UNIVERSIDAD DE CONCEPCION

CENTRO DE INVESTIGACION EN
INGENIERIA MATEMATICA (CT°MA)

A

Centro de Investigacion en Ingenieria Matematica

Analysis of a new mixed-FEM for stationary incompressible
magneto-hydrodynamics

JESSIKA CAMANO, CARLOS GARCIA,
RICARDO OYARZUA

PREPRINT 2020-13

SERIE DE PRE-PUBLICACIONES







Analysis of a new mixed-FEM for stationary
incompressible magneto-hydrodynamics *

Jessika Camano! Carlos Garciat and Ricardo Oyarzta?

Abstract

In this paper we propose and analyze a new mixed finite element method for a station-
ary magnetohydrodynamic (MHD) model. The method is based on the utilization of a new
dual-mixed formulation recently introduced in [3] for the Navier-Stokes problem, which is
coupled with a classical primal formulation for the Maxwell equations. The latter implies
that the velocity and a pseudostress tensor relating the velocity gradient with the convec-
tive term for the hydrodynamic equations, together with the magnetic field and a Lagrange
multiplier related with the divergence-free property of the magnetic field, become the main
unknowns of the system. Then the associated Galerkin scheme can be defined by employing
Raviart-Thomas elements of degree k for the aforementioned pseudostress tensor, discontin-
uous piecewise polynomial elements of degree k for the velocity, Nédélec elements of degree
k for the magnetic field and Lagrange elements of degree k for the associated Lagrange mul-
tiplier. The analysis of the continuous and discrete problems are carried out by means of the
Lax—Milgram lemma, the Banach—Nec¢as—Babuska and Banach fixed-point theorems, under
a sufficiently small data assumption. In particular, the analysis for the discrete scheme can
be carried out by means of a quiasi-uniformity assumption of the mesh. We also develop an
a priori error analysis and show that the proposed finite element method is optimal conver-
gent. Finally, some numerical results illustrating the good performance of the method are
provided.
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1 Introduction

The numerical study of the dynamics of electrically conducting fluids in electromagnetic fields,
best known as Magnetohydrodynamics (MHD), is a very active area of research, and the interest
and number of scientific contributions in this discipline increase in time due to its applicability
in different scientific disciplines, such as astrophysics, engineering related to liquid metals and
controlled thermonuclear fusion. Since the mathematical model of MHD is a coupled system
where the incompressible Navier—Stokes equations are coupled with the Maxwell’s equations
through the Lorentz force and Ohm’s law, the numerical analysis community has been trying to
bring together the best of both, electromagnetism and fluid dynamics communities, to develop
better numerical methods to approximate the solution of the MHD model.

To begin the bibliographical discussion we start by mentioning one of the first works devoted
to the analysis of finite element methods (FEM) for MHD, namely [18]. There, the authors
develop the well-posedness and convergence analysis for a conforming FEM for MHD considering
inf-sup stable velocity-pressure elements for the hydrodynamic variables and standard nodal
finite elements, i.e, H!-conforming elements for the magnetic field. An extention to [18] can
be found in [15] where the authors propose a stabilized method for the three-field formulation
considered in [18]. We emphasize that in both contributions, [18] and [15], the magnetic field
is in H'(Q)3, which is only feasible if the domain is convex. To circunvent the latter, in [19]
the authors introduce a mixed finite element method based on weighted regularization for the
incompressible MHD system which can be used even in non-convex domains (see also [7]).
Another way to circumvent this problem can be found [27] where the author imposes weakly the
divergence-free condition of the magnetic field through the introduction of a Lagrange multiplier.
By doing that, the magnetic field can be approximated by curl-conforming Nédélec elements and
the convex domain assumption is no longer required.

MHD equations admit many different variational formulations which lead to different math-
ematical properties. In [22] the authors introduce a fully-DG method for a linearized incom-
pressible MHD model problem based on the mixed method introduced in [27]. All the variables
are aproximated by discontinuous finite element spaces and, as a consequence, the approach
requires a large number of degrees of freedom. This drawback is overcome in [17] where the
authors introduce a finite element discretization and instead of using discontinuous elements
for all the unknowns, they use divergence conforming Brezzi-Douglas-Marini (BDM) elements
for the approximation the velocity and curl-conforming Nédélec elements for the magnetic field.
A different approach is presented in [23] where the authors proposed a mixed finite element
discretization for the MHD problem where the Gauss’s law for the magnetic field at discrete
level is preserved (see also [24]).

According to the above discussion, and in order to contribute toward the development and
analysis of new numerical methods to approximate the solution of MHD, in this paper we pro-
pose and analyze a new mixed finite element method for the stationary incompressible MHD
system considering constant parameters. Our method combines the mixed finite element dis-
cretization that has been developed recently for the stationary Navier—Stokes problem in [3] and
the mixed finite element method presented in [27] for the Maxwell’s equations. More precisely,
we adopt the methodology developed in [3] for the fluid equations, where the main unknowns are
the velocity and a nonlinear pseudostress tensor depending nonlinearly on the velocity through
the corresponding convective term, and in [27] for the electromagnetic unknowns. The pres-
sure is eliminated by using the incompressibility condition, and can be recovered as a simple



postprocess of the nonlinear pseudostress tensor. Thus, the resulting main unknowns of the
system are the aforementioned pseudostress tensor, the velocity, the magnetic field and a La-
grange multiplier related with the divergence-free property of the magnetic field. As in [3], we
introduce non-standard Banach spaces for the velocity and the nonlinear pseudostress tensor,
and H(curl) and H'! for the magnetic field and Lagrange multiplier, respectively. A fixed-point
setting resembling the approach applied in [6] is then utilized to study the well-posedness of
the continuous and discrete schemes of our problem. The analysis is based on the Lax—Milgram
lemma, the Banach—Necas—Babuska theorem and the Banach’s fixed—point theorem under a
small data assumption. For the associated Galerkin scheme we employ Raviart-Thomas ele-
ments of degree k to approximate the nonlinear pseudostress tensor, discontinuous piecewise
polynomials of degree k for the velocity, Nédélec elements of degree k for the magnetic field
and continuous piecewise polynomials of degree k for the Lagrange multiplier. We also derive
optimal a priori error estimates of our mixed scheme. Notice that, an important advantage of
our formulation is that further variables of interest, such as the fluid pressure, the fluid vorticity
and the fluid velocity gradient, can be computed as a simple postprocess of the finite element
solutions with the same rate of convergence. In addition, similarly to [27], our analysis is carried
out without assuming that the computational domain is convex as in [18] and [15].

We have organized the contents of this paper as follows. In Section 2 we introduce some
standard notation and functional spaces. We reformulate the incompressible MHD problem as an
equivalent set of equations and derive our mixed variational formulation. Next, in Section 3, we
apply the classical Banach fixed point theorem, the Lax—Milgram lemma and the Banach—Necas—
Babuska theorem to prove unique solvability and stability of the continuous formulation. The
corresponding Galerkin scheme is introduced and analysed by mimicking the theory developed
for the continuous problem in Section 4. In addition, we establish the corresponding Céa’s
estimate and prove optimal convergence of the method. Finally, in Section 5, we provide some
numerical results illustrating the performance of our mixed finite element method and confirming
the theoretical rates of convergence.

2 The model problem and its mixed formulation

2.1 Preliminaries

Let us denote by Q C R3 a given bounded domain with polyhedral boundary I', and denote
by n the outward unit normal vector on I'. Standard notations will be adopted for Lebesgue
spaces LP(Q), with p € [1, 00] and Sobolev spaces WP (Q) with » > 0, endowed with the norms
|- llLr(e) and |- [[w e (), respectively. Note that W %P(Q) = LP(Q2) and if p = 2, we write H"(Q2)
in place of W™2((2), with the corresponding Lebesgue and Sobolev norms denoted by || - [lo.o
and || - ||.q, respectively. We also write | - |,.q for the H™-seminorm. In addition, H'/2(T) is the
spaces of traces of functions of H'(€2) and H~/2(I") denotes its dual. With (-,-) we denote the
corresponding product of duality between H'/2(T') and H-'/2(T"). By S and S we will denote
the corresponding vectorial and tensorial counterparts of the generic scalar functional space S,
and, in the case of product spaces, we preserve the same type of symbol as the space of objects
of higher dimensions, for example U=V x X x D or U =V x X. In addition, we will denote
by |[(u,v)] := |[(w,v)|[uxv := ||u|lo + ||v||v the norm on the product space U x V. In turn, for
any vector fields v = (v;);=1,3 and w = (w;);=1,3 we set the gradient, divergence, tensor product



and curl operators, respectively, as

3
ov; . ov;
Vv = ( . , div v := 8—7, VW= (vjw))ij=13
i.j=13 =1 9%

and
81)3 81}2 8111 81/3 0’02 a’Ul
curlvi= | —— - 2 — - =2 = —— |,
8:132 8{[}3 61’3 81'1 81‘1 6:1:2
In addition, for any tensor fields 7 = (7i;)ij=1,3 and ¢ = ((ij)ij=1,3, we let div 7 be the
divergence operator div acting along the rows of 7, and define the transpose, the trace, the
tensor inner product, and the deviatoric tensor, respectively, as

3 3
1
s (g ()= Ym TiC= YonG, Tl S (r)L
i=1 4,j=1

where T is the identity tensor in R3*3. The cross product of two vectors u = (uq, uz,us) and
v = (v1,v9,v3) in R? is given by

uXxXv:.i= (UQU3 — U3V2,U3V] — UIV3, UTV2 — UQ'Ul).

For simplicity, in what follows we denote

(v, w)o ::/va, (v, %)o ::/Qv~w, (v, W)r ::/Fu-v and  (r,0)a ::/QT:C.

Furthermore, we recall that the Hilbert spaces
H(div; Q) = {7 € L*(Q): div T € L*(Q)}

and

H(curl; Q) := {v e L*(Q): curl v e L*(Q)},

with norms |73, 0 = |73 + ldiv 73 o and V|20 = VI3 + leurl v g, respectively.
Both spaces are standard in mixed problems and electromagnetism problems, respectively. We
denote by H(div?; Q) the subspace of H(div ; Q) with divergence zero and in the sequel we will
make use of the tensor version of H(div; (), namely

H(div;Q) = {T € L*(Q): div T e L*Q)},

whose norm will be denoted || - ||qiv.0. In turn, given p > g, in what follows we will also employ
the non-standard Banach space H(div,, ,2) defined by

H(div,;Q) := {T ¢ L*(Q) : div T € L?(Q)},
endowed with the norm
2 . 2 1
I laiv, 0 = (I3 + ldiv 71350 -
Also, we consider the following subspace of H(curl; 2)

Ho(curl;Q) == {c € H(curl;Q): nxc=0onT}.
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2.2 The stationary incompressible magneto-hydrodynamics problem

Let © C R3 be a bounded Lipschitz polyhedron domain. For simplicity, we assume that € is
simply-connected, and that its boundary is connected. Let v, v,,,, u and p be the hydrodynamic
viscosity, electromagnetic viscosity, velocity and pressure, respectively, of a viscous incompress-
ible fluid occupying the region 2, exposed to a magnetic field b. Then, the movement of the
fluid and the behavior of the magnetic field are described by the stationary incompressible
magneto-hydrodynamic equations:

—vAu+ (u-V)u+ Vp—k(curl b) xb = f in €,
kvpcurl (curl b) + Vr — kcurl (u x b) g in €
divu = 0 in €, (2.1)
div b 0 in 9,
(p. o = 0,

where f and g are source terms, k is the coupling number and the unknown r is the correspond-
ing Lagrange multiplier associated with the divergence constraint on the magnetic field b. In
addition, we consider the following Dirichlet boundary conditions:

u=up on T, nxb=0 on I' and r=0 on T, (2.2)

where up is the prescribed velocity on I' satisfying the compatibility condition

/FUD -n =0. (2.3)

As we already mentioned before, we are interested in deriving a mixed finite element method
to approximate the solution of problem (2.1). To that end, we proceed analogously as in [3] and
write (2.1) as an equivalent set of equations by introducing the pseudostress tensor

oc=vVu—pl —u®u in Q. (2.4)
Notice that from the incompressibility condition div u = tr (Vu) = 0 in €, there hold
diviudu)=(u-V)u in Q and tr(ec)=-3p—tr(u®u) in Q. (2.5)

In particular, the second equation in (2.5) allows us to write the pressure p in terms of the tensor
o and the velocity u as

1
p= —g(tr ()+tr(u®u)) in Q (2.6)
which in turn, together to (2.4), leads us to the equation
cl=vVu— (uouw? in Q.

On the other hand, from (2.4), the first equation of (2.1) and (2.5), we easily get the equilibrium
equation
—diveo — k(curl b) xb =f in Q.



Finally, from (2.6) we observe that the condition (p, 1)q = 0, ensuring the uniqueness of solution
of problem (2.1), is equivalent to

(tr(o) +tr(u®@u), 1) = 0.

According to the above, we rewrite equations (2.1) equivalently as follows:

ol = vVu-— (u®u) in Q,
—diveo —k(curl b) xb = f in Q,
kvpecurl (curl b) + Vr — kcurl (uxb) = g in Q, (2.7)
divb = 0 in Q,
(tr(o), Do+ (tr(u®@u),l)g = 0,

along with the boundary conditions (2.2). Here the unknowns of the system are the tensor o,
the velocity u, the magnetic field b and the Lagrange multiplier . The pressure p can be easily
computed as a postprocess of the solution by using (2.6). In the sequel we employ the set of
equations (2.7) to derive our mixed formulation.

2.3 Derivation of the mixed variational formulation

We begin by proceeding similarly to [3] for the first and second equations of (2.7), that is, we
multiply the first equation of (2.7) by 7 € M, integrate by parts, employ the Dirichlet boundary
condition u = up on I', and test the second equation of (2.7) by v € Q (M and Q will be
specified later on), to obtain

1 1
—(Ud,'rd)g + (div m,u)g + —(u® u,Td)Q = (tn,up), VT eM, (2.8)
v v

and
(div o,v)q + k((curl b) x b,v)q = —(f,v)q, VveQ. (2.9)

Next, for the third and fourth equations of (2.7) we proceed analogously to [27], that is,
we multiply the third equation of (2.7) by d € Hy(curl; (), integrate by parts, test the fourth
equation of (2.7) by 2z € H}(2) and also integrate by parts, to get

kvp,(curl b,curl d)q + (Vr,d)qg — k(u x b,curl d)g = (g,d)q, Vd € Hp(curl;2) (2.10)

and
(b,Vz)q = 0, Vze Hy(Q). (2.11)

In this way, at first we are interested in finding o € M, u € Q, b € Hy(curl; Q) and r € H} ()
satisfying (2.8), (2.9), (2.10) and (2.11) and the condition (tr (¢),1)q = —(tr (u®u),1)q.
Now we turn to specify the spaces M and Q. To that end, we first let

C:={d € Hy(curl;Q) : (d,Vz)g =0 Vze H}(Q)} =H(curl;Q) N H(div%Q), (2.12)

and observe that, since b satisfies (2.11), then b € C (see [16, Section 1.2.2]). Then, since C is
continuously embedded into H*(Q2) for some s > 1/2 (see [1, Proposition 3.7]), which in turn is
continuously embedded into L3+9(Q), for some § > 0 (see [26, Theorem 1.3.4]), we obtain

[bllLs+sa) < c1llbllcur ;-

6



Therefore, using the embedding inequality
[viLa) < e2llvliwe) Va € [1,6), (2.13)
and defininng §* := % > 0, it follows that

[((cwrl d)xb, v)a| < fleurl dlloalblluss o Vies o) < ColldlcutalBleualVins@), (214)

for all d € H(curl; Q) and v € L5(Q), with Cs the resulting constant from the aforementioned
embedding inequalities. In addition, if u € L%(Q) we obtain

|(u x b,curl d)g| < ||curl d|

02lbllLs+s (@) llullys-5 (o) < Cslld[lcuwnlPllewelallLe@), (2.15)

for all d € H(curl; ).

According to the above, the terms ((curl b) X b, v)q and (u x b, curl d)q in (2.9) and (2.10),
respectively, are well defined if we set Q := L5(£2) and consequently, (div T, u)q and (div o, v)q
in (2.8) and (2.9), respectively, are well defined if div 7,div o € M := H(divg/5;2).

Let us now define the space

Ho(divg,s; Q) := {1 € H(divg5;Q) : (tr (1), 1)q = 0},
and recall that there holds
H(div6/5 ; Q) = Ho(diV6/5 ; Q) D PO(Q)]I, (216)

where Py(£2) is the space of constant polynomials on Q. More precisely, each 7 € H(divgs ;)
can be decomposed uniquely as:

1
T =719+ cl, with 79 € Hy(dive5;Q) and c := m(tr T,1)q € R.

Then, if we define the tensor

1
o) =0+ m(tr (u®u),1)al, (2.17)

it can be readily seen that
(tr(o) +tr(u®@u),1)g =0 ifand only if oo € Ho(dives;).

Moreover, owing to (2.16) and the compatibility condition (2.3), after simple computations we
realize that equation (2.8) can be rewritten in terms of o equivalently as

1 1
;(Ug,Td)Q + (div 7,u)q + ;(u @u, 7 = (rn,up), VT e Ho(dive/s;2), (2.18)
whereas (2.9) becomes:
(div o, v)q + k((curl b) x b,v)q = —(f,v)q, Vv eL5Q). (2.19)

Summarizing, instead of considering equations (2.8) and (2.9) in the system of equations,
from now on we consider the new equations (2.18) and (2.19). In this way, for the sake of



simplicity we drop the subscript 0 from the new unknown o, and at last arrive to our variational
problem: Find (o, u,b,r) € Ho(divgs ; Q) x L(Q) x Hy(curl; Q) x Hg(€2), such that:
%(ad,rd)g + (div 7,u)q + %(u@u, g = (rn,up) V1 € Hy(divg,s;),
(div o,v)q + k((curl b) x b,v)q = —(f,v)q Vv e L5(Q),
kvp (curl b,curl d)g + (Vr,d)g — k(u x b,curl d)g = (g,d)q Vd € Hy(curl; ),
)

(b,Vz)g = 0 Vze H Q).
(2.20)

Remark 2.1 Notice that, if (o,u,b,r) is the solution of (2.20), then according to (2.6) and
(2.17), the post processing formula for the pressure p now reduces to

1 1
p=-3 (tr (o) +tr(u®@u) — @(tr (u®u), 1)Q> : (2.21)

3 Analysis of the continuous problem

3.1 Preliminaries

The well-posedness of problem (2.20) will be addressed by means of a fixed-point strategy and
a sufficiently small data assumption. To that end, and for easiness of presentation, we define
the forms ay : H(divg/s; Q) x H(dive/s;Q) — R, by : H(divgs; Q) x L(Q) — R, ¢y : L5(Q) x
L(Q) x H(dive/5;Q) = R, ¢q : H(curl; Q) x CxL(Q) = R, a,, : H(curl; Q) x H(curl ; Q) — R,
bm : H(curl; Q) x HY(Q) — R and ¢, : L5(Q) x C x H(curl; Q) — R, as

af(o,T) = 1(gd, 7%, be(t,v) = (div 7,u)q,

v, m) = Luev, g, ca(b;c,v) = Ek((curl b) x ¢,v)q,

am(b,d) = kvp(cul b,curl d)g, bn(d,2) = (d,Vz)a, 3
cm(u;b,d) = —k(u x b, curl d)gq,

where C is the subset of Ho(curl; ) defined in (2.12), the functionals Fy : H(divgs;) — R,
Fy:L5(Q) — R and F3 : H(curl; ) — R, as

Fi(7):=(tn,up), Fr(v):=—(f,v)q, Fs3(d):=(g,d)q,

and rewrite problem (2.20) in terms of these forms and functionals as follows: Find (o, u,b,r) €
Ho(divgs; Q2) x L6(€) x Ho(curl; Q) x Hg (), such that:

af(o,7) + bp(T,u) + cf(wsu,7) = Fi(1) V71 €Hy(dives;Q),

by(o,v) + cq(b;b,v) = F(v) VveLsQ),

am(b,d) + b(d,7) + em(wb,d) = Fy(d) ¥d e Hy(curl;Q), (32)
b (b, 2) = 0 Vz e HHQ).



In turn, recalling that the bilinear form b, satisfies the inf-sup condition (see [27, Section 2.4]
or [21, Section 5.4]):

b (d,
sp (42

> Bmllzlie V2 e Hy(Q), (33)
0£deH(curl ;Q) ||d||cur1;Q

with B, > 0, analogously to [27], it is not difficult to see that (3.2) can be rewritten equiva-
lently (to be proved next in Corollary 3.7) as the following reduced problem: Find (o,u,b) €
Ho(divgs; Q2) x LS(€) x C, such that:

af(o, ) + br(T,u) + cp(uyu,7) = Fi(r) V7 eHy(dives;Q),
br(o,v) + ca(b;b,v) = Fy(v) VveLSQ), (3.4)
am(b,d) + cm(w;b,d) = F(d) ¥de C.

Therefore, to prove the well-posedness of (3.2) it suffices to apply our aforementioned fixed-point
strategy to the reduced problem (3.4).
3.2 The fixed-point strategy

Here we describe the fixed-point strategy to be employed next to prove the well-posedness of
(3.4). This strategy consists firstly in rewriting (3.4) as an equivalent fixed-point equation in
terms of an operator 7, and secondly in proving existence of a unique fixed point of 7 by means
of the classical Banach fixed-point theorem. We begin by introducing the associated fixed-point
operator. To that end we first introduce the operator S, : L6(Q) — C, as

Sp(w):=b, VYweLQ),
where b is the element in C satisfying
am(b,d) + cp(w;b,d) = F3(d) vd e C. (3.5)
In turn, we let Sy : L8(Q) x C — Ho(divgs ; €2) x L°(Q) be the operator defined by
Sy(w,b) i= (Sp1(w, b), Spo(w, b)) = (,u) ¥(w,b) € L(Q) x C,
where (o, 1) is the pair in Ho(divg,s;Q2) X L5(0) satisfying
ag(o,T) + bp(T,u) + cp(wiu,7) = Fi(r) V7 €Hy(dives; ),
bi(o,v) = Fi(v) VveLSQ), 30

with

~

Fy(v) := Fy(v) — ca(b;b,v), Vv eLS(Q).

Then, we define
J: LG(Q) — LG(Q), w — J (W) := Sfa(w, Spm(w))



and realize that solving (3.4) is equivalent to seeking a fixed-point of 7, that is: Find u € L5(Q),
such that
J(u) =u. (3.7)

Therefore, in what follows we focus on proving the existence of a unique fixed-point of 7.
Before doing that, we need to prove that J is well defined. To that end, and since J is defined
in terms of S, and Sy, it suffices to prove that both operators S, and Sy are well-defined
separately.

3.3 Well-definiteness of S,

It is clear that to prove the well-definiteness of operator Sy, it suffices to prove the well-posedness
of problem (3.5). In order to do that, we first need to establish the stability properties of the
forms and functionals involved. We begin by recalling that the form a,, is continuous:

lam (b, d)| < kv |Ib|lcurt;ol|d|lcut;o Vb, d € H(curl; Q). (3.8)
In addition, from (2.15) we have
lem(u; b, d)| < kCs|lullps)lbllewt;olld]lcul;o Vu € L5(Q), be C,d € H(curl; Q). (3.9)
In turn, recalling that there holds
[curl dllo.o > amlld]lcun;o, Vd € C, (3.10)

with a,, > 0 only depending of Q (see [25, Corollary 3.51]), it readily follows that a,, is elliptic
on C, that is
am(d,d) > kvpmad,||d|2.q Vd e C. (3.11)

Finally, it is clear that the functional F3 is bounded, that is
|F3(d)] < llgllo.elld]lcun;o Vd € H(curl; Q) (3.12)

Now, we are in position of establishing the well-definiteness of operator S,, or equivalently,
the well-posedness of (3.5).

Lemma 3.1 Let w € L5(Q) be such that
1
HWHLG(Q) < §Vmcma (3.13)

with Cy, 1= % a positive constant independent of the physical parameters. Then, there exists a
unique b € C solution to (3.5). In addition, there holds

[bllewr;o < Igllo.o- (3.14)

kvma?2,

Proof. First, from (3.11) and (3.9) it is clear that for all d € C, there holds

am(d,d) + cp(w;d, d)

v

kvmap [A]2..0 = kCsWllws@)lld]|2 .0

\Y]

k (Vmagn - CSHWHLG(Q)) Hngurl;Q’
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which together to hypothesis (3.13), implies
1
am(d,d) + cp(w;d,d) > ikymaglnduzum, vd € C, (3.15)

that is the bilinear form a,,(-,-) + ¢n(w;-,-) is elliptic on C. In this way, the well-posedness
of (3.5) follows straightforwardly from the Lax-Milgram lemma. In addition, from (3.15) and
(3.12) it readily follows that the solution b satisfies (3.14), which concludes the proof. O

3.4 Well-definiteness of S;

Similarly as in Section 3.3, to prove the well-definiteness of Sy in what follows we focus on
proving the well-posedness of (3.6). In this regard, we point out that most of the results here
are omitted and recall only the key properties since the desired result follows straightforwardly
from [3, Section 3.2].

We start by noticing that, analogously to [3, Lemma 3.2|, that is, proceeding as in [14,
Lemma 2.3] and utilizing the Sobolev inequality

Hw”Lq(Q) < Clwlh,o, VYwe Hl(Q), Vq € [l,6], (3.16)

with ¢ = 6, it can be proved that

CrallTlga < IT95.q + Idiv Tl V7 € Ho(divgs; ), (3.17)
with Cf1 > 0 depending only on (2, which clearly implies

Cra
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L 4
ap(T,7) = ;||7' 6o > ||T||?1iv6/5;ﬂv (3.18)

for all T € Ker(by) := {7 € Ho(divg5;Q) : bp(T,v) =0 Vv € L5(Q)}. In addition, it is easy
to see that ay and by are continuous forms, that is

1 .
lag(a. )l < ~llolldive s 0l laive 50, Vo, 7 € H(dives;: €2), (3.19)

and
b7 (7, V)| < o llaives llviiLe@), Vo € H(divgs;Q), Vv e L(Q). (3.20)

Now we establish the inf-sup condition of by.

Lemma 3.2 There exists 3y > 0 only depending on €2, such that

b
sup f(Ta V)

= > B¢|[vllLs () (3.21)
reHo(divgs )\ {0} [T lldives:0

for all v € L5(Q).

Proof. We proceed similarly to [3, Lemma 3.4] and [4, Lemma 2.1]. In fact, given v € L%((Q),
we let h(v) := |v|*v and observe that

(h(W)I*®, 1o = (|v|°, 1)a < +oo, (3.22)
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which implies that h(v) € L6/%(Q) and ||h(v)|ye5 = HvHiG(Q). Then, proceeding analogously
to [3, Lemma 3.4] we can find 7 € Ho(dives;2), such that

divF =h(v) e L5°(Q),  (tr(),1)q =0, (3.23)
which owing to (3.16), satisfies

1Fllaives:0 < 87 IVIEs(q (3.24)

with B¢ > 0. In this way, from (3.23), and (3.24), it follows that

be(T,v
reHo(diilsz .\ {0} HTﬁc(iivf,/:;Q > BrllvliLe)s
which concludes the proof. O
Now, let us define A : (H(divg,s; Q) x LS(Q)) x (H(dive/s;Q) x L8(Q)) = R, as
A((o,u),(T,v)) = a¢(o,T) + be(T,u) + by(o,v), (3.25)

for all (o,u),(7,v) € H(divgs;Q) x L(Q), and recall that thanks to (3.18)-(3.21) and [10,
Proposition 2.36], the bilinear form A satisfies:

A((o,u), (1,v))

sup > ¢ll(o,w)]], (3.26)
0£(Tv)eHy(dive s )xLo@) (T, V)] d
for all (o-,u) € Hy(divgs; Q) x LS(Q), with
min{l,vp}
=Crg——— = 3.27
vy 12 (3.27)

with constants Cyo > 0 and ; > 0 depending only on 2. On the other hand, using (2.13) with
q = 4, we obtain that the form ¢y (cf. (3.1)) satisfies

lep(w v, 7)] < %HUHLG(Q)HVHL6(Q)||THdiv6/5 o Yu,veLQ),YT e H(dive;s;Q), (3.28)
wit C3 > 0 depending only on €. In turn, from (2.14), we have that
lca(d; b, v)| < kCs||d||cunlbllcurt ol VILs@) Vd € H(curl;Q),be C, v e L(Q), (3.29)
and in particular, for a fixed b € C, the latter implies that
[F ()] < (IEllposs) + kCslBlZun)IVllLe) Vv € LO(Q). (3.30)

In addition, analogously to the proof of [3, Lemma 3.5], considering here the Sobolev inequality
(3.16) with ¢ = 6, for F; we have

[F1(T)] < Crli7llaive s sellupllijer V7 € Hdives ; Q). (3.31)

Now, in order to establish the well-posedness of (3.6), for a fix w € L°(Q) we define the bilinear
form Ay, : (H(divgs; Q) x LS(Q)) x (H(dive5; Q) x L(Q)) — R given by

Ay ((o,u),(T,v)) := A((o,u),(T,V)) + cf(w;u, 7). (3.32)
For this bilinear form, from (3.26) and (3.28) we obtain the following result. For its proof we

refer to [3, Theorem 3.6].
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Lemma 3.3 Let w € L(Q) be such that
Vs
< T
[wllLs@) < 205

with ¢ being the constant defined in (3.27). Then, the following inf-sup conditions holds:

Ay ((o,u), (T,v
sup oW T V) > 2 (o) (3.39)
04 (7, v)€Ho (div /5 :2) XL (Q) (7, V)l 2
Jor all (o,u) € Ho(dive/s;Q) x L8(Q), and
sup Aw((o,u),(T,v)) >0,

(o,u)€Hp(divg,5;Q2) xL6(Q)
for all (7,v) € (Ho(div6/5;(2) X LG(Q)) \{0}.

Now we are in position of establishing the well-posedness of (3.6), or equivalently, the well-
definiteness of Sy.

Lemma 3.4 Let w € L5(Q) be such that

Vs
[WllLe() < 205 (3.34)

with s being the constant defined in (3.27) and let b € C. Then, there ezists a unique (o, u) €
Ho(divgs; Q) x L(2), solution to (3.6). In addition, there holds

2 ~
(o)l < = (Crlluplhzr +18lm@) + KClBlEu ) - (3.35)

Proof. Here, we proceed as in the proof of [3, Theorem 3.6] and rewrite problem (3.6) as
Aw((av u)v (T,V)) = Fl(T) + F(}(V)

Then, the well-posedness of (3.6) follows straightforwardly from Lemma 3.3 and the well-known
Banach-Necas-Babuska theorem (cf. [10, Theorem 2.6]). Moreover, from (3.30) and (3.31) we
obtain

IFi(7) + B(v)| < (Crllupllyjar + [€lgers@) + EColBl2ua) (7 v)1l
which clearly implies (3.35). O

3.5 Well-posedness of the continuous formulation

Recalling that problem (3.4) is equivalent to the fixed-point problem (3.7), in what follows we
apply the classical Banach fixed-point theorem to obtain the desired well-posedness of (3.4).
Before doing that, we notice that from Lemma 3.1 we have that for all w € L5(Q), such that
HwHLa(Q) < %VmCm, there holds

2
HSm(w)chrl;Q < m”g‘o,ﬂ
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and from Lemma 3.4

. . ) .
1520, B)lusqay < 157w D) < = (Crlmplh o+ Wlsrs @y + KOlBlm o)

for all (w,b) € L5(Q) x Hy(curl;Q), with [WllLs) < % Hence, recalling that J(w) =

St2(w, Sp(w)), from the inequalities above, we deduce
1T W)llLs) = [1572(W, Sm(W))llLs (e
2 2
< (Coltaplhzr + €m0 + KOl Sm(WlEm 0)

2 My 2
< 2 (Crlupllyjor + IElgorse + L g )
vf ( /2 L5/5(Q) w2 0,0

with M7 = ‘;—% independent of the physical parameters. Therefore, if we define the ball

K:={vel’Q) : [Vl < u(up,f,g)}, (3.36)
where ) v
1
p(up, f,g) == — (CFHUD\h/z,r + [I£llLess ) + QHgH%,Q> 7 (3.37)
'yf RV,
and redefine J on K, that is J : K — K, we obtain that J is well-defined provided
1
w(up,f,g) < —min ﬁ,ymCm . (3.38)
2 Cra

This result is established next.

Lemma 3.5 Assume that the data f, g and up satisfy (3.38). Then, given w € K, there exists
a unique u € K such that J(w) = u.

Proof. If w belongs to K and the data satisfies (3.38), it is clear that the hypotheses of lemmas
3.1 and 3.4 hold. Then, the result follows straightforwardly from the well-definiteness of S, and
Sy. O

Now we turn to prove the main result if this section, namely, existence and uniqueness of
solution of problem (3.4).

Theorem 3.6 Assume that the data £, g and up satisfy (3.38). Assume further that

2 Mo
- 73“g
”yf HVm

C
b+ i’gu(uD,f,g)> < 1, (3.39)

with My = a2, M? > 0, independent of the physical parameters. Then, there evists a unique
(o,u,b) € Hy(divgs;Q) x L) x C solution to (3.4) . In addition, there hold

[ullLs) + lollaives 0 < ulup,f,g), (3.40)

and 5
b o < — . 3.41
[ ”curl,ﬂ > kl/moz%ngHO’Q ( )
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Proof. Let wi, wa, ui, ug € K, be such that u; = J(w1) and ug = J(wz). From definition of
J it follows that there exist unique (o1, uy, by) € Ho(divgs ; 2) x L6(9) x C and (02, uz, by) €
Ho(divgs ; ©2) x L(2) x C, satisfying

ag(o1,T) + bp(T,w1) + cp(wisug,7) = Fi(r) V7€ Hy(divgs;9Q),
b(o1,v) = Fo(v) VveLS(Q),
am(b1,d) + epm(wi;br,d) = F3(d) VdeC,
and
af(o2, T) + bp(T,u2) + cp(wo;ug,7) = Fi(7) V7€ Hy(divgss;Q),
br(o2,v) = Fp,(v) VveLS(Q),
m(ba,d) + cpm(Wasba,d) = Fi(d) VdeC.
Then, subtracting both systems, and adding and subtracting suitable terms, we easily arrive at
af(o1 — 02, 7) + be(T,u1 —u2) + cp(wi;ug —up, 7) = —cp(W) — WU, 7),
br(o1 —o2,v) + ca(bi;by —ba,v) = —cq(bi —ba;by,v), (3.42)
am (b1 —ba,d) + cpm(wisbr —be,d) = —cp(wi —wa;ba,d),

In turn, since w; belongs to K, we have that the hypothesis of Lemma 3.1 holds and then the
bilinear form a,(+,-) + ¢y (W1; -, ) satisfies (3.15). Then, from the third equation of (3.42), and
using the continuity of ¢, (cf. (3.9)), we obtain

skvmag, b1 —bal2 1.0 < am(bi —ba, by —ba) + cp(wi; by — by, by —by)
< szHWI - WQHLG(Q)”b2chrl;QHb1 - b2”cur1;§2

which together to the fact that by = S,,(w2) satisfies (3.14), implies
M
b1 — ballcwr ;o < k%HgHo,Qle — WallLs(q)- (3.43)
Vm

On the other hand, from the first and second equations of (3.42) and from the definition of the
bilinear form Ay, (cf. (3.32)) we have

Ay ((61 —0o2,u; —ug),(7,v)) = —cq(b1;br —ba,v) —cq(by — ba;ba, v)
—cp(wi —wosug, T).

Therefore, since w; satisfies (3.34), from the latter identity, and from estimates (3.28), (3.29)
and (3.33), it follows that

v A o] —02,u1 —U2),(7,V
Ylor - oz — )| < sup L L)
04 (7, v)€Ho (div /5 1) XL (Q) (7, )l
< /{CsHbl - b2||curl;Q (Hbchurl;Q + ||b2||curl;Q)

3
22 w1 — wallrso) w2l o).
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Then, recalling that by and bg satisfy (3.14) and uy € K (cf. (3.36)), using (3.43) from the
latter it follows that

[ur —usflpso) < W (Mnllg”o,g + = ~ulup, £,8) | [wi — wallrs (o), (3.44)
with My := a2, M? > 0 independent of the physical parameters. In this way, from assumption
(3.39) we clearly obtain that J is a contraction mapping.

Finally, if u € K is the unique fixed-point of 7, it is clear that (o, u,b) € Hy(divg/s;2) x
L%(Q2) x C is the unique solution of (3.4) with b = S,,(u) and (o, u) = S¢(u, Sy, (u)). Then,
estimates (3.40) and (3.41) follow from (3.35) and (3.14), respectively, which concludes the proof.
O

We end this section by establishing the well-posedness of (3.2).

Corollary 3.7 Letf € LY/%(Q), up € HY/2(I') and g € L*(Q) such that (3.38) and (3.39) hold.
Then, there exists a unique (o, u,b,r) € Ho(dives ; Q) x L(Q) x Hy(curl ; Q) x H§(Q) solution
to (3.2). In addition, (o,u) and b satisfy (3.40) and (3.41), respectively, and for r there holds

1 2 kC
7lle < i <a2 + 1> Iglloo + —w(up, f,g), (3.45)
m m

m

with pw(up, f,g) being the constant defined in (3.37)

Proof. We begin by proving the equivalence between (3.2) and (3.4). In fact, we first notice that
if (o,u,b,r) € Ho(divgs;€2) x LS(€2) x Ho(curl; Q) x Hg(Q) is the unique solution of (3.2),
then clearly b € C and (o, u, b) satisfies (3.4). On the other hand, let (o, u,b) be the unique
solution of (3.4) and let F € Hy(curl;2) be the unique element in Hy(curl;2) (guaranteed by
the Riesz representation theorem), such that

(F,d) = F3(d) — am(b,d) — ¢n(u;b,d), Vd € Hp(curl; ),

with (-,-) being the inner product of Hy(curl;€2). From the third equation of (3.4) it is clear
that (F,d) = 0 for all d € C, that is F € C*. Then, owing to the inf-sup condition (3.3), and
according to [14, Lemma 2.1-ii], we deduce that there exists a unique r € HE(Q), such that

b(d,r) = (F,d) = F3(d) — am(b,d) — ¢yp(u;b,d), Vd e Hg(curl; ),

which implies that (o, u,b,r) is the unique solution of (3.2). Therefore, since both problems
(3.2) and (3.4) are equivalent, the well-posedness of (3.4) follows from Theorem 3.6.

Finally, for the estimate (3.45), using again the inf-sup condition (3.3), and employing esti-
mates (3.8), (3.9) and (3.12), we obtain that

bim(d Fs(d) — b.d) — ‘b.d
Bmllrll10 < sup [br(d, )] _ sup [F5(d) — am(b,d) — ¢ (u; b, d)|
0#deH(curl;Q2) Hdchrl ;Q 0#£deH(curl Q) Hdchrl iQ
< KZVmechrl;Q + HCSHuHLG(Q) + Hg”oﬂ7

which together to (3.40) and (3.41) implies (3.45) and concludes the proof. O
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4 Galerkin scheme

In this section we introduce the Galerkin scheme associated to problem (2.20) and study its
solvability and convergence. We mention in advance that, as we shall see in the forthcoming
subsections, the well-posedness analysis follows straightforwardly by adapting the results derived
for the continuous problem to the discrete case, reason why most of the details are omitted.

4.1 The discrete problem

Let 75, be a regular family of triangulations of the polyhedral region € made up of tetrahedra
T in R? of diameter hr such that Q = U{T : T € T} and define h := max{hy : T € Tj,}. Given
an integer [ > 0 and a subset S of R3, we denote by P,(S) the space of polynomials of total
degree at most [ defined on 5, ]51(5’) the space of homogeneous polynomials of degree exactly
k on S and M;(S) the space of polynomials p in P;(S) satisfying p(x) - x = 0 on S, where
x := (21,72, 23) is a generic vector of R3. Hence, for each integer k > 0 and for each T € Ty,
we define the local Raviart-Thomas and Nédélec elements of order k (see for instance [2] and
[25]), respectively by

RT(T) := Py(T) & Py(T)x, and  Ny(T) :=Py(T) ® My11(T).
Then, for £ > 0 we define the discrete spaces:
Hy, := {7, € H(div;Q) : c'Tp|r € RT(T), VceR® VT eT,},
Vi, ={vp e L5(Q) : vi|lr € PR(T), VT €Ty},
D;, :={dn € Ho(curl;Q) : dp|r € N(T), VT € Tp},
Sh = {zn € Hy(Q) : zplr € Poya(T), YT €Th} .

Notice that Hjy C H(divg,s;€2). In this way, defining

Hh70 = {Th S Hh : / tr (Th) = 0} - Ho(div6/5;Q),
Q

the Galerkin scheme associated to (3.2) reads: Find (o, up, by, rn) € Hypg x Vi, x Dy X Sp,
such that:

ag(on, Th) + bp(Th,un) + cr(upiuy, 7)) = Fi(ry) V7, € Hyp,

by(on,vi) + ca(bn;bp, V) = Fy(vp) Vvp €V, )
am (bp,dp) + by (dp,rh) + em(un;bp,dp) = Fz(dy) Vdp € Dy,

b, (br, 21) =0 Yz, € Sy

In turn, similarly to the continuous case, from [21, Section 5.4] we recall that the bilinear form
b, satisfies the discrete inf-sup condition:

by (dy,,
sup  omldnzn) g e Ve € S, (4.2)

0£d,eD;, [|dallcur ;0
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with /3, > 0 being the same constant satisfying (3.3), which certainly is independent of h. Then
we define the discrete version of C, namely

Cp:={dp € Dy : (dp,Vzp)o = 0, Vzp, € Sp}, (4.3)

and introduce the discrete version of (3.4): Find (o, up, by) € Hp g X Vi, x Cp,, such that:

ag(on, Th) + bp(Th,up) + cp(up;up, ) = Fi(tn) Y7, € Hpp,
bf(O'h,Vh) + Cd(bh;bh,vh) = FQ(Vh) Vv € Vi, (4_4)
am(bh,dh) + cm(uh;bh,dh) = Fg(dh) vd; € Cy.

It is not difficult to see that, owing to the discrete inf-sup condition (4.2), problems (4.1)
and (4.4) are equivalent. Then analogously to the continuous case, in what follows we focus on
analyzing (4.4) through a fixed-point strategy. To that end we introduce the operator S, :
Vh — Ch, as

Smn(Wr) :=bp, Ywy € Vp,

where by, is the unique element in Cj, satisfying
am (bp,dp) + cm(wWp;bp,dy) = F3(dy,) vdy € Cy. (4.5)
In addition, we let Sy : Vi, x Cp, — Hy, 9 x Vj be the operator defined by
St (Whybh) = (S,1(Whs Br), Spn2(Whbr)) = (h,un) Y (W, br) € Vi x Ch,

where (o, up) is the pair in Hy, o X V), satisfying

ag(on, Th) + bp(Th.un) + cp(wpsup, 7)) = Fi(tp) V7, € Hyp, (46
4.6
bp(on,va) = Fy (va) Yva€Vy,
with o
Fy, (Vi) == Fa(vp) — ca(bpibp,vi)  Vvi € Vi (4.7)

Then, the discrete fixed-point operator associated to problem (4.4) is given by
T Vi = Vi, wy = Ju(wW) = Spn2(Wh, Smon(W)).

According to the above, to prove the well-posedness of (4.4), in what follows we prove the
existence of a unique uy € Vy, such that

Jn(up) = up,. (4.8)

In the next section we address the solvability analysis of problems (4.5) and (4.6), thus
confirming that S, and Sy, and hence [J,, are well defined, and prove the existence of a
unique uy € V, satisfying (4.8) by means of the Banach fixed-point theorem and a suitable
smallness assumption on the data.
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4.2 Solvability analysis

We begin by establishing the stability properties of the forms involved on the discrete spaces.
First, we observe that since our Galerkin scheme is based on the utilization of conforming discrete
spaces, it is clear that (3.8), (3.12), (3.19), (3.20), (3.28) and (3.31) hold on the corresponding
discrete spaces with the exact same constants. On the other hand, on Cy, (cf. (4.3)) it is known
that the following estimate holds

”CUﬂ thO,Q > dm”dhncurl;Qa vVdy € Cy,

with &y, > 0, independent of the mesh-size h (cf. [21, Theorem 4.7]). This estimate implies the
ellipticity of a,, on Cy, that is

am(dp,dp) > kvmdp|ldplZu 0, Vda € Ch.

Next, to provide the discrete versions of (3.9) and (3.29) we notice that the discrete kernel of
b, namely Cj, (cf. (4.3)), is not included in its continuous counterpart C, and consequently,
we cannot employ the embedding C C H*(2) for some s > 1/2. In order to overcome this
drawback, as we shall see in the following lemma, from now on we need to assume that the mesh
is quasi-uniform.

Lemma 4.1 Assume that Ty, is a family of quasi-uniform triangulations. Then, there exist
positive constants CI* and C’g, independent of h and the physical parameters, such that

lem (W3 b, d)] < kO [[wllps () Pllewt el dllun:a (4.9)
for all (w;b,d) € Vj, x (C+ Cp) x Hy(curl; Q) and
lca(hs e, v)| < kCY[hlcun o llellcunol Vo) - (4.10)
for all (h;c,v) € Dy x (C+ Cyp) x L8(Q).

Proof. Let (w;b,d) € Vj x Cp, x Hy(curl; Q) and (h;c,v) € Dj, x Cj, x L5(Q) (notice that
(4.9) and (4.10) are direct consequences of (3.9) and (3.29), respectively, when b, ¢ € C, since
V;, C LS(Q) and D;, € Hy(curl;2)). In the sequel we proceed similarly to the proof of [27,
Proposition 3.2]. To that end, we let T : C;, — C be a linear operator such that (see [21, Section

4])
curl (d) = curl (T(d)) Vd e Cy, (4.11)

satisfying
|ld —T(d)|jo < Ch¥|curld|jpo Vd e Cy, (4.12)

where s > 1/2 is the parameter satisfying C C H*(Q2) (see [21, Lemma 4.5]). On the other hand,
let us recall that, owing to the quasi-uniformity of the mesh, the following inverse inequality
holds (see [8, Theorem 3.2.6])
1_1
l€llza@) < CH* T llma), 1<p<q<oc, (4.13)

for all piecewise polynomial functions £ and C > 0 independent of h.
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For (4.9) we add and subtract T(b) in the second component of ¢,, utilize the triangle
inequality, the identity (4.11) and estimates (3.9) and (3.10), to obtain

|em(w;b, d)| < [em(w;b —T(b),d)| + C1r[[W|[Ls@) [bllewt el dllew 0, (4.14)

with 7 > 0 independent of h and the physical parameters. To bound the remaining term
|em (w;b — T(b),d)| we apply Holder’s inequality, estimate (4.12) and the inverse inequality
(4.13) with ¢ = co and p = 6, to obtain

|Cm(w; b — T(b)7 d)‘

IN

K[ W([Lee (o) b = T(b)lloellcurldlloo
(4.15)

A

KC2h* 12| wl|ps (0 lcurl blo.alldleur ;0

with C5 > 0 independent of h and the physical parameters. In this way, from (4.14) and (4.15)
and since s > 1/2 we clearly obtain (4.9).

Now, for ¢4 we proceed similarly as for ¢,,, that is we add and subtract T(c) in the second
component of ¢; and apply the triangle inequality, the identity (4.11) and estimates (3.29) and
(3.10) to get

lca(h; ¢, v)| < ea(h; ¢ —T(c), v)| + |ca(h; T(c), v)| (416
.16
< |ea(hie —T(c),v)|[ + C3“||h”curl;QHCchrl;QHVHLG(Q)-

Then, by applying again Holder’s inequality, estimate (4.12) and the inverse inequality (4.13)
with ¢ = 3 and p = 2 to the term |c4(h;c — T(c), v)| we have

ca(h;c = T(c),v)| < &fcurlhllysg)llc = T(c)loqllviLs@)
< KCh* 2| cunsollellew o VILs @)

which together with (4.16) and the fact that s > 1/2, imply (4.10) which concludes the proof.
O
The following result establishes the well-definiteness of Sy, .

Lemma 4.2 Let wy, € Vy, be such that

1 ~
[WhllLs) < §VmCm7 (4.17)
with CAZ'm = gi",; a positive constant independent of mesh-size h and the physical parameters.

Then, there exists a unique by, € Cy, solution to (4.5), thus operator Sy, is well-defined. In

addztlon, 15he16 hOldS
hllcurl; kaaAm -

Proof. Analogously to Lemma 3.1 we observe that estimate (4.17) implies that an(-,-) +
cm(Wp; -, ) is elliptic on Cp, that is

wldnll2ue  Vda € Ch. (4.18)

1
am(dp, dp) + cm(Wpidp,dp) > §/€de
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Then, the result follows from the Lax-Milgram lemma. O
Now we address the well-definiteness of Sy, by adapting the results from Section 3.4 to the
discrete case. As for the continuous case, these results follow straightforwardly from [3, Section
4.2].
We start by noticing that, since div Hj, C Vy,, the discrete kernel of by can be characterized
as follows
Kerp(by) = {tn€Hpp: divr, =0 in Q},

and then, owing to (3.17), there holds

Cra
14

af(Th, Th) > HThH?ﬁvG/S;Q V1 € Kerp(by). (4.19)

Now, we adapt the proof of [3, Lemma 4.4] to derive the discrete version of (3.21). To that
end, we need to introduce some preliminaries results. We begin by defining the space

Z := {7 € H(divg;5;Q) : 7|r € W1’6/5(T), VT €Tyl
Then, we let
¥ :Z — X, ;= {r € H(div;Q) : 7|r € RT(T), VYT €T},

be the Raviart-Thomas interpolator operator, which is well defined on Z (see e.g. [10, Section
1.2.7]) and is characterized by the identities

/(Hi(T) ) = /(T V) YV & € Pi(e), V edge or face e of Ty,

and
[ = [rv Veenamp vTeT (hz).
T T
In addition, it is well known (see e.g. [10, Lemma 1.41]) that the following identity holds
div (IT¥ (1)) = Pi(divr) V7€ Z, (4.20)

where, for 1 < g < oo, PF : LI(Q) = My, == {v € LY(Q) : v|x € P(K) VK € Tp} is the
operator satisfying

/(P,’f(v)—v)zhzo VthMh,
Q

and the following error estimate (see [10, Proposition 1.135, Section 1.6.3]): Foreach 0 <t < k+1
and for each w € W54(Q), with 1 < ¢ < oo, there holds

lw = P (w)l|Lo() < CB' fwlwea). (4.21)

Notice that for ¢ = 2, P,If coincides with the usual orthogonal projection.

The following lemma establishes the local approximation properties of HZ. See, for instance,
[3, Lemma 4.2].
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Lemma 4.3 There exists C1 > 0, independent of h, such that for each T € W”LG/E’(T) with
0<I1I<k, and for each 0 <m <[+ 1, there holds

I+2
|7 — T3 (7) [wwmas/s (1) < a#h\wm,mm, (4.22)
T
where hr is the diameter of T, that is hy = max, yer || — y||, and pr is the diameter of the
largest sphere contained in T'. Moreover, there exists Cy > 0, independent of h, such that for
each T € WHO/5(T) | with div 7 € WHLS/5(TY) and 0 < 1 < k, and for each 0 < m < 1+ 1, there

holds
+1

|div 7 — div (Hﬁ(T)me,e‘/s(T) < Cgme’diV T|Wl+176/5(T)' (4.23)
T

Owing to the regularity of the mesh and from estimates (4.22) and (4.23), it is not difficult see
that the following global estimate holds

|7 — T} (1) |lo.q + ||div 7 — div IIn(m)lInsrs () < Chl+l{’T‘Hl+l(Q) + |div T]Wz+1,e/5(Q)}, (4.24)

for all 0 <1 < k + 1, and for all 7 € H*(Q) with div 7 € WIT1L6/5(Q).

In the sequel, it will be employed a tensor version of IT¥, say Hl,?; : Zy — X}, which is defined
row-wise by IT¥, and a vector version of P,{f , say Pﬁ, defined element—wise by P,’f. Obviously,
both Hﬁ and P’fL also satisfy the properties described above

Remark 4.4 Notice that from the regularity of the mesh and from (4.22) with m = 0 and
m =1, one can easily obtain, respectively, that

[+2
||7' — H];L(T)HLG/S(T) S ClpTT‘ﬂWHl,G/S(T) S C1hl;r1|7'|wl+1,6/5(T)

and
+2

|7' — HZ(T”WLG/S(T) S 027/?2 |T|Wl+1,6/5(T) S CA’thT|T‘Wl+1ﬁ6/5(T)7
T

which combined with [10, Lemma 1.101] and the continuity of the embedding from WL6/5 into
L2 on the reference triangle (see the proof of [5, Lemma 5.4]), yield

I =15 (Dllor < Clrlwrssy Y7 € WH/S(T). (4.25)
Now we are in position of establishing the discrete inf-sup condition of by.
Lemma 4.5 There exists Bf > 0, independent of h, such that

b ~
sup M > BfHVhHLﬁ(Q) Vv € Vp, (4.26)

e o\ {0} [Thlldive s 2
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Proof. In what follows we proceed similarly to the proof of [4, Lemma 3.3] and [3, Lemma 4.4].
In fact, given v, € Vy,, we set

o |vp|*vy, in Q,
8(va) '_{ 0 in  B\Q,

where B C R? is a open ball containing Q. Then, since g(v;,) € L%%(B), it follows that there
exists a unique weak solution z € W2%/5(B) n Wé’6/ > (B) of the boundary value problem

—Az=g(vy) iIn B and z=0 on 0B,
which satisfies
|2l w50y < Clle(vi)llLersa) = Cllval*Vallyss@) = Clivalisq, (4.27)

with C' > 0 (see e.g. [13]).
Hence, we set + = —Vaz|q € WH6/5(Q), and observe from (4.27) that

1 {lwro/50) < Clivallzeqy: (4.28)
which together with the continuity of the embedding from W%/5(Q) into L2(), implies

1700 < C”VhH]B:ﬁ(Q)' (4.29)

1
Then, we define 7, = I} (+) — 30 <tr (I} (7)), 1)Q I € Hy,p and observe from (4.20), that

div 7, = PY(div #) = PE(|vp| vy). (4.30)

In turn, utilizing the triangle inequality and estimates (4.25) and (4.29), we obtain

1 1
[Trlloe < ||7— 551 (tr(7), Do l—7Tn||  + |7 — 557 (tr(7),1)n I
3|19 ¢ 0,0 319 o
1
= | -m(5) - o (6 (F-TEE) 1) T 4 [ F s (o (7), g T
h 31| h 2 loq 319 “og
- kA .
< |7 - (7) 0.0 + [l
1/2
<a Z H”%Vl,ﬁ/s(:r) +C2H"h‘|i6(ﬂ),
TET,
< c1lFlwon() + e2llvallis ).
which together with (4.28), imply
[Fnlloe < Cllvallzs)- (4.31)

Hence, using the fact that Pfl is a continuous operator, from (4.30) and (4.31), we easily obtain
. . A 12 _ .
17 alldivess 0 = {IFalld.o + 1div (Fa)llfes b < élvalltsq), (4.32)
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with ¢ > 0 independent of h.
Therefore, from (4.30) and (4.32), we obtain

. 6
wp ) s byTnv) o L(valvevie 1V ey 1
TrE€H), 0\{0} HTh”diVG/S Q ”+thiV6/5 o C thH%G(Q) e ”VhHiﬁ(Q) ¢ 7

| =

—. O

¢
Owing to estimates (4.19) and (4.26) we obtain ([3, Theorem 3.6]) that the bilinear form A
defined in (3.25) also satisfies the discrete inf-sup condition

which concludes the proof with B =

A
sup ((Uh7 uh)7 (Th7 Vh))
075(Thrvh)€Hh,0><Vh ” (Th7 Vh) H

> Yrll(on,up) (4.33)

for all (op,up) € Hp,0 X Vi, with

& minA{l,UBf}

v = Cro (4.34)
! f Uﬁf +1

with constants C*f,z > 0 and B ¢ > 0 independent of h and the physical parameters.

Making use of estimate (4.33) it can be easily proved the following result whose proof can
be obtained by applying the same steps given in the proof of [3, Theorem 3.6].

Lemma 4.6 Let wy, € Vy, be such that

V"A)/f
[WhllLs ) < 21y (4.35)

with 45 being the constant defined in (4.34). Then, the bilinear form A, defined in (3.32)
satisfies the following inf-sup condition:

sup Aw, (o, un), (Th, va))

ol
> = [(on,up)ll, (4.36)
0#£(Th,vp)EHR, 00XV, (7, va)ll 2

for all (op,up) € Hpo x Vp,.

Finally, for a fixed b, € Cj, from (4.10) we have that Fy, (cf. (4.7)) is continuous on Vj,
that is o
|, Vi)l < ([fllgersiq) + ECEIBAlIZw @) IVillLo@) ¥ va € Vi.

Now we are in position of establishing the well-posedness of (4.6), or equivalently, the well-
definiteness of Sy .

Lemma 4.7 Let wj, € V}, be such that (4.35) holds and let b, € Ch. Then, there exists a
unique (o, up) € Hy o X Vy, solution to (4.6). In addition, there holds

2 o
[(on, ap) < &*f (CF”UDH1/2,F + Hf||L6/5(Q) + kCgthngrl;Q) :
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Proof. Employing Lemma 4.6, the fact that for finite dimensional linear problems, surjectivity
and injectivity are equivalent, and the well-known Banach—Necas—Babiska theorem, (cf. [10,
Theorem 2.6]) we obtain the desired result. The rest of the arguments are omitted since they
are analogous to those given in the proof of Lemma 3.4. g

Now, analogously to the continuous case we define the set (see Section 3.5)
Ky, = {vi € Vi, : |VallLo) < Aup,f,g)},
where

~ 2 M,
f(up, f,g) == N <CFHUDH1/2,F + [[fllers ) + m/2||gH%,Q> ; (4.37)

with ]\//.71 = 2%" and 4¢ > 0 given in (4.34), both independent of h and the physical parameters,

87

and redefine ﬁh on K, that is 7}, : K;, — K.
Now we establish discrete counterpart of Lemma 3.5 providing the well-definiteness of J on

K.
Lemma 4.8 Assume that the data £, g and up satisfy
1 A .
fitup,f,g) < =mind L 1,01 (4.38)
2 Cf,g

Then, given wy, € Ky, there exists a unique uy, € Ky, such that Jy(wp) = uy.

Now we state the main result of this section, namely, the well-posedness of (4.4). Its proof
is omitted since it can be obtained repeating the same steps in the proof of Theorem 3.6.

Theorem 4.9 Let f € L%/5(Q), up € HY2(I') and g € L*(Q) such that (4.38) holds. Assume
further that

2 (M, 2 Cra
— | —= : f 1 4.
= <ky%ngnag + Duprg) ) <1 (4.39)

with ]\/4\2 > 0 independent of h and the physical parameters. Then, there exists a unique
(oh,up, by) € Hy g x Vi, x Cp, solution to (4.4). In addition, there hold

[un sy + lonlldivg 50 < #(up,f,g), (4.40)

and 5
b o < . 4.41
b lleur;o < kymd%lllg\\o,ﬂ (4.41)

We end this section by establishing the well-posedness of (4.1), whose proof is omitted since
it follows analogously to the proof of Corollary 3.7.

Corollary 4.10 Let f € L/5(Q), up € HY2(T') and g € L*(Q) such that (4.38) and (4.39)
hold. Then, there exists a unique (op,up, by, 1) € Hp g X Vi, x Dy, x Sy, solution to (4.1) . In
addition, (on,up) and by, satisfy (4.40) and (4.41), respectively, and for vy, there holds

1 (2 KCT
Il < 5 (7 +1) el + 5 atun. £.0),
m m

m

with p(up,f,g) being the constant defined in (4.37).
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4.3 Cea’s estimates

In this section we aim to provide the convergence analysis of the Galerkin scheme (4.1). To do
that we introduce first some notations and useful results to be used next.
In order to simplify the subsequent analysis, we define

€y =0 —0p, € :=Uu—Uuy, e,:=b—by e =1r—71p, (4.42)
and for any (f'h,ffh,(;lh,§h) € Hh,(} X Vj, x Cp, X Sy, we write

eG’ :£a+Xo'7 ell :£u+Xu7 eb :£b+Xba er :§T+XT7 (443>

where
50— ‘=0 —Th, Xo:=Th—Op, Eu ‘=W —Vh, Xu‘'=Vh — Up,

€pi=b—dp, Xpi=dy—bp &=r—5, X =5y — 1

In turn we recall that owing to the inf-sup condition (4.2), the following inequality holds (see
for instance [14, Theorem 2.6])

inf ||[b—d o< C inf |[b—-d . 4.44
d;}gCh H thurl,Q >~ dhuéDh H thurl,Qa ( )

with C' > 0 independent of h and the physical parameters.

The corresponding Cea’s estimate is established in the following theorem.

Theorem 4.11 Let f € L5/5(Q), up € HY2(T') and g € L*(Q) be such that (3.38), (3.39),
(4.38) and (4.39) holds. Assume further that

—

—u(up,f,g) + — =g <1 4.45
T uun.£.8) + = el (4.45)
with u(up, f,g) being the positive constant defined in (3.37) and ]\73 > 0 independent of h and
the physical parameters. Let (o, u,b,r) € Hy(divgs;Q) x L(Q) x Ho(curl; Q) x Hg() and
(oh,up, b, ) € Hpo X Vi x Dy, x Sy, be the unique solutions of problems (3.2) and (4.1),
respectively. Then, there exist positive constants C1, Co, independent of h, such that

e ldive,s ;2 + lleullLs) + lebllcuto + llerll1o < Cl{ inf  flo = Talldives:0 (446
ThGHh,()

o f _ .
+ inf |u vhHLe(Q)—i—dhln

f |b-d .+ inf ||r—z }
vhEV) XDy, H h”curl,ﬂ eS), H hHLQ

Proof. We begin observing by that assumptions (3.38), (3.39), (4.38) and (4.39) allow us to
conclude that continuous and discrete problems (3.2) and (4.1) are well-posed. Now, we subtract
(3.2) and (4.1) and obtain the Galerkin orthogonality property

af(€q,Tn) + bp(Th,ew) + [ef(wyu, 7)) —cp(upsup, 7)) = 0 V7, €Hyp,

bi(eq, Vi) + [ca(b;b,vy) — ca(bp; by, vi)] = 0 VvyeVy, »
am(eb,dn) + bp(dn, €r) + [em(u;b,dp) = cm(up;bp,dp)] = 0 Vdy € Dy, A
b (ep, z1) = 0 Vz, €S
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For the first two equations of (4.47) we add and subtract suitable terms and make use of
(4.43) and the definition of Ay, (cf. (3.32)) to arrive at

Ay, (XosXu) (Thy Vi) = Gi(Th) + Ga(v)  V7i € Hup, vi € Vy, (4.48)
where
Gi(tn) = —ap(€6r7n) = bp(Th &u) — cr(un; €y, T) — cp(€uiu, Th) — ¢ (Xus 0, 7)),
Ga(vh) = —bp(€ssva) = [ca(b;b,vi) — ci(bp;bp, vi)].

Similarly, for the third and fourth equations of (4.47) we add and subtract suitable terms and
make use of (4.43) to easily obtain

am(Xp,dn) + bm(dn, Xr) + cm(up; xp,dn) = Gs(dy) Vdj € Dy, (4.49)

bin (X 2n) = —bm(&y,2n) Yz € Sp,
with
G3(dn) = —am(&p,dn) — b (dn: &) — cm(n; &b, dn) — Cm(&us b, dn) — cm(Xui b, dp).
In particular, since xj, € Cp, from the first equation of (4.49) we have
am(Xp: dn) + cm(unixp,dn) = Gs(dp) Vdj € Gy (4.50)

Then, using that u;, € Kj, and employing assumption (4.38) we observe that uy, satisfies (4.17),
thus the bilinear form ap,(-, ) + ¢m(up; -, -) satisfies (4.18), which together with (4.50) imply

2
Ixblleurtio < ——5-[1G3llc; - (4.51)

kv a2,

In turn, noticing now that the fact that u;, € K together with (4.38) also imply that uy, satisfies
(4.35), we make use of (4.36) and combine it with (4.48) to obtain

2
062l < = (Gl + Gl )

Now we turn to estimate the norm of the functionals G, Go and G3. First, for G3 we utilize
the continuity of a,, and by, and estimates (3.9) and (4.9) to obtain

1Gsllcy, < & (vim + Col[unlnoy ) [€nllowso + 16 1,0
+’€CS”bHCur1;QusuHL‘S(Q) + HCSHbHCurl;QHXUHL6(9)7
which together to (3.41) and (4.40), implies

2C
1Gslle; < C ([l€bllcurto + 16 ll1,0 + 1€ullLs@) + 2 Igllo.ellXullLs@); (4.52)

mam

with C' > 0 independent of h. Similarly, for G; we make use of the continuity of ay, by and cy
to obtain

Cy3
Gl , < C (H£G||diV6/5§Q + ||€u||L6(Q)) + Z p(up, £, 8)l[xullLs (@), (4.53)
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with C > 0 independent of h. Finally, for G2 we first notice that after adding and subtracting
suitable terms there holds

Ga(vh) = =bs(€s, Vi) — ca(€bi b, Vi) — ca(br; &, Vi) — ca(xpi b, Vi) — ca(bri Xp, Vh),
and then, we apply the continuity of by and estimates (3.29) and (4.10) to obtain
1G2llv; < [1€qllaive)s 2 + C (IBlleurt: + [Iballewrt0) (1€ leut:o + [1Xplew0)
with C > 0 independent of h, which together to (3.41) and (4.41) imply
[Gallvy, < Ol llatvegs 0+ IEnllon ) + — (a2, + &2 lglolxp e (459

RVUm O, Oy

In this way, from estimates (4.51)—(4.54) it follows that

C1
IXbllcurt; < C ([[€pllenrtsn + 1€ 1L0 + [€ullLe@) + K?Hg 0.2l XullLs @) (4.55)
m

with ¢ = a4c;f2 and

my

HXUHdiV6/5 ;Q + ||Xu||L6(Q) <C (||€O’Hdiv6/5 Q2 + HEbHCurl;Q + HEuHLG(Q)>

2Ct3 c2
) f 5
+5 S, £.8) Xl + 5 g

fRVm

0,Q ‘XbHCurl;Qy

with co = A€ which combined yield

amaz,’
ol + Ixalisc@) < € (1o havegs 2+ [€bllet i + [€allo + 16 110)  (456)

QCfg J/\Z?) 2
) f T
+ < PAYfV ,u(uDa 7g) + ’A)/fHQZ/?anHO’Q ||Xu||L6(Q)

with Ms = c1cz. Therefore, from (4.55), (4.56) and assumption (4.45) it readily follows that

||Xa'”div6/5 ;02 + HXuHLG(Q) + HXbHCurl;Q <C (HSa'HdivG/g ;Q + ||€b||Curl;Q + ||£u||L6(Q) =+ HfTHl,Q) )
(4.57)
which together with (4.43) implies

”eaHdive/s at ”euHLG(Q) + [leblewt;o < C (Hfa”dive,/s 2+ [€bllcur ;o + HéuHLG(Q) + HfrHLQ) :

(4.58)

On the other hand, to estimate ||e,||1 o we observe that from first equation of (4.49) we have
that

br(dp, Xr) = — am(Xp,dn) — cm(up; Xp.dn) + G3(dp) Vdp € Dy,

which combined with the inf-sup condition (4.2), the continuity of a,, and ¢,,, and estimates
(4.40), (4.52) and (4.57), yields

b (dy,
Bmllxrlle < sup bin(dp, Xr)
0+d,eD;, ||dallcwt:0

— s —am(Xp, dn) — em(up; &y, dp) + Gs(dp)
0#d, €Dy, ||dh||curl ;Q
1,Q> )

C (1 laiveys 2+ €l + Wealloey + 1

IN
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thus

lerllLe < lhxrllue + 11 lhe < C ([1€elldives 2 + 1€blleuso + [€ullLe@) + 1€l ) - (4.59)
/

We end the proof by noticing that estimate (4.46) follows from (4.58), (4.59), (4.44) and the
fact that (7p,Vp,dp, 2,) € Hp o x Vi, x Cp, x S, is arbitrary. O
4.4 Rates of convergence

In order to establish the rate of convergence of our Galerkin scheme (4.1) we first recall the
approximation properties of the discrete spaces involved:

inf |6 — Thlldivg5:0 < CRFT (HUHk—i-l,Q + [ div 0||Wk+1,6/5(9)> : (4.60)
ThGHh}o

for all o € HF1(Q), such that dive € WHTLE/5(Q),

. k+1
v}llg\f,h [u = vallLs@) < CR™lullwerieq), (4.61)
for all u € WhHL6(Q),
inf b = dpflewn o < CEHFF(|bller10 + [lcwrlbllki1,0), (4.62)
dpexDy,

for all b € H*1(Q), such that curl b € H**1(Q), and

inf |7 — znllLe < CRE [ 42,0, (4.63)
h

Zh

for all » € H**2(Q). For (4.60) we refer to [3, eq. (4.8)], which is consequence of [10, Lemma
B.67, Lemma 1.101] and [14, Section 3.4.4], for (4.61) we refer to [10, Proposition 1.134, Section
1.6.3], whereas for (4.62) and (4.63) we refer the reader to [25, Theorem 5.41] and [10, Proposition
1.134, Section 1.6.3] respectively.

Owing to the approximation properties listed above we can easily obtain the aforementioned
theoretical rate of convergence associated to the Galerkin scheme (4.1)

Theorem 4.12 Assume that the hypotheses of Theorem 4.11 hold. Let (o, u,b,r) € Ho(dive/s ;
Q) x L5(Q) x Hy(curl;Q) x HE(Q) and (o4, up, by, ) € Hpo x My, x Dy, x Sy, be the unique
solutions of (3.2) and (4.1), respectively and assume further that o € HFY(Q) with dive €
WHEHLE/5(Q), u € WFHLS(Q), b € HFY(Q) with curl b € H*(Q) and r € H*2(Q). Then
there exists C' > 0, independent of h, such that

ec lldive/s ;2 + [leullLe@) + [leblleur:o + [lerlie < Chlﬂ(”””kﬂ,ﬂ + [ldiv oflwirsies o)
+ [ullwerre@) + [bllrrre + lleurl bllpiro + HT||I<:+2,Q)-

Proof. The result is a straightforward application of Theorem 4.11, and estimates (4.60)-(4.63).
U
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4.5 Computing further variables of interest

Besides the variables approximated by the Galerkin scheme (4.1), with our approach we can also
approximate further variables of interest. In fact, according to Remark 2.1 we first recall that
at the continuous level the pressure can be recovered through the post-processed formula (2.21)
and consequently we propose to approximate the pressure in terms if o5, and uy by:

Ph = —% <tr (op) + tr(up @up) — |(12‘(t1" (up, ® uy), 1)Q> : (4.64)

In addition, noticing that the vorticity w := 1(Vu — Vu), the stress 6 := v(Vu + (Vu)) — pl
and the velocity gradient G = Vu can be rewritten in terms of o and u as follows

1
6 =o'+ (u®u)d+at+u®u—m(tr(uééu),l)gﬂ,
1 1
G = ;(a’d + (u®u)?) and w = 27(0—0"5),

we propose the following discrete formulas for these quantities:

- 1
o = O';ll + (uh®uh)d+az+uh®uh — m(tr (up ® uy), 1)al,
4.65
L 4 d 1 ¢ (4.65)
G, = ;( ht (U @u,)?) and wy = E(Uh_o'h)'

The following result establishes the theoretical rates of convergence for the aforementioned
variables.

Corollary 4.13 Assume that hypotheses of Theorem 4.11 hold. Let (o, u,b,r) € Ho(divgs ;)
x LO(Q) x Hy(curl; Q) x H} (Q) and (o p, up, by, r1) € Hp o x My, x Dy, XS, be the unique solutions
of (3.2) and (4.1), respectively and assume further that o € HF(Q) with div e € WFTL/5(Q),
u € WHLS(Q) b € H(Q) with curl b € H*Y(Q) and r € H**2(Q). Finally, let py,, &4,
Gy, and wy, given by (4.64) and (4.65). Then there exists C > 0, independent of h, such that

[p —prllog + 6 = Fnllon + |G = Grllog + [w—walloo < C’th(HUIIkH,Q
+div o llweiiesg) + [blle+ie + [lcurl bllirio + [[ullweisg) + ||7‘||k+2,9)-

Proof. Recalling that u € K and u;, € K;, and employing (2.13) with ¢ = 4, it is not difficult
to see that

[u®@u—u, ®@uplloo < ClullLa@) + lunllLa@)le —unllLyo) < Cllu —upllus),  (4.66)

with C' > 0, independent of h. Then, using (4.66), the result follows from Theorem 4.12. We
omit further details. O

5 Numerical results

In this section we report two numerical examples that will show the performance of our finite
element scheme. Our implementation is based on a FreeFem++ code (see [20]), in conjunction
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with the direct linear solver UMFPACK (see [9]). Regarding the resolution of the non-linear
problem, we utilize the algorithm utilized to define the fixed-point operator J,. More precisely,
starting with u?L € V}, (to be specified on each example), we propose the following iterative
process: for each i = 1,2,..., solve

am (bl dp) + by (dp, 7)) + em(ul™ibi dy) = Fy(dy) Vd, €Dy, -
b(bi,2n) = 0 ¥ zp € Sp, '
and
af(O'Z,Th) + bf(Th,uz) + Cf(ugf_l);uﬁl,‘rh) = Fi(tn) V7n € Hpp, 5.2
bp(ah.vi) = Fy (Vi) Vv € Vy. '

The iterations are terminated once the relative error of the entire coefficient vectors between
two consecutive iterates is sufficiently small, that is,

|coeff™ ! — coeff™|

ﬁ-erl ’ = tOl’

|coe

where | - | is the standard euclidean norm R¥, with N denoting the total number of degrees of
freedom defining the finite element subspaces Hj, Vj, Dy and Sy,.

We now introduce some additional notations. Let us denote the experimental rates of con-
vergence as

R(o) = 8Ce/%) gy oslew/en) g loslen/eh) ) los(er/ch)

log(h/H) = Tog(h/H) = Togh/i) * T Togymy
(p) := log(ep/ep) ’ (w) == log(e,/e€;,) , R(G):= log(ec;/e/G)’ (&) = log(e&/eg),
log(/) log(/ 1) log(/1) log( /)
where e, ey, ep, and e, are defined in (4.42),
€p =pP—Dh, €w =wW—wp, eg:=G-Gy ez:=0—oyp, (5.3)

and h and k' denote two consecutive meshsizes with errors e and € (or e and ¢€’).

In our first example we illustrate the performance of our Galerkin scheme (4.1). Here, we
choose the domain Q := (0,1) x (0,0.5) x (0,0.5), te parameters v = k = 1 and v,, = 1000, the
initial guess u?L = 0, and take f and g and up so that the exact solution is given by

—z1(22 — 23) (T2 + T3)
u(x) := xo(x1 — x3) (21 + 23) ,

—x3(x1 — x2)(z1 + x2)
p(x) = zaxg(z; — 0.5),

b(x) := curl (2%(z2 — 0.5)%z3 cos(mas)?(1,1,1)"),
r(x) := z1xoz3(xe — 0.5)(x3 — 0.5)(x1 — 1.0).

In Table 5.1, we summarize the convergence history for Example 3 considering a sequence
of regular triangulations. We observe there that the rates of convergence O(h) predicted by
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Iter. h ey R(o) €u R(u) ep R(b) er R(r)
3 0.1768 || 0.0616 - 0.0210 - 0.0290 - 7.6573e-04 -
0.0884 || 0.0312 | 0.9799 || 0.0105 | 0.9919 || 0.0148 | 0.9692 || 3.9522e-04 | 0.9542
0.0589 || 0.0208 | 1.0000 || 0.0070 | 0.9976 || 0.0099 | 0.9915 || 2.6508e-04 | 0.9851
0.0442 || 0.0156 | 1.0037 || 0.0053 | 0.9988 || 0.0074 | 0.9963 || 1.9924e-04 | 0.9926
0.0354 || 0.0125 | 1.0043 || 0.0042 | 0.9993 || 0.0060 | 0.9981 || 1.5955e-04 | 0.9956

e | Rp) | ew | Rw) | ec | R(G) || es | R(5)
0.0088 - 0.0550 - 0.0730 - 0.0967 -
0.0041 | 1.0992 || 0.0263 | 1.0677 || 0.0366 | 0.9948 || 0.0515 | 0.9093
0.0025 | 1.2391 || 0.0173 | 1.0332 || 0.0245 | 0.9915 || 0.0350 | 0.9508
0.0017 | 1.2618 || 0.0129 | 1.0197 || 0.0184 | 0.9917 || 0.0265 | 0.9662
0.0013 | 1.2525 || 0.0103 | 1.0130 || 0.0148 | 0.9924 || 0.0213 | 0.9741

W w w w

Table 5.1: EXAMPLE 1: Number of iterations, meshsizes, errors, rates of convergence, for the
RTy — Py — Ny — P; approximation of the MHD problem, with v = k = 1 and v,,, = 1000.

Theorem 4.12 and Corollary 4.13 are attained for the unknowns and for all the post-processed
variables. Next, In Figure 5.1 we display some streamlines of uy, isosurfaces of p, and the
magnitud of the magnetic field by, (from top to the bottom to the right) and we compare them
with their exact counterparts (to the left). There we observe that the mixed finite element
method provides accurate approximations to the unknowns.

Finally, in our second example we test our method in a non-convex domain. In fact, we
consider the Fichera’s corner domain € := (—1,1)3\[0,1)3, where, due to the regularity of the
Neumann problem (see [11, 12]), there holds Ho(curl; ) N H(div?; Q) C H*(Q) for s € (3, 2).
Here we set v = k = 1,,, = 1, consider the initial guess as ug = 0, and take f and g and up so
that the exact solution is given by

—xl(:ng - xg)(.%'z + xg)
u(x) = xo(z1 — x3) (21 + T3) ,

—x3(r1 — x2) (21 + 22)
p(x) = z1xo23 — Cp,

b(x) = curl (sin?(7z)sin®(ry) sin®(7z)(1,1,1)"),

r(x) := sin(mwz) sin(7wzy) sin(mwzs),
where C), is chosen in such a way fﬂp = 0. Next, in Table 5.2 we observe that the rates of
convergence predicted by Theorem 4.12 and Corollary 4.13 are attained for all the variables.
References

[1] C. AMROUCHE, C. BERNARDI, M. DAUGE AND V. GIRAULT Vector potentials in three-
dimensional non-smooth domains. Math. Models Appl. Sci. vol. 21,pp. 823-864, (1998).

[2] F. BrREZZI AND M. FORTIN, Mized and Hybrid Finite Element Methods. Springer Series in
Computational Mathematics, 15. Springer-Verlag, New York, 1991.

32



Iter. h ey R(o) ey R(u) ep R(b) er R(r)
) 0.7071 || 60.0066 — 0.5044 - 39.3466 - 4.0629 —
) 0.3536 || 36.5120 | 0.7167 || 0.1930 | 1.3863 || 18.3152 | 1.1032 || 2.4151 | 0.7504
) 0.2357 || 23.7066 | 1.0652 || 0.1254 | 1.0620 || 12.5472 | 0.9328 || 1.6694 | 0.9108
) 0.1768 || 18.0103 | 0.9553 | 0.0938 | 1.0095 || 9.5006 | 0.9668 || 1.2684 | 0.9547
5) 0.1414 || 14.4967 | 0.9726 || 0.0750 | 1.0029 || 7.6339 | 0.9804 || 1.0210 | 0.9727
) 0.1479 || 12.1062 | 0.9883 || 0.0625 | 1.0011 || 6.3766 | 0.9870 || 0.8536 | 0.9817

ep R(p) € R(w) ec | R(G) es R(o)
4.1262 — 3.2673 — 5.3569 — 9.6858 —
1.2108 | 1.7689 || 1.1712 | 1.4802 || 1.7248 | 1.6350 | 3.0799 | 1.6530
0.6664 | 1.4726 || 0.7146 | 1.2183 || 1.0343 | 1.2613 || 1.8242 | 1.2918
0.4156 | 1.6415 || 0.5101 | 1.1717 || 0.7287 | 1.2174 | 1.2395 | 1.3433
0.2819 | 1.7390 || 0.3932 | 1.1663 || 0.5575 | 1.1997 || 0.9169 | 1.3511
0.2034 | 1.7898 || 0.3189 | 1.1487 || 0.4502 | 1.1722 || 0.7201 | 1.3247

Table 5.2: EXAMPLE 2: Number of iterations, meshsizes, errors, rates of convergence, for the
RTy — Py — Ny — P; approximation of the MHD problem, with v =k = 1, = 1.

[3]

[10]

[11]

J. CamANO, C. GARCIA AND R. OYARZUA, Analysis of a conservative mized-FEM for the

stationary Navier-Stokes problem. Preprint 2018-25, Centro de Investigacién en Ingenieria
Matematica (CI2MA), UDEC, (2018).

J. CaMANO, C. MUNOZ AND R. OYARZUA, Numerical analysis of a dual-mized problem in

non-standard Banach spaces. Electronic Transactions on Numerical Analysis, vol. 48, pp.
114-130, (2018).

E. CoLMENARES, G.N. GATICA, S. MORAGA, A Banach spaces-based analysis of a new
fully-mized finite element method for the Boussinesq problem. ESAIM: Mathematical Mod-
elling and Numerical Analysis, DOI: https://doi.org/10.1051/m2an/2020007, (2020).

E. COLMENARES, G.N. GATICA AND R. OYARZUA, Fized point strategies for mized varia-

tional formulations of the stationary Boussinesq problem. Comptes Rendus Mathematique,
vol. 354, 1, pp. 57-62, (2016).

M. COSTABEL AND M. DAUGE, Weighted regularization of Mazwell equations in polyhedral
domains. Numer. Math.94 (2002) 239-277.

P.G. CIARLET, The finite Element Method for Elliptic Problems. North-Holland, Amster-
dam, New York, Oxford, (1978).

T. Davis, Algorithm 832: UMFPACK V4.3 - an unsymmetric-pattern multifrontal method.
ACM Transactions on Mathematical Software, vol. 30, pp. 196-199, (2004).

A. ERN AND J.-L.GUERMOND, Theory and Practice of Finite Elements. Applied Mathe-
matical Sciences, Springer-Verlag, New-York, vol. 159,(2004).

M. DAUGE, FElliptic boundary value problems on corner domain, vol. 1341 of Lecture Notes
in Mathematics, Springer-Verlag, Berlin, (1988).

33



[12]

[13]

[14]

[15]

[16]

M. DAUGE, Regularity and singularities in polyhedral domains, https://perso.univ-
rennesl.fr/monique.dauge/publis/Talk_Karlsruhe08.pdf, (2008).

S. J. FrRoMM, Potential space estimates for Green potentials in convex domains. Proceed-
ings of the American Mathematical Society, vol. 119, no. 1, pp. 225-233, (1993).

G.N. GaTticA, A Simple Introduction to the Mized Finite Element Method. Theory and Ap-
plications Springer Briefs in Mathematics, Springer, Cham Heidelberg New York Dordrecht
London, (2014).

J.-F. GERBEAU, A stabilized finite element method for the incompressible magnetohydro-
dynamic equations Numer. Math. 87 (2000) 83-111.

V. GIRAULT AND P.-A. RAVIART, Finite Element Approximation of the Navier—Stokes
Equations. Lecture Notes in Mathematics, 749. Springer-Verlag, Berlin-New York, (1979).

CH. GRrEIF, D. L1, D. ScHOTZAU AND X. WEI, A mized finite element method with ex-
actly divergence-free velocities for incompressible magnetohydrodynamics. Comput. Methods
Appl. Mech. Engrg. , vol. 199, pp. 2840-2855, (2010).

M.D. GUNZBURGER, A.J. MEIR AND J.S. PETERSON, On the existence and uniqueness

and finite element approrimation of solutions of the equations of stationary incompressible
magnetohydrodynamics. Math. Comp. vol. 56, 523-563 (1991).

U. HASLER, A. SCHNEEBELI AND D. SCHOTZAU, Mized finite element approximation of

incompressible MHD problems based on weighted regularization. Appl. Numer. Math. 51
(2004) 19-45.

F. HEcHT, New development in FreeFem++. J. Numer. Math, 20,(2012), 251-265.

R. HIPTMAIR, Finite elements in computational electromagnetism. Acta Numerica, vol. 11,
pp. 237-339, (2002).

P. HousTON, D. SCHOTZAU AND X. WEIL, A mized DG method for linearized incompress-
ible magnetohydrodynamics. J. Sci. Comp. vol. 40, pp. 281-314, (2009).

K. Hu AND J. XU Structure-preserving finite element methods for statonary MHD models.
Math. Comp. vol. 88, 316, pp. 553-581, (2019).

K. Hu, Y. MA AND J. XU Stable finite element methods preserving V - B = 0 ezactly for
MHD models. Math. Comp. vol. 88, 316, pp. 553-581, (2019).

P. MoNK, Finite Element Methods for Mazxwell’s Equations Numerical Mathematics and
Scientific Computation, Springer, Oxford University Press, New York, (2003).

A. QUARTERONI AND A. VALLI Numerical approzimation of partial differential equations.
Springer Series in Computational Mathematics, 23. Springer-Verlag, Berlin, 1994.

D. ScHOTZAU, Mized finite element methods for stationary incompressible magneto-
hydrodynamics. Numerische Mathematik , vol. 96, pp. 771-800, (2004).

34



0.000e+00  0.14 0.27l it 0.41  5.400e-01 0.000e+00  0.14 0.27I i 0.41  5.400e-01

. .

-1.200e-01  -0.06 0 0.06  1.200e-01 -1.200e-01  -0.06 0 0.06  1.200e-01

— i

> >

0.000e+00  0.02 O.DAHIIl 0.06  8.000e-02 0.000e+00 0.02 (104HH 0.06  8.000e-02

» >

Figure 5.1: Example 1: Some streamlines of uy, isosurfaces of pp and the magnitud of the
magnetic field by (from top to the bottom to the right) and their exact counterparts (to the

left). 35
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