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Abstract

In this paper, we introduce the necessary conditions for the reaction term deter-
mination in a class of reaction-diffusion systems, based on knowledge of an
approximation of the state variables at the end of the processes. The system
considered is a generalization of the susceptible-infected-susceptible (SIS) model
of disease transmission, assuming spatial displacement of individuals. We con-
sider that the reaction term is defined by a power incidence function, and the
coefficients are space-time-dependent functions modeling the disease and recov-
ery rates. We introduce a formulation of the inverse problem as a constrained
optimization problem for an appropriate cost functional. The main results of the
paper are the existence of a minimizer for the cost functional; the definition of
a first-order necessary optimality condition; the proofs of stability of the state
and adjoint equations with respect to the coefficients, the power of the incidence,
and the observations; and the introduction of a biological consistent numeri-
cal approximation of the optimal control problem. Moreover, we present some
numerical examples of the parameter identification problem.

Keywords: power incidence function, inverse problem, parameter identification, SIS,
reaction-diffusion systems
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1 Introduction

The reaction-diffusion models have recently attracted significant interest for model-
ing disease transmission across different biological populations, as they often better
capture many aspects of the processes as is documented in the recent survey arti-
cles [31, 42] (see also the books [4, 5, 8, 11, 15, 53, 66]). This is especially true when
we consider the spatial movement of populations and, consequently, the diffusion of
the disease and the interactions of individuals occur in the spatial domain. In the
broader sense, accounting for the spatial dependence of the model variables is a better
improvement than the standard compartmental models based on ordinary differen-
tial equations when a law for diffusion modelling is applied. The typical assumption
is that the spatial diffusion of individuals satisfies Fick’s law. However, generalizing
disease models from ordinary differential equations to partial differential equations
involves subtle details. For instance, the model of individual interactions is not always
directly evident from measurements; the formulation of the boundary conditions, the
well-posedness of the model, and the numerical approximation are also involved. Par-
ticularly, we emphasize that it is necessary to identify an appropriate model of the
interaction based on disease observations.

In a pioneering work, Kermack and McKendrick introduced a model of epidemi-
ological dynamics [48]. Initially the authors have considered that a population of N
individuals is divided into three classes or compartments: susceptible, infected, and
recovered; assumed that the size of the populations of each compartment changes by
direct contact of infected individuals with susceptible ones or after having completed
the infection period; and suppose that there is immunity after the infection period,
formulate the ordinary differential equation system known as the susceptible—infected—
recovered (SIR) system. Subsequently, they have modified their original proposal to
consider the case of infection propagation under the assumption of immunity, obtain-
ing the SIS mathematical model: s = —fsi 4+ vi and i’ = Bsi — vi, with s = s(¢)
and ¢ = i(t) the populations of susceptible and infected compartments in a time ¢,
respectively. Here, Ssi models the interaction of infected and susceptible individu-
als by applying the mass-action law, and ¢ models the recovery. The coefficients S
and ~ are called the transmission and recovery rates, respectively. Afterwards, an
extensive list of generalizations of the assumptions to get SIS have been introduced,
which can be grouped into five types: nonlinear mechanisms more general than mass
action [12, 29, 30, 33, 35, 45, 76]; the inclusion of spatial displacement of individuals
by introducing the concept of diffusion [3, 6, 14, 26, 27, 46, 49, 50, 54, 68, 71]; the
consideration of variable coefficients [3, 56, 57]; the inclusion of other type of compart-
ments like asymptomatic, hospitalized, and quarantined individuals [68, 71]; and the
spread of the epidemics attending to multi-populations [9, 34, 56, 57, 74, 75]. Partic-
ularly, in the present work we are interested in a nonlinear mechanisms identification
in SIS reaction-diffusion system.



The influence spatial of displacement of the individuals have considered in a first
time in the works [3, 47, 67], where the authors justified and introduced generalized
models based on partial differential equations that incorporate diffusion. Moreover,
from the works of Capasso and Serio [12] and Anderson and May [5], several proposals
to improve the mass-action incidence mechanism model have been made [25, 37, 39,
51, 65]. We recall that the authors of [12] find that the mass-action law is imprecise
and consequently is open to refinement due to their lack of precision when it is applied
to model the saturated infection force for a large-scale epidemic, and in [5] it was
introduced an explicit criticism of modeling with the mass-action law. More recently,
[37] introduced a discussion of other factors that determine the desease dynamics not
considered by the mass action, and [51] showed that classical mass action does not
adequately capture the dynamics of COVID-19. Hence, in the presenet work, we are
interested in the case of a particular generalization of the mass-action law interaction
modeled by a power-law of the form (s?i? where p and ¢ are positive constants, which,
for the first time, was introduced in [59] for ordinary differential equations models (see
also [38, 40, 41, 58, 59, 62]) and recently analyzed in [69, 70, 72] in the context of
reaction-diffusion systems.

In this article we consider that the disease transmission is modeled by the following
reaction-diffusion system:

Sy —dsAS = —p(x,t)SIP + y(x, t)], in Qr :=Q x[0,7], (1)
I, — d; AT = B(x,t)SUIP — y(x, )], in Qr, (2)

VS n=VI-n=0, on I':=0Q x [0,T], (3)
(S, 1)(,0) = (S0, Io)(2), in 0, (1)

where the habitat Q € R? (d > 1) is an open and bounded domain with boundary
09 and outer unit normal vector field n; the unknowns S = S(z,t) and I = I(x,t)
are the density of susceptible and infected individuals at the position z and time ¢,
respectively; p and ¢ are positive constants; 5(x,t) and v(x,t) are the disease trans-
mission and recovery rates, respectively; So(z) and Ip(z) are the initial conditions;
and dg and dj are positive constants modeling the motility of susceptible and infected
individuals, respectively. The Neumann boundary condition (3) means that there is
no flux of individuals across the boundary of the habitat during the epidemic event.
We observe that the power incidence is reduced to the mass-action incidence mech-
anism when p = ¢ = 1, which have been researched by several authors, see for
instance [24, 28, 55, 77, 79]. Additionally, we notice that the total population size in
the mathematical model (1)—(4) is constant, since adding the equations (1) and (2),
integrating over (2, applying the Green’s formula, and using the boundary conditions
(3), we deduce that

1/(S+I)(x,t)dg; :/<dSAS+d1AI)dm :/ (dSVS-ndS+d1VS-ndS)=0,
dt Jo Q a0

or equivalently [,(S 4 I)(z,t)dx = [,(So + Io)(x,t)dx for any t > 0. The well-
posedness of strong solutions of (1)—(4) is troublesome because, specifically for the



case p,q € (0,1), since the standard methodologies lack of direct applicability, for
instance, the reaction term is not Lipschitz. Recently, [72] introduced the framework
and extensively established the analysis of the well-posedness and the asymptotic
behavior of strong solutions to (1)—(4). Particularly, the authors of [72] consider that
p, q are positive constants, 3,y are positive Holder continuous functions, and the initial
conditions are positive continuous functions (see Theorem 1 for details).

The aim of this paper is to analyze the identification of the reaction coefficients
and the exponents of the power-law from measurements of susceptible and infected
populations at some fixed time. To provide a more precise formulation of the inverse
problem, we begin by defining appropriate notation and a formal framework. In the
context of the previous notation the identification problem is defined as follows: Given
a observation of the susceptible and infected populations at time T' > 0, denoted by
S°bs and I°% defined from €2 to RY, determine 3, v, p and ¢ such that (S, I)(-,T),
the solution of (1)—(4), is “as close as” to (5°%¢, I°%%). This identification problem can
be recast as an optimal control problem as follows. Let us beginning by considering
the cost function J, the reduced cost function 7, and the admisible set U,, defined
as follows:

1 r (7
IS, 1) =5 [[(S.D).T) - (S 1) |32 e + 5/0 IV (8. )72y dts (5)
T(B:7:p:9) = J(SBp.a) Lgrma)> (6)
Uaa = {(B.7.p.9) € C™*/2(Qr)? x [0,00)* : VB, V7 € L*(Qr),

(8,7)(@1) € [8,B] x [1,7] € RY on Qr p 0 (HI/A+1(@)2 x BE), (7)

where ' > 0 is a positive constant. The notations C**/2(Qr), C(Q), L*(Q) and
HI4/2+1(Q) are the standard notation for Holder, continuous, Lebesgue, and Sobolev
space of functions, respectively [1, 32]; and (S(g,yp.q), [(8,4,p,q)) denotes the solution
of the reaction-diffusion system of (1)—(4) for 8, v, p, and q. Hence, the identification
problem is formulated as the optimal control problem:

Find (8,7, P, q) € Uuq such that

j 77 77 777 inf j ) b b )
R ) P (8,70 4) (8)
subject to (S(8,,p.q) 1(8,7.p.q)) solution of (1)—(4).

The particular case of the optimal control problem (8) with p,q fixed and 8 and ~
independents of ¢ is analized in [19]. Moreover, various studies have explored analytical
approaches for other optimal control in reaction-diffusion systems [7, 13, 17-23, 78,
80]. Regarding the identification of reaction coefficients, Xiang and Liu [80] initially
analyzed the one-dimensional case (d = 1) by assuming the incidence function SI/(S+
I) rather than mass-action kinetics. This was later extended to d > 1 in [17].

The main contributions of the paper are the following: the existence of solutions of
the optimal control problem (8); the definition of an adjoint system; the introduction
of a first order optimality condition; the continuous dependence of the state equation



solutions with respect to the coefficients and the power exponentes; and the continu-
ous dependence of the adjoint equation solutions with respect to the coefficients, the
power exponentes, and the observation functions. In a broad sense, the existence of
solutions of the optimal control problem is developed considering the minimization
sequences methodology, the first order result is deduced by introducing the sensitivity
equation, the continuos dependence results are proved by application of the energy
estimates, and the introduction of a consistent numerical approximation of the control
problem by the discretize-then-optimize methodology. In addition we present some
numerical simulations for the particular case of the optimal control problem known
as the parameter identification problem, where we consider that the coefficients are
parameterized by a finite number of parameters.

2 Analytical results of the optimal control problem

2.1 Assumptions and well-posedness of state equations

The analysis of well-posedness of the initial boundary problem (1)—(4) is historically
related to the contributions of Alikakos [2] and Masuda [64]. In [2] the author analyze
thecaseof =1,7=0,p € [1,(n+1)/n) and ¢ = 1 and in [64] the author generalize
the result of [2] to the case p > 0. Subsequently, [44, 52, 73] obtains results for
similar results of global existence of classical solutions with the reaction terms given
by —SIP + \SIP and S9IP — SYIP with p,q,p,q € [1,00) and X € [0, 1]. The analysis
of the case p,q,D,q € (0,1) is more delicate, since, the products S2I? and SZIP are
not Lipschitz, and the existing theories of the dynamical systems cannot be applied
directly, we refer to the extensively discussion developed in [33, 44]. Afterwards, and
recently, in [72] the authors have obtained the global existence of classical solutions
when p, ¢, P, 7 € [0, 00). Moreover the authors of [72] have analized (1)—(4) by assuming
that (8,7, p,p) € Uaq and the initial conditions are positive continuous functions.

In this paper we adapte the assumptions introduced in [72] and define the following
hypothesis

(HO) The open bounded convex set © is such that 9 is C*.
(H1) The functions constants p and ¢ are positive, and the functions 8 and v are
positive and bounded Hélder functions, i.e.

p,q € [0,00), 8,7 € C***(@Qr), (B,7)(z,1) € [B,B] x [,7] C RY,

where f3, 3, v, and 7 are some strictly positive constants.

(H2) The initial conditions Sy and Iy belong to C(Q) with So(x) > 0 and Io(z) > 0
on  and satisfying the relations: Io(x) > 0 on an open subset of Q, So(x) > 0 on
Q for g € (0,1), and Io(z) > 0 on Q for p € (0,1).

(H3) The observation functions S°°* and I°** are belong to C(9).

The biological interpretation of the hypotheses is discussed in [72] and the the role in
the mathemathical analysis is the following: (HO) is necessary to get the appropriate
compactness used to prove the existence of solutions for the inverse problem; (H1)-(H2)
are necessary to get the well-posedness and strictly positive behavior of the solution



for the direct problem; and (H3) is necessary to get the stability result and existence
of strong solutions of the adjoint problem.

Theorem 1 [72, theorem 2.3] Assume that the hypothesis (H0)-(H2) are satisfied. Then, the
initial boundary value problem for a reaction-diffusion system (1)—(4) admits a unique positive
classical solution (S,I), such that S and I are belong to C’2+O"1+O‘/2(@T). Furthermore, the
relations

1SCs Ol po (s (5 D)l <€, VE=0, )
limsup [|S(-,t)[| Lo (@), imsup [ I(-, t)[| L () < C, (10)
t—o0 t—o00

are satisfied for all t > 0, for some a positive generic constants C, depending only on the
initial data.

2.2 Existence of solutions of the optimal control problem.

Theorem 2 Assume that the assumptions (H0)-(H3) are satisfied. Then, there exists at least
one solution of (8).

Proof The proof is based on the standard technique of minimizing sequence. We begin, by
observing that (B(x,t),y(x,t),p,q) = (8+ 8,7 +7,2,2)/2 is an admissible control, implying
that the admissible sete U,q is not empty. Moreover, by Theorem 1 we deduce that J
is bounded, and we can consider that {(8n,yn,pn,qn)} C M C U,q(Q2) is a minimizing
sequence of J with M a bounded and closed set. From Theorem 6[32, pp. 270] and Theorem
1.3.1[1, pp. 11] we deduce the compact embedding HI%/2+1(Q) c C*(Q) for a €]0,1/2] for
Q bounded and convex (see [17] for details). It implies that {(8n,vn)(:,t)} is bounded in the
strong topology of C* (ﬁ)2 for all « €]0,1/2], equivalently, there exists a positive constant C
(independent of 3,+ and n) such that

[Bn (s Dl ga gy + (Dl ca @y < C(Hﬁn(vt)|\H\[d/2J\+1(Q) + an(',t)||H\[d/2n+1(g)),

for all « €]0,1/2] and ¢t > 0. Notice that the right hand is bounded by the definition of M.
Let Sy, and Iy, the corresponding solution of (1)-(4) with (8n, vn, Pn, qn) instead of (8,~, p, q).
Moreover, by Theorem 1, we follow that {(Sn,In)} is a bounded sequence in the strong
topology of C’z"'a’H'%(QT)2 for all a €]0,1/2]. Then, the boundedness of the minimizing
sequence and the corresponding sequence {(Sn, In)}, implies that there exist

B.7) € V@) MU, (8.T) e T HT @),
and the subsequences again labeled by {(8n,vn,Pn,qn)} and {(Sn, In)} such that
Bn— B, m—7 uniformly on C**@Qr), (pn,an) = (5.9, (11)
Sp =8, In—T uniformly on C*% (Qp)NnC*T1T2(Qy). (12)

Moreover, we can deduce that (S, 1) is the solution of the initial boundary value problem
of (1)-(4) corresponding to the coefficients (3,7,D,q). Hence, by Lebesgue’s dominated con-
vergence theorem, the weak lower-semicontinuity of the L? norm, and the definition of the
minimizing sequence, we have that

J(B7 W7 ﬁ,q) S hm J(Bn»’Ympm’Jn) = lnf \7(6777p7 q) (13)
n—00 (8,7,9:9)€Vad
Then, (3,7%,7,q) is a solution of (8). O



2.3 Continuous adjoint state.

Let us define (wy,ws) as the solution of the following backward boundary value
problem

(wy)¢ + dsAwy = qB(x,t)ST P (wy — wy), in Qr, (14)
(w2)¢ + drAwy = (pB(z, ) SUP~ — (2, ) (w1 — wy), in Qr, (15)
Vwi-n=Vws -n=0, on T, (16)
(wi,w2)(@,T) = (S(2,T) = 8 (), [(@,T) = I"*(2)),  nQ,  (7)

where (3,%,7,7) € Uaq is a solution of the optimal control problem (8) and (S, 1) is
the corresponding solution of (1)-(4) with (5,7, D, q) instead of (8,7, p, q).

Theorem 3 Assume that the assumptions (H0)-(H3) are satisfied. Then, The adjoint system
to (1)-(4) is given by the system (14)-(17). Moreover, the solution (14)-(17) is bounded in
L>(0,t; H*(Q)) for almost all time t in )0, T). In particular the solution (14)-(17) is bounded
in L°(0,t; L°°(2)) for almost all time t in |0, T.

Proof The proof of the fact that (14)-(17) is the adjoint system of (1)-(4) can be developed
by the standard arguments of optimal control theory, see for instance [36]. Now, in order to
get the other properties of the result we apply the standard energy estimates methodology.
For L>(0,t; H?(2)) estimates, we set ¢ €]0, 7] and claim that

(w1, wa) (1) |2 (02 < C, [(Vws, Vw2) (-, )|l L2 ()2 < C, (18)
[(Awr, Aw2) (-, D)[[L2q)2 <O, lwi(H)llpe) <O, fw2(,8)||pe) <C, (19)

for a positive generic constant C'. The rest of the proof is dedicated to prove the claims (18)-
(19). We begin by defining the change of variable 7 = T'— ¢ for ¢ € [0, T]. Moreover, consider
the notation wi(-,7) = wi(-,T — 1), wi(-,7) = wa(-, T — 1), S*(-,7) = S(-,T — 7), and
I*(-,7) = I(-,T — 7). Then, the adjoint system (14)-(17) is equivalent to the system

(wi)e — dsAwi = —gB(w, T — )57 1" (w} — w}), inQr,  (20)
(w2)i — dgAwz = —(pB(a, T — 1)S™ I —F(z,t — T))(wi —w3), inQp, (21)
Vw] -n=Vws -n=0, onT, (22)

(w1, w2)(,0) = (S, T) = $”(2), I(2,T) = 1" () ) inQ (23

Now, we proceed to get the estimates.

To prove (18), we proceed as follows. We multiply (20) by w] and (21) by w3, integrate
on ) and use the Green formula, add the resulting equalities, apply the Cauchy inequality,
rearranging some terms, and applying the Theorem 1, we can deduce the following estimate

1d * * *
Sl wh ) (e + Ve, Vud) (e < Cllwh, wd) ()@ (24)
Then, by the Gronwall inequality, we obtain

1(wi, w3) (. ) I72 ()2 < T NI, w3) (- 0)l[72 (g2 (25)



which implies the first estimation in (18). Moreover, from (24) and (25), we have that
C
[(Vwi, Vud) (1) Z2@)e < C T Ilwi, w3)(, 022 ()2

and by the definition of the norm of Hg(€2) we deduce the second estimate in (18).
On the other hand, using the fact that
[ wiredwi do= — [ lwi)e] - Vuide+ [ (i), Vi) nds= -5 2 i (I o)
Q Q oN
for i = 1,2. We note that, multiplying (20) by Awj, multiplying (21) by Aws, integrating
on 2, and adding the results, we deduce that

1d
5 ol wd wh) (e + |\<Awi‘,Aw5><~,r>n%z (02

< Clell(wi, w3) ez + o I(Awi, Aws) (1) [F2az]
for any € > 0. Then, we have that
1d 2 4e — C * * 2 * * 2
5 7wt w2) () )2 + = I(AwT, Awz) (-, 7)l[72()e < €Cll(wi, w3)(7) [ z2(0)2-
Now, by selecting € > C'/4 and using the estimate (25) we get

* * 46 C * *
l(Aawt, Aw)(n)T20pe < 3o—ge™ " Iwiw3) (0L a2

which implies the first inequality in (19). From the previous estimates, we notice that the
norms of w; and wo are bounded in the norm of H?(f2). Thus, by the standard embedding
theorem of H?(Q2) C L>(R), we easily deduce the last two estimates in (19) and conclude
the proof of the theorem. O

2.4 First order optimality condition

Theorem 4 Assume that the assumptions (H0)-(H3) are satisfied and consider that (S, I)
(@1,11)2) are the solutions of the state and adjoint systems for the optimal control solution
(8,%,D,q). Then, the following inequality

[ = 0@ @y [mE)a - o + e )]

+ [(B,t) = Bla, ) ST = (3(a,t) = (2, )| (we — wi) }dadt
41 [ [VB-V(E-B)+ V7 V(-] dude 20, ¥(3A) € Uua(®,  (26)

is satisfied.

Proof Let us consider an arbitrary pair (B ¥, D, q) € Ugq and introduce the notation
(8%.7°.0%0°) = (1 —)(B,7, 5, @) + (B, 4,$,4) € Uaa, €€ (0,1),

1 obs jobs r T
Je = SlI(% 1) (. 1) = (87, 1) [ ape + 5 /0 V8%, V99 (D) 222,

where (5%, I¢) is the solution of (1)-(4) with (8°,4%,p,¢%) instead of (8,7,p,q) and J= =
J(B%,~%,p°,¢°). Now, using the hypothesis that (3,7, p ’) is an optimal solution of (8) and
taking the Fréchet derivative of J., we have that
) dx
e=0

a7 / ( a5°
e=0 N O

de Oe

oI

£ obs
S (@, 1) = 5 () o

+ | (2, T) — 1°%(2)

e=0



4T / [va (B - B) + VAV (5 — w)} dedt > 0, (27)

where 0:5° and 9:1° for ¢ = 0 are calculated by analyzing the sensitivities of solutions for
(1)-(4) with respect to perturbations of (8,7,p, q).
From the definition of (S¢, 1) and (S, I) we have that

(5 — dgAS® = =% (z,)(S) " (I +7 ()1, inQr,  (28)
(1) = dr AL = B (2, 6)(S)T (1) =" (&, )", inQr, (29
VS -n=VI°-n=0, onT, (30)
(S°,I%)(z,0) = (So, Ip)(x), in Q, (31)
and

(S)e — dsAS = —B(x,t)(S)P (DT + (=, )], in Qr, (32)
(Dt = drAT = B(a,1)(S)P(I)7 = A(w, D)1, in Qr, (33)
VS -n=VI-n=0, on I, (34)
(S, 1)(z,0) = (So, Ip)(z), in Q. (35)

Let us consider the notation (2§, 25) = ¢! (8% — 8,1° — I) and observe that

G = =2 [6° (@, 059 (I = Bl 0S| + 2 [ (@01 — 5(2,0)]]
[(55)7" = (9)7] sy -]
5e — [

(57— (9)7

= — (1) (I%)P" 25 — 6% (2, 1)(5)"

9]

—FeN s <I>”E<q—q>—ﬁ€<w,t>(5>qg[e
A g

€ p —
- (ﬂ(l‘,t) - B(w7t)) )Q(i)ﬁ + 76(1” t)ZS + (’A}/(xvt) - ’_}’(l',t))f,
3

Then, subtracting the system (32)-(35) from (28)-(31), and dividing by &, we deduce the
following system

(®-p)

il

(21)t —dgAz] = G7, in Qr, (36)

(z2)t —drAz; = =G5, in Qr, (37)

Vzi-n=Vz5 -n=0, onT, (38)

(21, 25)(x,0) = 0, in Q. (39)

Denoting by (21, z2) the limit of (2§, 25) when € — 0, from (36)-(39), we deduce that

(21)t —dsAz1 =G, in Qr, (40)

(22)t —djAze = -G, in Qr, (41)
Vz1-n=Vzy-n=0, on T, (42)

(21, 22)(z,0) = 0, in Q, (43)

where

G = —aB(x, 0)(3)" (121 = [pBla, )3 (D™ = (e, 0)] 22 — Bz, 0(5) (D W(8)(d — @)

= Bz, t)(S) (D (D) (p — p) — (Blx, ) — B, 6))(S)U(DP + (3(x,t) — 7(z, ).
Thus, in (27) we have that

= e=0 :/Q(

S%(x,T) — S° If(z,T) — 1°%

z21(z, T) +

I z9(x, T)) dz



+ r/ [va (B - B) + VAV (5 — 7)} dadt > 0, (44)

where (z1, z2) is the solution of (40)-(43).
On the other hand, from (14)-(17) and (40)-(41), we deduce that

%(wlzl + waze) = w1Azy + welAze — 21 Awy — zAws
= B(S)"I [ ()@ = ) + (D)= p)] + [(B= BST = (5= DI (we = wi).
Then, we deduce the following identity

/Q ( ‘S(;;;,T) - sobS(x)‘ 2(e,T) + ‘I_(x,T) - IObS(m)‘ zz(x,T)> dz

0
= / (w1 (z,T)z1(z, T) + wa(z, T)z2(x, T)) dz = — (w121 + waze)dzdt
Q Qr ot

— [ {~Ban@D ) - )+ D6~ )]

+ [(B,t) = B, )5 — (3, ) = 3w, D) (wg — wn) fdadt  (45)

Hence, we can conclude the proof of (26) by replacing (45) in the first term of (44). O

2.5 Continuos dependence results

Theorem 5 Assume that the assumptions (HO0)-(H3) are satisfied. The mapping
(B,7,p,q) — (S, 1) is continuous from Uayq(Q) C [L?(Q)]? to L>°(0,t; L*(2)) for almost all
time t in 10, T7.

Proof Let us consider the set of functions {5, I} and {S, I} as solutions to the direct problem
(1)-(4) and with data {8,~,p,q} and {8,5, P, G}, respectively. Then, we can prove that there
exist the positive constant C' such that the inequality

168 = 8,1 = D)2z < CIB = 8,5 =MDl + 16— vl +1a - al] (46)

holds for any ¢ € [0,T]. We begin by considering the notation §Z defined by §Z = Z - Z.
Then, from an algebraic manipulation of the corresponding systems for for (S, I) and (5, 5)
we deduce that (85, d1I) satisfy the initial boundary value problem

(6S)t — dsA(6S) = 6F, in Qr, (47)
(61)¢ — djA(61) = —4F, in Qr, (48)
V(©S) - n=V(§I) - n=0, on T, (49)
(6S,01)(z,0) =0, in Q, (50)

where
§F = —B(x,4)(8T — SOIP — B(x,4)SI(IP — IP) — §B(x,t)SITP — B(z, 1) (ST — ST)IP
— B, )SUIP = 17) + 7 (x, )31 + v (x, 1) ]

= —4B(z,t) [/ uqldu] 1P — pp(x,1)89 VI upldu} — 08(x, t)S11P

S

10



— B(z,t) In(S) + y(x, )01 4 5y (z, t)1.

q . P
/ Sudu:| 1P — B(x,t)SYIn(1) [/ I"du
q P

To prove (46), we test the equations (47) and (48) by 65 and 01, respectively. Then, adding
the results, integrating on (2, applying the Cauchy-Schwarz inequality, and Theorem 1, we get

1d

L (68,60 ()32 + dsITES)C, Ol ) +drIVOD( D30
< (IS, 61 D2y + 1B = B4 = DOl Z2pe + 1D —pl +1a—dal]  (51)
Then, using the Gronwall inequality and (50), we deduce (46). O

Theorem 6 Assume that the assumptions (HO0)-(H3) are satisfied. The mapping
(8,7, P, q, S5, 1°%%) = (w1, ws) is continuous from Uyq(Q) x L2(Q) x L2(Q) c [L2()]* to
L>(0,t; L2(Q)) for almost all time t in |0, T].

Proof By similar arguments to the proof of the item (iv) we prove that the inequality
(1 — wy, by — w2) (-, 1)[[F2 (02
<C(IB =B85 =N OlLag@) + 15— pl+1d— gl + (87 = S, 1 = I*)||32(qp2 ),
holds for any ¢ € [0, 7], which implies the result of the item. O

2.6 Comments on the uniqueness of the control problem

It is well known, broadly speaking, the inverse problem suffers from ill-posedness
regarding uniqueness. A precise case of non—uniqueness for constant endemic equilib-
ria. To be more precise we consider (1)—(4) with positive and constant coefficients g
and ~. It is well known that the total population N = [,(So 4 Ip)(z)dz is conserved.
In the classical mass action incidence function model (p = g = 1), the system admits
the disease-free equilibrium (N,0) and, whenever Ry := SN/y > 1, the endemic

equilibrium
N 1
*71* =\ 5> N{1-— s
(S L) (Ro ( Ro)>

Observing that the Laplacian vanishes for constant functions, the pair (S, I)(z,t) =
(S4, I..) is a stationary solution of the power-incidence model if and only if

BSIIP = ~I,, or equivalently v = 3S9IP~ L.

Hence, once the endemic equilibrium (S, I,) is fixed, the above relation represents
only one scalar constraint for the four parameters (8, v, p, ¢). Consequently, there exist
infinitely many parameter sets producing the same constant endemic equilibrium. For
instance, fixing p = 1, any choice of 8 > 0 and ¢ > 0 together with v = 85S¢ generates
the same stationary solution (S, I')(z,t) = (S, I,.). This simple observation shows that,
when only constant endemic states are observed, the inverse problem of identifying
the parameters (3,7, p,q) cannot be uniquely solvable.

11



Although the inverse problem is generally ill-posed in terms of uniqueness, it is
possible to establish conditions for local uniqueness, as demonstrated in [17, 19, 80].
These studies strategically employ the necessary optimality conditions and continuous
dependence results to derive uniqueness within specific subsets of the admissible set.
However, in the present case, it is not possible to establish conditions that extend such
estimates, nor specifically to prove that an inequality of the form

1B =B, =N DIF2(p + D —pl+1d—al OIS =S, T =D )2 (52)

for any ¢ > 0 and some C' > 0 depending on the regularization parameter I'.

3 Numerical approximation of the optimal control
problem

In this section, we develop a numerical approximation of the optimal control prob-
lem (8). We focus on the one-dimensional spatial case and the parameter identification
problem or, equivalently, we consider that Q2 C R and the reaction coeflicients g
and v are parametrized by the finite set of parameters e = (ej,...,e;) € R¥, ie.
B(z,t) = B(x,t;e) and y(x,t) = v(x,t;e). In a broad sense, we consider a finte dif-
ference discretization on the state equation based mainly in [43, 60, 61, 63, 81]; and
concerning to the discretization of control problem, we define a discrete adjoint state
and discrete gradient, by adapting the results given [10, 16].

3.1 Discretization of the state equations

In order to discretize (1)-(4) we define a finite difference scheme. We consider that
Q =]0,L[, 00 = {0,L} and I'r = {0,L} x [0,T]. We define the discretization of
Q7 by selecting M, N € N such that the partition of € is given by z, = kAx for
k=0,...,M+1 with Ax = L/(M + 1), and the discretization of [0,T] is given by
t, = nAt for n = 0,..., N with At = 1/N. The approximation of a given function
G: QO xRy — R at (zg,t,) is denoted by G}. Hence, the approximation of the initial
boundary value problem (1)-(4) is given by

SIZH — SI? ds n+1 n+1 n+1

k= (St =287+ S| = R, (53)
g
bk = S -2 + L] + R, (54)
S{—SE _ St - St _ B -If I -Ih 55)
Az Az Az Az ’

Sy =So(zk), I} = Io(zk), (56)
where k = 1,..., M and the function Ry;, in a linearization of the reation term and is

defined by the relations (53) and (54) is defined as follows

Riw = [aBp (ST R it + [pBpt (Spyaapyr= 4+t 1t

12



—(p+q= DB S = (57)

The approximation (57) is introduced to avoid the solution of nonlinear systems as is
considered in the case of the implicit method.
In order to give a more compact presentation of (53)-(56) we consider the notation

S = (S0, ST, TP = (I, I, UM = (?n ) , (58)
1 -1
dsA A ot
_ dgAt _drAt . _ S
Ls = A2 H, L;= A2 H, with H= S (58b)
-1 2 -1
L 1) vem
t

G = (BRSTUTY =3I B (SR T =230 ) (580)

L 0Gr o aGn W [ GES™ + GII" — AL G

S — At ﬁv GI = At 877 F" = (_Ggsn _ G?In + At Gn) ) (58d)

n_ Iy +Ls+ Gg G?
L™= <Gg ]IMJFLI*G? ’ (586)

where I is the identity matrix of size M. We observe that (53)-(56) can be rewritten
as follows

(HM +Lg+ Gs)sn+1 LG I = 8" + GgS" + G I — At G"

—GeS™MH! (HM YL — GI)I"+1 — S" — GgS" — GI" + At G"
which is equivalently to
LUttt = un + P (59)

Hence, we have stated the finite difference scheme (53)-(56) is equivalent to (59).

We notice that the numerical solutions obtained with the numerical scheme (53)-
(56) preserve the key biological properties, such as positivity, boundedness, and the
invariance of the total population. These features are crucial for both the biological
consistency of the simulation and the subsequent numerical analysis of the epidemic
model. More precisely, by applying the argumentes given in Theorem 2.6 [60] we can
proof the following result.

Theorem 7 Assume that the hypothesis (H0)-(H2) are satisfied. Then, there exists a unique
solution (S™,I™) of the numerical scheme (53)-(56). Moreover, the solutions remain positive
and bounded for arbitrary positive stepsizes At and Ax and the scheme is unconditionally
convergent.

13



3.2 Discret adjoint scheme and discrete gradient

For discretization of the optimal control problem, we begin by considering the discrete
cost function Ja and the reduced cost functions Ja defined as follows

M
IA(Sa,Ia) = Z [ obs (I Iobs) }
Ak: N M
Z > [\@cﬂk [ + 1027k | } (60)
k=1k=1
jA(e,p.q) = JA(SA(e,p.q), A(e,p q)) (61)

Then, the solution of the inverse problem (8), is replaced by the following parameter
identification problem

Find (€,p,q) € Ua such that
jA(évﬁa ) inf jA( €,p,q ) (62)

(e;p,q)€UA

subject to (Sa,Ia) solutlon of (53)-(56),

where Up C R* x (0,00)2 is a set such that (B(z,t,e),v(x,t,e),p,q) € Uy

In order to calculate the discrete gradient we introduce a discrete adjoint state for
the finite differece scheme (53)-(56). Testing (53) by wi;t!, we deduce EX = 0 with
EZ defined as follows

— dsAt
EX=37%" {S;;H - Sp = R (Spr —2spt  sptl) - A Rhn} (w)pt,

n=0k=1
N—-1 M
= 3 S i - o0 = B ()~ 200+ ()
n=0 k=1
M dSAt N
— At Ryin(w1)} } > { (Sk 1~ 255 + Sl?+1)} (w1)g o
2 _
dsAt =T,
— R Y [SF s = SR + Shr ()i — S (w)-
n=0

Similarly, by testing (54) by (p2)2+17 we deduce EX = 0 with FL defined as follows

N

di At

EL=3 2. {L’J“ — gy = S (I -2t ) + Rnn} (wa)p*1,
n=0k=1

plagel] At
n n n 1 n n n
= 33 (o [t - o™ = 5 (s~ 2+ (a2
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M d]At N
+ At Ryin(w2)); }‘i‘z {I/g - (Ik 1~ 20 +II?+1)}(7«U2)Z o
k=1 n=
dr At R "
N [Il (w2)3 — Iyp(w2) g1 + Iy (w2)3 — 1T (w2)0}
n=0

Then, denoting by W] = ((w1)7, ..., (w1)%)t, wh = ((w2)7, ..., (w2)7)t, and W™ =
(wi, wh)t, we define the Lagrangian La = L (SA, Ia, (w1)a, (UJQ)A> for (62) by the
following relation

EA = jA(e,p, q) — Ei (SA,IA, (wl)A) — Ei (SA,IA, ('LUQ)A>.

We notice that v(e,p,q)»cA = 85A£A8(e,pﬁq)SA + 81A£A8(e,p,q)IA + a(e’pﬁq),CA. Then,
we select wi and wi such that Js, LA = 01, LA =0, i.e.

w)? — (wp)? T d
(w1)} AE& Ve _ A; [(wl)g_l — 2wy} + (wl)Zﬂ]
= Oy Rin (w0 = (wa)p ™), (63)
(’LU n— (w i d n n n
2)k A(t 2)k = Ai-2 |:(’UJ2)k,_1 — Q(U)Q)k + (wz)k+1:|
= rp R (w1)p 7 = () ), (64)
(w141 — (w1)p  (w2)iyy — (w2)i -
= = = =0, k=0,M, (65)
(wi)y = SF =S¢, (wa)y = I — I (66)

The scheme (63)-(66) is called the adjoint scheme. Hence, we have that

N-1 M
epq)Jale p,q) = At Z ZV epq)Rhn( wy) Pt — (U’?)ZH)
n=0 k=1
PAB«“At Z (|Veax5;?|2 + |V9817,?|2), (67)
n=1k=1

defines the discrete gradient.

4 Numerical examples

In this section we develop three numerical examples focused on the the identification
of the powers of the incidence function (Example 1), the identification of the reaction
coefficients (Example 1) and the simultaneous identification of the reaction coefficients
and the incidence function (Example 3). For the solution of the optimization problem
we have considered used the function fminunc of Matlab. The synthetic observations
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are obtained by considering that (At,Ax) = (le — 3,5e — 4), the identification is
developed with (At, Az) = (le — 2, 5e — 3) and in all examples I' = 0.

4.1 Example 1: Identification of the incidence function

In this example we consider the identification of the powers in the incidence function,
i.e. € = (p,q) , by assuming that Q = [0,1], T = 1, ds = 0.001, d; = 0.003, 8 =
0.01 and v = 0.006. We construct a synthetic observation by considering the initial
conditions given by

0.001 z €0,0.3)U (0.7, 1],
So(z) =5,  Io(z) =<{9.995z —2.9975 = € [0.3,0.5],
—9.9952 + 6.9975 z € (0.5,0.7],

and the powers of the incidence function p = ¢ = 1. The simulation with e®** = (1, 1) is
presented in Figures 1-(a)-(b). We develop the identification by considering the initial
guess e = (2,2) and get that the identified parameters are € = (0.8926, 1.0046). The
numerical identification results showing the comparison of the observed, identified and
initial guess profiles are shown in Figures 1-(c¢)-(d).

In Figure 2 we show the behavior of the cost function. We observe that the cost
function remains relatively invariant near e°®®, resulting in a plateau that hinders
the optimization progress. However, in spite slow descent behavior, we get develop
the convergence to the numerical optimal value of the parameters as is shown in
Figure 2-(d).

4.2 Example 2: Identification of the reaction coefficients

In this example we consider the identification of the reaction coefficients 5 and -, by
assuming that Q = [0,1], T =1, dg = 0.003, d; = 0.002, and p = ¢ = 1. We consider
that 8 and ~ are of the following form

b= o 1+ aommn (L) [1- o] o
Y(#) = Ymax + (Ymax — Ymin) €XP <W) . (69)

The second and third factors of the function 8 models the increased probability of con-
tagion near hotspots, such as supermarkets or airports, and the influence of lockdowns
or quarantines in reducing contact, respectively. The parameter [ is the natural dis-
ease transmission constant; aq is the urban intensity, x,, and o, are the center and
the radius of the hotspots, respectively; a; is the effectiveness of the health policy
measure; and t. is the time from which the confinement or isolation policy comes into
effect or is implemented. The function v models the recovery rate in a health center
located at x; with radius o,. The parameters vYmin and Ymax are the slow and fast
recovery rates. Moreover k1, ko, and k3, are some appropriate constants. For definition
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Fig. 1: Results of identification for Examplel. (a) and (b) simulation results for p =
g = 1, i.e. for mass action law, used to produce the synthetic observation data. (c)
and (d) comparison of observed, initial guess, and identified profiles for susceptible
and infected populations.

of the identification problem, we consider that the functions 8 and ~ are parametrized
by the vector e = (5o, v, ko, @1, k1, Ymin, Ymax, k2) and the other parameters are fixed
with the following values z,,, = 0.25, 0,,, = 0.1, t. = 0.5, x5, = 0.75, and o}, = 0.1.

We construct a synthetic observation by considering the incidence function with
p = q = 1, the initial conditions

So(z) = —0.1562(10z + 1)(10z — 11), (70)
0.001 z€0,0.1) U (0.5,1],
To(z) = £ 9.9950 — 0.9985  z € [0.1,0.3], (71)

—9.995z +4.9985 x € (0.3,0.5],

17



\ I
ot
(N Wi W
I
AR
AR
S
<R

Jap)

o e
® Y

q |
i
Ul
“\\\\:\\‘3\‘3:\‘33:833::\‘8\‘:}\‘3\\:8*‘:3\‘*\‘\
ui
adtiinti
auiiit
R
et
muiui
RS
it
A
i
R TR
R
R

Ja:p)

TR

Fig. 2: Cost function for Examplel. (a) the cost function for p, ¢ € [0.1, 2]. (b) contour
levels of cost function for cost function in (a) with path of descent convergence. (c)
and (d) are a zoom of (a) and (b), respectively, by considering that p, ¢ € [0.6,1.2]

and the value of the parameters for 3 and ~ are given by the values in e°** given in
Table 1. The simulation with e°®® is presented in Figures 3-(a) and (b). We develop
the identification with the initial guess e’ and obtain the identified parameters e,
booth are given in Table 1. A comparison of the observed, initial guess, and identified
profiles is given in Figures 3-(a) and (b). Moreover, in Figure 4 we show a comparison
of the observed, initial guess, and identified coefficients 8 and ~.
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Table 1: Numerical values of the parameters for coefficients 8(x,t) and
~(z) define in (68)-(69). Moreover, we consider z,, = 0.25, o,,, = 0.1,
t. = 0.5, xp, = 0.75, and o5, = 0.1.

Parametro Bo g ko o k1 Ymin Ymax ko

eobs 0.2000 1.5000 1.0000 0.7000 75.0000 0.0500 0.3000 1.0000
e'd 0.7000 1.0000 2.0000 0.5000 100.0000 0.0800 0.8000 2.0000
e 0.3165 1.9463 0.9891 0.5746 99.9392 0.3429 0.5975 1.2640

4.3 Example 3: Identification of the reaction coefficients and
the powers of the incidence function

In this example we consider the identification of the reaction coefficients 8 and -y of the
parametric form given in Example 2 (see (68) (69)) and assume that Q = [0,1], T =1,
ds = 0.003, d; = 0.002. Moreover, we consider that the synthetic observation is those
constructed in Example 2, i.e. by considering the incidence function with p = ¢ = 1,
the initial conditions given in (70)-(71), and the value of the parameters for § and v
given e given in Table 2. We notice that, the simulation with e°* is presented in
Figures 3-(a) and (b), since corresponds to the same value of the parameters given
for Example 2. In Table 2 we report the values of the identification parameters e
by assuming the initial guess €9. A comparison of the observed, initial guess, and
identified profiles is given in Figures 5-(a) and (b). Moreover, in Figure 6 and Figure 7
we show a comparison of the observed, initial guess, and identified coefficients (85, )
and the incidence function.

Table 2: Numerical values of the parameters for coefficients 5(z,t), v(x) given in
(68)-(69) and the powers of the incidence function. Moreover, we consider z,, = 0.25,
O = 0.1, t. = 0.5, x5 = 0.75, and o, = 0.1.

Parametro Bo g ko o k1 Ymin Ymax k2 p q

eobs 0.2000 1.5000 1.0000 0.7000 75.0000 0.0500 0.3000 1.0000 1.0000 1.0000
e'd 0.7000 1.0000 2.0000 0.5000 100.0000 0.0800 0.8000 2.0000 2.0000 2.0000
e 0.3165 1.9463 0.9891 0.5746 99.9392 0.3429 0.5975 1.2640 1.0384 0.9211

5 Conclusion

This paper presents a theoretical and numerical framework for reaction identification
in a reaction-diffusion system arising from epidemiology. The identification problem is
formulated as an optimal control problem, where state equations is defined by an ini-
tial boundary valued problem for a reaction—diffusion system modelling the susceptible
and infected populations living a bounded habitat. The matrix diffusion is considered
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Fig. 3: Results of identification for Example 2. (a) and (b) simulation results for
p = q = 1, i.e. for mass action law, and the parameters e®®® in Table 1. (c) and (d)
comparison of observed, initial guess, and identified profiles for susceptible and infected
populations obtained with parematers €, €9, ande™, respectively, see Table 1.

as a constant diagonal matrix. The reaction is defined by two coefficients, modeling
the disease transmission and recovery rates, and the incidence function, modeling the
interaction of susceptible and infected populations. These coefficients are space-time
dependent functions and the incidence is a power function. Within the context of
Holder regularity, the state equations are well posed in the sense of positive strong
solutions, by assuming that the coefficients are positive and bounded, the powers
are positive, and the initial condition are positive. Concerning to the optimal con-
trol problem: the existence of solutions is proved; an adjoint system and a first order
condition for optimality solutions are stablished and proved; and a continuos depen-
dence of the state and adjoint equations with respect to the reaction coefficients, the
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Fig. 4: Coefficients 8(z,t) and (z) for Example 2. (a), (b) and (c) are the observed,
initial guess, and identified coefficient 8 with parameters, respectively. (¢) is compar-
ison of observed, initial guess, and identified coefficient . The numerical values e®**
e, ande™ are given in Table 1

)

incidence powers, and the observation functions are introduced. Additionally a numer-
ical approximation based on the IMEX and discretize-then-optimize methodologies is
introduced and used to simulate the parameter identification problem in three exam-
ples. Hence, this work present a progres for the mathematical framework for reaction
identification in reaction-diffusion systems arising from epidemiology and provides and
make some advances for the numerical solution which needs some refinements in order
to get the applications to experimental data.
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Fig. 5: Results of identification for Example 3. (a) and (b) show a comparison of
observed, initial guess, and identified profiles for susceptible and infected populations
obtained with parematers e, €9, ande™, respectively, see Table 2.
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