
UNIVERSIDAD DE CONCEPCIÓN
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Abstract. The Nonlinear Forward-Backward (NFB) algorithm, also known as warped re-
solvent iterations, is a splitting method for finding zeros of sums of monotone operators. In

particular cases, NFB reduces to well-known algorithms such as Forward-Backward, Forward-
Backward-Forward, Chambolle–Pock, and Condat–Vũ. Therefore, NFB can be used to solve

monotone inclusions involving sums of maximally monotone, cocoercive, monotone and Lip-

schitz operators as well as linear compositions terms. In this article, we study the weak and
strong (linear) convergence of NFB with inertial and relaxation steps. Our results recover

known convergence guarantees for the aforementioned methods when extended with inertial

and relaxation terms. Additionally, we establish the convergence of inertial and relaxed
variants of the Forward-Backward-Half-Forward and Forward-Primal–Dual-Half-Forward al-

gorithms, which, to the best of our knowledge, are new contributions. We consider both

nondecreasing and decreasing sequences of inertial parameters, the latter being a novel ap-
proach in the context of inertial algorithms. To evaluate the performance of these strategies,

we present numerical experiments on optimization problems with affine constraints and on

image restoration tasks. Our results show that decreasing inertial sequences can accelerate
the numerical convergence of the algorithms.

Keywords. Operator splitting, monotone operators, monotone inclusion, inertial methods,
convex optimization
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1. Introduction

In this article, we study an inertial and relaxed version of the Nonlinear Forward-Backward
algorithm (NFB) [26, 46] (see also [35]). This method can be applied to numerically solve a
broad class of monotone inclusion problems, such as the following:

Problem 1.1. Let H be a real Hilbert space, let A : H → 2H be a maximally monotone
operator, and let C : H → H be a β-cocoercive operator with β ∈ ]0,+∞[. The problem is to

find x ∈ H such that 0 ∈ Ax+Cx, (1.1)

under the assumption that its solution set is nonempty.

This problem encompasses several applications such as mechanical problems [44, 47, 48],
differential inclusions [9, 60], convex programming [34], game theory [20, 24], data science [38],
image processing [16, 21], traffic theory [19, 43, 45], among other disciplines.
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2 RELAXED AND INERTIAL NONLINEAR FORWARD-BACKWARD ALGORITHM

In the context of Problem 1.1, given z0 ∈ H, NFB iterates as follows:

(∀n ∈ N)
⌊

xn = (Mn +A)−1(Mn −C)zn,
zn+1 = zn − θnµnS

−1(Mnzn −Mnxn),
(1.2)

where S : H → H is a linear bounded definite positive operator, for every n ∈ N, Mn : H → H
is a monotone operator, (θn) ∈ ]0, 2[, and (µn)n∈N is an adequate sequence in ]0,+∞[ (see
(3.55)). For guaranteeing the convergence of NFB to a solution to Problem 1.1, the authors
in [46] assume that, for every n ∈ N, Mn : H → H is Lipschitz continuous and 1-strongly
monotone with respect to a linear, bounded and definite positive operator P : H → H. In
particular instances, the iterations defined by (1.2) reduce to well known optimization methods.

• Forward-Backward: If S = Id and, for every n ∈ N, θnµn = γ, Mn = Id/γ, for
γ ∈ ]0,+∞[, NFB reduces to the classic Forward-Backward algorithm (FB) [48, 50, 56].
Moreover, since the Chambolle–Pock algorithm [31] and the Condat–Vũ algorithm
[39, 65] are preconditioned versions of FB applied to primal-dual inclusions, NFB also
covers these algorithms.

• Forward-Backward-Forward: Given a maximally monotone operator A : H → 2H

and a Lipschitz operator B : H → H, by defining A = A + B, S = Id, θnµn = γ, for
every n ∈ N, Mn = Id/γ −B and assuming that C = 0, the Problem (1.1) reduces to

find x ∈ H such that 0 ∈ Ax+Bx, (1.3)

and NFB reduces to the Forward-Backward-Forward method (FBF) [64]. Given z0 ∈ H,
FBF iterates as follows:

(∀n ∈ N)
⌊
xn = JτA(zn − τDzn))
zn+1 = xn − τ(Dxn −Dzn).

(1.4)

• Forward-Backward-Half-Forward: considering the same setting as before but with
C ̸= 0, the Forward-Backward-Half-Forward algorithm (FBHF) [22] is recovered. Note
that, although the structure of FBHF can be recovered naturally, this is not the case
for the condition on the steps guaranteeing convergence for FBHF, which deduction is
laborious (see [46, Appendix A.3]). Given z0 ∈ H, FBHF iterates as follows:

(∀n ∈ N)
⌊
xn = JτA(zn − τ(Dzn +Czn))
zn+1 = xn − τ(Dxn −Dzn).

(1.5)

These specific instances highlight the versatility of NFB, as it generalizes several methods
from the literature and enables the solution of problems involving Lipschitz operators, primal-
dual inclusions, linear compositions, among others. In [54], the authors proposed a nonlin-
ear forward-backward with momentum correction term (NFBM), also used for solving Prob-
lem 1.1. Moreover, NFBM also allows recovering and extend existing methods in the literature,
such as, forward-half-reflected-backward (FHRB) [52], Chambolle–Pock, Condat–Vũ, Douglas–
Rachford [42, 50], among others. However, NFBM cannot recover Tseng-type algorithms such
as FBF, FBHF, and forward-primal-dual-half-forward (FPDHF) [58]. Note that NFBM also
considers the warped resolvent (Mn + A)−1 on its iterates. The authors in [54], derived the
convergence of NFBM under the assumption that, for every n ∈ N, γnMn − S is ζn-Lipschitz
with respect to S, for ζn ∈]0, 1[ and γn ∈ ]0,+∞[. In particular, if this condition holds, it is
possible to choose P so that Mn is Lipschitz continuous and 1-strongly monotone with respect
to P [54, Proposition 2.1], thereby recovering the assumptions on Mn for NFB made in [46].

Several works have incorporated inertial and relaxation steps into splitting algorithms for
solving monotone inclusions and it has been shown that inertial and relaxation steps can improve
the performance of the algorithm. For instance, inertial proximal algorithms were introduced



RELAXED AND INERTIAL NONLINEAR FORWARD-BACKWARD ALGORITHM 3

in [2] and further developed in works such as [5, 7, 55, 61, 57]. The inertial forward-backward
algorithm was first studied in [1] and later has been studied, for example, in [5, 8, 6, 11,
30, 51, 13, 62]. Inertial and relaxed variants of the forward-backward-forward algorithm have
been analyzed in [13, 14, 18, 63]. Moreover, inertial versions of the Douglas–Rachford and
Chambolle–Pock algorithms have been studied, for example, in [3, 15] and [49, 66], respectively.
The Krasnosel’skĭı–Mann algorithm, which generalize some methods mentioned above, has been
extended to incorporate inertial and relaxation steps in [37, 40, 41, 53]. The inertial version
of the reflected-forward-backward [28] has been studied in [17]. In the recent paper [59], the
authors presented an inertial and relaxed version of NFBM, and consequently, of all the methods
generalized by NFBM.

In this article, we analyze the convergence of NFB, including inertial and relaxation steps,
under the assumption that γnMn − S is ζn-Lipschitz with respect to S. This assumption
simplifies the derivation of convergence conditions on the step-size, relaxation, and inertial
parameters, making it easier to recover the corresponding conditions for particular cases of NFB
(see, for instance, Remark 4.42 and [46, Appendix A.3]). We also derive the linear convergence
of NFB with inertial and relaxation steps in the case where A is strongly monotone. As a
result, we recover and extend the relaxed and inertial versions of FB, FBF, FBHF, Chambolle–
Pock, Condat–Vũ, and FPDHF. In particular, we consider the case where the sequence of
inertial parameters is decreasing, which, to the best of our knowledge, is the first approach that
considers this type of inertial strategy, whereas they are usually assumed to be nondecreasing,
for instance in [12, 13, 15, 18, 51, 53]. To facilitate implementation and the choice of step-
sizes, relaxation parameters, and inertial parameters, we propose an initialization procedure
for running these algorithms. We also discuss how the original assumptions made in [46] for
including inertial and relaxation steps in NFB can be incorporated into our analysis. Finally,
we present numerical experiments testing the benefits of inertial and relaxation steps in NFB,
applied to optimization problems with affine constraints and image restoration tasks, both in
the monotone and in the strongly monotone case.

The main contributions of this article are summarized as follows:

• We incorporate inertial and relaxation steps into NFB.
• We recover convergence results for inertial and relaxed versions of FB, FBF, Chambolle–
Pock, and Condat–Vũ, and extend them to the case of decreasing inertial parameters.

• We propose relaxed and inertial versions of FBHF and FPDHF. In particular, we show
that FPDHF correspond to a NFB iteration.

• We provide numerical evidence showing that decreasing inertial parameters can accel-
erate convergence.

The article is structured as follows. In Section 2, we introduce our notation and preliminaries.
Section 3 presents our main convergence results for inertial and relaxed NFB. This section also
discusses how the assumptions in [46] relate to our framework and analyzes the conditions on
the inertial and relaxation parameters to ensure convergence. In Section 4, we derive relaxed
and inertial versions of FB, FBF, FBHF, Chambolle–Pock, Condat–Vũ, and FPDHF as par-
ticular instances of NFB. Section 5 presents numerical experiments in optimization with affine
constraints and image restoration. Finally, conclusions are given in Section 6.

2. Preliminaries and Notation

Let H be a real Hilbert space with inner product ⟨· | ·⟩, we denote the induced norm by
the inner product by ∥ · ∥. The symbols ⇀ and → denote the weak and strong convergence,
respectively. Let S : H → H be a self adjoint positive definite linear bounded operator, we
denote ⟨· | ·⟩S = ⟨· | S(·)⟩ and ∥ · ∥S =

√
⟨· | ·⟩S . Note that (H, ⟨· | ·⟩S) is a real Hilbert space
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and we have

(∀x ∈ H) ∥S−1x∥S = ∥x∥S−1 (2.1)

and

(∀x ∈ H)(∀y ∈ H) 2⟨x | y⟩ = 2
〈
x | S−1y

〉
S
= ∥Sx− y∥2S−1 − ∥x∥2S − ∥y∥2S−1 . (2.2)

Moreover, it follows from [10, Corollary 2.15] that

(∀x ∈ H)(∀y ∈ H)(∀α ∈ R) ∥αx+(1−α)y∥2S = α∥x∥2S+(1−α)∥y∥2S−α(1−α)∥x−y∥2S . (2.3)

Let T : H → H, and β ∈ ]0,+∞[. The operator T is β-cocoercive with respect to S if

(∀(x, y) ∈ H2) ⟨x− y | Tx− Ty⟩ ≥ β∥Tx− Ty∥2S−1 . (2.4)

The operator T is β-Lipschitzian with respect to S if

∥Tx− Ty∥S−1 ≤ β∥x− y∥S . (2.5)

Let A : H → 2H be a set-valued operator, we define the graph of A and the set of zeros of A,
respectively, by

graA =
{
(x, u) ∈ H ×H

∣∣ u ∈ Ax
}
, (2.6)

zerA =
{
x ∈ H

∣∣ 0 ∈ Ax
}
. (2.7)

The inverse of A is A−1 : H → 2H : u 7→
{
x ∈ H

∣∣ u ∈ Ax
}

and the resolvent of A is JA =

(Id +A)−1. Let s ∈ R, the operator A is s-monotone with respect to S if

(∀(x, u) ∈ graA)(∀(y, v) ∈ graA) ⟨x− y | u− v⟩ ≥ s∥u− v∥2S . (2.8)

If s = 0, A is called monotone and, if s > 0, A is called s-strongly monotone. Moreover, A
is maximally monotone if it is monotone and there exists no monotone operator B : H → 2H

such that graB properly contains graA. If A is maximally monotone, then JA is single valued
and has full domain. We say that A is β-strongly monotone with respect to S, for β > 0, if

(∀(x, u) ∈ graA)(∀(y, v) ∈ graA) ⟨x− y | u− v⟩ ≥ β∥x− y∥2S . (2.9)

We denote by Γ0(H) the class of proper lower semicontinuous convex functions f : H →
]−∞,+∞]. Let f ∈ Γ0(H). The Fenchel conjugate of f is given by

f∗ : u 7→ sup
x∈H

(⟨x | u⟩ − f(x)) (2.10)

and we have f∗ ∈ Γ0(H). The subdifferential of f is the set-valued operator defined by

∂f : x 7→
{
u ∈ H

∣∣ (∀y ∈ H) f(x) + ⟨y − x | u⟩ ≤ f(y)
}
.

It follows that ∂f is a maximally monotone operator, that (∂f)−1 = ∂f∗, and that zer∂f is
the set of minimizers of f , which is denoted by argminx∈H f . The proximity operator of f is
defined by

prox f : x 7→ argmin
y∈H

(
f(y) +

1

2
∥x− y∥2

)
. (2.11)

Note that prox f = J∂f . Given a nonempty closed convex set C ⊂ H, we denote by PC the
projection onto C and by ιC ∈ Γ0(H) the indicator function of C, which takes the value 0 in
C and +∞ otherwise. We denote by NC = ∂ιC the normal cone to C. For further properties
of monotone operators, nonexpansive mappings, and convex analysis, the reader is referred to
[10].

We denote by ℓ1+(N) the set of nonnegative summable sequences. The following lemmas will
be used throughout the article.
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Lemma 2.1 (Lemma 11 [18]). Let (an)n∈N be a sequence in [0,+∞[, let (bn)n∈N be a sequence
in ℓ1+(N), and let (αn)n∈N be a sequence in [0, α] for α ∈ [0, 1[. Suppose that

(∀n ≥ 1) an+1 ≤ an + αn(an − an−1) + bn.

Then (an)n∈N converges.

Lemma 2.2 (Lemma 5.31 [10]). Let (an)n∈N and (bn)n∈N be sequences in [0,+∞[, and let
(tn)n∈N and (rn)n∈N be sequences in ℓ1+(N) such that

(∀n ∈ N) an+1 ≤ (1 + tn)an − bn + rn.

Then (an)n∈N converges and
∑
n∈N bn < +∞.

Lemma 2.3 (Lemma 3.80 [32]). Let (an)n∈N be a sequence in [0,+∞[, let (αn)n∈N be a sequence
in [0,+∞[ such that αn → 0, and let r ∈ ]0, 1[. Suppose that

(∀n ∈ N) an+1 ≤ (1− r + αn)an.

Then, (an)n∈N converges linearly to 0.

3. Inertial Nonlinear Forward-Backward

In this section we consider the following problem.

Problem 3.1. Let H be a real Hilbert space, let S : H → H be a self adjoint strongly monotone
linear bounded operator, let A : H → 2H be a maximally monotone operator, let C : H → H
be a β-cocoercive operator with respect to S for β ∈ ]0,+∞[. The problem is to

find x ∈ H such that 0 ∈ Ax+Cx,

under the assumption that its solution set is nonempty.

The following assumption plays a central role in the convergence analysis of the inertial-
relaxed nonlinear forward-backward algorithm studied in this article.

Assumption 3.2. In the context of Problem 3.1, let γ ∈ ]0,+∞[ and let (γn)n∈N be a sequence
in [γ,+∞[. Moreover, let Mn : H → H be a singled valued operator such that γnMn − S is a
ζn-Lipschitz operator with respect to S for ζn ∈ [ζ, ζ] where ζ ∈ [0, ζ] and ζ ∈ ]0, 1[.

The following algorithm incorporates inertial and relaxation steps into NFB.

Algorithm 3.3. In the context of Problem 3.1 and Assumption 3.2, let (z0, z−1) ∈ H2, let
(αn)n∈N be a nonnegative sequence such that αn → α ∈ [0, 1[, let (λn)n∈N be a sequence in [λ, λ[
for (λ, λ) ∈ ]0, 2[2, and consider the recurrence defined by

yn = zn + αn(zn − zn−1), (3.1a)

xn = (Mn +A)−1(Mn −C)yn, (3.1b)

wn+1 = yn − γnS
−1(Mnyn −Mnxn), (3.1c)

zn+1 = λnwn+1 + (1− λn)yn. (3.1d)

Remark 3.4. Note that, Algorithm 3.3 is well defined in view of Assumption 3.2 [54, Propo-
sition 3.1].

The following proposition provides essential estimates for establishing the convergence of
Algorithm 3.3.
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Proposition 3.5. In the context of Problem 3.1 and Assumption 3.2, let (z0, z1) ∈ H2 and
consider the sequence (zn)n∈N generated by Algorithm 3.3. Suppose that A is s-monotone with
respect to S for s ≥ 0. Let ε > 0, let θ ∈ ]0,+∞[ be such that sθ < 1, and, for every n ∈ N,
define

r =
sλ

2
min{

(
1− ζ2 − ε

)
θ, 2γ}, (3.2)

νn =

{
0, if − (γnMn − S) is monotone,

2ζn, otherwise.
(3.3)

ψn =
2− ε+ νn − sθ(1− ζ2n − ε)

1 + ζ2n + νn
, (3.4)

ρn =
ψn
λn

− 1, (3.5)

δn = (1− r)(1− αn)ρn − αn+1(1− αn+1)ρn+1 − (1− r)αn+1(1 + αn+1). (3.6)

Moreover, suppose that, for every n ≥ N ∈ N, ρn ≥ 0 and let ε > 0 be such that

(∀n ≥ N) ε < 1− ζ2n. (3.7)

Therefore, for every z ∈ zer(A+C) and every n ≥ N ,

∥zn+1 − z∥2S − αn∥zn − z∥2S + (1− αn)ρn∥zn+1 − zn∥2S
≤ (1− r)(∥zn − z∥2S − αn∥zn−1 − z∥2S + (1− αn−1)ρn−1∥zn − zn−1∥2S)

− δn−1∥zn − zn−1∥2S − λnγn
ε

(2βε− γn) ∥Cyn −Cz∥2S−1 . (3.8)

Proof. Fix n ∈ N. Let z ∈ zer(A+C), thus, −Cz ∈ Az. It follows from (3.1b) that

Mnyn −Mnxn −Cyn ∈ Axn.

Hence, by the s-strong monotonicity of A we have

2γn⟨Mnyn −Mnxn | xn − z⟩ − 2γn⟨Cyn −Cz | xn − z⟩ ≥ 2sγn∥xn − z∥2S . (3.9)

Furthermore, by the β-cocoercivity of C with respect to S and Young’s inequality, we have

−2γn⟨Cyn −Cz | xn − z⟩ =− 2γn⟨Cyn −Cz | yn − z⟩ − 2γn⟨Cyn −Cz | xn − yn⟩

≤ − γn
ε

(2βε− γn) ∥Cyn −Cz∥2S−1 + ε∥yn − xn∥2S . (3.10)

Moreover, it follows from (3.1c) that

∥wn+1 − z∥2S =∥yn − γnS
−1(Mnyn −Mnxn)− z∥2S

=∥yn − z∥2S − 2γn⟨yn − z | Mnyn −Mnxn⟩+ γ2n∥S−1(Mnyn −Mnxn)∥2S .
(3.11)

Note that, by summing the last two terms in (3.11) and the first term in (3.9), by the Lips-
chitzian property of γnMn − S, we obtain

2γn⟨Mnyn −Mnxn | xn − z⟩ − 2γn⟨yn − z | Mnyn −Mnxn⟩+ γ2n∥S−1(Mnyn −Mnxn)∥2S
=2γn⟨Mnyn −Mnxn | xn − yn⟩+ γ2n∥S−1(Mnyn −Mnxn)∥2S

(2.2)
= − ∥xn − yn∥2S + ∥(γnMn − S)yn − (γnMn − S)xn)∥2S−1

≤− (1− ζ2n)∥xn − yn∥2S . (3.12)
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By combining (3.9)-(3.12), we deduce

∥wn+1 − z∥2S ≤ ∥yn − z∥2S−
(
1− ζ2n − ε

)
∥yn − xn∥2S − γn

ε
(2βε− γn) ∥Cyn −Cz∥2S−1

− 2sγn∥xn − z∥2S . (3.13)

Now, it follows from (3.1d) and (3.13) that

∥zn+1 − z∥2S = ∥λnwn+1 + (1− λn)yn − z∥2S
= ∥(1− λn)(yn − z) + λn(wn+1 − z)∥2S
(2.3)
= (1− λn)∥yn − z∥2S + λn∥wn+1 − z∥2S − λn(1− λn)∥wn+1 − yn∥2S
≤ (1− λn)∥yn − z∥2S + λn∥yn − z∥2S − λn

(
1− ζ2n − ε

)
∥yn − xn∥2S

− λnγn
ε

(2βε− γn) ∥Cyn −Cz∥2S−1 − 2sλnγn∥xn − z∥2S − λn(1− λn)∥wn+1 − yn∥2S

= ∥yn − z∥2S − λn
(
1− ζ2n − ε

)
∥yn − xn∥2S − λnγn

ε
(2βε− γn) ∥Cyn −Cz∥2S−1

− 2sλnγn∥xn − z∥2S − 1− λn
λn

∥zn+1 − yn∥2S

= ∥yn − z∥2S − λn(1− sθ)
(
1− ζ2n − ε

)
∥yn − xn∥2S − λnγn

ε
(2βε− γn) ∥Cyn −Cz∥2S−1

− λnsθ
(
1− ζ2n − ε

)
∥yn − xn∥2S − 2sλnγn∥xn − z∥2S − 1− λn

λn
∥zn+1 − yn∥2S

≤ ∥yn − z∥2S − λn(1− sθ)
(
1− ζ2n − ε

)
∥yn − xn∥2S − λnγn

ε
(2βε− γn) ∥Cyn −Cz∥2S−1

− sλn
2

min{θ
(
1− ζ2n − ε

)
, 2γn}∥yn − z∥2S − 1− λn

λn
∥zn+1 − yn∥2S

≤ (1− r)∥yn − z∥2S − λn(1− sθ)
(
1− ζ2n − ε

)
∥yn − xn∥2S − λnγn

ε
(2βε− γn) ∥Cyn −Cz∥2S−1

− 1− λn
λn

∥zn+1 − yn∥2S , (3.14)

where the last inequality follows by noticing that r ≤ sλn
2

min{θ
(
1− ζ2n − ε

)
, 2γn}. Note that

if −(γnMn − S) is monotone then

2⟨(γnMn − S)yn − (γnMn − S)xn | yn − xn⟩ ≤ 0.

Otherwise, by the Cauchy–Schwarz inequality and the ζn-Lipschitz property of γnMn − S

2⟨(γnMn − S)yn − (γnMn − S)xn | yn − xn⟩ ≤ 2ζn∥yn − xn∥2S .

Hence, from (3.3) we conclude that

2⟨(γnMn − S)yn − (γnMn − S)xn | yn − xn⟩ ≤ νn∥yn − xn∥2S . (3.15)
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Moreover, from (3.1d), (3.1c), the ζn-Lipschitz property of γnMn − S, and (3.15) we have

1

λ2n
∥zn+1 − yn∥2S = ∥wn+1 − yn∥2S

= ∥γnS−1(Mnyn −Mnxn)∥2S
= ∥S−1((γnMn − S)yn − (γnMn − S)xn) + (yn − xn)∥2S
= ∥(γnMn − S)yn − (γnMn − S)xn∥2S−1 + ∥yn − xn∥2S
+ 2⟨(γnMn − S)yn − (γnMn − S)xn | yn − xn⟩

≤ (1 + ζ2n + νn)∥yn − xn∥2S . (3.16)

Hence, by combining (3.14) with (3.16), by condition (3.7), and by noticing that

(1− sθ)(1− ζ2n − ε)

λn(1 + ζ2n + νn)
+

(1− λn)

λn
=
ψn
λn

− 1 = ρn,

we deduce

∥zn+1 − z∥2S ≤ (1− r)∥yn − z∥2S − ρn∥zn+1 − yn∥2S − λnγn
ε

(2βε− γn) ∥Cyn −Cz∥2S−1 .

(3.17)

Now, (3.1a) yields

∥yn − z∥2S = ∥zn + αn(zn − zn−1)− z∥2S
= ∥(1 + αn)(zn − z)− αn(zn−1 − z)∥2S
(2.3)
= (1 + αn)∥zn − z∥2S − αn∥zn−1 − z∥2S + αn(1 + αn)∥zn − zn−1∥2S . (3.18)

Moreover,

−∥zn+1 − yn∥2S = −∥zn+1 − zn − αn(zn − zn−1)∥2S
= −∥(1− αn)(zn+1 − zn) + αn(zn+1 − 2zn + zn−1)∥2S
(2.3)
= − (1− αn)∥zn+1 − zn∥2S + αn(1− αn)∥zn − zn−1∥2S − αn∥zn+1 − 2zn + zn−1∥2S
≤ −(1− αn)∥zn+1 − zn∥2S + αn(1− αn)∥zn − zn−1∥2S . (3.19)

Therefore, in view of (3.17)-(3.19), we deduce that

∥zn+1 − z∥2S − (1− r)αn∥zn − z∥2S + (1− αn)ρn∥zn+1 − zn∥2S
≤ (1− r)(∥zn − z∥2S − αn∥zn−1 − z∥2S + (1− αn−1)ρn−1∥zn − zn−1∥2S)
− ((1− r)(1− αn−1)ρn−1 − αn(1− αn)ρn − (1− r)αn(1 + αn))∥zn − zn−1∥2S

− λnγn
ε

(2βε− γn) ∥Cyn −Cz∥2S−1

and the result follows. □

Remark 3.6. Let (ρn)n∈N and (δn)n∈N be the sequences defined in (3.5), (3.6), respectively.
We will derive the weak convergence of Algorithm 3.3 under the assumption lim inf δn = δ > 0.
Note that this assumption ensures the hypothesis on (ρn)n∈N stated in Proposition 3.5, that is,
there exists N ∈ N such that, ρn ≥ 0, for n ≥ N . Indeed, since αn → α, we have

(1− r)(1− α) lim inf ρn = lim inf(1− r)(1− αn)ρn ≥ lim inf δn ≥ δ > 0.
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The following theorem proves the convergence of Algorithm 3.3 under nondecreasing inertial
sequences.

Theorem 3.7. In the context of Problem 3.1 and Assumption 3.2, consider the sequence
(zn)n∈N defined recursively by Algorithm 3.3 with initialization points (z0, z−1) ∈ H2. Let
(νn)n∈N, (ρn)n∈N, and (δn)n∈N be the sequences defined in (3.3), and (3.5), (3.6), respectively,

for r = 0. Suppose that, there exist (ε, δ) ∈ ]0,+∞[
2
and N ∈ N such that

(∀n ≥ N) 1− ζ2n − ε > δ and 2βε− γn ≥ 0. (3.20)

Additionally, suppose that (αn)n≥N is nondecreasing and that

lim inf δn = δ > 0. (3.21)

Then, the following assertions hold:

(1)
∑
n∈N ∥zn+1−zn∥2S < +∞ and, for every z ∈ zer(A+C), (∥zn−z∥S)n∈N is convergent.

(2) (zn)n∈N converges weakly to some solution to Problem 3.1.

Proof. (1) Define, for each n ∈ N,

Hn = ∥zn − z∥2S − αn−1∥zn−1 − z∥2S + αn−1(1− αn−1)∥zn − zn−1∥2S . (3.22)

Hence, it follows from Proposition 3.5, Remark 3.6, and the nondecreasing property of
(αn)n∈N, that for every n ≥ N , we have

Hn+1 ≤ Hn − δn∥zn+1 − zn∥2S − λnγn
ε

(2βε− γn) ∥Cyn −Cz∥2S−1 . (3.23)

Therefore, in view of (3.20) and (3.21), we conclude that (Hn)n≥N is nonincreasing.
Hence, since (αn)n∈N is nondecreasing, we deduce

(∀n ≥ N) HN ≥ Hn ≥ ∥zn − z∥2S − αn∥zn−1 − z∥2S ≥ ∥zn − z∥2S − α∥zn−1 − z∥2S . (3.24)

Therefore, by an inductive procedure, we deduce

∥zn − z∥2S ≤ α∥zn−1 − z∥2S +HN

≤ αn−N∥zN − z∥2S +HN

n−N−1∑
k=0

αk

= αn−N∥zN − z∥2S +HN
1− αn−N

1− α
.

Hence, (zn)n∈N and (Hn)n∈N are bounded sequences. Moreover, since (Hn)n≥N is
nonincreasing, it is convergent. Now, by telescoping (3.23) we have,

(∀n ≥ N)

n∑
k=N

δk∥zk+1 − zk∥2S ≤ HN −Hn. (3.25)

Then, by taking n → ∞, we conclude that
∑
n∈N δn∥zn+1 − zn∥2S < +∞. Moreover,

since lim inf δn = δ > 0, we conclude that
∑
n∈N ∥zn+1 − zn∥2S < +∞. By defining,

for each n ∈ N, an = ∥zn − z∥2S and bn = (ϵn+1 − δn)∥zn+1 − zn∥2S + ϵn∥zn − zn−1∥2S ,
since (ϵn)n∈N is bounded, it follows from Proposition 3.5 and Lemma 2.1 that, for every
z ∈ zer(A+C), (∥zn − z∥S)n∈N is convergent.
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(2) Note that, since γn ≥ γ, by (3.1c)

γ∥Mnyn −Mnxn∥S−1 ≤ ∥γnMnyn − γnMnxn∥S−1

= ∥wn+1 − yn∥S

=
1

λn
∥zn+1 − yn∥S

≤ 1

λ
(∥zn+1 − zn∥S + αn∥zn − zn−1∥S) → 0,

thus, we conclude that

∥Mnyn −Mnxn∥S−1 → 0 and ∥γnMnyn − γnMnxn∥S−1 → 0. (3.26)

On the other hand,

∥yn − xn∥S ≤ ∥(γnMn − S)yn − (γnMn − S)xn∥S−1 + ∥γnMnyn − γnMnxn∥S−1

≤ ζn∥yn − xn∥S + ∥γnMnyn − γnMnxn∥S−1 .

Therefore, since ζn < ζ < 1,

(1− ζ)∥yn − xn∥S ≤ ∥γnMnyn − γnMnxn∥S−1 → 0. (3.27)

Furthermore, by the β-cocoercivity of C, we conclude

∥Cnyn −Cnxn∥S−1 ≤ 1

β
∥yn − xn∥S → 0. (3.28)

Now, let z∗ be a weak cluster point of (zn)n∈N and let (znk
)k∈N be a subsquence such

that znk
⇀ z∗. We have, ynk

= znk
+αnk

(znk
−znk+1)⇀ z∗, thus, by (3.27), xnk

⇀z∗.
Therefore, it follows from (3.1b) that

(Mnk
ynk

−Mnk
xnk

)− (Cynk
−Cxnk

) ∈ (A+C)xnk
. (3.29)

Since C is cocoercive, A +C is a maximally monotone operator [10, Corollary 25.5].
Hence, from the weak-strong closedness of gra (A+C) [10, Proposition 20.38], (3.26),
(3.28), and (3.29), we conclude that every weak cluster point of (zn)n∈N belongs to
zer(A+C). The result follows by applying [10, Lemma 2.47] in the space (H, ⟨· | ·⟩S).

□

Remark 3.8. (1) By consider Mn = 1
γn

S, according to (3.3), ζn ≡ νn ≡ 0 and Algo-

rithm 3.3 reduces to the inertial and relaxed version of the classical forward-backward
algorithm. If γn ≡ γ ∈ ]0,+∞[, λn → λ ∈]0, 2[, r = 0, and we set ε = γ/2β, (3.21) is
equivalent to

(1− α)2

λ

(
2− λ− γ

2β

)
− α(1 + α) > 0

which corresponds with the condition in [5, Corollary 3.12]. Furthermore, if λ = 1, it
reduces to

1− 3α− γ(1− α)2

2β
> 0, (3.30)

which is the condition proposed in [51, Remark 3].
(2) The possibility of adding inertia in NFB in the case where C = 0 and S = Id was

discussed in [26, Remark 4.4(ii)]. However, the conditions that guarantee convergence
were not derived.
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The nondecreasing property of (αn)n∈N is crucial for proving that (Hn)n∈N, defined in (3.22),
is nonincreasing, which in turn allows us to establish the convergence of Algorithm 3.3.

The next theorem ensures the convergence of Algorithm 3.3 for a decreasing sequence of
inertial parameters (αn)n∈N satisfying

∑
n∈N(αn−α) < +∞, for an adequate α ∈]0, 1[. Hence,

the inertial step yn can be interpreted as an ℓ1-type approximation of the inertial step gen-
erated with an admissible parameter α. In this case, the term Kn, defined in (3.33), is not
Fejér monotone but quasi Fejér monotone, i.e., admits an ℓ1-type error (see [10, Section 5.4]).
Although this result may appear weaker than Theorem 3.7, it allows a practical acceleration of
convergence (see Section 5), as it permits larger inertial parameters during the initial iterations.
To the best of our knowledge, this is the first approach that considers a decreasing sequence of
inertial parameters.

Theorem 3.9. In the context of Problem 3.1 and Assumption 3.2, consider the sequence
(zn)n∈N defined recursively by Algorithm 3.3 with initialization points (z0, z−1) ∈ H2. Let
(νn)n∈N, (ρn)n∈N, and (δn)n∈N be the sequences defined in (3.3), (3.5), and (3.6), respectively,

for r = 0. Suppose that, there exist (ε, δ) ∈ ]0,+∞[
2
and N ∈ N such that

(∀n ≥ N) 1− ζ2n − ε > δ and 2βε− γn ≥ 0. (3.31)

Additionally, suppose that (αn)n≥N is decreasing, that
∑
n∈N(αn − α) < +∞, and that

lim inf δn = δ > 0. (3.32)

Then, the following assertions hold:

(1)
∑
n∈N ∥zn+1−zn∥2S < +∞ and, for every z ∈ zer(A+C), (∥zn−z∥S)n∈N is convergent.

(2) (zn)n∈N converges weakly to some solution to Problem 3.1.

Proof. (1) For every n ∈ N, define
Kn = ∥zn − z∥2S − α∥zn−1 − z∥2S + (1− αn−1)ρn−1∥zn − zn−1∥2S . (3.33)

First, suppose that α = 0, thus
∑
n∈N αn < +∞ and infn∈N Kn ≥ 0. Then Proposi-

tion 3.5, Remark 3.6, and (3.31) yield

(∀n ≥ N) Kn+1 ≤ Kn + αn∥zn − z∥2S − αn∥zn−1 − z∥2S − δn−1∥zn − zn−1∥2S
≤ (1 + αn)Kn − δn−1∥zn − zn−1∥2S .

Hence, in view of Lemma 2.2 applied to an = Kn, tn = αn, and bn = δn−1∥zn −
zn−1∥2S , we conclude that (Kn)n∈N is convergent and

∑
n∈N δn∥zn+1 − zn∥2S < +∞.

Since lim inf δn = δ > 0, we deduce that
∑
n∈N ∥zn+1 − zn∥2S < +∞. Then, since

((1− αn)ρn)n∈N is bounded and α = 0, by the convergence of (Kn)n∈N and (3.33), we
have that (∥zn − z∥S)n∈N is convergent for every z ∈ zer(A+C).

Now, suppose that α > 0,. Since α < 1, it follows from Proposition 3.5 and (3.31)
that, for every n ≥ N ,

Kn+1 ≤ Kn + (αn − α)∥zn − z∥2S − (αn − α)∥zn−1 − z∥2S − δn−1∥zn − zn−1∥2S

≤ Kn +
(αn − α)

α
∥zn − z∥2S − α

(αn − α)

α
∥zn−1 − z∥2S − δn−1∥zn − zn−1∥2S

≤
(
1 +

αn − α

α

)
Kn − δn−1∥zn − zn−1∥2S . (3.34)

If there exist n0 ≥ N such that Kn0 ≤ 0, it follows from (3.34) that Kn ≤ 0, for every
n ≥ n0. Therefore, we have

(∀n ≥ n0) Kn ≤ 0 ⇔ (∀n ≥ n0) ∥zn+1 − z∥2S ≤ α∥zn − z∥2S − (1− αn−1)ρn−1∥zn − zn−1∥2S
≤ ∥zn − z∥2S − (1− αn−1)ρn−1∥zn − zn−1∥2S .
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Hence, in view of Lemma 2.2 applied to an = ∥zn − z∥2S , tn ≡ 0, and bn = (1 −
αn−1)ρn−1∥zn − zn−1∥2S , we conclude that, for every z ∈ zer(A+C), (∥zn − z∥S)n∈N
is convergent and

∑
n∈N(1−αn)ρn∥zn+1−zn∥2S < +∞. Since lim inf(1−αn)ρn ≥ δ > 0,

we deduce that
∑
n∈N ∥zn+1 − zn∥2S < +∞.

On the other hand, if Kn ≥ 0, for every n ≥ N , by (3.34) and invoking again
Lemma 2.2 applied to an = Kn, tn = (αn − α)α−1, and bn = δn−1∥zn − zn−1∥2S ,
we conclude that (Kn)n∈N is convergent and

∑
n∈N δn∥zn+1 − zn∥2S < +∞. Since

lim inf δn = δ > 0, we deduce that
∑
n∈N ∥zn+1 − zn∥2S < +∞. By defining bn =

αn−α
α Kn + (1− αn−1)ρn−1∥zn − zn−1∥2S , it follows from (3.33) and (3.34) that, for

every n ≥ N ,

∥zn+1 − z∥2S ≤ ∥zn − z∥2S + α(∥zn − z∥2S − ∥zn−1 − z∥2S) + ((1− αn−1)ρn−1 − δn−1)∥zn − zn−1∥2S

+
αn − α

α
Kn − (1− αn)ρn∥zn+1 − zn∥2S

≤ ∥zn − z∥2S + α(∥zn − z∥2S − ∥zn−1 − z∥2S) + bn. (3.35)

Now, since
∑
n∈N(αn−α) < +∞,

∑
n∈N ∥zn+1 − zn∥2S < +∞, (Kn)n∈N is convergent

(therefore bounded), and ((1 − αn)ρn)n∈N is bounded, we deduce
∑
n∈N bn < +∞.

Therefore, by Lemma 2.1 applied to an = ∥zn−z∥2S , we conclude that (∥zn−z∥2S)n∈N
is convergent for every z ∈ zer(A+C).

(2) By the convergence of (∥zn−z∥S)n∈N, for every z ∈ zer(A+C), and since
∑
n∈N ∥zn+1−

zn∥2S < +∞, the proof of this assertion is analogous to the proof of Theorem 3.7(2).
□

3.1. Linear Convergence. In this section, we prove the linear convergence of Algorithm 3.3
in the case where A is s strongly monotone for s > 0. In this analysis, for simplicity, we suppose
that the sequence (ρn)n∈N converges to some ρ ∈ ]0,+∞[. The following proposition yields a
fundamental estimate for proving the strong convergence of our algorithm.

Proposition 3.10. In the context of Problem 3.1 and Assumption 3.2, consider the sequence
(zn)n∈N defined recursively by Algorithm 3.3 with initialization points (z0, z−1) ∈ H2. Let
(νn)n∈N, (ρn)n∈N, and (δn)n∈N be the sequences defined in (3.3), (3.5), and (3.6), respectively.
Suppose that ρn → ρ ∈ ]0,+∞[, that αn → α ∈ ]0,+∞[, and that

δ := (1− r)(1− α)ρ− α(1− α)ρ− α(1 + α) > 0. (3.36)

Let (Hn)n∈N and (Kn)n∈N be the sequences defined in (3.22) and (3.33), respectively. Then,
there exists N ∈ N such that, for every n ≥ N , the following statements hold:

(1) There exists ϵ1 ∈ ]0,+∞[ such that

δ+ r(1−α)ρ+α(1−α)ρ+α2+ ϵ1 ≥ (1−αn)ρn−α ≥ δ+ r(1−α)ρ+α(1−α)ρ+α2− ϵ1 > 0.

(2) There exists ϵ2 ∈ ]0,+∞[ such that

ρn(1− αn)(1− α)− α ≥ δ + α2 − ϵ2 > 0.

(3) lim inf δn ≥ δ.

(4) Kn+1 ≥
(

δ + α2 − ϵ2
δ + r(1− α)ρ+ α(1− α)ρ+ α2 + ϵ1

)
∥zn+1 − z∥2S .

(5) Hn+1 ≥
(

δ + α2 − ϵ2
δ + r(1− α)ρ+ α(1− α)ρ+ α2 + ϵ1

)
∥zn+1 − z∥2S .

Proof. (1) Since ρn → ρ and αn → α, the result follows by noticing that

(1− αn)ρn − α→ (1− α)ρ− α = δ + r(1− α)ρ+ α(1− α)ρ+ α2 > 0.
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(2) Analogously, we have

ρn(1− αn)(1− α)− α→ ρ(1− α)2 − α = (1− α)ρ− α(1− α)ρ− α

≥ (1− r)(1− α)ρ− α(1− α)ρ− α

= δ + α2.

The result follows.
(3) It follows directly from

lim inf δn = (1− r)(1− α)ρ− α(1− α)ρ− (1− r)α(1 + α) ≥ δ.

(4) Fix n ∈ N, let κn ∈ ]0,+∞[. By (3.33) and Young’s inequality, we have

Kn+1 = ∥zn+1 − z∥2S − α∥zn − z∥2S + (1− αn)ρn∥zn+1 − zn∥2S

≥ ∥zn+1 − z∥2S − α

(
1 +

1

κn

)
∥zn+1 − z∥2S − α(1 + κn)∥zn+1 − zn∥2S + (1− αn)ρn∥zn+1 − zn∥2S

≥
(
1− α

(
1 +

1

κn

))
∥zn+1 − z∥2S + ((1− αn)ρn − α(1 + κn))∥zn+1 − zn∥2S .

Choosing κn such that ((1−αn)ρn−α(1+κn)) = 0, we obtain κn = (1−αn)ρn−α
α . Note

that, in view of 1, for n ≥ N , we have κn ≥ δ+r(1−α)ρ+α(1−α)ρ+α2−ϵ1
α > 0, thus, it is

well defined. Hence, by 1 and 2

Kn+1 ≥
(
1− α

(
1 +

1

κn

))
∥zn+1 − z∥2S

=

(
ρn(1− αn)(1− α)− α

ρn(1− αn)− α

)
∥zn+1 − z∥2S (3.37)

≥
(

δ + α2 − ϵ2
δ + r(1− α)ρ+ α(1− α)ρ+ α2 + ϵ1

)
∥zn+1 − z∥2S .

(5) By the nondecreasing property of (αn)n∈N, for every n ∈ N, we have αn ≤ α. Hence,
the result follows directly from 4 noticing that Hn ≥ Kn.

□

Theorem 3.11. In the context of Problem 3.1 and Assumption 3.2, consider the sequence
(zn)n∈N defined recursively by Algorithm 3.3 with initialization points (z0, z−1) ∈ H2. Let
(νn)n∈N, (ρn)n∈N, and (δn)n∈N be the sequences defined in (3.3), (3.5), and (3.6), respectively.

Suppose that, there exists (ε, δ) ∈ ]0,+∞[
2
and N ∈ N such that

(∀n ≥ N) 1− ζ2n − ε > δ and 2βε− γn ≥ 0. (3.38)

Additionally, suppose that ρn → ρ ∈ ]0,+∞[, that αn → α ∈ ]0,+∞[, that

δ := (1− r)(1− α)ρ− α(1− α)ρ− α(1 + α) > 0, (3.39)

and that one of the following assertions holds

(1) (αn)n∈N is nondecreasing.
(2) (αn)n∈N is decreasing and

∑
n∈N(αn − α) < +∞.

Then, if A is s-strongly monotone with respect to S, for some s ∈ ]0,+∞[, (zn)n∈N converges
strongly, at linear rate, to the unique solution of Problem 3.1.

Proof. Let us assume that A is s-strongly monotone with respect to S for s ∈ ]0,+∞[.
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(1) First, suppose that (αn)n∈N is nondecreasing. It follows from Proposition 3.5 that for
(Hn)n∈N defined in (3.22) and all n ≥ N , we have

Hn+1 ≤ (1− r)Hn, (3.40)

where r > 0 is defined in (3.2). Therefore, (Hn)n∈N converges to 0 at linear rate. If
α = 0, since (αn)n∈N is nondecreasing, we have αn ≡ 0. Hence, Hn ≥ ∥zn − z∥2S and
we conclude that (∥zn − z∥S)n∈N converges to 0 at linear rate. Otherwise, if α > 0,
(∥zn − z∥S)n∈N converges to 0 at linear rate in view of Proposition 3.10(5).

(2) Suppose now that (αn)n∈N is decreasing and
∑
n∈N(αn − α) < +∞. If α = 0, from

Proposition 3.5 it follows that, for (Kn)n∈N defined in (3.33) and every n ≥ N ,

Kn+1 ≤ (1− r)Kn + αn∥zn − z∥2S − (1− r)αn∥zn−1 − z∥2S − δn−1∥zn − zn−1∥2S
≤ (1− r + αn)Kn.

By Lemma 2.3 we conclude that (Kn)n∈N converges linearly to 0 and the result follows
by noticing that Kn ≥ ∥zn− z∥2S . On the other hand, if α > 0, by Proposition 3.5, we
deduce

Kn+1 ≤ (1− r)Kn + (αn − α)∥zn − z∥2S − (1− r)(αn − α)∥zn−1 − z∥2S − δn−1∥zn − zn−1∥2S

≤ (1− r)Kn +
(αn − α)

α
∥zn − z∥2S − (αn − α)∥zn−1 − z∥2S

≤
(
1− r +

αn − α

α

)
Kn.

The result follows by combining Proposition 3.10(3) and Lemma 2.3.

□

Remark 3.12. For simplicity, we assume condition (3.39) on the parameters (αn)n∈N and
(ρn)n∈N where ρn → ρ. However, in view of (3.37), this requirement can be relaxed to
lim inf δn = δ and

lim inf

(
ρn(1− αn)(1− α)− α

ρn(1− αn)− α

)
> 0.

3.2. Analyzing the inertial and relaxation parameters. In this section, we provide con-
ditions in order to the sequences of inertial and relaxation parameters to fulfill the hypotheses
required to ensure the convergence of Algorithm 3.3. First, let us recall that the sequences
(αn)n∈N, (λn)n∈N, and (γn)n∈N are design parameters of the algorithm and can therefore be
tuned by the user. In contrast, (ρn)n∈N and (δn)n∈N depend on (ζn)n∈N, which are the Lips-
chitz constants of the operators γnMn − S and on (αn)n∈N and (λn)n∈N. The key parameter
conditions ensuring convergence of the algorithm, as stated in Proposition 3.5, Theorem 3.7,
and Theorem 3.9, are

(∃N ∈ N)(∀n ≥ N) ρn ≥ 0 and lim inf
n→+∞

δn = δ > 0. (3.41)

Now we will determine suitable (αn)n∈N and (λn)n∈N to ensure that these requirements are
satisfied. We split our analysis in two cases: when A is merely monotone (s = 0) and when it
is strongly monotone (s > 0).

3.2.1. A is a monotone operator.

Claim 3.13. Condition ρn ≥ 0 is satisfied, if ε < 1− ζ2n and λn ∈ [λ, ψn], where ψn ∈]1, 2[ for
all n ∈ N.
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Proof. According to (3.5), ρn = ψn/λn − 1. Since λn is a positive number, ρn ≥ 0 is fulfilled,
if and only if, ψn ≥ λn. Note that (3.7) imposes ε < 1− ζ2n, thus, since νn ≥ 0 (see (3.3)) and
by (3.4), we deduce

ε < 1− ζ2n ⇐⇒ ψn =
2− ε+ νn
1 + ζ2n + νn

> 1. (3.42)

According to Algorithm 3.3, there exists λ ∈ ]0, 2[ such that λn ≥ λ. Hence,

λn ∈ [λ, ψn] =

[
λ,

2− ε+ νn
1 + ζ2n + νn

]
. (3.43)

In view of (3.3) νn = 0, or νn = 2ζn. When νn = 0, as ζn ∈ [0, 1[, we have

2− ε

2
>

2

1 + ζ2n
− ε

1 + ζ2n
= ψn. (3.44)

On the other hand, if νn = 2ζn, we deduce

2− ε

4
>

2(1 + ζn)

(1 + ζn)2
− ε

(1 + ζn)2
= ψn. (3.45)

Thus, (3.42), (3.44), and (3.44) gives ψn ∈ ]1, 2[. □

Remark 3.14. Notice that the case νn = 0 includes, the choice Mn = 1
γn

S presented in

Remark 3.8. Additional examples where νn = 0 will be presented in Section 4.1.

We study the following condition in a simplified framework. In the context of Problem 3.1,
Assumption 3.2, and Algorithm 3.3, suppose that λn → λ ∈]0, 2[, ζn → ζ ∈ [0, 1[, and νn →
ν ∈ {0, 2ζ}. Then, in this case, ρn → ψ/λ− 1 where

ψ =
2− ε+ ν

1 + ζ2 + ν
. (3.46)

Claim 3.15. Assume that 1− ζ2 − ε > 0 and 2βε ≥ γ. Condition lim inf δn > 0 is satisfied in
each of the following cases:

(1) For α ∈ [0, 1[, we have

λ ∈ ]0, ψ · ϕ(α)[ , where ϕ(α) =
(1− α)2

2α2 − α+ 1
. (3.47)

In particular, ϕ(α) ∈ [0, 1[ and λ ∈ ]0, 2[.
(2) For λ ∈ ]0, ψ[, we have

α ∈ [0, α[, where α =
2
(
ψ
λ − 1

)
(

2ψ
λ − 1

)
+
√

8ψ
λ − 7

. (3.48)

Proof. (1) In our setting, condition lim inf δn > 0 reduces to

lim inf δn = (1− α)2ρ− α(1 + α) > 0 ⇔ (1− α)2
ψ

λ
− 1 + α− 2α2 > 0 (3.49)

⇔ (1− α)2

2α2 − α+ 1
· ψ > λ (3.50)

⇔ ϕ(α) · ψ > λ.

It is easy to check, that ϕ(0) = 1, limα↗1 ϕ(α) = 0, and ϕ is a decreasing function over
[0, 1[, as seen in Figure 1. Using the same arguments as in Claim 3.13, ψ ∈]0, 2[ and
hence, λ ∈]0, 2[.
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Figure 1. Plot of the function α 7→ ϕ(α) =
(1− α)2

2α2 − α+ 1
.

(2) On the other hand, consider λ ∈ ]0, ψ[, and let us define a =
(
ψ
λ − 2

)
. Then, (3.49) is

equivalent to

aα2 − (2a+ 3)α+ a+ 1 > 0. (3.51)

Since λ ∈]0, ψ[, we have that a > −1. Notice that in the case a = 0 (3.51) reduces to
α < 1

3 . Now, if a ̸= 0, the solutions of the quadratic equation corresponding to (3.51),
are given by

α1 =
2a+ 3−

√
8a+ 9

2a
=

2(a+ 1)

(2a+ 3 +
√
8a+ 9)

(3.52)

and

α2 =
2a+ 3 +

√
8a+ 9

2a
=

2(a+ 1)

(2a+ 3−
√
8a+ 9)

. (3.53)

If −1 < a < 0, then α1 > 0 and, since 2a + 3 +
√
8a+ 9 > 0, α2 < 0. Therefore, we

conclude that (3.49) holds is α ∈ [0, α1[. Conversely, if a > 0, we have 1
3 < α1 < 1 and

α2 > 1, then (3.49) holds if α ∈ [0, α1[ and the conclusion follows noticing that α1 = α.
□

Remark 3.16. The following particular cases are deduced from Claim 3.15.

(1) If λ→ ψ, then α→ 0.
(2) If λ = ψ/2, then α = 1/3, which is usually a bound for inertial parameters (see, for

instance, [2, 18, 51, 53]).
(3) If λ = 1, from (3.48) and (3.46) we obtain

α ∈

0, 2
(

2−ε+ν(ζ)
1+ζ2+ν(ζ) − 1

)
(
2 2−ε+ν(ζ)
1+ζ2+ν(ζ) − 1

)
+

√
8 2−ε+ν(ζ)
1+ζ2+ν(ζ) − 7

 .
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3.2.2. A is s-strongly monotone.

Let us consider the case λn → λ ∈ ]0, 2[, ζn → ζ ∈ [0, 1[, and νn → ν ∈ {0, 2ζ} and assume
that 1 − ζ2 − ε > 0 and 2βε ≥ γ. Under this setting, the condition guaranteeing convergence
in Theorem 3.11 is:

δ := (1− r)(1− α)ρ− α(1− α)ρ− α(1 + α) > 0. (3.54)

The following claim shows that, for θ sufficiently small, the conditions in (3.43) and (3.49)
studied for the case r = 0 also guarantee that ρ > 0 and that (3.54) holds when r > 0.

Claim 3.17. (1) Suppose that (see (3.43))

λ ∈
[
λ,

2− ε+ ν

1 + ζ2 + ν

[
.

Then there exists θ ∈ ]0,+∞[ sufficiently small such that ρ > 0.
(2) Suppose that (see (3.49))

(1− α)2ρ− α(1 + α) > 0.

Then, there exists θ ∈ ]0,+∞[ sufficiently small such that δ > 0.

Proof. (1) Consider λ ∈
[
λ,

2− ε+ ν

1 + ζ2 + ν

[
. Let

δ1 :=
2− ε+ ν

λ(1 + ζ + ν)
− 1 > 0.

By picking θ > 0 such that θ ≤ δ1λ(1 + ζ2 + ν)/(2s(1− ζ2 − ε)), then, by (3.5),

ρ =
2− ε+ ν − sθ(1− ζ2 − ε)

λ(1 + ζ2 + ν)
− 1

= δ1 −
sθ(1− ζ2 − ε)

λ(1 + ζ2 + ν)

≥ δ1 −
δ1
2
> 0.

(2) Let δ2 := (1 − α)2ρ − α(1 + α) > 0. Hence, choosing θ such that r ≤ δ2/(2ρ(1 − α))
(see (3.2)), we have

(1− r)(1− α)ρ− α(1− α)ρ− α(1 + α) = (1− α)2ρ− α(1 + α)− rρ(1− α)

≥ δ2 −
δ2
2

=
δ2
2
,

which shows that (3.54) holds.
□

The next Claim provides conditions guaranteeing (3.54) in the cases where λ = 1 and α = 0.

Claim 3.18. (1) Suppose that λ = 1, then ρ > 0 and (3.54) holds if

α ∈

[
0,

(2− r)ρ+ 1−
√
((2− r)ρ+ 1)2 − 4(1− r)ρ(ρ− 1)

2(ρ− 1)

[
.

(2) Suppose that α = 0, then (3.54) holds if

2− ε+ ν − sθ(1− ζ2 − ε)

1 + ζ2 + ν
> λ,

which is always true if λ < 1.
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Proof. (1) Suppose that λ = 1, we have

ρ =
2− ε+ ν − sθ(1− ζ2 − ε)

1 + ζ2 + ν
− 1 =

(1− sθ)(1− ζ2 − ε)

1 + ζ2 + ν
.

Hence, since θ ∈ ]0, 1/r[ and 1 − ζ2 − ε > 0, we have ρ > 0. Moreover, it is easy to
verify that ρ− 1 < 0 and 1− r > 0, thus,

(1− r)(1− α)ρ− α(1− α)ρ− α(1 + α) = (1− r)ρ− ((2− r)ρ+ 1)α+ (ρ− 1)α2 > 0

⇔ α ∈

[
0,

(2− r)ρ+ 1−
√
((2− r)ρ+ 1)2 − 4(1− r)ρ(ρ− 1)

2(ρ− 1)

[
.

The result follows.
(2) When α = 0, we have δ = (1− r)ρ. Hence, since r < 1, (3.54) reduces to

ρ =
2− ε+ ν − sθ(1− ζ2 − ε)

λ(1 + ζ2 + ν)
− 1 > 0 ⇔ 2− ε+ ν − sθ(1− ζ2 − ε)

1 + ζ2 + ν
> λ.

□

3.3. Relaxing the hypothesis on γnMn − S. In this section we discuss how to consider
the assumptions made in [46] for the convergence of Algorithm 3.3. Consider the following
assumption.

Assumption 3.19. [46, Assumptions 3.1 & 3.2] Let P be a self adjoint strongly monotone
linear operator, let A : H → 2H be a maximally monotone operator, let C : H → H be β-
cocoercive with respect to P for β ∈]0, 1/4[, and let, for every n ∈ N, Mn : H → H be a
1-strongly monotone with respect to P and ζ-Lipschitz operator for ζ > 0.

Weak convergence of (1.2) under Assumption 3.19 was established in [46, Theorem 5.1] for
(θn)n∈N in ]0, 2[ and (µn)n∈N satisfying

(∀n ∈ N) µn ≤
⟨Mnzn −Mnxn | zn − xn⟩ − 1

4β ∥zn − xn∥2P
∥Mnzn −Mnxn∥2S−1

. (3.55)

In view of [54, Proposition 2.1], with an appropriate choice of P , Assumption 3.19 holds in
the context of Problem 3.1 and Assumption 3.2. Therefore, Assumption 3.2 can be seen as a
particular case of Assumption 3.19.

For simplicity, our previous convergence analysis was restricted to the setting of Assump-
tion 3.2. Nonetheless, Assumption 3.2 allowed us to establish the convergence of the proposed
algorithm under simpler step-size conditions, thereby recovering and extending previous results
in the literature in a more direct manner (see Section 4.1). In particular, all the examples
considered in that section satisfy Assumption 3.2.

Even so, our analysis can be adapted to incorporate Assumption 3.19. Indeed, consider the
sequence (zn)n∈N generated by Algorithm 3.3 under Assumption 3.19, and let (µn)n∈N be such
that

(∀n ∈ N) µn ≤
⟨Mnyn −Mnxn | yn − xn⟩ − 1

4β ∥yn − xn∥2P
∥Mnyn −Mnxn∥2S−1

. (3.56)

Note that, when γn ≡ θnµn, Algorithm 3.3 yields a relaxed and inertial version of the recurrence
in (1.2).

We now proceed to modify the proof of Proposition 3.5 accordingly. In particular, equa-
tions (3.9) and (3.12) remain valid. On the other hand, by the cocoercivity of C with respect
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to P , (3.11) is modified to

−2γn⟨Cyn −Cz | xn − z⟩ =− 2γn⟨Cyn −Cz | yn − z⟩ − 2γn⟨Cyn −Cz | xn − yn⟩

≤ − γn
ε

(2βε− γn) ∥Cyn −Cz∥2P−1 + ε∥yn − xn∥2P . (3.57)

Moreover, in view of (3.56), (3.12) is modified to

2γn⟨Mnyn −Mnxn | xn − z⟩ − 2γn⟨yn − z | Mnyn −Mnxn⟩+ γ2n∥S−1(Mnyn −Mnxn)∥2S
= 2γn⟨Mnyn −Mnxn | xn − yn⟩+ γ2n∥S−1(Mnyn −Mnxn)∥2S

≤
(
γ2n
µn

− 2γn

)
⟨Mnyn −Mnxn | yn − xn⟩ −

γ2n
4βµn

∥yn − xn∥2P . (3.58)

Then, by combining (3.9), (3.12), (3.57), and (3.58), we deduce

∥wn+1 − z∥2S ≤ ∥yn − z∥2S −
(

γ2n
4βµn

− ε

)
∥yn − xn∥2P − γn

ε
(2βε− γn) ∥Cyn −Cz∥2P−1

+

(
γ2n
µn

− 2γn

)
⟨Mnyn −Mnxn | yn − xn⟩.

(3.59)

Furthermore, if

γ2n
µn

− 2γn ≤ 0, (3.60)

it follows from the 1-strongly monotonicity of Mn that

∥wn+1 − z∥2S ≤ ∥yn − z∥2S−
(

γ2n
4βµn

− ε− γ2n
µn

+ 2γn

)
∥yn − xn∥2P

− γn
ε

(2βε− γn) ∥Cyn −Cz∥2P−1 . (3.61)

Hence, in view of (3.61), if

(∀n ∈ N)
(

γ2n
4βµn

− ε− γ2n
µn

+ 2γn

)
≥ ϵ and 2βε− γn ≥ 0, (3.62)

for some ϵ > 0, it is possible to derive a similar result to the one presented in Proposition 3.5
and consequently establish the convergence of the Algorithm 3.3 under Assumption 3.19 for
adequate relaxation and inertial parameters. Note that (3.60) is equivalent to γn ≤ 2µn and it
holds when γn = θnµn and θn ∈ ]0, 2[, which are the conditions guaranteeing convergence in
[46].

4. Particular cases of the inertial and relaxed Nonlinear-Forward-Backward

In this section, we derive several algorithms with relaxation and inertial steps as specific
instances of Algorithm 3.3. In particular, we introduce a new version of FPDHF incorporating
both features, which is a novel contribution to the literature. As a consequence, we derive
the convergence of relaxed and inertial version of FB, FBF, and FBHF. To the best of the
authors’ knowledge, there are no existing inertial and relaxed versions of FBHF, being also a
new contribution. To this end, we introduce the following problem.

Problem 4.1. Let (H, ⟨· | ·⟩) and (G, ⟨· | ·⟩) be real Hilbert spaces, let A : H → 2H and B :
G → 2G be maximally monotone operators, let L : H → G be a linear bounded operator, let
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D : H → H be a ζ-Lipschitzian and monotone operator for ζ ∈ ]0,+∞[, and let C : H → H be
a β-cocoercive operator for β ∈ ]0,+∞[. The problem is to

find (x, u) ∈ H × G such that

{
0 ∈ (A+ C +D)x+ L∗u

0 ∈ B−1u− Lx,
(4.1)

under the hypothesis that its solution set, denoted by Z, is nonempty.

Note that, given (x̂, û) ∈ Z, x̂ is a solution to the primal monotone inclusion

find x ∈ H such that 0 ∈ (A+ L∗BL+ C +D)x (4.2)

and û is a solution to the dual monotone inclusion

find u ∈ G such that 0 ∈ B−1u− L(A+ C +D)−1(−L∗u). (4.3)

This inclusion problem has also been studied in multivariate settings and in the context of
parallel sums, for example, in [4, 27, 33, 36]. We propose the following inertial and relaxed
version of FPDHF, presented in [58, Algorithm 2.3] for solving Problem 4.1.

Algorithm 4.2. In the context of Problem 4.1, let (z0, u0) ∈ H × G, let (z−1, u−1) ∈ H × G,
let (σ, τ) ∈ ]0,+∞[

2
, let (αn)n∈N be a nonnegative sequence such that αn → α ∈ [0, 1[, let

λn ∈ ]0,+∞[, and consider the iteration:

(∀n ∈ N)


(pn, qn) = (zn, un) + αn(zn − zn−1, un − un−1)
xn = JτA(pn − τ(L∗qn +Dpn + Cpn))
wn+1 = xn − τ(Dxn −Dpn)
vn+1 = JσB−1 (qn + σL(xn + wn+1 − pn))
(zn+1, un+1) = λn(wn+1, vn+1) + (1− λn)(pn, qn).

(4.4)

Theorem 4.3. In the context of Problem 4.1, let (σ, τ) ∈ ]0,+∞[
2
, let ε ∈ ]0, 1[, let (z0, u0) ∈

H×G, let (z−1, u−1) ∈ H×G, let (αn)n∈N be a nonnegative sequence such that αn → α ∈ [0, 1[,
let (λn)n∈N be a nonnegative sequence, and let (zn)n∈N and (un)n∈N be the sequences generated
by Algorithm 4.2. Assume that one of the following assertions hold

(1) (αn)n∈N is nondecreasing.
(2) (αn)n∈N is decreasing and

∑
n∈N(αn − α) < +∞.

Define

β̃ = β(1− στ∥L∥2), (4.5)

ζ̃ = τζ/(
√
1− στ∥L∥2), (4.6)

ν =

{
0, if T : H× G → H× G : (x, u) 7→ τ(Dx,−τLDx) is monotone,

2ζ̃, otherwise,
(4.7)

ψ =
2− ε+ ν

1 + (ζ̃)2 + ν
, (4.8)

(∀n ∈ N) ρn =
ψ

λn
− 1, (4.9)

(∀n ∈ N) δn = (1− αn)ρn − αn+1(1− αn+1)ρn+1 − αn+1(1 + αn+1). (4.10)

Assume that 1− στ∥L∥2 > 0, ζ̃ < 1,

1− (ζ̃)2 − ε > 0, (4.11)

τ ≤ 2β̃ε, (4.12)
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for every n ∈ N, ρn ≥ 0, and that

lim inf δn = δ > 0. (4.13)

Then, there exists (x, u) ∈ Z such that (zn, un)⇀ (x, u).

Proof. Let H = H× G and consider the operators:

A : H → 2H : (x, u) 7→ (Ax+Dx+ L∗u)× (B−1u− Lx)

M : H → H : (x, u) 7→ (x/τ −Dx− L∗u,−Lx+ τLDx+ u/σ)

C : H → H : (x, u) 7→ (Cx, 0)

S : H → H : (x, u) 7→ (x− τL∗u,−τLx+ τu/σ)

T : H → H : (x, u) 7→ (x/τ −Dx, u/τ)

(4.14)

For every n ∈ N, let

Mn = M , γn = τ, yn = (pn, qn), xn = (xn, vn+1), wn = (wn, vn), and zn = (zn, un).
(4.15)

Note that, M = S ◦ T , thus S−1 ◦M = T . Moreover, for every (x, u) ∈ H we have,

(Mn −C)(x, u) = (x/τ −Dx− Cx− L∗u, τLDx− Lx+ u/σ), (4.16)

and

(Mn +A)(x, u) = (Ax+ x/τ)× (B−1u− 2Lx+ τLDx+ u/σ). (4.17)

Now, set (rn, sn) = rn = (Mn −C)yn, then, in view of (4.16)

(∀n ∈ N) rn = (Mn −C)yn ⇔

{
rn = pn/τ −Dpn − Cpn − L∗qn,

sn = τLDpn − Lpn + qn/σ.
(4.18)

Moreover, it follows from (4.4) that, for every n ∈ N,

wn+1 = (wn+1, vn+1) = (xn − τ(Dxn −Dpn), vn+1)

= (pn, qn)− (pn − τDpn, qn) + (xn − τDxn, vn+1)

= yn − τ(Tyn − Txn)

= yn − τ(S−1Mnyn − S−1Mnxn)

= yn − γnS
−1(Mnyn −Mnxn). (4.19)

Hence, by (4.4), (4.18), (4.19), and (4.17), we deduce{
xn = JτA(pn − τ(L∗qn +Dpn + Cpn))

vn+1 = JσB−1 (qn + σL(xn + wn+1 − pn))

⇔

{
xn = JτA(pn − τ(L∗qn +Dpn + Cpn))

vn+1 = JσB−1(qn + σL(2xn − τDxn + τDpn − pn))

⇔

{
xn = JτA(τrn)

vn+1 = JσB−1(σ(sn + 2Lxn − τLDxn))

⇔

{
rn ∈ Axn + xn/τ

sn ∈ B−1vn+1 − 2Lxn + τLDxn + vn+1/σ

⇔ rn ∈ (Mn +A)xn

⇔ xn = (Mn +A)−1rn.
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Therefore, we deduce that, (4.4), can be written as

yn = zn + αn(zn − zn−1),

xn = (Mn +A)−1(Mn −C)yn

wn+1 = yn − γnS
−1(Mnyn −Mnxn),

zn+1 = λnwn+1 + (1− λn)yn.

Thus, (4.4) is a particular instance of Algorithm 3.3. Now, note that, in view of the Lipschitzian
property of D and [54, Lemma 6.1], we have for every z = (x, u) ∈ H and every x = (y, v) ∈ H

∥(γnMn − S)z − (γnMn − S)x∥2S−1 = ∥S−1(γnMn − S)z − S−1(γnMn − S)x∥2S
= ∥(γnT − Id)z − (γnT − Id)x∥2S
= ⟨τ(Dx−Dy, 0) | τS(Dx−Dy, 0)⟩
= ⟨τ(Dx−Dy, 0) | τ(Dx−Dy, τL(Dy −Dx))⟩
= τ2∥Dx−Dy∥2

≤ τ2ζ2∥x− y∥2

≤ τ2ζ2

1− τσ∥L∥2
∥(x− y, u− v))∥2S

=
τ2ζ2

1− τσ∥L∥2
∥z − x∥2S .

Then, it follows that γnMn − S is ζ̃-Lipschitz with respect to S. Moreover, C is β̃-cocoercive
with respect to S [54, Corollary 6.1]. Note that, in this case −(γnMn−S)z = τ(Dx,−τLDx) =
T (x, u), then νn ≡ ν. Hence, δn defined in (4.10) coincide with (3.6). Altogether, the result
follows by invoking Theorem 3.7. □

Remark 4.4. (1) In view of Theorem 3.11, if the operator A, defined in (4.14), is strongly
monotone, Algorithm 4.2 converges linearly to the unique solution of Problem 4.1. This
occurs, for instance, when A is strongly monotone and B is cocoercive.

(2) In the case where αn ≡ 0 and λn ≡ 1, Algorithm 4.2 reduces to the FPDHF algorithm
[58, Algorithm 2.3]. In this case, (4.13) reduces to

δ = ρ = ψ − 1 =
2− ε+ ν

1 + ν + (ζ̃)2
− 1 > 0 ⇔ 1− ε− (ζ̃)2 > 0.

Moreover, by considering ε =
ϵ

1− στ∥L∥2
, with ϵ > 0, we have

1− ε− (ζ̃)2 > 0 ⇔ 1− ϵ > στ∥L∥2 + τ2ζ2, (4.20)

and (4.12) reduces to

τ ≤ 2β̃ε⇔ τ ≤ 2βϵ. (4.21)

Note that (4.20) and (4.21) are the conditions on the step-size for guaranteeing the
convergence of FPDHF in [58, Theorem 4.2]. This shows that FPDHF is a particu-
lar case of the Nonlinear Forward-Backward algorithm, which has not been previously
established.

(3) Let f ∈ Γ0(H), g ∈ Γ0(G), L : H → G be a linear bounded operator, h : H → R be a
differentiable convex function with a ζ-Lipschitz gradient for some ζ ∈ ]0,+∞[, and let
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d : G → R be a differentiable convex function with a 1/β-Lipschitz gradient for some
β ∈ ]0,+∞[. Consider the optimization problem,

min
x∈H

f(x) + g(Lx) + h(x) + d(x), (4.22)

under the assumption that its solution set is nonempty. Under standard qualification
conditions (see [10, Proposition 6.19]) by considering the Fermat’s rule [10, Theo-
rem 16.3] and subdifferential calculus rules [10, Theorem 16.47], and setting A = ∂f ,
B = ∂g, C = ∇d, and D = ∇h, the problem in (4.22) can be solved by Algorithm 4.2,
which, in this setting, iterates as follows:

(∀n ∈ N)


(pn, qn) = (zn, un) + αn(zn − zn−1, un − un−1)
xn = prox τf (pn − τ(L∗qn +∇h(pn) +∇d(pn)))
wn+1 = xn − τ(∇h(xn)−∇h(pn))
vn+1 = prox σg∗ (qn + σL(xn + wn+1 − pn))
(zn+1, un+1) = λn(wn+1, vn+1) + (1− λn)(pn, qn).

(4.23)

To initialize Algorithm 4.2, the parameters ε, σ, and τ and the sequences (αn)n∈N and
(λn)n∈N must be chosen to satisfy conditions (4.11)–(4.13). Since this selection may not be
straightforward, we propose an initialization strategy. This scheme depends on ε ∈ ]0,+∞[ and
χ ∈ ]0,+∞[, which are specified in (4.24) and (4.30), respectively. To implement the algorithm,
the user only needs to choose (t, κ1, κ2) ∈ ]0, 1[3. The constant t provides some flexibility in
the step-size and the relaxation-inertial parameters. The constants κ1 and κ2 regulate the
step-sizes τ and σ, respectively. A detailed explanation of each step of the initialization, can
be found below.

Initialization 4.5. In the context of Problem 4.1, let (αn)n∈N and (λn)n∈N be nonnegative
sequences. Suppose that αn → α and λn → λ and consider the following initialization procedure
for Algorithm 4.2.

(1) Choose t ∈]0, 1], and set ε = t · ε, where

ε =
1−

√
1 + 16β2ζ2

8β2ζ2
=

2

1 +
√

1 + 16β2ζ2
. (4.24)

Compute χ ∈ ]0,+∞[ as

χ =
4β

1 +
√

1 + 16β2ζ2
.

(2) Choose κ1 ∈ ]0, 1[ and set τ = κ1χ.

(3) Choose κ2 ∈ ]0, 1[ and set σ = κ2

τ∥L∥2

(
1− τ

χ

)
.

(4) Let ζ̃, ν, ψ be defined as in (4.6), (4.7), and (4.8), respectively.
(5) Select one of the following scenarios:

• Choose α ∈ [0, 1[ and λ according (3.47), thus

λ ∈
]
0,

(1− α)2

2α2 − α+ 1
· ψ

[
. (4.25)

• Choose λ ∈ ]0, ψ[ and α according (3.48), thus

α ∈
[
0, α(ζ̃, ε, λ)

[
. (4.26)

Now, we provide explicit values for ε and χ to be considered in step (1) in Initialization 4.5
and an explanation of each step on it.
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First, note that (4.11) is equivalent to

1− ε− τ2ζ2

1− στ∥L∥2
> 0 ⇔ 1− ε− τ2ζ2

(1− ε)τ∥L∥2
> σ (4.27)

and (4.12) is equivalent to

τ ≤ 2β(1− στ∥L∥2)ε⇔ 1

τ∥L∥2

(
1− τ

2βε

)
≥ σ. (4.28)

Hence, in order to guarantee the existence of σ > 0 satisfying both (4.27) and (4.28), it is
necessary that

1− ε− τ2ζ2 > 0 and 1− τ/(2βε) > 0 ⇔
√
1− ε

ζ
≥ τ and 2βε > τ. (4.29)

To allow larger values of τ , following a similar approach to that in [22, Proposition 2.1.3], we
choose ε such that

√
1− ε/ζ = 2βε which yields (4.24). Therefore, (4.29) holds if

τ ∈ ]0, χ[, where χ =

√
1− ε

ζ
= 2βε =

4β

1 +
√
1 + 16β2ζ2

, (4.30)

which yield the constants on (1) in Initialization 4.5. Hence, we have τ ∈ ]0, χ[, which yields
the step (2) in Initialization 4.5. In order to chose σ such that (4.27) and (4.28) hold, note
that 1− ε = χ2ζ2, thus, (4.27) is equivalent to (χ2 − τ2)(χ2τ∥L∥2)−1 > σ. Furthermore, since
2βε = χ, (4.28) is equivalent to (1− τ/χ)(τ∥L∥2)−1 ≥ σ. Hence, since τ < χ, we have

χ2 − τ2

χ2

1

τ∥L∥2
>

(
1− τ

χ

)
1

τ∥L∥2
. (4.31)

Then, both (4.27) and (4.28) hold if

σ ∈
]
0,

1

τ∥L∥2

(
1− τ

χ

)[
, (4.32)

which yields the step (3) in Initialization 4.5. Thus, we have determined ε and χ giving the
largest interval for τ and σ such that (4.11) and (4.12) are feasible. Step (4) and (5) in
Initialization 4.5 guarantee that (4.13) holds in view of (3.47) and (3.48).

4.1. Particular instances of Algorithm 4.2. In this section, we present particular instances
of Algorithm 4.2 that are of interest in their own right, as they recover and extend inertial and
relaxed versions of relevant methods from the literature. In addition, we provide the values of
ε and χ required to apply Initialization 4.5 to these methods.

In the context of Problem 4.1, let (αn)n∈N and (λn)n∈N be nonnegative sequences such that
αn → α and λn → λ. Consider the following cases:

• Condat–Vũ: In the case where D = 0, Algorithm 4.2 reduces to the relaxed and

inertial Condat–Vũ algorithm. In this case ζ = ν = ζ̃ = 0, ρ = 2−ε
λ − 1. Then, by

considering ε = τ/(2β̃) we have that (4.12) holds and (4.11) reduces to

στ∥L∥2 + τ

2β
< 1, (4.33)

which corresponds with the condition in [39, Theorem 3.1(i)]. By taking χ = 2β,

τ ∈ ]0, 2β[, and σ ∈
]
0, 1

τ∥L∥2

(
1− τ

2β

)[
, it follows that (4.29) holds directly, thus,
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it can be considered ε = 1 in Initialization 4.5. Moreover, according (4.8) we have
ψ = 2− τ(2β(1− τσ∥L∥2))−1. Then, if α = 0, (4.25) holds if

λ ∈
]
0, 2− τ

2β(1− στ∥L∥2)

[
, (4.34)

which corresponds to the condition in [39, Theorem 3.1(ii)].
• Chambolle–Pock: If C = D = 0, Algorithm 4.2 reduces to the relaxed and inertial
Chambolle–Pock algorithm (see [53, Equation (38)]). In this case, by taking ζ = 0 and
β → +∞, and according to (4.29), we can choose ε = 0 in Initialization 4.5. Moreover,
χ can be chosen arbitrarily in ]0,+∞[, and the only condition to be met is στ∥L∥2 < 1.
Additionally, from (4.8), we have ψ → 2. Hence, (4.25) is equivalent to

2(1− α)2

(1− α)2 + α(1 + α)
> λ. (4.35)

Notice that, if α = 0, (4.35) holds for λ ∈ ]0, 2[, and if λ = 1, it holds for α ∈ ]0, 1/3[.
• Chambolle–Pock combined with FBF: In the case where C = 0, Algorithm 4.2
is a relaxed and inertial algorithm combining Chambolle–Pock and FBF (see [58, Eq.
(44)]). If we take β → +∞, in view of (4.12), we have ε → 0. Hence, it can be
considered ε = 0 and χ = 1/ζ in Initialization 4.5 (see (4.30)).

• Forward-Backward-Half-Forward: In the case where B = 0 and L = 0 Algo-
rithm 4.2 iterates as follows:

(∀n ∈ N)


pn = zn + αn(zn − zn−1)
xn = JτA(pn − τ(Dpn + Cpn))
wn+1 = xn − τ(Dxn −Dpn)
zn+1 = λwn+1 + (1− λ)pn.

(4.36)

This recurrence is a relaxed and inertial version of FBHF. Initialization 4.5 can be
considered in this case with σ = 0 (κ2 = 0) and ε and χ as in (4.24) and (4.30),
respectively. Moreover, by (4.30), the step-size τ must satisfy the condition

τ ∈

]
0,

4β

1 +
√

1 + 16β2ζ2

[
, (4.37)

which corresponds to the step-size condition for FBHF proposed in [22, Theorem 2.3].
Note that the step-size requirements for FBHF were more easily derived, even with

inertial and relaxation steps, than those obtained in [46, Appendix A.3]. This high-
lights that Assumption 3.2 simplifies the process of obtaining step-size constraints and,
consequently, the practical implementation of the algorithm.

To our knowledge, no previous work in the existing literature has presented inertial
or relaxed versions of FBHF.

Note that, in this setting, the operator −(γnMn − S) = τ(D, 0) is monotone, thus,
we can consider ν = 0.

• Forward-Backward-Forward: In the case where B = 0, L = 0, and C = 0, Algo-
rithm 4.4 reduces to the inertial and relaxed FBF with constant step-sizes studied in
[18]. If we take β → +∞, in view of (4.24) and (4.30), we have ε → 0 and χ → 1/ζ,
which values can be considered in Initialization 4.5 together with σ = 0 (κ2 = 0). In
this setting we have −(γnMn − S) = τD, which is a monotone operator. Then ν = 0
and ψ = 2/(1 + (τζ)2) (see (4.8)). Therefore (4.25) is equivalent to

2(1− α)2

((1− α)2 + α(1 + α))(1 + ζ2τ2)
> λ. (4.38)
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Note that this condition is slightly less restrictive than the condition in [18, Equa-
tion (25)], where ν was taken as 2ζτ . Indeed, since ζτ < 1,

2(1− α)2

((1− α)2 + α(1 + α))(1 + ζ2τ2)
>

2(1− α)2

((1− α)2 + α(1 + α))(1 + ζτ)
.

5. Numerical simulations.

In this section, we present three numerical experiments for testing the inclusion of inertial
and relaxation steps in NFB1. In particular, we implement FBHF and FPDHF for solving
optimization problems with affine constraints and image restoration tasks.

5.1. Optimization with affine constraints. Let (N,m, p) ∈ N3, M ∈ Rm×N , b ∈ Rm,
s1, . . . , sp ∈ RN , and S = {x ∈ Rp | (∀i ∈ {1, . . . , p}) s⊤i x ≤ 0}. Consider the following
optimization problem presented in [22, Section 7.1]

min
x∈S

ι[0,1]N (x) +
1

2
∥Mx− b∥2. (5.1)

This problem is equivalent to (see [22, Section 6.3])

find (x, u) ∈ RN × Rp, such that (0, 0) ∈ A(x, u) + C(x, u) +D(x, u), (5.2)

where A = N[0,1]N × N[0,+∞[p , C(x, u) = (M⊤(Mx − b), 0), D(x, u) = (S⊤u,−Sx), and S =

[s1, . . . , sp]
⊤. Note that C is (∥M∥−2)-cocoercive and D is ∥S∥-Lipschitz. Hence, (5.2) is a

particular instance of Problem 4.1 by considering B = 0 and L = 0 and it can be solved
by FBHF. In view of [10, Proposition 23.18], for (x, u) ∈ RN × Rp, we have JτA(x, u) =
((min(max(xi, 0), 1))1≤i≤N , (max(uj , 0)1≤j≤p)). We solve this problem repeatedly using FBHF
with and without inertial and relaxation steps. We test different values of the relaxation
parameters as well as both constant and decreasing inertial sequences. In particular, we consider
nine instances of (N,m, p), as presented in Table 2. The implemented inertial and relaxation
parameters are listed in Table 1 and Table 2. Note that these parameters depend on α =
α(τ∥R∥, ε, λ) and ψ = ψ(τ∥R∥, ε), defined in (3.48) and (3.46), respectively. The step-size is

set to τ = 2ε/∥M∥2 for ε = t(1 +
√
1 + 16∥S∥2/∥M∥4)−1 and t ∈ [0, 1[. The specific value

of t used in each case is given in Table 2. The stopping criterion is a relative error with
tolerance 10−6 and a maximum of 106 iterations. For each of the nine instances of (N,m, p)
described in Table 2, we generate 20 random realizations of the matrices M and S using the
MATLAB function randn. The results expressed as the average number of iteration and average
CPU time in seconds, over each group of 20 realizations, are reported in Table 2. From this
table, we observe that, in all nine cases, FBHF outperforms both IFBHF (inertial FBHF) and
RIFBHF (relaxed and inertial FBHF) in terms of the average number of iterations (IN) and
average computation time (T). This indicates that, in general, selecting larger step-sizes yields
better numerical performance than prioritizing larger relaxation parameters at the expense
of reducing step-sizes. On the other hand, the best instance of DIFBHF (decreasing inertial
FBHF) provides better results in eight out of the nine dimension settings. It is worth to
mention that the single dimension, namely (N,m, k) = (2000, 500, 100), where it does not lead
to acceleration, only 2 out of 20 random realizations for M and S failed to converge, resulting
in a high average value. However, if we consider a sequence of smaller inertial parameters the
average results are better for this dimension, as we have shown in Table 3. This highlights
the benefit of using decreasing inertial parameters, which allows for larger step-sizes and larger
relaxation parameters in the initial iterations. In Figure 2, we plot the residual value, given by

1All numerical experiments were implemented in MATLAB on a desktop computer equipped with an Intel
Core i7-14700K processor (3.4/5.6 GHz), 64 GB of RAM, and running Windows 11 Pro 64-bit. The code is

available in this repository

https://github.com/cristianvega1995/RELAXED-AND-INERTIAL-NONLINEAR-FORWARD-BACKWARD-ALGORITHM
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Figure 2. Residual value (∥pn−xn− τ(Dpn+Cpn)+ τ(Dxn+Cxn)∥) for FBHF and for the
best performing instances of IFBHF, DIFBHF, and RIFBHF. The graphs display the results
for the first of the 20 random realizations of M and S.

∥pn − xn − τ(Dpn + Cpn) + τ(Dxn + Cxn)∥ (see (4.36)), versus the iteration number for the
best cases of IFBHF, DIFBHF, and RIFBHF, considering three different values of (N,m, p).
For each (N,m, p) case, the plot corresponds to the first of the 20 random realizations of M
and S. From this figure, we observe that the residual value decreases faster for the decreasing
inertial parameters. A drawback of this decreasing scheme is the lack of a general rule to select
the sequence of inertial parameters. For instance, in five cases the best performance is obtained
with the sequence (α2

n)n while in three cases it is achieved with (α3
n)n∈N. In addition, the

sequence (α1
n)n consistently yields worse convergence results.

Decreasing Inertia

α1
n = (1 + 0.001 · n · (log(n))1.001)−1

α2
n = (3 + 0.00001 · n · (log(n))1.00001)−1

α3
n = (9 + 0.00001 · n · (log(n))1.00001)−1

Table 1. Decreasing and summable inertial parameters.

5.2. Image restoration. To compare the inertial and relaxed version of FPDHF with its
classical version, we consider the image restoration problem proposed in [58, Section 6].

Let (N,M) ∈ N2 and let x ∈ RN×N be an image to be recovered from an observation

z = Tx+ ϵ, (5.3)

where T : RN×N ×RM×M is an operator representing a blur process and ϵ is an additive noise
perturbing the observation. The original image x can be approximated by solving the following
optimization problem.

min
x∈[0,1]N×N

1

2
∥Tx− z∥2 + µ1∥∇x∥1 + µ2Hδ(Wx), (5.4)

where (µ1, µ2) ∈ ]0,+∞[
2
are regularization parameters, ∥·∥1 is the ℓ1 norm, andHδ : RN×N →

R is the Huber function defined for δ > 0 (see [23] for details on the Huber function). The
linear operator ∇ : RN×N → RN×N × RN×N is the discrete gradient with Neumann boundary
conditions. Its adjoint ∇∗ is the discrete divergence [29]. The operator W : RN×N → RN×N is
an orthogonal basis wavelet transform (we assume that N is a power of 2 and we choose a Haar
basis of level 3). For further details on the model see [58, Section 6]. By setting f = ι[0,1]N×N ,

g = µ1∥ ·∥1, L = ∇, d = ∥T (·)−z∥22/2, and h = µ2(Hδ ◦W ), the optimization problem in equa-
tion (5.4) is a particular instance of the problem in (4.22) and it can be solved by FPDHF in its
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(N,m, p) (N,m, p) (N,m, p)

Algorithm αn λ t IN T IN T IN T

(2000,1000,100) (2000,1000,500) (2000,1000,800)

FBHF 0 1 0.999 16955 2.95 17975 8.02 36452 27.25

IFBHF ϵ · α
1 0.8 17965 3.31 19127 8.50 38634 28.87
1 0.9 17237 3.16 18292 8.20 37054 27.26
1 0.999 16943 3.04 17961 8.08 36426 26.67

DIFBHF
α1
n 1 0.999 26638 4.69 30625 13.65 60074 44.93
α2
n 1 0.999 13252 2.34 13680 5.83 29134 21.94
α3
n 1 0.999 15667 2.76 16477 7.16 33745 25.18

RIFBHF ϵ · α 0.95 · ψ 0.9 17132 3.06 18179 7.98 36839 27.45
ϵ · ψ 0.9 17078 3.05 18116 8.18 36721 27.35

(1500,1000,100) (2500,1000,100) (3500,1000,100)

FBHF 0 1 0.999 10853 0.95 1199 0.61 701 1.11

IFBHF ϵ · α
1 0.8 11574 1.00 1270 0.64 782 1.22
1 0.9 11051 0.95 1205 0.60 732 1.16
1 0.999 10844 0.93 1198 0.60 700 1.11

DIFBHF
α1
n 1 0.999 16946 1.44 44556 22.75 98885 153.93
α2
n 1 0.999 8042 0.69 80181 40.96 100000 158.33
α3
n 1 0.999 9898 0.86 1061 0.55 629 0.98

RIFBHF ϵ · α 0.95 · ψ 0.9 10980 0.95 1216 0.61 711 1.13
ϵ · ψ 0.9 10941 0.95 1211 0.61 708 1.12

(2000,500,100) (2000,800,100) (2000,1500,100)

FBHF 0 1 0.999 530 0.11 1212 0.21 16586 3.39

IFBHF ϵ · α
1 0.8 574 0.12 1315 0.24 17679 3.65
1 0.9 536 0.11 1243 0.22 16887 3.49
1 0.999 530 0.11 1210 0.21 16573 3.40

DIFBHF
α1
n 1 0.999 80474 15.98 28818 4.65 24484 5.00
α2
n 1 0.999 100000 22.19 80198 14.03 12511 2.52
α3
n 1 0.999 10421 1.68 1094 0.18 15168 3.10

RIFBHF ϵ · α 0.95 · ψ 0.9 538 0.11 1229 0.21 16779 3.42
ϵ · ψ 0.9 536 0.12 1224 0.21 16720 3.34

Table 2. Comparison of FBHF with and without inertial and relaxation
steps. The step-size implemented is τ = 2ε/∥M∥2 for ε = t(1 +√

1 + 16∥R∥2/∥M∥4)−1 and t ∈ [0, 1[. We set ϵ = 0.9999. The parameters
α = α(τ∥R∥, ε, λ) and ψ = ψ(τ∥R∥, ε) are defined in (3.48) and (3.46), respec-
tively. The decreasing inertial parameters α1

n, α
2
n, α

3
n are defined in Table 1.

The best results obtained in terms of average number of iterations (IN) and
average CPU time (T) are highlighted in bold.

variational version (4.23). For x ∈ RN×N , we have prox τf (x) = ((min(max(xi,j , 0), 1))1≤i,j≤N .
Closed formulas for prox σg∗ and ∇h, can be found in [10, Example 24.20] and [32, Section 6.1],
respectively. Note that, ∇d is β-cocoercive and ∇h is ζ-Lipschitz, where β = ∥T∥−2 and
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Algorithm αn λ t IN T

DIFBHF (10 + 0.00001 · n · (log(n))1.00001)−1 1 0.999 477 0.08

Table 3. Result of DIFBHF for a sequence of smaller inertial parameters and (N,m, k) =
(2000, 500, 100) in terms of average number of iterations (IN) and average CPU time (T).

ζ = µ2/δ. In the numerical experiments, we consider three scenarios for the operator T being
a blur model performed by a 3 × 3 averaging kernel, 9 × 9 averaging kernel, and 3 × 3 with
Gaussian kernel. Particularly, T was implemented using the imfilter function in MATLAB with
symmetric boundary conditions (we have ∥T∥ = 1 in all cases). The observation z is obtained
through (5.3) where ϵ is an additive zero-mean white Gaussian noise with standard deviation
10−3 (implemented by the imnoise function in MATLAB). We generate 20 random observations
trough T and ϵ for N ∈ {128, 256, 512}. We set µ1 = 10−2, µ2 = 10−3 and δ = 10−2 in our
experiments (see [58, Section 6] for a discussion on these parameters). We consider Initializa-

tion 4.5 for running our experiments with ε = 2t(1+
√

1 + ζ2β2)−1, for t ∈]0, 1[, and χ defined
in (4.30). Furthermore, we first tune up the parameter κ1 to obtain the best result of conver-
gence in classical FPDHF. The implemented parameters κ1 and κ2, for each case, are described
in Table 4. From this table we observe that the constant inertial version (IFPDHF) and the
relaxed-inertial version (RIFBHF) are comparable in terms of iteration number and CPU time
to the classical version of FPDHF. Note that, despite RIFBHF present lower average iteration
number, it needs more time to complete the iterations, this is attributable to the additional
inertial and relaxation step on its iterations. On the other hand, from Table 4, we observe that
the decreasing inertial version (DIFPDHF), produce numerical advantages in terms of both,
iteration number and CPU time. In particular, the sequence (α2

n)n∈N has the best performance
reducing over 20% of average iteration number and CPU time in comparison to FPDHF, for
the 3×3 averaging kernel and 9×9 averaging kernel. On the other hand, the sequence (α1

n)n∈N
provides better results for the 3× 3 Gaussian Kernel reducing almost 50% of average iteration
number and CPU time. However, the lacking of a rule for choosing the inertial parameter is a
drawback of this method as we mentioned in previous section.

From Table 4, we observe that the constant inertial version (IFPDHF) and the relaxed-
inertial version (RIFPDHF) are comparable to the classical FPDHF in terms of both iteration
number and CPU time. Although RIFPDHF achieves slightly lower average iteration numbers,
it requires more time to complete the iterations. This increase in computational time can be
attributed to the additional inertial and relaxation steps involved in each iteration. On the
other hand, Table 4 clearly shows that using decreasing inertial sequences provides numerical
advantages in both iteration number and CPU time. In particular, the sequence (α2

n)n∈N
yields the best overall performance, achieving more than a 20% reduction in average iteration
number and CPU time compared to FPDHF for both the 3 × 3 and 9 × 9 averaging kernels.
Moreover, the sequence (α1

n)n∈N performs best in the case of the 3 × 3 Gaussian kernel, with
reductions of nearly 50% in both metrics. In Figure 2, we plot the residual value, given by
∥(pn−wn+1 − τ(L∗(qn− vn+1)+Cpn−Cxn), qn− vn+1 +σ(L(wn+1 − pn))∥ (see (4.4)), versus
the iteration number for the best cases of IFPDHF, DIFPDHF, and RIFPDHF, considering
three different blur operators and dimensions. In each case, the plot corresponds to the first
of the 20 random realizations of z. From Figures 3a and 3b, we observe that the residual
value decreases faster for the decreasing inertial parameters. In Figure 3c, we observe that
the decreasing inertial parameters produce a slower decay of the residual value during the first
iterations; however, the convergence accelerates in the final iterations, reaching the stopping
criterion earlier. As discussed in the previous section, a drawback of using decreasing inertial
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Figure 3. Residual value (∥(pn−wn+1−τ(L∗(qn−vn+1)+Cpn−Cxn), qn−vn+1+σ(L(wn+1−
pn))∥) for FPDHF and for the best performing instances of IFPDHF, DIFPDHF, and RIF-
PDHF. The graphs display the results for the first of the 20 random realizations of z.

(a) Original Image (b) z20 (PSNR 29.90) (c) FHRB (PSNR 32.24) (d) FHRBR (PSNR 32.24)

Figure 4. Original image, blurred and noisy observation # 20 with a blur of 3× 3 averaging
kernel, and recovered images for FPDHF and DIFPDHF with (α2

n)n∈N, with their respective
PSNR (dB), for N = 128.

(a) Original Image (b) z20 (PSNR 24.56) (c) FHRB (PSNR 27.94) (d) FHRBR (PSNR 27.94)

Figure 5. Original image, blurred and noisy observation # 20 with a blur of 9× 9 averaging
kernel, and recovered images for FPDHF and DIFPDHF with (α2

n)n∈N, with their respective
PSNR (dB), for N = 256.

parameters is the lack of a general rule for choosing the sequence. The original, blurred, and
noisy images are shown in Figures 4–6, along with the recovered images for specific instances
described in the corresponding captions.
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(N,κ1, κ2) (N,κ1, κ2) (N,κ1, κ2)

Algorithm αn λ t IN T IN T IN T

3× 3 Averaging Kernel (128,0.17,0.99) (256,0.24,0.99) (512,0.31,0.99)

FPDHF 0 1 0.999 865 0.87 481 1.51 494 14.81

IFPDHF ϵ · α
1 0.8 901 0.91 614 1.96 592 17.55

1 0.9 797 0.80 502 1.60 493 14.63

1 0.999 852 0.86 474 1.51 488 14.52

DIFPDHF

α1
n 1 0.999 818 0.82 469 1.50 507 15.08

α2
n 1 0.999 691 0.70 368 1.18 385 11.44

α3
n 1 0.999 808 0.81 445 1.43 459 13.64

RIFPDHF ϵ · α 0.95 · ψ 0.95 855 0.89 476 1.57 490 15.43

ϵ · ψ 0.999 852 0.88 474 1.56 488 15.36

9× 9 Averaging Kernel (128,0.29,0.99) (256,0.52,0.99) (512,0.59,0.99)

FPDHF 0 1 0.999 2400 2.58 1395 4.45 1522 45.54

IFPDHF ϵ · α
1 0.8 2991 3.24 1705 5.54 1834 54.41

1 0.9 2502 2.72 1442 4.68 1558 46.18

1 0.999 2369 2.57 1384 4.49 1511 44.82

DIFPDHF

α1
n 1 0.999 1956 2.12 1276 4.15 1399 41.51

α2
n 1 0.999 1871 2.03 1097 3.56 1189 35.26

α3
n 1 0.999 2237 2.43 1302 4.23 1417 42.03

RIFPDHF ϵ · α 0.95 · ψ 0.95 2375 2.68 1387 4.65 1515 47.66

ϵ · ψ 0.999 2368 2.67 1384 4.64 1511 47.56

3× 3 Gaussian Kernel (128,0.05,0.99) (256,0.1,0.99) (512,0.1,0.99)

FPDHF 0 1 0.999 1972 2.04 1109 3.53 1265 37.75

IFPDHF ϵ · α
1 0.8 2533 2.65 1435 4.64 1647 48.68

1 0.9 2109 2.20 1192 3.85 1362 40.23

1 0.999 1935 2.02 1090 3.52 1244 36.73

DIFPDHF

α1
n 1 0.999 1113 1.16 563 1.82 674 19.89

α2
n 1 0.999 1555 1.63 857 2.77 984 29.04

α3
n 1 0.999 1839 1.92 1030 3.33 1176 34.72

RIFPDHF ϵ · α 0.95 · ψ 0.95 1946 2.13 1094 3.65 1249 39.12

ϵ · ψ 0.999 1935 2.11 1089 3.63 1243 38.98

Table 4. Comparison of FPDHF with and without inertial and relaxation steps. The step-
size (τ, σ) is generated by Initialization 4.5 for ε = t(1 +

√
1 + 16β2/ζ2)−1, where β = ∥T∥−2,

ζ = µ2δ, t ∈ [0, 1[, the parameter χ is defined in (4.30), and κ1, and κ2 are specified on this
table. We set ϵ = 0.9999. The parameters α = α(τ∥R∥, ε, λ) and ψ = ψ(τ∥R∥, ε) are defined in
(3.48) and (3.46), respectively. The decreasing inertial parameters α1

n, α
2
n, and α

3
n are defined

in Table 1. The best results obtained in terms of average number of iterations (IN) and average
CPU time (T) are highlighted in bold.
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(a) Original Image (b) z20 (PSNR 28.17) (c) FHRB (PSNR 31.43) (d) FHRBR (PSNR 31.43)

Figure 6. Original image, blurred and noisy observation # 20 with a blur of 3× 3 averaging
kernel, and recovered images for FPDHF and DIFPDHF with (α2

n)n∈N, with their respective
PSNR (dB), for N = 512.

5.3. Linear convergence in denoising problems. In this section, we analyze the behavior
of the FBF method, with and without the inertial step, in the case where the sum of the oper-
ators involved in the monotone inclusion is strongly monotone. In this setting, the algorithm
converges linearly to the unique solution of the problem. To study this case, we consider the
following denoising model. Let N ∈ N and let x ∈ RN×N be an image to be recovered from an
observation

z = x+ ϵ, (5.5)

where ϵ is an additive noise perturbing the observation. In this case, we aim to recover the
original image x by solving the following optimization problem.

min
x∈N×N

1

2
∥x− z∥2 + µHδ(Wx), (5.6)

where µ ∈ ]0,+∞[ is a regularization parameter, Hδ : RN×N → R is the Huber function and
W : RN×N → RN×N is the orthogonal basis wavelet transform defined in Section 5.2. By
defining A = Id−z and D = µW∇HδW , this problem can be solved by FBF. Note that A is 1-
strongly monotone and D is µ/δ-Lipschitz. In our experiments we consider N ∈ {128, 256, 512},
a Gaussian noise with zero mean and variance 0.004, µ = 0.07, δ = 0.01, and 20 random
realizations of the observation z, for each dimension. The stopping criterion is a relative error
with tolerance 10−9 and a maximum of 5000 iterations. In this setting, we test the algorithm in
(4.36) for C = 0, λ = 1, τ = 0.9δ/µ, and the values of (αn)n∈N described in Table 5. This table
shows the results obtained in terms of the average number of iterations (IN) and the average
CPU time (T). From this table, we observe the advantage of using a decreasing inertial sequence,
which allows reaching the stopping criterion with fewer iterations and less computation time.
The inertial sequence αn = (

√
µ/δ + 1− 1)(

√
µ/δ + 1 + 1 + 0.0001n)−1, is motivated by [25,

Corollary 4.1]. Although the analysis in [25, Corollary 4.1] is carried out for the FB method and
strongly convex functions, the numerical experiments show good performance for this particular
decreasing inertial sequence in FBF. This motivates further research aimed at finding optimal
inertial sequences and convergence rates for NFB with inertia.

6. Conclusions

In this article, we introduced an inertial and relaxed version of the Nonlinear Forward-
Backward (NFB) algorithm and established its weak and strong convergence for both non-
decreasing and decreasing sequences of inertial parameters. The analysis for decreasing se-
quences offers a novel perspective in the study of inertial methods. As particular cases, we
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N = 128 N = 256 N = 512

Algorithm αn IN T IN T IN T

FBF 0 151 0.11 148 0.36 149 3.21

IFBF 0.99 · 2 (ψ − 1)
(
2ψ − 1 +

√
8ψ − 7

)−1
138 0.11 134 0.32 136 3.00

DIFBF
(9 + 0.00001 · n · (log(n))1.00001)−1 133 0.10 129 0.31 131 2.90

(
√

µ/δ + 1− 1)(
√

µ/δ + 1 + 1 + 0.0001n)−1 71 0.05 69 0.17 74 1.65

Table 5. Comparison of FBF with and without inertial in the strongly monotone case. We
consider the recurrence in (4.36) for C = 0, λ = 1, and τ = 0.9δ/µ. In this case ψ =
2/(1 + τ2ζ2). The best results obtained in terms of average number of iterations (IN) and
average CPU time (T) are highlighted in bold.
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Figure 7. Residual value (∥xn−z+D(xn)∥) for FBF, IFBF, and DIFBF. The graphs display
the results for the first of the 20 random realizations of z.

recovered the convergence of the inertial and relaxed versions of algorithms such as Forward-
Backward, Forward-Backward-Forward, Chambolle–Pock, and Condat–Vũ, extending previ-
ous results to the decreasing case. Furthermore, we derived new convergence results for the
Forward-Backward-Half-Forward and Forward-Primal-Dual-Half-Forward algorithms incorpo-
rating inertial and relaxation steps. Finally, numerical experiments on optimization problems
with affine constraints and image restoration problems demonstrated that using decreasing
inertial sequences can enhance the practical performance of these methods by accelerating con-
vergence. A drawback of this approach is the need to choose an appropriate decreasing inertial
sequence for each problem. Nevertheless, this acceleration is particularly useful in scenarios
where one needs to solve multiple instances of a problem with fixed operators and parameters
but varying observations, as in image reconstruction or restoration. Hence, these results, and in
particular the singular choice of the inertial sequence that yields the favorable numerical results
observed in Section 5.3 for strongly monotone operators, motivate further research aimed at
determining the rate of convergence in both the monotone and strongly monotone cases, as well
as identifying the optimal inertial and relaxation parameters to enhance convergence.
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[15] Boţ, R.I., Csetnek, E.R., Hendrich, C.: Inertial Douglas-Rachford splitting for monotone inclusion problems.

Appl. Math. Comput. 256, 472–487 (2015). DOI 10.1016/j.amc.2015.01.017
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