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Abstract

In this work, we introduce and analyze a new stabilized finite element scheme for the Stokes—Temperature
coupled problem. This new scheme allows equal order of interpolation to approximate the quantities of
interest, i.e. velocity, pressure, temperature, and stress. We analyze an equivalent variational formulation
of the coupled problem inspired by the ideas proposed in [3]. The existence of the discrete solution is
proved, decoupling the proposed stabilized scheme and using the help of continuous dependence results and
Brouwer’s theorem under the standard assumption of sufficiently small data. Optimal convergence is proved
under classic regularity assumptions of the solution. Finally, we present some numerical examples to show
the quality of our scheme, in particular, we compare our results with those coming from a standard reference
in geosciences described in [3§].

Keywords: Coupled Stokes—Temperature problem, stabilized finite element method, a priori error analysis.

1. Introduction

The thermal structure of subduction zones [36] is an interesting problem that plays a central role in
the definition of friction zones between continental and ocean crust. In particular, the relation between the
temperature distribution at the interior of the crust and the generation of phenomena such as earthquaks
or volcano eruptions are still open problems. This relation explains the interest, over the last decade,
of the geophysicists, geologists, and practitioners to apply different numerical techniques to compute the
distribution of the temperature field [38], 40, [43].

The mantle dynamics can be described as the thermal convection of an incompressible Boussinesq fluid
with an infinite Prandtl number. In that respect, we can mention, for example, the works [11 [7, 13| 24 [33],
and the references therein, concerning the numerical computation of an approximated solution. A different
approach, to study the dynamics of subduction zones, is to consider the flow of a fluid modeled by the Stokes
equation whose viscosity depends on temperature, which is given by a transport equation with a convective
term defined by the fluid velocity (for details, see [27, 39]). In a different context, this type of coupling
also appears in sedimentation-consolidation of particles processes, where the variable of interest is the local
solids concentration instead of temperature (see [2, [3, [20] and the references therein).

For the coupling of Stokes-Temperature problems, we can consider finite element approximations based on
stable spaces, as in [22], where a discrete scheme based on continuous and discontinuous piecewise polynomial
spaces was analyzed. Also, we mention the works [3], 20] where the authors introduce an augmented mixed-
primal dual formulation, and where the numerical analysis is carried out using stable finite element spaces
of the Raviart—-Thomas type. When the spaces of approximations are not stable, it is known that new
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terms should be added to Galerkin’s formulation to get stability, these kind of methods are known in the
literature as stabilized methods. A small list of classical stabilized schemes can be SUPG (streamline-
upwind-Petrov-Galerkin), SDFEM (streamline diffusion), or GLS (Galerkin-least-squares) methods (see, for
instance, [14} [15] 25, [37]). When projection terms of the residual type are added to the stabilized formulation
we have, for example, [I0] for the Stokes equations, [26] for the Darcy equations, and [4] for the Navier—
Stokes equations. In the case of not residual-based stabilization, we can mention [6l 1T, 12| 17, 21], which
is clearly an incomplete list. Finally, when the viscosity of the fluid is not constant, as in viscoelastic fluids,
we can mention [9, [I8] 19, [32] [4T] [42] and the references therein.

The purpose of this paper is to present and analyze a new stabilized finite element method to approx-
imate the Stokes equation coupled with the convection-diffusion equation allowing the use of equal order
of interpolation for each variable. Our work is based on similar arguments as in [3} 20] for the existence
of a solution of the continuous formulation, in the sense of proposing a nonlinear variational formulation
that is well posed using, a decoupled problem, and Banach’s and Schauder’s fixed point theorems with a
compactness results from Rellich-Kondrashov. The uniqueness of the continuous solution is stated under
the standard assumption of sufficiently small data and an additional regularity hypothesis of the continuous
solution.

In our approach, the discrete formulation is based on a stabilized scheme for the Stokes, inspired by the
scheme proposed and analyzed in [25], and for the transport equation, we consider a variation of the scheme
proposed in [30]. In both methodologies, residual mesh-dependent terms of the momentum equations are
added, which allows the stabilized method proposed to be consistent. Again, based on the assumption of
small data, the existence of the discrete solution can be stated using Brouwer’s fixed point theorem. Optimal
convergence of the proposed scheme is proved using standard nonlinear finite element results (for a similar
result of a stabilized scheme applied to a nonlinear Darcy equation, see [5]).

This work is organized as follows: in Section [2] we introduce the model problem and some preliminary
results that we will use in the sequel. In Section [3] we present the continuous variational problem and show
that it is well-possed. The stabilized numerical scheme is presented in Section [4] where results concerning
the existence of the solution are introduced. In Section [5| the convergence of the discrete stabilized scheme
is introduced jointly with an a priori error analysis. Finally, in Section [6] we present some numerical
experiments to assess the quality of our new scheme, using both analytical solutions and a solution coming
from the benchmark experiment introduced in [3§].

2. Model problem and preliminary results

Let Q C R?, d € {2, 3}, be an open, bounded domain with Lipschitz continuous boundary 9Q. We will
use standard notation for Lebesgue spaces L(f2), with norm || - ||o,q.0, for ¢ > 2, and || - |0, for ¢ = 2 and
inner product (-,-), and Sobolev spaces H™ (), with norm || - ||,,,@ and semi-norm | - |, 0.

Inspired by a model for the dynamics of the thermal structure of subduction zones [38], we consider the
Stokes-Temperature coupled problem given by: Find the velocity w, pressure p, stress o and temperature ¢

such that
o =2u(¢)e(u) inQ,

—-V-o+Vp = a¢f in Q,
V-u =0 in Q,

(P) u =20 on 0f,
—kAp+Vo-u =g in Q,

¢ =0 on 01,

1
where e(u) := 3 (Vu + Vut) is the strain rate tensor, p is the effective dynamic viscosity and k € R™ is the

thermal conductivity. Additionally, we suppose that there exist positive constants fimin, ftmax and ClLips,
such that

0 < pmin < p(8) < fmax Vs € R, l(r) — p(s)| < Clrips |1 — s Vr,s € R. (2.1)



Finally, we assume that f € L>(Q)?, g € L?(Q2) and «, the thermal Rayleigh number, is a positive constant.

To introduce a variational formulation of problem (P), we need the following Hilbert spaces: H := Hg (Q)¢,
Q:=L3(Q), R:={T € L2(Q)™4: rT = 7}, and V := H}(Q). Thus, a variational formulation associated to
(P) is given by: Find (u,p,0,¢) € H x Q x R x V such that

B((u’p7 U’¢)7(”’Q7T’w)) :F(v7q’ T?w)’ (2'2)
for all (v,q,7,%) € H x Q x R XV, where

B(u.p..6), (v,4, 7)) i= (2:@7) (), T) + (0, ) — (0, (o))
for all (u,p,0,9),(v,q,7,9) € Hx Q x RxV and

F(v7Q7T7w) = (Ofﬁbfvv)“‘(ng)v
for all (v,q,7,) € HXQ X RXV.

Remark 1. If u is part of the solution of problem (2.2)), then V -w = 0. In fact, if we take v =0, 1 =0
and ¢ = 0 in [2.2)), we obtain that (q¢,V -u) = 0 for all ¢ € L3(2). Now, using that w = 0 on 0 we get
that V - u = 0.

In the sequel we will need the following results:

Lemma 2.1 (Korn). There exist a positive constant Cy, depending on ), such that

[v][1.0 < Ck lle()l|o.a
for all v € H.

Lemma 2.2 (Poincaré). There exists a positive constant Cp, depending on ), such that

Y110 < Cp |10,
forally e V.

Lemma 2.3 (Rellich—Kondrashov). For ¢ > 1, ifd =2, or 1 < q < 6, if d = 3, we have the compact
inclusion H' () <> LY(Q), thus there exists a positive constant Cy such that

lolloge < Cqllvlie — Yve HY(Q).
Proof. See, for instance, [34, Theorem 1.3.5]. O

Theorem 2.4 (Banach). Let (X,d) be a complete metric space and f : X — X be a contractive operator,
i.e. there exists A € (0,1) such that d(f(z), f(y)) < Xd(z,y) for any x,y € X. Then f has a unique fized
point.

Proof. See [§]. O

Theorem 2.5 (Schauder). Let W be a closed and convex subset of a Banach space X and let f : W — W
be a continuous function such that f(W) is compact. Then f has at least one fized point.

Proof. See [35]. O

Theorem 2.6 (Brouwer). Let W be a compact and convex subset of a finite-dimensional Banach space V,
and let f: W — W a continuous function. Then f has at least one fized point.
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Proof. See [16]. O

Over the space H x @Q x R we will use the following norm

1/2

|||(’U7q,7')||| = {”’UH%,Q + ||q||g,Q + ||TH(2),Q} v(”anT) € H x Q x R.

From now on, C' and C will denote positive constants independent of the mesh size h, but possibly depending
on physical parameters.

3. Equivalent variational formulation

In this section we will introduce and analyze a variational formulation equivalent to (2.2]). To this end,
we need to define the following variational problems: Given ¢ € V: Find (@,p,6) € H X Q x R such that

BW((ﬁvﬁv&)ﬂ(va%T)) =F¢('v7q,7') V(vaqu) €H XQXRa (31)

where By, : (H x Q x R) x (H x Q x R) — R is the bilinear form defined by

o
By((w.p.0), (0,07))i= (575.7) = (ewh7) + 0.V ) — (02 6(0) + (7 -0),
for all (u,p,o0),(v,q,7) € H X Q x R, and Fy, : H x Q x R — R is the linear functional defined by
Fw(an7T) = (a¢f,v),

for all (v,¢q,7) € H x Q x R.
On the other hand, given w € H, with V - w = 0, we define the problem: Find ¢ € V such that

Aw(p, ) =G) VeV, (32)
where A, : V X V — R is the bilinear form defined by
for all ¢,9 € V, and G : V — R is the linear functional defined by

G(Y) = (9,%),
for all ¥ € V.
Note that the nonlinear scheme can be rewritten as: Find (u,p,o,¢) € H x Q x R x V such that
By((w,p,0), (v,q,7)) = Fs(v,q,7)  V(v,q,7) € HxQ xR, (3.3)
Au(9,9) =G() VeV (3.4)

3.1. Well possedness of the variational formulation

In this section, based on the arguments introduced in [3], we prove the existence and uniqueness of the
solution of variational problem ({3.1)), using Schauder’s and Banach’s fixed point theorems (see theorems
and [2.4]). To this end we need to define the following operators: S: V — H x @ x R, such that

¥ S(¥) = (8'(v),$*(v),S°(v)) = (&, p, 5),

€ H x Q x R is the solution of (3.1). Let H := {w € H : V-w = 0}, we define the

where (u,p,5)
rM: H—V, by

operato
w — M(w) = ¢,
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where ¢ € V' is the solution of (3.2)).
Finally, we define the operator T : V. — V by

T(p) :=M(S' (9)), (3.5)

for all ¢ € V. In this way, problem (3.3)—(3.4) can be written as the following fixed point problem: Find
¢ €V such that

T(¢) = ¢ (3.6)

Remark 2 All these operators are well defined as we wzll see in lemmas[3.1] and [3.3 Furthermore, since
problem is equivalent to the fixed-point problem , our goal will be to prove that the operator T
satisfies the hypotheses of Schauder’s and Banach’s theorems.

Lemma 3.1. Problem (3.1) has a unique solution (@,p,6) € H x Q x R. Moreover, there is a positive
constant Cs such that

ISCOI = (@, 5, )| < Cs [ flloo o ¥he VeV (3.7)

Proof. Defining the following bounded linear operators:

A :R— 1‘_1),17 <A10',T> = (2‘;7@’7> ;

BllR—>H/, <Bl7-7v> = _( ( )’ )7
B:H—Q, (Bv,q) = (V- v,q),
Hy:H =R,  (Hy,v):=—(af,v),

problem (3.1]) can be expressed as the following system:

A, BT o & 0
B, 0 BT w | = Hy |. (3.8)
0 B 0 D 0
Note that it is clear that !
(AyT,7) > 5 ||T||%Q V7T € R, (3.9)
and B )
sup ————+ (Buir,v) v} > —|jv|l1.0 Vv e H. (3.10)
TER H Ck
Finally, it is well known (see [29]) that there exists 5 > 0, such that
Bv
sup B2D 5 gl VeQ. (3.11)
b ol

Thus, using (3.9), (3.10), (3.11) and [28, Theorem 2.1], we have that problem (3.1)) has a unique solution

(w,p,6) € H x Q x R, and there exists a positive constant Cs such that
(a5, )l < Cs | ol (3.12)
O
Remark 3. Note that (3.12) is equivalent to the following global inf-sup condition
o By((u,p,0),(v,q, T
l@pel<cs  sp  Dell@l0)(b.0.7)

(v.q.7)EHXQxR (v, g, )l ’
(v,q,7)#(0,0,0)

(3.13)

for all (u,p,6) € H x Q X R.



Lemma 3.2. Givenw € H, problem (3.2)) has a unique solution p € V. Additionally, there exists a positive
constant Cy1, such that
IM(w)l1,0 = llellhe < Cullg

lo,0- (3.14)
Proof. The proof is a direct application of the Lax-Milgram’s lemma using the fact that A,, is a coercive

bilinear form, i.e.
K

cz lelfa < Awlp,9)  VoeV. (3.15)
O
Lemma 3.3. Let W the subset of V defined by
Wi={peV: el <7},
where r:=Cy ||g|lo.q, then TW) C W.
Proof. The proof is a direct consequence of the definition of operator T, given in , and . O

Lemma 3.4. There exists a positive constant Cq, such that for all ¢, € V, we have

IS(¢) = Sl < C1 {IIflloi2 16 = Ylloe + IS*(@)loaallé —¢lloaal-
Proof. Let ¢,1 € V given, we define (u,p, o) :=S(¢) and (@, p, &) :=S(y)) by

Bd)(('ll:,p, U)a (Ua q, T)) = F¢(’U, q, T)a
Bw((fl’ﬂﬁv &)a (’1)7 q, T)) = Fw(’U, q, T)?
for all (v,q,7) € H x Q x R. Then, we have
By((u,p,0) = (@,p,6), (v,q,7)) = By((u, p,0), (v,¢,7)) = Bs((@,p,6), (v,q,7))
= (F¢ - Fw)('U’ q>T) + (Bw - B¢)(({l‘7ﬁ7 &)7 (Ua qu))'
Now, using the definition of Fj, and F, we obtain
(Fs ~ Fo)(w,0,7) = (0(6 — 9)£,0) < | Flloos 6~ lo.0 [0l (316)

On the other hand, using Hélder’s inequality and (2.1]), we have that

(B~ 8)((@.59). 0.07) = (5205~ 357 77

= (e )77)

C(Li
2MT‘DsIIqﬁ —v lo.4.0(T(l0,0- (3.17)

04,0 |lo

Thus, using (3.16]) and (3.17]), we obtain that

B¢((u,p,0‘) — (ﬁ'af)v&)a (v,q, T)) _ CLiPS s3 _ 3.18
Hl('qu,T)m S « ||f||OO,Q ||¢ 1/}”079 + 12,0 || (w)”OA,QHQS 1/}”0,4,9' ( . )

The result follows from (3.13)), (3.18) and Lemma O
Lemma 3.5. There exists a positive constant Cs, such that for all u,u € ﬁ, we have
[M(u) —M(@)[1,0 < C2lg
6

lo.0 [lu — @1 0.



Proof. Defining ¢:=M(u) and ¢ :=M(a@), we have that for all ¢ € V
Au(0,9) =G(¥),  Aald,v) = G(¥).
Then, from , Lemma and Lemma with ¢ = 4, we get
az llo =8I0 <Au(®—6,6-9) = Au(é6— 3) — Au(d. 6~ 9)
P
= G(6—9) — G(d— 9) + Aa(, 6 — ) — Au(,6 — 9)
(Vo (@—u),¢—¢)
B0 llu—alloa0 ¢ — dllon

C,f |¢~>\1Q lu—alqlé— éng,Q
CZ Culgllollu—alallé — éla,

and the result follows. O

IN

IA

IN

Lemma 3.6. There exists a positive constant Cs, such that for all (b,(g € V there holds

I76) - T@lha < Callglo {IFlwa 6= Floa + 1@ loas |6 - Foas}. @19
Proof. The result is evident from the definition of T and lemmas [3.4] and O

In the sequel we will assume that problem (3.1]), used to define operator S, has an extra regularity in the
sense that S(v)) = (u,p, o) € (H N H3(Q)?) x (Q N L)) x (RN L*(Q)4*?) and

[ullz,0 + [IPllo.a.0 + llollose < Csllfll.al¢le: (3.20)

The next result stated the existence of the solution of problem (2.2), or equivalently (3.3)—(3.4).

Theorem 3.7. Let W and r > 0 as in Lemma Under the regularity assumption (3.20f), the variational
problem (2.2)) has at least one solution (u,p,o,¢) € H x Q x R x V', with ¢ € W, and there holds

[6ll1.0 < Cu llgllo.c, (3.21)

and
Il(w,p, )]l < Cs || Flloo, 0 [19llo,0- (3.22)

Proof. From lemmas and m and using the fact that H(Q) S LY(Q) with ¢ = 6, we have that
T : W — W is continuous. On the other hand, let {¢, }nen be a sequence in W, which is clearly a bounded
sequence in H}(Q), then there exists a subsequence {¢n, }ren of {¢nnen and an element ¢ € H}(Q) such
On, % @. Now, using again that H (Q) <> L9(Q) for ¢ = 2 and ¢ = 4, we have that ¢,, — ¢ in
L?(Q) and L*(Q), respectively. Thus, using Lemma we have that T(¢,,) — T'(p), which prove that

(u,p,0,¢0) € HxQ x RxV solution of (2.2)). Finally, estimates (3.21)) and (3.22)) are a direct consequence
of lemmas B.1] and 3.2 O

Theorem 3.8. Let W and r > 0 as in Lemma . Assume that the reqularity assumption (3.20) holds and
that the data satisfy

T(W) is compact. Now, using Schauder’s fixed point Theorem (see Theorem [2.5) we get that there exists

Csllglloe ([ flloco {1+ Cs Cqr} < 1. (3.23)
Then the variational problem (2.2)) has a unique solution (u,p,o,¢) € H X Q x R x V.




Proof. Using lemmas [2.3] -, with ¢ = 4, and |3.6 -, together with the regularity assumption (|3 7 we have, for
all 9,6 € W C V, that

IT(@) = T@) 1.0 < Cslglloe {Iflo 16— Hllo.c + 1S (@) los0 16 — Floe)

Cs llglog {1 £l +Ca IS*@)loa0} 16 = 0

Cs llgllo.e 1flee0 {14 CyCsr} |6 = bll1,0-
This last inequality together with condition ([3.23) prove that T : W — W is a contraction, thus, using
2.4

IA

IN

Banach’s point fixed theorem (see Theorem [2.4)), the result follows. O

4. A stabilized finite element method

From now on, we denote by {7, }r>0 a regular family of triangulations of Q2 composed by simplexes. For
a Tn, we will denote by K the elements of the triangulation. As usual hx means the diameter of K and

h:= max hx. Also we introduce the following finite element subspaces of H, ), R, and V, respectively:
€Th

Hy:={veCQ)": vlx eP(K)', VKeT,}NnH,
Qn:={qeC@Q) : gk eP(K), YVKeTh}NQ,
R, :={reC@™ : 7|x e B(K)™?, VK€ T,}NR,
Vi i={ve0@) : v|x eB(K), VK ecT,}nV,

with [ > 1, where P; stands for the space of polynomials of total degree less or equal to [.
The discrete stabilized scheme analyzed in this work is given by: Find (up,pn,on, ¢n) € Hp X Qp X
Ry, x V, such that

Bstab((uhvphvo-hv ¢h)a (vthha Th, 'lz[}h)) = FStab(Uhv(th Tha'l/}h)a (41)
for all (vp, qn, Th,¥n) € Hp X Qn X Ry, X Vi, where

Bgtab ((Wh, Phy Thy @1), (O, Gy Ty ¥n)) i= ( oh ),Th) — (e(un),Tn) + (qn, V - up) — (oh, €(vn))

24

+ (pn, V- vp) = B <2M(¢h) (2,;;}1) - E(Uh)) ; (2;(—;}1) - 6(%)))
+ Y muhk (Vph = Veon g5 (Van =Vorn) | Ak (Von, Vion) + (Von - un, vn)

KeT, ((rbh) K
2
+7 > P (e An -+ Vn - wn k Ay + Ty )
KeTy

for all (wn, ph,oh, 1), (Vh, qh, Th, ) € Hp X Qp X Ry, x Vi, and

Fatan (s n, Tho ) i= — (@ frvn) + Y mubk <a¢hf78#(1¢h) (Van — V'Th)>K

KeTy,

h2
(g:0m) +v Y (0, An + Vibn - un) e
KeTh
1
for all (vp, qn, Th,¥n) € Hp X Qp X Vi, where 8 and «y are positive constants, and m; := min {3, 2 Cl} with
C) the constant appearing in the following inverse inequality
Cr > hilIV-onlldx < lonld o (4.2)
KeTy,
8



for all o}, € Ry,.

Remark 4. The nonlinear discrete scheme is inspired by the stabilized method proposed and analyzed
in [25], for the Stokes equation, and in [30], for the transport equation. The analysis in these works is based
on the fact that the viscosity is constant and in the case of the transport equation it is considered that the
convective term also is constant. For this reason, the arguments that will be used in the next sections to
prove the existence of a discrete solution, and the convergence of the discrete scheme, are different from the
ones found in these references.

4.1. Equivalent discrete formulation

In the sequel we will use the following standard results:

Lemma 4.1. There are positive constants C’, Cint and Ciyy, independent of h, such that

lonllipx < CRE TP oy g i, (4.3)
[vnllso.kc < Cint Bi* om0, (4.4)
hi |vn|1,k < Chn |Vr]lo, K, (4.5)

for allvy, € Hy, where 0 < m <!l and 1 <p,q < oo.
Proof. See |23, Lemma 1.138]. O

In some places we will use the Lagrange interpolation (see [23] for details) operator in its vectorial,
tensorial and scalar versions which we denote in the same way. For instance, in the vectorial case we have
I, : Hn H*Y(Q)? — Hj,. In all cases we have an equivalent result to the following vectorial result

Lemma 4.2. There exist a positive constant C, independent of h, such that

lw — Ihulloq + hlu — Thul g < O |y, (4.6)
for allu € HNHTY(Q), with 1 <k <.
Proof. See [23, Lemma 1.111]. O

Note that the discrete scheme (4.1)) can be written as follows: Find (up,pn, on, ¢n) € Hp X Qp X Ry X Vi,
such that

By, ((wn, ph,0h), (Vnqn, Th)) = Fo, (Vn, qn, Th) V(Vn,qn, Th) € Hp X Qp X Ry, (4.7)
Auh ((bhv'(/}h) = Guh (’(/}h) v'(/)h € Vh’ (48)

where, given ¢, € Vi, By, : (Hp x Qpn x Ry,) x (Hp, x Qp x Ry) — R is the bilinear form defined by

By, ((un,phyon), (Vn, qn, Th)) := (%Jh) — (e(un), 7n) + (qn, V - up) — (on,e(vn))

Vo) = 5 (2uton) (57 = etun)) (57— eton) )

1
+ mih? <V —V-op,—— Vg, — V-7 ) ,
Kze;h TS Pn h 8M(¢h)( dn h) .

for all (wp,ph,on), (Vh,qn, Th) € Hp X Qp X Ry, and Fy, : Hj, x Qp x R;, — R is the linear functional
defined by

Fy,,(0n,qn, 1) = — (adnf,vn) + Z mih <a¢hf, ﬁ (Van — V~7-h)> ,

Ker én) K
9



for all (v, qn, Th) € Hp X Qn X Ry, Moreover, given wy, € Hy, Ay, 1 V x V. — R is the bilinear form
defined by

A’wh ((bh?l/)h) =k (v¢ha V,(/}h) + (V¢h . wh7,(/}h)
h2
7 D T (R AG+ Von wi, k Ay + Vi wp) e
KeTh
for all ¢p, v € Vi, and G, : V — R is the linear functional defined by
h2
Gwh(/lz[}h) = (97¢h) +7 Z TK (g7kA7/}h + th . wh)K 5
KeTy

for all ¥, € Vj,.
As we did in the continuous case, we need to define the following two variational problems: Given
on € Vi Find (uh,ph,ah) € Hy x Qn X Ry, such that

By, ((wh,phon)s (Vn, qnTh)) = Fg, (Vn, qn, Th), (4.9)

for all (’Uh,qh,Th) e Hy, x Qn x Ry,.
Also, given wy, € Hy, we define the problem: Find ¢y, € V3, such that

Awh (d)h,wh) - Gwh (wh)a (410)
for all Yy € V3.

To use similar arguments than those developed in Section[3] we will define the following discrete operators:
Sy : Vi — Hp X Qp X Ry, such that
dn — Su(dn) = (Si(6n),Si(6n), Si(6n)) = (wn, pr, o),
where (up,pn,0r) € Hp X Qp X Ry, is solution of and M, : H;, — V},, such that
wy, — My (wp) = én,
where ¢, € V}, is solution of . Thus, we define the operator Ty, : V), — Vj, by
Ty (¢n) :=Mn(Sh(¢n)),

for all ¢, € Vj. In this way, the discrete scheme (4.7)—(4.8) can be written as follows: Find ¢, € Vi, such
that
Th(¢n) = on. (4.11)

4.2. Well-posedness of the uncoupled problems
We define the following mesh—dependent norm over H;, x Qp X Ry,

1/2
Il (whs gns Tr)[ln = {||E(Uh)||3,9+ > hilan %,K+||Th||(2),ﬂ} ;

KeTy,
for all (vp,qn, Tn) € Hp x Qn X Ry.
Lemma 4.3. Assume that the stabilized parameter B satisfies the condition
1 p?
< = Emin 4.12

Then, given ¢, € Vi, problem (4.9) has a unique solution (upn,pn,on) € Hp X Qp X Ry,. Moreover, there
exists a positive constant Cs, , independent of h, such that

IS (Pr)lln = l(wn, pr, on)lln < Cs, || Flloo,@ lén 1,0
10



Proof. By definition of By, , we have
B‘z’h, ((Uhﬂ qh, Th), (7vha qh, Th))

= (i) 2 (2n0n) (5765

+ Z mlh%( <th—v'7'h,
KeTn

Th
25— Imalfa - mmax{H :

> 1 2 B Hmax

min

>1 ( 1 _Bﬂmax

/J/max /’Lmln

1
8pu(dn)

h2
> e {Jqnf e+ IV Tall s} -

KeT;, max

0,0

> ITrlle0 = S Tall5.0 + 28 tmaxlle(@n) 15 o + Z
2fimax 2 8

) I hl2.0 + 28 pmalle(wn) 2.0+

>l

KeTy, max

K

mlh%(

KeT, ~hmax

~eon) (gt + e(wn) )

(Van —V'Th)>

- IIE(vh)Ilﬁ,g}

myh3
+ > g IVan = Vo7l
KeTy, M

2
IVan =V - 7allo x

2|qn|1,x IV - Thllox-

(4.13)

Using Young inequality with § = 3, inverse inequality (4.2)) and the condition (4.12]), we obtain

1 1
Bdm((”lmQh;Th),(7'Uh,Qh,Th)) > 5 <
Hmax

mih? myh?
> gk (1= 5) It Y g

8
KeT, Hmax KeTs max

1 1 B Hmax
22( _ 2a)||Th|OQ+mmax||e<vh>||m+Z

B 5 Hmax
2

(1-36

Himin

) IV 7alld x

mlh 1
1- =
8ltmax ( 6)

HMmax /”Lmin =
1/ 1 me 1
"3 * (1= )) 712 o + 28 pmax € (n) 2 o +
2 (,U/max Mmm 4Mmax 0,9 6.0 K;
p’mm 26Mmax mlh
= (Lo 2 ) 7o+ 28 sl eon) i+ Y o anf
mln max o

> Cg||(vn, an, )%

KeTy,

) 170 + 28 sl (o).

mlhK <
:U’max

1
1—
L (1-0) Imalis
1
1= 5 ) lonfe

(4.14)

where C'p is a positive constant independent of h, thus problem (4.9) has a unique solution (wp,pp, o) €
Hjy x Qn x Rp. Moreover, from (4.2]) (4.9), (4.14), Cauchy-Schwarz inequality, and Lemma we get

Cs |||(uh7pha Uh)”l% < B¢h((uh7pha ah)’ (—Uh,ph, Uh)) = F¢h(_

(Vph

= (a¢hf7uh Z mlh'K <a¢hf? ((b )

KeTy

< allgnllo.llfllse.e | llunlloo +
8/~Lmin KeT,

< allonlloallflle. {CK lle(un) oo +

my my

< a max{Ck, B
min

KeTh min

Z h%{|ph|1,K+ Z P om—

KeTh

m
1] S hiclpalix +

8 min

KeTy,

11

uhvphvo-h)

V'O'h)>
K

mlh%(
ool fllsec Y s Upnlug + 11V - oo}

8:U/min

my ‘
8 V C(lﬂmin

1€2], N 921} #nllo.allflloc.o I (wn, pr or)lin,

}

KeTy

Q| Z VCih ||V'0'h||07K}



which implies estimate (3.7)). O
Lemma 4.4. Assume that the stabilization parameter v satisfies v < 1/6’2, with C the constant appearing
in (4.3). If wy, € H}, is such that

lwhl1,0 < 1- ’702) ; (4.15)

sezcy (
2C2Cp
then problem (4.10) has a unique solution ¢, € V. Additionally, there exists a positive constant Cy, ,
independent of h, such that

M (wn) 1.0 < Cu, llg

lo,0- (4.16)
Proof. From definition of the bilinear form A,,, (-, ), Cauchy—Schwarz and inverse inequalities, we have
2 hi 2 2 2
Ay, (Yns V) = K [Ynli o + (Vi - wh, ¥n) + 7 Z s {-k 1AYR5 e + IV - whHOJ(}
KeTh

~ h2
> klnlio =7 D RO nl i + (Ven - wnvn) +9 D SENIVEn - wallf x
KeTs KeTy

>k (1=7C) Il o + (T4n - wnyn). (4.17)
Now, using Lemma [2.3] with ¢ = 4, we get
(Vb - wn, ¥n) > =[¥nl1,allwnlloaallvn

Inserting this into (4.17]), and using (4.15)) and Ho6lder inequality, we can conclude that

0,40 > —C2 Cp |[Ynll olwnl10-

~ CQC
A’wh(/lr/)hv,lr/)h) Z k <1 — ,YCQ _ qk P

k N
|wh|1,ﬂ> [Ynlli o > 5 (1 - 702) [Unllf o =: Calltnli o, (4.18)

which proves the solvability of problem (4.10)). For the continuous dependence result (4.16]), we use the last
inequality, (4.10) and (4.15)), to get

Callonlli g < Aw, (dn, dn)

h2
oelénloo+vy > . Mgllo,rellk A + V- wnllo,x

<llgl
KeTh,
h% h%k
<lgllogll¢nllon+v > % N9lloxcllk Adnllo.r + > % Nallo.xVén - wlo.x
KeTh KeTh

- h2
<lglocldnloo+vC > hxligloxlionllie +v > fIIgHo,Klsthl,KIIwhlloo,K

KeTh KeTy
) 132
<lgloalonlloo+vC > hxllglonllenllx +7Cint Y = lgllo, el s, relwn i
KeTy KeTn

|Q‘3/2

<lglloclénllon +vC 12 lgloalidnllio + 7 Cint —z75-llglocllénlre lwilie,

and the result follows. O
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4.8. Emistence of solution of equivalent discrete problem

The objective of this section is to prove the existence of a fixed point for the problem (4.11]). To this end,
we need the following results which will allow us to satisfy the hypotheses of Brouwer’s fixed point theorem.

Lemma 4.5. Let W), the subset of V}, defined by
Whyi={én € Vi : ||onll1,0 <7},

where r is a positive constant, such that

Cic Cs, 7 || flloose < 1-7C2). (4.19)

If we assume that the datum g € L*()) satisfies the following condition:

Cu, [lgllo.0 <, (4.20)

and the stabilization parameter 8 satisfies (4.12)), then Tp (W) C Wh,.
Proof. Let ¢y, € Wj. By Lemma we get

ISh(@r)lln < Cs, 1 F lloc.2 |0 11,0,
and thus, by Korn inequality and (4.19) we can conclude that

k -
Shon)], < Crc e (810 o < CrcIBn60)Ih < 53 (1=7C%).

and we have the hypothesis of Lemma Next, from definition of Ty, (4.16) and (4.20)), we have

ITn(¢n)]l = IIMa(S}(60)]l < Cuy, llgllo. <7,
and therefore T} (pp) € W, O

Lemma 4.6. Assume the hypothesis of Lemmal[{.3. Then, there exists a positive constant Cy, independent
of h, such that

ISk (¢n) = Sh(¥or)lln < Ca {Ilflloo,n L+ llnlle) +[1SEwn)]lg4q } 16n = tnll1,0,

for all ¢, Yy, € Vi

Proof. Let ¢p,¢p, be two arbitrary elements of V},, and define (up, pr, op) :=Si(¢n) and (@, p, &) :=Sp(¥r)
by

By, ((wh,ph,0R), (Vhsqn, Th)) = Fg, (Vh, qh, Th),
By, ((@n, pn,on), (Vn, qn, Th)) = Fy, (Vn, qn, Th),

for all (vp,qn,Tr) € Hp X Qp X Ry,. Tt is evident that,

Fy, ((—Uhmh,ffh) - (—ﬁh,ﬁh,&h)) = By, ((ﬁh7ﬁh,&h)7 (—un,pn,on) — (—ﬁmﬁh,&h))-

13



Then from this and (4.14)), we have
o wns . 0) = (e 1)1 = By (e 1) = G 3. () = (1, ) )
= By, ((uhvphyo'h)v (—un,pn,on) — (ﬁh,ﬁh,&h)) — By, ((ﬁhaﬁh7&h)7 (—un,pn,on) — (ﬁh,ﬁh,&h))

= (F¢h - FIZJ}L) ((_uhapha Uh) - (_,&haﬁha &h)> + (Blllh - B¢h) <(ﬂ‘h7ﬁh7 671)7 (_uhaphv Uh) - (_ﬁ'haﬁfu &h)) .

(4.21)
Now, using the definition of Fy, and Fy, , we get
(Fy), — th)<(_uhyph70'h) - (—ﬁmﬁh,&h)) = (aldn — n) f,un — un)
1 bn U _ 5
h B2 - ) =V (oh— . 4.
We can notice by the hypothesis on p (cf. ) that
‘ On n || p(n)dn — p(dn)Pn
w(dn)  p(n) 1(on) p(¥n)
_ | 1(n) (00 — Y1) = (u(Dn) — p(tbn))ton
1(on) p(¥n)
< |on—tn ‘(M(¢h) — p(1bn))¥n
| ul(on) 1(Pn) p(3n)
< |¢Z_.¢h| 4 Clins |pn — ;M |n|
gl‘ﬁl__whl (1 + Clips I%I ) . (4.23)

Next, using Holder’s inequality, (4.22)) and (4.23]), we have

(Fg, — Fy),) ((—’uh,Pm on) — (—Upn, pn, &h))
< HOZ(QSh —n) Flloallun — anlloo+

On U,
8 Z amili (uwh) ‘uwh))f

KeTh
<CpCkalpn —Ynlallfllsolle(wn — )00+

% Z amlh%( ’ (¢h ) <1+C lps’uw}? ) f

Ke7—h /J/mln min

<Cp Cka|dn — Ynl1,0ll fllo,olle(un — @r)llo0+

g{”%Wlnfnmmcm¢h—¢h||m”ﬁh”°“||f||oo } S i Vo — )~ V- (@0 — an)lo.x

min min KeTh,

IV(pr = Pr) =V - (oh — &h)Ho,K
0,K

IV(pr = D) =V - (on —an)llo x
0,K

C {|¢h —Unl1.a | Fllco.a + 1Pn — Ynli.a [¥na |foo,Q}||(uh7ph70'h> — (Wh, P, o1) ||k

<C|on —Unliallfllso,0 1+ [¥nl1,0) |(wh, pr, on) — (@, Dh, 1) |5 (4.24)
14



On the other hand, using Lemma with ¢ = 4, and Lemma we obtain

(B’ll)h - B¢h) ((ah,ﬁha &h)v (_uh7ph7 O'h) - (_ahaﬁh7 &h))

-5 (‘}h [u@lm - u(;m] T ‘“)

myh% 11 o - e
o 3 P ([ ) (9 V0. V=) - V(- 20)

KeTy .
_lta (o Tuldn) —nn)] o
2 ( h[ 1(dn)(on) ] h h)
myh3, p(on) — u(n) - .5 o oo s
+K;Th 8 ({ w(dn)(n) } (Von =V -63),V(pr = pr) =V - (on h))K

14+a .
S CLipsig ||Uh|

min

04,0 [|on — Ynlloacllon — anlloo

ClLins ™M h2 ~ ~ = o)
+ > % 16 = Ynlloo,x IVBL =V - Gnllo,x [V (Br — pr) =V - (o — Uh)||0,K}
KeTy min

<C {|&h||0,4,9 [on — Ynlallon — anlloo

+ Y hicllon = Ynlloo.k VB = V - &nllo. IV (B — pn) = V - (04 — &) O,K}
KeTh

rallon —anllon

<C {|5'h||0,4,s2 |on — ¥n

+ 0260 —dnlie D ki (IVBnllox + 1V - &allo,s) IV Br —pr) = V- (o — &h)||0,K}
KeT

Lollor —onllon

<C {|5'h||0,4,§2 |én — ¥n

+h'2 g, — Yul1,0 ISk (r)ln Z hi |V (®n —pn) = V- (oh — &h)|0,K}
KeTs,

<C {IQW2 ISk (@n)lln + ||5h||o,4,9} o0 — nlre l(wn, pr, on) = (@, pr, o1)|ln- (4.25)

Now, using Lemma [4.3] and replacing ([£.24) and (4.25)) in (£.21), the result follows. O

Lemma 4.7. Let up, @y be two elements in Hy, satisfying the condition (4.15)) of Lemma . Then, there
exists a positive constant Cy, independent of h, such that

M (un) — Mp(@n)]1.0 < Cs {||9||0,Q + |Mh(ﬁh)|1,n} [un, — nl1,0- (4.26)

Proof. Defining ¢, :=Mj,(up,) and ¢~>h =My, (@), we get, for all ¢, € V,, that

A, (On, 1) = G, (Y1), Ag, (Dn, V1) = Ga, (V).

15



Then, from (4.18), we have that

Callén — onll? < Au, (dh — Ons b — 1) = Awy, (hs O — 1) — Awy, (P, P1 — O1)
=Gy (D1 — On) — Gay (01 — 1) + Aay (Dhs S — On) — Awy, (Ghy 1 — O1).- (4.27)

Using the inverse inequality , we get
uh(¢>h - (Z)h) — Ga, (¢n — &n)
h2 ~ ~
<y 3 M (g,m On—n) + V(0n—bn) - un) =7 D T (0.kAGn — dn) +V(dn— d) - n)

KeTy, KeTn
h2 ~ h3/2 ~
<7 Z fHQHO’KWh = onlykllun — nlloo,x < v Cing Z 72 lgllo.x|én — énlix lun — @l x
KeTy, KeTy,
| |3/2 B -
< Cint gllo. [wn — @nl1.0 l|¢n — dnllie- (4.28)

On the other hand, as uy,u, € H}, satisfy the condition (4.15), and using Hélder’s inequality, Lemma
with ¢ = 4, and Lemma [£.4] we get

Aa, (Dns 0 — $n) = A, (D0, b1 — b1)
~ ~ 2 ~ ~
= (Vén - (@n —wn), dn— dn) +7 D h]f{ ( =k Adn, V(on — ¢n) - (un — uh)>K

KeTy

+ (ngh “(@n —un), k Alpn — qgh))K + (V@L ~, V(dn — n) 'ﬂh)K - (Véh cup, V(on — én) 'uh)K}

2
Snlloan+v D 7 {k|A¢h||0K¢h—¢h|1K||uh—uh||ooK
KeT,

+ E|onli k| @n — wnlloo,x [|A(GH — @n)llo,rc + |01k |1 @n — whlloo i |6n — Gnl1 s 1 8n | oo, 1

+ dnl1 x| wnlloo i |01 — Pnl1 s llwn — ﬁh||oo,K}

- ~ 2
<C { ali , , %K [h;’/?
KeTy
+hy 3/ Onl1k + bt |dnl1k|@n —

onlxlun — ﬁh|1,(;| }

\bn — Pl |in — unio

onlx @m0

k| bnl1 |t —

+hi! onl,

1 ) _ ) _
<C {1 + e [IUhILQ + \Uhluz} } |nl1,0ltn — unlioléon — dnli0

1 _ . _
<C {1 + = [|uh|1 o+ |t Q}} |nl1,0ltn —unliallén — oullo

1 . . ;
C{l T (1 - 702) } |6nl1.0l@n — unliallén — (4.29)

Finally, from (4.27), (4.28)) and (4.29)), we conclude (4.26). O
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Lemma 4.8. Let Wy, :={¢n € Vi, : ||¢nll1.0 <1}, wherer > 0 and the data g € L?(Y) satisfy the hypothesis
of Lemmalf.3. If the stabilization parameters satisfy the conditions of lemmas[{.3 and[{.4], respectively, then
there exists a positive constant Cg, independent of h, such that, for all ¢n, dn € Wy there holds

ITh(én) = Ta(n) 1.0 < Cs llglloe {Hf”oo,ﬂ + |S}°’L($h)||o,4,ﬂ} lén = dnll10- (4.30)
Proof. The result is a consequence of the definition of T}, and lemmas and O

Theorem 4.9. Let Wy :={¢yn € Vi : ||dnll1,o < r}, where r > 0 and the data g € L*(Q) satisfy the
conditions of Lemma [{.5 If the stabilization parameters satisfy the conditions of lemmas [{.3 and [{.7)
respectively, then the stabilized scheme has at least one solution (up,pp, o, ¢n) € Hp X Qp X Ry X Vi,
with ¢p € Wy, and there holds

l[¢nll < Cha,

g1l0,Q,

and
Il (wns pr,on)lln < Cs, | Flloo,2 |9nl-

Proof. From Lemma Ty @ Wy, — W, is continuous, and, by the Brouwer fixed point Theorem (see
Theorem 7 it has at least one fixed point. O

Remark 5. Usually, to prove the uniqueness of the solution of (4.1) Banach’s fived point theorem is used.
In our case, due to the presence of the term ||S3 (¢n)lo.a.0 in (4.30)), it is not possible to state that Ty, is a
contraction on Wy. Thus we only have the existence of the solution of problem (4.1)).

5. Convergence of the stabilized scheme

In this section, we present an a priori error analysis for the stabilized finite element scheme (4.1)). We
consider (u,p,0,¢) € H x Q x R xV with ¢ € W, and (upn,pn,on,¢n) € Hp X Qn X Ry, x Vj,, with
¢n € Wh, such that

By((w,p,0), (v,q,7)) = Fy(v,q,7)  Y(v,q,7) € H xQ, (5.1)
By, ((wn, pn,on), (Vn, qn, Th)) = Fy, (Vn, qn, ™n)  Y(Vn,qn, Th) € Hy X Qn, (5.2)
and
Au(d, ) =G) VeV, (5.3)
A, (1, 01) = Gu, (Y1) Vb, € V. (5.4)

Lemma 5.1. Assume that v > 0 and g € L*(2) satisfy conditions and (4.20), respectively. Let
(u,¢) € (HTHQ)INH) x (HFTHQ)NV), and (un, ¢n) € Hy, x Vi, be solutions of (5.1)), and (5.2),
, respectively, with ¢ € W and ¢, € W},. Then there exist a positive constant C7, independent of h,
such that for all vy, € V},, we have

Au,, (0n — & 00n) < Crh|¢

2.0 [le(w —up)loq [[¥nll1,0- (5.5)
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Proof. Let up € H}y, be the solution of (5.2). Then, from (5.3 ., Cauchy-Schwarz and Holder inequali-
ties, we get

Auh, (¢h - d)a 'l/}h) = Auh, (¢h7 wh) - Auh (¢7 wh)

2
= G () ~ Gun) — 7 Y2 M (kD64 6w b A+ Vi un)
KeTh

h2
=7 Y K g+ kA= Vo wn k Ay + Ve )

KeTy

h2

KeTh
h2
Y Z TK(V¢-u—v¢-uh,kA1/)h+V¢h.uh)K
KeTh
hic
KeTh

h2
<7y IV @lloa,xclle = wnllo,a sl At + Vb - wnllo,x
KeTh

h2
g’ng Z ?KHkAllih—Fv'l/)h'uh”O,K
KeTn
> h
<3 Cx C2 lollaallem —wn)log S0 "k Avn + Tun - wn ok (5.6)

Ke7_h.

Next, using Lemma [4.1] we get that

Zﬁ

K {ENAYLlo,x + [IVYn - wnllo,x }

KeTy, KGTh
h2 _
< Z "y {C’kh Yonli i + Cint hg 1/2 [¥nl1,k |wnl1 Q}
KeTy,
) 132
< Z {Chxl¢h|1,x + %Cinf [Vn]1, K uh|1,Q}
KeTy,
y /2
< {Ch|¢h|19+ Cing |¢h|1,ﬂuh|1,n}
—n{er B cutulia | lonlia (5.7
h1/2 -
{ 2C2Cp Cin (1 702>} om0 (5.8)
Finally, from (5.6 and (5.8]), we conclude (5.5). O

Lemma 5.2. Assume that v > 0 and g € L*(Q) satisfy conditions and -, respectz'vely Let
(u,9) € (HTH Q)TN H) x (HFH(Q)ENV), and (up,¢n) € Hy x Vh be solutions of (5.1), (B.3) and
, , respectively, with ¢ € W and ¢p, € W;,. Then, there exist two positive constants Cy and Co,
independent of h, such that

¢ — én

h|ll2.0 lle(w — un)llo,q + Co b |dlis1,0- (5.9)
18



Proof. We use the standard notation for the interpolation error n® := ¢ — I;,¢. Then, using Cauchy-Schwarz
and Hélder inequalities and (5.7)), we get, for all ¢y € V3

h2
Aw, (0%, 0n) =k (Y0, Vbn) + (V- wn, n) + > =5 (ke An® + V0 an, b Ay + Vb )
KeTy,
<k[nhe

Unlra + n?lellunllosellvnllosat

h2
v Y Tk An? + I ol A + Ve il
KeTh
<k|n®1altnlia + qu 7% alunliolvnliot

h2
v ?K”_kAW¢+V77¢'uh”O,KHkAwh"'th'uhHO,K
KeTn

<k[nhe

Ynl1o + Cf In?lalunlialtnlot
2

h
vy f [k ln®ll2.c + 0% 1. Nwnlloo. i) 1k An + Vion - wnlo.x
KeT,

<(k+ qu lunl1.0) 7?]1,0¢n) 0+

h
Y {kh 7% ]l2,2 + Cineh* [0 1.0 |uh|1,§2} Z %Hk Aty + Vb, - upllo,x
KeTh

< (k+CZunlie) In?lLellvnle+
~ hl/2
vy [kh 7% |2, + CintR* %1010 |uh|1,sl] {C+ Tcinf |uh|1,ﬂ} lnll,0
~ hl/2
< <k +C |lunlio + v Cinth? lup |10 {C + Tcinf |uh|1,ﬂ}> n?1,0llvn o+

~ h1/2
kB 7 20 {c+ P2 |uh|m} lénlhe

k
<CR |Bligrallvnll o (5.10)
Now, let ei :=¢p — Ip¢ , then by Lemma (4.18) and (5.10)), we have

Ca ”62H%,Q < Auh (627 6i) = A‘uh (d)h — &, ei) + Auh (77¢7 62)
<Crh|¢llz.0lle(w —wn)lon lepllo + CR [@liyrallel 10,

and dividing by C4 Heﬁ

|1, we arrive at

C C
legllne < == hllgla0lle(w—un)loo + == b [dli1,0. (5.11)
A Ca
Finally, using triangle inequality, interpolation properties and (5.11]), the result follows. O

Lemma 5.3. Let (u,p,0,6) € (HHT Q)N H) x (H(Q)NQ) x (H(Q)*?NR) x (HFTH(Q)INV), and
(Wh,ph,Oh, On) € Hp X Qp X Ry x Vi, be the solutions of (5.1)), (5.3) and (5.2)),(5.4), respectively, with

¢ € W and ¢p, € Wy. Then, for all (vn,qn,Th) € Hp X Qn X Ry, there exists a positive constant Chg,
independent of h, such that

Bd?h((uh —Uu,pp —P,Oh — 0-)7 (_vha qhaTh))
Il (wns qn, T)lIn

< Cio {'f'oo,ﬂ + |0||1,Q} ¢ — dnllio-
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Proof. Let (up,pn,0r) € Hp, x Qn X Ry, be the solution of . Then from . Cauchy-Schwarz
and Holder inequalities, we get

B¢h,((uh —U,ph —P;Oh — 0)7 (—’U}“ C]h»Th))
:Bﬁbh,((uh’pha Uh)v (*vthh’ Th)) - B¢7h((u7p7 0')7 (*'Uha Qh77'h))
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which concludes the proof. O

Lemma 5.4. Let (u,p,0,¢) € (H*'(Q)?n H) x (H'(2) N Q) ( ( )N R) x (HTHQ)N V), and

(W, PhyOhy On) € Hp X Qpn X Ry x Wy, be the solutions of (5.1] , and . ., respectively, with
¢ €W and ¢n, € Wy. Then there exist two positive constants Cn (md 012, independent of h, such that

Il (wr =, pp—p,on—0)|ln < C1a {Ifloo,mrllall,n} lpn—¢ll1,0+Ciz b {Iuz+1,n+plz,ﬂ+||0||z,n}~ (5.12)

Proof. We use again a standard notation for the interpolations error n*:=u — Ipu, n?:=p — Ip, and
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=0 — Io, to obtain
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for all (vp, qn, Th) € Hp X Qp X Ry,. Let eff :=up, — Iyu, €} :=py — Ipp, € :=op, — Io. Next, from (4.14)),
(5.12) and Lemma we can see that

Crli(e}t,eh, e i < By, ((efrs ey ef), (—eitseh,ef)
- B¢h((uh —U,php — P, Oh — U)a (76;;" ei, GZ)) - B¢h((nua 77p7 770-)3 (76%3 GZ, GZ))

Cio llon — ¢l {If : } +Crh! {|u|l+1,9 +lplia + IIUIIz,QH (e ek ei )l

<

thus

Cl()
ll(ex, e, el <

C
H¢h — 9l {||f||oo,sz + UIIm} + é h! {|u|l+1,ﬂ + [plio + IIUIz,sz}. (5.14)

o}

the result follows. O

Finally, using (b.14)), triangle inequality, and the inequality

™, nP, ) ln < Cs h {

Theorem 5.5. Let (u,p,o,¢) € (HTHQ)INH) x (H(Q)NQ) x (HI(Q)dXd N R) (HH‘l(Q) NV), and
(Wh, PrsOh, On) € Hp X Qn X Ry, X Vi, be the solutions of (5.1), (5.3) and ( , , respectively, with
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¢ € W and ¢ € Wy,. Then, there exists a positive constant C13, independent of h, and a positive number
ho such that for all h < hy we have that

I(w —wn,p—pn,o —an)ln + |6 — ¢nllia < Ciz bt {|U|l+1,ﬂ + pla+ oo + ¢>||1+1,Q}~

Proof. Using lemmas [5.2] and [5.4] we get

l(wn —w, pn —p,on —o)ln < Cia {llflloo,n + ||0||1,9} lén — Bll1.0 + Ciz bt {|u|z+1,ﬂ + Ipla + |U||l,n}

< Cn {lfoo,sz+ lo

1,9} {Csh|¢

l,Q}7

2.0 le(w—un)loo + Coh [Plip1.0} + Crah! {|u|l+m +lple +llo
now, taking h such that Cs Ci1 h { 1 Ff]lco. + ||o'|1,g} lpll2,.0 < 1, the result follows. O

6. Numerical examples

In this section, we focus on showing convergence rates for the proposed scheme with different analytical
solutions and assess the performance of the stabilized method for a benchmark coming from the geosciences.
All calculations have been obtained using the open source finite element library FEniCS [31] . Furthermore,
the stabilization parameters employed to implement the proposed method are 8 = 1/2, v = 1/24 and
m; = 1/3

6.1. Example 1: Analytical solution in two dimensions

In the first example, inspired by a test case introduced in [3], we choose Q = (0,1)2, and the source
terms such that the exact solution of problem (P) is given by

_( sin(27z) cos(2my) L . _
u(r,y) = <_ cos(2rz) sin(27g1{y)) , p(z,y) =sin(2rx)sin(27y), ¢(x,y) = 15— 15exp(—z(z — Dy(y — 1)),

while the physical parameters are u(r) = k=1, and @ = 1. Note that 0 < ¢ < 1 in §, and

b
(1—0.5r)2"
that |/ (r)] <8 for 0 < r < 1, thus p is a Lipschitz function.

In Figure [} we present the exact and approximated solutions in a mesh with 32,768 elements. Note
that there is a remarkable agreement between both solutions.
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Figure 1: Isolines of exact solutions (top) and computed solutions (bottom) using P; finite element spaces for each variable, in
a mesh with 32, 768 elements; velocity magnitude (left), pressure (medium) and temperature (right).

Next, in Figure[2] we show the convergence orders which are obtained using a sequence of uniform refined
meshes. Note the agreement between the convergence results with those predicted by the theory in Theorem
153!

Convergence rates Convergence rates
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Figure 2: Convergence plots obtained using Py (left) and P2 (right) polynomial spaces.

6.2. Example 2: A benchmark for a subduction zone

The second example has been taken from [38] and the geometry consists of a kinematic slab driving
flow in the viscous mantle wedge below a rigid overriding plate. Spite of this test case do not fulfilled all
the conditions of our framework, we emphasize that our goal is to check a good working of our stabilized
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method on a realistic problem. In this case = (0,660) x (0,600) which represents a subduction zone in
two dimensions. The physical parameters to define this problem are given in Table

Table 1: Physical parameters and nomenclature.

Quantity Symbol Reference value
Velocity of the slab up 5cm/yr
Temperature on right-middle boundary oM 1573 K
Temperature on surface s 273K

Density P 3300 kg/m?
Heat capacity Cp 1250 J /kg K
Thermal conductivity k 3W/mK
Powerlaw for dislocation creep n 3.5

Activation energy (dislocation creep) E 540kJ/mol
Pre-exponential constant (dislocation creep) A 28968.6 Pas'/®
Maximum viscosity Pomaz 10%6 Pas

Gas constant R 8.3145 J/mol K
Age in seconds ts0 50 Myr

The boundary conditions are represented in Figure [|where the plate is 50 km deep, the interface between
the slab and wedge has a 45° tilt and the right-middle boundary, where ¢j; is prescribed as boundary
condition, is 200 km deep.

¢=ds

Plate b=¢r

w=0
6 =on

Wedge
é=0¢r
U=up
Slab o(u,p) =0
o(u,p) =0

Figure 3: Domain and boundary conditions.

The boundary functions ¢, and ¢; are defined by

(ps — dum) Yy
= = [ — f| ——— ).
¢L(337y) 5 « 104 y+¢5’7 ¢I($7y) ¢S+(¢]\/f ¢S)er 2\/%
In addition, the viscosity of olivine deforming by dislocation creep, assuming zero activation volume, is given
by
E
0= A T~ (1-n)/n
fi exp (n ot :
1 1/2

where € := gs(u) ce(u) is the second invariant of the strain-rate tensor. Finally, the source terms are

given by f := (0,0) and g := 0, respectively.
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Such as is explained in [38], to avoid some numerical artifacts it is convenient to truncate the viscosity
it at a fixed value fi,q.. Hence, we will use the following modified viscosity

Gms)
wi=\ =+ = .
,U, ﬂmaz

In Figure[4 we present the results obtained with our scheme using P; finite element spaces for each variable
in a mesh with 59,442 elements. A qualitative comparison between our results and those of [38] is presented
in Figure [5| Note that both results are quite similar.

temperature velocity Magniude
60 a0 2 25 3

008200 200 0

1000 136403 000400 05 1 15 35 4 45 500400
| f

e
TS

Figure 5: Close up of the model with dislocation creep. Benchmark results introduced in [38] (left) and results using the
proposed stabilized scheme (right).

In addition, following [38], we compared the computed values of the temperature field ¢y, as discrete
values ¢;;, on an equidistant grid with 6 km spacing, which generate a 111 x 101 matrix stored row-wise
starting in the top left corner of the domain 2. The results of interest are: ¢11,11, the temperature at the
coordinates (60, —60); ¢s1qp Which is the I>—norm of the slab-wedge interface temperature between 0 and 210

km depth and ¢yedge, the I°— norm of the temperature at the triangular part of the wedge’s tip, between
54 and 120 km depth

;36 1/2 L2 1/2
_ 2 _ 2
|osianll = 36 ;:1 bi; and ||¢wedgeH |78 210 j§:10 b

The results obtained using our scheme are presented in Table [2| and compared with those introduced in
[38]. There, we can observe that our results are in the range of accepted results if we compare them with
those presented in Table 2 of [3§].
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Table 2: Comparative benchmarks results.

Code Tll,ll HTslabH ||Twedge ||
LDEO 550.17  593.48 994.11
NTU 551.60 608.85 984.08
PGC 582.65 604.51 998.71
UM 583.36  605.11 1000.01
vT 574.84 603.80 995.24
WHOI 583.11 604.96 1000.05

Present Method 546.75 598.71 988.03

6.3. FExample 3: Analytical solution in three dimensions

In this example the computational domain is £ = (0,1)3, and the source terms f and g are chosen such
that the exact solution of problem (P) is given by

1
'U/(xa%z) = 5(—y2,22,x2), p(.T,y,Z) = —0125+xyz, and (b(l‘ayvz) =01 _0.3e—myz’

where the velocity as well the pressure have been taken from [5]. The viscosity is given by u(r) = 0.5¢91/7
and the thermal conductivity used is & = 1. Analogously to Example 1, it is possible to observe that
—0.2 < ¢ < —0.1, and thus |¢/(r)| < 1.83 for r € (—0.2, —0.1), and therefore p is a Lipschitz continuous
function.

The obtained solutions are collected in Figure[6] The numerical results reported here confirm the good
performance of the stabilized finite element scheme .

et velocity Magnitu
0.0e- oam 02 ns 9 05 ua 07 87601

e

veiocity Magnitude.
008100 01 02 az 04 05 06 07 87001

T

Figure 6: Isovalues of the exact solutions (top) and computed solutions (bottom) using Py finite element spaces for each
variable, in a mesh with 24,576 elements; velocity (left), pressure (medium) and temperature (right).

20 06014«02 m uos 006 00410002
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Figure[7]displays convergence curves for the problem. These results confirm the theoretical results, where
the error decays with the expected order.

Convergence rates Convergence rates
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Figure 7: Convergence plots obtained using P (left) and Py (right) polynomial spaces.
Conclusions

A new stabilized mixed method for the coupling of Stokes and temperature equations, with a fluid
viscosity depending on the temperature, is proposed, analyzed, and tested numerically. This new scheme,
which adds stress as a new unknown, allows equal order of interpolation for all the unknowns defining the
stabilized method, which is a characteristic of interest of the practitioners. Using fixed point theorems
we prove the existence of a solution, both in the continuous as in the discrete cases. The scheme has
been assessed numerically with 2D and 3D tests, corroborating the theoretical a priori results and showing
effectiveness in solving realistic problems.
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