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ABSTRACT. This article is intended to present a qualitative and numerical analysis of well-posedness
and boundary stabilization problems of the well-known Korteweg-de Vries-Burgers equation. Assuming
that the boundary control is of memory type, the history approach is adopted in order to deal with the
memory term. Under sufficient conditions on the physical parameters of the system and the memory
kernel of the control, the system is shown to be well-posed by combining the semigroups approach of
linear operators and the fixed point theory. Then, energy decay estimates are provided by applying the
multiplier method. An application to the Kuramoto-Sivashinsky equation will be also given. Moreover,
we present a numerical analysis based on a finite differences method and provide numerical examples
illustrating our theoretical results.
Keywords. Korteweg-de Vries-Burgers equation, Kuramoto-Sivashinsky equation, boundary infinite
memory, well-posedness, stability, numerical analysis, semigroups approach, fixed point theory, energy
method, finite differences method.
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1. INTRODUCTION

It is well-known that numerous physical phenomena exhibit both dissipation and dispersion [5, 19, 23,
24, 37]. This very special property is mathematically modeled by the Korteweg-de Vries-Burgers (KdVB)
equation and hence has gained a considerable prominence. As a matter of fact, the KAdVB and its close
relatives, has been the subject of many studies (see for instance [2, 4, 5, 6, 7, 9, 10, 11, 14, 17, 21, 22,
25, 26, 27, 28, 29, 32, 35, 38, 40]). Instead of highlighting the contribution of each of these papers, the
reader is referred to [14] for a comprehensive discussion of this point. In turn, it is worth mentioning that
n [14], the authors managed to establish well-posedness and stability outcomes for the KAVB equation
with a distributed memory. In fact, it turned out that such a distributed memory term plays a role of
a dissipation mechanism and hence contributes to the stability of the system. Nonetheless, boundary
controls of memory-type are commonly used in practice and consequently the natural question is: when
a boundary control of memory-type is applied, what is the impact on the behavior of the solutions of the

KdVB equation? This is mainly the motivation of the present work. More precisely, the problem under
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consideration involves the third-order KdVB equation with a boundary infinite memory

aty(xvt) - w08§y<x7t) + wlagy(x>t) + WQBQ:y('T7t) + wgy(m,t)axy(x7t) =0, z€ Ia t>0,
y(O,t) = y(lvt) = 0) te R+7
(1.1) Ory(1,t) = wa02y(0,1) + / a(s) 0zy(0,t — s)ds, teRy,
0
y(z,0) = yo(z), zel,
afry<0’ _t) = yl(t)v te R+7

where y : I x Ry :=(0,1) x [0,00) — R is the amplitude of the dispersive wave at the spatial variable x

0
and time ¢ [33], O/ denotes the differential operator of order n with respect to w; that is 5.+ In turn,
Yo : I — R and y; : Ry — R are known initial data, o : Ry — Ry is a given function and w; are real
constants (physical parameters) satisfying the following hypothesis (H):

e The memory kernel « satisfies

(1.2) acC*Ry), o <0, «0)>0, 8151010 a(s) =0
and
(1.3) —&(s)d/(s) < a'(s) < —&oa(s), s €Ry,

for a positive constant £y and a function £ : Ry — R* := (0, 00) such that

(oo}
(1.4) EeCHRy), ¢ <0 and / £(s)ds = oo.
0
e The constants wg, wi and wy satisfy
(1.5) wo >0, w; >0 and |wy <1

e The following relationship between o, w; and w, holds

oo/ 1 — 2
(1.6) / o(s) dr = ag < w12( i) 5
0 6(8) wf (1 - w4) + (1 + W1W4)
Remark 1. (i) Typical functions « satisfying (1.2), (1.3), (1.4) and (1.6) are the ones which con-

verge exponentially to zero at infinity like
(1.7) afs) = dye™ s,

where di and dg are positive constants satisfying (S0 = £(s) = d1)

(1) by w1 (1 - )
' di " w2 (1—w?)+ (14 wws)?

But (1.2), (1.3), (1.4) and (1.6) allow o to have a decay rate to zero at infinity weaker than the
exponential one like

(1.9) afs) = do(1+ 5)~%,
where dy > 1 and dy > 0 satisfying (£ = dy and £(s) = di(1+s)7 1)

d 1—wj
(1.10) 2 (1 i)

di—1 " w2(1—wd)+ (14 wws)
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(ii) The expression
w40,y(0,t) + / a(s) 0,y(0,t — s)ds
0

18 viewed as a boundary control of memory-type. It is also relevant to note that wy obeys the last
condition in (1.5) and hence one may take wy = 0. This means that, in this event, the boundary

control is a purely memory-type one.

As mentioned earlier, our aim is to address the effect of the presence of the infinite memory term in the
boundary control on the behavior of the solutions to (1.1). To do so, we shall place the system in the
so-called past history framework [16] (see also [3] for a further discussion about the history approach
and [30] for another methodology of treatment of systems with memory). The problem is shown to be
well-posed as long as the hypothesis (H) holds. Then, we prove that the memory part of the boundary

control is beneficial in decaying the energy of the system under different circumstances of the kernel «.

Before providing an overview of this article, we point out that this work goes beyond the earlier one
[14] in several respects. First, we deal with a boundary control in contrast to [14], where the control is
distributed. As the reader knows, it is usually more delicate (mathematically speaking) to consider a
boundary control than a distributed one. Second, we mange to show that the system under consideration
(1.1) is well-posed and its solutions are stable despite the presence of the memory term. Moreover, the
desired stability property remains attainable even if the memory term is the sole action of the boundary
control; that is wy = 0. The proofs are based on the multiplier method and a combination of the
semigroups approach of linear operators and the fixed point theory. Third, we show that the techniques
used for the KAVB system (1.1) can also be applied to another type of equations, namely, the Kuramoto-
Sivashinsky (KS) equation. Finally, we present a numerical analysis by constructing a numerical scheme

based on a finite differences method, and provide numerical examples illustrating our theoretical results.

The paper comprises six sections excluding the introduction. In Section 2, we put forward some pre-
liminaries. Section 3 is devoted to establishing the well-posedness of the KAVB system. In Section 4, two
estimates of the energy decay rate are provided depending on the feature of the memory kernel. Indeed,
it is shown that the decay of the energy corresponding of KdVB solutions is basically a transmission of
the decay properties of the memory kernel. In section 5, we treat the KS system (5.1). In Section 6, we
give a numerical analysis for both KdVB and KS systems. Lastly, brief concluding remarks are pointed

out in Section 7.

2. PRELIMINARIES

In the sequel, (-,-) denotes the standard real inner product in L?(I) whose norm is || - ||. Then, let
f = —a’. On one hand, we deduce from (1.2) and (1.3) that 3: Ry — R%, g € C*(Ry),
(2.1) —&oB(s) < B'(s) < —€(s)B(s), seRy
and
(2.2) /OOO B(s)ds = a(0) > 0.

On the other hand, we infer from (2.1) and (2.2) that 5’ < 0, 8(0) > 0 as well as
(2:3) B(0)e* < B(s) < B(0)e Ja W, s € Ry,
and then, according to the last condition in (1.4),

(2.4) lim B(s) = 0.

§—00
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Thereafter, following the history approach [16], we define the variable n and its initial data 7y as

follows:
(2.5) n(t,s) = /tt O,y(0,7)dr and no(s) = /OS yi(r)dr, t,seRy.
A formal calculation, using (1.1)s, yields
on(t, s) + dsn(t, s) = 9,y(0,t), t, s>0,
(2.6) n(t,0) =0, te Ry,

7(0,8) = no(s), sEeRy.

Subsequently, in view of (1.2)4 and (2.6)3, we have
(2.7) / B(s)n(t,s)ds = —/ o' (s)n(t,s)ds = / a(s)0sn(t,s)ds = / a(s)0,y(0,t — s) ds.
0 0 0 0

Now, we introduce the space

23) Lo ={isRe R [ 66)iPe)ds < o0}

equipped with the following inner product and corresponding norm:

(2.9) (i, o) / B(s)m (s)m(s)ds and ||ﬁ||Lﬁ:(/0°°ﬁ<s>ﬁ2<s>ds)é

The state space is defined by
(2.10) H=L*I)x Lg
and endowed with the following inner product:
(2.11) (rm)™, 2om2) ) a = (W, y2) + (),
Thereby, the problem (1.1) reads as
(2.12) HO(-,t) = PO(-,t), t>0,
©(-,0) = O,
where © = (y,7)T, ©9 = (y0,7m0)”, the nonlinear operator P is defined by

PO = wod2y — w103y — wa 0,y — w3yOyy
8939(07 ) - 5577

and its domain D(P) is given by
D(P) = {@ €EH; POEH, ye Hi(I), 0,y(1,-) = ws8,y(0 / B(s s)ds, n(-,0) = 0} :
Finally, given T' > 0, we introduce the space
M= C([0,T]; L2(1)) N L* ((0,T); Hy(1))
whose norm will be
13 =1- ||20([0,T];L2(1)) +1- H%?((O,T);Hl(l))'
3. WELL-POSEDNESS OF THE PROBLEM

The aim of this section is to prove that the problem (2.12) (or equivalently the KdVB system (1.1)) is

well-posed by means of the Fixed Point Theorem.



KORTEWEG-DE VRIES-BURGERS EQUATION WITH BOUNDARY MEMORY 5

3.1. The linearized system associated to (1.1). Note that the variables x, ¢ and s will be omitted
whenever it is unnecessary. Moreover, C' denotes a generic positive constant that may depend on T, «y,

«(0), 8(0) and the parameters w;. However, C' does not depend on the initial data ©.

The linear system associated to (1.1) is

Ory — w02y + w102y + w0,y = 0, zel t>0,

ot s) + 9sn(t,s) — 0:y(0,t) =0, t,5>0,

U(t,o) = 07 te ]RJM

y(0,t) = y(1,t) =0, te Ry,
(3.1) 0.(1,6) w00, + [ Bonlt.s)ds, tE Ry,

0

y(ﬂS,O) :yO(Z)a xe],

9:y(0, —t) = y1(t), teRy,

7(0,8) = no(s) = / y1(7)dr, seR,.

0

Taking ©¢ = (yo,70)7, the latter takes the abstract form in H

) = ot t

(3.2) 90(,t) = AB(, 1), t>0,
O(-,0) = Oy,

in which A is the linear operator defined by

w02y — w103y — wadyy
(3.3) AO =
aa:y(ov ) - 8377

and its domain D (\A) is given by

D(A) = {6 € H; AO € H» Yy e H&(I)v 8:62/(17 ) = w4azy(07 ) + /OOO 5(8)77(78) d87 77(70) = 0} .

Theorem 3.1. Assume that (H) holds. Then, we have:

(i) The linear operator A defined by (3.3) generates a Co-semigroup of contractions et on H. There-
fore, for any initial data ©g = (yo,n0)* € D(A), the problem (3.2) has a unique classical solution
© = (y,n)" satisfying

(3.4) 0 € O(Ry;D(A) NCHRy;H).
Notwithstanding, if ©g € H, then (5.2) admits a mild solution
(3.5) 0 e C(R4;H).
(ii) For any ©g € H and T > 0, we have the estimates
(3.6) 10:5(0. )02y < CHOOE,  and 10:yl220 ryz2(ry < Cll0li:
for some constant C > 0. Finally, the map
(3.7) 2:00€H—E(0) =0() =e?0y e M x C([0,T]; Lg)

18 continuous.
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Proof. (i) Given © € D(A), we infer from (2.9), (2.11), (3.3) and simple integration by parts that

1 o
(AB,0)y / Yy (woﬁiy — w1y — wgawy) dx + / B(s) (0:y(0, ) — dsn) nds
0

= wo [0yl — wollOyll” — wn [y32] +7[<azy> Jo— 2 vl

+0.y(0,¢t) /000 B(s)nds — % [B(s / B (s)n2ds,

where the last integral is well defined because |3'| = =3’ < &5 and n € Lg. Then, using (2.4) and the

boundary conditions in (3.1), we observe that

38 0.0 = —wOuaggynt%(l—wi)(amy ([ s

+(1 4+ wiwy)0 /ﬁ ynds + = / B'(s)n?ds.

Using Holder’s inequality, (1.6), (2.1) and the right inequality in (2.1), we see that

(3.9) (/0%(5)776;5)2(0%? ) / £(s)B(s)ds < —ao / 8 (s)ds.

On the other hand, using Young’s inequality, we find that

y0,) /OOOB(S)ndséil(axy RS ndé‘)],

for any € > 0. Combining (3.8), (3.9) and (3.10), we obtain

(3.10)

(oo}
(3.11) (40,0) < —wollduyl® — r(Bay)?(0,-) + ﬁ/ B'(s)? ds,
0
where
1 ) 1
(3.12) n:imln w1 (1—w4)—e|1+w1w4\,1—a0 w1 + —|1 + wiwy| .
€
It is noteworthy that if wyws = —1, then we infer from (1.6) that ag < w% Hence, thanks to (1.5), we
have £ > 0. In turn, if wywy # —1, then we still have ag < w% by virtue of (1.6). Thereby, we choose €
as follows:
ol fwiwa _ _wi(1-wi)
1 —wiag 1+ wiwy| ’

which is possible in view of (1.6). Thus, also in this case, we get that x > 0. Besides, owing to (1.5) and
(2.1), the linear operator A is dissipative.

Moreover, one can readily verify that the adjoint operator of A is defined by: for ¥ = (y*, n*)T,

WoO2y* 4+ w103y* + wadyy*
(3.13) AU =
wlawy*(L ) + 8877* + %77

with domain

D(A") = {\I/ eH; AV eH, y* EHol(I), 0:y™(0,+) = wa0y*( / B(s s)ds, n*(-,0) :0}.
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Indeed, direct integrations by parts lead to

1 e’}
(AB,T)y, = / y* (woagy — wlaiy — wzamy) dx + / B(s) (0,y(0,-) — Osm) n*ds
0 0

1
* *11 * * * 11
wo [y* 0ay — y0ay™; +wo/ yO2y*de — wy [y 0%y — 0uy™ Ouy + y02y*]
0

1 1
+wi / yd2y*dr — ws [yy*]) + we / YOy y*dx
0 0

+0u(0.0) [ sGepas — Iy + [ s (0 + S ) as.

Thereafter, exploiting (2.4) and the Dirichlet boundary conditions in D (A) and D (A*), we find that

1 00 /
0.0 = [yt a0yt )dat [ oo (0 + S )

+amy<0’ t) /000 5(3)77*615 + w1 [aa: (1’ ')a'vy*<1’ ) - 819(07 ')8939*(0) )] :

Now, making use of the Neumann boundary condition in D (A), we arrive at

(A0, W) = (0, A" W)+ 0:y(0.) | [ B(6)ds = in0ay (0. 4 cnwsdey (1)
0
which, together with the Neumann boundary condition in D (A*), implies that
(AB, W)y = (0, A" WV)y,.

Whereupon, the definitions of A* and its domain D (A*) are justified.
Subsequently, one can show analogously to (3.11) that

(A0, W), < —wOllazy*H2—ﬁ*(azy*)2(1w)+f€*/ B'(s)n* ds,
0

for any ¥ = (y*,n*) € D (A*), where
L1 ) 11
k= -minw (1 —wj) — €lwy +wsl,1 — o | — + —|wi + wy
2 w1 €
and € = 1 if w; +wy = 0. However, if wy + w4 # 0, then € > 0 is chosen such that
wi (1 —w?
Qw1 w1 + wa <e< 1( 4)'
w1 — Qo w1 + wal
Note that we infer from (1.6) that oy < w; and hence € is well-defined. Thus, k* > 0 and A* is also
dissipative.

Lastly, since A is a closed and densely defined operator, the first part (i) of Theorem 3.1 follows from

semigroups theory of linear operators [8, 31].

(ii) Picking up ©¢ € H and using the contraction of the semigroup e**, we obtain
3.14 o, 3 = t)[? t, 97, < llvol? 1. =160l3, telo,T
(3.14) 1O, )17 = Iy OI7 +lIn(t, )z, < llwoll® + lmollz, = 1©oll7, ¢ € [0,T].

Next, let p: I x Ry — R and ¢ : Ry x Ry — R be two smooth functions. Consider Oy € D(A) and
the solution © of (3.2) with the regularity (3.4) (a standard argument of density allows to extend the
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next results to solutions stemmed from Oy € H). Then, multiplying (3.1); by py, integrating by parts
over [0,7] x I and using the boundary conditions in (3.1), we obtain

1 T 1
/ (plar, )y (2, T) — pla, 0)y(x)) dx — / / (0p + w002p + w18 + wadup) v (. 1) dadt
0 0 0

T 1 T
+ / / (2uop + 3100p) (B2 (z, t)dadt + o1 / (p(0.£) — w2p(1,1)) (0,)? (0. t)dt

0
3.15) = | ") ( s ﬂ(S)nd8>

Then, we take the inner product in Lg of (3.1)2 with ¢n and then integrate over [0,T] to get

2 T o)
dt + 2w1w4/ p(l,t)&zy(o,t)/ B(s)n dsdt.
0 0

/0 B(s) (q(T78)772(Ta8)—q(O,S)ng(S))ds—/o /0 B(s)n*Orqdsdt

T o) T froo T proo
— / 2 2
(3.16) = 2/0 8my(0,t)/0 ﬁ(s)qndsdt—i—/o /0 B'(s)an dsdt—i—/o /0 B(s)n°Dsqdsdt.

Choosing p =1 and ¢ = 1 in (3.15) and (3.16), respectively, and adding the obtained formulas, we have

2w0l|0yl1Z2 ((0,1):2 (1y) + w1 (1 = w10y (0, ) F20,2) = lwoll® = ly (. DI + lInollZ, — In(T)IZ,
T foo T ) 2 T 00
(3.17) +/ / B (s)n*dsdt +w1/ </ 5(5)77ds> dt +2(1 +w1w4)/ Gmy(O,t)/ B(s)ndsdt.
o Jo 0 0 0 0

Inserting (3.9) and (3.10) in (3.17) yields

(3.18) 2woll0xylIZ2 ((0,7):2 (1)) + 2601090, ) L2027y < llwoll® + [ImollZ, = 1©0ll3e;
where & is the positive constant given by (3.12).

It is clear, from (3.14) and (3.18), that if wy > 0, then (3.6) holds and the map = is continuous. In
turn, if wg = 0, then we have only the first estimate of (3.6). In order to get the second one, let p(z,t) =z
in (3.15), which gives

1 T T
| o @)~ si@) do = [ llds 3o [ ol - o000, ey
0 0 0
T %) 2 T o0
(3.19) :wl/ (/ 6(3)77ds> dt+2w1w4/ ary(O,t)/ B(s)ndsdt.
0 0 0 0
Amalgamating (3.9), (3.10) and (3.19) and using the left inequality in (2.1), we get
T T
s [P < ool s [P+ (] + 016d) 100,90 r
0 0
T e
(3.20) +ap (wy + |w1w4|)§o/ / B(s)n?dsdt.
o Jo
Lastly, it suffices to combine the first estimate of (3.6) and (3.14) with (3.20) to obtain

T
(321) | Nocwiar < ¢ (jml? + I, ) = Clol

for some positive constant C. Hence the second estimate of (3.6) is derived and the continuity of =
follows from (3.14). O

Subsequently, let us define the energy E of (1.1) (and also (3.1)) by

(322) B0) = 51060 =5 (.0 + [~ s eoas). rer..
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Then, multiplying (1.1); by y and integrating over I, we get

1
O <2||y|2) — wo [YBayly + wollBuyl® +wr [y02y], — % [(02)%], + % [17]s + 22 [4*], = o.
)

By virtue of the boundary conditions (1.1)3, (1.1)5 and (2.7), the latter becomes

1 w w > 2
. o = 2):— Auyll2 — =L (8.v)2(0, 1( 9,y(0, d).
(3.23) (2y|| wollduyll” = = (929)™(0,8) + 5= { waduy (0 t)+/0 B(s)nds

Multiplying (2.6); by 8(s)n and integrating on R, we get

(/ﬁ 2d3) /ﬁ dS— LyOt/ B(s)nds.

Thanks to an integration by parts and using (2.4) and (2.6)2, we arrive at

(3.24) ) (; I 6(s)n2ds) 2 [ #as oo [ somas

Combining (3.23) and (3.24), we have

(3.25) E'(t) = fwollamynzf%(l—wi) (01)2(0,1) +</ B(s nds)

1 o0
—|—§/ B (s)n*ds + (1 —|—w1w4)8wy(0,t)/ B(s)nds.
0 0
In light of (3.9) and (3.10), we see that
(3.26) E(t) < —awnll 0.0 — (00 0.0) 4 5 [ B (sds,
0

where £ is given by (3.12). Lastly, by virtue of (1.5), (2.1) and (3.26), we can claim that the energy E is

non-increasing along the solutions of the system (1.1) and also (3.1).

3.2. A non-homogeneous linear system associated to (1.1). Consider now the linear system (3.1)
with an additional source term o(z,t)

Oy — wodzy + w102y + wabyy = o (a, ), zel, t>0,
ot s) + 9sn(t,s) — 9,y(0,¢) = 0, t, s >0,
n(tvo) :07 t ER-H
(3.27) y(0,t) = y(1,¢) =0, teRy,
0:y(1,t) = ws0,y(0,1) / B(s)n?(t,s)ds, teR,,
(Z‘,O)—yo( )a Q?Ela
6$y(07 7t) = yl(t)a t e R+a

with some initial data ©9. We have the following result:

Theorem 3.2. Assume that (H) holds. Given T > 0, we have

(i) If ©0 = (yo,m0)T € H and o € L*((0,T); L*(I)), then there exists a unique mild solution © =
(y,m)T of (5.27) such that © € M x C([0,T]; Lg),

(3.28) 101 0.r330) < Co (I10ll3, + 013 0,722 )

and

(3.29) ||Z/H3v1 <G <||@0H§1 + HUH%l((o,T);L?(I))) )

for some constants Cy, C; > 0 independent of ©g and o.
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(ii) Given § € L*((0,T); H'(I)), we have 30,5 € L*((0,T); L*>(I)) and the map
A g e L2((0,7); H'Y(D)) = §0:5 € L'((0,T); L*(I))

15 continuous.

Proof. (i) Thanks to the contraction of the semigroup e** and the fact that o € L'((0,7); L?(I)), the
existence and uniqueness results follow [31]. Next, it suffices to show the statement (i) for an initial data
©p in D(A) as previously done. Furthermore, let us define energy of (3.27) by (3.22). Next, arguing as
for (3.26), we get

0o 1
(3.30) E'(t) < —woll0syll* — k(9:9)%(0,-) + H/O B'(s)nds +/O y(z, t)o(z, t)dz < [y,

where we used Cauchy-Schwarz inequality. Now, we integrate (3.30) to find

t
100 5)IZ < [©oll% +2 / I o7 < @0l +2 mas. 1,71 / lo(-7)dr,

therefore, using Young’s inequality to get

1
(331) e [0 1)1 < €0l + 5 masx (O + 2001 (o.ry100)-

Thus, the estimate (3.28) follows.
Analogously to (3.6), we have

IN

T
1000 Moy < € (ool + Il ) + [ sl

T
7 dt .
0|@o||H+</O o )W;]ny( I

Applying Young’s inequality, (3.32) becomes

(3.32)

IN

2

1 T
2 2
(3.33) 10500, iy < € (1015 + mas .0 ) + 5 ( / |a|dt> ,
which together with (3.28) yields
(3.34) 1050V Ea0z) < € (100153 + lolEsqomyaaan)-

A very similar argument as for the second estimate in (3.6) leads to

T
(3.35) / l,y|2dt
0

< € Iy 017 + 10u3(0. )Moy + ol + I, + 11 oy )

which implies thanks to (3.28) and (3.34)

T
(3.36) | NocwiPar < ¢ (10l + ol o)

Combining (3.28) and (3.36), we have (3.29).
(ii) The proof of the second part of Theorem 3.2 is very similar to that of Proposition 4.1 in [34]. O
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3.3. Well-posedness of the problem (1.1). When w3 = 0, the system (1.1) coincides with (3.1), and
then the well-posedness of (1.1) is given in Theorem 3.1. Therefore, in this subsection, we assume that
w3 # 0. Before stating the well-posedness result of (1.1), let us first recall that the constant Cy is defined
in (3.29). Moreover, let v > 0 be the Sobolev embedding constant

(3.37) [l Zoe () < A0l 1y v € HY(D).

Theorem 3.3. Assume that (H) holds. Then, for every ©g = (yo,n0)* € H with

1

3.38 Ol < ———
(3.38) IS0ll% < gz

the problem (2.12) has a unique global solution © = (y,n)T satisfying the reqularity (3.5), and consequently
(1.1) admits a unique global solution y € M, which satisfies the estimate

(3.39) lyllm < Cl1O0]|2,

for some constant C > 0.

Proof. Let ©g € H satisfying (3.38). Let a > 0 such that

1
3.40 OllZ <a< ———.
(3.40) I©0llf < a < 5=

Next, consider the mapping

r-M-m
defined by T'(§) = y, where y is the solution of (3.27) with the source term

O—(Iv t) = 7‘*’3@(‘%’ t)@zgj(x, t)

and initial data ©y. In light of Theorem 3.2, one can easily see that I' is well-defined and the following
estimate holds:

IC@Ie < Cr (190l + w3150:913 0.1752201) ) -
Moreover, the embedding inequality (3.37) and the smallness condition (3.40) on ||O¢|| imply that
(3.41) IP@ 13 < Cr (a+w3yl17ln)

On the other hand, let g1, g2 € M, y1 = I'(1) corresponding to the initial data ©y and source term
o1 = —w3§10:91, y2 = T'(J2) corresponding to the same initial data ©( and source term o = —w3§20:J,
and § = y; — y2. According to the definition of T, it is clear that y is the solution of (3.27) with the

source term
0 = —w3 (§10:91 — J20:72)
and (0,0) as initial data. Then, using (3.29), we get
IT@) ~T@)A = 1934 < Creill§10:81 — §2027201 21 (0,722
< G5 (G1 = F2) Dbz + §102 (51 — T2) H%l((o,T);LZ([));
thus, exploiting Young’s inequality and (3.37), we arrive at
(3.42) IT(71) = L(G2) 134 < 2013y (172134 + 1921134) 191 — G2ll3s-
Now, we consider the restriction of I' to the closed ball

B={jeM, i3y <a}.
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This, together with (3.41) and (3.42), yields
(343) T3 < C1 (a+wiya®) and [IT(G1) — (52) 3 < 4C1w3vallgn — G2ll3a, 5 G1, 92 € B.

Thereby, the map I' is well-defined and contractive on the ball B by virtue of (3.40). Then, Banach Fixed
Point Theorem leads to conclude that I' has a unique fixed element y, which turns out to be the unique
solution to our problem (1.1). Finally, since the energy E of (1.1) is non-increasing, then the solution
must be global and the estimate (3.39) can be obtained analogously to (3.29). O

4. ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS TO THE KDVB EQUATION

Before announcing and proving our stability results, we consider, for a given Oy € H, the following
additional hypothesis:

2
(4.1) wo>0 or |wo=0and colwa|+ g‘(&)3|’y(1 + ¢0)||90l|# < 3w1 ],

where v is defined in (3.37) and ¢ is the smallest positive constant satisfying (Poincaré’s inequality)

(4.2) lol* < collzvl|*, v € Hy(I).

Theorem 4.1. Assume that (H) and (4.1) hold, where ©¢ € H satisfying (3.38) if ws # 0. Then there

exist positive constants ¢ and ¢ such that the solution © of (2.12) satisfies the next two stability estimates:

(i) Case & =0:
(4.3) E(t)<ée ", teR,.

(ii) Case & #0:

t 0
(4.4) E(t) < de—c s §6)ds (1 +/ é“(s)ecfosw‘#/ B(T)h(s,T)des> , teR,,
0 s

where, for 0 <t <s,

2

(4.5) h(t,s) =t+ /OS_ y1(7)dr

Remark 2. When &' =0 like (1.7) such that (1.8) holds, we get the exponential stability estimate (4.3)
for (2.12). Nonetheless, when &' # 0 like (1.9) such that (1.10) is satisfied, the decay rate of E at infinity

given by (4.4) depends on the ones of both B and y1. For example, let us consider the particular case

y1 € L®(R). Then, for some positive constant C,
h(s,7) <C(t*+7), 0<s<T.

Whereupon, integrating by parts, we find, fort € Ry,

c / t s (e'«’fo‘“f“)df) / 00(72 +7)B3(7)drds

0 s

C [ecf(; 5(S)ds/ (52 + s)B(s)ds
t

IA

t o0
/ £(s)ec Jo &()dr / h(s,7)B(7)drds
0 s

IA

t
+/ ecfosf(T)dT(82+8)ﬁ<S>d5:|.
0
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Thus, (4.4) yields

o) t
E(¥) < GecJo é()ds | 50/ (52 + 5)B(s)ds + éCeclo 6(5)‘13/ e do €T (2 4 ) B(s)ds
t 0

(4.6) < demclodlo)ds 4 260/ (s> + 5)B(s)ds,
t

since t > e Jo §()9s s non-increasing. If o is of the form (1.9) such that (1.10) holds and dy > 2, then
(4.6) leads to, for by = ¢ (1 + %) and by = min{cdy, d; — 2},

E(t) <by(t+1)7", teR,,
since B(s) = —a’'(s) = dyda(1 + s) =MD and £(s) = dy (1 +5)~ L.
Proof. In order to prove (4.3) and (4.4), and according to the assumption (4.1), we distinguish the cases
wo > 0 and wy = 0.

4.1. Case 1: wp > 0. Using (3.22), (3.26), (4.2) and the fact that 5’ < 0, we have

2 o0
(4.7) E'(t) < —wollyall® < — 2yl = 2Bt + 22 [ Bls)n® ds.
(&) Co Co Jo
Multiplying (4.7) by & and noticing that £ > 0 and &' < 0, we find
2w w >
(1) COEO) < -260E® + 260 [ B ds
0

Now, we distinguish the two subcases (i) and (i7) considered in Theorem 4.1.

Subcase 1.1: ¢ = 0. Because ¢ is a positive constant, then, using (2.1) and (3.26), we deduce that

(4.9) E(t) /000 B(s)n*ds < — /000 B'(s)n*ds < —%E’(t).

2wokE
wo+cokE?

Therefore, combining (4.8) and (4.9), we obtain, for the positive constant ¢ =
(4.10) E'(t) < —cE(t).
Consequently, by integrating (4.10), we obtain (4.3) with é = E(0).
Subcase 1.2: £’ # 0. According to (3.26) and since 8’ < 0, we have
(0.)(0,1) <~ B'(1),
which leads to

(411) [ @i < Leo).

On the other hand, applying Young’s and Holder’s inequalities, we get, for 0 < ¢ < s,
2
+2

2 2

0
0:y(0, 7)dT

t—s
s—t
/ y1(7)dr
0

2
<cih(t,s), 0<t<s,

t
0.y(0,7)dr

t—s

(4.12) 2

t
/ 0.y(0,7)dT
0

IN

2

IN

t
2 + 2t / (02)%(0,7)dT.
0

Thus, combining (4.11) and (4.12), we get

(4.13) / " 00, 1)dr
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for the positive constant ¢; = max{Q, %E(O)} and h is defined in (4.5). Moreover, applying some
arguments of [14, 18], noticing that £(t) < &(s), for 0 < s < ¢, and using (2.1) and (2.5), we observe that

w/QMQﬁds+aw/mﬁwm%k

(4.14) awAWM@ﬁ@

< /ﬂ )n?ds + &(t / lyOTT ds
< / B'(s)n*ds + £(t / Ly (0, 7)d ds.
Consequently, using (3.26) and (4.13), we deduce from (4.14) that
o0 1 oo
(4.15) ) [ gl < B0+ ago) [ B ds
0 t
We set
(4.16) F(t) = (g(t) + ‘”°> E(t).
CoR
Because £ > 0 and £’ < 0, we see that
wo wo
4.1 —FE({t) < F(t) < 0)+— ) E¥).
(1.17) om0 < r0 < (60 + 22 B)
Exploiting (4.8), (4.15) and the right inequality in (4.17), we obtain
(1.15) F(0) < ~e6OF () + 260 [ ats
for the positive constant ¢ = #0:5(0), this implies that
(4.19) 0, [ecfo S(9)ds () Cl“’o/ £(s)ec i € T>dT/ B(1)h(s, T) des} <.

Integrating (4.19), we find

< e~cJo &(s)ds { 4 8% / £(s)eJo &) / B(T)h(s, T drds} ,

and therefore, using (4.17), we reach (4.4) with ¢ = <= {({(O) + C“(’)—i) E(0), %}

wo

(4.20) F(t)

4.2. Case 2: wy = 0. Similarly to (3.15) and (3.19), multiplying (1.1); by xy(x,t), integrating by parts

over I and using the boundary conditions in (1.1) and (2.7), we obtain

1 ) 1 %ws 1. 1
3w1/ (0zy)" dx = wQ/ y2dx + —/ y3dx — 9, (/ zy? dm)
0 0 3 Jo 0

oo 2 )
+wi < B(s)nds) + 2w1w40,y(0, ) / B(s)nds + wiw? (8,y)” (0, t)dt.
0 0

Using Young’s inequality, (3.9) and (3.26), we see that, for some positive constant ¢y,
g g

oo 2 oo
w1 (/ B(s)nds) + 2wy w4 0,y(0, 1) / B(s)nds + wiw? (9,y)> (0, )dt
0 0

o 00" 0u0)— [ ptspas]

;E’(t).

IN

IN
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Therefore, by combining the above two formulas and using (4.2), we arrive at

2 1 1
(421) (31— colual) [0, < %52 [ 4o, (/ Tyt + :E(t)> .
0 0

On the other hand, using (3.22), (3.37), (4.2) and Holder’s inequality and noticing that E’ < 0, we see

that
1 1
(4.22) /Oy3da: < IIyH%oca)/o lyldz <~ (lyll* + 182911%) |
< Y1+ co) 0.y V2E(t) < v(1+ co)/2E(0)]| 02y

Thus, by combining (4.21) and (4.22), it follows that

2 ! c
{3&)1 — colwa| — g\ws\’y(l +Co)||@o|7—¢] 10y]* < -0 </ zyidr + ;E(t)) .
0

Consequently, combining the latter with (4.1), we have

1
4.23 dpy||* < —Coo, zy’da + 5 ,
K
0

where
B 1
3wy — colwa| — Z|wsly(1 + co)|O0ll2

Hence, we deduce from (3.22), (4.2) and (4.23) that, for C; = 2o,

Co

e 1 e
a2 B < Gl [ aentas < - ([ atars Lem) 5 [ plortas
0 0 K 2 Jo

Subcase 2.1: ¢ = 0. Because ¢ is a positive constant, then multiplying (4.24) by £ and exploiting
(3.26) and the right inequality in (2.1), we get

1+ 20101§E

(4.25) o { =

(t) + C1& /0 1xy2dx} < —EE(1).

Let us consider the function

. 1+ 2c101£E

F(t) P

1
(t) + le/ ry?d.
0

‘We see that
1+2
+ Clcle
2K

(1) < F(t) < <”2;H101§ + 2015) E(1),

thus, using (4.25) and the right inequality in (4.26), we find, for ¢ = Wm, that F' < —cF,

(4.26)

which, by integrating, implies that
F(t) < F(0)e .

Hence, according to (4.26), we deduce that (4.3) is satisfied with ¢ = H2CIEHACIRE,

14+2¢1C1 €
Subcase 2.2: £ # 0. Multiplying (4.24) by £(¢) and exploiting (4.15), we find

(4.27) iE’(t) + CLE(1)D, < /0 wylds + c;E(t)) < —E(WE() + 62—15(15) /t  B(s)h(t 5)ds.
Subsequently, let
(4.28) F(t) = iE(t) + C1&(t) (/0 zyide + c;E(t)) )

Since & < 0 and

0<E) ( / eyt jE(t)) <€) (2+2) B),
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it follows that

1 1 c1
4.2 —FE{t)<Fit) <|— 24+ — )| E(t).
(1.20) B0 < PO < |5+ e0 (24 2)| B0)
Then, using (4.27), (4.28) and the right inequality in (4.29), and noticing again that £’ < 0, we obtain,
for ¢ = 1+25(02)?2n+c1)’
(4.30 F(t) < ~c6(OF () + G¢(t) [ Blo)nt,s)ds
t

which is similar to (4.18), and hence the proof of (4.4) can be achieved as in the previous subcase 1.2. O

Remark 3. [t is interesting to mention that the well-posedness and stability results shown for the KdVB

equation include the case wg = 0. This means that our findings remain valid for the KdV equation.

5. APPLICATION TO THE KURAMOTO-SIVASHINSKY EQUATION

In this section, we extend our results to the well-known fourth-order KS equation with boundary

infinite memory

8ty(x>t) =+ V08§y($7t) + Vly(xvt)amy(xat) + Vgagy(.%,t) = 07 S Ia t > O,
y(0,t) = y(1,t) = 97y(1,t) =0, teRy,
(5.1) 250, 1) = vsDuy(0, ) + / (5)9,y(0,t — 5)ds, LER,,
0
y(z,0) = yo(z), vel,
89cy(07 _t) = (t)v te R+

in which v; are real constants (physical parameters) satisfying the following hypothesis (ﬁ)
e The constants v, v, and v3 satisfy
(5.2) >0, v3>0 and 0< s < TW.

e The memory kernel a satisfies (1.2), (1.3) and (1.4). In turn, instead of (1.6), a obeys the

condition

 —a/(s) 2uprs
5.3 / dr =y < ——5 if 1y # 1.
( ) 0 f(s) 0 |1 _ UO|2 0 7é

No condition is considered on «q if vy = 1.

The reader who is interested in a literature review of the KS equation can consult [12, 13] and the

references therein.

Next, we shall adopt the same notations (2.5) and (2.8)-(2.11) as in Section 2, so (2.6) and (2.7) are
valid, and accordingly the problem (5.1) can be formulated in H as follows:

(5.4) A(t) = QA(t), t>0,
A(0) = Ao,

where A = (y,n)T, Ao = (yo,m0)T and Q is the nonlinear operator defined by
A€ H; OA € H, y(0, 1,-) = d2y(1,-) = 0, n(-,0) = 0,

D =
(Q) aa%y(07 ) - V?)@zy / 6

< —Voaiy —11Y0zy — 1/25% )

oA =
a:py(oa ) - 8877
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Let us note that the spaces H}(I) and HE (1) N H?(I) will be, respectively, equipped with the equivalent
norms [|9; - || and [|02 - || in light of the following Wirtinger’s inequalities [20, 39]:

(5.5) 7r2/0 u (z)de < /O(Bxu)z(x) dx, Yu € Hy(I);

(5.6) 72 /01(8zu)2(m) de < /Ol(aiu)z(as) dz, Yu € Hg(I) N H*(I).
Moreover, for T' > 0, we consider the space

§ = ((0.T]; *(1)) 1 17 ((0,7); Hy(1) N H*(D)).
whose norm is

-5 =1 ||20([0,T];L2(1)) +1- H%Q((O,T);HQ(I))'

Thereafter, we merely argue as for the KdVB equation.

5.1. The linearized system associated to (5.1). The linear system associated to (5.1) (that is (5.1)
with 4 = 0) can be written in H as follows:

A(t) = KA(t t
. QL) =KA(D), t>0,
A(0) = Ao,
where K is the linear operator defined by
A€ H; KA €, y(0, 1) =07y(1,) =0, n(-,0) =0,
PRI=N 02500, = 1o / B(s ’
(58) my ) — V3 Iy

ICA — 71/084 — 1/262 .
92y(0,-) = dsn
Theorem 5.1. Assume that (H) hold. Then we have:

(i) The linear operator KC defined by (5.8) generates a Cy-semigroup of contractions e and hence,
given an initial data Ag € D(K), the Cauchy problem (5.7) has a unique classical solution

(5.9) A€ C(Ry;DK)) NCHR,;H).
If Ao € H, then (5.7) has a mild solution
(5.10) A e C(Ry;H).

(ii) For each Ag € H and T > 0, there exists a positive constant C' such that the solution A of (5.7)
stemmed from the initial data Ay satisfies the first estimate of (3.6) (with Ao instead of ©g) as
well as

(5.11) ||321/H%2((0,T);L2(1)) = C”AO“H
Lastly, the mapping
(5.12) T:AgeH =T (M) =A() =eFA €S xC([0,T); Lp)

1S continuous.
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Proof. Arguing as for (3.8) and using (5.8), we have that, for any A = (y, 1)’ in D(K),

(KA N = —1or3(0:9)%(0, ) = 0l|0Zyl1* + vellOzyll* + (1 — 10)2y(0, ')/ B(s)nds
0
1 > / 2
+5 [ Bls)nds.
2 Jo
In view of (3.9), (3.10) and (5.6), the latter gives
(KA A < [11=vol5 = vovs] (9:)*(0.) + 5 [1 = 21 = o] / B (s)rds
2 2
(5.13) +(5 - w) oyl
for any € > 0. By virtue of (fI), one can choose € as follows
2
(5.14) aoll —vp| < e < 2 if g £1,
11— 1

and consequently (5.13) leads to (in both cases vy =1 and vy # 1)

(5.15) (KA ) < ~00,)(0,) = Ol 2yl +0 [ 5'(shbs,
0
where
. 1 € v
(5.16) 9= mm{ [1 - —|1 — 1/0|} ,Vovs — |1 — 1/0\5,1/0 — 772} .

Clearly, 9 is a well-defined positive number in view of (H). This, together with (5.2) and (5.15), implies
that I is dissipative.
Next, we show that A — K is onto H, for any A > 0. Indeed, given (2, f)T in H, we seek (y,1)? in
D(K) so that
)\y + Voaf.y + 0%y = 2,
(5.17) y(O )—y( )= 82 y(1,-) =0,
77(') O) - 07
020(0,) =0uy(0.) + [ 4

Solving (5.17)2 and using (5.17)4, we obtain

0y s) = / "6 (@,5(0,) + £(r)) dr

Thereby, it amounts to solving the following problem:

Ay + 10y + 1/2823/ =z,
(5.18) y(O, ) = y( )=

2 — 7)\5 r) 7)\(5 r)
02y (Vg—F/(; ; ﬂ drds) /0 / B(s f(r) drds,

which has the weak formulation

1 s} s
/ (Ay(j) + V03§y3§¢ - V25zyam¢) dx + vy <V3 + / / 5(5)67)‘(54) drds) 0:4(0)0,¢(0)
0 o Jo

[ee] s 1
— 19, 6(0 A= () drd dz,
Yo qs()/o /Oms)e £(r) +/ 2éde

for any ¢ in H}(I) N H?(I). Lastly, Lax-Milgram Theorem (see for instance [8]) permits to claim the
existence and uniqueness of a solution y in Hg(I) N H%(I) to the last problem and then by virtue of
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standard arguments used for elliptic linear equations, we can check that y € H}(I) N H*(I) and recover
the boundary conditions. Thus, the operator Al — K is onto H. The assertions (i) immediately follow from
the fact that K is a closed and densely defined operator and the semigroups theory of linear operators
[31].

With regard to the second item of the theorem, it suffices to establish it for solutions of (5.7) stemmed
from the domain D(K) by means of use a standard argument of density. Then, multiply the first (resp.
second) equation of (5.7) by y (resp. 5(s)n) and then integrate over I (resp. [0,00)), we get (after

performing similar computations as for (5.15))

00,0, + 92 0 [ 5 5)ds < = (KA, A = = (0, A =~ (H1AIE).

where ¥ is defined by (5.16), therefore, by integrating over [0, T], it follows that

T 0o
1
OO a0 + AN oiryzaay =9 [ [ F e s)dsat < G101
This together with the contraction of the semigroup e‘* leads to the desired results. O

5.2. A non-homogeneous linear system associated to (5.1). The next step is to consider the linear
system (5.7) but with a source term z : (z,t) € I x R} — z(x,t) € R, namely,

(5.19) { OA(t) = KA(t) + (2(z,1),0), t>0,

A(0) = Ao,

whose energy is also defined by (3.22) (with A instead of ©). We have the following result:

Theorem 5.2. Assume that (H) holds. Then we have:

(i) If Ao = (yo,m0)T € H and z € L*((0,T); L?(I)), then there exists a unique mild solution A =
(y,n)T of (5.19) such that

A e SxC([0,T]; Lg),

and

1A 0,772 < Co (”AOH% + ”Z||2Ll<<o,T>;L2(I>>) ;
(5.20) 102900, )2 0.7 < C1 (1Mo lZ + 12021 o222 )
w112 < C> (I8oll3e + 12l o,z

for some positive constants Cy, C1 > 0 and Cy independent of Ay and z.

(ii) Given y € S, we have yd,y € L*((0,T); L?>(I)) and the map
A:rye S ydyy e LY((0,7); LA(1))

15 continuous.

Proof. The contraction of the semigroup e’* and the fact that z € L'((0,7T); L?(I)) allow us to deduce
the existence, uniqueness and smoothness results [31]. For the estimates (5.20), using once again a density
argument and recalling that the energy of (5.19) is defined by (3.22), we can obtain as for (5.15)

00 1
(5.21) FE'(t) < —9(0,)%(0, ") — 19||3§y(t)||2 + 19/0 B'(s)n(-,s)ds Jr/o y(z,t)z(z, t)dx.
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Subsequently, we integrate (5.21) and then use Cauchy-Schwarz and Young’s inequalities to reach

1A% + 20010:9(0, 1207y + 2910291172 (0,1); 22 (1)) *219/0 B (s)n(-, s)ds
([T ’
5.22 < | Aoll3, + 0 S 1)|12d 7/ )| dt
(5.22) < [[Aoll% + e ly (- 1)7ds + 5 ( ; (EACR1| ;

for any 6 > 0. Finally, invoking (5.5) and (5.6) and picking up 0 small enough, we obtain the desired
estimates (5.20).

Concerning the proof the second part (ii), the reader is referred to [14]. O

5.3. Well-posedness of (5.1). Based on the above discussion, one can obtain analogously to Theorem
3.3 (see also [14, Theorem 2.4]) the following theorem:

Theorem 5.3. Assume that (H) holds. Given T > 0, there exist two positive constants My and M such
that for every initial condition Ao = (yo,n0)T € H satisfying

(5.23) [Aollae < Mo,
the problem (5.1) has a unique solution y € S. Moreover, we have

lylls < M| Aol

5.4. Stability of (5.1). Our stability results for (5.4) are the same as for (2.12), more precisely, we have
the next theorem.

Theorem 5.4. Assume that (H) holds and Ay € H satisfying (5.23). Then there exist positive constants
¢ and ¢ such that the solution A of (5.4) satisfies the stability estimates (4.3) and (4.4), where h is defined
in (4.5).

Proof. Because (5.19) with z = —v1y0,y is reduced to (5.4), then, from (5.21) with z = —11y0,y, we
conclude that

E'(t) < =9(0:9)*(0,) = 9l|ozy(®)]* + 19/000 B'(s)n*ds — /0 Y (z, 1),y (z, t)dz,

therefore, using the Dirichlet boundary conditions in (5.1)2, we see that

1
1%
—m/ y? (2, 1) 0uy(a, t)de = —31 (], =0,
0

thus the above two properties imply that

(5.24) B(0) < ~0(0.0)*0.0) ~ 0O +0 [~ 55y ds.
By combining (5.24) with (5.5) and (5.6), it follows that

(5.25) E'(t) < —a0lly(- 1)]]? = —20 9 E(t) + 70 /0 " B(sy? ds.

It is clear that (5.25) is similar to (4.7), so it leads to (4.8) with 7% instead of w«.
If ¢ = 0, we see that (4.9) holds with ¢ instead of %, and then (4.10) is valid. Consequently, we get

the exponential decay estimate (4.3).

If ¢ # 0, and according to (5.24), we observe that (4.11) is valid with ¢ instead of k. Therefore, the
same computations show that (4.12), (4.13), (4.14) and (4.15) are still valid. Consequently, the proof of
(4.4) can be ended as in the proof of Theorem 4.1 - Subcase 1.2. O
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Remark 4. The reader has certainly noticed that well-posedness result of the KS problem is established
under the condition v; > 0, fori=0,2,3 (see (5.2)). Of course, vy and vy are positive as they represent
respectively the viscosity term coefficient and the anti-diffusion parameter. Notwithstanding, the require-
ment vs > 0 is used for sake of simplicity, and hence, can be relazed. In fact, one can assume that vs is
a non positive real constant and then appropriate modifications should be made. For instance, using the
trace inequality
(0:9)%(0, ) < 20,y + |92y
along with (5.6), the estimate (5.13) leads to

2
(KA Mw < [(u “nl v (5 41) + 2 o 2P
(5.26) {1 - 7|1 ~ | / B (s)n2ds,

for any € > 0 and vs < 0. Keeping the first and third conditions in (5.2) unchanged, one should require

that the parameters ag and vs obey the following weaker conditions than (5.3) and the second one in

1 1%} 2
> R —_
Vs 2+7T2 (1/0 s )

(5.2), respectively:

and )
2 TV — Vo .
1
a0<(11/0)2( 9+ 2 +V0V3> if vo # 1,
so that we can choose € (instead of (5.14)) as follows

1

a0|1l/0|<6<|1—V0||:2—i-7T2(

7r21/0 — 1/2) + V01/3:| .
In this case, the dissipativity of the operator K follows from (5.26) since we have
oo
(KA ) < ~0l02y]>+0 [ 5 (sPds,
0

where instead of (5.16), the positive constant ¥ is

. 1 1] € 2
ﬁ—mln{ [1——\1—1/0@,%—?—<|1—1/0\§—1/01/3) <7T2—|—1>}.

Thereafter, running on much the same lines as previously done with of course a number of minor changes,

we can obtain similar results to those in Theorem 5.1, Theorem 5.2, Theorem 5.3 and Theorem 5.4.

6. NUMERICAL ANALYSIS OF (1.1) AND (5.1)

6.1. Generalized scheme proposal. In this section, we will present a numerical scheme that solves
both (1.1) and (5.1). For M € N, we will discretize the interval [0,1] using M + 1 equally separated
nodes. Let us define zy = kAz, k=0,1,..., M and Ax := i For the time variable, and for n € N, let
tn == nAt; At € (0,1). With this, we will write y}! ~ y(xx,t ) that is, y7 will be our numerical solution
at * = xp and t = t,. Define y;H% = M Due to computational limitations, we will consider a
bounded domain [0, sf] for the s variable, dlscretized using L points s; = iAs, i = 0,1,...,L — 1, for

As < 1 given.
Because we are dealing with both (1.1) and (5.1), let us focus our attention on the following PDE:

(61) aty(mv t) + alaxy(xv t) + azagy(x, t) + agc‘?iy(x, t) + cu@iy(x, t) + a5y(x, t)axy(xv t) =0

where «; € R,7 = 1,2,3,4. Thus, when agy = 0 we recover (1.1), while (5.1) is obtained when ay = a3 = 0.
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We will approximate (6.1) using a finite differences approach. To this end, let us define the vector
space

T e RM+L .

XM:{U/:(U()U,:[U/M) U/O:U]\/[:O},

and the vector subspace
Xy o= {7) S RM_?’ LU= (UO ’LLM)T € XM,U = (’LL2 us ugq ... UM,Q)T}.

Let y™ € Xjs. The derivatives will be approximated using

Oy(zr, tn) =~ y]?—i_;it_y?;
(6.2) 0py(Tk, tn) = Dyypl == %;
O%y(zr,tn) ~ D2y}l == Y1 _Zyx€+ Yr_1 :
O3y (wk, tn) ~ D3yp = 2Yitta y?ﬂ;‘ﬁy?—l - %yz?_z;
no_ n no__ n n
84y(9ck, ) A D4 — Yo — Wit +zgi:4 dyr |+ yk72.

All these are second-order approximations of their respective derivatives. They also induce the definition

of the following matrix operators in R(M—3)x(M=3) gyer ¢

1
0 3 -2 1
1 1
e 0 3 X 1 -2 1
Dnzi D2n:7
Y Az 1 ) ol Azx?
-5 0 3 1 -2 1
_% 0 1 =2
-1 1 6 -4 1
1 0 -1 3 -4 6 -4 1
-2 1 0 -1 3 1 -4 6 -4 1
1 1
D3 no._ .. - .. .. .. D4 no._
:I;y AIB . i . . . ) ) :I;y AI‘4
-1 0 -1 % 1 -4 6 —4
-2 1 0 -1 1 -4 6 -4
f% 1 0 1 -4

Thus, our generalized Crank-Nicholson numerical scheme for (6.1) will be defined as follows: find y"*! €
X s such that

n

ynJrl —y
At

for y¥ € Xjs given. The boundary conditions will be considered in subsections 6.2 and 6.4. In order to

(6.3) + o1 Doyt + oDyt + as D3yt E 4 ay DAy TE 4 agy" T2 D,y T2 =0, n €N,

solve for y" 1, we will have to solve the following problem for each timestep:

At At At At
I+a1 D, + a2 D2 D3+ y— D4>
(6.4) A A A A ,
_ (I B 0417th _ (ng?Di B 2tD3 2tD4> o a5yn+§Dl~yn+% —fr - fn+1

where T € RIM+ADX(M+1) i5 the identity matrix. Inturn, the vectors f™ € RM—3, containing the bound-
ary terms, will be properly defined later. This is a nonlinear problem which will be solved using a Picard

fixed point iteration. This means that we need to solve a pentadiagonal system of equations many times
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per timestep. Because the structure of the coefficient matrix is the same during the whole simulation, an
LU decomposition is computed only once using the LAPACK package for FORTRAN 90, and used to solve

for the rest of the calculations.

We will explain why the matrix operators do not act directly over yi and yj,_;. As this will be
considered for both the KdVB and KS equations, let us pay our attention to the approximation of the
fourth derivative at x = x9, * = x3, T = Tp;_3, and © = Tp7_o:

n+1

D4 il Yo _ 4y11+1 + 6y51+1 . 4y§z+1 + yZLL—H_
zY2 -

Azt '

Dyt - YT Ayt Gy — Ayt gt
xyS - A$4 )

+1 11 +1 +1 41
Dyl — Ynr—s — AWhr—a + 6N s — AUn o HYar

aYpm—3 = N ’
+1 +1 +1 +1 +1
Dyt Ynr—a — War—s + 6Yn o — AYn/ 1 + yhy
a¥M-2 = Azt
' . 1 . . A4
Since yg ™t = yptt =0, and yt! with y7,"!, are both known, we will define the matrix operator D, as
follows
6 —4 1 yn+1 _4y'il+1
-4 6 -4 1 yiﬂ yptt
3
1 -4 6 -4 1 , 0
Ad g 1 : 1 )
v Taal |
1 -4 6 -4 1 :i-l 0
1 4 6 -4 |Yus yrt
n+1 M-1
1 -4 6 Ynm—2 —dy
this is,
— 4yt
1
v
0
A4
D,y = Dy + At .
0
ynMJrll
+1
—dynr_

In a similar fashion, we will re-define the matrix operators for the other derivatives:

1 1, n+1
0 3 Yo+ —3u
-1 99 1 0
2 2 : 1
. 1 :
D n+1 —_ - .. .. :
zY Ar - a : T A : ;
-5 0 3 ) 0
2 2 n+1
1 i 1, n+1
-0 Ynm—2 Sy

https://www.netlib.org/lapack/
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1
-2 1 ngrl y;L-l-
1 -2 1 . 0
A~ 2 n+1l __ 1 . 1 .
2 Ax? - + Ax? : ’
1 -2 1 :&-1 0
n
1 -2/ \Yu-2 Yt
-1 % yg+1 y{"“
1 0 -1 3 Yol — syt
-z 1 0 -1 1 , 0
ASynJrl:L e : +L .
xT AfL’S . 1 . . . X . A.’L’B .
-1 1 0 -1 1 o 0
e Wi
1 ynJrl n+1
-3 1 0 M2 “Ym-1
This motivates the definition of the vector
yi ! —dyptt
—syrt! yrtt — Syt it
0 0 0 0
1 1 1 1
ntl._ = : _ : _ : — :
f T Az : + Ax? : + Ax3 : + Azt : ’
0 0 0 0
1, ntl +1 1 ntl +1
§yX1—1 Yar—1 nyf—l Yar—1
_y&tﬂ _4?/7»;:11

which in turns leads to (6.4).

As our focus will be on the energy decay, we will define the following discrete analogue:
L M1 L
B(y") =5 Y [ PAz+ ) Blsi)n’ (tn, 5:)As.
i=1 i=0

6.2. Boundary conditions for (1.1). While the boundary conditions for y(x,t) at x = 0 and z = 1

are already imposed in the definition of the vector space Xj;, we still need to consider the conditions for

0:y(z,t). This means we need to impose conditions for yf“ and yx[tll Let us recall the memory term

associated to (1.1)
0:y(1,t) = ws02y(0,t) + / a(s) 0,y(0,t — s)ds.
0

Discretizing the terms outside the integral, we get
oo
Duyp = waDayg ™ + / a(s) 0ay(0,t — s)ds,
0

and after considering (6.2),

yT]\L/[+-|-11 _ yT]\L/[+—11 B y?+1 _ yﬁl oo
SAL = wy N + /0 a(s) 9,:y(0,t — s)ds.
Observe that extra nodes at * = (M + 1)Az and z = —Aux appear; instead, we will assume that
y?j‘jl = yﬁ'l = 0 due to our already known boundary conditions. Thus, the previous expression turns
into
n+1 n4+1

_Ym— Y1 > .
(6.5) 0= 5AL + wa - +/0 a(s) 0zy(0,t — s)ds.
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Therefore, we will only need to compute y{”r or y?jll Let us turn our attention to y?“, and let us

recall (2.7)

/ B(s)n(t,s)ds = /O0 a(8)0,y(0,t — s) ds.
0

Evaluating the latter at ¢ = t,,.1 and separating the integral in the right hand side, we have

oo tn+1 S
/ B(s)n(tns1,s)ds = / a(8)0,y(0,tp+1 — s)ds + / a(8)0,y(0,tnt1 — s) ds.
0 0 tnt1
Since we know the value of 0,y only at discrete values of ¢, and the function « is previously known in its

exact form, we will approximate the first integral of the right side of the last identity as follows

n+1

tn+1
/ a(8)0,y(0,tp41 — s)ds = E a(5:)0,y(0,tntr1 — s;) At,
0

=0

where, in this integral, s; = iAt. After considering this, and pulling out the first term in the finite sum,

we can rewrite (2.7) as

e8] n+1 o)
/ B(s)n(tnt1,s)ds = a(0)0,y(0, 41 At+z 5i)02Y(0, tpq1 — )AtJr/ a(s)0,y(0,tnq1—s)ds,
0

i=1 tny

where the approximation sign was changed to an equality, because this is the expression we will manipulate

to compute y'"'. Recalling (6.2), we get

00 n+l n—‘rl n+1 [e'e)
/ B(s)n(tn+1,s)ds = a(0) ——— 2l At—i—z $1)0zy(0, tnt1—$ )At+/ a(8)0,y(0, tny1—5) ds,
0

tn+1

because y"'H = 0, and after re-arranging terms, we get an expression to compute y{”‘l
(6.6)

n+1 [e’s)
vt = M“’” ( / Bt ) ds = 3 als)0uy(0.tuss ) At~ [ a(s)axy(o,tms)ds).

i=1 tnt1

1

Replacing in (6.5), we get y;~',. The other integrals involved are computed using a Simpson’s Rule.

6.3. Numerical experiments for the KdVB problem.

6.3.1. Case 1. Let us present some results regarding (1.1). For this case, we will use wg = 0.01, wy = 1,
wy = 2, w3 = 6, wy = 0.1; t € (0,5], s € [0,30]; a(s) = dee™1t, dy = 2 and dy = 0.01; yo(z) =
1 —cos(2mx); y1(t) = 0, and thus, no(s) = 0; As = 1.8311E — 3, At = 4.8875F — 3, and Ax = 1.22F — 4.
Figure 1 illustrates our numerical results. It is clear that the energy decay is exponential, as expected

from the previous study.

6.3.2. Case 2. Here we will consider a non-zero function y;. wo = 0.005, w; = 1, wy = 2, wz = 6,
wy = —0.9; t € (0,5, s € [0,30]; a(s) = dee %, di = 1 and dy = 0.01; yo(z) = 1 — cos(27x);

i 1
(0 = S8 d thus, go(s) = 2208 Ay _ 18315 — 3, At — 4.887E — 3, and Az — 1.22F — 4.

Figure 1 illustrates our numerical results. We can see that the energy decay is exponential as well.
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6.4. Boundary conditions for (5.1). Let us focus our attention now on problem (5.1). The additional
condition 92y(1,t) = 0 can be translated to
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FIGURE 2. Results for Case 2.

y;\L/I+11 2yn+1 + y}\’LJ++11 o

Ax?

The fact that y};' = 0 motivates us to consider y?,_,trll = 0; thus, y};/', = 0 as well. Regarding the

memory condition, we have

n+1 2yn+1 + yn-i-l B y?—i_l _ yz-{l

A2 =3 SAL + /a(s)@my(o,t — s)ds,
0

Yy

where y0+1 Let us observe, however, that we can obtain conditions for both y"1T* and y{'**. In fact, let
us recall, from (6.6), that

gt =yt
a(O)TAt = / B(s)n(tns1,s)ds
n+1 oo
(6.7) - Z a(8:)0xy(0,tps1 — 8;) AL — / a(s)0;y(0,tnt1 — s)ds.
i=1 tnt1

From which we obtain

" n 2Ax o sy o
Yyt = y1+1_a(0—)At </0 B(s)n(tns1,s)ds — Z a(8:)0zy(0,tp 1 — 8;) At — / a(8)0,y(0,t, 11 — 8) ds) .

i=1 tnt1
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Replacing in (6.7),

oo n+l oo
n+1 _1/3A3:—2 _ 2Az / B _ o _/ B
4 (1 v +2> = 08 ([, At s =3 )ty Ot~ 50 A= [ a0, tasa — )b
2Az? 7
0

which allows us to proceed as for the KAVB case.
6.5. Numerical experiments for the KS problem.

6.5.1. Case 3. As a first example, let us consider the KS equation with vy = 0.01, 11 = 1, vy = 0.1,
v3 =0.1;t € (0,1], s € [0,30]; a(s) = doe™1® with d; = 1 and dy = 0.1; y;(t) = 0; yo(x) = 1 — cos(27x);
As =2.932E — 2, At =3.921F — 3 and Az = 9.737E — 4. Figure 3 illustrates our numerical results.

) ) sin(s)
6.5.2. Case 4. We will repeat Case 2 but using y; (¢) = 100 t € (0,0.6], s € [0,25]; As = 2.443F — 2,
At =9.523F — 3 and Az = 1.941F — 3. Results are in Figure 4.

6.5.3. Case 5. As a final example, let us consider a(s) = da(1 + s)~%, with d; = 2 and dy = 0.01.
Regarding the other parameters, we will use vy = 0.05, v; = 1, vo = 0.1, v3 = 1; y1(t) = 0; yo(z) =
1 —cos(2mzx); t € (0,5], s € [0,30]; As = 2.932FE — 2, At = 1.96F — 2 and Az = 9.737E — 4. Energy
decay can be seen in Figure 5.
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7. CONCLUDING DISCUSSION

In this paper, we provide an answer to the question posed in [14]. More precisely, we show that the well-
posedness and stability properties for the KAVB equation are robust vis-a-vis a boundary memory-type
control. Moreover, it shown that such a control contributes to the stability of the solutions. Obviously,
our findings are obtained under some conditions on the physical parameters of the system, the memory
kernel and the initial condition. This outcome is shown to be also true for the KdV equation, but more
importantly, for a completely different type of problems related to the KS equation. Our results are
ascertained by means of a numerical study.

We aspire in a future work to investigate an interesting problem related to these KdVB and KS
equations, not treated herein, is the well-posed and stability when the physical parameters of the equations
vary either in terms of = or ¢ or both. In the same spirit, the question what happens if the memory kernel
is time-dependent is also paramount.
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