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A new mixed-FEM for steady-state natural convection models
allowing conservation of momentum and thermal energy. *

SERGIO CAUuCAO,! RIcARDO OYARzUA! AND SEGUNDO VILLA-FUENTESS

Abstract

In this work we present a new mixed finite element method for a class of natural convection models
describing the behavior of non-isothermal incompressible fluids subject to a heat source. More
precisely, we consider a system based on the coupling of the steady-state equations of momentum
(Navier-Stokes) and thermal energy by means of the Boussinesq approximation. Our approach is
based on the introduction of a modified pseudostress tensor depending on the pressure, and the
diffusive and convective terms of the Navier—Stokes equations for the fluid and a vector unknown
involving the temperature, its gradient and the velocity. The introduction of these further unknowns
lead to a mixed formulation where the aforementioned pseudostress tensor and vector unknown,
together with the velocity and the temperature, are the main unknowns of the system. Then the
associated Galerkin scheme can be defined by employing Raviart—Thomas elements of degree k for
the pseudostress tensor and the vector unknown, and discontinuous piece-wise polynomial elements
of degree k for the velocity and temperature. With this choice of spaces, both, momentum and
thermal energy, are conserved if the external forces belong to the velocity and temperature discrete
spaces, respectively, which constitutes one of the main feature of our approach. We employ the
Banach—Necas—Babuska and Banach’s fixed point theorems to prove unique solvability for both, the
continuous and discrete problems. We provide the convergence analysis and particularly prove that
the error decay with optimal rate of convergence. Further variables of interest, such as the fluid
pressure, the fluid vorticity, the fluid velocity gradient, and the heat-flux can be easily approximated
as a simple postprocess of the finite element solutions with the same rate of convergence. Finally,
several numerical results illustrating the performance of the method are provided.
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lation, mixed finite element method, conservation of momentum, conservation of thermal energy
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1 Introduction

The motion of a liquid or gas, generated by some parts of the fluid being heavier than other parts, or in
other words, produced by density differences as, for example, when a liquid in a vessel is heated from
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below, is a process known as natural convection. Different from what happens in forced convection,
where the fluid flow is driven by a external source (like a suction device or a fan), the driving force is
gravity and creates a circulating flow (convection). For several phenomena in nature and industry, in
particular when the fluid behavior depend solely on the temperature of the fluid and density differences
can be ignored except where they appear in terms multiplied by the acceleration due to gravity, such
as in oceanic circulation, central heating and dense gas dispersion, the problem can be described
by a system of equations commonly known as Boussinesq model, which consists in a coupling of
the Navier-Stokes and heat equations, coupled by means of the so called Boussinesq approximation.
More precisely, the stationary Boussinesq problem is a system of equations where the incompressible
Navier—Stokes equation:

—vAu+ (Vu)u+Vp—-0g=0 in Q, divu=0 in €,

(1.1)
u=0 on T, /sz,
Q

is coupled with the convection-diffusion equation:
—kAf+u-V6=0 in Q 6O=0p on I'p, «VO-n=0 on Ty, (1.2)

where Q is a bounded domain in R", n € {2,3}, with polyhedral boundary I". Above, the unknowns
are the velocity u, the pressure p and the temperature 6 of the fluid occupying the region €2, and the
given data are the fluid viscosity v > 0, the thermal conductivity x > 0, the external force per unit
mass g € L2(Q), and the boundary temperature 0p € H'/2(T'p).

Recently, in the literature it can observed an increasing interest in developing new numerical
methods to approximate the solution of ([l.1))-([l.2), motivated by the diverse applications of this
coupled model (as those already mentioned above), and also by the increasing need of simpler,
more accurate, and more efficient procedures to solve it. For instance, primal and mixed-type nu-
merical formulations have been already considered in several works over the last decades (see, e.g.
[6, 12, 21, 19, 16, 18, 24, 28, 27, 29, B0, B2, B3|, respectively, and the references therein). The above
list includes approaches with constant and temperature-dependent parameters as well as the steady-
state and evolutive cases. In particular, in the context of dual-mixed formulations for ([L.1)-([L.2), in
[2] and [18] have been introduced augmented mixed formulations for the Boussinesq problem with
temperature-dependent and constant viscosity, respectively. In both cases, the analysis is based on
the introduction of a pseudostress tensor relating the diffusive and convective terms with the pressure
and it is proved optimal convergence. In turn, in [19] and [15] the authors explore new numerical
schemes for ( )—(IE) considering constant (in [19]) and temperature-dependent viscosity (in [15]).
There the authors introduce an alternative pseudostress tensor which allows them to derive a vari-
ational formulation with a skew-symmetric convective term. In this way, without augmenting the
formulation as in [2] and [18], it is proved well-posedness and optimal convergence at the cost of not
being able to utilize low order elements (Raviart-Thomas spaces of order k¥ > n — 1). Finally, the
gradient of the velocity and the temperature are introduced in [24] to obtain a quasi-optimal mixed
finite element method to approximate the solution of ([L.1))-([L.2).

When the equations to be solved are conservation laws, specifically, conservation of mass, conser-
vation of linear momentum, and conservation of energy as it is in this case, it is always desirable to
employ numerical schemes respecting these laws. In this direction, in [I, 27| have been proposed two
mass-conservative schemes to approximate the solution of the Boussinesq problem. In [27] the conser-
vation of mass is numerically attained by utilizing the exactly divergence-free discontinuous Galerkin
(DG) method proposed in [14] (see also [13]) for the discretization of fluid-flow problems. Later on,



in [l] the authors consider a low order stabilized numerical scheme to discretize the fluid-flow equa-
tion and obtain the desired mass-conservative scheme. We emphasize that both works consider the
temperature-dependent parameter case. We emphasize also that [27] has been replicated in [28] and
[8] for the Boussinesq model with constant parameters and for double-diffusion equations in porous
media, respectively.

Now, for flow problems in general, if the intention is to conserve momentum, probably one of the
classical approaches to do that is the discretization by means of mixed finite element methods. In
fact, since the equilibrium equation is discretized at the same time with the constitutive equation, by
construction, they naturally conserve momentum. This is the case, for instance, of the pseudostress-
based mixed method for the Navier-Stokes equation introduced in [9]. There, considering a non-
standard mixed formulation posed in Banach spaces, it is proposed a new dual-mixed method for
the Navier-Stokes problem where the pseudostress and the velocity are approximated using Raviart-
Thomas elements of order k and discontinuous piecewise polynomials of degree k, respectively.

Going back to the Boussinesq equations, we observe that the mixed-type approaches [2] and [18] do
not conserve momentum nor thermal energy because of the augmentation of the mixed formulation.
The same lack of conservation of momentum and thermal energy can be observed in [19], [15] and [24]
precisely because of the introduction of the aforementioned alternative pseudostress tensor (for [19],
[15]) and the gradient of the velocity and the temperature (in [24]) as further unknowns.

Our main goal in this work is to extend the works [2. 18, 19, 15, 24] by introducing a new fully-
mixed finite element method for the coupled system (@)—(@), allowing conservation of momentum
and thermal energy. The latter is achieved by employing the pseudostress-based mixed formulation
introduced in [9] for () and a similar approach for @g) based on the introduction of an additional
vector unknown relating the gradient of the temperature with the convective term. In this way, the
aforementioned pseudostress and vector unknowns, together with the velocity and the temperature,
become the resulting unknowns of the coupled problem. As for the numerical scheme, the continuous
problem is discretized by using a conforming scheme defined by Raviart-Thomas elements of order k
for the pseudostress and vector unknowns and discontinuous piece-wise polynomials of degree k for the
velocity and temperature. Since the resulting formulation is a nonlinear problem posed in nonstandard
Banach spaces (due to the convective terms), for both, the continuous and discrete problems, we make
use of the Banach—Necas—Babuska and Banach’s fixed point theorems to prove unique solvability.
In addition, we show that the error decays with optimal rate of convergence. Further variables of
interest, such as the fluid pressure, the fluid vorticity and the fluid velocity gradient, can be easily
approximated as a simple postprocess of the finite element solution with the same rate of convergence.

The rest of this work is organized as follows. In Section E, the fully-mixed formulation is proposed.
Then, in Section B the well-posedness of the continuous problem is proved by means of the Banach—
Necas—Babuska and Banach’s fixed point theorems. A similar argument is employed in Section H,
to prove the well-posedness of the Galerkin scheme. The corresponding a priori error estimates are
derived in Section f and finally in Section fj we present some numerical examples to validate the
theoretical results and illustrate the good performance of our mixed finite element method.

We end this section by introducing some notation that will be used throughout the paper. Let
us denote by Q2 C R™ n € {2,3}, a given bounded domain with polyhedral boundary I". Standard
notations will be adopted for Lebesgue spaces LP(2), with p € [1, oo] and Sobolev spaces W "P(§2) with
r > 0, endowed with the norms || - [[1p() and || - [lwrs (), respectively. Note that W?(Q) = LP(Q)
and if p = 2, we write H"(Q) in place of W ™2(Q), with the corresponding Lebesgue and Sobolev norms
denoted by | - [lo,o and || - ||»q, respectively. We also write | - |, o for the H"-seminorm. In addition,
H'/2(T") is the spaces of traces of functions of H'(€2) and H~'/2(I") denotes its dual. With (-,-) we
denote the corresponding product of duality between HY/2(I') and H~Y/2(I'). By S and S we will




denote the corresponding vectorial and tensorial counterparts of the generic scalar functional space S.
In addition, we will denote by ||(u, v)|| := ||(u,v)||luxv := ||ul]lv + ||v]lv the norm on the product space
UxV.

As usual I stands for the identity tensor in R™"*", and |- | denotes the Euclidean norm in R™. Also,
for any vector fields v = (v;)i=1, and w = (w;)i=1,, we set the gradient, divergence, and tensor
product operators, as

(%i . ov;
Vv = (8xj) . , divv := Zﬁxé and VvOW = (v;w))ij=1,n-

In addition, for any tensor fields 7 = (7i;)i j=1,n and ¢ = ((ij)i j=1,n, We let div T be the divergence
operator div acting along the rows of 7, and define the transpose, the trace, the tensor inner product,
and the deviatoric tensor, respectively, as

1
T = (Tji>i,j:1,n; ZT”’ T C = Z TijCz'j7 and Td =7 — —1r (T) I.
i,j=1
We also recall the Hilbert space
H(div;Q) = {z € L*(Q) : div z € L*(Q)},
with norm ||z[3,, 0= HzH%Q + ||div z||(2]7Q, and introduce the tensor version of H(div; <) given by
H(div;Q) == {7 € L*(Q): divT € L*(Q)},

whose norm will be denoted by || - ||giv;o. Finally, given p > in what follows we will also employ

the non-standard Banach space H(div, , ) defined by

iz

H(div,; Q) := {7 € L*(Q) : divr € L’(Q)},
endowed with the norm
) . ) 1/2
I llaiv, 0 = (7130 + Idiv rllEag)
Finally, for any scalar function v, we define the sign function sgn, given by

1 if v>0,
sen(v) =19 1 i o, <o

and observe that there holds vsgn(v) = |v].

2 The continuous weak formulation

In this section we derive the weak formulation for (@)—(@) which will allow us to propose later on
our conforming scheme preserving linear momentum and thermal energy. To that end, and similarly
to [9] and [18] (see also [[11]) we introduce the tensor and vector variables

c:=vVu—(u®@u)—pl in O,

and
p:=kVO —0u in Q,



and utilize the incompressibility condition div u = tr (V u) = 0 to rewrite the systems (@) and (@),
respectively as the following equivalent first-order set of equations (see [9] and [L§] for details):

lO'd—i-l(u@)u)d:Vu in Q, divoe+60g=0 in
v v
1 (2.1)
p:—ﬁtr(a—i-u@u) in Q u=0 on I, /tr(a+u®u)=0,
Q
and
klp+rk9u=Ve in Q5 divp=0 in Q,
(2.2)

f=60p on I'p, p-n=0 on Iy

Note that the third equation in (EI) allows us to eliminate the pressure p from the system (which
anyway can be approximated later on through a post-processing procedure), whereas the last equation

takes care of the requirement that / p=0.
Q

Now, to derive our variational formulation, we begin by proceeding analogously to [9] for the first
and second equations of (@), that is, we multiply the first equation of (@) by 7 € H(divy/3;9),
integrate by parts, employ the identity o4 : 7 = ¢4 : 79 and the Dirichlet boundary condition u = 0
on I'; and test the second equation of (@) by v € L4(€), to obtain

1 1
/ad:7d+/u~div7-+/(u@u)d:T:O V1 € H(divys;Q), (2.3)
Q Q vJa

1%

and
/v-diva+/9g~V:O Vv e LYQ). (2.4)
Q Q

Next, for (@) we proceed similarly to (@)7(@) In fact, we define the Banach space
H:= {77 € H(divy/3;Q): m-n=0 on FN},

and then, multiplying the first equation of (@) by n € H and integrating by parts, we get

fsl/p'n+/9divn+/ﬁ;1/9u‘n:(n‘n,0D)pD Vn e H. (2.5)
Q Q Q

Observe that, similarly to [L0, eq. (4.3)], it can be seen that for allm € H, n-n|p, € H~1/2(I'p), thus
the term (n - n,Op)r,, is well defined.

In turn, the second equation of (@) is imposed weakly as
/ Ydivp=0 Vi eLiQ). (2.6)
Q

Notice that since u € L*(2) and since the term / p - n is well defined if p,n € L?(€2), the third term
Q

in the left-hand side of (@) forces 6, and consequently the test function v, to live in L*(£2). This fact
suggested the introduction of the space H for the unknown p and test n.

According to the above, at first we are interested in finding o € H(div,/3;2), u € LYQ), pc H
and 6 € L4(Q), satisfying (@)7(@) and / tr(c+u®u)=0.
Q
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Now, let us define the space

Ho(divy/s; Q) := {T € H(divy,3; ) : / trr = 0} ,
Q

and recall that there holds (see e.g. [J, Section 3])
H(divy,3; Q) = Ho(divyys; ©) © Po(Q) 1L (2.7)

where P(€2) is the space of constant polynomials on §2. More precisely, each 7 € H(div,/3;(2) can be
decomposed uniquely as:

1
T=71o+cl, with 7¢¢€Hy(divy/3;Q) and c:= ’Q|/ tr T € R. (2.8)
n Q

Then, if we define the tensor
1
0'0::0'+</tr u®u>]1, 2.9
e (2.9)

it follows that o satisfies / tr (o +u®u) = 0 if and only if oy € Hy(div,/3;(2). Moreover, from (@)

Q
it can be readily seen that equations (@) and (@) can be rewritten in terms of o as follows

1 1
/08:7d+/u-divr+y/(u®u)d:‘r:0 V1 € Ho(divy)s; ), (2.10)
Q Q Q

v
and

/V~divao+/6g-V—0 Vv e LY(Q). (2.11)
Q Q

Consequently, for the sake of the subsequent analysis we reformulate the system @)7(@) considering
a@deﬁned in (@) as the tensor unknown and the equations () and () instead of (@) and

(R.4), respectively. More precisely, denoting by
X = H(divy3;Q), Xo:=XnHy(divy3Q), M:=L%Q) and Q:=L'Q)

and introducing the forms ar : X X X > Rbp : XXM > Riecp . M XM xX > Rdr: Qx M —
Rar - HxH—-R by  HxQ—R,ander - M x QxH — R:

1
ap(o, T) := / ol 7 bp(r,v) = / v - divT,
Q

v Q
1 d
cr(wyu, 7)== [ (weuw:T, dr(0,v):= [ 0g-v,
v
“ “ (2.12)
ar(p,m) = %‘1/ p-m, br(n,0):= / 0 div n,
Q Q
cr(w; 0,m) == F»l/ 0w -,
Q
and the functional Fr € H':
Fr(n) == (n-n,0p)r,, (2.13)



we arrive at our fully-mixed variational formulation: Find (o, u, p,0) € Xg x M x H x Q, such that:
ag(o,7) + bp(7,u) + cr(u;u,7) = 0 V1 e X,

bF(U,V)+dF(0,V) = 0 VVGM,
(2.14)
ar(p,n) +br(n,0) +cr(u;0,m) = Fr(n) VneH,

br(p,¥) = 0 Vi e Q,
where, for the sake of simplicity, the subscript 0 from the new unknown oy has been dropped.

Remark 2.1 We observe here that, according to the third equation of (@) and the identity (@), the
pressure can be recovered in terms of the pseudostress o € Xy and the velocity u € M, as follows

p = 1 (tr(a)—i—tr(u@u)—|51)|/Qt1"(u®u)>- (2.15)

n
Moreover, one can compute further variables of interest, such as the shear-stress tensor o := v (Vu+

1 ~
(Vu)*)—pl, the vorticity w := §(Vu— (Vu)'), the velocity gradient V u and the heat-flur p := —k V0,
with the following post-processing formulas

1
o= ol + (u®u)d—|—0't—|—u®u—</tr(u@u))]l,
nlQf Jo

[~

w= g5,(@=a), (2.16)
Vu= %(Ud+(u®u)d),
p= —(p+0u).

3 Analysis of the coupled problem

In this section we combine the classical Banach—Nec¢as-Babuska and Banach fixed-point theorems to
prove the well-posedness of () under a suitable smallness assumption on the data. We begin by
establishing the stability properties of the forms involved.

3.1 Stability properties

We start by recalling the well-known Hélder inequality
L1l < W l@loluney: V7 €L/ @), Vo el@), with +2-1 (31
In turn, we recall that H'(£2) is continuously embedded into LP(Q) for p > 1 if n = 2 or p € [1,6] if
n = 3. More precisely, we have the following inequality
lwlie) < Cs llwllie YweHY(Q), (32)

with Cs > 0 depending only on || and p (see [B1l, Theorem 1.3.4]). Then, owing to the Holder
inequality (@) and simple computations, we deduce that the forms ag, by, cg, df, ar, by and er (cf.
(@)) are bounded:

1
jax(o, 7)< —llollxlrlx,  [be(m, V)] < ll7llelviin, (3-3)
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1
lee(wiv, )| < — [WlmlViiml 7l [de(60,v)] < lgllo.allbllqlvim, (3-4)
1
lax(pm)| < ~llplulmlla,  [bx(m0)] < [Inlallvla, (3.5)

1
|ex(wsgp,m)| < ~ Iwlhali@llalinlle- (3.6)

On the other hand, analogously to [9, Lemma 3.5], we observe that the functional Fr (cf. ()) is
bounded

|Fr(n)| < Cr |10blli/2rp Inlla - V7 € H, (3.7)
with Cr a positive constant depending on Cg (cf. (@))
Now, we let V and V be the kernel of b and br, respectively, that is

V= {T €Xop: be(r,v)=0 Vve M} = {T €Xp: divr=0 in Q}, (3.8)
and
V= {neH: br(n, ) = 0 VweQ}:{neH: divn=0 in Q} (3.9)
and recall from [J, Lemma 3.2] that there exists Cq > 0, such that
Calltlda < 1730+ IdivrlZsq VT e Xo. (3.10)

From () we easily realize that ar satisfies
C
ar(r,7) > L7} Vrev, (3.11)
v
whereas for ar we proceed similarly to [10, Lemma 2.2] to obtain

1
ar(n,m) > —[nlfy ¥neV. (3.12)

Now, we recall from [J, Lemma 3.4] that br satisfies the inf-sup condition:

sup bF(Tv V)

0#£71€Xo HTHX

> Bellvile Vv € M. (3.13)

Similarly, we can obtain an analogous result for br. This is established in the next lemma.

Lemma 3.1

bT(naw)
sup
o4ner ||nlln

> frllvlle V¢ eQ (3.14)

Proof. Given v € L*(Q), we consider the variational problem
—Az=sgn(Y)[Y> in Q, z=0 on I'p, Vz-n=0 on Ty,
and proceed analogously to the proof of [10, Lemma 2.1] to obtain the desired result. We omit further

details. O

Using the aforementioned stability properties, particularly (@), (ﬁl) and (m), and applying
[23, Proposition 2.36] it is not difficult to see that the bilinear form Ar : (X x M) x (X x M) — R
defined by

Ae((o,u), (1,v)) := ap(o, T) + bp(T,u) + bp(o, V), (3.15)



satisfies:

sup AF((C7Z)7(T)V))
o£(rviexoxm (T V)]
where ~¢ is the positive constant defined by

> F H(Cvz)” V(C,Z) € XO X Ma (316)

_ Cmin{l, vBe}

T (3.17)

VF

with C > 0 independent of v.
Finally, and analogously to (B.16) we can obtain from [23, Proposition 2.36] that estimates (@),
(B.19) and (B.14) imply that the bilinear form Ay : (H x Q) x (H x Q) — R, defined by

-AT((p79)7 (n#ﬂ)) = aT(P, 77) + bT(TI,@) + bT(pv w)a V(p, 0)7 (nﬂb) € H x Qv (318)

satisfies the inf-sup condition:

Az ((s, ¢), (1, 9))
sup o)l Z (s @)l V(s,p) e HxQ, (3.19)

0#(n,Y)EHXQ
where 7 is the positive constant defined by

K B3
= . 3.20
b K232 + 4k PBr +2 (3.20)

3.2 The fixed-point operator

Here, proceed similarly to [3]_and [17] and describe the fixed-point strategy to be employed next to
prove the well-posedness of () We start by introducing the associated fixed-point operator. To
that end we define the auxiliary operators R: WxQCMxQ - XgxMand S: WCM — HxQ
given by

R(w,¢) := (Ri(w, ), Ra(w, ¢)) = (o,u) V(w,9) € W xQ, (3.21)
with (o, u) € Xy x M satisfying
ar(o, ) + bp(T,u) + cg(w;u,7) = 0 V1 e Xo,
(3.22)
be(o,v) = —dp(¢,v) Vv eEM.
and
S(w) := (S1(w),S2(w)) = (p,0) VweW, (3.23)
where (p,0) € H x Q is such that
ar(p,n) +br(n,0) + cx(w;0,m) = IFr(n) YneH,
(3.24)

br(p,y) = 0 Ve Q.
Above, W is a bounded set (to be specified next) ensuring the well-definiteness of R and S.

By virtue of the above, by defining the operator 7 : W C M — M as
J(w) :=Ra(w,Se(w)) VweW, (3.25)

it is clear that (o, u, p, 0) is a solution to () if and only if u satisfies J(u) = u, and consequently,
the well-posedness of ( ) is equivalent to the unique solvability of the fixed-point problem: Find
u € M such that

J(u) = u. (3.26)

In this way, in what follows we focus on proving the unique solvability of () Before doing that,
we have to provide a suitable choice of W ensuring the well-definiteness of 7.



3.3 Well-definiteness of J

Since operator J is defined in terms of R and S, first we must study the well-definiteness of both
operators, which evidently is equivalently to study the well-posedness of () and () We begin
by analyzing the well-posedness of ()

Lemma 3.2 Let (w,¢) € M x Q and assume that

Iwiine < == (3.27)

with v¢ the positive constant in () Then, there exists a unique (o, u) € Xo x W solution to ()
In addition, there holds

2
(e, w)]| < %Hgllo,alwllq- (3.28)

Proof. We proceed similarly as in the proof of [9, Theorem 3.6]. In fact, given (w,¢) € M x Q, we
begin by defining the bilinear form:

Arw((o,u), (1,v)) :== As((o,u), (T,v)) + cr(w;u, 1), (3.29)
where Ar and cr are the forms defined in () and (), respectively, that is
Arw((o,0),(7,v)) := ap(0,7) + bp(T, 1) + bp(0, V) + cr(w; 0, 7).
Then, problem () can be rewritten equivalently as: Find (o, u) € Xo x M, such that
Arw((o,0), (T,v)) = —dr(¢,v) V(7,v) € Xo x M. (3.30)

Therefore, to prove the well-definiteness of R, in the sequel we equivalently prove that problem ()
is well-posed by means of the Banach-Necas-Babuska theorem (see, for instance [23, Theorem 2.6]).

First, given (¢, 2z), (7,V) € Xo x M with (7,V) # 0, from (@) we observe that
ARW((Ca Z), (Ta V)) > ’AF((Cv Z)a (?> G))‘ . |CF(W; z, ?)}

sup

0(r.v)€Xox M I V)l - 17, 9] 17, )|
’AF((Cvz)?(?av))‘ 1
> G = Iwlimli(€. 2)ll,

which together with () and the fact that (7,V) is arbitrary, implies
Ar w((€,2), (T, v 1
sup  AmGIEID (o w16,

0#(T,v)eXgxM ||(T?V)H

Hence, using the fact that w € M satisfies (), we easily obtain

sup Arw((C,2),(T,Vv)) > g (¢, 2)]] V(¢ 2) € Xo x M. (3.31)

0A4(T,v)eEXoxM H(Tvv)H

On the other hand, for a given ((,z) € Xg x M, we observe that
AF:W((Tv V)a (Cv Z))

sup AF,W((T? V)a (Ca Z)) > sup

(rv)eXoxM 0£(,v)EXox M (7, V)l
_ AF((T7V)7 (Cvz)) +CF(W;V7C)
= sup s
0£(7,v)EXox M (7, v)l

10



which together with (@) implies

sup  Apw((T,V),(¢;2)) = sup Ar((T,v), (¢, 2))

(r,v)eXoxM 0#4(7,v)eEXoxM H(TvV)H

Therefore, using the fact that Ag(-,-) is symmetric, from () and () we obtain

— Wil Al (332)

o Ana (790,62 2 (36 = L wlha ) 1621,

(m,v)eXoxM
which combined with (), yields

sup Apw((7,V).(€.2) 2 T (G2)] >0 V(Cm) eXox M, (G) £0. (3.33)
(m,v)eXoxM

In this way, from (ﬁl) and (@) we obtain that Ap (-, -) satisfies the hypotheses of the Banach—
Necas—Babuska theorem [23, Theorem 2.6], which allows us to conclude the existence of a unique
(o,u) € Xp x M solution to (), or equivalently, the existence of a unique (o,u) € Xy x M such
that R(w,¢) = (o,u). Finally, from (@), using () with (¢,z) = (o,u), the bound of dg (cf.
(@)), we readily obtain (), which concludes the proof. O

Next, we provide the well-definiteness of S, or equivalently, the well-posedness of ()

Lemma 3.3 Let w € M and assume that

K
[wllm < % (3.34)
Then, there exists a unique (p,0) € H x Q solution to () Moreover, there holds
2CEr
(P, )|l < T 10112, (3.35)

with Cr and yr the positive constants in (@) and (), respectively.

Proof. The proof follows analogously to the proof of Lemma @ (see also [9, Theorem 3.6]). In fact,
by defining the bilinear form:

AT,W((pv 0)? (777 77/})) = AT((p7 9)7 (777 w» + CT(W; 9? 77)7 (336)

where At and cp are the forms defined in (m) and (Ela) respectively, we observe that problem
() can be rewritten equivalently as: Find (p,0) € H x Q, such that

Arw((p,0), (n,4)) = F(n) V(n¢) e HxQ. (3.37)
In turn, using (@), () and (), it can be easily deduced that Az, satisfies

AT,W((Ca 80)7 (na @Z)))
ormoerxq 0]

> Tl o)l Vise)eHxQ (3.38)

and

sup At w((m,9),(S,9)) >0 V(s,p) e HXQ, (s,9) #0,
(nY)EHXQ

which together with the Banach—Necas—Babuska theorem imply the well-posedness of ( . Finally,
from (@), applying () with (g, ) = (p,0) and the bound (@), we readily obtain () O

11



From Lemmas @ and @ we automatically deduce that if the set W defining R and S (cf. ()
and ()) is such that

wen(o ) s 7) =5 (03)

with A := min {v+¢, k1 }, then R and S, thus J (cf. ()), are well-defined. Moreover, from (B.2§)
and () we readily obtain that there hold, respectively

IRa(w, 6) I < angHo,QuquQ V(w.4) € W x Q,

and 50
IS2(w)lla < = I00ll1/2r,  ¥w e W, (3.39)

which combined imply

4CF

— ollf .
L lglloslfls 2

2
|7l = [[R2(w, S2(w))lIm < llgllollS2(w)la <

As a consequence of the above, if we define the bounded set W as follows

4Cp
W= {weM: |win < == lgloallolir, }- (3.40)
VET
and assume that the data satisfies,
8Cr
0 <1 3.41
A’YF 1 ”gHO7Q|| D||1/2,FD = 4 ( )

then we clearly deduce that the fixed-point operator J is well-defined and satistfies 7(W) C W. The
above is summarize in the following result.

Theorem 3.1 Let define the bounded set W as in () and assume that the data satisfies ()
Then, J is well-defined and satisfies J(W) C W.

3.4 Solvability analysis of the fixed-point equation

problem ). We begin by establishing two lemmas that will allow us to derive conditions under
which operator J is a contraction mapping.

Here we provide the main result of this section, namely, existence and uniqueness of solution of
b

Lemma 3.4 Assume that the data satisfies () Then, there holds

4 2
[R(w1, ¢1) — R(wa, ¢2)]| < Py lglloaliézllqliwr = wallm + lelloallér = é2lle. (3.42)
F

for all (w1, ¢1), (Wa, d2) € W x Q, with ¢ the positive constant defined in ()

Proof. Given (w1, ¢1), (wa,¢2) € W x Q, we let (o1,u1), (2,u2) € Xg x M, such that R(w; =
(o1, u1) and R(wa, ¢2) = (2,u2). Then, from the definition of R and Ag v (cf. () and (B.29)),

and after simple computations, we obtain
Arw, ((01 —02,u1 —u2), (7,V)) = —cp(W1 — Wo;u2, 7) — dp(d1 — 2, V).

12



Hence, we employ () with ({,z) = (o1 — o2,u; — uz), the upper bounds of ¢r and dg (cf. (@)),
and the fact that ||uz|lm < Z|gllo.qlld2llq (cf. (@)), to deduce

=
% (o) —opm — )| < sup —Ccr(W1 — W up, 7) — dp(¢1 — ¢2, V)
> ey M IVl
< fualhalwr = wallt + glolor — 2l
< = lloslézllolwi —welhn + illalér — dalo
which implies () O

Lemma 3.5 Assume that the data satisfies () Then, there holds

4Cp
[SCw1) =S(wa)llq = =5 10pll/2rp W1 = walln, (3.43)
T

for all wi,woy € W, with Cr and ~yr the positive constants in (@) and ()

Proof. Given wi,wy € W, we let (p;,01),(py,02) € H x Q be such that S(w;1) = (p;,01) and
S(w2) = (pg,02). Then, from the definitions of S and A (cf. () and (B.30)), and after simple

computations, we deduce that
At w, ((P1 = P2, 01 = 02), (0, ) = —cr(w1 — wa; 602, m).

Thus, employing () with (¢, ) = (p; — pa, 01 — 02), the upper bound of er (cf. (@)), and the fact

that |0l < 2 [8p /a1, (cf. (B:33)), we get

0%, —cr(wi — wa;02,m)
— [(p1 — p2,01 — 02)| < sup
2 b 0+4(n,¢)€EHXQ (n, )]
1
< - 62]|qllw1 — Wal||m
< 2Cp

2¥Fhg _
s 10p1l1/2,rp W1 — Wallm,

which implies (B.43). 0

We are ready now to prove the main result of this section, that is, the existence and uniqueness of
solution of problem (@)

Theorem 3.2 Let define A := min {Z/’YF, /vyT} and assume that
16 Cr
AYET

Then, the operator J (cf. ()) has a unique fized-point u in W. Equivalently, the coupled problem
() has a unique solution (o,u, p,0) € Xg x M x H x Q with u € W. Moreover, there hold

Igllo.ellépll1/2,rp < 1. (3.44)

2CF

4CF
) < — 0 d O < ——10 . 3.45
(o, wll < Z=llgllollolliar, and (0,0l < == ¥pll/2ry (3.45)
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Proof. We begin by recalling from the previous analysis that assumption () ensures the well-
definedness of J. Now, let w1, wa,uj, ug € W, be such that u; = J(w1) and ug = J(w2). According
to the definition of J (cf. (B.25)), from estimates (B?)d), (B.42) and (), we deduce that

[T (w1) = T (wa2)llm = [Ra(w1,S2(w1)) — Ra(wz, Sa(w2))[|m

4 2
< — [Igllo,allS2(w2)llq w1 — wallm + —|gllo,e [[S2(w1) — Sa(w2)llq
VR Ve

16 Cp
AVEYT

which together with () and the Banach’s fixed point theorem implies that J has a unique fixed-
point in W, which equivalently implies that there exists a unique (o,u,p,0) € Xg x M x H x Q
solution to ( with u € W. Finally, since (o, u) satisfies @) with ¢ =60 and w =u e W, and
(p,0) satisfies (), with w = u € W, the estimates in () follow from (@) and () O

IN

Igllo.e 10pll1/2,rp W1 = wallm,

4 Galerkin scheme

In this section we introduce and analyze the Galerkin scheme of problem () We mention in
advance that the well-posedness analysis follows straightforwardly by adapting the results derived for
the continuous problem to the discrete case, reason why most of the details are omitted.

4.1 The discrete coupled system and its well-posedness

Let us begin by considering {7, }1>0 a family of regular triangulation of Q made by triangles 7' when
n = 2 (or tetrahedra when n = 3) of diameter Ay and define the meshsize h := max {hT T e 77L}
Given an integer | > 0 and a subset S of R", we denote by F;(S) the space of polynomials of total
degree at most [ defined on S. Hence, for each integer k > 0 and for each T € T, we define the local
Raviart—Thomas space of order k as (see, for instance [[7]):

RT,(T) := [Pu(T)]" ® Py(T)x,

where x := (x1,...,2,)! is a generic vector of R and ]Sk(T) is the space of polynomials of total degree
equal to k defined on 7. In this way, we define the finite element subspaces:

%= {rn€X: cirplr ERTY(T) YeeR" VTeT),

Mh = {Vh ecM: Vh’T S [Pk(T)]n VT e 7;1}7
Hh = {T]hEH nh|T€RTk(T) VTE’]?L}v

Qh = {¢h€Q: (ﬁh‘TEPk(T) VTGE}.

Then defining the subspace X}, o := X}, N X, the Galerkin scheme associated to problem () reads:
Find (O’h,uh,ph,ah) S Xmo x My, x Hj, x Qp, such that:

ar(on, Th) + be(Th, up) + cr(up;up, 7)) = 0 V7, € Xpp
be(on, vh) + de(Op,vy) = 0 Vv, € My, "
at(pp, mp) + br(ny, 0n) + cr(up; O, my) = Fr(ny,) Vn, € Hy -y
br(pp.¥n) = 0 Y4n € Qn,
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where the forms ar, bg, ¢, dr, art, br, cr and the functional Fr are defined in () and (), respec-
tively.

4.2 Analysis of the discrete problem

First we provide the stability properties of the associated forms on the discrete spaces defined above.
We begin by observing that the boundedness of all the forms are inherited from the continuous case.
In addition, since div X, C Mj and div H; C Qp, there hold that the discrete versions of V and V

(cf. (@), (@)) become, respectively
Vy = {Th €Xpo: bp(Th,vp)=0 Vv, e Mh} = {’Th €Xpo: divry =0 in Q},
and
Vii={ny € By ba(mvn) =0 YoneQu}={n,eHy: divm,=0 i 0f,
thus, V;, C Vand V, C V. As consequence, from () and (), we obtain
ag(Th, Th) > % IThll% Y75 € Vy, (4.2)

and
InullE Ynn € Vi (4.3)

x|

at(Ny,My) >

We continue by recalling from [0, Lemma 4.4] that the bilinear form b satisfy the following discrete
inf-sup condition:

sup > Belvallm Vi € My, (4.4)

OyéThGth() ”ThHX

with BF > 0 independent of h.

The following result establishes the discrete version of Lemma @

LemmAa 4.1 Assume that there exists a convex domain B such that Q) C B and I'y C 0B. Then there
exists Br > 0 independent of h, such that

bT(nha wh)
0#n, €H), m5 e

> Br[vnllq Yin € Qu. (4.5)

Proof. We proceed similarly to the proof of [10, Lemma 3.3]. In fact, given ¢, € Qp, and similarly to
[4, Lemma 3.9] we let z € W%/3(B) be the unique weak solution of the boundary value problem:

sgn(Yn)|tn]? in O
Az = Jh =

Vz-n=0 on JB, /z:O.
Q

o @l e

Since, B is a convex domain, it is well known that z € W2%/3(B) (see [26, Theorem 1.1]) and

lzllwears(m) < elnllvassy < CllvnPlias@) = Clivaltaq),
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Then we let j = Vz|o € WH4/3(Q), and observe that divey = sgn(p)|¢n)® in Q, 7 -n = 0 on I'y
(since 'y C 0B) and
[Tl wrarse) < Cllvnliaoy- (4.6)

Moreover, from the latter, and the fact that W14/3(Q) is continuously embedded into L?(£2), we obtain

Moo < C||1/Jh|!%4(g). (4.7)

Now, we let 77, € Hj, be the Raviart-Thomas interpolation of n (see [25, Section 3.4] and [9, Section
4.2.1]). From [15, Lemma 5.4] we have that there exists C' > 0, independent of h, such that

17 = Anllo.o < CA Al wrass
which together with (@) and (@), implies
[Anllo.c < 17— lloq + lloa < CR = @llwiasq) + Cllvnlfaq) < Cllvallisq): (4.8)
In turn, it is well known that the following identity holds

div 7y, = Pu(divn) = Pa(sgn(vn)|vnl®), (4.9)

with Py, : L4(Q2) — Qp, being the usual orthogonal projection with respect to the L?(Q)-inner product.
Hence, using the fact that P, is a continuous operator, from (4.§) and (4.9), we easily obtain

[7nllE < anhHi‘l(Qy (4.10)

with C > 0 independent of h. In this way, from (@) and (), we find that

3
~ 4
be(Fin, ) /Qwhsgn(wh)lwhl P
N > S =C g = C 7 ¥l
(i Cllvnlliaq [¥nllia

bT (nha ¢h)

>
0+#n,€H), 7 |l

which concludes the proof. O

Analogously to the continuous case, owing to (@), (@), (@), (@), (%@) an%& Propo-

sition 2.36], it can be deduced that the bilinear forms Ar and Ag defined in ) and (B.1§), satisfy:

AF((Ciw Zh)? (Thy Vh))

Sup > |(Chyrzn)l| YV (Chozn) € Xy x My, (4.11)
0£(Th,v1)EXp 0 X M), (T, va)
. Ax((sho o0, ()
g b b ) o~
Sup DS Ph) T B0 > B (s o)l Y (shson) € Ha X Qu, (4.12)
0# (N, ¥n)EHLxQy H(nha 77bh)||
with R
WF = CM
vor+1
and R
~ ﬁﬂ%

Vr 1= ——= = :
U KBt Anprt2
Employing (|4_11|) and (M) it can be proved the following result.

16



/I\Jemma 4.2 Assume that there exists a convex domain B such that Q@ C B and I'n C 0B. Let
A :=min {v3r, kJ1} and given wy, € My, let Apw, and Arw, be the bilinear forms defined in ()
and (B.36), respectively. Then, for all wy, € My, such that |[wy|m < A, there hold

Ar w yZh)s (Th, Vv M
oup el B T V) Tey 0, v (Gm) € Xnox My, (013)
Oi(Th,Vh)EX}h()XMh ||(Th’ Vh)” 2
and
A w S ? ) ) o
oup  Arann (S O ) Ty, ) Voo eHux Qi (414)
0#(np,,¥n) EHRX QR (75, ¥n)l 2
Proof. The proofs of () and () follow using the same steps employed to obtain () in Lemma
. We omit further details. O

Now, let us define the bounded set

4C
W= {wi e My : Wil < == glolléollizrs }-
TFT
and the discrete operators Ry, : Wy, x Qp, — Xj, 0 x My, and Sy, : W), — Hj, X Qp, defined respectively
by
Ry (W, ¢n) = (Rin(Why ¢n), R n(Wn, ¢n)) = (on,un) ¥ (Wh, ¢n) € Wi x Qp,

where (o, up,) is the unique solution of problem: Find (op,up) € Xp, 0 X M, such that
ag(oh, Th) + be(Th,up) + ce(Wpsup, ) = 0 V1h € X,
bF(U]w Vh) — _dF(¢h7 Vh) \V/Vh S Mh7

and
Sn(wn) := (S1a(Wa), So.n(Wh)) = (Pp;0n) VWi € W,
where (py,, 0;,) is the unique solution of problem: Find (p;,, 0;,) € Hy x Qp such that

ar(py,ny,) + br(ny, 0n) + cx(Wp; 0n,my,) = Fr(n,) Ymy, € Hy,
br(pp.¥n) = 0 Yy, € Qp.

Utilizing Lemma @ and proceeding exactly as for the continuous case, it can be easily deduced
that both operators are well-defined if there holds

8Cr

A AT

Igllo,llfbll1/2,rp < 1. (4.15)

Then, analogously to the continuous case we define the operator [J, : Wy C M, — My, as
In(Wn) = Ro n(Wp, Son(wp)) Vw, € Wy, (4.16)

which is clearly well-defined and satisfies J,(Wp) € Wy, provided (), and realize that (@) is
equivalent to the fixed-point problem: Find uy € W}, such that

jh(uh) = Up. (4.17)

The following theorem provides the main result of this section, namely, existence and uniqueness of
solution of the fixed-point problem (), or equivalently, the well-posedness of problem (@)
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Theorgm 4.1 Assume that there exists a conver domain B such that Q@ C B and I'n € 0B. Let
define A := min {I/’/')/\F, /i‘y\T} and assume that

16 Cr
~— liglloallfplli/2ry, < 1. (4.18)
AE 1
Then, the_operator Jy (cf. ()) has a unique fized-point uy in Wp. FEquivalently, the coupled
problem (d has a unique solution (o, un, py, 0n) € Xpo x My x Hy, x Qp, with u, € Wp,. Moreover,
there hold
4Cp 2CFg
[(onun)ll < =— lglloellfpllijer, and (P On)ll < ——[l0bll1/21p- (4.19)
FT T

Proof. First we observe that, as for the continuous case (see the proof of Theorem @), assumption
(@f) ensures the well-definiteness of operators S;, and Ry, and consequently the well-definiteness of
Jn- Now, adapting the arguments utilized in Section (see Lemmas @ and B.5) one can obtain the
following estimates

4 2
IRn(wi, 01) = Ra(wa, 62)l| < 7= llglloelzllallwi = wallm + =llgloalior = ézlle.
F

and 10
F
ISk (w1) — Sp(wa)llq < s 10D l1/2,rp W1 — WallM,
T

for all wi, wa € Wy, and é1, ¢ € Qu, which together with the definition of 7, (cf. (L.16)), yield

16 C
[ Tn(W1) — Tn(w2)llm < == |g|
)\’YF’YT

0.2 10pll1/2,rp, W1 — wallm,

for all wi,ws € Wj. In this way, using estimate (4.18) we obtain that 7, is a contraction mapping
on Wy, thus problem (), or _equivalently (@) is well-posed. Finally, analogously to the proof of
Theorem we can obtain (), which concludes the proof. O

5 A priori error analysis

In this section we aim to provide the convergence of the Galerkin scheme (@) and derive the corre-
sponding rate of convergence. We begin by deriving the corresponding Cea’s estimate.

5.1 Cea’s estimate

From now on we assume that the hypotheses of Theorems and @ hold and let (o,u.p.0) €
Xogx M x H x Q and (o, up, pp, 0n) € Xpo x My x Hy, x Qp, be the unique solutions of (@) and
(@), respectively.

In order to simplify the subsequent analysis, we write e = 00 — 0}, ey = u —uy, €, = p — py,
and ey = 0 — 65,. As usual, for a given (7, Vy) € Xp, 0 x My, and (’ﬁhﬂ;h) € Hy x Qp, we shall then
decompose these errors into

ea’ :EG+X07 eu:€u+Xu7 ep:£p+Xp7 69 :€9+X97 (51)
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with
gg:U_Tha Xo = Th —Oh, Su:u_vhv Xu = Vh — Uy,

Ep=P—Th  Xp =T~ Pp €9=0—Un Xo=Un—Op
Consequently, subtracting () and (@), and utilizing the definition of Ar and Ar (cf. () and
(), respectively), we obtain the following identities:

Ar((eo,eun), (Th, Vi) + cr(wsu, 7)) — ce(up;up, 74) = —dp(eg, vi) (5.2)
for all (74, vp) € Xp 0 X My, and
Atr((ep, eg), (M, ¥n)) + cr(w; 0,my,) — cr(up; Op,mp) =0 (5.3)

for all (ny, ¥n) € Hy x Qp.
We start providing the following auxiliary results.

Lemma 5.1 Assume that

8CF 1
— 0 <3 5.4
UYEE VT lg O,Q’ D”1/2,FD B (5.4)
Then there exist Cv,Cy > 0, independent of h, such that
4
[(Xos Xu) I < C1 (66, )l + C2[€0llq + illg\\o,ﬁ Ixollq (5.5)

Proof. First, from (@), (@), the definition of the bilinear form Ag. (cf. ()), and simple
computations it can be obtained the identity

AF,uh((ch Xu)7 (Th7 Vh)) = _aF(Eow Th) - bF(Tha Eu) - bF(Ec’a Vh)
- CF(uh; £u7 Th) - CF(su; u, Th) - CF(Xu; u, Th) - dF(607 Vh)'

Then, utilizing the discrete inf-sup condition ) with (¢h,2n) = (Xo» Xu) € Xpo X My, and the
continuity properties of ag, br, cg and dr (cf. (B.3) and (B.4))), we obtain

~

F 1 1 1
Th0coxl < (14 2) Tl (14 Tunla+ 3 Tl ) €l .
5.6

1
+- lullv xallnva + liglloe llesllo-

In this way, using the fact that u € W and u;, € Wy, from (@) we deduce that there exists C' > 0,
independent of h, such that

~

F Cr
5 [(Xos Xl < C[[(€e> &)l + p—— Igllollfplli/2,rp IXullM + g

09 lleolla;
which together with (@) implies (@) and concludes the proof. O

Lemma 5.2 Assume that there exists a convex domain B such that Q C B and 'y C 0B. Then there
exist Cg,Cy > 0, independent of h, such that

4CFp

KATYT

(s x0)ll < C3[(€, E0)[ + Call€ulln + 160 111/2,r0p [IXu lln- (5.7)
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Proof. We proceed similarly to the proof of Lemma . In fact, from (@), the definition of the
bilinear form Ary, (cf. (@)), the decomposition (p.1)), and simple algebraic manipulations, it can
be obtained the identity

ATvuh((XpN X9)7 (nha wh)) = _aT(£p7 nh) - bT(nhﬂ 59) - bT(€p7 T/fh)
- CT(uh; §9a T’h) - CT(SU; 07 nh) - CT(XU; 07 77h)

Then, applying the discrete inf-sup condition () with (Sn,on) = (X x0) € Hy X Qp, and the
continuity properties of ar, br and cr (cf. (B.5) and (@)), we obtain

~

Ar 1 1 1 1
P10l < (141 ) Bl (1+ 2 lonlaa ) Bollo + 1 Wllalulla + - 1ol lcull

which together with the fact that u, € Wy, and that 6 satisfies ||6]|q < ||(p,8)]| < Q%F
()), imply that there exists a positive constant C, independent of h, such that

HGDHUQ,FD (see

2CF

Ar 2CF
9 H(Xp,XO)H < C‘|(Ep7£9>H + ?’)’T H@DHl/zFDHquM + T’YT HHDH1/2,FDHXuHMa

from which we deduce (@) O

Now we are in position of establishing the aforementioned Cea’s estimate.

Theorgm 5.1 Assume that there exists a conver domain B such that Q@ C B and 'y € 0B. Let
define \ := min {I/’)/F, /1%} and assume further that

16 Cr 1
~—llglloglifpllzry, < 5 (5.8)
A%E YT

Then, there exists C' > 0, independent of h, such that
el + llewlinn + llepler + lleallg < € {dist (o, ). X0 x M) + dist ((p.0). Hy x Qu) ). (5.9)

Proof. We begin by observing that estimate ( implies (@), thus estimate (@) holds. Now, since
IxullM < [[(XosXu)ll, combining (@) and (p.7), it is not difficult to see that there exist positive
constants cq, co, independent of h, such that

16 Cr

) < c ) +c o Sull + —=—=— 0
(x> x0)l (€. &)l + 2§45 €0 mﬂﬂTHgHo,QH pll1y2rp [Ixolle
16 Cr
< clH(&pv{@)H + C2H(£0’7£u)|| + ~ HgHO,Q||9D||1/2,FD ||X9HQ
AVEYT

which combined with (@) implies

(X x0) | < E1ll(€p, )l + 21l (€5 €u) I, (5.10)

with ¢é1,¢é > 0, independent of h. In turn, from (@), () and estimate [|xollq < [[(Xp, x0)[ Wwe
easily deduce that

1(Xo» Xl < e3ll(€p, E0) | + call(€os Eu) (5.11)

with ¢z, ¢4 > 0, independent of h. In this way, estimate (@) follows from (EI), (5.10), (), the
triangle inequality and the fact that (74,Vy) € Xp 9 x My, and (9, ¢) € Hy, X Qy, are arbitrary. [
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5.2 Rate of convergence

In order to establish the rate of convergence of our Galerkin scheme (@), we first recall the approxi-
mation properties of the discrete spaces involved:

(AP{) For each 0 <1 < k and for cach 7 € H'*H(Q) N Ho(divy/3; Q) with divr € WHHLA/3(Q), there
holds

dist (T,th) = inf |7— Tthiv4 50 < C hitt HTHl+1,Q + HdiVTle+1,4/3 ) (o (5.12)
TheEXn 0 / ( )

(AP} For each 0 <1 < k and for each v € WHL4(Q), there holds

dist (v, Mj,) := vhiglf/lh IV = vallLi) < C htt [vIlwit1.a¢) (5.13)

(AP?) For each 0 < [ < k and for each n € H'™1(Q) with divy € WIH14/3(Q), there holds

dist (n.Hy) = inf |0~ malla 0 < OB {lmlra + ldivallwinaso - (5.14)
h

(APY) For each 0 <1 < k and for each 1) € W14(Q), there holds

dist (¢, Qp) = ot [ — PullLa) < C 1Y llwiragy). (5.15)

For () and () we refer to [9, eq. (4.8)] and [10, eq. (3.8)]. which are consequences of [23,
Lemma B.67, Lemma 1.101] and [25, Section 3.4.4], whereas for () and () we refer to [23,
Proposition 1.134, Section 1.6.3].

Now we are in position of establishing the rates of convergence associated to the Galerkin scheme

(1)

Theorem 5.2 Assume that the hypotheses of Theorem hold and let (o,u, p,0) € Xgx M x H x Q
and (op,u 0n) € Xpo x My, x Hy, x Qp, be the unique solutions of the continuous and discrete
problems (@3 and (@), respectively. Assume further that o € H*TH(Q), dive € WHLA3(Q),
u € WHLA(Q), p € HTY(Q), divp € WHLY3(Q) and § € WHIAQ) |, for 0 <1 < k. Then there
exists Crate > 0, independent of h, such that

leolx + lleullne + llepllr + lleslq < Crate B4 { I ollisr0 + [dive i asg + lullwiers
ollis1.0 + 1V pllwrsasaiay + 1l -

Proof. The result is a straightforward application of Theorem EI and the approximation properties
(APY), (AP}), (APY), and (APY). O

5.3 Computing further variables of interest

In this section we introduce suitable approximations for further variables of interest, such as the
pressure p, the stress tensor o, the vorticity w, the velocity gradient Vu_and the heat-flux vector
p, all of them written in terms of the solution of the discrete problem (U.1). To that end we let
(oh,un, pp,0n) € Xp x My x H, x Qp, be the discrete solution of problem (4.1). Then, inspired by
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the formulas in () and (), we propose the following approximations for the aforementioned
variables:

1 1
pp = —— <tr (on) +tr(u,®@uy) — / tr (uy, ®uh)> ,
n €2 Jo

~ 1
op :O'z + (Uh®Uh)d+Uz+uh®uh— <71‘Q’/ tr(uh®uh)>]l (5'16)
Q

1

1 -
wh =5 (on—0o}), Gip= > (of + (up @)Y, pp=—(pp + Opup).

The following corollary establishes the convergence result for this post-processing procedure.

Corollary 5.3 Assume that the hypotheses of Theorem hold and let (o, u, p,0) € Xo x M x H x Q
and (op,u 0n) € Xpo x My, x Hy, x Qy, be the unique solutions of the continuous and discrete
problems (ﬁ; and (@7), respectively. Let py, o, wn, Gy, and p;, given by () Assume further
that o € HFY(Q), dive € WHLA3(Q), u € WHLA(Q), p € HTY(Q), divp € WHA3(Q) and
6 € WHA(Q) |, for 0 <1 < k. Then there exists @m > 0, independent of h, such that

Ip = prllo + o = anlloe + llw —whllo.o+ IVa = Gallog + 110 = prllos
< arate hl+1{||0'||l+179 + HdiV0'||Wz+1,4/3(Q) + ||11||Wl+1,4(Q)

ol + Idiv pllwrrsasaiay + 18lwro |-

Proof. Recalling the formulas given in (bld) and (lSld), and employing suitable algebraic manipula-
tions it is not difficult to show that there exist C7,Cy > 0, independents of h, such that the following
estimates hold:

Ip = palloc + 1 = Gnllog + lw = wallog + IVu = Gallog < €1 {llo — anllx+ [ — wnlm },

and
17~ Brlloe < Go{llo— pulix+ Il — wnllna + 0 — allq )
Then, the result follows straightforwardly from Theorem @ We omit further details. O

6 Numerical results

In this section we present three numerical examples to illustrate the performance of our mixed finite
element scheme (@) on a set of quasi-uniform triangulations of the corresponding domains. Our
implementation is based on a FreeFem++ code, in conjunction with the direct linear solver UMFPACK.
Regarding the resolution of the non-linear problem, we utilize the algorithm utilized to define the fixed-
point operator J,. More precisely, starting with (u%, 92) € My, x Qp, we propose the following iterative
process: for each i = 1,2,..., solve

i i 1=1), pni
aT(phanh)+bT(nh>9h)+CT(u§L ), heMn) = Fr(n,) Vn, € Hy,
br(ph,n) = 0 Vb € Qs
and ‘ ' - ‘
ap(0}, Th) + be(Th, uy,) +CF(U§L% oul,Th) = 0 V1 € X,
be(oh,vi) = —de(05,vy) Yvi € My,
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The iterations are terminated once the relative error of the entire coeflficient vectors between two
consecutive iterates is sufficiently small, that is,

|coeff™ 1 — coeff™| < tol
Jooett™ I =

where || -|| stands for the usual Euclidean norm in R%/ with dof denoting the total number of degrees
of freedom defining the finite element subspaces Xy, My, Hy and Qp, and tol is a specified tolerance.

Now, we introduce some additional notations. The individual errors are denoted by e(o), e(p),
e(u), e(0), e(p), e(a), e(w), e(Vu) and e(py). Also, we let (o), r(p), r(u), r(0), r(p), r(7), r(w),
r(Vu) and r(p;,) be the experimental rates of convergence given by

o) o D) (o)) ) o loRle(w)/€ )
T log(h/w) PI= " g(h/1) = T log(h/h)
oy REO0) | og(e)/ ) )= T @)
TR e e gl fetsy
~ log(e(w)/e'(w ~log(e(Vu)/e/(Vu ~. _ log(e e(p
= YT gm0 TP g

where h and k' denote two consecutive mesh sizes with their respective errors e and e’.

Example 1. In our first example we illustrate the accuracy of our method considering a man-
ufactured exact solution defined on © = (0,1) x (0,1) considering the partition of the boundary
'y =[0,1] x {1} and I'p = 0Q\I'n. We consider the thermal conductivity £ = 1, the viscosity of the
fluid v = 1, the external force g = (0, —1)*, and the terms on the right-hand side are adjusted so that
the exact solution is given by the functions:

(22— (- )
= (2 i)

4
pz,y) = 32 +y* -2,

1
0(z,y) := 3 sin(7x) cosQ(g(y +1)).

We show in Tables @ and @ the convergence history for a sequence of quasi-uniform mesh re-
finements when the finite element spaces described in Section are used with k = 0 and k = 1,
respectively. It can be observed there that the rates of convergence are the ones expected from
Theorem and Corollary @, that is O(h) and O(h?), respectively.

Example 2. In our second example we assess the capability of a 3D implementation of the Galerkin
scheme (@), considering a manufactured exact solution defined on = (0,1)% with I'p = [0,1] x
[0,1] x {0} and T'y = 9Q\I'p. We consider the thermal conductivity x = 1, the viscosity of the fluid
v = 1, the external force g = (0,0, —1)*, and the terms on the right-hand side are adjusted so that the
exact solution is given by the functions:

sin(mx) cos(my) cos(mz)
u(z,y,z) = | —2cos(mzx)sin(ry) cos(nz) |,
cos(mx) cos(my) sin(mz)

p(x,y,z) = (l‘ - 1/2)3 Sin(y + Z)a

O(x,y,z) ;= sin®(rz)sin?(ry)(z — 1)2.
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Errors and rates of convergence for the RTy — Py — RTy — Py approximation

h DOF e(o) e(u) r(u) e(p) r(p) e(d) r(0) | Iter
0.373 294 4.79e-01 2.00e-02 - 6.57e-01 - 6.68e-02 - 4
0.196 | 1188 | 2.29e-01 | 1.149 | 5.51e-03 | 2.016 | 2.86e-01 | 1.302 | 3.23e-02 | 1.135 | 3
0.097 | 4626 | 1.13e-01 | 0.999 | 1.53e-03 | 1.819 | 1.43e-01 | 0.983 | 1.66e-02 | 0.946 | 3
0.048 | 18312 | 5.75e-02 | 0.960 | 5.87e-04 | 1.350 | 6.96e-02 | 1.015 | 7.87e-03 | 1.053 | 3
0.025 | 72939 | 2.88e-02 | 1.033 | 2.63e-04 | 1.200 | 3.49e-02 | 1.034 | 3.97e-03 | 1.025 | 3
0.013 | 294363 | 1.42e-02 | 1.084 | 1.26e-04 | 1.135 | 1.73e-02 | 1.075 | 1.96e-03 | 1.085 | 3

Postprocessed variables
e(p) | rlp) | e(@) |r(o)| ew) |rw)| eVu) |r(Vu)| e(p) | r(p)
1.72e-01 - 4.82e-01 - 7.41e-02 - 2.33e-01 - 1.78e-01 -

7.87e-02 | 1.221 | 2.45e-01 | 1.058 | 3.20e-02 | 1.310 | 1.18e-01 | 1.062 | 8.33e-02 | 1.185

3.75e-02 | 1.052 | 1.21e-01 | 1.001 | 1.51e-02 | 1.066 | 5.84e-02 | 0.999 | 4.13e-02 | 0.995

1.88e-02 | 0.972 | 6.22e-02 | 0.939 | 7.40e-03 | 1.007 | 3.00e-02 | 0.941 | 2.05e-02 | 0.989

9.34e-03 | 1.049 | 3.12e-02 | 1.033 | 3.68e-03 | 1.044 | 1.50e-02 | 1.031 | 1.04e-02 | 1.020

4.56e-03 | 1.099 | 1.53e-02 | 1.090 | 1.84e-03 | 1.062 | 7.42e-03 | 1.085 | 5.13e-03 | 1.079

Table 6.1: EXAMPLE 1: Meshsizes, degrees of freedom, errors, rates of convergence, and number of
iterations for the mixed RTy — Py — RTy — P, approximations of the Boussinesq equations.

Errors and rates of convergence for the RT; — Pldc — RT, — P{ic approximation

h DOF e(o) r(o) e(u) r(u) e(p) r(p) e() r(0) | Iter
0.373 912 3.22¢-02 — 1.04e-03 - 7.09e-02 - 7.44e-03 - 3
0.196 | 3744 | 7.43e-03 | 2.291 | 2.62e-04 | 2.154 | 1.78e-02 | 2.161 | 1.58e-03 | 2.417 | 3
0.097 | 14688 | 1.92e-03 | 1.917 | 6.17e-05 | 2.050 | 4.37e-03 | 1.987 | 3.75e-04 | 2.042 | 3
0.048 | 58368 | 4.81e-04 | 1.956 | 1.53e-05 | 1.968 | 1.15e-03 | 1.893 | 1.08¢-04 | 1.761 | 3
0.025 | 232944 | 1.22e-04 | 2.048 | 3.97e-06 | 2.023 | 2.86e-04 | 2.076 | 2.64e-05 | 2.108 | 3
0.013 | 941040 | 3.02e-05 | 2.147 | 9.79e-07 | 2.145 | 6.94e-05 | 2.172 | 6.41e-06 | 2.167 | 3

Postprocessed variables
e(p) | rlp) | eld) |r(e) | ew) |r(w) | eVu) |r(Vu)| e(p) | r(p)
8.86e-03 - 2.62e-02 - 3.12e-03 - 1.23e-02 - 1.75e-02 -

1.95e-03 | 2.364 | 6.18e-03 | 2.259 | 6.63e-04 | 2.417 | 2.92e-03 | 2.251 | 3.76e-03 | 2.399

4.67e-04 | 2.027 | 1.51e-03 | 1.999 | 1.54e-04 | 2.066 | 7.12¢-04 | 2.000 | 9.45e-04 | 1.958

1.17e-04 | 1.955 | 3.82e-04 | 1.939 | 3.86e-05 | 1.959 | 1.81e-04 | 1.937 | 2.29¢-04 | 2.000

2.98e-05 | 2.045 | 9.81e-05 | 2.036 | 9.90e-06 | 2.036 | 4.64e-05 | 2.035 | 5.96e-05 | 2.018

7.25e-06 | 2.169 | 2.39e-05 | 2.165 | 2.43e-06 | 2.153 | 1.13e-05 | 2.163 | 1.46e-05 | 2.159

Table 6.2: EXAMPLE 1: Meshsizes, degrees of freedom, errors, rates of convergence, and number of
iterations for the mixed RT; — PldC — RT, — P{ic approximations of the Boussinesq equations.
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Errors and rates of convergence for the RTg — Py — RTy — Py approximation.

h DOF e(o) r(o) e(u) r(u) e(p) r(p) e(0) r(0) | Iter
0.141 | 74400 | 2.62e+01 - 1.24e-01 - 7.03e-01 - 3.82e-02 — 4
0.118 | 127872 | 2.18e+401 | 0,995 | 1.04e-01 | 0.990 | 5.87e-01 | 0.988 | 3.19e-02 | 0.986 | 4
0.101 | 202272 | 1.87e401 | 0.997 | 8.90e-02 | 0.993 | 5.04e-01 | 0.992 | 2.74e-02 | 0.990 | 4
0.088 | 301056 | 1.64e+401 | 0.998 | 7.79e-02 | 0.995 | 4.41e-01 | 0.993 | 2.40e-02 | 0.993 | 4
0.079 | 427680 | 1.46e+4-01 | 0.998 | 6.93e-02 | 0.996 | 3.92e-01 | 0.995 | 2.13e-02 | 0.994 | 4

Postprocessed variables

ep) | r(p) | el@) | (@) | ew) |rw)| e(Vu) |r(Vu)| e(p) | r(p)
1.33e-01 | — | 7.46e01| - [6.32e01| - [475e01| - |L70e-01| -
1.10e-01 | 1.047 | 6.23e-01 | 0.994 | 5.27e-01 | 0.997 | 3.97e-01 | 0.992 | 1.42-01 | 0.981
9.34e-02 | 1.063 | 5.34¢-01 | 0.998 | 4.52e-01 | 0.997 | 3.40e-01 | 0.994 | 1.22e-01 | 0.986
8.10e-01 | 1.069 | 4.67e-01 | 1.000 | 3.96e-01 | 0.998 | 2.98¢-01 | 0.995 | 1.07e-01 | 0.990
7.14e-02 | 1.070 | 4.15¢-01 | 1.001 | 3.52e-01 | 0.998 | 2.65¢-01 | 0.996 | 9.51e-02 | 0.992

Table 6.3: EXAMPLE 2: Meshsizes, degrees of freedom, errors, rates of convergence, and number of
iterations for the mixed RTg — Py — RTy — Py approximations of the three-dimensional Boussinesq
equations.

In Table @, we summarize the convergence history for Example 2 considering a sequence of quasi-
uniform triangulations. We observe there that the rates of convergence O(h) predicted by Theorem
and Corollary are_attained all for the unknowns and for all the post—processed variables.
Moreover, in Figures 6.1, and we compare the exact heat flux vector field, heat velocity vector
field and temperature with their approximate counterparts, respectively. There we can observe that
the approximate solution captures satisfactorily the behavior of the exact solution.

Example 3. In our third example we study the behavior of a fluid in a square cavity Q = (0, 1)? with
differentially heated walls. Here the boundary 02 has been partitioned considering I'y = [0,1] x {1}
and I'p = 0Q\I'y. This phenomenon has been widely studied with different types of boundary
conditions (see, e.g. [, 20, 22]). In particular, we are interested in the problem with dimensionless
numbers: Find (u, p, 0) such that

—RaAu + (u-V)u+ Vp —PrRagf =0 in Q,
diva =0 in €,

u=20 on I,

—kAf +u-VO =0 in Q,
0 = 6p on I'p,
kVO-n =0 on I'n,

where Pr and Ra are the Prandtl and Rayleigh numbers. Here we fix the Prandtl and Rayleigh
numbers as Pr = 0.5 and Ra = 2000, the thermal conductivity x = 1, and similarly to [20] we
choose the boundary condition 0p(z,y) = 0.5(1 — cos(27z))(1 — y) on I'p. Here, since the analytical
solution is unknown, we construct the convergence history by considering a solution calculated with
1,161,246 DOF as the exact solution, and employing tolerance tol = le—6 and a RTo— Py — RTo— Py
approximation on a sequence of uniform triangulations.
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Figure 6.1: EXAMPLE 2: Approximate (left) and exact (right) heat flux vector fields, with A = 0.079.

5.9e-03 1 2.0e+00 6.6e-03 1 2.0e+00

Figure 6.2: EXAMPLE 2: Approximate (left) and exact (right) velocity vector fields, with h = 0.079.

-8.9e-04

-

Figure 6.3: EXAMPLE 2: Transversal cuts of the approximate (left) and exact (right) temperatures,
with A = 0.079.
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Errors and rates of convergence for the RTg — Py — RTy — Py approximation

h DOF e(o) r(o) e(u) r(u) e(p) r(p) e(0) r(0) | Iter
0.373 294 5.38e+01 - 7.65e-04 - 4.56e-01 - 1.05e-01 — 3
0.196 | 1188 | 2.25e+401 | 1.165 | 2.58e-04 | 1.696 | 2.55e-01 | 0.909 | 5.47e-02 | 1.016 | 3
0.097 | 4626 | 1.30e401 | 0.959 | 8.39e-05 | 1.594 | 1.32¢-01 | 0.935 | 2.86e-02 | 0.919 | 3
0.048 | 18312 | 6.21e400 | 1.042 | 3.08e-05 | 1.417 | 6.67e-02 | 0.963 | 1.34e-02 | 1.074 | 3
0.025 | 72939 | 3.19e400 | 0.996 | 1.40e-05 | 1.179 | 3.37e-02 | 1.023 | 6.89e-03 | 0.993 | 3
0.013 | 294363 | 1.64e4-00 | 1.020 | 6.73e-06 | 1.122 | 1.72e-02 | 1.027 | 3.51e-03 | 1.033 | 3

Postprocessed variables

ep) | r) | @) | @) | ew) |rw) | e(Va) |[r(Vw) | @) | r(p)
1.35e+01 — 3.40e+01 — 9.65e+03 — 1.56e+01 — 4.56e-01 —
5.96e+00 | 1.281 | 1.81e+01 | 0.980 | 4.71e+03 | 1.120 | 8.69e+00 | 0.914 | 2.55e-01 | 0.909
2.94e+00 | 0.999 | 9.54e+00 | 0.911 | 2.31e+03 | 1.011 | 4.59e+00 | 0.905 | 1.32e-01 | 0.935
1.35e+00 | 1.101 | 4.54e+00 | 1.051 | 1.17e+03 | 0.965 | 2.22e+00 | 1.030 | 6.67e-02 | 0.963
6.93e-01 | 0.998 | 2.34e+00 | 0.990 | 5.91e+02 | 1.016 | 1.14e+00 | 0.992 | 3.37e-02 | 1.023
3.55e-01 | 1.024 | 1.20e+00 | 1.020 | 3.03e+02 | 1.027 | 5.87e-01 1.020 | 1.72e-02 | 1.027

Table 6.4: EXAMPLE 3: Meshsizes, degrees of freedom, errors, rates of convergence, and number of
iterations for the mixed RTy — Py — RTy — Py approximations of the Boussinesq equations.

In Figure @ we show the approximated pressure and temperature (top left and bottom left, respec-
tively), along with the approximated velocity and heat-flux vector fields (top right and bottom right,
respectively). There, it is possible to see the expected physical behaviour from [20], that is, convection
currents form inside the cavity in a symmetric configuration and, due to the relatively low Rayleigh
number, the heat transfer throughout the fluid is mainly due to conduction. On the other hand, since
the solution is smooth, it makes sense to expect convergence of O(h) when our method is applied
with & = 0; a fact that can be verified from the results in Table @ Finally, in order to illustrate
the conservativity property of our method, in Table @ we display the [°°-norm of divej, + g6y, and
div p;, for the mixed RTy — Py — RTy — Py approximation of the Boussinesq equations. Since divoy,
and gb, belong to My, it should be expected to obtain values close to zero for ||divey, + g |;~ and
similarly for ||div pj,||;=. The latter is confirmed in Table @

h | ldives + gnlliee | [|div pp[liee
0.373 7.105e-14 3.553e-15
0.196 2.274e-13 7.105e-15
0.097 9.095e-13 1.421e-14
0.048 2.274e-12 5.684c-14
0.025 7.2766-12 1.137¢-13
0.013 1.455e-11 3.411e-13

Table 6.5: Example 3: Meshsizes and {*°-norms of divey, + gf;, and div p;, for the mixed RTg — Py —
RTy — P approximation of the Boussinesq equations.
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Figure 6.4: EXAMPLE 3: Pressure, velocity vector field (from the left to the right, at the top),
temperature and heat flux vector field (from the left to the right, at the bottom).
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