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ON EXISTENCE OF ENTROPY SOLUTIONS FOR 1D NONLOCAL
CONSERVATION LAWS WITH SPACE-DISCONTINOUS FLUX

F. A. CHIARELLO AND L. M. VILLADA

ABSTRACT. We prove the well-posedness of entropy weak solutions for a class of 1D space-discontinuous
scalar conservation laws with non-local flux, describing traffic flow on roads with rough conditions.
We approximate the problem through a Godunov-type numerical scheme and provide L*™ and BV
estimates for the approximate solutions. The limit model as the kernel support tends to zero is

numerically investigated.

1. INTRODUCTION

Models of conservation laws with nonlocal flux describe several phenomena such as slow
erosion of granular flow [3, 29], synchronization [2], sedimentation [6], crowd dynamics [16],
navigation processes [4] and traffic flow [7, 10, 13, 14]. In particular, non-local traffic models
describe the behaviour of drivers that adapt their velocity with respect to what happens to
the cars in front of them. In this type of models, the flux function depends on a downstream
convolution term between the density of vehicles and a kernel function with support on
the negative axis. See [10] for an overview about non-local traffic models and [12] for a
continuous non-local model describing the behavior of drivers on two stretches of a road
with different velocities and capacities.

We are interested in the analysis of the well-posedness and the numerical approximation

of solutions of nonlocal conservation laws with a single spatial discontinuity in the flux

Op + 0 f(t,2,0) =0,  (t,x) € (0,00) xR,
p(0,z) = po(x), z €R,

(1.1)
with

f(t,z,p) = H(=z) pulwy, * p) + H(z) por(wy * p),
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where H(z) is the Heaviside function, with which the flux f(z,t, p) has a discontinuous at
x = 0 if the velocity functions v;(p) and v,(p) are different. We assume that the convolution

term and the kernel function w, satisfies

=l = [ o ynly— )y, >0,

with w, € C*([0,7], RY), w/ <0, w,(n) =0,

(1.2)

and the following hypothesis hold on the velocity functions
(1.3) vi(p) = k(p), s=1,r, and k <k, v ecC*R), st. ¢ <O0.

In the traffic vehicle context p represents the density of vehicles on the roads, w, is a
non-increasing kernel function whose support 7 is proportional to the look-ahead distance
of drivers, that are supposed to adapt their velocity with respect to the mean downstream
traffic density. The equation in (1.1) is a non-local version of the Lightill-Whitham-Richards
traffic model [19, 26, 27] with a discontinuous velocity field [15, 25].

There are many results relating to existence, uniqueness, stability and numerical approx-
imation of weak entropy solutions of local conservation laws with a spatially discontinuous
flux [1, 5, 8, 9, 15, 18, 20, 21, 22, 23, 24, 25]. Conversely, in the nonlocal case, a traveling
waves for a traffic flow model with rough road conditions was studied in [28] and recently, in
[11] the authors propose a non-local scalar space-discontinuous model to describe the traffic
flow on two consecutive roads with different speed limits and they prove the well-posedness

using the vanishing viscosity technique, under the hypothesis on the velocity functions
vs(p) = ks(1—p), s=1,r, and Kk <k,.

The aim of this paper is manifold:

e we prove the well-posedness of this non-local space-discontinuous traffic model when
the maximum speed limit of the left road is less than the right one, i.e. k < k.
for a general non-increasing speed function ¢, approximating the problem through a
Godunov-type numerical scheme and proving standard compactness estimates;

e we numerically analyze the scenario with the maximum speed limit of the left road
greater than the right one, i.e. k; > k,;

e we numerically study the limit model as the support of the kernel function tends to
0.

Following [23], we recall the following definitions of solution.

Definition 1.1. We say that a function p € (L'NL®)([0, T] X R; [0, pmax]) 15 a weak solution
of the initial value problem (1.1) if for any test function ¢ € CL([0, T[xR;R)

T
/ / (pOrp + f(t, 7, p)0pp) dtdx + / po(2)p(0, z)dx = 0.
0o Jr R
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Definition 1.2. A function p € (L' NL>)([0,T] x R; [0, pmax)) is an entropy weak solution
of (1.1), if for all ¢ € [0, pmax), and any test function ¢ € CL([0, T[xR;R™)

T
| [1o=clontsento=atrte.o.p) = fit.o.e) oot
T
—/0 /*Sgn(p—c)f(t,x,c)xapd$dt~l—/R]po(x)—c|g0(0,:v)da:
T

T / ((k, — ke * wy)| (t,0)dt > 0.

The paper is organized as follows. In Section 2, we present a Godunov-type numerical
scheme that we use to discretize our problem. After that, in Section 3 we prove the existence
and uniqueness of weak entropy solutions with L> and BV bounds. Finally, in Section 4,
we show some numerical tests illustrating the behaviour of solutions and investigating the

limit model as the support of the kernel n — 0%.

2. NUMERICAL SCHEME

We introduce a uniform space mesh of width Ax and a time step At, subject to a CFL
condition, to be detailed later on. The spatial domain is discretized into uniform cells
I, = [:ztj,l/Q, Tjt1/2), where x4/ = x; + Ax/2 are the cell interfaces, and x; = jAx the cell
centers, in particular z = 0 where the flux function changes, falls at the midpoint of the cell
Iy = [x_1/2,21/2). We take Ax such that n = NAz for some N € N. Let t" = nAt be the
time mesh and A = At/Az. We aim to construct a finite volume approximate solution pa
such that pa(z,t) = p} for (t,z) € [t", t" ' [x[2;_1/2,2j41/2). To this end, we approximate

the initial datum py with the cell averages

0 1 Ti+1/2 ( )d
M= —— po(x)dz,
7 Ax Zi_1/2
1 rlk+D)Az _ .
we denote wy 1= x= [ A, wW(y)dy for k=0,...,N —1 and set the convolution term

N-1
R(.I‘j+1/2, tn) = (wn * pr)(xj_i_l/Q, tn) ~ Az Z wkp?+k+1.
k=0

In this way we can define the following finite volume scheme

(2.1) Pyt = pf = XN (F(xjg1/2, 05, Riyvap0) — F(ioayo, 1, Ry 1 )0)) s JEZ,

where F' is a modified Godunov numerical flux which is based on the scheme introduced in
(12, 17]

pu(R) ifxjiis <0,
(2.2) F(zji1/2,p, R) = ] e
pvr(R) if xj110 > 0.
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3. WELL-POSEDNESS

Lemma 3.1. Let hypotheses (1.3) hold. Given an initial datum such that 0 < p? < Pmax for
J € Z, the finite volume scheme (2.1)-(2.2) is such that

0 S p;H_l S pmaxa j 6 Z?

under the CFL condition

Az
3.1 At < min{ } :
(3.1) s=lr | Azwy(0) pmaxks ||¢ ||Lee + Es||?]|Lee

Proof. By induction, assume that 0 < p < pyax for all j € Z. Let us consider j # 0 and set

v(p) := ksp(p) for s = [, r. In this case, we can observe that

P;LH = P? — A (P?U(R?H/z) - pglflv(R;Llﬂ))
< P? + A (pmaXU<R?—1/2) - p?U(R?—f—lﬂ))
< P;L + A ((pmax - P?)U( ?71/2) + P?(U( ?71/2) - U(R;L+1/2))) 5

Using the hypothesis (1.2) on the kernel function w, and computing,

N-1 N-1
Ry g — Riyyp = A (Z WkPjk — Z wkp?JrkJrl)
k=0 k=0

N-1

= Ax wop}1 + Z(Wk - Wk71>p?+k + WN Pj+N — wNAPﬁN
k=1 =0

N
= Az (WOP? + Z(Wk - Wk—l)P?Jrk)

k=1
N

< Az ((.dop? + Z(Wk - Wkl)pmax>
k=1

= AIEWO (P;l - pmax) ’

we write

P <) A ((pmax — PR 1) — P (R)) Az (pmax — 7)) -
< ) A A (Es[[9]luee + Azwopmaxks |9 [[Le) (Pmax — 0] ) -

Under the CFL condition (3.1), we conclude p}”l < pmax for all j € Z*.

For j = 0, recalling the hypothesis v;(p) < v,.(p), we obtain
PSH =pp — A (ngT(R?/Q) - pilvl(Rzl/Q»
<py+A (pmaX'Ul(RCLI/Z) - ngr(R?m))
<ppt+A (pmaxvr(Rzlﬂ) - pgvr(R?ﬂ)) )

and we proceed as before. To prove the positivity p?**

2 0, we observe that

5 = 0 A (o (Rga) — o0l )
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> Py (1 - )‘U(R?+1/2))
> 0.

This concludes the proof. O

Remark 3.1. If v;(p) > v.(p) we can compute

pg+1 — pg p Uyr R1/2 p 1vl(R7—ll/2))

As
<py+A (Hp [Leovi (R 1/2) povi(Riy2) £ PSUI(REUz) + PSUZ(R?/z))
<p+ >‘( 10" |l — Py UZ<RCL1/2) + Pg(vl(RTil/z) - UI(R?/2)) + PS(UZ<R§L/2) - UT(R?Q)))
< p5 + Aol + Azwollp™ e [vgllLe) (lo™ e = o) + Allp" oo llor = v [l
< 1" e (1 4 Allor = vplee)

(K — k) ||Y| Lo '
Azwy (0) praxki|[¢||Lee + Fil|1h] Lo

We notice that we are not able to recover an upper bound for p} independent from the mesh

S pmax(1 +

in this case. See also [11, Remark 2.1].

Lemma 3.2 (L! norm). Let hypotheses (1.3) hold. If py € L'(R;R") then under the CFL
condition (3.1), the approximate solution pa constructed through the finite volume scheme
(2.1)-(2.2) satisfies

(3.2) lpa(t; Miee = llpollps s for all t > 0.

Proof. By induction, suppose that (3.2) holds for ¢ = nAt. Thanks to the positivity and

the conservative form of the numerical scheme (2.1) we have

Hpn+1HL1 _ szpn+l _ HP HLI .

JEZ

We now prove the L'-continuity in time by following the idea introduced in [22].

For the sake of simplicity we use the following notation throughout the proof, let us define
UI(R?+1/2)7 if j < -1/2,
v (R, ), i 5 >1/2.

Lemma 3.3. Set Ny = |T/At]|. Let pg € BV(R; [0, pmax]) with ||po|lg1 < 4o00. Assume that
the CFL condition (3.1) holds. Then, forn=20,...,Np — 1

(33) Az ot = py| < ALC(T),

JEZ

n -—
Ujt1/2 7=

where

C(T) = ePTPmbel¥ ) (b oot prna 9 e lwllg) ke TVA(p0).
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Proof. Fix j € Z, by (2.1) we have

Pt —pl

-1, n 1 1 n—1,n—1
PV 12 F 05 Vi — PG ;Z+1/2 Pj1Vj- 1/23|3P] 1Uj-1/2 T P51 1/2>

=0 = o = A (0 = ) A (e — )
11)%“ 12 p] 1( Vi_1/2 _U;L:f/z)>-

Observe that

N-1

n n—1 —1/2 n n—1 —1/2 n n—1
Vs = Ve = V(R o) (R — R ) = V(R ) A Z We(Pfr = Piin):
k=0

We write

. . " n— n—1/2 n n—
Py =) = (1= Avy1yn — Dzwipf) ,(Rj—l//2)))(pj —5)

N-1

1/2 n—
— MR Al — pimd) + M (o — pi))
k=0
N-1
n— n—1/2 n n—
+>\,0 1 /(RJ 1//2)A:L' Z wk(pj71+k_pj—ll+k)'
k=0,k£1

Thanks to the CFL condition (3.1)

L= A(vjy1/ — Aawipj” =y I(Rj—l//2)) > 0.
Taking the absolute value, we obtain

n n n n n—1/2
’ +1 pj’ <(1- )\(Uj+1/2 — Axwlp] 117/(Rj—1//2)))‘p] o pJ ‘
N-1
n—1/2 70 Ul w " "
— )‘U,(R]+1//2)pj WAz Y wrl o = Pl + A palopy — P57
k=0
N-1

n— n—1/2 n n—
— Api” ! /(Rj 1//2)A$ g Wk pj_14k — pj—11+l<: :
k=0,k£1

Multiplying by Az and summing over j, we get

> Algitt =1 <y Aalpy — g

JEZ JEZ
N-1
1/2 -
— QAZAxp" '( j 1//2)Al’ Z WE P14k — P?_11+k|
JEZL k=0,k#1
<> Axlp) -
JEZ

N-1

+ 20 |V [[Le Az D wi Y Azlph e — o

k=0k#1  jEZ
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N-1
< (1 + 2A prax ||V || L Az Z wk> ZAm\p? - p?_l\.

k=0 JEZ

Thus,

Z Ax\p?“ _ p?\ < e(2nAtpmax|[v'l|Lee) Z Ax]p; _ P?\-
jez JEZ
On the other hand,
Z Ax|ﬂjl‘ - ,0?| < At Z |P?Ul(R;L+1/2) - pgflvl(R?fl/”’ + At|Pglvl(R21/z) - ﬂgvr<R(1]/2)|
jEZ §<0

+ At Z |P?UT(R?+1/2> - P?—lvr(R?—uz”-

3>0

The first term of the right-hand side can be estimated as

Z ’P?UZ<R?+1/2) - p?—lvl(R?—l/Q)l

j<0
< ol Z |P? - P?—1| + Pmax |07l o Z |R§L+1/2 - R?—1/2|
7<0 7<0
N-1
< vl oo Z |P?‘ - P?—1| + Pmax ||V Lo Z Z Azwy, ’:0?+k+1 - p;‘)+k{
j<0 §<0 k=0
< (loullgee + pmax 1oilloe Nollg) D 105 = -4,
§<0
Analogously,

D 1050r (R 1j0) = Aion(RD 1 o)l < (oo + pamax 07 e lwll) D 105 = £5al.

7>0 7>0

and by hypothesis (1.3)

|P[l1”l(Rg1/2) - ngr(R?/Qﬂ < |P(11Ur(R(11/2) - PBUT(R&)/QM-

Finally,
> Azlp) — o] < At ([l + pumas ¥ | ol 0) BTV (po).
JEZ
This completes the proof. U

3.1. Spatial BV estimates.

Lemma 3.4. Let py € L NBV(R; [0, pmax|). Assume that the CFL condition (3.1) holds.
For any interval [a,b] C R such that 0 ¢ [a,b], fix ¢ > 0 such that 2¢ < min{|a|, |b|} and
q > Ax. Then, for anyn =1,..., Ny — 1 the following estimate holds:

c(T
Z }p?Jrl - /)ﬂ < kT (TV(po) + 2—<q ) + ICQT) ,

jed}

with 3o ={j € Z : a < x; < b}.
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Proof. Let
Ma={j€Z zj1p€la—q—Ax,a}, Na={j€Z:xjip€bb+q+Az]}.

By the assumptions on ¢, observe that there are at least 2 elements in each of the sets above,
ie. |[Mal, INal > 2. Moreover, |Ma| Az > g and [Na| Az > ¢q. By Lemma 3.3 there exists
a constant C'(T") such that

Nr—1

(3.4) Az Y ot = ppl < C(T),

n=0 j€Z

with C'(T) as in Lemma 3.3. When restricting the sum over j in the set M, respectively
Na, it follows that

NT 1 NT 1
(3.5) Az Z Z it —pl| < C(T), Az Z Z it — pl| < C(T).
n=0 JGMA n=0 ]GNA

Let us choose j, € Ma and j, with j, + 1 € N such that

NT 1 NT 1
Z ’anrl p]a’ _ mm Z ’ ntl _
Np—1 Np—1

2 15— el = in D 15 = o)
n=0

Thus,
Np—1
Z it — ¢ o0
]a |MA’ Ax q
NTZli g < < CD)
o p]b+1 p]b+1 — ‘NA’ ASL‘ — q
We observe that
Jp—1
(3.6) Z ori = oy = oS = o D e o e — e
J=Ja J=Jja+1

Let us focus on the central sum on the right-hand side of (3.6).

We write
n+1 n+1 n __ n
Pist — P = Aj — ABj,

with
A;‘L = (1- /\U;L+3/2)(P?+1 :0]) + Avj +1/2(P PJ 1)
B? = P?(U?+3/2 - U;'l+1/2) - pj—l(vj+1/2 - Uj—1/2)-

Taking the absolute value and summing,

Jr—1 Jp—1

DA< D 1o = P+ A el — P = N el — -
j:ja+1 j:ja+1
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On the other hand,

B? :/)j(vjﬂw/z - U?+1/2) - Pj*1<v~71‘1+1/2 - U;‘tl/Q)
:PjU/(R?H) (R?+3/2 - R?+1/2) - Pj—lvl(R?) (R?+1/2 - R?—1/2)
:ijI(R?H) ( ?+3/2 - ;L+1/2)
+ Pj—lv,(R?H) (R?+3/2 - R?+1/2) - Pj—lU/(R?) (R;‘L+1/2 - R;‘L—l/2)
:(Pj - ijl)vl(éyﬂ) ( ;'L+3/2 - ?+1/2)
+ Pj—lvl(éﬁl) (R?+3/2 — 2R+ R?—l/z)

+ ,Oj—lvﬂ(R?—l-lM) (R?+1/2 o R?—1/2) (R?H B R?> ’

where R} € Z(R}_, 5, R}, )

and R" |, EI(R?, R ).

j+1/ j+1

By the assumptions (1.3) on the kernel function and defining wy := 0, we get

N-1
‘ ;‘L+1/2 - ?—1/2‘ = |Azx Z Wk(ﬂ?+k+1 - P?+k)
k=0
= Ax —Wop; + Z(Wk—l - wk)Pch + WN-1Pj1N
k=0
< Az (wy(0) prmax + | || g0 [12]1L1) -
and

N-1 N-1 N-1
| a2 — 2R+ R?71/2’ = |Ax <Z WePj gz — 2 Z WkPj i1 T Z Wkp?+k> ‘
k= k=0 k=0

=

Nf
=|Ax < (Wh—1 = 2wk + Wri1) P 1 hpa
k=1

+ wyv-1(pfin — Pien) + v (Wy—2 — wr-1)

+wo(p) — p1) + P (w1 — wp)) |

N-1
Az <Z(wk—l - 2wk + Wk+1)ﬂ?+k+1

k=1

1 7
+ Ar (wy-1 _WN>Pj+N+1A5’7
=0

n n n W1 Wo
Fwo(p — pia) + Azpjy A—x)

< (A2)* [l g lpllgs + 2(82) a6 | + Azl — pjal.
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Ry, — R}

J

Now, we compute,

I

(R = B = 0R a0+ (1= OV} yo = nR g — (1= 0)RY o < 302 ool

for some 6, u € [0,1]. We end up with
|87 | <Az(wy(0) pmax + [ llee | olles) 1V | |25 = 051 ]
+ (A2)? ([ | oo ol 19| Lo + 20mas | oo 10 llpee) |51 ]
+ A2y (0) [0/l pe P [ 971 — 25 ]
2 n
43080 (1 el s+ 00O 10 e 1]

Summing,
Bl Jo—1
A IB < Atwy(0)pmas + [l e llpllu) 1V ls) Y [0F = £f ]
J=Jja+1 J=Ja+1
Jp—1
+ALAT (|l goe 1Ml 11V [lgoe + 2pma 19 1o [V 11g0e) Y [05o]
Jj=Jja+1
Jo—1
+Atw7](0) ”U/HLoo Prmax Z ‘p?—&-l - p?’
j:ja+1
Jo—1
2 n
+3ALAT (|| [ [[llu + wn(0)pma)* 10"l Y [0]-4]
j:ja+1
gl jp—1 Jp—1
< NIK D o =gl + AtAaKy D [pjal + &K Y [pfa -l
Jj=Ja+1 Jj=Ja+1 J=Jjat+1

where I = (wr](o)pmax + Hw/HLO"HpHLl) H’U,HLoo )
2
Ky = ([0 lgee Mol [V [ goo + 2omas [0 oo 10| poe )43 ([[w'[[Loe I pllLs + @iy (0) pmax) ™ 1V e

and Ky = wy(0) [[v[| e pmax-

We are left with the boundary terms in (3.6). For j = j,, we have

P?,:rﬁ P?jl _PZH - )‘U?+3/2(PZ+1 - P;La) + )\p?a (%’13/2 - U?H/z) /)Zjl + P;La

=(1- )‘U?+3/2)P?a+1 + /\U?+3/2P;‘la + /\P;‘La (U?+3/2 - U;L+1/2) Pja T+ Pja
=(1- )‘U;'l+3/2)<,0?a+1 - P?C)

+ A0} (Va0 — Vi)

+ 05, = oyt
Proceed similarly for j = j,
n+1 n+1 n—+1 n n n n n n n n
it = P =P = PG, T A (05, — PG 1) — ARG 1 (V] page — U5, ape) E 51
n+1

_ n
=Pjy+1 ~ Pyl

+ pjb+1 - p?b
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n T n
+ Mg a2 (05, — Pj,-1)
n n n
- )‘ij71<vjb+1/2 - Ujrl/2>'

Collecting the terms, taking the absolute value and summing over j

Jb Jp—1
Dol = ot = e = ot D e = e [
J=Ja J=Jja+1
Jp—1
<lopih = ot D (AT A BY]) + [t — o
j=ja+1
S(l - /\U;'la+3/2) ‘P;'laﬂ - P;'la + /\P;'La U;'la+3/2 - U;'la+1/2‘ + ’P}la - P;Lj1|
Jp—1
+ Z |p;'l+1 - P;l| + /\UZI+3/2|P?Q+1 - P;'la| - )‘U;‘lb+1/2|p;'lb - p;,—1|
j=ja+1
Jp—1 Jp—1 Jp—1
FAK Y |pr = | AATK > (e ALK > e — e
j=jat1 j=jat1 j=ja+1

+ ‘p?b—:ll - p?b+1‘ + ‘p?b-l-l - p.?b‘

n n n n n n
F MG |05, P A1 [V g — Ve

Jb
=|py, = o+ 1o = p)

J=Ja
+ A0, (Vrare = Vo] 10550 = P
Jp—1 Jp—1 Jo—1
FAK Y |pr = | AATK > (e + A > e — e
j=ja+1 J=ja+1 J=ja+1

T n n
+ Apj, 1 ‘”jb+1/2 - ”jb—1/2|

Jb
<o} = ot 4 (L4 2AtK) > 1oty — o7l + |y — ol 4| + ALK,

J=Ja
where K3 = 2pmaxKC + [|pll;: K1. By a standard iterative procedure we can deduce, for
1<n< Npr— 1,

S +1 1 et (= o 0 C(T)
Z|p?+1—p?+ |§€ Z|Pj+1_Pj|+QT+/C3T )

J=Ja J=Ja

This concludes the proof because [a,b] C [zj,, Tj,+1]- O

3.2. Discrete Entropy Inequality. Next we show that the approximate solution obtained

by the scheme (2.1) fulfills a discrete entropy inequality. Let us define
Giprp(u) =wvjipyy,  Fipp(u) = Giap(uVe) = Gip(uic)

with a V b = max{a, b} and a A b = min{a, b}.
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Lemma 3.5. Let p} for j € Z andn € N given by (2.1), and let the CFL condition (3.1)
and the hypothesis (1.3) hold. Then we have

i | = |} — <]

(3.8) T AMFfa12(05) = Fiaya(pj—1)) + )\sgn(p}”l —)e(Vf 172 = Vj 1) <O

forallj € Z, n € N and ¢ € [0, prmax]-

Proof. For a complete proof see [17, Section 3.4].

3.3. Convergence to entropy solution.

Theorem 3.1. Let pg € BVNL™®(R, [0, prmax]). Let Az — 0 with A = XL constant and satis-
fying the CFL condition (3.1). The sequence of approzimate solution pa constructed through
finite volume scheme (2.1)-(2.2) converges in Li._ to a function in L>([0,T] x R; [0, pmax))

loc

such that | plly, = llpolly

Proof. Lemma 3.1 ensures that the sequence of approximate solutions pa is bounded in L.
Lemma 3.3 proves the L!—continuity in time of the sequence pa, while Lemma 3.4 guarantees
a bound on the spatial total variation in any interval [a, b] not containing x = 0. Applying
standard compactness results we have that for any interval [a, b] not containing = = 0, there
exists a subsequence, still denoted by pa converging in L*([0, T| X [a, b]; [0, pmax))- Let us take
a countable set of intervals [a;, b;| such that U;[a;, b;] = R*, using a standard diagonal process,
we can extract a subsequence, still denoted by pa, converging in Li ([0,7] x R; [0, pmax])

and almost everywhere in [0,7] x R, to a function p € L*([0, 7] x R; [0, pmax])- O

Lemma 3.6. Let p(t,z) be a weak solution constructed as the limit of approximations pa
generated by the Godunov scheme (2.1) and let ¢ € [0, pmax). Let ¢ € D(R* x [0,T)). Then
the following entropy inequality is satisfied:

T
| [~ cliowaat
0 R

+ sgn(p — o) (f(t,z,p) — f(t,z,c))p, dedt
iy

—/T/sgn(p—c)&xf(t,x,c)godxdt
o Jr

+ /_OO |po(z) — ¢|p(0, z)dz > 0.

o0

Proof. Let ¢ be a test function of the type described in the statement of the lemma and set
¢} = @(t",z;). Let us denote A_p; = p; — pj_1. We multiply the cell entropy inequality
(3.8) by ¢} Az, and then sum by parts to get

(310)  AxArd 3 [t =l (gt - e /At+ AnY | |

n>0 j€Z j
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(3.11) +ATALY N CF Al Ax
n>0 jEZ

(3.12) - Aa:AtZ Z sgn(p ”+1 c)cA v /Ax > 0.
n>0 jEZ

By Lebesgue’s dominated convergence theorem as A := (Ax, At) — 0

T o'}
(3.10) — / / lp — | prdadt +/ |po(x) — ¢|e(0, z)dx,
0o Jr oo
and
(3.11) —>/ /Sgn —o)(f(t,x,p) — f(t,x,c))p, dedt.

Now let us study the sum (3.12) and we have

(3.12) =
(3.13) — AxAtZ Z sgn(p "H c)cA _vjy1 0] /A
n>0 jEZ
j<-1
(3.14) — AzAt Z Z sgn(p "+1 c)cA v ) /AT
n>0 jez
j>1
(3.15) — AxAt Z sgn(pgth — c)c A vy o /A
n>0

The support of the test function ¢ does not include the discontinuity flux point 0, for this
reason we consider ¢y = 0 according to our discretization. The sum (3.15) is equal to zero

because ¢y = 0. Finally,

T 0 T oo
(3.13)+(3.14) — —/0 / sgn(p—c)0.f(t,x, c)p dxdt—/o /o sgn(p—c)0, f(t, z, c)p dzdt.
U

Lemma 3.7. Let p(t,z) be a weak solution constructed as the limit of approximations pa
generated by the scheme (2.1) and let ¢ € [0, pmax]. Let @ € CLR x [0,T)). Then the

following entropy inequality is satisfied:

T
/0 /R|:0 - C| Pr +sgn (:0 - C)(f(t,l‘,p) - f(tvx>c>>awwdxdt

T
" / / 10 St c)edrdt + / (@) — ¢ (0, 2)dx

T
+ /0 [(ky — ke (p  w,)| o(t, 0)dt > 0.

Proof. Let ¢ be a test function of the type described in the statement of the lemma and set
@} = (", ;). There exist T > 0 and R > 0 such that ¢(¢,2) = 0 for t > T" and |z| > R.

Our starting point is the following cell entropy inequality which is a consequence of (3.8).

(3.16) o5 = e <o} — | = ATy + A |eA ]y |
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We multiply (3.16) by @7 Ar, and then sum by parts to get

(3.17) AwAtZ Z | —c|(eh = ) /At + sz P9 —c|¢)
n>0 jEZ 7
(3.18) +ATALY Y Fp (Al Ax)
n>0 jEZ
(3.19) +ATALY Y CeA vl | 67/ Ax > 0.
n>0 jeZ

By Lebesgue’s dominated convergence theorem as A := (Az, At) — 0,

T oo
(3.17) — / / lp — | prdadt + / |po(z) — ¢|e(0, z)dz.
o Jr oo

Following the same standard arguments as in Lemma 3.6, the sum (3.18) converges to

/0 /ngn (0 =) (f(t,x,p) = f(t ;) Outp du dt.

Now we can rewrite the sum (3.19)

(3.20) AzAEY N [eA vl | o)/ Ax
n>0 jez
j<—1
(3.21) + AzAt Z Z ‘CA_U?H/Q‘ ¢ [ Ax
n>0 jEZ
Jj=1
(3.22) + At Z |cA_v’f/2‘ g -
n>0

At this point, we can observe that as A := (Ax, At) - 0

T
(3.20) + (3.21) — /O /R\{O} £t 2, ¢) o da dt

322) = [ (ks = B)ev(p )] o(t,0)d

0

Theorem 3.2. Let p(t,x) be a weak solution constructed as the limit of approximations

pa generated by the scheme (2.1) and let ¢ € [0, pmax). Then p(t,x) is an entropy solution

satisfying the Definition 1.2.

Proof. Let 0 < ¢ € C([0,T) x R). We set 7 = o(t", z;). For ¢ > 0, define the set

o5 ={(t,x) € [0,T) x Rlz € (—¢,e), t € [0,T)}.

For each sufficiently small ¢ > 0 we can write the test function ¢ as a sum of two test

functions, one having support away from the set X := o and the other with support in 3.

We take test functions ¢°, a¢ € CL([0,7T) x R) such that

o(t,z) =Y (t,z) + a(t,x), 0<y*(t,x) < p(t,x), 0<a(t,z) <ot ),
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where 1° has support located around the jump in 0

supp(¢°) C ag,
¢6(t7 O) = Qp(ta 0)7

and o vanishes around the jump, i.e.
supp(a®) C [0,T) x R".
We can take this decomposition in such way that

(3.23) o — ¢ inLY0,T)xR), ° —0 inL'([0,7)xR)

15

as ¢ — 0. By applying Lemma 3.6 with the test function o and Lemma 3.7 with ¢, and

summing the two entropy inequalities, using ¢ = ¢° + af along with °(0,t) = ¢(0,1) to get

T
/ / (Ip — clprdadt
0 R

w [ [senlo=a(ta.p) = 6.2, 0ot
—/T/sgn(p—c)f(t,a:, c) o dxdt
o Jr
—i—/o . |f(t,x,¢))e| Y°dxdt
T
# [ 100 = Bevp ) (2,00

+ /_OO lpo(x) — ¢|p(0, z)dz > 0.

o0

Thanks to (3.23), we can complete the proof by sending ¢ — 0.

3.4. L'-Stability and uniqueness.

Theorem 3.3. Assume the hypothesis (1.3). If p and p are two entropy solutions of (1.1)

in the sense of Definition (1.2) , the following inequality holds

(3.24) [p(t, ) — p(t, ')HLl(R) < N1 (0, ) = p(0, ')HLl(R) )

for almost every 0 <t < T and some suitable constant K(T') > 0.

Proof. For a complete proof see [11, Section 4].

4. NUMERICAL TESTS

In the following numerical tests, we solve (1.1) numerically in the intervals x € [—2, 2] and

t € [0,7]. We propose two tests in order to illustrate the dynamics of the model (1.1) and

compare with the local cases, by using the Godunov-type scheme for different discretizations.
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() (b)
. T T T 1 . 1
0.9 0.9
0.8 0.8
’ 0.7 . 0.7
) 0.6 : 0.6
. 0.5 . 0.5
] 0.4 ! 0.4
0.3 0.3
’ 0.2 . 0.2
. 0.1 01 0.1
0 | —015 6 0‘. 2 ° ° i —0‘.5 0 015 1 15 2 0
X X

-2 -1.5 -1 -2 -1.5 -1
Figure 1. Numerical approximation at time ¢ € [0,0.8]. (a) Example 1 Case
v(p) < vr(p). (b) Example 2 Case vi(p) > vr(p). Note that in the right figure the

maximal density exceeds 1 but it is still visualized by the dark red color.

5 1 15

For each integration, we set At to satisfy the CFL condition (3.1).

For the tests we consider w,(z) = 3(";—?)2 for 0 < x < n, and absorbing boundary
conditions. The reference solution is computed according to the scheme (2.1)-(2.2) and

Az = 1/3200.
4.1. Example 1 Case v;(p) < v,(p). We consider the initial condition

0.7 z€[-1.2,0.78]
po(x) =

0.2 otherwise
and velocity functions v;(p) = (1 —p) and v,.(p) = 2(1 — p) which satisfy the hypothesis (1.3).
In Fig 1 we show the evolution of pa(+,t) for t € [0,0.8] with Az = 1/400 and we can notice
a shock emerging at position = 0 due to the discontinuity in the flux function. In Fig
2 we display numerical approximation at simulation time 7" = 0.7 and compare numerical
approximations for Ax = 1/100 and Ax = 1/400 with respect to the reference solution. The

Ll-error for different Az is computed in Table 1.

Example 1 Example 2
Ax | Lt-error | E.O.A. || L'-error | E.O.A.
o5 | 2.7e — 2 - 1.9¢ — 2 —
505 | Lde—2| 09 | 1le—2| 08
ﬁ 6.5e—3| 1.0 5.8 —3| 09
w5 129 —3| 11 [29—3| 10
oG | 1L0e—3| 15 |12e—3| 13

Table 1. Examples 1 and 2. L'-error and Experimental Order of Accuracy.
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— — Initial cond
——Ax=1/100 i 0.7 — = = m e m i mm i m i — oo
——Ax=1/400

— Reference Solution

0.71

0.6F 06l

0.3r 0.3r

- = Initial cond
——Ax=1/100
oopmsd |4 o 0.2H{ ——Ax=1/400
— Reference Solution

2 -0.5 0 0.5

Figure 2. Example 1. Case v;(p) < vy(p). (a) Numerical approximation at time

T = 0.7 and comparison with the reference solution. (b) Zooming in a specific area.

(a) (b)
‘ ‘ — Reference solution 16 T

- — Initial cond - -Ax=1/100

d 1.5F —+—A x=1/200

-+ A x=1/400
-~ -Ax=1/800

- % -Ax=1/1600
—— Reference solution [

pA
o
e}
X

0.91

0.8

0.7F

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 -0.05 0 0.05

Figure 3. Example 2. Case v;(p) > vy(p). (a) Numerical approximation at time

T = 0.1 (b) Zooming in a specific area.

4.2. Example 2: Case v;(p) > v,(p). In this example, we consider the same parameters
as in Example 1 with k; = 2 > 1 = k,, this means that the velocity function doesn’t satisfies
the hypothesis (1.3). In this case, the result of Lemma 3.1 is not valid. In Figs 3 we can
observe that solution at time 7' = 0.1 is greater than 1 even when initial condition satisfies
po € [0,1]. Furthermore, we can observe that the approximate solution seems to converge,

at least numerically, to a function that does not satisfy Lemma 3.1, see Table 1.

4.3. Example 3: Limit n — 0%. In this example, we investigate the numerical convergence
of the approximate solution computed with the numerical scheme (2.1)-(2.2) to the solution
of the local conservation law with discontinuous flux under hypothesis (1.3), as the support
of the kernel function w;, tends to 07. In particular, we consider an approximation at 7" = 0.7
with fixed Az = 1/1600 and n = {0.1,0.05,0.01,0.005}. To evaluate the convergence, we

compute the L' distance between the approximate solution of the non-local problem with a
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n=0.1

.71 - - =0.05|
\ —n=0.01
0.6 : N\ —Local
|
|
0.5F i
. i
x | I
o’ 0.4f |
|
|
03 | !
| 1
' :
0.2 - )
=
01 L L L L L L
-1.5 -1 -0.5 0 0.5 1 15 2

Figure 4. Example 3. Limit 7 — 0", numerical approximations at final time
T = 0.7 with Az = 1/3200.

n 0.1 0.05 0.01 0.005
L! distance | 9.6e-2 6.1e-2 1.6e-2 7.8e-3

Table 2. Example 3. L! distance between the approximate solutions to the

nonlocal problem and the local problem for different values of n at T' = 0.7 with
Az = 1/1600.

given 1 and the results of the classical Godunov scheme for the corresponding local problem.
In Table 2, we can observe than the L! distance goes to zero when n — 0. The results are

illustrated in Fig 4.

5. CONCLUSIONS AND DISCUSSIONS

In this paper, we studied a nonlocal conservation law whose flux function is of the form
H(—x)pu(wy, * p) + H(z)pv,(w, * p), with a single spatial discontinuity at x = 0 and the
velocity functions satisfies the hypothesis (1.3). We approximated the problem through a
Godunov-type numerical scheme, which is a general version of the scheme proposed in [17],
and provided L*° and BV estimates for the approximate solutions. Numerical simulations
illustrate the dynamics of the studied model and corroborate the convergence of the numerical
scheme. The limit model as the kernel support tends to zero is numerically investigated. In
the case k; < k, we have proved the well-possedness, i.e., existence and uniqueness of a weak
entropy solution. On the contrary, in the case k, < k;, we are not able to prove L*™ and
BV bounds, and we can see that the solution exceeds 1 from the numerical tests. For this
reason, this case is not suitable to describe traffic flow scenarios. In a future work, we would
like to consider more general velocity functions allowing the fluxes to cross, like in the local

discontinuous cases, see [22, 23, 24].
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