|2.78E — 05 3.95 ||3.53E — 06 4.41
1576 ||2.21FE — 07 4.38 ||1.23E — 06 4.30 ||6.00E — 08 5.62
6545 ||1.33E — 08 3.95 ||6.71E — 08 4.09 (|2.38E — 09 4.53
26590(|8.15 — 10 3.98 ||3.38E — 09 4.26 ||9.70E — 11 4.57

Table 4: History of convergence history of the error in z, p and Z for the example 2.

P. Bochev, K. Peterson, and M. Perego. A multiscale control volume finite element method for
advection—diffusion equations. International Journal for Numerical Methods in Fluids, 77(11):641-667,
2015.

E. Burman, S. Claus, P. Hansbo, M. G. Larson, and A. Massing. CutFEM: discretizing geometry
and partial differential equations. International Journal for Numerical Methods in Engineering, 104(7):
472-501, 2015.

E. Burman, P. Hansbo, and M. G. Larson. CutFEM based on extended finite element spaces. Nu-
merische Mathematik, 152(2):331-369, 2022.

L. Camargo and M. Solano. A high order unfitted HDG method for the Helmholtz equation with first
order absorbing boundary condition. Preprint, 27, 2021.

J. M. Cérdenas and M. Solano. A high order unfitted hybridizable discontinuous Galerkin method for
linear elasticity. IMA Journal of Numerical Analysis, 44(2):945-979, 2024.

A. Cesmelioglu, B. Cockburn, N. C. Nguyen, and J. Peraire. Analysis of HDG methods for Oseen
equations. Journal of Scientific Computing, 55(2):392-431, 2013.

A. Cesmelioglu, B. Cockburn, and W. Qiu. Analysis of a hybridizable discontinuous Galerkin method

20



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

for the steady-state incompressible Navier-Stokes equations. Mathematics of Computation, 86(306):
1643-1670, 2017.

G. Chen, W. Hu, J. Shen, J. R. Singler, Y. Zhang, and X. Zheng. An HDG method for distributed
control of convection diffusion PDEs. Journal of Computational and Applied Mathematics, 343:643-661,
2018.

G. Chen, J. R. Singler, and Y. Zhang. An HDG method for Dirichlet boundary control of convection
dominated diffusion pdes. SIAM Journal on Numerical Analysis, 57(4):1919-1946, 2019.

Y. Chen and B. Cockburn. Analysis of variable-degree HDG methods for convection—diffusion equations.
Part I: general nonconforming meshes. IMA Journal of Numerical Analysis, 32(4):1267-1293, 2012.

B. Cockburn and M. Solano. Solving Dirichlet boundary-value problems on curved domains by exten-
sions from subdomains. SIAM Journal on Scientific Computing, 34(1):A497-A519, 2012.

B. Cockburn and M. Solano. Solving convection-diffusion problems on curved domains by extensions
from subdomains. Journal of Scientific Computing, 59(2):512-543, 2014.

B. Cockburn, J. Gopalakrishnan, and R. Lazarov. Unified hybridization of discontinuous Galerkin,
mixed, and continuous Galerkin methods for second order elliptic problems. SIAM Journal on Numerical
Analysis, 47(2):1319-1365, 2009.

B. Cockburn, J. Gopalakrishnan, and F.-J. Sayas. A projection-based error analysis of HDG methods.
Mathematics of Computation, 79(271):1351-1367, 2010.

B. Cockburn, J. Gopalakrishnan, N. Nguyen, J. Peraire, and F.-J. Sayas. Analysis of HDG methods
for Stokes flow. Mathematics of Computation, 80(274):723-760, 2011.

B. Cockburn, W. Qiu, and M. Solano. A priori error analysis for HDG methods using extensions from
subdomains to achieve boundary conformity. Mathematics of Computation, 83:665-699, 2014.

D. A. Di Pietro and A. Ern. Mathematical aspects of discontinuous Galerkin methods, volume 69.
Springer Science & Business Media, 2011.

T. Frachon and S. Zahedi. A cut finite element method for incompressible two-phase Navier—Stokes
flows. Journal of Computational Physics, 384:77-98, 2019.

G. Fu, W. Qiu, and W. Zhang. An analysis of HDG methods for convection-dominated diffusion
problems. ESAIM: Mathematical Modelling and Numerical Analysis, 49(1):225-256, 2015.

R. Glowinski and J.-L. Lions. Exact and approximate controllability for distributed parameter systems.
Acta Numerica, 4:159-328, 1995.

E. Henriquez and M. Solano. An unfitted HDG method for a distributed optimal control problem.
Journal of Computational and Applied Mathematics, 441:115703, 2024.

E. Henriquez, T. Sanchez-Vizuet, and M. Solano. An unfitted HDG discretization for a model problem
in shape optimization. arXiv preprint arXiv:2509.22724, 2025.

W. Hu, J. Shen, J. R. Singler, Y. Zhang, and X. Zheng. A superconvergent HDG method for distributed
control of convection diffusion PDEs. Journal of Scientific Computing, 76(3):1436-1457, 2018.

M. Lenoir. Optimal isoparametric finite elements and error estimates for domains involving curved
boundaries. SIAM Journal on Numerical Analysis, 23(3):562-580, 1986.

J. Li, M. Melenk, B. Wohlmuth, and J. Zou. Optimal convergence of higher order finite element methods
for elliptic interface problems. Applied Numerical Mathematics, 60:19-37, 2010.

21



28]

[29]

[30]

[31]

32]

[33]

[34]

J. L. Lions. Optimal control of systems governed by partial differential equations, volume 170. Springer,
1971.

A. Main and G. Scovazzi. The shifted boundary method for embedded domain computations. Part I:
Poisson and Stokes problems. Journal of Computational Physics, 372:972-995, 2018.

J. Manriquez, N.-C. Nguyen, and M. Solano. A dissimilar non-matching HDG discretization for Stokes
flows. Computer Methods in Applied Mechanics and Engineering, 399:115292, 2022. ISSN 0045-7825.

A. Manzoni, A. Quarteroni, and S. Salsa. Optimal Control of Partial Differential Equations. Springer,
2021.

N. McTaggart, R. Zagérski, X. Bonnin, A. Runov, and R. Schneider. Finite difference scheme for solving
general 3D convection—diffusion equation. Computer Physics Communications, 164(1-3):318-329, 2004.

R. Oyarzia, M. Solano, and P. Zuniga. A high order mixed-FEM for diffusion problems on curved
domains. Journal of Scientific Computing, 79:49-78, 2019.

R. Oyarzia, M. Solano, and P. Zuniga. A priori and a posteriori error analyses of a high order unfitted
mixed-FEM for Stokes flow. Computer Methods in Applied Mechanics and Engineering, 360:112780,
2020. ISSN 0045-7825.

A. Quarteroni, G. Rozza, L. Dede, and A. Quaini. Numerical approximation of a control problem for
advection-diffusion processes. In System Modeling and Optimization: Proceedings of the 22nd IFIP TC7
Conference held from July 18-22, 2005, in Turin, Italy 22, pages 261-273. Springer, 2006.

S. Rhebergen, B. Cockburn, and J. J. Van Der Vegt. A space—time discontinuous Galerkin method for
the incompressible Navier—Stokes equations. Journal of Computational Physics, 233:339-358, 2013.

N. Sanchez, T. Sanchez-Vizuet, and M. E. Solano. Error analysis of an unfitted HDG method for a
class of non-linear elliptic problems. Journal of Scientific Computing, 90(92), 2022.

T. Sénchez-Vizuet and M. E. Solano. A hybridizable discontinuous Galerkin solver for the Grad-
Shafranov equation. Computer Physics Communications, 235:120-132, 2019.

T. Sénchez-Vizuet, M. E. Solano, and A. J. Cerfon. Adaptive hybridizable discontinuous Galerkin
discretization of the Grad—Shafranov equation by extension from polygonal subdomains. Computer
Physics Communications, 255:107239, 2020.

M. Solano and F. Vargas. A high order HDG method for Stokes flow in curved domains. Journal of
Scientific Computing, 79(3):1505-1533, 2019.

M. Solano and F. Vargas. An unfitted HDG method for Oseen equations. Journal of Computational
and Applied Mathematics, 399:113721, 2022.

N. Sanchez, T. Sanchez-Vizuet, and M. E. Solano. Afternote to “coupling at a distance”: Convergence
analysis and a priori error estimates. Computational Methods in Applied Mathematics, 22(4):945-970,
2022.

F. Troltzsch. Optimal control of partial differential equations: theory, methods and applications, volume
112. American Mathematical Society, 2024.

H. Yiicel and P. Benner. Adaptive discontinuous Galerkin methods for state constrained optimal control
problems governed by convection diffusion equations. Computational Optimization and Applications,
62:291-321, 2015.

22



[45]

H. Yiicel, M. Heinkenschloss, and B. Karastzen. Distributed optimal control of diffusion-convection-
reaction equations using discontinuous Galerkin methods. In Numerical Mathematics and Advanced
Applications 2011: Proceedings of ENUMATH 2011, the 9th European Conference on Numerical Math-
ematics and Advanced Applications, Leicester, September 2011, pages 389-397. Springer, 2012.

Z. Zhou, X. Yu, and N. Yan. Local discontinuous Galerkin approximation of convection-dominated
diffusion optimal control problems with control constraints. Numerical Methods for Partial Differential
Equations, 30(1):339-360, 2014.

H. Zhu and F. Celiker. Error analysis of an HDG method for a distributed optimal control problem.
Journal of Computational and Applied Mathematics, 307:2-12, 2016.

E. Zuazua. Controllability and observability of partial differential equations: some results and open
problems. In Handbook of differential equations: evolutionary equations, volume 3, pages 527-621.
Elsevier, 2007.

23



Centro de Investigacién en Ingenieria Matematica (CI'MA)

PRE-PUBLICACIONES 2025 - 2026

2025-29 JUAN BARAJAS-CALONGE, MAURICIO SEPULVEDA, NICOLAS TORRES, Luis M.
VILLADA: Dynamically consistent finite volume scheme for a bimonomeric simplified

model with inflammation processes for Alzheimer’s disease
2026-01 ALoNso J. BusTos, GABRIEL N. GATICA, RICARDO RuUIZ-BAIER, BENJAMIN N.

VENEGAS: A perturbed threefold saddle-point formulation yielding new mized finite

element methods for poroelasticity with reduced symmetry
2026-02 JORGE AGUAYO, RODOLFO ARAYA: A Nitsche-type finite element method for the

linear elasticity equation with discontinuity jumps
2026-03 SERGIO  CAuUCAO, GABRIEL N. GATICA, ADRIAN SUAREZ, IvAN

Yorov: A skew-symmetry-based mized  formulation for an  Oseen-type
Kelvin—Voigt—Brinkman—Forchheimer model

2026-04 AKBAR Davoonbi, Diana PIcUET, HANKA RADA, NICOLAS
SANHUEZA-MATAMALA:  The asymptotic wversion of the Erdos-Sos conjecture
and beyond

2026-05 RODRIGO ABARCA DEL Ri10, FERNANDO CAMPOS, CRISTOBAL CARO-RAMIREZ,
JEAN FRANCOIS CRETAUX, DANIEL MOREIRA, ALFREDO RIBEIRO NETO, JONAS
FELIPE SANTOS DE SouzA, MAURICIO SEPULVEDA: First insights into the
performance of the SWOT Level 2 River Single-Pass Vector Data Product in rivers

with complex morphology: application to the Biobio River basin, Chile
2026-06 JUAN JOSE MAULEN, FERNANDO ROLDAN, CRISTIAN VEGA: Relazed and inertial

nonlinear Forward-Backward algorithm
2026-07 Luis BRICENO-ARIAS, FERNANDO ROLDAN: Optimal leveraging of smoothness and

strong convexity for Peaceman-Rachford splitting
2026-08 FAHIM ASLAM, JIANGHAO HAO, IQRA KANWAL, MAURICIO SEPULVEDA: Stability

and finite-time blow-up for a fractionally damped nonlinear plate equation: numerical

and analytical insights
2026-09 FAuim AsvLAM, ZAYD HAJJEJ, JIANGHAO HAO, IQra KANWAL, MAURICIO

SEPULVEDA, RODRIGO VEJAR: Stability and blow-up for a suspension bridge plate

model with fractional damping and memory
2026-10 ANIBAL CORONEL, FERNANDO HUANCAS, MAURICIO SEPULVEDA: Identification of

a power-like reaction term in a reaction-diffusion SIS model
2026-11 ESTEBAN HENRIQUEZ, MANUEL SOLANO: An unfitted HDG method for a distributed

optimal convection-diffusion control problem

Para obtener copias de las Pre-Publicaciones, escribir o llamar a: DIRECTOR, CENTRO DE
INVESTIGACION EN INGENIERfA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA
160-C, CONCEPCION, CHILE, TEL.: 41-2661324, o bien, visitar la pagina web del centro:
http://www.ciZ2ma.udec.cl



CENTRO DE INVESTIGACION EN
INGENIERIA MATEMATICA (CI2MA)
Universidad de Concepcién

Casilla 160-C, Concepcién, Chile
Tel.: 56-41-2661324 /2661554 /2661316
http://www.ci2ma.udec.cl




	Introduction
	Preliminaries
	HDG formulation
	Error analysis
	Energy argument
	Duality argument

	Numerical experiments
	Conclusions
	Proofs of previous results
	Proof of Lemma 1


