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Abstract

The elapsed time equation is an age-structured model that describes dynamics of
interconnected spiking neurons through the elapsed time since the last discharge, leading
to many interesting questions on the evolution of the system from a mathematical and
biological point of view. In this work, we first deal with the case when transmission after
a spike is instantaneous and the case when there exists a distributed delay that depends
on previous history of the system, which is a more realistic assumption. Then we study
the well-posedness and the numerical analysis of the elapsed time models. For existence
and uniqueness we improve the previous works by relaxing some hypothesis on the non-
linearity, including the strongly excitatory case, while for the numerical analysis we prove
that the approximation given by the explicit upwind scheme converges to the solution of
the non-linear problem. We also show some numerical simulations to compare the behavior
of the system in the case of instantaneous transmission with the case of distributed delay
under different parameters, leading to solutions with different asymptotic profiles.

2010 Mathematics Subject Classification. 35A35, 35F20, 35R09, 65MO06.
Keywords and phrases. Structured equations; Mathematical neuroscience; Delay differen-
tial equations, Well-posedness, Numerical analysis; Periodic solutions.

1 Introduction

Structured equations have been widely studied in the modeling of biological systems. In par-
ticular in the context of neuroscience age-structured models are an interesting approach to
modeling the dynamics of interconnected spiking neurons. The study of the precise mech-
anisms of brain processes, leading to synchronous regular or irregular activities, has been a
challenge for mathematician and biologists with many interesting models including discrete
systems, differential equations and stochastic processes (for a reference see for example [I]).
One of these equations is the well-known elapsed time model, where a given population of
neurons is described by the time elapsed since their last discharge. In this network neurons
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are submitted to random discharges, which is related to changes in the membrane potential,
stimulating other neurons to spike. One the main motivations of this model is to predict the
brain activity through the previous history of spikes and the key element that determines the
evolution of the system is the way neurons interact within the network, leading to different
possible behaviors of the neural activity and patterns formation. This equation is a mean-field
limit of a microscopic model that establishes a bridge of the dynamics of a single neuron with
a population-based approach, whose aspects has been investigated in [2] [3] 4] 5, [6] [7].

The elapsed time model has been studied by many authors. The pioneer works on this
model were studied by Pakdaman et al. [8, 9, [10] and some important results on exponential
convergence to the equilibrium for weak non-linearities were proved in [11], 12} 13] through
different techniques such as the entropy method, semi-group theory and spectral arguments.
Results on strong non-linearities have been studied in [I4], where existence of periodic solution
with jump discontinuities was established. Moreover, different extensions of the elapsed time
model have been studied by incorporating new elements such as the fragmentation equation
[10], spatial dependence with connectivity kernel in [I5], a multiple-renewal equation in [16]
and a leaky memory variable in [17].

The classical elapsed time model with instantaneous transmission, which we will call
throughout this article as I'TM, is given by the following non-linear age-structured equation

on + 0sn+p(s,N(t))n=0 t>0,5s>0
— — ) = [T
(™) N(t) =n(t,s =0)= [," p(s, N(t))n(t,s)ds t>0 (1)
n(0,s) =n’(s) >0 s >0,
o nP(s)ds =1,

where n(t, s) is the probability density of finding a neuron at time ¢, whose elapsed time since
last discharge is s > 0 and the function N (t) represents the flux of discharging neurons.

For this equation, we assume that when a neuron spikes, its interactions with other neurons
are instantaneous so that we assume for simplicity in this model that the total activity of
the network is simply given by the value of N(¢). The crucial non-linearity is given by the
function p: [0, 00) X [0,00) + [0, 00), which is called as the hazard rate and it describes the
susceptibility of neurons to spike. We assume that p depends on the elapsed time s and the
activity N and without loss of generality we consider that p € WH*(R* x RT), though the
regularity is not a crucial assumption as we will see in the numerical examples. We stick to
these names of each term of the system, though they may differ in the literature.

In this setting, neurons discharge at the rate given by p and then the elapsed time is
immediately reset to zero, as it is stated by the integral boundary condition of n at s =
0. Following the terminology of age-structured equations, the elapsed time corresponds to
"age” of neuron. When a neuron discharge, it is considered to "die” where p(s, N)n is the
corresponding ”death” term. After a neuron spikes, it instantaneously re-enter the cycle and
it is considered to be "reborn” with the boundary condition at s = 0 representing the ”birth”
term.

Moreover, we assume that the rate p is increasing with respect to the age s, which means
that neurons are more prone to spike when the elapsed time since last discharge is large.
According to the dependence of the rate p on the total activity different regimes are possible.
When p is increasing with respect to N we say that the network is excitatory, which is
means under a high activity neurons are more susceptible to discharge. Similarly, when p
is decreasing we say that the network is inhibitory and we have the opposite effect on the



network. Moreover, if the following conditions holds

[Onplloo <1, (2)

we say that the network is under a weakly interconnected regime, which means that the
non-linearity is weak.

For the initial data n® € L'(RT) we assume that is a probability density and we formally
have the following mass-conservation property

(o)
/ n(t,s)ds = /no(s) ds, vt >0, (3)
0
which will be crucial in the analysis of Equation (|1)). Throughout this article we consider

solutions in the weak sense but for simplicity we simply refer to them as solutions.

Remark 1.1. Since we look for solution n € C([0,T], LY(RT)) for some T > 0, observe that
N(0) formally satisfies the following equation

N(0) = /0 " (s, N(0))n(s) ds. (4)

In the inhibitory case and the weak interconnections regime this equation has a unique solution
for N(0), while for the excitatory case we may have multiple solutions and thus the solution
of Equation is not unique. Moreover, we remark that in general N(0) # n°(0), which
might imply that n has discontinuities along the line {(t,s) € R?: t = s}.

Concerning stationary solutions of the non-linear System , these are given by solutions
the problem

Osn+p(s,N)n=0 s >0,
N =n(s=0) = [;° p(s, N)n(s)ds, (5)
Joon(s)ds =1, n(s)>0.

If the activity IV is given, we can determine the stationary density through the formula

n(s) = Ne~ Jo p(w,N) du (6)

Thus by integrating with respect to s, we get that (n, N) corresponds to a stationary solution
of System if the activity satisfies the fixed point equation

o0 —1
N=F(N)= ( / e~ Jo p(wsN) du ds) . (7)
0

So that depending on the rate p, we have a unique solution in the inhibitory case and in
the weak interconnections regime. For the excitatory case we may have multiple steady-states.
We also remark that a prototypical form of the function p is given by

p(S, N) = (P(N)X{s>a}v (8)

which represents a hazard rate with an absolute refractory period o > 0 so that for an age
5§ < o neurons are not susceptible to discharge. For s > o neurons are able to discharge



and the density n decays exponentially according to ¢(N). The function ¢ is assumed to be
smooth and satisfies the following bounds

po < p(N) <p1 VN >0,

for some constants pg,p; > 0. This special case has been studied which has been studied
n [14], 8], where they proved convergence for the inhibitory case and constructed periodic
solutions for the excitatory case. Another possible example is to consider a variable refractory
period depending on the total activity

p(8, N) = X{s>0(N)}- 9)

This type of hazard rate has been studied in [9], where existence of periodic solutions was
studied as well.

From a biophysical point of view, when neurons spike it is reasonable to consider a delay
in the transmission to other neurons. In order to take into account this effect, Pakdaman et
al. [8] considered a modification of the elapsed time model incorporating a distributed delay,
which corresponds to the following variant of Equation that we will call as DDM

(Oin + Osn + p(s, X (t))n = 0 t>0,5s>0
N(t) =n(t,s= 0) = 7 p(s, X(t))n(t,s)ds t>0
(DDM) fO a(t —7)N(7)dr t>0 (10)
(0 S) n(s) >0 s >0,
fo s)ds = 1.

The kernel o € LY(R") with o > 0, corresponds to the distributed delay and for simplicity we
may assume that « is smooth and uniformly bounded with [, a(7)dr = 1, but the theoretical
results are still valid if we only assume that « is integrable. For this model N(¢) is the flux
of discharging neurons and X (¢) is the total activity, which depends on the values taken by
N in the past (i.e. in the interval [0,¢]) through the convolution with «. Unlike ITM, the
rate p depends on the total activity X (¢) instead of the discharging flux. Properties like the
mass—conservation remain valid for this modified model. We remark that under the condition
fo 7)dT = 1, we consider as steady-states of DDM equation (10| the same as those of ITM
equatlon

In particular when «a(t) approaches in the sense of distributions to the Dirac’s mass (%),
then we formally get X (¢) = N(t) and thus we recover the ITM equation (I). An important
example studied in [§] is the exponential delay given by «a(t) = %e*t/ A so that X (t) satisfies
the following differential equation

{)\X’(t) +X(t) = N(t),

X(0) = 0. )

giving a simple way to compute numerical solution of this system.

Similarly, when «(t) approaches in the sense of distributions to the Dirac’s mass d(t — d),
then we formally get X (t) = N(t — d) and we recover a version of the classical elapsed time
equation with a single discrete delay d



On + 0sn+p(s,N(t —d))n =0 t>0,s>0
N(t)=n(t,s=0) = 0+°° p(s, N(t —d))n(t,s)ds t >0
n(0,s) = n'(s) >0 s> 0,

Jo o n(s)ds = 1.

Given the flexibility of the DDM model through the kernel «, in this article we will focus
on the ITM and DDM equations, but the results and techniques are presented in this work
also valid for Equation ([12)).

This article is devoted to two aspects of the elapsed time model: well-posedness and
numerical analysis. On one hand, we aim to give a straightforward proof on well-posedness
for both ITM and DDM equations, improving the proofs given in [8, I1]. In the work of
Pakdaman et al. [§] they proved well-posedness when the rate p is of the form given by
or @ under some asymptotic conditions in the growth of p with respect to discharging flux
N (or the total activity X in the DDM equation), while in the work of Caiizo et al. [I1]
they mainly focused in the weak interconnections regime for the ITM equation . In this
context, we give a proof for a wider class of hazard rates p with some simple and general
assumptions.

On the other hand, we aim to make a numerical analysis of these non-linear models by
proving the convergence of an explicit upwind scheme of first-order. Previous works on the
numerical analysis of age-structured equations includes the works [18, [19] and further general-
izations to solutions in the space of positive regular measures M™(R™) has been investigated
by [20, 21, 22] through the particle method. This method consists that measure solutions
are approximated by a sum Dirac’s masses and then transported according the structured
equation, so that by compactness through tightness of measures they proved that the approx-
imation actually convergences to a solution of the non-linear equation. Following the spirit
of these ideas, we study the evolution of the finite-volume approximation and then by an
estimate of the bounded variation norm, we get the necessary compactness to conclude the
convergence of the numerical method. This BV-estimate to prove correctness of the scheme
is a novelty that was missing in the literature.

The article is organized as follows. In Section [2] we study the ITM equation by giving a
proof on well-posedness in the inhibitory case (including the weak interconnections case as
well) and explaining how the arguments can be extended for the general excitatory case. Then
we proceed to explain the scheme to solve numerically I'TM equation [1|and prove the necessary
estimates that ensure the convergence of the numerical method. In Section [3| we make the
analogous analysis for the DDM equation by adapting the ideas of the arguments applied to
the ITM equation. Finally in Section [4, we present numerical simulations to compare both
ITM and DDM equations under different choice of parameters, including the inhibitory and
excitatory regime. In particular, we consider different types of the delay kernel « in order to
observe the limit cases when «(t) is approaching a Dirac’s mass and the possible asymptotic
behavior thereof. This extends the numerical simulations made by Pakdaman et al. [8], where
they consider mainly the exponential kernel in the DDM equation ((10)).

(12)



2 Instantaneous Transmission Model (ITM)

2.1 Well-posedness of the ITM

In this subsection we prove that the solution of Equation is well-posed in the inhibitory
case and the weak interconnections regime. We improve the ideas of Pakdaman et al. [§]
by giving consider more general forms for the rate p and we improve the result of the weak
interconnection regime of [I1] by extending the existence and uniqueness of a solution when
we drop the absolute value in the Condition . The main idea of the proof is to propose
the appropriate fixed point problem that eventually leads to a solution of ITM equation
through the contraction principle.

Theorem 2.1. Consider a non-negative n® € L*(RT). Assume that p € WH™®(RT x RT)
and let ~ = sup, x Onp(s,N) with v|n°|y < 1, then Equation has a unique solution
n € C([0,00), L*(RY)) and N € C[0,00). Moreover n satisfies the mass-conservation property

(3)-

Remark 2.1. We remark that the regularity of the rate p is not fundamental for the proof
and Theorem 1s still valid for a wider class of functions such as

p(S, N) = QD(N)X{5>U(N)}a

with ¢ and o Lipschitz bounded functions, as they are studied in [8, [1)]. So under a similar
conditions for the inhibitory and weakly excitatory regimes, we can apply the arguments used
in Theorem [2.]] to get well-posedness in these cases.

Moreover, from Remark [1.1] we know that in the excitatory case multiple solutions may
arise [14] and the proof of the theorem can be replicated to prove the existence of solutions
with n € C ([0, T], Ll(R+)) for some T > 0. Indeed, from the proof Lemma we can apply
the implicit function theorem as long as the following invertibility condition holds

U(N(t),n(t,") :=1-— /OOO Onp(s, N(t))n(t,s)ds #0 vt € [0,T], (13)

where U : R x LY(RT) — R, so that we obtain existence of a solution (or possible branches
of solutions) of Equation defined locally in time by applying the arguments in the proof
of Theorem [R.1). If W(N(t*),n(t*,-)) = 0 for some t* > 0, then the continuity of solutions
is not ensured and jump discontinuities might arise. We explore this aspect in the section of
numerical simulations.

For the proof we need the following lemmas, which will be the key idea throughout this
article. We start with following result on the linear case.

Lemma 2.1. Assume thatn® € LY(RT) and p € L®(R* xR*). Then for a given N € C[0,T],
the linear equation

o+ 0sn+p(s, N(t))n =0 t>0,s>0,
n(t,s =0) = [7p(s, N(t))n(t,s)ds t >0, (14)
n(0,s) =n’(s) >0 s>0,

has a unique weak solution n € C([0,T], L*(RT)). Moreover n is non-negative and verifies the
mass conservation property fort €10,T].



Proof. For a proof see the linear theory developed in [23] [8 [I1]. ]

By using the implicit function theorem, we prove the following lemma that is the keystone
in the proof of our theorem.

Lemma 2.2. Consider a non-negative function n® € L'(RY). Let v := sup, y Onp(s, N) and
assume that y||n°||1 < 1. Then there erists a unique solution for N of the equation

N = F(N) = / p(s, N)n(s) ds, (15)
0
that we call N == 1(n°), where the map v: L*(R*) — R satisfies the following estimate
Plloo >
() — v < 0= [t = n2l(s) ds (16)

—7[In°[l

1

for non-negative integrable functions n',n? with ||nt(; = [|[n?||; = |[|[n%|:.

Proof. Observe that F' is a continuous and bounded with respect to N. Indeed, for all N we
have
0 < F(N) < [[plloolln® 4

and hence there exists N € [0, ||p|loo||n°||1] such that N = F(N). Moreover the function
g(N) = N — F(N) is strictly increasing. Indeed,

J(N)=1-F(N)=1-— / Anp(s, N)n®(s) ds > 1 — y[[n%|]1 > 0,
0

and therefore the N = F(NN) has a unique solution that we call N = (7). Consider the set
U defined by
U:={necL'R"):v|n|; <1}

And consider the map G: X x R — R defined by
G(n,N)=N —/ p(s, N)n®(s)ds.
0
Observe that for (n,N) € U x R with G(n,N) = 0 we get OyG(n,N) > 0. By the implicit

function theorem, we notice that 1 it is a differentiable map on U. Moreover Dv: L'(R) — R
at a point (n, N) € U x [0,00) is given by

_ I3 p(s, N)h(s)ds
Dylh} = 1-— ono Onp(s, N)n(s)ds’

and we have the following estimate in the operator norm at the point (n°, N°)

[[Pllo
1Dy < :
1 —7[[nOlx
thus for n!,n? with the same norm n®, the inequality (16 readily follows. ]

With this lemma, we continue the proof of the Theorem



Proof. Consider T' > 0 and a fixed non-negative N € C[0,T]. For this function N we de-
fine n[N] € C([0,T], L'(RT) as the weak solution of the linear equation (14)), which can be
expressed trough the method of characteristics

n(t, S) _ nO(S N t)e* fotp(sft+t’,N(t’))dt’X{S>t} + N(t B 8) — J5 p(s' ,N(t—s+s"))ds’ X{i>s)-
From the mass conservation property we know that ||n[N](t)[1 = [|n°]:.

On the other hand, for a given n € C([0,T], L*(R")), let v: C([0,T], LY(RT)) ~ C[0,T]
the unique solution X € C[0,7T] of the equation

X:/0 p(s, X)n(t,s) ds.

Under this setting we get a solution of the non-linear equation if only if we find N € C[0, T
such that is a solution of the equation

N = H(N) = (n[N))
where H: C[0,T] — C[0,T.

We assert that for T" small enough the map H is a contraction. For non-negative functions
N1, Ny € C[0,T], we get from the method of characteristics we get the following inequality

/ In[Ny] = n[No]|(t, s)ds < A1 + A + As,
0
where A1, Ay, A3 are given by

ds

A= /Oo n’(s) ‘ = Jo p(sH+t' Ny (@))dt! _ = [gp(s+! Na(t)dt
0
t
Ay = / IN7 — No|(t — s)e Jo P/ Ni(t=s+57)ds" g ¢

Ay = /NQtS)‘ — Jo p(s',N1(t—s+s"))ds’ —fO (s",Na(t—s+s")ds'| q¢

We proceed by estimating each term. For simplicity we write ny = n[Ni],n2 = n[Na], so that
for A1 we have

as [T [ ol + £, Nu(£)) — pls + , Nal#))] dt’ ds < T |nplo Ny — Nalle,
while for Ay we have
Ay < /Ot N1 — No|(t — 5)ds < T|[Ni — No|,
and for A3 we get
Az < ||pllooln’[l1 /Ot /DS Ip(s’, Ni(t — s+ ")) — p(s', Na(t — 5+ 5'))|ds" ds

T2
< 7||p||oo||n0|\1IIONpHooHJ\h = Na|oo-



By combining these inequalities we have finally

T
s In1(t, ) = na(t, )]l < (!no\hH@Nplloo + EleloollnolllHé’Nplloo + 1) T||N1 = Naoo-
telo,T
(17)
Since the mass is conserved, we apply Lemma to get
p
sup_[ip(n'(t,-)) —p(n’(t, )] < Lboo sup_|ln*(t,-) = n?(t, )i, (18)
t€[0,7] 1 —y[In%1 g0,y

and therefore, we deduce from and that the following estimate holds for H

Pl (T
[ H(N1)—H(N2)lloo < ﬁﬁzonl gllplloollnoHlllazvaoo + 120188 plloo + 1 ) [|N1—Na|oo,
so that for T" > 0 small enough we get a unique fixed point of H by contraction principle,
implying the existence of a unique solution n € C ([0, 7], L*(R™)) with N € C[0, T] of Equation
(1). Since the mass is conserved, we can iterate this argument to conclude the solution is
indeed defined for all T" > 0. O

2.2 Numerical scheme for ITM

In this subsection, a first-order explicit upwind scheme to approach ITM equation is intro-
duced based on the finite-volume framework [24, 25, 26]. We consider an uniform discretiza-
tion of 2 = [0,77] x [0, +00) with cells I; = [sj_%, sj+%), interface points Sjyl = jAs >0 and
centers s; = (j—3)As, j € Nsuch that [0, 400) = Ujenl; and I™ = [t™ 1, t™], ™ = mAt > 0,
m € N, T = MAt such that [0,T] = UM_,I™. Let nit = <~ ij n(t™, s)ds be the cell average
of n(t, s) at time t" in the cell I}, then applying an explicit finite-volume approximation with
an upwind discretization for the convective term in Equation , we obtain

nm+1 —nm nm — pm 1
J J 4 J J—

At As

+p(s;, N™))ni* =0, jeN, meN, (19)

and
N(t™) = n(t™,0) ~ As S p(sj, N(E™)n, m € N.
JEN
Now, if we define N™ := N (™), the solution of the partial differential equation in (1] can be
solved by the explicit upwind scheme

At

n}"“ =n]' — E(n;n—n;n_l)—Atp(sj,Nm)n}", jeEN, meN. (20)
In particular for j = 1 we have
m+1 __ m_ﬁ m_ N _ At N™\pm
R (n ) p(s1, )y’

The explicit upwind scheme (20 is stable if the CFL condition hold
1
1—- At <A -I—p(sj,Nm)) >0, 7eN,meN.
s

In that regard, the numerical scheme for n[" and N™ can be summarized in the next
algorithm.



Algorithm 2.1. ITM numerical scheme

Input: Approvimate initial data {n?}jeN

Solve for N°
NY = Z Asp(s;, No)n?. (21)
JEN
Choose At such that )
1 _
At <[ — . 22
< (5 +vle) 22)
For m € Ny do
For j e N do
Al ni — %(n’f‘ — N™) — Atp(s1, N™)n*  j=1,
J ngn—ﬁ—g(ngn—nzﬁ_l) — Atp(s;, N™)n" j > 1.
end
Solve for N™+1
N7 = Z Asp(sj, Nerl)n;.”H. (23)

JEN
end
Output: Approzimate solution {n§”+1}jeN and N™ L at time t™! = (m + 1) At

The solution of Equation for N™*! can be solved with different numerical methods
such as Newton-Raphson, bisection or inverse quadratic interpolation. In particular for the
inhibitory case and the weak interconnections regime, the solution of Equation Nl
can be approximated in terms of N™ through the following formula if At is small enough:

1 _ +1
N7 = Z Asp(sj, N™)n" .
JEN
For simplicity in the estimates we assume that we can compute the solution of Equation

exactly, but the results remain valid if we take into account an specific method to get an
approximation.

Remark 2.2. Analogously to Remark we will prove in this section that Equations
and have a unique solution in the inhibitory case and the weak interconnections regime.
In the excitatory case, we may have multiple solutions for NO that lead to different branches
of numerical solutions for the ITM equation defined in some interval of time. Depending
on how we calculate the solution of the fixed point problem , the numerical method will
approximate one of the multiple possible solutions.

In order to prove the convergence of the upwind scheme we follow the ideas of the previous
subsection on well-posedness and we prove a BV-estimate that will be the crucial in the
analysis. For simplicity we assume that initial data n" is compactly supported, but the
theoretical results still hold when the initial data n° vanishes at infinity.

We start with some lemmas that will be useful in the sequel.

10



Lemma 2.3. (L'-norm) Numerical approximation obtained with the Algom'thm satisfies

In™[ly == Asn" = [n°]l1, m€N.
jEN

Proof. Multiply equation by As and sum over j € N and using the boundary condition
we obtain

Z Asn}ﬁ“ = Z Asnf' — At [ N™ — Z Asp(sj, N™)nl
jeN jeN jeN

O]

Lemma 2.4. (L>°-norm) Assume the initial data n® € L>°(R") is non-negative. Then under
CFL restriction the numerical solution obtained with the Algom'thm satisfies

0<ni"< 17%)|00, 0 < N™ < ||plloc||n®||1  for allj,m € N.

Proof. By the CFL condition, observe that
0<nl=(1-At(-L +p(s;, N +At0 < |In%|oo for allj € N
<n; = As p(s;, NV) n s < |In”||se forallj € N,

and by induction in m we conclude that 0 < n" < [n°|| for all j,m € N. Now for the
estimates involving N, we apply the previous lemma to conclude the following inequality

0 < N™ < |plloc Y Asnf' = |Iplloc Y Asnd = [|pllocln’|1,
jEN jEN
and we get the desired result. O

We now prove that for each iteration in m of the numerical method. Equation has
a indeed a unique solution N™ in the inhibitory case and the weak interconnection regime.
The following result corresponds to the discrete version of Lemma

Lemma 2.5. Consider a discretization n® = (n?)jeN of non-negative terms. Let v =
sup, y Onp(s, N) and assume that v|[n°||1 < 1. Then there exists a unique solution for N

of the equation
= Z Asp(sj, N)n
JEN

that we call n® == ¥ (n°). Moreover the map 1 satisfies the following estimate

[12llo0
[p(n') = p(n?)] < E As|nj —nj (24)
1=l
for sequences n' = (n})jeN, n? = (n?)jeN of non-negative terms with |[nt||; = [|n?||1 = ||n°[1.

Proof. The proof is similar to that of Lemma by the replacing the integral terms with
discrete summations. O

11



Remark 2.3. In the excitatory case, the ideas of the previous lemma can be applied as long
as the following invertibility condition holds

U(N,n):=1—-As Z onp(sj, N)n;ds # 0, (25)
JEN
so that we can extend the numerical solution through the implicit function theorem in order

to approximate a continuous solution of the ITM equation in some interval [0,T]. This
s the analog to the invertibility condition .

We now establish some BV-lemmas on the discretization given by the upwind scheme to
prove that the numerical method approximates the solution of Equation when At and As
converge to zero. For the discretization n = (n;);jen we define the total variation as

[e.9]

TV(TL) = Z ’nj+1 — nj|. (26)

§=0
In this context, we prove the following key lemma.

Lemma 2.6. (BV-estimate) Assume that TV (n°) < oo and the CFL condition (22)). Then
there exist constants Cy,Cy > 0 (depending only p and the norms of n°) such that for m € N
we have

TV (n™) < e TTV (00 + Cy(e1T 1), (27)

with T = mAt and TV (n Z Inily —nl

Proof. Using the notation A*n?* = n' | —nl", we have

A+nj +1 A+nj T As (A+ A+nj_1) — At (p(st,N )”j+1 —p(sj, N )nj )

—Atnj( (SJ_H,Nm) p(s;, N™)).

now applying and taking absolute value and using the CFL condition we obtain

1 At
A< (1=t (g ploen N AR+ A |+ AtAS| O] on

Now by summing over all j > 1, we have

Z!N me| <Z|A+ m\+ IA+ ’"\—Atzp sj+1, N™) AR

JEN
A S Asn
j=1
and from the mass conservation we deduce
SoAta <Y AT + EIAWB”! + At 0plloo ]2 (28)

j=1 j=1

12



On the other hand, by assuming At small enough we have

AR = [t — N

At
< (1 - A) B — N [N N Adp(sy, Nl
S

(29)
At +,m m—+1 m 0
< (1= 30 ) 1ATRE+ [N = N7t At 2] o
Furthermore, from Lemma there exists Cy > 0 depending only on p such that
‘Nm-i-l o Nm| _ ‘w(nm—i-l) o w(nm”
< C Z As\n}nﬂ —nj|
jEN
< Gt ST a4 pllee Y Asnl | (30)
jeN jeN
and replacing in , we obtain from the mass conservation
A< (1= 20 AT ng + et [ 3 1A%+ ol
o= As : = (31)
jEN
+ At[pl o oo-
Now, summing and , we deduce
oo [o¢]
SIATRIT < (1+ C1AL) Y T |ATRT| + CoAt. (32)
j=0 j=0
with Co = [[0sp]lo|[2° 1 + [[PllecCilIn° (1 + [|plloc 7] -
Finally, proceeding recursively on m, we obtain
oo oo C
Siater < 1+ Cran™ Y [AtRI) + 52 (1+CLAH™ — 1),
=0 =0 1
and the estimate readily follows. O

Remark 2.4. The previous lemma is also valid for the case when the hazard rate is of the
form

p(s, N) = o(N)X{s>0(N)}

with @ and o Lipschitz bounded functions and satisfying the analogous hypothesis on Onp.
Indeed, the inequality in is replaced by
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DAt <N AT + ,[ATng |+ Atp(N ) nf ‘X{Sj+1>U(N"”)} — X{s;>o(N™)}
7j=1 j*l JEN

At
Z!A* ’”\+f!A+ o+ At[lpllson,

[eS)
<Y 1At ’”H*!A*n |+ At[[plloo|I7°|oo,
7j=1

where jp, '=min{j € N: s; > o(N™)} = {% + %—‘ and the rest of proof is analogous.

Now we prove that the numerical approximation of the solution of Equation n(t, s),
which is constructed by a simple piece-wise linear interpolation, has a limit when the time
step At and age step As converge to 0. For simplicity we assume that the initial data
n® € BV(R*') and with compact support.

Lemma 2.7. Assume that n® € BV (R") is compactly supported and the rate p satisfies the
hypothesis of Theorem . Consider the function naias € C ([O,T], LI(R“‘)) defined by

=1 m—1 t_tml m—1 ym
nAt,As(tas) = Tt : n; X[ij%’sjli»%]( Zn X[s _18 ( ) ift € [t it ]
JEN JEN
(33)
Then there exists a sub-sequence (Aty, Asy) — (0,0) when k — oo and a function ni(t, s) such
that nat, As, — T inC ([O,T],LI(R+)). Moreover, if we define the function Nayas(t) as the

unique solution of the equation
o0
N(t) = / p(s, N(t))natas(t,s)ds,
0

then there exists N such that Naty Asy — N in C[0,T] and N is a solution of the equation

N(t) = /O (s, N, 5) ds. (34)

Proof. The idea is to apply the compactness criterion in C([0, T], L' (R™T)) in order to extract
a convergent sub-sequence of na;as when At and As converge to 0. From Lemma @ we
deduce that

Inatast )l = In°ll, vt e[0,T].

We prove that sequence nasas has a modulus of continuity in the L' in both variables. In
the variable s we have that for ¢ € [t™~!,#™] and |h| < ¢ the following estimate holds

t A
B AsnT 4 — Il > Asnl?

jEN jeN

00 mo_
/ ‘nAt,As(ta s+ h) — NAtAs (t7 5)’ ds < A
0

< elln|Ix

14



Now we prove we have modulus of continuity in the variable ¢. Consider ¢;,ty € [0,7] and
without loss of generality assume that t1,ty € [t™~1,#™] for some m € N. Then from Lemma
we have following estimate

e — Y

oo
/0 neas(tr, ) — nagasta,s)|ds < [t — 1] 30 Astt—

jEN

<t —to| | D In Tt =0 4 Asp(s, N Hni !
JEN
< |t1 —tao| (Cr TV (n®) + [|pllooln°11) ,
(35)

thus we have the modulus of continuity in time.
Since n° has its support contained in some interval [0, R], there exists K € N such that

n? =0 for j > K and sg = (K — %)As > R. From the numerical scheme we deduce that
n;" =0 for j > K + M, which implies that na;as vanishes for
1 As

so na¢,As has also compact support. From the estimates on the modulus of continuity, we
can apply the compactness criterion in C([0, 7], L}(RT)) in order to extract a convergent
sub-sequence of nat aAs when At and As converge to 0.

Observe now that Nasas € C[0,7]. Indeed from Lemma for each t € [0,7T] we get
that

Nag,as(t) = ¥(nagas)

and from the continuity of ¢ and naas € C([0, 77, L'(R*) we obtain that Natas € C[0,T].
Since |[natas(t, -)|l1 = |[n%]1, for all ¢ € [0, 7] we have the following estimate

[Nataslloo < HpHooHnOHL

so that Na¢as is uniformly bounded.
We now prove that the family Nas a5 is equicontinuous. For t1,ty € [0, 7] we deduce from
Lemma (2.2) and estimate the following inequality

INat,as(t1) — Nagas(t2)| = [(naeas)(t1) — ¥(nacas)(t2)]
<c / Inacas(ts, s) — nacas(tz, s)| ds
0
< |ti — tao| (C2 TV (n°) + |Iplloc|In®|l1)

where C' is a constant independent of At and As. Therefore the family Na¢ a5 is equicon-
tinuous in [0,7] and we can extract a convergent sub-sequence by applying Arzela-Ascoli
Theorem. Finally, by passing to the limit in At and As we obtain Equation . O

With the previous lemmas, we are now ready to the prove the following theorem on
convergence of the numerical scheme for the I'TM equation .
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Theorem 2.2 (Convergence of the numerical scheme). Assume that n® € BV (R*) is com-
pactly supported and the rate p satisfies the hypothesis of Theorem [2.1. Then for all T > 0,
the numerical approximation given by the upwind scheme converges to the unique weak
solution n € C([0,T], L' (R™)) of the ITM equation (L.

Proof. Consider the functions nas;as and Nagas defined in Lemma From this result
we get Equation (2.7). Now we take ¢ € CL([0,T) x [0,00)) a test function. If we multiply
Equation by 7" = (t™, s;) and compute the discrete integral we get

M M M
Z Z As(n}wr1 —nj" )l + Z Z At(nf" —ni )@l + Z Z AtAsp(s;, N™)nT'¢f" =0,
m=0 jeN m=0 jeN m=0 jeN
(36)
We study each term of Equation . From summation by parts we have the following
inequality for the first term

M M
S Y A - = - Y Al = 3 Y e - 7,
m=0 jeN JEN m=1 jeN

thus applying Lemma we get the following limit when (At, As) — 0

M

oo T poo
Z ZAS(TLT—H —ni" )l — _/0 ©(0,5)n’(s) ds — /0 /0 n(t, s)0wp(t, s) ds dt.

m=0 jeEN

Similarly, for the second term of Equation the following equality holds

M M M
S A ) = At~ 3 AN = 3T Y AP — gt
m=0 jeN m=1 m=0 jeN

and by passing to the limit in (At, As) we get

M T o T oo
ZZAt(n?”—nT_l)gogn—)—/o ©(t,0)N(t) dt—/o /0 ni(t, s)0sp(t, s) ds dt,

m=0 jeN
and in the same way
M T foo
Z ZAtAsp(sj, N™)n" ol — / / p(s, N(t))7(t, s)p(t, s) dsdt.
m=0 jeN 0 Jo

Therefore 7i(t, s) is the weak solution of the ITM equation (). O

3 Distributed Delay Model (DDM)

3.1 Well-posedness of DDM

In this subsection we prove the well-posedness of the DDM equation . As in Section
we improve the proof of [§] by extending existence and uniqueness for a more general calls of
hazard rates p. We essentially follow the same ideas from of the previous section with some
slight modifications.
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Theorem 3.1. Assume that p € WH°(RT x RY) and o € L*(R") is bounded. Then for a
non-negative n® € L*(RT), Equation has a unique solution n € C ([0,00), L'(RT)) and
N, X €¢[0,00).

For the proof we need the following lemma, which is the analogous of Lemma

Lemma 3.1. Consider a non-negative function n € C ([0,T], L*(R")). Then for T small
enough, the exists a unique solution X € C([0,T]) of the integral equation

X(t)=F(X(t) = /0 /000 a(t — 7)p(s, X(7))n(r, s) dsdr, (37)

that we call X = 1(n), where the map ¢: C ([0,T], L' (RT)) — C([0, T]) satisfies the following
estimate

T o0 o0
I9(n!) = () lloo < Tl = cplors Sup 0! () = (L)l (38)
€[0,T]
for non-negative integrable functions n',n? with |n'(t,-)||1 = |n?(t, )1 = ||n°|l1 for all
te0,7].

Proof. Observe that the map F': C[0,T] — C[0, T satisfies the following estimate
[1F(X1) = F(X2)[loo < Tlaf|ool|0xplloc|[nl| X1 — Xa[o,

with [|n|| = supeo,ry [In(t,-)[[1. Hence for T' > 0 such that T'||lal|lc||OxplleolIn|| < 1 the map
F' is a contraction and then the map 1 is well-defined.

Let n',n? € C([0,T], L*(R™)) with ||n' (¢, )|l1 = [|n2(¢,-)|l1 = ||n°||1 for all ¢ € [0, T]. Then
we have the following inequality

| X1 — Xo|(t) < /0 /000 alt —71) (|p(3,X1(T)) —p(s,Xg(T))\nl(T, s) —I—p(s,Xg(T))\nl — nz\(T, 3)) dsdr

< Tl scllOxplloc|In°[l1 [ X1 — Xaf|oo + THaHooHpHoots[lépT] It (£, ) = n?(t, )1,
€10,

and therefore for T > 0 such that T'||c||so||OxPllso||2’|l1 < 1 we get

Tllalloollploo 1 2
[ X1 = Xoloo < sup |[n"(t,-) = n°(t, )1,
= 7 1= TllalleclldxpliscIn®l1 repom
and estimate (38) holds. O

With this lemma, we continue the proof of the Theorem

Proof. Consider T' > 0 and a given non-negative X € C[0,7]. Like in the proof of Theorem
2.1] we define n[X] € C([0,T], L*(R*)) as the weak solution of the linear equation

o+ 0sn + p(s, X(t))n =0 t>0,s>0,
n(t,s =0) = N(t) = [;Fp(s, X (t))n(t,s)ds t >0,
n(0,s) =n’(s) >0 s> 0.
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which can be expressed trough the method of characteristics

n(t, s) = nO(S —t)e” fotp(s—t+t’,X(t’))dt’X{S>t} +N(t—s)e” fosp(S/’X(t_S+8/))dS,X{t>S}‘

From the mass conservation property we know that ||n[X](¢)|1 = ||n|1.

On the other hand, for a given n € C([0,7], L*(R*)) and for T' > 0 small enough, let
¢: C([0,T], L*(RT)) — C[0,T] the unique solution X € C[0,T] of Equation (37)). Under this
setting, we get a solution of the non-linear equation if only if we find X € C[0,T] such
that is a solution of the equation

where H: C[0,T] — C[0,T.

We assert that for 7" small enough the map H is a contraction following the proof Theorem
For non-negative functions X1, Xo € C[0,T], we get from the method of characteristics
we get the following inequality

| ] = | s)ds < A1+ 42+ 4,
0
where A, As, Az are given by

A, = /oo n0(s) ‘67 JEp(s+ Xa(U)At _ — fEp(s+t Xa(t)at'| 4
0

t
Ay = / [ N1 — No|(t = s)e™ Jo 0" Xaims)ds g

Ay = /Ngt—s)‘ — Jo p(s' X1 (t—s+s"))ds’ _e — Jo p(s' Xa(t—s+s'))ds’ ds.

We proceed by estimating each term. For simplicity we write n; = n[X1], ne = n[X3s], so that
for A1 we have

o0 t
A < / n%(s) / Ip(s + £, X1 (#)) — pls + 1, Xa(t'))| dt’ ds < Tl [9xplloc | X1 — Xalloo,
0 0
while for Ay we have

t o0
4y < / / (5, X1(5)) = Bl Xl (5, ) ds [ [ (s Xa(s)) o mal(s ),
0 JO

< T)oxpll[n°]lh + Tlplls sup [In'(t,-) = n?(t, )]s,
te[0,7)

and for A3z we get
t S
Ay < HpHooHnoﬂl/ / (s, X1(t — 5 + ) — p(s, Xo(t — 5+ &))|ds’ ds
0 0

T2
< 7llp|!oo||n0\|1||5Np||oo\|X1 — X2 |-

By combining these estimates, we get for T' < m the following inequality

T
sl t) =t ) < =l (2||n°||1uaNpuoo T 2||p||oo||n0Hl||aNpuoo) X1~ Xl
€ )
(39)

18



From the mass conservation property, we get from and that the following estimate
holds for H

B 722, oo
1 (X1) = H(X2)lloo < G=ryafind ] [3x plloe)T=TTol)

T
(2Hnoulua]vpuoo T erpuoounouluawpuoo) X1 — Xae.

For T > 0 small enough we get a unique fixed point of H by contraction principle, implying
the existence of a unique solution n € C ([0, 7], L'(R™)) with N, X € C[0, T] of Equation (10)).
In order to extend the solution for all times, we split the integral involving the distributed
delay
T t
X(t) = / alt — 7)N(r)dr + / a(t — 7)N(r)dr.
0

T
Since the first term is already known and T is independent of the initial data, we can reapply
the argument on existence to have the solution of Equation defined for all t € [T, 2T].
By iterating the splitting argument involving X (¢), we conclude that the solution of Equation
(10)) is defined for all ¢ > 0. dJ

Remark 3.1. As in Theorem[2.1}, the regularity of the rate p is not fundamental for the proof
and Theorem is still valid for rates p of the form

p(S, X) = SO(X>X{S>O'(X)}7

with ¢ and o Lipschitz bounded functions. Moreover, the proof can be adapted when p is not
necessarily bounded, but the continuous solution might not be defined for all t > 0. We can
extend the solution as long as X (t) < co.

3.2 Numerical scheme for DDM

In this section we make the respective numerical analysis for DDM equation ((10f). Using the
same discretization and notation from Section [2) Equation can be solved numerically by
the explicit scheme given by

wit_m A

n; J As

(" —niiy) — Atp(sj, X(E™)nl', j €N, (40)

In particular for j =1
At
A = — Sl = N(E)) = Atp(sr, X (£,

where
N(t™) =n(t™,0) = As Y p(s;, X (™))} (41)
JEN
and using a trapezoidal quadrature rule we have
e At &

X(t™) = i N(t™ = s)a(s)ds = —- D N () omk, (42)
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where a,, = a(t™) and we denote |laf; = >,y Atlag|. If we set X™ = X(t") and
N™ := N(t"), we can combine the equations and and to solve for X

At m—1
XM= As Zp(sj, X")ni ag + Z N¥oup, g, (43)
JEN k=0

and then we obtain N™ from . In that regard, the numerical method is given as follows.
Algorithm 3.1. DDM numerical scheme

Input: Approximate initial data {n?}jeN

X%«0, N« As Zp(sj,Xo)n?.

JEN
Choose At such that
At < mi (1 +lpl )_1 2 (44)
min — ,
As 1) agloxplleclln®ll
For m € Ny
Do j € N,
ol ni’ — %(n’f‘ — N™) — Atp(s1, N™)n*  j=1
J ni' — ﬁ—z(n;-n —njLy) — Atp(s;, N")nj* j>1
end
Solve for X™t!
m+1 At m~+1y, m+1 S k
X =5 As Zp(Sj,X i an + ZN Q- (45)
jeN k=0
N ASZ]D(Sj,Xerl)?’L;H_I
jEN
end

Output: approzimate solution {n?”“}jeN and X™FL N gt time t™H = (m +1)At.

Analogously to the numerical scheme for the I'TM equation. The solution of Equation
for X™*1 can be solved with different numerical methods. Unlike the ITM equation, there
no restriction on the rate p to have unique solution of Equation . Hence, by following the
idea of Lemma and the contraction principle, the solution of Equation N™+1 can be
approximated in terms of N through the following formula if At is small enough:

At -
X = 2L AsD p(s;, XM ag + > NP
jeN k=0
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For simplicity in the estimates we assume that we can compute the solution of Equation
exactly, but the results remain valid if we take into account an specific method to get an
approximation.

In order to prove the convergence of the upwind scheme we follow the ideas of the previous
subsection on well-posedness and we prove a BV-estimate that will be the crucial in the
analysis. For simplicity we assume that initial data n" is compactly supported, but the
theoretical results still hold when the initial data n° vanishes at infinity.

As in the case of the ITM equation, we get the corresponding lemmas on L' and L*®
norms.

Lemma 3.2. (L'-norm) Numerical approximation obtained with the Algom'thm satisfies

™[y ==Y Asn" = [n°]l1, m€N.
jEN

Proof. The proof is the same as Lemma 2.3 O

Lemma 3.3. (L>°-norm) Assume that n® € L°(R") is non-negative, then under the condi-
tion Equation has a unique solution and the numerical solution obtained by Algo-
rithm[3.1], satisfies the following estimates

0 <nf" < [Inlloo, 0. X™ < Ipllocllnlillall, 0<N™ < |pllocln’lly  for allj,m € N.

Proof. First, observe that XY = 0 and N = As ZjeNp(sj,O)ng < |Iplloo- Now, using the
CFL condition we have

1 At
0<nj=n) (1 — At (AS +p(sj,0))> + Eng,l < (7o

for 7 > 1. In order to proof existence of X! which satisfy equation , we consider the
function

At
F(X)= 5 AsZp(sj,X)njl-ag + N%y. |,
JEN
and observe that
0 < F(X) < Ipllooln®l1llells, for all X >0,

|F(X1) — F(X2)| < %||n0|]1a0||8XpHoo|X1 — Xy|, for all Xy, X5 >0.
From Condition we have
= 0lloxpllooln’ll <1,
so that from contraction principle that there exists a unique X' such that

At
Xl =rx = 5 AsZp(sj,Xl)n}ao + Ny
jeN
and we have that 0 < X' < [|p|loo||n°||1]|c|l1. Moreover we get the following estimate
N':=AsY p(s;, Xng < [plloolln’ln,
JEN

and we conclude the desired result by iterating this argument for all m € N. O
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We note that in Condition , the first term in right-hand side corresponds to the CFL
condition of the explicit scheme and the second term ensures that the Equation has a
unique solution so that X™ is well-defined.

Next, we proceed with the corresponding BV-estimate that gives the necessary compact-
ness to prove the convergence of the numerical scheme.

Lemma 3.4. (BV-estimate) Assume that TV (n°) < co and the CFL condition (22). Then
there exist constants C1,Cy > 0 (depending only p,a and the norms of n°) such that for
m € N we have

TV (n™) < A TTV (00 + Co(e1T 1), (46)

with T = mAt and TV (n Z Iniy —

. . m o m
Proof. using notation A nyt =nji, — we have

] Y

Atn m+1 — Atn m _ At (A+ m A+n?1_1) _ Atp(8j+]_,Xm)A+n§'n
_Atnj ( (8j+17X )_p(3j7Xm))'

Next, from the the CFL condition we obtain
1
A< (1=t (g pln X)) IAS 4 A |+ ArAS| O] n

By summing over all j > 1 we deduce that
1 0
o lATRPF < AT + AT |+ A0sp]loolIn”1- (47)
j=1 J=1
We now take into account the boundary term. From the numerical scheme we have

|A+nm+1| — |nm+1 Nm+1|

At
< (1 - AS) T — N™| + [N™ — N™| 4 Atp(sy, N™)n]"

At
(1_A) AR 4 [N N Ao 2.

Next we estimate the second term of the last inequality. First note that

N™H _N™ = As Zp(sj,XmH)n;nH — As Zp(sj, X")ng

JjeEN jeN
= As > (p(s;, X™ 1) = p(sj, X™)n 4 As > p(sy, X™) (0 — ),
jeN jeN
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thus we have

|Nm+1 _ Nm’ < HaXp||oo||n0”1‘Xm+1 _ Xm| + Hp”oo ZAS|n§”+1 _ n§n|
JjEN

< [10xplloc [ 1 X™H = X+ [IpllocAt | D 0] = nfy] + Iplloc Yy Asnlf

JjeN JjeN
< [10xplloclln® [ | X™H = X7 4 [IpllocAt Y [ATRTL | + At|p] 2 ]1n°lx
jeN

(48)

And similarly for | X™*! — X™| we get by using Equation

At At
X7 = X7 < a0l 9xplloo 1| X = X+ Zaolplle Y Aslny - n
jeN

At m m—1
+ 7 ZNkam+1fk - Z Nkamfk ’
k=0 k=0

so we get

At
X = X7 < o [ 10xplIn®li X = X7+ Atfplloc D 1ATRT | + Atfp]% [nll
JjeN

At At %
+ 7Nm041 + 7\|P||oo||”0||1 Z |1k — Om—kl,

k=0

and therefore we have the following estimate

At

‘Xm-i-l —Xm’ S N ;
2(1 = S ao|0xpllsc [n°[]1)

Ataglpllos Y 1ATRTL | + Atag|lp]|Z|In° 1
JjeN

+lplloolln® [l lledloc + lIplloo In® 1TV (cr)
(49)
By plugging into we obtain for At small

N N < AjAEY AR |+ BiAt,
JEN

where A1, By > 0 are constants depending on p, a and the norms of n°. So that the boundary
term is estimated as follows

|Atpgt] < (1 - AS) |ATng| + AlAt% |ATn]" || 4+ BoAt, (50)
j€
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and by adding with , we obtain
S IATRIT < (1 4+ CLAL) Y T |ATRT| + CoAt, (51)
j=0 j=0

where C1,Cy > 0 constants depending only on p, o and the norms of n°.
Finally, proceeding recursively on m, we obtain

+,m m +,,0 m
Zm n'| < (1+ C1At) Zm nj\+a((1+olm) ~1),
7=0 7=0
and the estimate (46| readily follows. O

As we did in Section [2] for the ITM equation. We now prove that the numerical approx-
imation of the solution of Equation n(t, s), which is constructed by a simple piece-wise
linear interpolation, has a limit when the time step At and age step As converge to 0.

Lemma 3.5. Assume that n® € BV (R") is compactly supported and the rate p satisfies the
hypothesis of Theorem . Consider the function naas(t,s) € C ([0, T], LY(RT)) defined by

tm

—1 m—1 t— tmfl "
AT 2 Mg )R L Ny,
e p

natas(t, s) = 1(s) ift € ™1 .

1
2
Then there ezists a sub-sequence (Aty,As;) — (0,0) when k — oo and a function n(t, s)

such that nat, As, — T inC ([O,T], Lt (R*)). Moreover, if we define the function X ¢ as(t) €
C[0,T] as the unique solution of the integral equation

X(t) = /0 /000 a(t —1)p(s, X(7))nat,as(7, s) dsdr,

then there exists X € C[0,T] such that Xat, as, — X in C[0,T] and X is a solution of the
equation

X(t) = /0 /000 a(t —1)p(s, X (7))n(r, s) dsdr, (52)

and similarly Nagas € C[0,T] defined as
o0
Naras®) = [ b5 Xaran(t) narasds
0
converges respectively to N € C[0,T), where N satisfies the equality

o0
Nt = [ pls X)n(t.s)ds (53)
0
Proof. The proof on the compactness of naas is the same as Lemma by using Lemma
Hence there exists a sub-sequence (Atg, Ask) — (0,0) when & — oo and a function

n(t, s) such that nas As, — 7 in C ([0, T], Ll(R“‘)). For the sequence Xa¢ s observe that

IXataslloo < llllillplloolIn® s
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and for the derivative we get

d

GiXanadt) = [ alO)p(s, Xara()nacan(rs) dsdr
0

t 00
+ / / o' (t —7)p(s, Xat,as(T))naeas(T, s) dsdr,
0 Jo

thus we have the following estimate

d
HXN,AS < a(0)[pllsoIn°l: + Tl oo lplloe 11

oo

dt

and from Arzela-Ascoli theorem we conclude that Xa¢ as converges to some X in C[0, T for
a sub-sequence. By passing to the limit, Equations and readily follow. O

With this result, we finally we get the result on convergence of the numerical scheme for
the DDM equation .

Theorem 3.2 (Convergence of the numerical scheme). Assume that n® € BV (R™) is com-
pactly supported and the rate p satisfies the hypothesis of Theorem [3.1l Then for all T > 0,
the numerical scheme converges to the unique weak solution n € C([0,T], L*(R*)) of the DDM

equation .
Proof. The proof is the same as Theorem O

Remark 3.2. The previous results are also valid for the case when the rate p is of the form

p(S, X) = (p(X)X{5>U(X)}7

with ¢ and o Lipschitz bounded functions.

4 Numerical Results

In order to illustrate the theoretical results of the previous sections, we present in different
scenarios for the dynamics of the I'TM equation and DDM equation which are solved
by the finite volume method described in Algorithms and respectively, where
the non-linear problems and where solved for N or X using the Newton-Raphson
iterative method with a relative error less than 107'2. For all numerical tests, we consider
the prototypical rate p with absolute refractory period o > 0 given by

p(S, N) - ¢(N)X{s>a}(s)v

where ¢(N) and o are specified in each example. For the DDM equation we will consider for
the delay kernel a(t) the following examples

—t/A 1 i
an(t) = eT or as(t) = me‘%(%)rﬂ with A = 1075,

For this choice of A we essentially consider the approximation a4 (t) = §(t), where we are
interested in comparing both ITM and DDM equations when we are close to this limit case.
Similarly for the second kernel we get aa(t) ~ §(t —d) and we study the the behavior of DDM
equation with different values of the parameter d.
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Figure 1: An inhibitory case. (a-b) Density n(t, s) and discharging flux N(¢) for ITM. (c-d)

Density n(t, s), discharging flux N(t) and total activity X (t) for DDM with aso(t) ~ 6(t — 3).
Example 1: A strongly inhibitory case
We start with an inhibitory hazard rate, i.e. ¢/(N) < 0, given by
1 1
pN) =™, o=, n(s) = Je ¢TI, (54)

With these choice of parameters Equation has a unique steady state with N* =~ 0.1800,
by solving Equation (15)). For the ITM equation we display in Figures a—b) the numerical
solution for n(t, s) with (¢, s) € [0,30] x [0,40] and N (t) with ¢ € [0, 10], where we observe that
the total activity N(t) converge to the unique steady state N*, while for n(t, s) the initial
condition moves to the right (with respect to age s) as it decays exponentially and approaches
to the equilibrium density given by Equation [6] Moreover, this example is clearly consistent
with the theory on the convergence to the equilibrium for the strongly excitatory case studied
in [14].

On the other hand, we solve the DDM with the parameters in and we choose
d =  so that as(t) ~ 6(t — ). In Figs (c,d) we display numerical solution for n(t, s) for
(t,s) € [0,15] x [0,20], and N(¢t) and X (t) for ¢ € [0,20]. Unlike the ITM, for the DDM
equation the solutions for N and X converge to a periodic profile that we conjecture to be
of 2d-periodic and they tend to differ by a period of time equal to d, which means that
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IN(t —d) — X(t)] = 0 for t large. The density n(t,s) is asymptotic to the its respective
periodic profile in time. In this case, we observe a periodic solution induced by a negative
feedback delay, which is a classical behavior in the context of delay differential equations.
This negative feedback corresponds to the inhibition determined by the rate p, so that when
combined with the delay it induces cycles of increase and decrease in the discharging flux NV
and total activity X, which are favorable to form periodic solutions (see [27] for a reference).

Example 2: An excitatory case with a unique steady state

Now we consider an excitatory case, i.e. ¢'(IN) > 0, given by

10N?2

= T05 o=1 nl) =T o) (55)

@(N)
This example was previously studied in [14] for the ITM equation. We know that under this
choice of parameters Equation has a unique steady state with N* ~ 0.8186.

For the ITM equation, in Figure (a) we display the numerical solution for n(t,s) for
(t,s) € [0,20] x [0,4] and in the blue curve of Figure [2(b) we show N(t) for ¢ € [0,20] where
the solution is asymptotic periodic pattern with jump discontinuities. This is due to the
invertibility condition ¥(N,n) in is close to zero as we show in Figure [2(c), where we
plot W(N(t),n(t,-)) for t € [0,10]. We observe that when a discontinuity arises for N(t) in
Figure 2b), then W(N,n) is close to zero in Figure [2(c). This means that the invertibility
condition is a key criterion that determine the existence and continuity of solutions.

For the DDM equation with a;(t) ~ &(t) we observe in the red curve of Figure [2(b) that
the respective discharging flux is a smooth approximation of the activity of N(¢) for the ITM
equation. This is due to the regularizing effect of the delay kernel a through the convolution.

Next we take d = 1 so that as(t) ~ §(t — 1) In Figure [3(a) we display n(t, s) for (t,s) €
[0,6] x [0,15] and in Figure[3|(b) we display the graphics of N (t) and X (t) for t € [0, 15], where
we observe an asymptotic periodic pattern for both discharging flux N and total activity X,
which we conjecture to be d-periodic. In this case we observe a a synchronization phenomena
which means that [N (¢) — X (t)| & 0 for large ¢, unlike the inhibitory case shown in Fig[I}(d)
where they tend to differ in time by d. In this excitatory case we conjecture that periodic
solutions are due to effect of the refractory period o as it was studied in [I4] and the solution
are continuous due to the regularizing effect of the kernel a. Therefore we observe that
periodic solution that may arise in the inhibitory and excitatory are of different nature.

Example 3: An excitatory case with multiples steady states
Next, we consider a case where ¢'(N) > 0 with parameters given by

1

p(N) = 1+e—19N+35 o= % n’(s) = 6_(5_5)+X{s>%}(8)' (56)
This example was previously studied in [14] for the ITM equation. Under this choice of
parameters, we have three different solutions for N(0) according to Equation , that are
given by NV 2 0.0410, NY = 0.3650 and N ~ 0.6118. These values determine three different
branches of local continuous solutions. For the ITM equation we display the numerical solution
for n(t,s) and N(t) in Figures The dynamics for the discharging flux N is determined by
the initial condition N(0) and thus it also determines the dynamics for n. In this case, we
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Figure 2: An excitatory case with periodic patterns. (a) Density n(t, s) for ITM, (b) Compar-
ison of N(t) for both ITM and DDM equations with a4 (t) =~ 6(¢), (c) Invertibility condition
U(N,n) for ITM.

(a) (b)

25

- X0)

_ 15t
X

A “ : T
m\\

il
N A\\‘\\\\

\ 0.5\\\

% iééiéT'é[ééé{uﬁ{z
ime

Figure 3: A periodic solution for the DDM equation. (a-b) Density n(t, s), discharging flux
N(t) and total activity X (t) with d =1 and aa(t) = 0(t — 1), X(¢) =~ N(t — 1).
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observe three different types of numerical approach for N(¢), which converge to two different
equilibrium points N{" and V.

In the DDM equation for both a1 (t) ~ §(¢) and aa(t) =~ 6(t — d), we observe in Figure [5[ that
N(t) converge to the first equilibrium of the ITM equation. Moreover, when the ITM equation
has multiple branches of solutions for the same initial condition, i.e. multiples solutions for
N(0), we conjecture that when «(t) converges d(t) in the sense of distributions, the total
activity of X (¢) in the DDM equation converges a.e. to the solution of N(t) in the ITM
equation, whose value of N(0) is the closest one to zero and we expect L'-convergence for
the corresponding probability densities. This is due to the condition X (0) = 0 imposed for
the DDM equation. We observe in Figure [5|(b) that X () and N(t) follow the same behavior
of the Figure [l|(b) and in particular the total activity X (¢) grows fast from X (0) = 0 until it
approaches to the solution of N(t).

Similarly when «(t) converges to §(t — d), we conjecture that total activity X (¢) in the
DDM equation converges to the solution of N(t) of Equation (12| that satisfies N(¢) = 0 for
t € [—d, 0], as it is suggested by the numerical solution in Figure [5|(d) since we would formally
get X(t) = N(t —d) and X (t) =0 for ¢ € [0,d].

Example 4: A variable refractory period [§]

Based on Example 2 in [§], we consider a hazard rate with variable refractory period as in
Equation @D for the the DDM equation with parameters given by

4
2- g al)=Ja(®), 2%s) = yn(s)
(57)
where J > 0 is the connectivity parameter of the network. As it was studied in [§], the
system has different behaviors depending value of J. When J is small the network is weakly
connected and the dynamics are close to the linear case, while if J is large the network is
strongly connected and different asymptotic behaviors are possible. We recall that when

a(t) = dp, we formally obtain the ITM equation where

p(S,X) = X{s>0'(X)}(S)7 U(X) =

X(t) = JN(t), and, p(s,N) = X{s>a(sn)}(5)- (58)

Taking J = 2.5 as in [§], in Figure (| we compare the numerical approximation of N (t) with
t € [0,14], for both ITM and DDM equations. In Figure @(a) we observe that the solution of
the ITM equation is asymptotic to a periodic pattern with jump discontinuities, where this
type of solutions were also observed in [14]. We also observe that when a jump discontinuity
arises for N(t) in Figure [6{(a), the function ¥(NV,n) is close to zero as we see in Figure [6{(b),
verifying numerically the invertibility condition that ensures the continuity of solutions.

In Figure[6]c) we observe that the discharging flux N(¢) in the DDM equation is a smooth
approximation of the solution observed in Figure @(a) and we see the same phenomenon
for X(t) :== X(t)/.J, corresponding to a normalization of the total activity in order to the
compare these quantities. Finally in Figure |§|(d) we display the corresponding numerical
approximation of the DDM equation with n(¢, s) for (¢,s) € [0, 14] x [0, 8], which also follows
a periodic pattern.
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Figure 4: An excitatory problems with multiples solutions for the ITM equation with different
initial approximations for N? in (23). (a-b) Density n(t,s) and discharging flux N(t) for
NY 2 0.0281, (c-d) for NI ~ 0.4089 and (e-f) for N ~ 0.7114
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Figure 5: An excitatory case for the DDM equation. (a-b) Density n(t, s), discharging flux
N(t) and total activity X (¢) for the DDM equation with «(t) ~ §(t). (c-d) Same variables of
the system with a(t) ~ §(t — 1).

Conclusion and perspectives

In this article we managed to improve proof of [8, [I1] on well-posedness for both ITM and
DDM equations, allowing to extend the theory for wider types of hazard rates p. The key
idea is to apply the implicit function theorem to the correct fixed point problem and the
arguments can be extended when this rate is not necessarily bounded. This motivates the
study of elapsed time model when the activity of neurons may increase to infinity and blow-up
or other special phenomena might arise.

Another interesting question is convergence of the delay kernel a(t) to the Dirac’s mass
0(t) in order to compare both ITM and DDM equations. We conjecture that the total activity
X (t) of the DDM equation converges almost everywhere (or in some norm) to the discharging
flux N(t) of the ITM equation. In particular we believe that the convergence holds for
every t > 0 except when N(¢) has a jump discontinuity. This motivates to determine if
the assumption of instantaneous transmission is actually a good approximation of the neural
dynamics, which have indeed a certain delay. Similarly, when the delay kernel «(t) converges
to the Dirac’s mass §(¢t — d) in the sense of distributions, we conjecture that solutions of the
DDM equations converge to the solutions of Equation .
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From a numerical point of view, we proved the convergence of the explicit upwind scheme
for the elapse time model relying on the mass-preserving property, the analysis of the fixed
point equations , and the key BV-estimate, from where we obtain the compactness
to conclude the result. We can extend the analysis of the elapsed time model by considering
implicit or semi-discrete schemes, but a more detailed analysis on the mass conservation the
estimates must be considered. Other possible discretizations to solve the equations include for
the example high-order Runge-Kutta-WENO methods (see for example [24] 25/ 28], 26]). These
alternatives might be useful to analyse numerically the time elapsed equation when the rate
p is not bounded, which implies that the total activity may be also unbounded. Furthermore,
this numerical analysis can be considered for other extensions of the elapsed time equation
such as the model with fragmentation [I0], spatial dependence [I5], the multiple-renewal
equation [I6] and the model with leaky memory variable in [I7] or other type of structured
equations.
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