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STUDY OF THE NUMERICAL METHOD FOR AN INVERSE
PROBLEM OF A SIMPLIFIED INTESTINAL CRYPT.

MARIE HAGHEBAERT, BEATRICE LAROCHE,
AND MAURICIO A. SEPULVEDA CORTES

ABSTRACT. In this work we consider the study of an inverse problem for an
intestinal crypt model. The original model is based on the interaction of ep-
ithelial cells with microbiota-derived chemicals diffusing in the crypt from the
gut lumen. The 5 types of cells considered in the original model [3] were re-
duced in this work to 3 types of cells for simplifications of the inverse problem.
The inverse problem consists of determining the shape of the secretory cells
of the deep crypt from observations of the stem cells and progenitor cells at
a fixed time. The method used is the calculation of the adjoint state asso-
ciated with the second-order BGK numerical scheme considered in [3], which
allows calculating the critical points of the Lagrangian associated with the in-
verse problem, and applying a gradient method in order to minimize the cost
function. The algorithm is described, and some numerical examples are given.

1. THE SIMPLIFIED INTESTINAL CRYPT MODEL

1.1. The stem-progenitor interaction model. We consider a model of ep-
ithelial cells interacting with the microbiota-derived chemicals diffusing in the
crypt from the gut lumen. The original model, derived from an individual-based
PDMP model (piecewise deterministic Markov process model, see [3]) treats 5 well-
differentiated cell types: stem cells (SC); progenitor cells (PC); enterocytes (ENT);
globet cells (GC); and deep crypt secretory cells (DCS). For a simplification of the
original model in the process of studying the inverse problem, we will consider at
first, only the SC, PC and DCS cells. We set piot = pse + pdes + ppe and solve
equations on pg. and ppe, With pges = pdes(2) independent of ¢. In this reduced
model the system of equations is given by:

(1.1)
atpsc - W0, (¢(Z)pscazpt0t) = Hl(za pdcmpscappc)v 0 <2z <zZmaz, t>0,
p56<t7 0) = pggtv azpsc(t7 Zmaac) =0, t>0,
psc(x70) = p?é“(x), 0<z< Zmazxy
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where H1 (2, pdes, Pse; ppc) = [¢se(1 = Rn(2))(1 — Rse(Dpior)) — QdiffRn(z)} Psc With

Rn(z) = R(Z, Zniche, ’fm'che)
RSC(Q) = R(Qv Ksca ﬁdens)

(1.2)
Orppe — WO, (0(2)ppc0=prot) = Ha(2, pdcs, Pses Ppe)y 0 < 2 < Zmaa, t >0,
ppc(t’ 0) =0, azppc(t7 Zmaac) =0, t>0,
Ppe(x,0) = P;)Zit(x)v 0< 2 < Zmaz-

where Ha (2, pdcs, Pscs Ppc) = [@pe(1 — Ri(2))(1 — Rpe(Dprot)) — qexRe(2) Rpe(Dprot)] ppe+
qaif f R (2)pse with

Rt(z) = R(Z7 Ztier.97 Kftiers);
Re(2) = R(2, Zew, Kex),
RZDC(Q) = R(Qv Kpca "{dens)~

We use a generic regulation function R(y, K, k) for y > 0, K > 0 and « > 0 that
model the regulation of cell fate event according to variable y. The function R is a
piecewise polynomial function in C*(0, 2,42 ) defined as :

0 ify> K — &,

a3 K2— KQ_ 2 K3 23_ K2
Yy + 3Ky — (3 3:ﬁ3)y+( +2K° — 3K K?) HK n<y<Ktn,

1 ifK+krk2>y.

R(y,K,k) =

Additionally ¢ € C(0, zmaz), such that ¢(0) = d(zmaz) = 0, ¢(2) = 1 in [ro —
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FIGURE 1. Generic regulation function and its derivative, with
K =12, k =5.

€, Zmaz — To + €], and ¢(z) > 0, represents a corrective function taking into account
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the impact of curvature on mechanical forces modelling by [3]:

\/(s+z) (2 ro—s—z)—\/s (2r9—¢)

ifz<rg—e¢

ro—\/e (2ro—e)
Pp(z) =41 ifro—e<z<2zZmas —T0+e
27“0—\/75@ . 2r0—\/(s—z+zmax) (2r0—€4+2—2Zmax) if 2 Z Zmaz — o + €
0 ro—\/e (2ro—e)

The system (1.1)-(1.2) can be rewritten as

Geometric curvature function
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FIGURE 2. Graph of the geometric curvature function and its de-
rivative, with 2,4, = 200, 79 = 10, € = 1.

Otpsc + 0:Asc = 0:.B(psc) + Ha, 0 <z < Zmag, t >0,

Otppe + 02 Ape = 0..B(ppe) + Ha, 0< 2z < Zmaz, t >0,
(1.3) psc(t,0) = ngt, ppc(tvo) =0, t>0,

azpsc(ta Zmaw) = azppt:(tu Zmam) =0, t>0,

init

psc(x70> = pifc”’t(x% ppc(xao) = Ppc (.Z‘), 0 <2z < Zmae-

whose semiconservative structure (conservative in its convective and diffusive terms
but with nonlinear source terms), allows us to consider a relaxation scheme as in
[1]. The system (1.3) is equivalent to (1.1)-(1.2), through the relations:

Ase = A2, Pliess O=Ppes Psc)
Ape = A(2, Plyess 0zPses Ppc)
A(z,&m,p) = =W [b(E+n)p — ¢'p%/2)]
B(p) = B(z,p) = Wep* /2.
When H; and Hy does not depend on ppe, psc and
Hy, Hy € L*™((0, zimaz X (0,7)),

the problem (1.3) is well posed and there is a unique entropy solution in L>((0, 2,44 X
(0, 7)) such that B(p) € L*(0,T; H(0, 2maz)) (see for example [2, 5]). On the other
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hand, the weak solution of the system (1.3) verifies

E(psca Ppcy Wscy, Wpes pdcs) = 07 for all Wsc, Wpe

with wse, wpe smooth test functions on [0,T] X [0, Zmqz), such that for all ¢,
Wpe(t,0) = Wpe(t, Zmaz) = 0 and wse(t,0) = Wse(t, Zmaz) = 0 and

E(psca Ppcs Wsc, Wpes pdcs) =

T Zmax
/ / [PscO0sWse + AscOWse + B(pse)0zzWse + Hiwse| dz dt
o Jo
T Zmazx
+ / / [PpcOtwpe + ApcOzWpe + B(ppe) 0z Wpe + Howpe| dz dt
o Jo

- / ooz T)wao(2 T) ds + / (Yo, 0) d2
0 0

(1.4) —/ Ppe(2, T)wpe(2,T) dz +/ ,O;Tt(z)wpc(z,O) dz
0 0

2. INVERSE PROBLEM.

2.1. The problem of identifying the function pg.s(2).

1) Given p*(2,T) and pk*(2,T) (experimental, observed or measured data),

find pacs € C(0, Zmaz )L (0, Zmaz ), such that pse(z,T) ~ p2(2,T) and ppe(z,T) ~
ppe (2,T).

Equivalently, assuming a parametrization of the py.s density by a vector 6 of N
real parameters

Pdcs (Z) = Pdes (Z7 9)
the identification problem is expressed as

2) Given p*(z,T) and pob*(z,T) (experimental, observed or measured data),

find 0 € ACRYN, such that psc(2,T) =~ p2*(2,T) and ppe(z,T) ~ ngs(z,T).

We define the cost function, with o, 5 > 0, as

o Zmax obs
@) e =5 [ Il D) = 2 TP

/B Zmawx obs
+ 5 |ppc(za T) - Ppg (Z> T)|2d2
0

The inverse problem consists of

find € € A, such that
J({Psm ppc} (9_)) = ggﬂ J(pscv ppC)
We define the Lagrangian

(22) K(Psc» Ppc; Wsey, Wpe; pdcs) = J(psca ppc) + E(psc» Ppc; Wsey, Wpe; pdcs)

The derivative of L respect of ps. and pp. in the directions dp,. and dpp., re-
spectively are given by



STUDY OF THE NUMERICAL METHOD FOR AN INVERSE PROBLEM OF A SIMPLIFIED INTESTINAL CRYPTs

oc s
<,6psc> _ . / (Pl T) = 21 (2, T))3pa (2, T)d
0

Opse
OF
(23) + <apsc75psc> =0
a£ Zmazx obs
) = B (pelenT) = (2 Tyl Tz
Ppc 0
ok
2.4 +{ =5 c>0
(24) (oo

Derivating (1.4) respect of p,. and p,. and replacing in (2.3)-(2.4), allows us to
establish the adjoint problem given by:

0A 94
Orwse + %(Z,pécs, Oppes psc)Ozwse — 0 [(an(’z’p&m,@psc’ Ppc)> azwpc]
_ 0B 0H, OH,
- ap (pSC)GZZwsc + 8pscwsc + 6pscwpc7
wsc(zmaxa t) = ’LUSC(O, t) =0,

wse(2,T) = apse(z,T) — pggs(sz))
0A

0A
6twpc + %(z, pijcsv 8pscy ppc)azwpc -0, |:(677 (Z, P&csa appe: psc)> azwsc:|
0B O0H, OHo
= I c 8zz c a . Wse a . Wpes
00 ot + P 1 O,
wpc(zmaz7 t) = wpc(ou t) =0,

u)pc(Z,T) = ﬁ(ppc(sz) - pgoa?:s(zaT))

We suppose that pges = paes(0) is of class Ct with respect to @, the finite set of
parameters to identify, and we suppose that p/;.. = p/,..(0) is also of class C! with
respect to 6. The derivative of the cost function with respect of 6; is given by

oJ oL oL 6[)30 oL appc 0
= = E(pses Ppes Wse, Wpe; Pdes
26, ~ 06; <apsc’ 06, >+ <6ppc’ 06, E(Pse: ppes Wse: Wpei paes )]

06,
_ OF  Opges . OE 0pl,.,
Opdcs’ 09; Oples 06;

T Fmas 8p£105
= - Wo(2)(psc0Wse + PpcOzWpe) dz dt
0

00;

0
T z
e 6H1 a/Odcs a1{2 8pdcs )
+ Wee + —— w | dzdt
/0 A ( apdcs 801 apdcs 891

T z /
max 8
__ / / WO(2) (Dot + ppedtipe) 02 d i
0 0 [

T z
mazx 8 .
—/ / Dqsc(1 — Ry, R, pscwse g;fg dzdt
0o Jo s

T z
max a cs
_ / / DlgpeRe + (1 = Ro)] Rpoppettne o dz dt
0 0 [
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This calculation is formal, and the derivative of the cost function is not guaranteed.
However, it establishes a necessary condition criterion of optimality:

T Zmazx
/ WO, [¢(2)(pscOsWse + ppeOswpe)] Spacs dz dt
0 0
T Zmaz
_/ / DQSc(l - Rn)R;cpscwsc(Spdcs dzdt
0 0
T Zmax
- / / D [gpeRt + qe(1 — Re)] R, ppctpcOpacs dzdt >0, for all dpges.
0 0

2.2. Example of p,.s shapes and dp,.s directions :

(1) Trapezoidal shape. Let
(2.5)
Pirap=(2) = (A2 = 2a) + 1) zy-1/d,24) (2) + D)2y 2, [(2) + (L H (2 = 20)) 1Lz, 2 —1/0) (),

with its derivative

Prrap=(2) = A1y 174,21 (2) + Ul 2,170 (2),

where 1[a, b](2) = H(x —a) — H(x —b) is the characteristic function for the
interval [a, b]. We consider the renormalization:

Ndcs

= z 5 ! = A
Pdcs fOZyylaz Ptrapz(z) dzptrapz( ) Pdcs fOZmaz ptrapz(z) dzptmpz( )

Taking Nyes € Ry, and (d, u, 24, 2,) € A :={0 < é <2y <2y < zmamf% <
Zmaz +- We deduce

0 0
%ptrapz = (Z - Zd)]l[zdfl/d,zd] (Z> aizdptrapz = _d]l[zdfl/d,zd](z)
0 0
%ptrapz = (Z - Zu)ﬂ[z“,,zu—l/u](z) gﬂtrapz = _UI[zu,z“—l/u] (Z)

0
%p;’r‘apz = ]]'[Zd—l/d7zd](z) - (1/d)5(2’ — Z4 + l/d)a
0

%pérapz = ]l[Zu,zu—l/u] (Z) + (1/U)§(Z — Zy t 1/“‘)7
0]
aizdpérapz =—d (5(’2 — 24+ 1/d) - 6(2 - Zd))
0
710:57'@1)2 =—u (6(2 - Zu) - 5(2 — Zy + 1/”))
07y,
and then
8pdcs _ Ptrapz apfjcs _ p;&rapz
aNdcs fOZmaz ptrapz d2'7 8Ndcs fOZmaz ptrapz dZ
Opt
N, csPtrapz L
8pd08 _ Nd (1 _ Ptrapz ) aptrapz 6[)&&9 _ Nd ap;rapz _ desPtrap ({991
— = Ndes Zmaz P - - T desT gy Zmax 2
891 (fo Ptrapz dz) 897‘ 892 891 ( 0 Ptrapz dZ)

fori=2,...,5, 01 = Nges, 0o = d, 03 = u, 04 = zq and 05 = z,.



STUDY OF THE NUMERICAL METHOD FOR AN INVERSE PROBLEM OF A SIMPLIFIED INTESTINAL CRYPTT

(2) Smoothing of the trapezoidal shape.

We can take pf., = 0c * pdcs & smooth approximation of the trapezoidal
shape via convolution with mollifiers. In this case, the derivatives are ap-
plied with practically the same formulas as in the previous case, thanks to
the commutativity properties of the derivative with the convolution prod-
uct.

(3) Simplification of the parameters.

In order to simplify the number of parameters limiting them to 3, and
considering those that play a role in the main modifications of the shape of
the DCS population distribution, namely: height, width and center of the
distribution, let us assume a predetermined shape p§_,(z), which can be,
for example, the trapezoidal shape (ptrqp~) or smooth form (p%,.) described
above. We define the DCS population distribution as

pNng(Z) = pdCS(’z; N7 L’ ZO) = Np?lcs(Lz + ZO) = Npgcs(y)

with it derivative piy;. (2) = NL{pQ.} (y), where y = Lz + z. For
example, taking the trapezoidal shape pJ.. = pirap. given by (2.5), we

obtain:
0 g , /
67NPNLZO (Z) = Ptrapz (y)v 87NpNLzo (Z) = Lptrapz (y)
0 0
TZOPNLZO (Z) = Npgrapz(y)v TZOP/NLZO (Z) = NLpgrapz (y)
0 0

87LpNLZU (Z) = NZ'D;TGPZ(y)’ aiﬂ?\/ng (Z) = Np;rapz (y) + NLZpgrapz(y)

where

Pirap=(y) 1s given by (2.5) with y = Lz + 2
p:frapz (y) = p:frapz (y(Z)) = d]l[z1,z2](z) + U]l[23724](z)
pgTapz (y) = pgrapz (y(z)) =d (621 - 522) tu (523 - 624)

‘th zg—2z9 1 Zd — 20 Zu — 20 d Zu— 20 1
with z; = ——, 25 = z3 = and z4 = -
! L Ld"™ L 7 L : L Lu
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For instance

aJ T
G*L:WN/O

d/ ¢(Z)(Pscazwsc + ppcazwpc) dz
Jru/ ¢(Z) (pscazwsc + ppcazwpc) dZ] dt

—-WNL dt

z=z1

T
dz1¢(zl)/ (pscazwsc + ppcazwpc)
0

T
—d22¢(22)/ (PscO:Wse + PpeOsWpe) dt
0

Z=Zz2

T
+UZ3¢(Z3) / (pscazwsc + ppcazwpc) dt
0

zZ=z3

T
_’U,Z4¢(z4) / (pscazwsc + ppcazwpc) dt]
0 Z=2z4

T 29
7DNqSC/ (d/ Z(l - Rn)R;cpSCwsc dz
0

Z1

24
—|—u/ 2(1 = Rp) R, pscWse dz) dt

Z3

T zZ2
fDN/ (d/ 2 [gpeRe + qe(1 — Re)] Ry, ppctpe dz
0 zZ1

24
—|—u/ 2[qpeRe + qe(1 — Re)] Ry, ppcWpe dz) dt

Z3

3. NUMERICAL APPROXIMATION.

3.1. BGK schemes for the direct problem. Based on the explicit diffusive
kinetic schemes introduced by [1], we obtain a general 5-points scheme in a conser-
vative form described in details in [4]:

(3.1) 5Z(Pigfi+1 — Pany) + 5t(~7:§£;+1/2 - f§é2—1/2) = 0t6zH1 (2, pdcs, Pi::?i’p;fi)
(3:2) plei = puciis
(3:3) 62(pp Tt — s + OU(F sy g = Foes_ 1 ja) = O62Ha(2, pdes, P2ls Ppes)s
(34) Ppei = Ppesi»
where
4
]'—sgc’zH/z = Z /\ZFZ(SCM?—nLea SCM?,’;a SCM?-’:L@)
=1

4

£, _ pc g,m pc £,n pc £,n
]:pc,i-‘rl/? - Z)‘ZFZ( Mz;uv Mi,f’ M¢+1,z)
=1
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0 0
ith AL = A A = —A Ay = A —=, Ay = —\ — —,
wi 1 2 3 + NG 4 NG
Fio(M;_y, My, M;yy) = F5(M;, M)
+pSuPerbee (Mg My, M) (FH(My, M) — FE(M;, M;4))
F3(M;_1, M;, M) = F3(M;,M;11) = M; + bo(M;11 — M;)
Fy(M;—1, M;, M;i1) = Fa(M;,M;11) = M1 +bo(M; — M;41)
and
1 B(idz, p2. ;)
sc £,n _ n SC,2 sc
My = B3N (/\(Psc,z‘ T2 ) + Ai+;>
sc g,n o n SC,1 sc
M¢,2 = o (A(psc,i - 972) - AH;)
sc £,n sc £,mn B(’L(SZ?/)?C ’L)
My =""M;y = 202
e rem 1 N B(idz, ch,i) .
PMGy = o Mppe,i — 972) +Af+%
n g,n _ 1 B(Zéz) pgcﬂ;) pc
pcMi,z = 9 )‘(p;c,i - 92 ) - Ai+%
gy —reyrzy = 20t
where
Ai—i—% = Vi:%pi + V;%Pi-u + W(¢;+%)+P?/2 + W(¢;+%)_P$+1/2
with v = max(v,0), and v~ = min(v,0), @1 = w, and
2
1 = W |:(¢piics)i+% + ¢i+%D+pP0>i:|
V;Z_):% = =W [(¢pilcs)z+% + ¢i+%D+pSC,ii|

with Dt p; = w Additionally, the parameter \ and 6 are chosen as
z

_[max{B'(p)} _ 9 4
07 ﬁ+5, Afmax 87plAl+% +(5

Il = sc,pc. Replicating these formulas independently for both p and ps., thus
obtaining the parameter pairs (6,\) and (0s. = d, \s¢), respectively, and the CFL
condition

022 6z Oz
3.5 0t <min{ —, —, —
(3:5) mm{292 Noc Apc}
3.2. Adjoint scheme associate to BGK scheme. Let ps.5 = (p?c,i)ifﬂ? Ppe,s =
(Ppe.i)in Multiplying (3.1)-(3.4) by wy. ;, wy, ;, and summing by parts, we obtain

sc,i) Ype,tr

E&(psc,éa Ppc,§) Wse,§, Wpe, 53 pdcs) =0, for all Wse,55 Wpe,§
with

E5 (psc,Sa Ppc,s Wse,d5 Wpe, s pdcs) = El,é(psc,(sv Ppc,és Wse,§s pdcs)+E2,5(psc,5a Ppc,ds Wpe,s3 pdcs)
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where
(3.6)

E17§(psc,67 Ppc,§, Wse,d5 pdcs) =
N Les)-1
, 1
Z Z {pic'??i (w?cz - :c @ ) 0z + ‘Fsc Ji+1/2 ( Wse,it1 — Wse Z) ot + Hl N ;Lc 152515}

n=1 i=1

| e | -1

- Z (Pévc,iwsl\é i P?c”zt Sc7i)6z
=1
(3.7)
E2,§(psc,67 Ppc,s> Wpe, 55 pdcs) =
N |*3e=]-1
Z Z [p;cnl (w;’cﬂ, _ ;lc ll) 0z + e, z+1/2 ( Zc,i+1 p“) 5t+H21 gmézét}
n =

Lzmaac J -1
E init,, 0
- ppc i pc 7 ppc i pc,i)éz
=1

3.3. Discrete inverse problem. The discrete cost function is given by

| #3e= ] -1 2= |-
o obs B obs
(38) J5(p57p55’5) = 5 Z ‘pé\;z pslc)z| 5Z+ Z |ppCZ ppiz' 62
=1

Thus derivating of the discrete Lagrangian

Eé (psc,57 Ppc,s Wse,§5 Wpe,s3 pdcs) = J5 (psc,éa ppc,é) + Eﬁ(psc,ﬁv Ppc,§, Wse,5, Wpe, s pdcs)

with respect to py, ; and pj,. ;, we obtain the discrete adjoint scheme

4
B 5t i)
wind = vkt 53 g Pkie] (i~ W)
k=1 T
4
5t )
52 o [Faicinse) (Wi kv = Wi k2)
k=1 e
oHY, OHz;
(3.9) Ot Waeii + O S Wi
Sc,t 9(’ 7
5t i)
1 )
Wl = Whit ) Oppep—2 [FECZ—HW?} (Wheiokss ~ Wieiokr2)
k=1 S
4
5t 9
2 s [Fovicissre] (Wheimnss — Weieaa)
k= T
OHL OHY:
(310) +t 8 n Wsei +5t8 n Wpe,is
pc 7 PC i
(3.11) wli ;b =a(pl, = p2)

(3.12) wh it =B (opei — Py
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g,n

Because < ,k’e , 5pfics> =— ;Sk pr, we deduce that the derivative of the discrete
dcs

cost function is given by:

aJs L )
_—, 6pdcs> =0t - - |:]_'§é"; :| w;lci _ w?ci
<5Pdcs 7;1 Pt ’; Opljes o Jit1/2 ( i1 , )

N |[FBer]-1 4

0
+ at Z Z Z [‘F;éf;-s-uz} (wgc,m - wgc,z‘)
n=1

/
i=1 k=1 apdcs,k—?

N [l OH™. OH™.
3.13 +otoz ( l’lwgci + 2’1111”6 i) ,
( ) 7;1 ; 6pdcs ’ apdcs pe

4. NUMERICAL EXAMPLES

Cost Function J(p,

FIGURE 3. Cost function J(psc, ppc) =

1 Zmazx 2 1 Zmazx
/ ngs(z) - psc(Z,T)’ dZ + 7/

2 Jo 2 Jo

2
P (2) = ppel,T)]| .

We make here a simulation for z,,,, = 200 and T = 20. We choose a reasonable
discretization with N = 250, which gives dz = 24, /(N—1) = 0.8032. Additionally,
the values proposed in [3] for the physical-biological parameters of the model are
considered, that is: W = 6.01/8, gsc¢ = 0.15, Zniche = 12.0, kpiche = 5.0, D =
12.07, Ksc = 53, Kdens = 6, qdiff = 0.2, gpc = 0.22, Ztiers = 40.0, kiiers = 40.0,
Kpe =41.0, ¢er = 0.34, Z.,, = 190.0, k., = 15.0. As for the geometric parameters
of the crypt, these are given by ro = 10, €9 = 0.1rg. Regarding the DCS cells, we
initially consider the same trapezoidal shape of [3], with the parameters d = 2.25,
u=—1/8 and 0 < Npcs < 20, 0 < zg = 2, < 10.

Firstly, we experimentally confirmed that a trapezoidal shape for the DCS cells,
although they generate regular solutions, they do not behave regularly in the face of



12 MARIE HAGHEBAERT, BEATRICE LAROCHE, AND MAURICIO A. SEPULVEDA CORTES

Reference cell densities ("obs") v/s initial densities with lacking of DCS, at T=20[s]
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FIGURE 4. Evolution of cell population: Simulation of the interac-
tion SC-PC with the presence of a smooth form for the distribution
of DCS v/s simulation with lacking of DCS. Testing of the inverse
problem: starting from the case with lacking of DCS, reconstruct
their shape, using the numerical simulation of the case with DCS
as a reference (observation) for the objective function.

small variations in the parameters of said trapezoid. Although there is a continuity
of the solution with respect to these parameters, we observe through some numerical
tests that the cost function (2.1) and its approximation (3.8) contain oscillations
and therefore several local minima that are uncomfortable to minimize. Therefore
we choose to approximate the DCS cell distribution function by regularizing it
through convolution with molliifier functions.

On the other hand, since in this instance we do not have real experimental
observations, we consider a reference simulation with Npeg = 12 and z4 = 2z, = 3
(chosen values of [3]) at which we will call observed data. We then start from a
simulation without DCS cells, that is, Npcs = 0 and z4 = 2, = 0, and we try
to reconstruct the shape of the DCS cells for the observed solution by solving the
inverse problem 2.1.2) and minimizing the cost function (3.8).

Additionally, the parameters 6 = 107, o = 0.9 and by = 1 were chosen for
the description of the BGK scheme and the calculation of the values of Ay and 6.
We consider a CFL condition (3.5) sufficiently strict that it covers all the range of
values that Npcg € [0;20] and z4 = 2z, € [0;10] can take. This gives a value 6t =
3.2257 - 107° for the set of physical, geometric and meshing parameters described
here.

Figure 3 shows the simulated cost function for various values of Npcg varying
from 0 to 20, and various values of z4 = z,, varying from 0 to 10. The trapezoid of
the DCS cell distribution function is smoothed using the smooth1DconvNE2xConv()
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Solution of the adjoint scheme

e Wpc

=)
]
o

z 0 o time(t)

FIGURE 5. Solutions of the adjoint scheme associated to the BGK
scheme of the cell distributions: w. in a hot color map, and wp.+3
(in order to be able to visualize it differentiated from wg.) in a
slightly transparent ”parula” color map and above of the wsg,
graph.

function of matlab [6]. This smoothed function can be seen in figure 4 (yellow
graph). Based on this, a cost function is obtained with a single, clearly defined
minimum, locally convex, and sufficiently sensitive to data perturbation. It should

1 Zmazx
be noted that the sum of two functionals 5/ |p°bs(z) —psc(z,T)|2dz and
0

sc
1 Zmax
5/ |pgﬁs(z) - ppc(z,T)|2dz is being minimized in that each of them alone
does not have a locally convex shape as defined as the sum of both.

4.1. Inverse problem results. In Figure 4, the distribution of reference densities
(considered as ”observations”) for the stem cells (cyan color) and for the progen-
itor cells (red color) are plotted. Additionally, the distribution of smoothed DCS
cells is graphed (in yellow) that allows simulating such results, and corresponds to
the shape that is desired to be reconstructed through the method of solving the
inverse problem. Then, for comparison, the simulation of the distributions cor-
responding to the starting point for the resolution using gradient descent of the
minimization problem is graphed, this is simulation without the presence of DCS
cells (Npcs = zq = z, = 0) : stem cells (in purple) and progenitor cells (in light
green). Additionally and as a reference, the representative function of the geometry
of the crypt ¢(z) is graphed.

We compute the adjoint state of the BGK numerical scheme, in order to obtain
the critical points of the Lagrangian (2.2). The numerical simulation of the adjoint
state (3.9)-(3.10) is graphed in Figure 5. In order to simultaneously display both
Wse and wp. in the same figure, the constant 3 is added to wp. to graph it in
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Identification indicators Values

Number of iterations 17

Evaluations of J(-) 72

J(pldentif pldentif) 2.62119e-13

(Nédcegtif;zédentif) (12; 3)

N et _ Nobs -3.8188¢-06

Zldentif _ obs 4.6803¢-07

VJ(pldentif pldentif)T (-0.1863e-06; -0.4405¢-06)

Hessian of J (p1dentis pidentis 0.0741 0.1925
0.1925  0.6007

TABLE 1. Numerical result of the inverse problem test

a slightly transparent ”parula” color map , in contrast to the reddish map for
wse. Like Lagange multipliers, these quantities are related to the derivatives of
the constraints (in this case the equations that characterize the BGK scheme), and
their stability is important for the calculation of the gradient. In this case we
observe a stability of the solution except in z = 0 where there is a singularity in its
neighborhood, and for a time ¢ < ¢* with ¢* ~ 12. This could become problematic
if we want to identify, for example, the boundary condition at the bottom of the
crypt (z = 0), which is surely an ill-posed problem.

In the Table 1 a summary of the identification of the parameters can be ob-
served. Indeed, based on a situation without DCS cells, we managed to rebuild
the parameters of the distribution of reference DCS cells in 17 gradient iterations
and 72 evaluations of the cost function, reaching the values Né’ggtif = 12 and
zldentif — 3 with an error of less than 4 - 1076,
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Annexes

APPENDIX A. DERIVATIVE OF THE FLUX FOR 5-POINTS SCHEMES

A.1l. Derivative of the flux respect of p,. and p,.. We consider the descom-
position

4 4
]‘-;:?+1/2 = ZAZFG,MHM = Z )‘ZFZ(M;FLZv M(ﬁi,ea M:,i+1,2)
(=1 =1
fi ith A A, A A, A )\Jrg A A In thi
or o = sc¢,pc, wi = = -, = —, = —A — —. In this sense,
» PC, 1 ; A2 3 \ﬁ 4 \/g
we have
4
3] OF ;44372 0My ;0
Fela] = Soa e o,
apw7_1 |: 0,i4+3/2 ; £ 8MJ,_1’£ apw,o
0 [rem ] . OF 5 0i11/20My 10  OFs 054172 0My i
oi+1/2| = Z Ar +
apw,o L7 - = 8Mo’,—17l 8pw7,1 aj\40',0,€ 8pw7,0
0 [rem ] . OFGi-1/20Myi10 OF5pi1/20My; ¢
oi=1/2| = Z Ae +
apw,l - ’ - —1 aMo’,O,@ 8,017),,1 aMa,l,Z 3Pw,,o
4
0 [ ~en ] 8Fg’ - BM(, i—
F ,.73 = Z}\e £,i—3/2 i—1,4
apw,Q |7 @i=3/2] = 81\40',1,6 8pw,,1

with o = sc,pc and @w = sc, pc. Then, we can replace directly this expressions on
(3.9) and (3.10).

A.2. Derivative of the flux respect of p/,... We have

9 []_—e,n } _ i A OF 04172 0My 10
(=1

81051(;5,—1 o:t1/2 aMUv_lvg ap:ics,O
4
O [renm ] _ Z A\ OF g 44172 0My i1 + OF 5 0i41/2 OMy 0
8/02155,0 7 onit1/2] —1 aMm—l,@ 8p£lcs,,1 a]\40,0,2 ap:ics,,o
4
0 (e ] = Z A\ OF 504172 OMy ;0 n OF g 44172 O0Myit1.0
8p:icsi,1 7 ovit1/2] —1 8MU,O,Z apélcs,,l 8M0711Z ap:ics,,O
4
0 r 1 OF, ;. oM, ;
90 f?Zrl/Q = ZAE a;é7z+1/2 9 771+1’E
pdcs,2 - ’ - (=1 o,1,¢ pdcs,,l

for 0 = sc,pe. Then, we can replace these derivatives of the flux directly on (3.13).
To calculate these derivatives it is necessary to specify the calculation of the
derivative of the flux with respect to the Maxwellian ones, as well as the derivatives
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of the Maxwellian ones with respect to the distribution of cells. Below we detail
these two levels of derivatives.

A.3. Derivative of the flux respect of the maxwellian distrubutions. For
¢ = 1,2 we consider a second order limiter flux with Lax-Wendroff scheme, that is

MFi(M_y, My, M)

XoFyp(M_y, My, M)

)\FI(M717M07M1)

A ot
)\M0+§LP(M,1,M0,M1) 1_>\£ (Ml—Mo)
—AFp(M_q, My, M)

A ot
—AM; + §¢(M—17M0,M1) <1 - )\52) (M7 — My).

On the other hand, the flux for ¢ = 3,4 are given by monotone 5-points schemes
such that F5(M_1, My, M) = Fy(My, My, M_1)), and taking the sample particular

case of [?], we have:

Fy(M_y, My, My)

Fo(M_y, My, My)

F3(M_y, My, My)
Fy(M_1, My, My)

1 ot
My + 580(M—1,M0,M1) <1 - Aéz) (M — My)

1
M, — 5%0(M—1aM07M1)
My + bo(M71 — M)
My — bo(My — M)

<1 - A?i) (M — M)

From here the partial derivative rules that interest us are given by

aML_lFl(M,l,Mli) = SaML_lw(M,hMO,Ml)
a]\f[ing(M_l,MO,Ml) = —SaMilw(M_l,Mo,Ml)
aMLAFg(M_l,MO,Ml) = aMLAFAL(M_l,MO,Ml) =0
a;OFl(Mfl,MoyMl) = 1—M+88]?40w(M,1,M0,M1)
8](?/[0F2(M_1,M0,M1) = M—Sazow(M_l,Mo,Ml)
aiMFl(M_l,MO,Ml) = M—l—Sa;?/[lw(M_l,MO,Ml)
aiMFQ(M_l,MO,MI) = 1—M—Sa]?41w(M_1,M0,M1)
ai%Fg(M,l,Mo,Ml) = %MFLL(M,l,MO,Ml) = 1-bo
0 )

oM,

F3(M_y, My, M;) =

—— Fy(M_y, My, M;) = bo.
8M0 4( 1, Y0 1) 0
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where
1 ot ,
S = 5 17)\5 (Ml 7M0)()0 O”(U(M_l,Mo,Ml)
1 ot
= —(1—-X— M_q1, My, M
M 2( )\62)<P0w( 1, Mo, M),
2 ifo<w<1/2,
Psuperee(W) =1 ifl<w<2, |, OV anLeer(W) = mHeaviside(w),
0 otherwise
My — M_
and because w = ﬁ
ow _ 1 ow 7M17M_1 ow 77M07M_1
OM_1 M, — M, OM, (M — My)?’ oM, (M; — My)?

A.4. Derivative of the deep crypt secretory respect of his parameters.
The deep crypt secretory (des) probability density is given by [3]:

pdes(2) = (d(z — za) + 1)1[24—1/d724](z) + l]zd,zu[('z) + (T +u(z - Zu))]l[zu,zu—l/u](z)
where 1[a, b](z) = H(x —a) — H(x —b) is the characteristic function for the interval
[a,b]. Thus, the derivative of pg.s respect of his parameters are given by:

0 0

%Pdcs = (2 = 2a)1[zy—1/d,2) (?) aizdpdcs = —dl[z,—1/d,24(2)
0 0
%pdcs = (Z - Zu)]]-[zu,zufl/u](z) 67[)(103 = _U]l[zdfl/d,zd](z)

In the derivative of the cost function we need also to compute the derivative of p/,
respect of the same parameters, which are:

0 1 0
%p:ics = aé(’z —Zd — l/d) T 1zy—1/d,24) (Z) aizdpdcs = —d(5(z —Rd — l/d) - 5(2 - Z(i))
0 1 0

Gubies =~ 0z = 2= 1)+ 1y 1/n)(2) 5 pues = ~u(0(z = 2) = 8z = 2 — 1/w)
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