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Abstract

In this paper, we introduce the necessary conditions for the reaction term deter-
mination in a class of reaction-diffusion systems, based on knowledge of an
approximation of the state variables at the end of the processes. The system
considered is a generalization of the susceptible-infected-susceptible (SIS) model
of disease transmission, assuming spatial displacement of individuals. We con-
sider that the reaction term is defined by a power incidence function, and the
coefficients are space-time-dependent functions modeling the disease and recov-
ery rates. We introduce a formulation of the inverse problem as a constrained
optimization problem for an appropriate cost functional. The main results of the
paper are the existence of a minimizer for the cost functional; the definition of
a first-order necessary optimality condition; the proofs of stability of the state
and adjoint equations with respect to the coefficients, the power of the incidence,
and the observations; and the introduction of a biological consistent numeri-
cal approximation of the optimal control problem. Moreover, we present some
numerical examples of the parameter identification problem.

Keywords: power incidence function, inverse problem, parameter identification, SIS,
reaction-diffusion systems
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1 Introduction

The reaction-diffusion models have recently attracted significant interest for model-
ing disease transmission across different biological populations, as they often better
capture many aspects of the processes as is documented in the recent survey arti-
cles [31, 42] (see also the books [4, 5, 8, 11, 15, 53, 66]). This is especially true when
we consider the spatial movement of populations and, consequently, the diffusion of
the disease and the interactions of individuals occur in the spatial domain. In the
broader sense, accounting for the spatial dependence of the model variables is a better
improvement than the standard compartmental models based on ordinary differen-
tial equations when a law for diffusion modelling is applied. The typical assumption
is that the spatial diffusion of individuals satisfies Fick’s law. However, generalizing
disease models from ordinary differential equations to partial differential equations
involves subtle details. For instance, the model of individual interactions is not always
directly evident from measurements; the formulation of the boundary conditions, the
well-posedness of the model, and the numerical approximation are also involved. Par-
ticularly, we emphasize that it is necessary to identify an appropriate model of the
interaction based on disease observations.

In a pioneering work, Kermack and McKendrick introduced a model of epidemi-
ological dynamics [48]. Initially the authors have considered that a population of N
individuals is divided into three classes or compartments: susceptible, infected, and
recovered; assumed that the size of the populations of each compartment changes by
direct contact of infected individuals with susceptible ones or after having completed
the infection period; and suppose that there is immunity after the infection period,
formulate the ordinary differential equation system known as the susceptible–infected–
recovered (SIR) system. Subsequently, they have modified their original proposal to
consider the case of infection propagation under the assumption of immunity, obtain-
ing the SIS mathematical model: s = −βsi + γi and i′ = βsi − γi, with s = s(t)
and i = i(t) the populations of susceptible and infected compartments in a time t,
respectively. Here, βsi models the interaction of infected and susceptible individu-
als by applying the mass-action law, and γi models the recovery. The coefficients β
and γ are called the transmission and recovery rates, respectively. Afterwards, an
extensive list of generalizations of the assumptions to get SIS have been introduced,
which can be grouped into five types: nonlinear mechanisms more general than mass
action [12, 29, 30, 33, 35, 45, 76]; the inclusion of spatial displacement of individuals
by introducing the concept of diffusion [3, 6, 14, 26, 27, 46, 49, 50, 54, 68, 71]; the
consideration of variable coefficients [3, 56, 57]; the inclusion of other type of compart-
ments like asymptomatic, hospitalized, and quarantined individuals [68, 71]; and the
spread of the epidemics attending to multi-populations [9, 34, 56, 57, 74, 75]. Partic-
ularly, in the present work we are interested in a nonlinear mechanisms identification
in SIS reaction-diffusion system.
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The influence spatial of displacement of the individuals have considered in a first
time in the works [3, 47, 67], where the authors justified and introduced generalized
models based on partial differential equations that incorporate diffusion. Moreover,
from the works of Capasso and Serio [12] and Anderson and May [5], several proposals
to improve the mass-action incidence mechanism model have been made [25, 37, 39,
51, 65]. We recall that the authors of [12] find that the mass-action law is imprecise
and consequently is open to refinement due to their lack of precision when it is applied
to model the saturated infection force for a large-scale epidemic, and in [5] it was
introduced an explicit criticism of modeling with the mass-action law. More recently,
[37] introduced a discussion of other factors that determine the desease dynamics not
considered by the mass action, and [51] showed that classical mass action does not
adequately capture the dynamics of COVID-19. Hence, in the presenet work, we are
interested in the case of a particular generalization of the mass-action law interaction
modeled by a power-law of the form βsqip where p and q are positive constants, which,
for the first time, was introduced in [59] for ordinary differential equations models (see
also [38, 40, 41, 58, 59, 62]) and recently analyzed in [69, 70, 72] in the context of
reaction-diffusion systems.

In this article we consider that the disease transmission is modeled by the following
reaction-diffusion system:

St − dS∆S = −β(x, t)SqIp + γ(x, t)I, in QT := Ω× [0, T ], (1)

It − dI∆I = β(x, t)SqIp − γ(x, t)I, in QT , (2)

∇S · n = ∇I · n = 0, on Γ := ∂Ω× [0, T ], (3)

(S, I)(x, 0) = (S0, I0)(x), in Ω, (4)

where the habitat Ω ⊂ Rd (d ≥ 1) is an open and bounded domain with boundary
∂Ω and outer unit normal vector field n; the unknowns S = S(x, t) and I = I(x, t)
are the density of susceptible and infected individuals at the position x and time t,
respectively; p and q are positive constants; β(x, t) and γ(x, t) are the disease trans-
mission and recovery rates, respectively; S0(x) and I0(x) are the initial conditions;
and dS and dI are positive constants modeling the motility of susceptible and infected
individuals, respectively. The Neumann boundary condition (3) means that there is
no flux of individuals across the boundary of the habitat during the epidemic event.
We observe that the power incidence is reduced to the mass-action incidence mech-
anism when p = q = 1, which have been researched by several authors, see for
instance [24, 28, 55, 77, 79]. Additionally, we notice that the total population size in
the mathematical model (1)–(4) is constant, since adding the equations (1) and (2),
integrating over Ω, applying the Green’s formula, and using the boundary conditions
(3), we deduce that

d

dt

∫
Ω

(S + I)(x, t)dx =

∫
Ω

(
dS∆S + dI∆I

)
dx =

∫
∂Ω

(
dS∇S · ndS + dI∇S · ndS

)
=0,

or equivalently
∫
Ω
(S + I)(x, t)dx =

∫
Ω
(S0 + I0)(x, t)dx for any t > 0. The well-

posedness of strong solutions of (1)–(4) is troublesome because, specifically for the
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case p, q ∈ (0, 1), since the standard methodologies lack of direct applicability, for
instance, the reaction term is not Lipschitz. Recently, [72] introduced the framework
and extensively established the analysis of the well-posedness and the asymptotic
behavior of strong solutions to (1)–(4). Particularly, the authors of [72] consider that
p, q are positive constants, β, γ are positive Hölder continuous functions, and the initial
conditions are positive continuous functions (see Theorem 1 for details).

The aim of this paper is to analyze the identification of the reaction coefficients
and the exponents of the power-law from measurements of susceptible and infected
populations at some fixed time. To provide a more precise formulation of the inverse
problem, we begin by defining appropriate notation and a formal framework. In the
context of the previous notation the identification problem is defined as follows: Given
a observation of the susceptible and infected populations at time T > 0, denoted by
Sobs and Iobs defined from Ω to R+, determine β, γ, p and q such that (S, I)(·, T ),
the solution of (1)–(4), is “as close as” to (Sobs, Iobs). This identification problem can
be recast as an optimal control problem as follows. Let us beginning by considering
the cost function J , the reduced cost function J , and the admisible set Uad defined
as follows:

J(S, I) =
1

2

∥∥(S, I)(·, T )− (Sobs, Iobs)
∥∥2
L2(Ω)2

+
Γ

2

∫ T

0

∥∇(β, γ)(·, t)∥2L2(Ω)2 dt, (5)

J (β, γ, p, q) = J(S(β,γ,p,q), I(β,γ,p,q)), (6)

Uad =
{
(β, γ, p, q) ∈ Cα,α/2(QT )

2 × [0,∞)2 : ∇β,∇γ ∈ L2(QT ),

(β, γ)(x, t) ∈ [β, β]× [γ, γ] ⊂ R2
+ on QT

}
∩ (H |[d/2]|+1(Ω)2 × R2

+), (7)

where Γ ≥ 0 is a positive constant. The notations Cα,α/2(QT ), C(Ω), L2(Ω) and
H |[d/2]|+1(Ω) are the standard notation for Hölder, continuous, Lebesgue, and Sobolev
space of functions, respectively [1, 32]; and (S(β,γ,p,q), I(β,γ,p,q)) denotes the solution
of the reaction-diffusion system of (1)–(4) for β, γ, p, and q. Hence, the identification
problem is formulated as the optimal control problem:

Find (β, γ, p, q) ∈ Uad such that

J (β, γ, p, q) = inf
(β,γ,p,q)∈Uad

J (β, γ, p, q),

subject to (S(β,γ,p,q), I(β,γ,p,q)) solution of (1)–(4).

 (8)

The particular case of the optimal control problem (8) with p, q fixed and β and γ
independents of t is analized in [19]. Moreover, various studies have explored analytical
approaches for other optimal control in reaction-diffusion systems [7, 13, 17–23, 78,
80]. Regarding the identification of reaction coefficients, Xiang and Liu [80] initially
analyzed the one-dimensional case (d = 1) by assuming the incidence function SI/(S+
I) rather than mass-action kinetics. This was later extended to d ≥ 1 in [17].

The main contributions of the paper are the following: the existence of solutions of
the optimal control problem (8); the definition of an adjoint system; the introduction
of a first order optimality condition; the continuous dependence of the state equation
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solutions with respect to the coefficients and the power exponentes; and the continu-
ous dependence of the adjoint equation solutions with respect to the coefficients, the
power exponentes, and the observation functions. In a broad sense, the existence of
solutions of the optimal control problem is developed considering the minimization
sequences methodology, the first order result is deduced by introducing the sensitivity
equation, the continuos dependence results are proved by application of the energy
estimates, and the introduction of a consistent numerical approximation of the control
problem by the discretize-then-optimize methodology. In addition we present some
numerical simulations for the particular case of the optimal control problem known
as the parameter identification problem, where we consider that the coefficients are
parameterized by a finite number of parameters.

2 Analytical results of the optimal control problem

2.1 Assumptions and well-posedness of state equations

The analysis of well-posedness of the initial boundary problem (1)–(4) is historically
related to the contributions of Alikakos [2] and Masuda [64]. In [2] the author analyze
the case of β = 1, γ = 0, p ∈ [1, (n+1)/n) and q = 1 and in [64] the author generalize
the result of [2] to the case p > 0. Subsequently, [44, 52, 73] obtains results for
similar results of global existence of classical solutions with the reaction terms given
by −SqIp+λSqIp and SqIp−SqIp with p, q, p, q ∈ [1,∞) and λ ∈ [0, 1]. The analysis
of the case p, q, p, q ∈ (0, 1) is more delicate, since, the products SqIp and SqIp are
not Lipschitz, and the existing theories of the dynamical systems cannot be applied
directly, we refer to the extensively discussion developed in [33, 44]. Afterwards, and
recently, in [72] the authors have obtained the global existence of classical solutions
when p, q, p, q ∈ [0,∞). Moreover the authors of [72] have analized (1)–(4) by assuming
that (β, γ, p, p) ∈ Uad and the initial conditions are positive continuous functions.

In this paper we adapte the assumptions introduced in [72] and define the following
hypothesis

(H0) The open bounded convex set Ω is such that ∂Ω is C1.
(H1) The functions constants p and q are positive, and the functions β and γ are
positive and bounded Hölder functions, i.e.

p, q ∈ [0,∞), β, γ ∈ Cα,α/2(QT ), (β, γ)(x, t) ∈ [β, β]× [γ, γ] ⊂ R2
+,

where β, β, γ, and γ are some strictly positive constants.

(H2) The initial conditions S0 and I0 belong to C(Ω) with S0(x) ≥ 0 and I0(x) ≥ 0
on Ω and satisfying the relations: I0(x) > 0 on an open subset of Ω, S0(x) > 0 on
Ω for q ∈ (0, 1), and I0(x) > 0 on Ω for p ∈ (0, 1).
(H3) The observation functions Sobs and Iobs are belong to C(Ω).

The biological interpretation of the hypotheses is discussed in [72] and the the role in
the mathemathical analysis is the following: (H0) is necessary to get the appropriate
compactness used to prove the existence of solutions for the inverse problem; (H1)-(H2)
are necessary to get the well-posedness and strictly positive behavior of the solution
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for the direct problem; and (H3) is necessary to get the stability result and existence
of strong solutions of the adjoint problem.

Theorem 1 [72, theorem 2.3] Assume that the hypothesis (H0)-(H2) are satisfied. Then, the
initial boundary value problem for a reaction-diffusion system (1)–(4) admits a unique positive

classical solution (S, I), such that S and I are belong to C2+α,1+α/2(QT ). Furthermore, the
relations

∥S(·, t)∥L∞(Ω), ∥I(·, t)∥L∞(Ω) ≤ C, ∀t ≥ 0, (9)

lim sup
t→∞

∥S(·, t)∥L∞(Ω), lim sup
t→∞

∥I(·, t)∥L∞(Ω) ≤ C, (10)

are satisfied for all t ≥ 0, for some a positive generic constants C, depending only on the
initial data.

2.2 Existence of solutions of the optimal control problem.

Theorem 2 Assume that the assumptions (H0)-(H3) are satisfied. Then, there exists at least
one solution of (8).

Proof The proof is based on the standard technique of minimizing sequence. We begin, by
observing that (β(x, t), γ(x, t), p, q) = (β + β, γ + γ, 2, 2)/2 is an admissible control, implying
that the admissible sete Uad is not empty. Moreover, by Theorem 1 we deduce that J
is bounded, and we can consider that {(βn, γn, pn, qn)} ⊂ M ⊂ Uad(Ω) is a minimizing
sequence of J with M a bounded and closed set. From Theorem 6[32, pp. 270] and Theorem

1.3.1[1, pp. 11] we deduce the compact embedding H |[d/2]|+1(Ω) ⊂ Cα(Ω) for α ∈]0, 1/2] for
Ω bounded and convex (see [17] for details). It implies that {(βn, γn)(·, t)} is bounded in the
strong topology of Cα(Ω)2 for all α ∈]0, 1/2], equivalently, there exists a positive constant C
(independent of β, γ and n) such that

∥βn(·, t)∥Cα(Ω) + ∥γn(·, t)∥Cα(Ω) ≤ C
(
∥βn(·, t)∥H|[d/2]|+1(Ω) + ∥γn(·, t)∥H|[d/2]|+1(Ω)

)
,

for all α ∈]0, 1/2] and t ≥ 0. Notice that the right hand is bounded by the definition of M.
Let Sn and In the corresponding solution of (1)-(4) with (βn, γn, pn, qn) instead of (β, γ, p, q).
Moreover, by Theorem 1, we follow that {(Sn, In)} is a bounded sequence in the strong
topology of C2+α,1+α

2 (QT )
2 for all α ∈]0, 1/2]. Then, the boundedness of the minimizing

sequence and the corresponding sequence {(Sn, In)}, implies that there exist

(β, γ) ∈ C1/2,1/4(QT )
2 ∩ Uad, (S, T ) ∈ C2+ 1

2 ,1+
1
4 (QT )

2,

and the subsequences again labeled by {(βn, γn, pn, qn)} and {(Sn, In)} such that

βn → β, γn → γ uniformly on Cα,α/2(QT ), (pn, qn) → (p, q), (11)

Sn → S, In → I uniformly on Cα,α2 (QT ) ∩ C2+α,1+α
2 (QT ). (12)

Moreover, we can deduce that (S, I) is the solution of the initial boundary value problem
of (1)-(4) corresponding to the coefficients (β, γ, p, q). Hence, by Lebesgue’s dominated con-
vergence theorem, the weak lower-semicontinuity of the L2 norm, and the definition of the
minimizing sequence, we have that

J (β, γ, p, q) ≤ lim
n→∞

J (βn, γn, pn, qn) = inf
(β,γ,p,q)∈Uad

J (β, γ, p, q). (13)

Then, (β, γ, p, q) is a solution of (8). □
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2.3 Continuous adjoint state.

Let us define (w1, w2) as the solution of the following backward boundary value
problem

(w1)t + dS∆w1 = qβ̄(x, t)S̄q−1Īp(w1 − w2), in QT , (14)

(w2)t + dI∆w2 = (pβ̄(x, t)S̄q Īp−1 − γ̄(x, t))(w1 − w2), in QT , (15)

∇w1 · n = ∇w2 · n = 0, on Γ, (16)

(w1, w2)(x, T ) =
(
S̄(x, T )− Sobs(x), Ī(x, T )− Iobs(x)

)
, in Ω, (17)

where (β̄, γ̄, p̄, q̄) ∈ Uad is a solution of the optimal control problem (8) and (S̄, Ī) is
the corresponding solution of (1)-(4) with (β̄, γ̄, p̄, q̄) instead of (β, γ, p, q).

Theorem 3 Assume that the assumptions (H0)-(H3) are satisfied. Then, The adjoint system
to (1)-(4) is given by the system (14)-(17). Moreover, the solution (14)-(17) is bounded in
L∞(0, t;H2(Ω)) for almost all time t in ]0, T ]. In particular the solution (14)-(17) is bounded
in L∞(0, t;L∞(Ω)) for almost all time t in ]0, T ].

Proof The proof of the fact that (14)-(17) is the adjoint system of (1)-(4) can be developed
by the standard arguments of optimal control theory, see for instance [36]. Now, in order to
get the other properties of the result we apply the standard energy estimates methodology.
For L∞(0, t;H2(Ω)) estimates, we set t ∈]0, T ] and claim that

∥(w1, w2)(·, t)∥2L2(Ω)2 ≤ C, ∥(∇w1,∇w2)(·, t)∥L2(Ω)2 ≤ C, (18)

∥(∆w1,∆w2)(·, t)∥L2(Ω)2 ≤ C, ∥w1(·, t)∥L∞(Ω) ≤ C, ∥w2(·, t)∥L∞(Ω) ≤ C, (19)

for a positive generic constant C. The rest of the proof is dedicated to prove the claims (18)-
(19). We begin by defining the change of variable τ = T − t for t ∈ [0, T ]. Moreover, consider
the notation w∗

1(·, τ) = w1(·, T − τ), w∗
2(·, τ) = w2(·, T − τ), S∗(·, τ) = S̄(·, T − τ), and

I∗(·, τ) = Ī(·, T − τ). Then, the adjoint system (14)-(17) is equivalent to the system

(w∗
1)t − dS∆w∗

1 = −qβ̄(x, T − t)S∗q−1
I∗

p
(w∗

1 − w∗
2), in QT , (20)

(w2)t − dI∆w2 = −(pβ̄(x, T − t)S∗qI∗
p−1 − γ̄(x, t− T ))(w∗

1 − w∗
2), in QT , (21)

∇w∗
1 · n = ∇w∗

2 · n = 0, on Γ, (22)

(w1, w2)(x, 0) =
(
S̄(x, T )− Sobs(x), Ī(x, T )− Iobs(x)

)
, in Ω, (23)

Now, we proceed to get the estimates.
To prove (18), we proceed as follows. We multiply (20) by w∗

1 and (21) by w∗
2 , integrate

on Ω and use the Green formula, add the resulting equalities, apply the Cauchy inequality,
rearranging some terms, and applying the Theorem 1, we can deduce the following estimate

1

2

d

dτ
∥(w∗

1 , w
∗
2)(·, τ)∥2L2(Ω)2 + ∥(∇w∗

1 ,∇w∗
2)(·, τ)∥2L2(Ω)2 ≤ C∥(w∗

1 , w
∗
2)(·, τ)∥2L2(Ω)2 (24)

Then, by the Gronwall inequality, we obtain

∥(w∗
1 , w

∗
2)(·, τ)∥2L2(Ω)2 ≤ e2CT ∥(w∗

1 , w
∗
2)(·, 0)∥2L2(Ω)2 , (25)
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which implies the first estimation in (18). Moreover, from (24) and (25), we have that

∥(∇w∗
1 ,∇w∗

2)(·, τ)∥2L2(Ω)2 ≤ C e2CT ∥(w∗
1 , w

∗
2)(·, 0)∥2L2(Ω)2

and by the definition of the norm of H1
0 (Ω) we deduce the second estimate in (18).

On the other hand, using the fact that∫
Ω
(w∗

i )τ∆w∗
i dx= −

∫
Ω
∇[(w∗

i )τ ] · ∇wi dx+

∫
∂Ω

(w∗
i )τ∇(w∗

i ) · n dS= −1

2

d

dτ
∥w∗

i (·, τ)∥
2
L2(Ω),

for i = 1, 2. We note that, multiplying (20) by ∆w1, multiplying (21) by ∆w2, integrating
on Ω, and adding the results, we deduce that

1

2

d

dτ
∥(w∗

1 , w
∗
2)(·, τ)∥2H1

0 (Ω)2 + ∥(∆w∗
1 ,∆w∗

2)(·, τ)∥2L2(Ω)2

≤ C
[
ϵ∥(w∗

1 , w
∗
2)(·, τ)∥2L2(Ω)2 +

1

4ϵ
∥(∆w∗

1 ,∆w∗
2)(·, τ)∥2L2(Ω)2

]
,

for any ϵ > 0. Then, we have that

1

2

d

dτ
∥(w∗

1 , w
∗
2)(·, τ)∥2H1

0 (Ω)2 +
4ϵ− C

4ϵ
∥(∆w∗

1 ,∆w∗
2)(·, τ)∥2L2(Ω)2 ≤ ϵC∥(w∗

1 , w
∗
2)(·, τ)∥2L2(Ω)2 .

Now, by selecting ϵ > C/4 and using the estimate (25) we get

∥(∆w∗
1 ,∆w∗

2)(·, τ)∥2L2(Ω)2 ≤ 4ϵ2C

4ϵ− C
e2CT ∥(w∗

1 , w
∗
2)(·, 0)∥2L2(Ω)2 ,

which implies the first inequality in (19). From the previous estimates, we notice that the
norms of w1 and w2 are bounded in the norm of H2(Ω). Thus, by the standard embedding
theorem of H2(Ω) ⊂ L∞(Ω), we easily deduce the last two estimates in (19) and conclude
the proof of the theorem. □

2.4 First order optimality condition

Theorem 4 Assume that the assumptions (H0)-(H3) are satisfied and consider that (S̄, Ī)
(w̄1, w̄2) are the solutions of the state and adjoint systems for the optimal control solution
(β̄, γ̄, p̄, q̄). Then, the following inequality∫

QT

{
− β̄(x, t)(S̄)q̄(Ī)p̄

[
ln(S̄)(q̂ − q̄) + ln(Ī)(p̂− p̄)

]
+

[
(β̂(x, t)− β̄(x, t))S̄q̄ Ī p̄ − (γ̂(x, t)− γ̄(x, t))Ī

]
(w2 − w1)

}
dxdt

+ Γ

∫
QT

[
∇β · ∇(β̂ − β) +∇γ · ∇(γ̂ − γ)

]
dxdt ≥ 0, ∀(β̂, γ̂) ∈ Uad(Ω), (26)

is satisfied.

Proof Let us consider an arbitrary pair (β̂, γ̂, p̂, q̂) ∈ Uad and introduce the notation

(βε, γε, pε, qε) = (1− ε)(β̄, γ̄, p̄, q̄) + ε(β̂, γ̂, p̂, q̂) ∈ Uad, ε ∈ (0, 1),

Jε =
1

2
∥(Sε, Iε)(·, T )− (Sobs, Iobs)∥2L2(Ω)2 +

Γ

2

∫ T

0
∥(∇βε,∇γε)(·, t)∥2L2(QT )2dt,

where (Sε, Iε) is the solution of (1)-(4) with (βε, γε, pε, qε) instead of (β, γ, p, q) and Jε =
J(βε, γε, pε, qε). Now, using the hypothesis that (β̄, γ̄, p̄, q̄) is an optimal solution of (8) and
taking the Fréchet derivative of Jε, we have that

dJε

dε

∣∣∣
ε=0

=

∫
Ω

(∣∣∣Sε(x, T )− Sobs(x)
∣∣∣ ∂Sε

∂ε

∣∣∣
ε=0

+
∣∣∣Iε(x, T )− Iobs(x)

∣∣∣ ∂Iε
∂ε

∣∣∣
ε=0

)
dx

8



+ Γ

∫
QT

[
∇β̄∇

(
β̂ − β̄

)
+∇γ̄∇ (γ̂ − γ̄)

]
dxdt ≥ 0, (27)

where ∂εS
ε and ∂εI

ε for ε = 0 are calculated by analyzing the sensitivities of solutions for
(1)-(4) with respect to perturbations of (β, γ, p, q).

From the definition of (Sε, Iε) and (S̄, Ī) we have that

(Sε)t − dS∆Sε = −βε(x, t)(Sε)q
ε

(Iε)p
ε

+ γε(x, t)Iε, in QT , (28)

(Iε)t − dI∆Iε = βε(x, t)(Sε)q
ε

(Iε)p
ε

− γε(x, t)Iε, in QT , (29)

∇Sε · n = ∇Iε · n = 0, on Γ, (30)

(Sε, Iε)(x, 0) = (S0, I0)(x), in Ω, (31)

and

(S̄)t − dS∆S̄ = −β̄(x, t)(S̄)p̄(Ī)q̄ + γ̄(x, t)Ī , in QT , (32)

(Ī)t − dI∆Ī = β̄(x, t)(S̄)p̄(Ī)q̄ − γ̄(x, t)Ī , in QT , (33)

∇S̄ · n = ∇Ī · n = 0, on Γ, (34)

(S̄, Ī)(x, 0) = (S0, I0)(x), in Ω. (35)

Let us consider the notation (zε1, z
ε
2) = ε−1 (Sε − S̄, Iε − Ī

)
and observe that

Gε = −1

ε

[
βε(x, t)(Sε)q

ε

(Iε)p
ε

− β̄(x, t)(S̄)q̄(Ī)p̄
]
+

1

ε

[
γε(x, t)Iε − γ̄(x, t)Ī

]
= −βε(x, t)

[
(Sε)q

ε

− (S̄)q
ε
]

Sε − S̄
(Iε)p

ε

zε1 − βε(x, t)(S̄)q
ε

[
(Iε)p

ε

− (Ī)p
ε
]

Iε − Ī
zε2

− βε(x, t)

[
(S̄)q

ε

− (S̄)q
ε
]

qε − q̄
(Ī)p

ε

(q̂ − q̄)− βε(x, t)(S̄)q
ε

[
(Ī)p

ε

− (Ī)p
ε
]

pε − p̄
(p̂− p̄)

− (β̂(x, t)− β̄(x, t))(S̄)q̄(Ī)p̄ + γε(x, t)zε2 + (γ̂(x, t)− γ̄(x, t))Ī ,

Then, subtracting the system (32)-(35) from (28)-(31), and dividing by ε, we deduce the
following system

(zε1)t − dS∆zε1 = Gε, in QT , (36)

(zε2)t − dI∆zε2 = −Gε, in QT , (37)

∇zε1 · n = ∇zε2 · n = 0, on Γ, (38)

(zε1, z
ε
2)(x, 0) = 0, in Ω. (39)

Denoting by (z1, z2) the limit of (zε1, z
ε
2) when ε → 0, from (36)-(39), we deduce that

(z1)t − dS∆z1 = G, in QT , (40)

(z2)t − dI∆z2 = −G, in QT , (41)

∇z1 · n = ∇z2 · n = 0, on Γ, (42)

(z1, z2)(x, 0) = 0, in Ω, (43)

where

G = −q̄β̄(x, t)(S̄)q̄−1(Ī)p̄z1 −
[
p̄β̄(x, t)(S̄)q̄(Ī)p̄−1 − γ̄(x, t)

]
z2 − β̄(x, t)(S̄)q̄(Ī)p̄ ln(S̄)(q̂ − q̄)

− β̄(x, t)(S̄)q̄(Ī)p̄ ln(Ī)(p̂− p̄)− (β̂(x, t)− β̄(x, t))(S̄)q̄(Ī)p̄ + (γ̂(x, t)− γ̄(x, t))Ī .

Thus, in (27) we have that

dJε
dε

∣∣∣
ε=0

=

∫
Ω

( ∣∣∣Sε(x, T )− Sobs
∣∣∣ z1(x, T ) + ∣∣∣Iε(x, T )− Iobs

∣∣∣ z2(x, T )) dx

9



+ Γ

∫
QT

[
∇β̄∇

(
β̂ − β̄

)
+∇γ̄∇ (γ̂ − γ̄)

]
dxdt ≥ 0, (44)

where (z1, z2) is the solution of (40)-(43).
On the other hand, from (14)-(17) and (40)-(41), we deduce that

∂

∂t
(w1z1 + w2z2) = w1∆z1 + w2∆z2 − z1∆w1 − z2∆w2

− β̄(S̄)q̄(Ī)p̄
[
ln(S̄)(q̂ − q̄) + ln(Ī)(p̂− p̄)

]
+

[
(β̂ − β̄)S̄q̄ Ī p̄ − (γ̂ − γ̄)Ī

]
(w2 − w1).

Then, we deduce the following identity∫
Ω

( ∣∣∣S̄(x, T )− Sobs(x)
∣∣∣ z1(x, T ) + ∣∣∣Ī(x, T )− Iobs(x)

∣∣∣ z2(x, T )) dx

=

∫
Ω

(
w1(x, T )z1(x, T ) + w2(x, T )z2(x, T )

)
dx =

∫
QT

∂

∂t
(w1z1 + w2z2)dxdt

=

∫
QT

{
− β̄(x, t)(S̄)q̄(Ī)p̄

[
ln(S̄)(q̂ − q̄) + ln(Ī)(p̂− p̄)

]
+

[
(β̂(x, t)− β̄(x, t))S̄q̄ Ī p̄ − (γ̂(x, t)− γ̄(x, t))Ī

]
(w2 − w1)

}
dxdt (45)

Hence, we can conclude the proof of (26) by replacing (45) in the first term of (44). □

2.5 Continuos dependence results

Theorem 5 Assume that the assumptions (H0)-(H3) are satisfied. The mapping
(β, γ, p, q) 7→ (S, I) is continuous from Uad(Ω) ⊂ [L2(Ω)]2 to L∞(0, t;L2(Ω)) for almost all
time t in ]0, T ].

Proof Let us consider the set of functions {S, I} and {Ŝ, Î} as solutions to the direct problem
(1)-(4) and with data {β, γ, p, q} and {β̂, γ̂, p̂, q̂}, respectively. Then, we can prove that there
exist the positive constant C such that the inequality

∥(Ŝ − S, Î − I)(·, t)∥2L2(Ω)2 ≤ C
[
∥(β̂ − β, γ̂ − γ)(·, t)∥2L2(Ω)2 + |p̂− p|+ |q̂ − q|

]
(46)

holds for any t ∈ [0, T ]. We begin by considering the notation δZ defined by δZ = Ẑ − Z.
Then, from an algebraic manipulation of the corresponding systems for for (S, I) and (Ŝ, Ŝ)
we deduce that (δS, δI) satisfy the initial boundary value problem

(δS)t − dS∆(δS) = δF, in QT , (47)

(δI)t − dI∆(δI) = −δF, in QT , (48)

∇(δS) · n = ∇(δI) · n = 0, on Γ, (49)

(δS, δI)(x, 0) = 0, in Ω, (50)

where

δF = −β̂(x, t)(Ŝq̂ − Sq̂)Î p̂ − β̂(x, t)Ŝq̂(Î p̂ − I p̂)− δβ(x, t)Sq̂I p̂ − β(x, t)(Sq̂ − Sq)I p̂

− β(x, t)Sq(Î p̂ − Ip) + γ(x, t)δI + δγ(x, t)Î

= −q̂β̂(x, t)

[∫ Ŝ

S
uq̂−1du

]
Î p̂ − p̂β̂(x, t)Ŝq̂

[∫ Î

I
up̂−1du

]
− δβ(x, t)Sq̂I p̂

10



− β(x, t) ln(S)

[∫ q̂

q
Sudu

]
I p̂ − β(x, t)Sq ln(I)

[∫ p̂

p
Iudu

]
+ γ(x, t)δI + δγ(x, t)Î .

To prove (46), we test the equations (47) and (48) by δS and δI, respectively. Then, adding
the results, integrating on Ω, applying the Cauchy-Schwarz inequality, and Theorem 1, we get

1

2

d

dt
∥(δS, δI)(·, t)∥2L2(Ω)2 + dS∥∇(δS)(·, t)∥2L2(Ω) + dI∥∇(δI)(·, t)∥2L2(Ω)

≤ C
[
∥(δS, δI)(·, t)∥2L2(Ω)2 + ∥(β̂ − β, γ̂ − γ)(·, t)∥2L2(Ω)2 + |p̂− p|+ |q̂ − q|

]
(51)

Then, using the Gronwall inequality and (50), we deduce (46). □

Theorem 6 Assume that the assumptions (H0)-(H3) are satisfied. The mapping
(β, γ, p, q, Sobs, Iobs) 7→ (w1, w2) is continuous from Uad(Ω)× L2(Ω)× L2(Ω) ⊂ [L2(Ω)]4 to
L∞(0, t;L2(Ω)) for almost all time t in ]0, T ].

Proof By similar arguments to the proof of the item (iv) we prove that the inequality

∥(ŵ1 − w1, ŵ2 − w2)(·, t)∥2L2(Ω)2

≤ C
(
∥(β̂ − β, γ̂ − γ)(·, t)∥2L2(Ω) + |p̂− p|+ |q̂ − q|+ ∥(Ŝobs − Sobs, Îobs − Iobs)∥2L2(Ω)2

)
,

holds for any t ∈ [0, T ], which implies the result of the item. □

2.6 Comments on the uniqueness of the control problem

It is well known, broadly speaking, the inverse problem suffers from ill-posedness
regarding uniqueness. A precise case of non–uniqueness for constant endemic equilib-
ria. To be more precise we consider (1)–(4) with positive and constant coefficients β
and γ. It is well known that the total population N =

∫
Ω
(S0 + I0)(x)dx is conserved.

In the classical mass action incidence function model (p = q = 1), the system admits
the disease-free equilibrium (N, 0) and, whenever R0 := βN/γ > 1, the endemic
equilibrium

(S∗, I∗) =

(
N

R0
, N

(
1− 1

R0

))
,

Observing that the Laplacian vanishes for constant functions, the pair (S, I)(x, t) =
(S∗, I∗) is a stationary solution of the power-incidence model if and only if

βSq
∗I

p
∗ = γI∗, or equivalently γ = βSq

∗I
p−1
∗ .

Hence, once the endemic equilibrium (S∗, I∗) is fixed, the above relation represents
only one scalar constraint for the four parameters (β, γ, p, q). Consequently, there exist
infinitely many parameter sets producing the same constant endemic equilibrium. For
instance, fixing p = 1, any choice of β > 0 and q > 0 together with γ = βSq

∗ generates
the same stationary solution (S, I)(x, t) = (S∗, I∗). This simple observation shows that,
when only constant endemic states are observed, the inverse problem of identifying
the parameters (β, γ, p, q) cannot be uniquely solvable.
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Although the inverse problem is generally ill-posed in terms of uniqueness, it is
possible to establish conditions for local uniqueness, as demonstrated in [17, 19, 80].
These studies strategically employ the necessary optimality conditions and continuous
dependence results to derive uniqueness within specific subsets of the admissible set.
However, in the present case, it is not possible to establish conditions that extend such
estimates, nor specifically to prove that an inequality of the form

∥(β̂ − β, γ̂ − γ)(·, t)∥2L2(Ω)2 + |p̂− p|+ |q̂ − q| ≤ C∥(Ŝ − S, Î − I)(·, t)∥2L2(Ω)2 (52)

for any t > 0 and some C > 0 depending on the regularization parameter Γ.

3 Numerical approximation of the optimal control
problem

In this section, we develop a numerical approximation of the optimal control prob-
lem (8). We focus on the one-dimensional spatial case and the parameter identification
problem or, equivalently, we consider that Ω ⊂ R and the reaction coefficients β
and γ are parametrized by the finite set of parameters e = (e1, . . . , ek) ∈ Rk, i.e.
β(x, t) = β(x, t; e) and γ(x, t) = γ(x, t; e). In a broad sense, we consider a finte dif-
ference discretization on the state equation based mainly in [43, 60, 61, 63, 81]; and
concerning to the discretization of control problem, we define a discrete adjoint state
and discrete gradient, by adapting the results given [10, 16].

3.1 Discretization of the state equations

In order to discretize (1)-(4) we define a finite difference scheme. We consider that
Ω =]0, L[, ∂Ω = {0, L} and ΓT = {0, L} × [0, T ]. We define the discretization of
QT by selecting M,N ∈ N such that the partition of Ω is given by xk = k∆x for
k = 0, . . . ,M + 1 with ∆x = L/(M + 1), and the discretization of [0, T ] is given by
tn = n∆t for n = 0, . . . , N with ∆t = 1/N . The approximation of a given function
G : Ω×R+ → R at (xk, tn) is denoted by Gn

k . Hence, the approximation of the initial
boundary value problem (1)-(4) is given by

Sn+1
k − Sn

k

∆t
=

dS
∆x2

[
Sn+1
k−1 − 2Sn+1

k + Sn+1
k+1

]
−Rlin, (53)

In+1
k − Ink

∆t
=

dI
∆x2

[
In+1
k−1 − 2In+1

k + In+1
k−1

]
+Rlin, (54)

Sn
1 − Sn

0

∆x
=

Sn
M+1 − Sn

M

∆x
=

In1 − In0
∆x

=
InM+1 − InM

∆x
= 0, (55)

S0
k = S0(xk), I0k = I0(xk), (56)

where k = 1, . . . ,M and the function Rlin in a linearization of the reation term and is
defined by the relations (53) and (54) is defined as follows

Rlin =
[
qβn+1

k (Sn
k )

q−1(Ink )
p
]
Sn+1
k +

[
pβn+1

k (Sn
k )

q(Ink )
p−1 + γn+1

k

]
In+1
k

12



− (p+ q − 1)βn+1
k (Sn

k )
q(Ink )

p − γn+1
k Ink (57)

The approximation (57) is introduced to avoid the solution of nonlinear systems as is
considered in the case of the implicit method.

In order to give a more compact presentation of (53)-(56) we consider the notation

Sn = (Sn
1 , . . . , S

n
M )t, In = (In1 , . . . , I

n
M )t, Un =

(
Sn

In

)
, (58a)

LS =
dS∆t

∆x2
H, LI =

dI∆t

∆x2
H, with H =


1 −1

−1 2 −1
. . .

. . .
. . .

−1 2 −1
−1 1


M×M

(58b)

Gn =
(
βn
1 (S

n
1 )

q(In1 )
p − γn

1 I
n
1 , . . . , β

n
M (Sn

M )q(In1 )
p − γn

MInM

)t

(58c)

Gn
S = ∆t

∂Gn

∂Sn
, Gn

I = ∆t
∂Gn

∂In
, Fn =

(
Gn

SS
n +Gn

I I
n −∆t Gn

−Gn
SS

n −Gn
I I

n +∆t Gn

)
, (58d)

Ln =

(
IM + LS +Gn

S Gn
I

−Gn
S IM + LI −Gn

I

)
, (58e)

where IM is the identity matrix of size M . We observe that (53)-(56) can be rewritten
as follows (

IM + LS +GS

)
Sn+1 +GII

n+1 = Sn +GSS
n +GII

n −∆t Gn

−GSS
n+1 +

(
IM + LI −GI

)
In+1 = Sn −GSS

n −GII
n +∆t Gn

which is equivalently to

LnUn+1 = Un + Fn. (59)

Hence, we have stated the finite difference scheme (53)-(56) is equivalent to (59).
We notice that the numerical solutions obtained with the numerical scheme (53)-

(56) preserve the key biological properties, such as positivity, boundedness, and the
invariance of the total population. These features are crucial for both the biological
consistency of the simulation and the subsequent numerical analysis of the epidemic
model. More precisely, by applying the argumentes given in Theorem 2.6 [60] we can
proof the following result.

Theorem 7 Assume that the hypothesis (H0)-(H2) are satisfied. Then, there exists a unique
solution (Sn, In) of the numerical scheme (53)-(56). Moreover, the solutions remain positive
and bounded for arbitrary positive stepsizes ∆t and ∆x and the scheme is unconditionally
convergent.
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3.2 Discret adjoint scheme and discrete gradient

For discretization of the optimal control problem, we begin by considering the discrete
cost function J∆ and the reduced cost functions J∆ defined as follows

J∆(S∆, I∆) =
∆x

2

M∑
k=1

[
(SN

k − Sobs
k )2 + (INk − Iobsk )2

]
+

Γ∆x∆t

2

N∑
k=1

M∑
k=1

[
|∂xβn

k |2 + |∂xγn
k |2

]
, (60)

J∆(e, p.q) = J∆(S∆(e, p.q), I∆(e, p.q)). (61)

Then, the solution of the inverse problem (8), is replaced by the following parameter
identification problem

Find (e, p, q) ∈ U∆ such that
J∆(e, p, q) = inf

(e,p,q)∈U∆

J∆(e, p, q)

subject to (S∆, I∆) solution of (53)-(56),

 (62)

where U∆ ⊂ Rk × (0,∞)2 is a set such that (β(x, t, e), γ(x, t, e), p, q) ∈ Uad.
In order to calculate the discrete gradient we introduce a discrete adjoint state for

the finite differece scheme (53)-(56). Testing (53) by w1
n+1
k , we deduce ES

∆ = 0 with
ES

∆ defined as follows

ES
∆ =

N−1∑
n=0

M∑
k=1

{
Sn+1
k − Sn

k − dS∆t

∆x2

(
Sn+1
k−1 − 2Sn+1

k + Sn+1
k+1

)
−∆t Rlin

}
(w1)

n+1
k ,

=

N−1∑
n=0

M∑
k=1

{
Sn
k

[
(w1)

n
k − (w1)

n+1
k − dS∆t

∆x2

(
(w1)

n
k−1 − 2(w1)

n
k + (w1)

n
k+1

)]

−∆t Rlin(w1)
n+1
k

}
+

M∑
k=1

[
Sn
k − dS∆t

∆x2

(
Sn
k−1 − 2Sn

k + Sn
k+1

)]
(w1)

n
k

∣∣∣N
n=0

− dS∆t

∆x2

N−1∑
n=0

[
Sn
1 (w1)

n
2 − Sn

M (w1)
n
M+1 + Sn

M+1(w1)
n
M − Sn

1 (w1)
n
0

]
.

Similarly, by testing (54) by (p2)
n+1
k , we deduce EI

∆ = 0 with EI
∆ defined as follows

EI
∆ =

N−1∑
n=0

M∑
k=1

{
In+1
k − Ink − dI∆t

∆x2

(
In+1
k−1 − 2In+1

k + In+1
k+1

)
+∆t Rlin

}
(w2)

n+1
k ,

=

N−1∑
n=0

M∑
k=1

{
Ink

[
(w2)

n
k − (w2)

n+1
k − dI∆t

∆x2

(
(w2)

n
k−1 − 2(w2)

n
k + (w2)

n
k+1

)]
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+∆t Rlin(w2)
n+1
k

}
+

M∑
k=1

[
Ink − dI∆t

∆x2

(
Ink−1 − 2Ink + Ink+1

)]
(w2)

n
k

∣∣∣N
n=0

− dI∆t

∆x2

N−1∑
n=0

[
In1 (w2)

n
2 − InM (w2)

n
M+1 + InM+1(w2)

n
M − In1 (w2)

n
0

]
.

Then, denoting by wn
1 = ((w1)

n
1 , . . . , (w1)

n
M )t, wn

2 = ((w2)
n
1 , . . . , (w2)

n
M )t, and Wn =

(wn
1 ,w

n
2 )

t, we define the Lagrangian L∆ = L∆

(
S∆, I∆, (w1)∆, (w2)∆

)
for (62) by the

following relation

L∆ = J∆(e, p, q)− ES
∆

(
S∆, I∆, (w1)∆

)
− EI

∆

(
S∆, I∆, (w2)∆

)
.

We notice that ∇(e,p,q)L∆ = ∂S∆L∆∂(e,p,q)S∆ + ∂I∆L∆∂(e,p,q)I∆ + ∂(e,p,q)L∆. Then,
we select wn

1 and wn
2 such that ∂S∆L∆ = ∂I∆L∆ = 0, i.e.

(w1)
n
k − (w1)

n+1
k

∆t
=

dS
∆x2

[
(w1)

n
k−1 − 2(w1)

n
k + (w1)

n
k+1

]
− ∂Sn

k
Rlin

(
(w1)

n+1
k − (w2)

n+1
k

)
, (63)

(w2)
n
k − (w2)

n+1
k

∆t
=

dI
∆x2

[
(w2)

n
k−1 − 2(w2)

n
k + (w2)

n
k+1

]
− ∂In

k
Rlin

(
(w1)

n+1
k − (w2)

n+1
k

)
, (64)

(w1)
n
k+1 − (w1)

n
k

∆x
=

(w2)
n
k+1 − (w2)

n
k

∆x
= 0, k = 0,M, (65)

(w1)
N
k = SN

k − Sobs
k , (w2)

N
k = INk − Iobsk . (66)

The scheme (63)-(66) is called the adjoint scheme. Hence, we have that

∇(e,p,q)J∆(e, p, q) = ∆t
N−1∑
n=0

M∑
k=1

∇(e,p,q)Rlin

(
(w1)

n+1
k − (w2)

n+1
k

)
+

Γ∆x∆t

2

N∑
n=1

M∑
k=1

(
|∇e∂xβ

n
k |2 + |∇e∂xγ

n
k |2

)
. (67)

defines the discrete gradient.

4 Numerical examples

In this section we develop three numerical examples focused on the the identification
of the powers of the incidence function (Example 1), the identification of the reaction
coefficients (Example 1) and the simultaneous identification of the reaction coefficients
and the incidence function (Example 3). For the solution of the optimization problem
we have considered used the function fminunc of Matlab. The synthetic observations
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are obtained by considering that (∆t,∆x) = (1e − 3, 5e − 4), the identification is
developed with (∆t,∆x) = (1e− 2, 5e− 3) and in all examples Γ = 0.

4.1 Example 1: Identification of the incidence function

In this example we consider the identification of the powers in the incidence function,
i.e. e = (p, q) , by assuming that Ω = [0, 1], T = 1, dS = 0.001, dI = 0.003, β =
0.01 and γ = 0.006. We construct a synthetic observation by considering the initial
conditions given by

S0(x) = 5, I0(x) =


0.001 x ∈ [0, 0.3) ∪ (0.7, 1],

9.995x− 2.9975 x ∈ [0.3, 0.5],

−9.995x+ 6.9975 x ∈ (0.5, 0.7],

and the powers of the incidence function p = q = 1. The simulation with eobs = (1, 1) is
presented in Figures 1-(a)-(b). We develop the identification by considering the initial
guess e = (2, 2) and get that the identified parameters are e∞ = (0.8926, 1.0046). The
numerical identification results showing the comparison of the observed, identified and
initial guess profiles are shown in Figures 1-(c)-(d).

In Figure 2 we show the behavior of the cost function. We observe that the cost
function remains relatively invariant near eobs, resulting in a plateau that hinders
the optimization progress. However, in spite slow descent behavior, we get develop
the convergence to the numerical optimal value of the parameters as is shown in
Figure 2-(d).

4.2 Example 2: Identification of the reaction coefficients

In this example we consider the identification of the reaction coefficients β and γ, by
assuming that Ω = [0, 1], T = 1, dS = 0.003, dI = 0.002, and p = q = 1. We consider
that β and γ are of the following form

β(x, t) = β0

[
1 + α0 exp

(
−k0(x− xm)2

2σ2
m

)][
1− α1

1 + exp(−k1(t− tc))

]
, (68)

γ(x) = γmax + (γmax − γmin) exp

(
−k2(x− xh)

2

2σ2
h

)
. (69)

The second and third factors of the function β models the increased probability of con-
tagion near hotspots, such as supermarkets or airports, and the influence of lockdowns
or quarantines in reducing contact, respectively. The parameter β0 is the natural dis-
ease transmission constant; α0 is the urban intensity, xm and σm are the center and
the radius of the hotspots, respectively; α1 is the effectiveness of the health policy
measure; and tc is the time from which the confinement or isolation policy comes into
effect or is implemented. The function γ models the recovery rate in a health center
located at xh with radius σh. The parameters γmin and γmax are the slow and fast
recovery rates. Moreover k1, k2, and k3, are some appropriate constants. For definition
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Fig. 1: Results of identification for Example1. (a) and (b) simulation results for p =
q = 1, i.e. for mass action law, used to produce the synthetic observation data. (c)
and (d) comparison of observed, initial guess, and identified profiles for susceptible
and infected populations.

of the identification problem, we consider that the functions β and γ are parametrized
by the vector e = (β0, α0, k0, α1, k1, γmin, γmax, k2) and the other parameters are fixed
with the following values xm = 0.25, σm = 0.1, tc = 0.5, xh = 0.75, and σh = 0.1.

We construct a synthetic observation by considering the incidence function with
p = q = 1, the initial conditions

S0(x) = −0.1562(10x+ 1)(10x− 11), (70)

I0(x) =


0.001 x ∈ [0, 0.1) ∪ (0.5, 1],

9.995x− 0.9985 x ∈ [0.1, 0.3],

−9.995x+ 4.9985 x ∈ (0.3, 0.5],

(71)
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Fig. 2: Cost function for Example1. (a) the cost function for p, q ∈ [0.1, 2]. (b) contour
levels of cost function for cost function in (a) with path of descent convergence. (c)
and (d) are a zoom of (a) and (b), respectively, by considering that p, q ∈ [0.6, 1.2]

and the value of the parameters for β and γ are given by the values in eobs given in
Table 1. The simulation with eobs is presented in Figures 3-(a) and (b). We develop
the identification with the initial guess eig and obtain the identified parameters e∞,
booth are given in Table 1. A comparison of the observed, initial guess, and identified
profiles is given in Figures 3-(a) and (b). Moreover, in Figure 4 we show a comparison
of the observed, initial guess, and identified coefficients β and γ.
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Table 1: Numerical values of the parameters for coefficients β(x, t) and
γ(x) define in (68)-(69). Moreover, we consider xm = 0.25, σm = 0.1,
tc = 0.5, xh = 0.75, and σh = 0.1.

Parámetro β0 α0 k0 α1 k1 γmin γmax k2

eobs 0.2000 1.5000 1.0000 0.7000 75.0000 0.0500 0.3000 1.0000
eig 0.7000 1.0000 2.0000 0.5000 100.0000 0.0800 0.8000 2.0000
e∞ 0.3165 1.9463 0.9891 0.5746 99.9392 0.3429 0.5975 1.2640

4.3 Example 3: Identification of the reaction coefficients and
the powers of the incidence function

In this example we consider the identification of the reaction coefficients β and γ of the
parametric form given in Example 2 (see (68) (69)) and assume that Ω = [0, 1], T = 1,
dS = 0.003, dI = 0.002. Moreover, we consider that the synthetic observation is those
constructed in Example 2, i.e. by considering the incidence function with p = q = 1,
the initial conditions given in (70)-(71), and the value of the parameters for β and γ
given eobs given in Table 2. We notice that, the simulation with eobs is presented in
Figures 3-(a) and (b), since corresponds to the same value of the parameters given
for Example 2. In Table 2 we report the values of the identification parameters e∞

by assuming the initial guess eig. A comparison of the observed, initial guess, and
identified profiles is given in Figures 5-(a) and (b). Moreover, in Figure 6 and Figure 7
we show a comparison of the observed, initial guess, and identified coefficients (β, γ)
and the incidence function.

Table 2: Numerical values of the parameters for coefficients β(x, t), γ(x) given in
(68)-(69) and the powers of the incidence function. Moreover, we consider xm = 0.25,
σm = 0.1, tc = 0.5, xh = 0.75, and σh = 0.1.

Parámetro β0 α0 k0 α1 k1 γmin γmax k2 p q

eobs 0.2000 1.5000 1.0000 0.7000 75.0000 0.0500 0.3000 1.0000 1.0000 1.0000
eig 0.7000 1.0000 2.0000 0.5000 100.0000 0.0800 0.8000 2.0000 2.0000 2.0000
e∞ 0.3165 1.9463 0.9891 0.5746 99.9392 0.3429 0.5975 1.2640 1.0384 0.9211

5 Conclusion

This paper presents a theoretical and numerical framework for reaction identification
in a reaction-diffusion system arising from epidemiology. The identification problem is
formulated as an optimal control problem, where state equations is defined by an ini-
tial boundary valued problem for a reaction–diffusion system modelling the susceptible
and infected populations living a bounded habitat. The matrix diffusion is considered
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Fig. 3: Results of identification for Example 2. (a) and (b) simulation results for
p = q = 1, i.e. for mass action law, and the parameters eobs in Table 1. (c) and (d)
comparison of observed, initial guess, and identified profiles for susceptible and infected
populations obtained with parematers eobs, eig, ande∞, respectively, see Table 1.

as a constant diagonal matrix. The reaction is defined by two coefficients, modeling
the disease transmission and recovery rates, and the incidence function, modeling the
interaction of susceptible and infected populations. These coefficients are space-time
dependent functions and the incidence is a power function. Within the context of
Hölder regularity, the state equations are well posed in the sense of positive strong
solutions, by assuming that the coefficients are positive and bounded, the powers
are positive, and the initial condition are positive. Concerning to the optimal con-
trol problem: the existence of solutions is proved; an adjoint system and a first order
condition for optimality solutions are stablished and proved; and a continuos depen-
dence of the state and adjoint equations with respect to the reaction coefficients, the

20



(a) (b)

(c)

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

(d)

Fig. 4: Coefficients β(x, t) and γ(x) for Example 2. (a), (b) and (c) are the observed,
initial guess, and identified coefficient β with parameters, respectively. (c) is compar-
ison of observed, initial guess, and identified coefficient γ. The numerical values eobs,
eig, ande∞ are given in Table 1

incidence powers, and the observation functions are introduced. Additionally a numer-
ical approximation based on the IMEX and discretize-then-optimize methodologies is
introduced and used to simulate the parameter identification problem in three exam-
ples. Hence, this work present a progres for the mathematical framework for reaction
identification in reaction-diffusion systems arising from epidemiology and provides and
make some advances for the numerical solution which needs some refinements in order
to get the applications to experimental data.
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Fig. 5: Results of identification for Example 3. (a) and (b) show a comparison of
observed, initial guess, and identified profiles for susceptible and infected populations
obtained with parematers eobs, eig, ande∞, respectively, see Table 2.
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[21] Cristofol, M., Gaitan, P., Niinimäki, K., Poisson, O.: Inverse problem for a coupled
parabolic system with discontinuous conductivities: one-dimensional case. Inverse
Probl. Imaging 7(1), 159–182 (2013)

[22] Cristofol, M., Roques, L.: The inverse problem of determining several coefficients
in a nonlinear Lotka-Volterra system. Inverse Probl. 28(7), 075007 (2012)

[23] Cristofol, M., Roques, L.: An inverse problem involving two coefficients in a
nonlinear reaction-diffusion equation. C. R. Math. Acad. Sci. Paris 350(9-10),
469–473 (2012)

[24] Deng, K., Wu, Y.: Dynamics of an SIS epidemic reaction-diffusion model. Proc.
Roy. Soc. Edinburgh Sect. A 146, 929–946 (2016)

25



[25] Derrick, W.R., van den Driessche, P.: A disease transmission model in a
nonconstant population. J. Math. Biol. 31(5), 495–512 (1993)

[26] Diekmann, O., Heesterbeek, J.A.P.: Mathematical Epidemiology of Infectious Dis-
eases: Model Building, Analysis and Interpretation, 1st edition. Wiley, New York
(2000)

[27] Diekmann, O., Heesterbeek, J.A.P., Metz, J.A.J.: On the definition and the com-
putation of the basic reproduction ratio R0 in models for infectious diseases in
heterogeneous populations. J. Math. Biol. 28, 365–382 (1990)

[28] Ducrot, A., Guo, J.-S.: Asymptotic behavior of solutions to a class of diffusive
predator–prey systems. J. Evol. Equ. 18, 755–775 (2018)

[29] Elaiw, A.M., AlShamrani, N.H.: Global stability of humoral immunity virus
dynamics models with nonlinear infection rate and removal. Nonlinear Anal. Real
World Appl. 26, 161–190 (2015)

[30] Elaiw, A.M., Alshaikh, M.: Stability preserving NSFD scheme for a general virus
dynamics model with antibody and cell-mediated responses. Chaos, Solitons
Fractals 138, 109862 (2020)

[31] Eshtewy, N.A., Forootani, A., Sisi, Z.A.: Survey on mathematical modeling of
infectious disease dynamics: insights and applications. BMC Infect. Dis. (2026).

[32] Evans, L.C.: Partial Differential Equations. American Mathematical Society,
Providence (1997)

[33] Farrell, A.P., Collins, J.P., Greer, A.L., Thieme, H.R.: Do fatal infectious diseases
eradicate host species? J. Math. Biol. 77, 2103–2164 (2018)

[34] Fitzgibbon, W.E., Langlais, M., Morgan, J.J.: A mathematical model for indi-
rectly transmitted diseases. Math. Biosci. 206(2), 233–248 (2007)

[35] Gan, C., Yang, X., Liu, W., Zhu, Q.: A propagation model of computer virus
with nonlinear vaccination probability. Commun. Nonlinear Sci. Numer. Simul.
19, 92–100 (2014)

[36] Gunzburger, M.D.: Perspectives in flow control and optimization. SIAM, Philadel-
phia (2003)

[37] Heesterbeek, J.A.P., Roberts, M.G.: Threshold quantities for infectious diseases
in continuous-time models. J. Math. Biol. 33(4), 415–434 (1995)

[38] Hethcote, H.W.: The mathematics of infectious diseases. SIAM Rev. 42(4), 599–
653 (2000)

26



[39] Hethcote, H.W.: Epidemiology models with variable population size. In: Math-
ematical Understanding of Infectious Disease Dynamics. Lect. Notes Ser. Inst.
Math. Sci. Natl. Univ. Singap. 16, 63–89. World Sci. Publ., Hackensack (2009)

[40] Hethcote, H.W., Lewis, M.A., van den Driessche, P.: An epidemiological model
with delay and a nonlinear incidence rate. J. Math. Biol. 27(1), 49–64 (1989)

[41] Hethcote, H.W., van den Driessche, P.: Some epidemiological models with
nonlinear incidence. J. Math. Biol. 29, 271–287 (2000)

[42] Hoang, M.T., Ehrhardt, M.: Differential equation models for infectious dis-
eases: Mathematical modeling, qualitative analysis, numerical methods and
applications. SeMA (2025). https://doi.org/10.1007/s40324-025-00404-9

[43] Hoff, D.: Stability and convergence of finite difference methods for systems of
nonlinear reaction-diffusion equations. SIAM J. Numer. Anal. 15, 1161–1177
(1978)

[44] Hollis, S.L., Martin, R.H., Pierre, M.: Global existence and boundedness in
reaction-diffusion systems. SIAM J. Math. Anal. 18, 744–761 (1987)

[45] Hu, Z., Ma, W., Ruan, S.: Analysis of SIR epidemic models with nonlinear
incidence rate and treatment. Math. Biosci. 238, 12–20 (2012)

[46] Huang, W., Han, M., Liu, K.: Dynamics of an SIS reaction-diffusion epidemic
model for disease transmission. Math. Biosci. Eng. 7, 51–66 (2010)

[47] Kendall, D.G.: Mathematical models of the spread of infection. Mathematics and
Computer Science in Biology and Medicine, 197–218 (1957)

[48] Kermack, W.O., McKendrick, A.G.: A contribution to the mathematical theory
of epidemics. Proc. R. Soc. Lond. A 115, 700–721 (1927)

[49] Kevrekidis, P.G., Cuevas-Maraver, J., Drossinos, Y., Rapti, Z., Kevrekidis, G.A.:
Reaction-diffusion spatial modeling of COVID-19: Greece and Andalusia as case
examples. Phys. Rev. E 104, 024412 (2021)

[50] Kim, K.I., Lin, Z., Zhang, L.: Avian-human influenza epidemic model with
diffusion. Nonlinear Anal. Real World Appl. 11, 313–322 (2010)

[51] Kolokolnikov, T., Iron, D.: Law of mass action and saturation in SIR model with
application to Coronavirus modelling. Infect. Dis. Model. 6, 91–97 (2021)

[52] Kouachi, S.: Existence of global solutions to reaction-diffusion systems via a
Lyapunov functional. Electron. J. Differ. Equ. 68, 1–10 (2001)

[53] Kuhl, E.: Computational Epidemiology: Data-Driven Modeling of COVID-19.
Springer, Cham (2021)

27



[54] Kuniya, T., Wang, J.: Lyapunov functions and global stability for a spatially
diffusive SIR epidemic model. Appl. Anal. 96, 1935–1960 (2017)

[55] Li, F., Yip, N.K.: Long time behavior of some epidemic models. Discrete Contin.
Dyn. Syst. Ser. B 16, 867–881 (2011)

[56] Lin, H.-L., Wang, F.-B.: Global dynamics of a nonlocal reaction-diffusion system
modeling the West Nile virus transmission. Nonlinear Anal. Real World Appl.
46, 352–373 (2019)

[57] Liu, C., Cui, R.: Qualitative analysis on an SIRS reaction-diffusion epidemic
model with saturation infection mechanism. Nonlinear Anal. Real World Appl.
62, 103364 (2021)

[58] Liu, W.M., Hethcote, H.W., Levin, S.A.: Dynamical behavior of epidemiology
models with nonlinear incidence rates. J. Math. Biol. 25(4), 359–380 (1987)

[59] Liu, W.M., Levin, S.A., Iwasa, Y.: Influence of nonlinear incidence rates upon the
behaviour of SIRS epidemiological models. J. Math. Biol. 23(2), 187–204 (1986)

[60] Liu, X., Yang, Z.W.: Numerical analysis of a reaction-diffusion susceptible-
infected-susceptible epidemic model. Comput. Appl. Math. 41, 392 (2022)

[61] Liu, X., Yang, Z.W., Zeng, Y.M.: Global numerical analysis of an improved IMEX
numerical scheme for a reaction diffusion SIS model in advective heterogeneous
environments. Comput. Math. Appl. 144, 264–273 (2023)

[62] Lizana, M., Rivero, J.: Multiparametric bifurcations for a model in epidemiology.
J. Math. Biol. 35(1), 21–36 (1996)

[63] Lopez, L.: Stability and Asymptotic Behaviour for the Numerical Solution of
a Reaction—Diffusion Model for a Deterministic Diffusive Epidemic. IMA J.
Numer. Anal. 3, 341–351 (1983)

[64] Masuda, K.: On the global existence and asymptotic behavior of solutions of
reaction-diffusion equations. Hokkaido Math. J. 12, 360–370 (1983)

[65] McCallum, H., Barlow, N., Hone, J.: How should pathogen transmission be
modelled? Trends Ecol. Evol. 16(6), 295–300 (2001)

[66] Martcheva, M.: An Introduction to Mathematical Epidemiology. Springer 61,
New York (2015)

[67] Noble, J.V.: Geographic and temporal development of plagues. Nature 250(5463),
226–229 (1974)

[68] Peng, R.: Asymptotic profiles of the positive steady state for an SIS epidemic
reaction–diffusion model, Part I. J. Differ. Equ. 247, 1096–1119 (2009)

28



[69] Peng, R., Salako, R.B., Wu, Y.: Spatial profiles of a reaction-diffusion epi-
demic model with nonlinear incidence mechanism and varying total population.
Nonlinearity 38(4), 045006 (2025)

[70] Peng, R., Salako, R., Wu, Y.: Spatial profiles of a reaction-diffusion epidemic
model with nonlinear incidence mechanism and constant total population. SIAM
J. Math. Anal. 57(2), 1586–1620 (2025)

[71] Peng, R., Yi, F.: Asymptotic profile of the positive steady state for an SIS epi-
demic reaction–diffusion model: effects of epidemic risk and population movement.
Physica D 259, 8–25 (2013)

[72] Peng, R., Wu, Y.: Global L∞-bounds and long-time behavior of a diffusive epi-
demic system in a heterogeneous environment. SIAM J. Math. Anal. 53(3),
2776–2810 (2021)

[73] Pierre, M.: Global existence in reaction-diffusion systems with control of mass: a
survey. Milan J. Math. 78(2), 417–455 (2010)

[74] Ren, X., Wang, K., Liu, X.: Dynamics on a degenerated reaction–diffusion Zika
transmission model. Appl. Math. Lett. 150, 108935 (2024)

[75] Shen, J., Wang, S., Cao, H., Nie, L.: Dynamic Analysis of a Nonlocal and Delayed
Reaction-Diffusion Zika Virus Model with Spatial Heterogeneity. Qual. Theory
Dyn. Syst. 24, 197 (2025). https://doi.org/10.1007/s12346-025-01352-5

[76] Tian, Y., Liu, X.: Global dynamics of a virus dynamical model with general
incidence rate and cure rate. Nonlinear Anal. Real World Appl. 16, 17–26 (2014)

[77] Wen, X., Ji, J., Li, B.: Asymptotic profiles of the endemic equilibrium to a diffusive
SIS epidemic model with mass action infection mechanism. J. Math. Anal. Appl.
458, 715–729 (2018)
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