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DIVERGENCE-CONFORMING METHODS FOR TRANSIENT DOUBLY-DIFFUSIVE
FLOWS: A PRIORI AND A POSTERIORI ERROR ANALYSIS

RAIMUND BURGER, ARBAZ KHAN, PAUL E. MENDEZ7 AND RICARDO RUIZ-BAIER

ABSTRACT. The analysis of the double-diffusion model and H(div)-conforming method introduced in [Biirger,
Méndez, Ruiz-Baier, SINUM (2019), 57:1318-1343] is extended to the time-dependent case. In addition, the
efficiency and reliability analysis of residual-based a posteriori error estimators for the steady, semi-discrete, and
fully discrete problems is established. The resulting methods are applied to simulate the sedimentation of small
particles in salinity-driven flows. The method consists of Brezzi-Douglas-Marini approximations for velocity and
compatible piecewise discontinuous pressures, whereas Lagrangian elements are used for concentration and salinity
distribution. Numerical tests confirm the properties of the proposed family of schemes and of the adaptive strategy
guided by the a posteriori error indicator.

1. INTRODUCTION AND PROBLEM FORMULATION

1.1. Scope. A number of physical problems of relevance in industrial applications involve coupled incompressible
flow and double-diffusion transport. We are interested in numerical schemes for the approximation of a class of
coupled equations that arise as models of sedimentation of small particles under the effect of salinity of the
ambient fluid. The governing model can be stated as follows (cf., e.g., [19, 33]):

1
du+u-Vu=div(v(c)Vu) — —Vp+£g, (1.1a)
divu = 0, (1.1b)
1
Os+u-Vs= §V23, (1.1c)
1
O+ (u — vpe,) - Ve = @VQQ (1.1d)

posed on a spatial domain Q@ C R%, d = 2 or d = 3, where t € (0,tcpnq] is time, u is the fluid velocity, v is the
concentration-dependent viscosity, pn, is the mean density of the fluid, p is the fluid pressure, p is density, g is
the gravity acceleration, s is the salinity concentration, ¢ is the concentration of solid particles, Sc = vyef/Ks is
the Schmidt number, where kg is the diffusivity of salinity, v.¢ is a reference viscosity in the absence of solid
particles, and 7 = Ks/k. is the inverse of the diffusivity ratio, where k. is the diffusivity of solid particles, and e,
is the upward-pointing unit vector. We relate the densities through a linearised equation of state

p = pmlas + B).

Again as in [19, 33], the solid particles are assumed mono-sized with radius r, and settle at dimensionless veloc-
ity v, = vst/ (Veetg’) /3, where vg = 212 (Pp — Pm) 3/ (Ipmlrer) is the Stokes velocity (settling velocity of a single
particle in an unbounded fluid). The coupling mechanisms between flow and transport are only due to advection
for concentration and salinity (where the advecting velocity for concentration, u — vpe,, is also divergence-free),
and through the concentration-dependent viscosity. Further details are provided in later parts of the paper.
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To put the paper further into the proper perspective, we mention that there exists an abundant body of
literature devoted to constructing accurate finite element and related schemes for doubly-diffusive flows. Some re-
cent contributions include variational multiscale stabilised schemes, least-squares methods, divergence-conforming
mixed methods, volume-averaging discretisations, spectral elements, vorticity-based finite element formulations,
and similar methods applied to, e.g., flows with heat and mass transport [1], reactive Boussinesq flows [2], nonlin-
ear advection-reaction-diffusion in the context of bioconvective flows [10, 31], cross-diffusion and boundary layer
effects in doubly-diffusive Navier-Stokes-Brinkman equations [18, 20] and in Darcy-Brinkman equations [39], or
phase change models [21, 38, 40, 41]; where the list is far from exhaustive.

The solvability analysis for the continuous and discrete problems usually follows energy and fixed-point schemes
as done for classical Boussinesq equations, and this is also the approach we follow here. The discretisation in space
uses an interior penalty divergence-conforming method for the flow equations (in this case, Brezzi-Douglas-Marini
(BDM) elements of degree k > 1 for the velocity and discontinuous elements of degree k — 1 for the pressure
following [11, 29]), combined with Lagrangian elements for the diffusive quantities, and the development stands
as a natural extension of the formulation in [18] to the transient case. As such, it also features exactly divergence-
free velocity approximations ensuring local conservativity and energy stability, and the error estimates of velocity
are pressure-robust. The chosen time discretisation is the backward differentiation formula of degree 2 (BDF2),
which for k = 2 gives a method of order 2 in space and time. Existence of discrete solutions is established by
the Brouwer fixed-point theory similarly as in [18], and the error analysis in the semi-discrete and fully-discrete
settings is adapted from the theory of [5] for the Boussinesq equations.

In many applications where double-diffusion effects occur, complicated flow patterns exist in zones far from
boundary layers and sufficiently refined meshes are needed essentially in the whole spatial domain. However,
for salinity-driven settling of solid particles that result in mathematical models such as (1.1), many of the flow
features are clustered near zones of high-gradients of concentration, which is where the typical plumes are observed
[19, 31]. This motivates the use of adaptive mesh refinement guided by a posteriori error indicators. For instance,
in the context of phase change models there are some results based on error-related metric change [21, 34] and
on goal-oriented adaptivity [41]. Regarding the design and rigorous analysis of residual-based a posteriori error
estimators for flow-transport couplings, the literature is predominantly focused on the stationary case (see, e.g.,
[3, 6, 7, 9, 13, 22, 37, 42] and the references therein). Only a few results are available for the time-dependent
regime, from which we mention the adaptive mixed method for Richards equation in porous media [15], the
remeshing scheme based on goal-oriented adaptivity for solidification problems advanced in [14], the collection of
adaptive schemes for reactive flow discussed in [16] and for heat transfer in [30]. However, none of these theoretical
frameworks is directly applicable to (1.1) using divergence-conforming approximations.

The a posteriori error analysis we advance here is of residual type, and its analysis uses ideas from the abstract
results related to spatial estimators for discontinuous Galerkin schemes applied to parabolic problems in [24]. The
approach hinges on a decomposition of the discrete solution into a conforming and a non-conforming contribution,
along with a reconstruction technique (see also [32]). This has also been exploited for the construction of a
posteriori estimators of time-dependent Stokes and Navier-Stokes equations [12, 43]. Our a posteriori error
analysis is divided into three parts. In first part, we present the error estimator for the steady coupled problem.
In second part, we extend the a posteriori error estimation to the semi-discrete method, and finally we present
the a posteriori error estimator for the unsteady coupled problem. We restrict that part of the analysis to the
simpler backward Euler method. To the best of our knowledge, the a posteriori error estimation advanced in this
paper is the first comprehensive study targeted for transient doubly-diffusive flows.

The remainder of this paper is organised as follows. In what is left of this section we outline the weak
formulation of (1.1) and state the stability the continuous problem. In Section 2 we introduce the divergence-
conforming method in fully discrete form, show existence of discrete solutions using fixed-point arguments, and
rigorously establish a priori error estimates. Section 3 is devoted to the construction and analysis of efficiency
and reliability for a residual-based a posteriori error estimator tailored for the stationary problem. In turn, these
upper and lower bounds are used to establish properties of a second family of estimators for the transient case,
and addressed in Sections 4 and 5. In Section 6 we collect numerical tests that verify the theoretical convergence
rates predicted by the a priori error analysis, confirm the robustness of the proposed a posteriori error estimators,
and illustrate the advantages of adaptive methods in the simulation of doubly-diffusive flows.

1.2. Preliminaries. Let Q be an open and bounded domain in R%, d = 2,3 with Lipschitz boundary I" = 9.
We denote by LP(Q) and W™P(Q) the usual Lebesgue and Sobolev spaces with respective norms |[|-[|z»(o) and
-l (). If p =2 we write H"(£2) in place of W"P(Q), and denote the corresponding norm by ||-[|-.q, ([-]lo,e
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for HO(Q2) = L%(Q)). The space L3(£2) denotes the restriction of L?(Q) to functions with zero mean value over (2.
For r > 0, we write the H"-seminorm as |-|,. and we denote by (-,-)q the usual inner product in L?(£2). Spaces
of vector-valued functions (in dimension d) are denoted in bold face, i.e., H"(2) = [H"(Q)]?, and we use the
vector-valued Hilbert spaces

H(div; Q) == {w € L*(Q) : divw € L*(Q)},
H, (div; ) == {w € H(div; Q) : w - npo = 0 on 90},
Hy (div%; Q) == {w € Ho(div; Q) : divew = 0 in Q},

where npq denotes the outward normal on 0€; and we endow these spaces with the norm ||-||aiv,q defined
by (w30 = llw]l§ o + ldivw][§ . We denote by L*(0, tena; W™P(R2)) the Banach space of all L*-integrable
functions from [0, fena] into WP (Q), with norm

tond 1/s
V()| 3 m.p oy At if 1 <5< o0,
e = ( [ 1O limaa )

eSS SUP e, 1a) V(O Wmn(e)  if s = occ.

[[o

1.3. Additional assumptions and weak formulation. Asin, e.g., [22], we assume that viscosity is a Lipschitz
continuous and uniformly bounded function of concentration, i.e.,

|v(cr) —v(e)| < Lyler — 2| and vy < w(c) < 1o,
for any ¢, c1,co € R, and where L,, v, 5 are positive constants.

For simplicity of notation in presenting the analysis we will restrict the weak form to the case of homogeneous
Dirichlet boundary conditions for velocity, concentration, and salinity. Testing each equation in problem (1.1)
against suitable functions and integrating by parts whenever adequate, gives the following weak formulation: For
all t € (0,tenal, find (u,p,s,c) € H{(Q) x L3(Q) x H}(Q) x HL(Q) such that

(Osu,v)q + ay(c;u, v) + c1(u;u,v) + b(v,p) = F(s,c,v) for all v € H5(Q), (
b(u,q) =0 forall g € L3(Q), (
(Dus, 0)a + as(s, ) + ca(u;5,0) =0 for all p € Hy(9), (

2a
.2b
.2¢

»—lH»—l

)
)
)
(Orc, ) + 1a2( ) + ca(u — vpes;c, ) =0 for all ¢ € HY(Q), (1.2d)

where the bilinear and trilinear forms a; : H}(Q) x HA(Q) x HY(Q) — R, ax : HY(Q) x HY(Q) — R, b :
H(Q) x L3(2) = R, ¢; : HE(Q) x H{(Q) x H(Q) — R, ¢z : HY(Q) x HL(Q) x HL(Q) — R, as well as the linear
functional F : H}(Q2) — R, are defined as follows for all u,v,w € H{(Q), ¢ € L3(Q2), and ¢,¢ € H}(Q):

a1(¢;u,v) == (v(c)Vu, Vo), cl('w'u v) = ((w-V)u,v),, F(s,c,v)=(as+pBc)(g,v)a,

b(v, q) = pi<q,divv>g, w(p.0) = (Ve Vo, ea(vip,) = (v V), ),

1.4. Stability of the continuous problem. We begin with he following auxiliary result
Lemma 1.1. For d = 2 the following inequality holds:

1v]1Zs(0) < V2[vlloalvlo-

The variational forms defined above are continuous for all w,v, € H}(Q), ¢ € L3(2), and ¢, € HE(Q):

a1 (- u,0)| < Collulhiellolie.  az(e,9)] < Callelallvlie, (1.3a)
|b(v,q)| < Cy (1.3b)
le1(wiu,v)| < Cellwlhalulhelvlie,  |elwe,v)| < Colluligllelieldlhe. (1.3c)

We also recall (from [26, Chapter I, Lemma 3.1], for instance) the following Poincaré-Friedrichs inequality:
llulloo < Cplulin for all u € Hj(Q). (1.4)

Next, using (1.4) readily gives the coercivity of as and also, for a fixed concentration, that of a4, i.e.,
a1(-v,v) > aqv[[] o for all v € H}(Q), (1.5a)
az(p.p) 2 aallelfq  forall p € Hy(Q). (1.5b)
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Using the definition and characterisation of the kernel of b(-, -)
X :={veH{() : b(v,q) =0Vqe L§( )} = {v e HY(Q) : divo =0in Q},
and using integration by parts we can readily observe that
c1(w;v,v) =0 and ca(w; p,0) =0 for all w € X,v € H'(Q),9 € H'(Q). (1.6)
It is well known that the bilinear form b(-,-) satisfies the inf-sup condition (see, e.g., [35]):

b(v,q)
sup
veH(Q)\{0} [v]l1,0

> Bllgllon  for all ¢ € L(R).

Finally, for v € W1>°(Q) and ¢ € W1°(Q) there exists an embedding constant C, > 0 such that
[vl1,0 < Cxollvllwre@) and  [[ollie < Cllollwr=@)-

Lemma 1.2 (Stability). If g € L?(t,tena; L?(Q2)), ug € L2(Q) and so,co € L?(Q), then, for any solution u, s, c
of (1.2) and for t € (0,tend], there exists a constant v > 0 such that

lullz2 o, () + 18]l 200,601 0y + llellz2 0,601 @) < ¥(Ilwollo,e + [Isolloe + llcollo.),
where 7y depends on M, S¢, P, pm, Cp, ||9]lco,0, @ and B.

Proof. We can take u on X and due to the inf-sup condition we can solve an equivalent reduced problem where
b(-,-) is removed from the variational form (1.2). Setting v = u and using (1.6), (1.5a), we have

1d
< gllee.aC
e lglle.0C (5l + llllo0) el
Now we use Young’s inequality with £ = a,, /4 to get
d CllglZ. o
Gl + Sl 0 < =222 (sl o + el o)
Integrating this equation between 0 and ¢ yields, in particular
¢
Ol + oo [ Tt R0z < ot Oloa+ < [l AEate+ < [lstalGadz 07
Analogously, using (1.5b) and (1.6) on (1.2¢) and (1.2d), after integrating between 0 and ¢t we find that
IsC 113 0 +2aa/ s 2)[1F o dz < [Is(-, 0)I[5 q (1.8)
et ||m+2aa/|| I g dz < - O} (1.9
Finally, we derive the sought result from (1.7), (1.8) and (1.9). O

A problem similar to (1.2) has been studied in [4]. Assuming that F belongs to L?(0,tcnq; H™1(Q)), that the
initial velocity ug belongs to L?(£2) and the initial data for the coupled species (s, ¢ in the context of our problem)
belongs to L?(f2), the authors showed existence of a solution by using the Galerkin method and applying the
Cauchy-Lipschitz theorem, and proved its uniqueness in two dimensions. Such analysis can be applied to (1.2)
by noting that F is a Lipschitz-continuous function, and assuming the initial data belongs to appropriate spaces.
This is, however, not the focus of the paper.

2. FINITE ELEMENT DISCRETISATION AND a priori ERROR BOUNDS

We discretise space by a family of regular partitions, denoted 7y, of  C R? into simplices K (triangles in
2D or tetrahedra in 3D) of diameter hy. We label by K~ and K the elements adjacent to an edge, while h.
stands for the maximum diameter of the edge. If v and w are smooth vector and scalar fields defined on 7y, then
(v*,w*) denote the traces of (v,w) on e that are the extensions from the interior of K+ and K, respectively.

Let n, denote the outward unit normal vector to e on K. The average {-}} and jump [-] operators are defined as

ol = (0 +v")/2, fwh=(w +w)/2, [v]:=(@" —v") [u] =@ —w’),
whereas for boundary jumps and averages we adopt the conventions {v}} = [v] = v, and {w}} = [w] = w. In
addition, V}, will denote the broken gradient operator.
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For k > 1 and a mesh Tj, on , let us consider the discrete spaces (see e.g. [17])
Vi, = { v, € H(div; Q) : wp|x € [Pe(K)]* VK €Ty},
={gn € L*(Q) : qulx € Pri(K) VK €T},
My = {s,€CQ):ln|lx € Pu(K) VKeT,}, My, o = My N Hg(Q),

which, in particular, satisfy div'Vy, C Qp (cf. [29]). Here Py (K) denotes the local space spanned by polynomials
of degree up to k and Vj, is the space of divergence conforming BDM elements. We then state the following
semi-discrete Galerkin formulation for problem (1.2): Find (wy, pp, Sn,cn) € Vi X Qp X My, x My, such that:
(Oywp, vi)a + af (cniwn, vi) + ¢} (wn; wn, vi) — b(vh, pr) = F(sp,cn,vp)  for all vy € Vi,
(uha dh) = 0 for all qn € Qha

)=
(Oesnyon)a + aa(sn, on) + ca(up; sp,on) =0 for all v, € My, (2.1)
1
(Oscn, ¥n)a + GQ(Cha Un) + ca(up, — vpez;cp,Yp) =0 for all ¢, € M,,.

The discrete versions of the trilinear forms a?(-;-,-) and ¢} (-;-,-) are defined using a symmetric interior penalty
and an upwind approach, respectively (see, e.g., [11, 29]):

erunon) = [ He)Vatun): Tao)+ Y [ (—Goe)Vatunny - ol

ecéy
—{vlcn) Vi(vn)nef - [un] + *OV(Ch)[[Uhﬂ : [[vh]}), (2.2)
¢ (wp; un, vp) = / (wh - V)up - vp+ Y / " h,
KeT, K\F
where the upwind flux is defined as w}" (uy,) = %(wh ng — |wp, - nkl)(us, — uy), and uf, is the trace of u), taken

from within the exterior of K.

We partition the interval [0, tonq) into N subintervals [t,_1, t,] of length At. We use the implicit BDF2 scheme
where all first-order time derivatives are approximated using the centred operator
1 /3 1
+1 +1 1
Ovun (1)~ 5 (G = 2+ i), 23)

(similarly for d;c) and for the first time step a first-order backward Euler method is used from t° to t!, starting
from the interpolates u), s? of the initial data. In what follows, we define the difference operator

Dyn+1 — 3yn+1 _ 4yn + yn—l
for any quantity indexed by the time step n. For instance, (2.3) can be written as 9wy (t" 1) ~ 2At Duﬁ“.

The resulting set of nonlinear equations is solved by an iterative Newton-Raphson method with exact Jacobian.
Hence the complete discrete system is given by

1 n 2 n n n n n n T
3 (D™ vn) g, = EAt( ay (g up o) — S (up up ™ on) = b(op, pp ) + F(sp et on)

for all vy, € Vy,
b( n+17qh) =0 forall qn € Qha

(DSZH’ 90’1)52 ~3

2 1
= At <—Ta2(cz+1,wh) — CQ(UZH — vpez;cz+17¢h)) for all ¥, € My,

At(—az(SZ“, on) — co(up ™ sn, 0n))  for all g, € M,

| = | =

(DCZ“» wh)Q

3 3

For the subsequent analysis, we introduce for r > 0 the broken H"(7},) space
H'(Ty) = {veLl®(Q):v|x e H'(K),K €Ty },

as well as the following mesh-dependent broken norms

ll2 7 = > IIValv IILz(K)+Z II[['U]]HLz (e)

KeThn eEE;L
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[0l 7, = lolie) + [0lZ 7, forallv e HY(Th), o3, = |v]

Tt Y Bl for all v € HX(Ty),
KeTsn

where the stronger norm |[-||2,7; is used to show continuity. This norm is equivalent to [|-|[1 7; on H'(7y) (see
[11]). Finally, adapting the argument used in [28, Proposition 4.5] we have the discrete Sobolev embedding: for
r = 2,4 there exists a constant Cep,p, > 0 such that

lvllLr@) < Cembllvll1,7 for all v € H' (). (2.5)

Using these norms, we can establish continuity of the trilinear and bilinear forms involved. The proof follows
from [11, Section 4].

Lemma 2.1. The following properties hold:

’a?(-,u7v)| < Cllullz. 71017 for all u € H2(7}l), vEVy,
’a?(-,u,v)| < CN'a||u||1,Th||v 1,7 for all u,v € Vy,,
[b(v,q)| < Cyllvll1,7llallo.c for all v € HY(T3), ¢ € L*(Q),

and for all w,v,w € H(T},) and o, € H*(2), there holds

|e2(w; @, 9)| < Cllw|17llelellv]Le- (2.6a)

Moreover, for c1,c2 € HY(Q2), u € CY(T,) NH{(Q) and v € V), there holds

|ai (c15u,v) — af (ez3u,v)| < Cuipller — ealliallulwr(yllvli7, (2.7)

where the constant Cpi, > 0 is independent of h (cf. [18]). Note that while the coercivity of the form as(-,-) in
the discrete setting is readily implied by (1.5b), there also holds (cf. [29, Lemma 3.2])

al(,v,0) > Gglv] s, forallv € Vy, (2.8)

provided that the stabilisation parameter ag > 0 in (2.2) is sufficiently large and independent of the mesh size.

Let w € Ho(div’; Q), then due to the skew-symmetric form of the operators ¢ and ¢;, and the positivity of
the non-linear upwind term of ¢/, we can write

(w;u,u) >0 forall u € Vy, (2.9a)
e (w;bp, ) = 0 for all ¢, € My, (2.9D)

as well as the following relation (which is based on (2.5) and follows by the same method as in [28]): For any
wi, wa, u € H2(T},) there holds for all v € V),

|t (wsu,v)| = | (was u,v)| < Cellwy — w2

L7 vl w7 - (2.10)
We also have

F(y,6,v) < Ct([¥lloe + [9llog) vlloe for all v € Vi,

Finally, we recall from [29] the following discrete inf-sup condition for b(:,-), where # is independent of h:

b(vy, ~
sup blon, 4n) > Bllanlloq for all g, € Q. (2.11)
vnevi{oy [VnllL7

We will use the following algebraic relation: for any real numbers a"!, a”, a"~! and defining Aa" =
a1 — 2a™ + a" "', we have

2(3a" ! —4a™ 4+ a" " a™) = |a"TH? + |2¢"T — @ + |Ad"]? - |a")? — 2" — o™ 2 (2.12)
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Theorem 2.1. Let (u} ™', ppt si ™) € Vi, x Q) x M0 x My be a solution of problem (2.4). Then the
following bounds are satisfied, where Cl, Cs and Cs are constants that are independent of h and At:

+1
lup ™G0+ I2up ™ — upllf o + ZHAuh”O o ZAtHuJ 3.7,
j=1 Jj=1

< Ci(llsullgo + 1125 = shll6. 0 + lenlld o + 126n = chllg o + llunllf o + 12wy, — uj

27 )7

41
i o < Callshllg o + 112s) = shllf o),

. (2.13)
lsh 15,0 + 257+

j=1 j=1

e ™. + l12¢,™

I1F.0 < Cs(llenlld.o + 112¢n — chlld.q)-
j=1 j=1

n+1

Proof. First we take vy, = 4uh and g, = 4p, " in the first and second equation of (2.4), respectively and apply

(2.12), (2.8) and (2.9a) to deduce the estimate
luh 15 0 + 12 = ub 5 o + [AupF o + 4081wy ™1 7

< 480 (I o + e o)l o + uflF g + l12uf; — w3

Using Young’s inequality with e = &,/2 and summing over n we can assert that

n
~ j+1
> Atlu I

Jj=1 Jj=1

b ™5 + 1120

(2.14)

h — ualld0-

< N ZAtHShHo,Q + . <
Jj=1 j=1

Similarly in the third equation of (2.4), we take @p, = 4s) ™!

deduce the inequality

||3n+1||0 o+ l2sptt - Sh”o ot ||A5hHo ot 40<2At”5n+1”1,9 =<

and use property (2.9b) and relation (2.12) to

sp M50

Hence, summing over n, we get
n n
) A -
lsitH G e + 12537 = shllg o + D _IAshlIZ 0 +4da Y Atllsy 130 < IshllE.o + 125h — 215 a-
j=1 j=1

We proceed in the same way taking 15, = 4c} ™" in the fourth equation of (2.4), to get the third result. We get
the first result by substituting bounds for ¢, and sp, into (2.14). O

Theorem 2.2 (Existence of discrete solutions). The problem (2.4) admits at least one solution
( n-‘rl,p’;ll-‘rl n-‘rl’ Z-‘rl) c Vh % Qh % Mh,O % Mh,O-
The proof of Theorem 2.2 makes use of Brouwer’s fixed-point theorem in the following form (given by [25,
Corollary 1.1, Chapter IV]):

Theorem 2.3 (Brouwer’s fixed-point theorem). Let H be a finite-dimensional Hilbert space with scalar product
(-, )u and corresponding norm ||-||g. Let ®: H — H be a continuous mapping for which there exists 1 > 0 such
that (®(u),u)g > 0 for all w € H with ||u||g = p. Then there exists u € H such that ®(u) =0 and ||ullg < u.

Proof of Theorem 2.2. To simplify the proof we introduce the following constants:
Cu = Cr(lIshllg.e + 125 — shllg h = unlifo),
Cs = Co(llsilli o +112sh = shlld o), Ce=Cslllenlld o+ 12eh — chlld o)-
We proceed by induction on n > 2. We define the mapping
DV x Qp X Mpog X Mpo— Vi X QpMpox Mpg

using the relation

(®(up™t, it sptt e, (Vn, qn, oy 1n)) g

(DuZJrl?v ) n+1 n+1 n+1l,,  n+1 n+1 n+1 n+l n+l
:T+a1( sup vh)—i—cl( u, " up v )—&—b(vh7 ) —blup ™, qn) — F(sh . Ch ,vh)
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+ (DSZ+1790/1)
2At
+ co (uh — Up€yz; CZ+15 W)

(Dt hn)a L@ az (¢t vn)

+az (it on) +ea(uptti syt on) + oAt T

Note this map is well-defined and continuous on Vy, x Qp x My, o X My, . On the other hand, if we take

(n+1 n+1 n+1 n+1),

('Uthha@hawh) » P, Cp,

and employ (2.9a), (2.9b) and (2.8), we obtain

((D( n+1’pz+1 n+1 CZ+1) ( n+1,pz+1 n+1 Z+1))Q
1
> —mll‘luh —up” W oo + aal\unﬂlll,n = Cr(llsi o + llcy ™ o) IIUZHIIO Q
— x5t = 51 oallsh o + dallsf I o — 5 ll4eh — 6 oalle] “ e+ g
Next, using (2.13) we deduce that
((I)( n+17pZ+1 n+1 CZ+1) ( n+17p2+1 n+1 Z+1))Q
IIU"HIIO o+t aaIIS"“Ho ot = Zlleh ™ 5.0 = 547 Cullun™ oo = Cr(Cu+ Ce )
ga; Csllsh o = 5 Celen +1||osz
Then, settlng
. @
CR = min {aa, Ta} 5 Cr = \/imax{2A Cu,Cf(C + C )1/2 ECS, Atcc} 5
we may apply the inequality a + b < v/2(a? + b%)'/2, valid for all a,b € R, to obtain
((I)( n+17pz+1 n+1 n+1> ( n+1’p2+1 n+1 CZJrl))Q
1/2
> Cr(||uj, PR+ et e) — Cr(llu PG+ e lEe)
Hence, the right-hand side is nonnegatlve on a sphere of radius r := C,. / Cpr. Consequently, by Theorem 2.3, there
exists a solution to the fixed-point problem ®(u "H,pzﬂ SZH CZH) 0. |

Let us denote by Zj, : C(2) — M, the nodal interpolator with respect to a unisolvent set of Lagrangian
interpolation nodes associated with M,. II; u will denote the BDM projection of u, and £, p is the L?-projection
of p onto Q. Under usual assumptions, the following approximation properties hold (see [29]):

| < C W ullisra, e - Wpllke.  (215)

The following development follows the structure adopted in [5].

Lemma 2.2. Assume that u € H?(Q), p € L*(Q) and s,c € H (). Then we have

R lellkr1.e, |l

(Dyu, v)q + al(c;u,v) + ' (u;u,v) + b(v,p) = F(v) for all v € V, (2.16a)
b(u,q) =0 for all ¢ € Qy, (2.16b)

(5}5 ©)a + az(s, @) + ca(u;s,0) =0 for all p € My, (2.16¢)

(Orc, ) + ;ag(c,d)) + co(u —vpey;c, ) =0 for all ¢ € My, (2.16d)

Proof. Since we assume u € H?(), integration by parts yields the required result. See also [11]. The third and
fourth equations are a straightforward result from the continuous form. |

Now we decompose the errors as follows:
up —u=Ey + &= pu—u)+ (up —pu), pp—p=Ey+&§=(Lup—p)+ Pn—Lrp),
sSh—8=FEs+&=Tns—98)+(sh—Ins), ch—c=FE.+& = Tnc—c)+ (ch —Ipo).
Assuming that u) = II, u(0), s = 7}, s(0) and ¢!} = Z}, ¢(0), we will use also the notation EZ = (u(t,)—I, u(t,))

and &) = (ITp u(t,) — u}), and similar notation for other variables. Since for the first time iteration of system
(2.1) we adopt a backward Euler scheme, an error estimate is required for this step.
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Theorem 2.4. Let us assume that
w € L0, tena; HETH Q) NCH(TR)), o € L2(0, tona; HH(Q)),  w” € L™(0, tena; L2(Q)),
p € L®(0, tena; H*(Q)), s€ L0, tena; HETH(Q)), 5" € L0, tena; H¥(Q)), 8" € L®(0, tena; L*(Q)),
¢ € L0, tena; HYTHRY)), ¢ € L(0, tena; HE(Q)), ¢ € L(0, tena; L3(R)),

and also that ||w||peo (0.4, W ()) < M for a sufficiently small M > 0 (a precise condition can be found in
Theorem 2.5). Then there exist positive constants CL, CL, CL, independently of h and At, such that

I, ..
5.0+ §Ataa||£u||i7’h < CH(h?F + AtY),

1
ZH{}L
1 112 1 ~ 2 1 2k 4
1”53”0,9 + §At%||§s|\1,n < Cg(h™ + AtY),

1, . 1

5o+ EAtdanfcng,Q < CHRF + AtY).

Proof. As in the continuous case, we define the discrete kernel of the bilinear form b(-,-) as
Xy ={vn € Vi :b(vp,qn) =0Vq, € Qp } ={vp € Vp i divop,=0in Q },
and relying on the inf-sup condition (2.11), we can continue with an equivalent discrete problem without pressure.
Taking into account the assumed regularity for w, we have for all , a y(x) € (0,1) such that
u(0) = u(At) — Atu' (At) + %AtQu”(Aw),
then wu satisfies the following error equation
I€ullf0 + Ataallgu T 7, < (T u(Al) — u(At) +uh — u(0),8,),,

+ At(ay (cp; T w(A), &,) — af (¢! u(At), &,,))
— At (e (wp wp, &) — o (u(A1), u(AL), &)
+ AH(F(sp, ¢ &) — F(s(A1), (A1), 6,)),

which results after choosing £ as test function in the first equation of the reduced form of Lemma 2.2 and system
(2.1), performing an Euler scheme step, subtracting both equations, and adding Faf(c}; I, u(At),£L). Now,
invoking the approximation estimates (2.15), Young’s inequality, and the stability properties, we get

1 1,

TIEL B + FAtGIELRE 7, < Ch* At ([ ADIR 110+ [w(O)F 1.0+ (A1) F 1 0)
ACE, M? 2.17

+ OB (" om0ty + — 22— Al (247

+ ACFIIE T o + ALCFEL o-

Next, we choose £} as test function in (2.16¢) and system (2.1); we follow the same steps as before, adding to the
sum of both equations the term +as(Zj, st,£L) to obtain

1 1.
€18 0 + S Ataall€l o < AR ([uw(ADIE 1 0 + I5(A8) 1,0+ 150) [E40)

o2 (2.18)
+ CAt4(||S”H%OO(O,teI,d;L2(Q))) + dicAt”SHQLW(O,tend;Hl(Q))Hfu”iTh'
In the same way, choosing &} as test function in (2.16d) and in (2.1) we obtain
1 1. .
R + sAtaalIR 0 < CAM (A 41 0+ (A1 + 1(0) s 0+ )
. (2.19)
a0 012 ACe 2 2
+ CAL (I [ 700 (0, tenasL2(2))) T+ TAt||C|‘Lw(o,tend;H1(Q))||§u 175,
a
Now, from (2.17) we deduce that
1603, M? 4C% 4C%
At|eullf 7, < OO + At + —Z2—At|EH T o + At=LIIEl ] o + A= ElT . (220)
a a a
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We insert the previous identity into (2.19) and consider M and At sufficiently small such that the terms multiplying
||§C||%7Q, can be absorbed into the left-hand side of the inequality, to get

1 1, 4C7

PNE 80+ A&l o < CL™ + A + At—L ]} o (2:21)
Substituting this result back into (2.20) and then into (2.18), get us the second estimate. The first estimate
follows by directly substituting (2.21) into (2.17). O

Theorem 2.5. Let (u,p, s, c) be the solution of (1.2) under the assumptions of Section 1.4, and (wp, ph, S, Ch)
be the solution of (2.4). Suppose that

w € L0, tenag; H¥H Q) NHL(Q)), ¢ € L0, tena; H*H(Q) N HL(Q)),
w' € L0, tena; HE(Q)),  u® € L0, tena; L2(R))

and ||| poo (0,ton0s81 (@) < M for a sufficiently small constant M > 0. Then there exist positive constants C,y, > 0
independent of h and At such that for allm+1< N,

1€ —&l5a+ ZIIA&L ot Z Atdg|l&n ™ 7 7 < C(AE! + 1) + Z%AtH&"“IIl Q-

n=1

Proof. We appeal to the reduced form of the problem again, taking u; € X} and u € X, then we choose as test
function vy, = €271 in the first equation of (2.4) and insert the terms

(Du(typ+1), &0 )0 n (DI w(tng1), €0 o

+ +al (cp w o
2AL ’ 2At - Fa (@), &),
Hence we get
(«DfnJrl gntlyg, (DEn+1 o (Du(tng1), E0M)g ta (c”+1 n+1 n+1)
2At 2At 2At ! hu Tou (2.22)

_’_a?( n+1, Hh u( n+1) §n+1) +ch( n+1 n+1 §n+1) _ F(SnJrl n+1 gn-}-l)

We consider (2.16a) (see Lemma 2.2) at t = t,,11 and v = 7L, Inserting the term +(Du(t,11), 0 ) a/(2A0),
we readily deduce the identity

Du tn 7€2+1 ) . n n n
(Pllnt D T8 G (042, (), €5°7) + h (wltnr) ) E547) = F (sl eltn i) €6°1). (223)

We can then subtract (2.23) from (2.22) and multiply both sides by 4At, yielding Iy + Is + - - - + I = 0, with

1
n+1
2AtDu(tn+l)a gu )Q )

Iy:=2(DEy &utY) . I = 4At (af ("TH T ot — al (T Ty w T ),
I = 40t (e} (w(tngr), w(tngr), E0) — S (up ™ wpth gnthy),
I = 4At(F(s(tps1), cltnsr), E0™) = Flsp™h et enth)).

For the first term, using (2.12) we can assert that

= & 5o + 12607 = Eullg o + 1A G 0 — €L
Using the elliptlclty stated in (2.8), we readily get

Iy > 4Ata||&y | 7,

By using Taylor’s formula with integral remainder we have

At3/2 )
23 ||U | L2 (gn—1,em+1,12(00)) 5

I =2(Deptt, ot

Q’ IQ = 4Ata'f( ntl, £n+1 §n+1)ﬂ’ 13 = 4At (u/(tn+1) -

—l12& — €076 o

1
u/(tn+1) - TAtDu(tn—H) =

then by combining Cauchy-Schwarz and Young’s inequality, we obtain the bound

At At€1
2z, ||u(3)||L2(tn 15tnt1;L2(2)) 1€

3] < o —

Now we insert £4AtE!, (t,+1) into the fourth term, which leads to

DEn+1
= 74At ( n+1) £n+ + <E;(tn+1) - = a€Z+1> .
(Ex Jo 2At o
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Proceeding as before and using (2.15) on the first term of I, we get

Ats
k 2
[1a] < *hQ 113, (0,100 17 ) F IS4
At4C Atgg
9, [ ||L2(0 tenaiL2(02)) T 1€at 1T 7

Again we insert +af(Zj, " u(tn 1), €011 and £ak(cp ! ,u(tn+1),§Z+1). Then by (2.15), (2.7), Lemma 2.1
and Young’s inequality we immediately have

8CE, M2C* At
€4

€4
|15 < thHC||Loo(07tend;Hk+1(Q)) + EAt||£Z+1||177_h +

8C2C* At
€6

~2 2
8OLpMTAL iy
c ’
5

€5 k €6
+ 5At\|53+1||1% + WPl o (0,00 01 (02)) + 5At||53+1|\1,ﬁ~

Adding and subtracting suitable terms within Ig yields
IG = 16 — 45t01( n+1) Z+1, ,Z+1),

where we define
Is = — 40t} (w(tn), Th wtng1), E070) — e (Th wtngr), M w(tng), E071)
+ (M w(tpen), M u(tnsn), €5 — e (Mh w(tnr), wltng), €1
+ A (M w(tng), w(tng), €01 = e (wltngr), wltng), €571).
The bound (2.10) and (2.15) imply that

Is| < AAtC (1€ 13 72, ITh w(tng 1) 1,75 + 1TTh w(tni) E v llgn
+IEg 7 lw(tar) 7 160 1 7)
= * 2
< 4At(ccc 1€+ 7 e k)

2h2kCCC2 n+1
#2002 e a0 ety + N R
20 H2k (2

+ T < flufl? (0,tena; HE+1 Q))||u||L°°(O tona;H(Q)) 4+ 8 ||

_ 2kC
< 4At(C*CCM||fz“||%,Th A Rp———p.

2Ch2k
7||u||L°°(O,tend;Hk+1(Q))HuH%OO(O,teI,d;Hl(Q))+ ||fn+1||1,T,L)7

IIE”Hlll,Th +

2

. 2C 2C
7 < 48 (LU B + 1T ) + =

where C* is a positive constant coming from (2.15). We also have
2
f

(G 0 + 1EEIE o)

€9 €10
+ 2R g, + BN
2

C 2072
o (||fn+1||0 o+ C*h*|s ||Loo(0 fona, H+1(02)) T ?Of(Hf?H”(Q),Q + +C*h%HC||2Loo(o,te,,d,Hkﬂ(Q)))

2
< 4At<

€10
% e, + L0 |§"+1||1,n).

Hence, by choosing ; = 3a,/5 for i = 1,...,10, collecting the above estimates, and summing over 1 < n < m
forallm+1< N, we get

m
€m0 + 1260 — M50 + D_IAELIF o - 3lIEulf o

n=1
ZHE"“IM o

N 1602 c 2 At
+ ) AtdollEnt 3 g < C(AE + 1) + —

n=1
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where
A Va 16M?ClLiy:  Gq6
M < mm{ ~aa 7 Qg }7 vy = _ Lip < Qg '
4C.C*" ACLipV/2 Qg 2
Finally, Theorem 2.4 yields the desired result. ]

Theorem 2.6. Let (u,p, s, c) be the solution of (1.2) under the assumptions of Section 1.4, and (wp, pn, S, Ch)
be the solution of (2.4). If

w € L0, tena; HFTHQ) NHE(Q)), 5 € L0, tena; H*H(Q) N HL()),
s’ e Lm(ovtend;Hk(Q))a 8(3) € L2(07tend§L2(Q))a
then there exist constants C,~e > 0, independent of h and At, such that for allm+1< N

m

e+ + 1267 — €70 + S IAEH B + 30 At

n=1 n=1

< C(AE + 1)+ uAt)en I 7,

n=1
Proof. Proceeding similarly as for Theorem 2.5, we choose as test function o, = ¢! in the second equation of
(2.4) and insert suitable additional terms to obtain the following identity (analogous to (2.22))
(D, &) (DEPT, 1Mo (Ds(tn+1), €51 )a

o s ’Ss _ n+1 ¢en+1
2AL 2At a(& &)+ 2At (2.24)

+ az(Tn 8(tns1), E0TY) + ca(up ™ i €0t = 0.

From (2.16b), focusing on t = t,,41, using ¢ = €7+ and proceeding as in the derivation of (2.23), we obtain

(Ds(tn11), & )a + ag(s(tnt1), E8Y) 4 o (wltngr), s(tns), E5FY) = _(S/(tn+1) _ Dslnss) nH)Q' (2.25)

2At 28t 70
Next we subtract (2.25) from (2.24) and multiply both sides by 4A¢t. This yields I; + - -- 4+ I = 0, where

. N . Ds(t, .
I = 2(DEnT 0t g, Iy = 4Atag(EnTh,€0TY), I3 = 4At <s’(tn+1) - 2(Tt+1)’5 +1> 7
Q

Iy =2(DEIT, e, I5 = AAtay (EI T, €07,
iy = A (e (W, S €Y e (wltnnn), s(tnsn)s €1F1)).
For I1, I and I5 we use (2.12), (1.5b), and Taylor expansion along with Young’s inequality, respectively, to obtain

L= IE7 B o + 12607 = €015 0 + AT IR o — 01180 — 1268 — &7 13 0

. X At At€1 n
Iy > 4Atd, ||€5 ] o |I3] < 51e, ||S(3)||L2(t" LtngL2(Q) T €271 o
Inserting +4AtE’ (t,41) into I; and using (2.15) leads to the bound
Até‘g n At C AtEg n
1] < 9%, h2k||5/||L°°(0 tens R (@) T —5 1€8 o+ 9, s 3)HLZ(O tena;L2()) T €512

Employing again (2.15) in combination with (1.3&1) we have

8C2At

At€4
|I5] < Th%||8||L°°(o,tend;Hk+1<Q>> T

15T -

In order to derive a bound for I we proceed as for the bound on I7 in the proof of Theorem 2.5; namely adding
and subtracting suitable terms in the definition of I, defining I in this case by

I = Is + 46,0 (up ', €0 €07,
and applying (2.9b), (2.6a), (2.15) and Young’s Inequality to the result, we get
. 202Cc*2
ol <48t (2T R 1 Bl st + 561

2h2k C«Q C*2
+ -____—c=

c6 HUHLOC(O,T;Hl(Q)) H5||2Leo(o,te,,d;Hk+1(Q)) + r} ||f?+l ||1,Q
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2h2ké20*2 €7 n
+ 2Tl a0 oo + I )

In this manner, and after choosing ¢; = 6¢,/7 for i = 1,...,7, we can collect the above estimates and sum over
1<n<m,forallm+1< N, to get

m m
e HIE o + 1267 = €50 + D IAE NG o + Y AtdallEr T T o — 3lE 5 0

n=1 n=1

< C(At* + h?* At g2 h - BOCT
< C(AE +h™) + 72 Z”fu [1,7,, where 72 := 34 1S Zoe (0, tonas 1 (€2)) -

n=1

This concludes the proof. O

Theorem 2.7. Let (u,p,s,c) be the solution of (1.2) under the assumptions of Section 1.4, and (wp, ph, S, Ch)
be the solution of (2.4). If

w € L0, tena; HF 1 Q) NHE(Q)), ¢ € L®(0, tena; H*T1(Q) N H(Q)),
¢! € L0, tena; H* (),  ¢® € L(0, tena; L*()),
then there exist constants C,~3 > 0 that are independent of h and At, such that for allm+1 < N

m m
€715 0 + 1267 — €8 0 + D AT B o+ ) Ataa €3

n=1 n=1

< C(AE + %)+ > "y AtEnt | 7
n=1
Proof. Tt follows along the same lines of the proof of Theorem 2.6, with constant 3 given by

28C2C*2
3 = WHCHLM(O,t%d;Hl(Q))‘

O

Theorem 2.8. Under the same assumptions of Theorems 2.5-2.7, there exist positive constants ,, vs and Y.
independent of At and h, such that, for a sufficiently small At and all m +1 < N, there hold

m 1/2
b0+ D (IAEGIF o + At&alléflllin)) < u(A? + hF),

n=1

(II&T“II%,Q + 260t - &

m 1/2
(II@Z”“II%,Q + 26 — MG+ D (1AL 50 + Atdallﬁé”lllig)) < s (AL% + 1),
n=1

m 1/2
(IISZ"“II%,Q + 11268 = €50 + D (IAEL1IF o + At@alléﬁ“llig)) < (A + AF).

n=1

Proof. From Theorems 2.5 and 2.7, since y; < ‘X“Td“ we have the estimate

m m ~

n Qq mn
> Al R 5 < CAE + 1) + 37 At et 1,
n=1

n=1

which, after substitution back into Theorem 2.7, yields

DALl o < C(AE 1), (2.26)

n=1
The first bound follow by combining (2.26) and Theorem 2.5. The second and third bounds follow directly from
the first bound and Theorems 2.6 and 2.7. ]

Lemma 2.3. Under the same assumptions of Theorem 2.8, we have

m 1/2
(Z At|[p(tnt1) — pZ-H ||(2),Q> < '?17(A7f2 + hk)'
n=1
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Proof. Owing to the inf-sup condition (2.11), there exists wy, € Xf; such that

0.0 (2.27)

1
b(wn, ptus1) =) = [Ip(tns1) = pj w17 < E‘|p(tn+1) A

From (2.4) and Lemma 2.2, proceeding as in the proof of Theorem 2.5, we obtain
Atb(wp, p(tps1) — ppth)
1 n n n
= —At (u'(tn+1) - QADuhH,wh) + At (al( Tt wy) — al(c(tngr); U(tnt1), wp))
+ At (e} (up gt wn) = (b)) u(tnr), wa)

+At( (st en ™ wn) = F(s(tng), c(tnr), wn))

w2204 1 t0sr n200) VA w17 + ACHE T oallwnllT,

<
= 2\/5 |
1 CaC W Al e 0.1t 0l .75+ Crip MALE 1 gllwn 17

+ Crip AtM || 7|1 glJwp||1. 7, + AtCC.C*

+ 20t C*CohF | u| Lo (0, (02) ||U||Loo(o,te,,d,Hk+1(Q)) lwall1,7,
+ ALC*C " |[5]| Lo 0, tuna () W17 + ALCCrh¥(|el Lo (0,00 g () 1w 11,7,
Summing over 1 < n < m for all m 4+ 1 < N and substituting back into (2.27), we obtain

m 1/2 c m 1/2 1/2
(Zmnp(ml) ”+1|m) sB<At2+h’“+(ZAms+l||ag> (ZAH&“HHLE) )
n=1 n=1

and the desired result readily follows from Theorem 2.8. |

We next proceed to derive and analyse a posteriori error estimators. We split the presentation into three cases
of increasing complexity, starting with an estimator focusing on the steady coupled problem.

3. A posteriori ERROR ESTIMATION FOR THE STATIONARY PROBLEM

Let us define the following nonlinear coupled problem in weak form, associated with the stationary version of
the model equations. Find (u,p,s,c) € Hy(Q) x L(Q) x HL(Q) x HE () such that

ai(c,u,v) + c1(u;u,v) + b(v,p) = (Ff,v)oa Vv H(Q) (3.1a)
b(u,q) =0 Vg€ L3(Q), (3.1b)

as(s, ) + c2(u;s,0) = (f1,0)o0 Vo € Hy(Q), (3.1c)

Lon(e ) + eafu —vpesie,¥) = (fo o Y0 € HA(Q), (3.1d)

where f = (p/pm)g = (as + Be)g, f1 = 0, and fo = 0. Let us also consider its discrete counterpart: Find
(Uh, Phy ShyCh) € Vi X Qp X Mp, x My, such that

a1 (cn, up, v) + c1(up; up, v) + b(v,p) = (fr,v)o0 Yv €V, (3.2a)
b(un,q) =0 Vg€ Qn, (3.2b)

az(sn, @) + c2(un; sn, @) = (f1,¢)oa Vo € My (3.2¢)

%az(cwb) + ca(un — vpezicn, ¥) = (fa, V)oYV € My, (3.2d)

where f; = (asp, + Ben)g, f1 =0, and fo =0.
For each K € T, and each e € &, we define element-wise and edge-wise residuals as follows:
Ry = {f, + V- (v(ch)Vup) —up, - Vup, — (pm) " Vor} k,
Ry g = {fi+Sc7 Vs —up - Vsp}|x, Rox = {fa+ (75¢)"' Ve — (un — vpe.) - Ver |k,

R. %[[((pm)’lphl —v(ep)Vup)n] foree &\ T,
< 0 fore €T,
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R 2[(Sc™'Vsy) - n] foree & \T, R 1[((rSc)'Vep) -m] for e € &\ T,
R ) foreel, ’ ¢ o foreeT.
Then we introduce the element-wise error estimator W3 = W% + W2 4 W3  with contributions defined as
Uk = hic (IRKIG & + 1Ry 15 s + 1 R2.xc 116 k)

o= > he(IRellge + I1RLellge + 1R2ellfe)s 95 = > h ([unlle,
e€COK e€OK

so a global a posteriori error estimator for the nonlinear coupled and steady problem (3.2) is

1/2
U= <Z w}) . (3.3)

KeTy
3.1. Reliability. Let us introduce the space
X(Tn) = {v € Hy(div, Q) : v € H}(K) VK € Tp,}.
Then, for a fixed (@,¢) € X(T5) x HA(), we define the bilinear form Agft’é)(y -) as
A (w,p,5,¢), (v,,6,9)) = @ (6,4, 0) + e (5w, ) + b(v,p) + b(u, ) + az(s, @)
Fa(@:5,6) + ~aale ) + ol — e )
for all (u,p,s,c), (v,q,0,%) € Vi, X Qp X My x My, where
o) =[OV Vi) + X (@l - bl).

ee&p "
Note that a? (&, u,v) = af (¢,u,v) + Kp,(¢,u,v), where
Kieuo)= Y (@i o] - @@y ).
e€&y €
and we point out that .AEI"') ((u7p, s,¢), (v, q, d, w)) is well-defined also for every (u,p, s,¢), (v,q, ¢,%) € H}(Q) x
L3(Q) x HY(Q) x HE ().

Theorem 3.1 (Global inf-sup stability). Let the pair (@,é) € X(Tn) x H$(Q) satisfy @l < M, for a
sufficiently small M > 0. For any (u,p,s,c) € H§(Q) x LE(Q) x HL(Q) x HL(Q), there exists (v,q,6,1) €
H)(Q) x L3(Q) x HY(Q) x HY(Q) with [|(v,q.6,)]| < 1 such that

A (w,p,5,0), (v,,6,)) > Cl(w,p, 5,0,
where we define H‘(an,¢,1/))|||2 = HUH%Th +lla (2)’9 + ¢ ﬁﬂ e

2
1,0

Proof. For any (u,p,s,c) € H}(Q) x L3(2) x HE(Q) x HL(Q) there holds

2>, Ga
2+ 22 e

A (u,p,5,¢), (s =p, 5,¢)) = agllulZq + dalls] Lo

Applying the inf-sup condition, we get that for any p € Lg(Q2), there exists a v € H(€Q) such that b(v,p) > B|p|§ o,
and ||[v]|1,0 < |Ipllo,q, where 8 > 0 is the inf-sup constant depending only on €. Then, we have

Ap (i, ¢)(u,p, s, c;v,0,0,0)
= a1(&u,v) + 1 (@ u,v) + b(v,p) > Blpl§ o — a1 (& u,v)| — |1 (@; u, )]
> BlIpll§.0 — Callul

1
> Bllpll3.o — 2Callullllploe = (5 - 6) Ipl15.0 — €Callullf o
where € > 0. Now, we introduce a § > 0 such that

A (u,p, 5, ), (u+ 60, —p, s,¢)) = A% (u,p, s, ¢,u,—p, 5, ¢) + 6A™ (u, p, 5, ¢,v,0,0,0)

Lelvlie = Cellalinlluliellviie > Blplf o — 2Callullielvlie

1 _ a
> (00— 8eClulla+6 (51 ) I+ allsla + el o
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Choosing € = 2/8 and § = a,/(2¢C?), we obtain

>m1n{ 2“ g A }(|u 7

Finally, using triangle inequality, the following relations hold:
l(w + 60, —p, s, )I* = llu + 0] 0 + P[50+ 1T 0 + llellf.0
< 2(||ullf o+ 80l ) + P50 + sl o+ lleliq
< max{2, (1 +26°)} (Jlulli o + 13,0 + lIsllf o + <l o)-
This concludes the proof. ]

A(“C (u,p, s,c,u+ 6v,—p,s,c) > %HCH%,Q

C”iQ)'

Next, we decompose the H(div)-conforming velocity approximation uniquely into w;, = u§ + u},, where
u§ € V§ and uj € (V§)1, and we note that u} = uy, — u§ € V.

Lemma 3.1. There holds

1/2
|[uplly7 < Cr ( > %) :

KeTn

Proof. It follows straightforwardly from the decomposition u; = u§ + w; and from the edge residual. O

Lemma 3.2. If |[ull1,00 < M, ||s]lcc <M and ||c||sc < M, then the following estimate holds:

Slenere el < [ (F= vt [ fu v+ [ A6=o00+ [ 2=+ Kiwn o)

1/2
— A (wy, sy Sy €1y 0 — Vs 0, — Gy — Pp) + (14 C)C (Z\P > '

KeTn

Proof. Using uj, = uj, + u; and the triangle inequality imply

1/2
lI(e®, e?,e?, el < [, P, e, )| + luhllr 7 < [I(e¥, e?, e, )] + C (Z w5 ) :

KeTy

Then, Theorem 3.1 gives
Clli(ex, €7, e, )| < Af“m) (€%, e, e e v, q, 6, 9) + AF ) (uf, 0,0,0;v,q, 6, )

1/2
S.Agluh’ch)("epe €% v,q,0,0) —|—C<Z\Il ) )

KeTy

Owing to the relation

(u,c)

A;ﬁ}Lﬁch)(U,pvsac;vaqagﬁa 1;[}) = -Ah " (u,p,S,C;’U,q,(ﬁ,w) - al(c;u,v) + (ll(Ch;U,’U)
- cl(eu; u, ’U) - CQ(Cu; S, ¢) - CQ(Gu; C, ql))u

we then have

1/2
Cll(e*, e? e, )| < Cli(eX, ¥, e, )| + C. (Z v )

KeTn

S AE;WC) (u7p7 s,6 0,4, ¢a 1]/}) - al(c;u,v) + al(Ch,’U/,’U) - Cl(eu; u,'v) - CQ(SU; S, ¢)

1/2
_C2(€u;cvw) _Ah(u/hCh)(uh7phvshach;v7qa¢a1;[}) 1+C ( Z \Ij > y

Ke7_h.
while using the properties
|a1(¢; u, v) — ar(cn; u, v) ’ Cille = enllrllull,sllvlli < C1M|e1,
ci(e;u,v) < CoM|e|1,7,, ca(e™;s,¢) < CsM||e¥|1,7,, ca(e™;e, ) < CaM e |1 7,
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yields the bound
C|||(eu7 epv es, ec)”| S Agu76) (uvpv s,Cv,(q, ¢a 1/1) - Ah(“hv Ch)(uhyph, ShyCh; 0, (4, d)v ’IZ})

1/2
1+C (Z \I/ > —(Cl—I—CQ—I—Cg—l—C4)M|||(eu7ep7es7ec)|”.
KeTy,

Moreover, we have

C u s _cC sCh
5“‘(6 76p76 , € )m S / f’U—'—/ fl¢+/ f21/}—A§Lu“ })(uhvphvshach;v7Qa¢a¢)
Q Q Q

1/2
+(1+0)C (Zw) , (3.4)

KeTh

and we readily see that after stating the discrete problem as

af(cu; wn, vp) + cf (wn; wn, vp) + b(va, pr) — / fn-vn=0, Vv, eV,
Q
as(sn, ¢n) + ca(wn; sn, dn) —/ fion =0 Vo, € My,
0

1
;az(Chﬂﬁh) + co(up — vpezicn, ) — / fotbn =0 Vb € My,
Q
and employing (3.4), the sought results follow. O
Lemma 3.3. For (v,q,s,¢c) € H{(Q) x L(Q) x HL(Q) x HL(Q), there are vy, € Vi, s, € My, and ¢, € My,

such that
fa=t0-v+ [ fow=v+ [ oo+ [ w-w)
- -AgLu’“Ch)(uh7ph7 ShyCh, U — Uh, q7¢ - (bhv’(/} - wh) < C(\I] + ||f - fh||O,Q)|||(U7 q, S,C)Hl (35)

Proof. Using integration by parts gives

[E=t0-0s [ fu-@=v+ [ po=on+ [ faw—u)

— A;Lumc’l)(uh7ph7 Sh;Ch, U — Up, q, ¢ - ¢h) 1/} - 1/’h) = Tl +e T57 (36)

where we define the terms

T Y [ (049 V) —un V- 2V ) oo+ (£ 5 via,

KeTy

Ty = Z /aK<(phI - V(Ch)Vuh> ‘”K> (v —wp)dS,

KeTh

T3

Z / up - ng(up —uj) - (v —vy)dS,
KeTn OKin\I

Z/(fﬁ- =V, —uy - Vs;z>(¢ ¢n) da + Z/ ( Vs, - nK)(¢—¢h)dS

KeTn KeTn

Z/(2+V cn — (un — vpe”) - VCh)(w Yp) de + Z/ ( Ve - nK)(qp—zbh)dS.

KeTn KeTn

Ty

Ts

Applying the Cauchy-Schwarz inequality to 7T} implies

1/2 1/2
= <Z hi Rk K) (Z h;<2||'0—”h||(2),}<>

KeTn KeTy,

(Z s ||RK|0K>1/2 C

KeTs
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Next, we rewrite 75 in terms of a sum over interior edges and apply again the Cauchy-Schwarz inequality. Then

Ty =" [[((pm) 'prI = v(cn) Vap)n] - (v —v) dS

ec&, V€
1/2 1/2 1/2
< (Z hellRe||3,6> (Z helv — vhllﬁ,e> < (Z heIIReH%,e) ClIVologq. (3.7)
e€&y e€lp e€ly
Then, owing to the Cauchy-Schwarz inequality, it follows that
1/2
Ts < (Z ||[[uh]]||3,e> C|IVologq. (3.8)
e€ly

Proceeding similarly, we may establish the following bounds for 7, and T5:

1/2 1/2
T, < (( > h%(RLK”?),K) + (Z he||R1,33,5> )CIIWSIIO,Q?

KeThn e€&y

1/2 1/2
T < (( > h%RQ,Kn%,K) + (Z he|| Rac 2) )anno,a.
KeTy, ec&p
Finally, (3.5) results as a combination of the bounds derived for Ty, Ty, T3, Ty and Ts. O

Theorem 3.2. Let (u,p,s,c) and (wp, ph, Sk, cn) be the unique solutions to (3.1) and (3.2), respectively. Let U
be the a posteriori error estimator defined in (3.3). Then the following estimate holds:

(e = wn,p = pr.s = sn,c—en)ll < C(T+ || f = Frllo), (3.9)

where C' > 0 is a constant independent of h.
Proof. Tt suffices to apply Lemmas 3.2 and 3.3. O

3.2. Efficiency. For each K € T, we can define the standard polynomial bubble function bg. Then, for any
polynomial function v on K, the following results hold:

Ibxvllox < Clollox, — lvllox < Clb vlo.x, (3.10a)
IV (xv)ox < Chitlvllor, kvl < Chigtllvllo.x, (3.10b)

where C'is a positive constant independent of K and v.
Lemma 3.4. The following estimates hold, where C is a positive constant:
hl|Ricllox < C(lle = enllii + lw = unllix + 0 = pallox + hrllf = Fiullox),
hi|| Rk llo,x < C(lls — snllix + lu—wnll1,x), hil|Ra,k llo,x < C(lle —cn

Moreover, it also follows that

1K+ [|u — 'U/hHLK)a

Ui < Cl[(w = wn,p = pns s = snsc = cp)ll -
Proof. For each K € Ty, we define Wy, = bxRg. Then, using (3.10), we have

1/2
IRic|2 s < DR |2 5 = /K Ry - W,

= / <-fh + AV (V(Ch)vuh) — (uh . V)uh — prph> . Wb = T1 +T2,
K

m

Ty = /K <((V(c) —v(en)) Vu +v(cn) V(w —up)) : VW, — pim(p —pn)V - Wb> + /K(fh —f)- Wy,

T = / (((u —up) - Vu+ (up - V)(u— u;,)) - Wy,
K
Using the Cauchy-Schwarz inequality and (3.10) we obtain

Ty < Cy(lle = enlli,x + llw — wnlli,x + I — pollo,x + hill f — Full) R IRk o,k
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Ty < Collu — up 1, kb |Rxllo,x,
and combining these bounds leads to the first stated result. The other two bounds follow similarly. |
Let e denote an interior edge that is shared by two elements K and K’. Let w, be the patch which is the

union of K and K’. Next, we define the edge bubble function (. on e with the property that it is positive in the
interior of the patch w, and zero on the boundary of the patch. From [36], the following results hold:

lallo.e < ClI¢H qllo.es (3.11a)
¢eallo,ic < Ch*[lalloe, 1V (Ceq) “lallo. VK € we. (3.11b)

Lemma 3.5. The following estimates hold:

he| Re HOe<CZ lu—unll§ g + lle = cnll? e + P — pullg  + WM F = Fulld i)

Kecwe

hel|Riellge < C Z lw —unllf e + s = sull? i),
Kecwe

hellRa.ellg. < C Z lw —un|[§ x + e = enllf &)
Kecwe

Moreover, we also have

02, <0 S (= p = pres — snoc — en) i + WEIF — Falld o).

ecOK Kew,

Proof. Let e be an interior edge and let us define a rescaling of the edge bubble function in the form
h
e = —= .
¢ Z 2 Rece
ecdK
Using (3.11) gives
he|Rellg . < C([(pm) ™ prI — v(cn) Vun], 9e)
< C([[(pm)*lphI —v(en)Vur] = [(pm) 101 — v(c) V], 19@)6. (3.12)

Using integration by parts on each element of patch w, implies

(1w I = ven)Vurl.02), = 3 [ (V- (e Var) = V- (V) + 29— ) ) 0.

Kewe m
1

+ / (p(p —pn)I+v(en)Vuy — V(C)Vu> : V..
K m

Note that (u,p, s, ¢) solves the underlying problem, so we then have

([(om) ™ "ol = v(cn) V], 9. Kze; / <f+V (v(cn)Vun) —up - Vuy, — pmvPh) Ve
+ u-Vu—up-Vuy) -9
> /. vV
P —DPn .
+ Kée /K< . I— (v(c)—vicn)Vu, —v(c)V(u— uh)> : VI,
=: T1 + T2 + T3. (313)

Next, applying the Cauchy-Schwarz inequality together with Lemma 3.4 and (3.11) gives

1/2 1/2
<Gy (Z Wi IRk 5k + B f = FllG K) ( Z hK2||196|(2),K>

Kewe Kew,

1/2
Cl ( Z |||(U’ — UWUhp,P — PhyS — Sh,C — Ch)ﬁ{) hé/2”Re”0,ea

Kewe
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1/2
Ty < Cy ( Z Ju — uh”%,K) himHRe”O’ev

Kewe

1/2
T; < Cs ( S (= wnp — phos — s — ch>||é> B2 R .-

Kecwe
Combining the bounds of Ty, T and T3 with (3.12) and (3.13) implies the first stated result. Similarly, we can
prove the other two bounds. O

Theorem 3.3. Let (u,p, s, c) and (up, ph, Sk, cn) be the unique solutions of problems (3.1) and (3.2), respectively.
Let U be defined as in (3.3). Then there exists a constant C > 0 that is independent of h such that

1/2
v SC(III(uuh,ppm —sn,c—cp)|l + ( > hklf - fh”oK) )
KeTn

Proof. Combining Lemmas 3.4 and 3.5 implies the stated result. (]

4. A posteriori ERROR BOUND FOR THE SEMIDISCRETE METHOD

For each t € (0, 7], let us consider the problem: find (@, p,¢, 3) € Hy(Q) x L3(2) x H () x H(2) such that
(f.v), YveHQ),
0

(Chy’u’ 'U)+Cl(’LLh,'U, U)+b( ﬁ
,q) =0, Vge L),

b(

:z

) =
)=
) =
)=

as(3,0) + c2(un; 5,0) = (f1,0), Vo € Hy(9),
San(6 )+ ea(un — vpesi& ) = () Vb € HY(9),
where
= (ash+ Ben)g — Oup,  fr = —0sh,  f2 = —0kcp. (4.1)

Also, for each t € (0,T], we write the discrete weak formulation: find (@, pp,én,3n) € C%H(0,T;V}) x
C%9(0,T; Qp) x C%L(0,T; Mp,) x C%L(0,T; Mp,) such that

al(cha up, 'v) +c1 (uh; up, v ) + b('l) p) (f’ v)7 NONS Vi, (423‘)
b(tn,q) =0, Vg€ Qp, (4.2b)

az(3n, @) + c2(un; 5n, ¢) = (f1,0), Yo e M, (4.2¢)

%02(@“1/)) + ca(un — vpez; e, ) = (f2,9) Vi € My, (4.2d)

where (41) remains in effect.

Lemma 4.1. For each t € (0,T] and for all (v,q,$,v) € HJ(Q) x L3(2) x HF(Q) x HL(Q) we have

(Drw,v) + a1(¢, pu, v) + ¢1(U; pu, v) + b(V, p — ) = a1(ch, @, v) — a1(c, @, v) — c1(ew; @, v), Vo € Hy(Q),
b(u—1u,q) =0, Vqc¢c L2(Q),
(815687 ¢) + a2(p37 ¢) + CQ(U Ps> ¢) _CQ(eua S, ¢) V(b € Hol(Q)v
(Orec, V) + %a2(pca¢) +ea(u — Up€z; Pes ) = —calew; &1p) Vb € H& (Q),

where e, =U —Up, €5 =8 — Sp, € =C—Ch, Py =U— U, ps =S — 8§ and p, = c — C.
Next we introduce the error indicator © as

T
0% = Jleu(0)[I5.0 + llec(0) 7. + lles(0) 3.0 +/ LA 92 + max, 3, (4.3)
0 0

where
= > hellDeun]llf., O3 =Y helllunllf.
ecéy e€&y

whereas W is the global a posteriori error estimator for the steady problem with element and edge residual
contributions defined in (3). In this case we now replace f and f1, fo by (4.1).
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Theorem 4.1. Let (u,p,s,c) and (up, pp, Sk, cr) be the solutions to (1.2) and (4.2), respectively. Let © be the a
posteriori error estimator defined in (4.3). Then there exists C > 0, independent of h, such that

1/2
(lewll + llesl? + llecl?) "™ < CO,
10rew +V(p = ph)”Lz(OyT;H’l(ﬂ)) + ”ateb'HL?(O,T;H*l(Q)) + ||8tec||L2(O7T;H*1(Q)) <Co,

where
T T
1012 = 012 w0 12020y + / 1ol 7t 1012 = 1612 o 202 + / l|2dt.

Proof. Choosing v =¢€5,, ¢ =p—p, ¢ =e; and ¢ = e, in Lemma 4.1 gives
(ateuv efz,) +ay (Ca Pus efl,) +a (’LL; Pus ef/,) =a (chv u, 62) - al(cv u, 62) -G (6u; u, 621,)7

(atesaes) + 02(P576s) + CQ(U;/)&BS) = *CZ(eu;ga es)a

1 -
(Orec,ec) + ;a2(pc, ec) + co(u — vpez; pe,ec) = —ca(ew; & ec).
Moreover, there also holds
(0es,, es) +ar(c, el e5) +ci(u; e, es,) = (Qwup .y es,) + ar(en, @, es,) — ar(c, @, e5,) — c1(ew; @, €5,)
+ a1(67 9'2,7 BZ) +ca (’LL, afu e%)

(atesa 63) + 0,2(65, es) + 02('“/; €s, 65) = *02(614; s, es) + a2(957 65) + CQ(U; 057 65);

1 3 1
(Orec, ec) + ;az(ec, ec) + ca(u —vpe.;ec, ec) = —caew; G, ec) + ;az(t?c, ec) + co(u —vpe.; 0., e5),

where 0, = u — uj,. Using the Cauchy-Schwarz inequality, we have

d

Flleiltg + aalleall s < (Culleg

17+ Mlwn el 7 ) el

+ CaM les|lalleqlli + CsMeLlR 7, + [0vun.rlloglle oo,

d

dt

d

dt

Let us now suppose that E. := |[leg,(To)l| = |ewllz~(0,7;22(q)), for some Ty € [0,7]. Then using Poincaré-
Friedrichs’s inequality, Young’s inequality and then combining the three equations implies

lesllf o + Gallesll? o < (Callbsllr.o + M|

1.7) lesllia + CsMlles [ alleg 1.0,

HQCH(Q),Q +0~‘a||60||%,§2 < (06”90

Lo+ Mlunrlie)llello + CrM|lecllley]l1.o-

d d d

lleultg + lealltz + g lleclig + lleclt + F lleslig + lleslia
< C(I0513 7, + 1105117 o + [16e

Integrating with respect to ¢ on [0, 7] and [0, Tp] yields

llegllZ =+ lleell3 + llesll? < lle%,(0)1I5 o + lec(0) 13 o + lles (03 o

T
+C (/O (05117 75, + 164117 o + 116

%,Q + [|Osun, |(2J,Q + M||Uh,r||%,7’h)~

T T
f,a)+/0 ||3tuh,r||(2)7Q+M/0 ”uhm”i’]'h),

and we moreover have

lewlls + lleclls + llesll < llew(0)II5 o + llec(0)

(2),9 + ||€s(0)||g,§z

T
+C (/0 (16wllF 75, + 16:11F o + 16e]I% ) +/0

and as a result we can combine Theorem 3.2 and (4.4) to readily obtain the first stated result.

T
10 I3 0 + IIUh,er) : (4.4)

On the other hand, integrating by parts in Lemma 4.1 yields
(Orew + V(P —pn),v) = —a1(c, pu, v) — c1(W; pu, v) — b(v, pp — P) + a1(ch, @, v)
—ay(c, 1, v) — c1(ew; @,v), Yo e HY(N)
(Bres, @) = —az(ps, @) — ca(u; ps, @) — ca(ew; 5. ¢), Vo € Hy(Q),

(Orec,¥) = —%az(pc,w) — ca(u — vpes; pe, ) — ca(ews &,0)  Vip € HY(RQ).
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We apply Young’s inequality and the definition of the dual norm. Then, we integrate in time the resulting
expression. Finally, the second result is a consequence of Theorem 3.2 and (4.4). O

5 A posteriori ERROR ANALYSIS FOR THE FULLY DISCRETE METHOD

In this section, we develop an a posteriori error estimator for the fully discrete problem and focus the presenta-
tion on the simpler case of a time discretisation by the backward Euler method. For each time step k (1 < k < N),
we define the (global in space) time indicator = as

Er=(Eh1+Eia+ Ei,3)1/27
where
=2 . = k k, k—1 ~—2r7k, n—1 -1 ~—2 k, on—1
R P 0 | L VI [ I | A L ([0
=2 .~k k— =2 .~k k—
:%,2 = Trllsp — Sp 1||§» :%,3 = Tkllep, — ¢, 1||%
Here
1
k k k
i, = D IVauklox + > 7 Iur]llo.e-
KEThk e€€n ¢

Next we define the accumulated time and spatial error indicators as
N N
=22 = z2, T2 = ka(T%(u’fL,pﬁ,sZ,c’fl) +Ti([kuﬁ_l,fgpi_l,sﬁ_l,c’;_l)), (5.1)
k=1 k=1
where the terms Y3 are constructed with the a posteriori error estimator contributions defined as in the steady
case (3), but at a given time step k. That is,

2k ok ok kY A2 2 2
Yy, hysnrch) = Vi + Yo p + Tk,

with
T%{,k = h%{(HRé{ng + ||R’f,K||(2),K + HRIQC,K”(%,K)?
2= Y he(IREIG. 4IRS+ IRENG ), Yoni= D b I[uf]lG..
ecOK ecOK
and
1 1
RY = {—N(uﬁ — IFuf=hy Lg + V- (v(en)Vup) —up - Vuy, — Vph}’ ,
Tk Pm Pm K
Rt { sh—sht N 1 V2 wr } Rt 11(Sc™'Vsp) -m] fore€ & \T,
=y—————= — T 5 V Sh— * VS ) e = ’
LK Py S v oh h h K 1, 0 foreeT,
e — 1 L((7Sc)~'Vep) -m] forec &, \T
RE =) _ShCh L o2 —ue.) - Rt — )2 h AL,
2K { Tk + TSCV ¢h = (un re )-Ven K’ 2e 0 foreeT.

For each time step k, we can split again the H(div)-conforming discrete solution u’,fb into a conforming part
uﬁc and a non-conforming part u;’jr such that u’fL = u’fL,C + ufw. For each t € (tx_1,tx], we introduce a linear
interpolant wy,(¢) in terms of ¢ as

tr —t

t—1tr &
up(t) = = TFuf=t 4 E ok

— u
Tl h

where {ly, 11} is the standard linear interpolation basis defined on [t*, #*+1]. Similarly, we may introduce wuy, .(t)
and uy, - (t). Then, setting e,,, = © — up ., we have e* = u — uj, = e" — uy, . For t € (t;_1,1tx), we define

1
Opuz(t) = a(uk — uk_l),

and for all t € (t,_1,t;), we consider the problem of finding (@*, p*, 5%, &) € H}(Q) x L2(Q) x HY(Q) x H(Q)
such that

(Opun(t),v) + ax(cn, w",v) + c1(up; ¥, v) + b(v,5%) = (7, v), Yo € H{(Q), (5.2a)
b(a*,q) =0, VqeLj(Q), (5.2b)
(Osn(t), @) + az(3¥,0) + ca(un; 3%, 8) =0, V¢ € HH(Q), (5.2¢)
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(@ucns )+ ~aa(@, ) + ealun — vyesidh, ) =0V € HA(Q). (5.24)

Lemma 5.1. The following estimates hold
tn

1 u t"’ u 1 S tn S 1 C C
5%#@M%n+aaé|W#@ﬁ@+§WH%W&H%WA WHMﬁn+ﬂ%@U%Q+%TA les ()]

n—1
_ 1, W 1 1 1 w
< CE )+ 5l O)Ra + 5 12O)Ra + 5 1CO)Ra + 5 D (lulte) = Ik IR o — e () I3 ).
k=1

Z ||3te + V(= pr)ll2 v i1 @) + 103 L2ty tsm-1(2)) + ||ate$~'||L2(tk—17tk§H_1(Q)))
k=1

— 1 U 1 S 1 c 1 Ue
<C(E*+77%) + §||6%L(O)||%,Q +5llez(0) 5 5”6%(0)”3,9 +3 > (lu(tn) = I a7 o — llet (ta)llf o)
=1

Proof. Combining (1.2) and (5.2) implies

(Ou(e2),v) + ar(c,u — a*, v) + ei(u,u — ¥, v) + b(v,p — k)
+ay(c — cp, uF,v) + ¢1 (u — up, @, v) = vv € Hy(Q), (5.3a)
bu—u 7q) Vg € L3(9Q), (5.3b)
(Dres(t),0) — az(s — 3*, ) + ca(uss — 3 7¢) —Cz(u up; 3%, 9), Vo€ Hy(Q),  (5.3¢)
(Opel, ) — 1ag(c — & ) + ca(u —vpes;c ) = co(u —up; &) Vb € HY(Q). (5.3d)
Moreover, we have
(Ore¥e,v) + ay(c, e, v) + c1(u, €2, v) + b(v,p — p*) = (Bptp r, v) — ai(c — cp, @, v) — c1(u — up, u”, v)

k

_al(ca’&hc u ’U) _Cl(uauh,c_’&k7v)a

b(e?,q) =0,
(atef”—(t)aqﬁ) - a2(€z7 ¢) + CQ(U; 627 (b) = CQ(U — Up; §k7 ¢) - a2(8h - gka ¢) + 02(“’; Sh — §k7 (b)a

1
(ateq—a’lp) - 7a2(6k37/}) + CQ(U’ - Upez; €ia 1]/}) - CQ(U’ uhv 37/})
1
- ;GQ(Ch - Eka QJZJ) + CQ(U' — Up€z;Ch — éka ¢)

Choosing v = e%°, ¢ =p — Pk, = e, ¥ = e and then combining the first two equations, we have

(8tegcv egc) + al(c, e:f ) + Cl( C? E?C) - (atﬁhﬂ“’ e?c) + al(c —Ch, T, 6?")
+c1(u—up,u,ex°) + ar(c, Un,e —ak, ex) +ci(u, ﬁhc—ﬁk,e?C):O,
(&ﬁera T)+a2( €7, T)+02(u767”e7')_c2(u_uh7 ’ T)+a’2( h_gkvef”—)_c2(U;sh_§k’e?—):07
1 . 1 _
(ate'r? T)+ (12( ) T)+CQ( ’Upez7€7_,€,r)*CQ(’LL*’UJh;Ck,e,C[—_)+;02(Ch76k765~_)

—co(u —vpes;en — & el) = 0.

These identities readily allow us to derive the following bounds:

1d, ., k
2&wvmg+%w~ < (I, (14 20) e — @ 1 0) 2 v g,
1d - .
5 ledl? _uﬂm—uwun+u+w®wh—ﬁm@mém@
1d -
5l < (Ml = wnll 7 + (14 M) = 1.0) €10
And owing to Young S mequality, we obtain

1d, . w 1d, ) 1d
Sller o+ arller | o+ 5 llesBo +aslles|Ea + 5 1l

< Ci([ane — @I 7, + lIsn = 3*I3 o + llen — &3 o) + 1818n.r 113 o

S 201(”ﬁhc -

le$ll5.o + asllezli o

Ur 2, -+ [Isn — 5?”%9 + |len — EFH%,Q
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~ ~k ~ ~k ~ ~k ~
s — @2 g, + 15 — 30+ 1 — 12 0) + 10 R o, (5.4)

where C7 = max{ 2; (1+2M)2?, (1 +M)2,

Moreover, we have

(M)}, 00 = §—M—2M? as = &,/2 and a3 = %_31\2/12.

1 b 1 b 1 b
gleze(t)Bo+ar [l Olf o+ 3letlia+ oo [ s Ol 0+ 3leslFa+os [ IesOIa

tr—1

1 - -
< 5lex O)llge+C (Z (l(@z = @) 3 7, + 157 = 3)F o + 1@ —ck)llf,g>

tr
- ~ <k
+ / (line — sl 1 + 15 — 1.0+ llen — &20)

th—1

bJ\hd F

+ (HU(tk) = " 17 o — lled (tn)lI7 o) + 19¢tn.. 15 -

k=1
In light of the definition of uz, sz and cz, we get
ty
/ IV (ws = uP)[[} 7, + V(57 — Sk)llg,g +[V(er =g a)
th_1 (5.5)
<A1V =" HF 7+ V(" = s e+ V(e =I5 a)-
Then we can apply triangle inequality, which gives
%k(Huk - Uk_l”%,sz + [|s7 — 5k_1||§,9 +|jeh = k1 10)
<Yi 4 ﬁc(Hu’c —uf|? 7+ || s* 2, ) (5.6)

~ k— — fo—
+ 7 ([l = DT 7 s = s T R o+ Il = T ).

Combining the results with Theorem 3.2 implies that

tn

1 b 1 tn 1
Slez ) Bo+an [l Olfa+ 3lesl +oo [ les Ol 0+ 351 +oa [ lesolEa

< OE 417 + 5l O + IOl a+ e O)Ba+ 5 3 (lult) - 18 R o ~ e ()R a)
= (5.7)
Finally, applying integration by parts in (5.3a) yields
(0re¥ +V(p—pn),v) = —ar(c,u — ", v) — c1(u, u — @", v) — b(v, pr — p*)
P o) Yo e HY(Q),
(0res(t), ) = aa(s — 3, ¢) — ca(uss — 3, ¢) + ca(u — up; %, ¢), Vo € Hi(Q),

(Ores, ) = %ag(c— 6’“,@/}) —co(u —vpez;c— ,1/)) + co(u — up; € ,1/)) Vi € H&(Q)

—ai(c— ch,ftk,v) —ca(u—up,a

Next we apply Young’s inequality and the definition of the dual norm. Then, we integrate the whole expression
in time between 1 and ty for each k = 1,2,...,n and sum the expression for each k. Finally, we use (5.4),
(5.5), (5.6) and (5.7) to establish the second stated result. O

Theorem 5.1. Let (u,p, s,c) be the solution of (1.2), and (wp,ph, Sh,cp) the corresponding discrete solution.
Let =, T be the a posteriori error estimators defined in (5.1). Then the following reliability estimate holds:

1/2
(1€ 12 + flec]i? + [lez]12) "

1 1 1 Nl 12
<C <52+T2+QIIG?C(0)II%,Q+262(0) 5 §||€ O50+ D luf, — I uf ) :
k=1

N
> (0w + V(= pn)ll 2, yewmi-r@)) + 10l L2 im0 + 10 220yt @))
k=1
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’ l/h‘ ewu rate ep rate es rate e rate ||divuh|\oo,g‘

V2 | 1.3970 - 5.0910 0.03723 - 0.02511 - 2.19e-11
2v/2 [ 0.5651 1.306 1.9920 1.354 0.01098 1.762 0.00679 1.887 4.08e-12
44/210.1719 1.717 0.6402 1.637 0.00298 1.882 0.00171 1.990 1.00e-12
8v/2(0.0456 1.914 0.1695 1.917 0.00080 1.904 0.00046 1.903 5.20e-13

162 [ 0.0115 1.994 0.0412 2.039 0.00021 1.941 0.00012 1.962 2.23e-13

TABLE 6.1. Example 1. Experimental errors and convergence rates for the approximate solutions
Up, P, Sp and c¢p. The £°°-norm of the vector formed by the divergence of the discrete velocity
computed at time tonq for each discretisation is shown in the last column.

N-1 1/2
_ . 1, 1
<C (52 +71% + §||€;C(0)||3,Q + 5 llez(0)] o0+ §||€?(0)H3,9 + ) luf, — g, 3,9) ,

) k=1
T
wm:/\m
0

Proof. Using uf = uﬁ,c + uﬁ’r together with the identity in [24, (5.59)-(5.60)] that in our context reads

where we define

T
2 dt, wm:luw%m.

~k
la(tr) = 1"y F o = llez ()15 o = Ik . — T g 1§ o + (g — Tl e (t),

we can invoke Lemma 5.1 and reuse the strategy applied in Theorem 4.1 to complete the proof. |

6. NUMERICAL TESTS

We now present computational examples illustrating the properties of the numerical schemes. All numerical
routines have been realised using the open-source finite element libraries FEniCS [8] and FreeFem++ [27].

6.1. Example 1: accuracy verification against smooth solutions. A known analytical solution example is
used to verify theoretical convergence rates of the scheme. We choose tenq = 2.0 and 2 = (0,1)2. We take the
parameter values v = 1.0, p = 1.0, py = 1.5, g = (0,—1)T, Sc = 1.0, 7 = 0.5, v, = 1.0, a9 = 50. Following
the approach of manufactured solutions, we prescribe boundary data and additional external forces and adequate
source terms so that the closed-form solutions to (1.1) are given by the smooth functions

_ (sin(mx))?(sin(7y))? cos(my) sin(t) 4 sin
“(x’y’t)—< —1/3sin(2ma) (sin(ry))? sin(t) ) play,t) = (& = y)sin(0)

o, y,t) = %(1 + cos(m/A(zy))) exp(—t),  s(z,y,t) = %(1 + sin(r/2(zy))) exp(—t).

As w is prescribed everywhere on 92, for sake of uniqueness we impose p € L(2) through a real Lagrange
multiplier approach. To verify the a priori error estimates, we introduce the discrete norms

N 1/2 N 1/2
lleello 7, = (At ZIIUZI%) ,andlxlllo = (Atzuﬁllﬁ@) :
n=1

n=1

The corresponding individual errors and convergence rates are computed as

euw = [lu—wnllo7, ep=1llp—prlloo es=Ils—snllo: ec=llc—cnlly:
rate = log(e(y/é(.))[log(£/€)] 71, & = {h, At}, (6.1)
where e, e denote errors generated on two consecutive pairs of mesh size and time step (h,At), and (B,ANt),

respectively. Choosing At = /2h and using scheme (2.4), the results in Table 6.1 confirm that the rates of
convergence are optimal, coinciding with the theoretical bounds anticipated in Theorem 2.8.
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FIGURE 6.1. Example 2. Approximate velocity magnitude (after 3 refinement steps), pressure
(after 4 refinement steps), concentration s (after 5 refinement steps), and distribution of ¢ after
6 steps of adaptive refinement.

6.2. Example 2: adaptive mesh refinement for the stationary problem. The classical Dorfler strategy [23]
is employed for the adaptive algorithm based on the steps of solving, estimating, marking, and refining. Estimation
is performed by computing the error indicators and using them to select/mark elements that contribute the most
to the error [30]. The marking is done following the bulk criterion of selecting sufficiently many elements so that
they represent a given fraction of the total estimated error. That is, one refines all elements K € 7Tj, for which

Uy > io max U
K Z Tratio LeT, L
where 0 < patio < 1 is a user-defined constant (that we tune in order to generate a similar number of degrees of

freedom, or comparable errors, as those obtained under uniform refinement). And then the algorithm aims for
equidistribution of the local error indicator in the updated mesh.

In the adaptive case, instead of (6.1) the convergence rates (for the spatial errors) are computed as
rate = —2log(e(.)/é(.))[log(DoF/ljc\)lJ?)]_l,

where DoF and DoF are the number of degrees of freedom associated with each refinement level. The robustness
of the global estimators is measured using the effectivity index (ratio between the total error and the indicator)

{ei —&—ei—l—ei —|—e§}1/2

eff(V) = T

We start with verifying the robustness of the a posteriori error estimator ¥, and construct closed-form solutions
to the stationary counterpart of the coupled problem (1.1). We consider concentration-dependent viscosity, model
parameter values, and stabilisation constant as

1
v(e) = gL +exp(=1/4¢), p=1, pm=15 g=(0,-1)", Se=1,
7=05 wv,=1 «a=05 =05 a9=5.
The considered exact solutions are defined on the L-shaped domain = (—1,1)2\ (0,1)?

)
[ cos(mz)sin(my) B 2 + sin(xy)
w(@,y) = ( sin(mx) Cos(7ry)> o plEy) = (x —0.02)2 + (y — 0.02)2’

cos(mx) sin(5y)

10 25((x — 0.1)2 4 (y — 0.1)2)°

These solutions exhibit a generic singularity towards the reentrant corner, and therefore one expects that the
error decay is suboptimal when applying uniform mesh refinement. After solving the coupled stationary problem
on sequences of uniformly and adaptively refined meshes, the aforementioned behaviour is indeed observed in
Table 6.2, where the first part of the table shows deterioration of the convergence due to the high gradients
of the exact solutions on the non-convex domain. The results shown in the bottom block of the table confirm
that as more degrees of freedom are added, a restored error reduction rate is observed due to adaptive mesh
refinement guided by the a posteriori error estimator ¥. The second-last column of the table also indicates that
the effectivity index oscillates under uniform refinement, while it is much more steady in the adaptive case. We
tabulate as well the Newton-Raphson iteration count (needed to reach the relative residual tolerance of le-6),
and this number is also systematically smaller for the adaptive case (about four steps in all instances) than for
the uniform refinement case (up to seven nonlinear steps for certain refinement levels). As an example we plot

s(z,y) = exp(—150(z — 0.01)% — 150(y — 0.01)?), ¢(z,y) =
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DoF h| e. rate e, rate e, rate e. rate [divuplc,o eff(V) iter
Error history under uniform mesh refinement
79 1/26.85 - 2840 - 1.829 - 13724 - 2.22e-12 0.329 5
275 0.5(19.57 0.396 152.9 0.893 1.736 0.075 0.9903 0.499  3.65e-13 0.257 7
1027  0.25129.59 -0.622 86.54 0.821 1.188 0.547 0.7004 0.441  1.07e-13 0.111 6
3971 0.125(12.53 0.924 72.47 0.256 0.642 0.886 0.4834 0.535  3.2le-14 0.104 7
15619 0.0625|7.561 0.805 53.41 0.440 0.457 0.491 0.2863 0.756  3.39e-14 0.171 7
Error history under adaptive mesh refinement
79 1(26.85 - 2840 - 2829 - 13724 - 2.22e-12 0.329 4
275 0.5]15.92 0.824 154.8 0.973 1.725 0.937 0.9617 0.573  3.67e-13 0.261 3
943 0.5(10.78 1.172 90.23 0.878 0.822 0.863 0.6793 1.064  2.18e-13 0.260 4
1601 0.5(7.398 2.499 74.35 0.732 0.641 1.428 0.4398 1.642  2.28e-13 0.261 4
2363 0.5]2.139 2.265 53.35 1.706 0.461 1.569 0.2683 2.539  2.15e-13 0.257 3
4253 0.2877|3.420 1.394 29.41 2.027 0.235 2.295 0.1541 1.888  1.05e-13 0.258 4
11662  0.25]1.012 1.267 17.58 1.019 0.118 1.368 0.0873 1.126  1.07e-13 0.258 5
38174 0.1416 | 0.557 1.006 9.388 1.058 0.059 1.156 0.0464 1.063  9.0le-13 0.261 4

TABLE 6.2. Example 2. Experimental errors and convergence rates for the approximate solutions
up, Ph, Sy and ¢, of the stationary problem under uniform and adaptive mesh refinement following
the estimator W. For the adaptive case we employ Yyatio = 1 - 10~4

in Figure 6.1 solutions on relative coarse meshes and display meshes generated with the adaptive algorithm,
indicating significant refinement near the reentrant corner. Let us also remark that the boundary conditions for
velocity have been imposed (here and in all other tests) essentially for the normal component, while the tangent
component is fixed through a Nitsche’s penalisation. For this example we use a constant aitsche = 10°.

6.3. Example 3: robustness of the estimator for the transient problem. Next we turn to the numerical
verification of robustness of the a posteriori error estimator for the fully discrete approximations of the time-
dependent coupled problem. We consider now the time interval (0,0.01] and choose At = 0.002. The closed-form
solutions on the unit square domain are as follows

w(z,y,t) = sin(t) (

cos(mx) sin(7y)
— sin(mx) cos(my)

) L ple ) = cos(t)(* — o),

el y,1) = 5 (1+ cos(m/Aley))) exp(~1), s(y,1) = (1 + sin(r/2(ay))) exp(~1).

Cumulative errors up to tgna are computed as
1/2
O Q) )

1/2
(At Z gy —w(t™)|? Th> ; (At Z Pk —
1/2 1/2
E, = (Atz |s7 — s(t™) |m> : (Atz llek — ||m> :

n=1 n=1

and the resulting error history, after six steps of uniform mesh refinement, is collected in Table 6.3. To be
consistent with the development in Section 5, the numerical verification in this set of tests was carried out using
a backward Euler time discretisation. The a postemorz error estimator (5.1) is computed and the effectivity index
is also tabulated, showing that the estimator is robust (and confirming the theoretical reliability bound as well as
giving an heuristic indication of its efficiency). Note that in this case, since the mesh refinement is uniform, the
auxiliary interpolation of the solutions at the last time step on the current mesh is not necessary. The average
number of Newton-Raphson iterations required for convergence was 3.2.

6.4. Example 4: simulation of salinity-driven flow instabilities. To illustrate the behaviour of the model
and the proposed method, we simulate a salinity-driven flow problem. Similar examples are found in [19] where
direct numerical simulations (DNS) are applied to the version of (1.1) that has constant viscosity.

The configuration of layering in sedimentation is taken from [33]. We consider a rectangular domain with
L, =40, Ly = 300 and an initial solid-particle concentration profile that is periodic in the horizontal direction,
and periodic with Gaussian noise in the vertical direction:

s(x,y,2,0) = Agexp(—2%/0?%) + A; sin(z),
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DoF h E. rate E, rate E, rate E. rate eff(Y)

59 0.7071 | 0.00228 — 0.02080 - 0.01811 - 0.00711 - 0.0859

195 0.3536 | 0.00081 1.504 0.01191 0.843 0.00989 0.872 0.00303 1.227 0.0970
707 0.1768 | 0.00034 1.217 0.00621 0.940 0.00486 1.025 0.00149 1.022 0.0973
2691 0.0884 | 0.00015 1.119 0.00313 0.984 0.00241 1.009 0.00074 1.008 0.0967
10499 0.0442 | 7.70e-05 1.053 0.00157 0.996 0.00120 1.004 0.00031 1.003 0.0961
41475 0.0221 | 3.78e-05 1.025 0.00078 0.999 0.00060 1.002 0.00018 1.001 0.0972
164867 0.0110 | 1.87e-05 1.012 0.00039 0.999 0.00030 1.001 9.26e-05 1.000 0.0966

TABLE 6.3. Example 3. Experimental errors and convergence rates for the approximate solutions
of the transient problem under uniform mesh refinement following the estimator Y.

— 1.0e+00 — 1.0e+00 — 1.0e+00

— 08 — 0.8 — 08
06 06 06
S
04 04 04
02 02 02
0.0e+00 0.0e+00 0.0e+00

FIGURE 6.2. Example 4. Solid particle concentration profile at times ¢t = 0.0,3.5 and ¢t = 6.0.

with initial amplitudes Ag, A; and width o (see Figure 6.2). For the velocity field, we use non-slip boundary
condition in all four walls and we choose At = 0.1. As discussed in [33], simulations at low density ratios are
extremely costly because of the large Reynolds numbers of fingering convection. In consequence we choose an
initial density ratio Ry = aso./B¢o,» =~ 4, and we carry out the simulations on tall, thin domains. Apart from the
specifications above, the remaining constant parameters needed in the model take the following values

Ap =286, A =05 0=035 v=1x10"kg/m* g¢g=9.8m/s?>, Sc=7.0,
T=25 v,=0.04m/s, a=-20, [=0.5.

According to [33] a linear fingering instability occurs provided 1 < Ry < 7, hence the instability shown in
Figure 6.2 is expected.

6.5. Example 5: adaptive simulation of exothermic flows. To conclude this section, and to include an
illustrative simulation exemplifying that the H(div)-conforming scheme along with the a posteriori error estimator
perform well for an applicative problem, we address the computation of exothermic flows that develop fingering
instabilities. The problem configuration is adapted as a simplification of the problem solved in [31], where the
fields ¢, s represent solutal concentration and temperature, respectively. The model assumes an additional drag
term due to porosity so that the momentum equation is of Navier-Stokes-Brinkman type. The domain is the
rectangular region Q2 = (0, L) x (0, H), and the initial solutal and temperature profiles are imposed as

i

0 0.999 +0.001¢, if H—-e<y<H, 0 0.999 +0.001¢, if H-e<y<H,
c(z,y) = s (z,y) = .
0 otherwise

0 otherwise,

where (., (s are random fields uniformly distributed on [0, 1]. The geometric and model constants are H = 1000,
L = 2000, At = 20, teng = 1500, v =1+ 0.25¢,, k =1, 1/Sc =8, 1/(rSc) = 2.5, pu =1, v, =0, =5, § = —1.

Boundary conditions are of mixed type for solutal and temperature. Both fields are prescribed to 0 and 1
on the bottom and top of the domain, respectively; while on the vertical walls we impose zero-flux boundary
conditions. The velocity is of slip type on the whole boundary, and therefore a zero-mean condition for the
pressure is considered using a real Lagrange multiplier. The solution algorithm, differently from the previous
tests, is based on an inner fixed-point iteration between an Oseen and a transport system, rather than an
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h

FIGURE 6.3. Example 5. Samples of adapted meshes at times ¢t = O, 60, 600, 1200 (top panels),
and approximate solutions shown at time ¢ = 1500 (bottom).

exact Newton-Raphson method. An initial coarse mesh of 5300 elements is constructed, and an adaptive mesh
refinement (only one iteration) guided by the estimator (5.1) is applied at the end of each time step. Figure 6.3
shows snapshots of adapted meshes at different times, and also samples of solute concentration, temperature
distribution, velocity, and pressure at the final time.
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