UNIVERSIDAD DE CONCEPCION

CENTRO DE INVESTIGACION EN
INGENIERIA MATEMATICA (CT°MA)

A

Centro de Investigacion en Ingenieria Matematica

A mixed virtual element method for the Boussinesq problem on
polygonal meshes

GABRIEL N. GATICA, MAURICIO MUNAR,
FILANDER A. SEQUEIRA

PREPRINT 2019-32

SERIE DE PRE-PUBLICACIONES







A mixed virtual element method for the Boussinesq problem
on polygonal meshes*

GABRIEL N. Garica’ MAauricio MUNAR? FILANDER A. SEQUEIRA®

Abstract

In this work we introduce and analyze a mixed virtual element method (mixed-VEM) for the
two-dimensional stationary Boussinesq problem. The continuous formulation is based on the in-
troduction of a pseudostress tensor depending nonlinearly on the velocity, which allows to obtain
an equivalent model in which the main unknowns are given by the aforementioned pseudostress
tensor, the velocity and the temperature, whereas the pressure is computed via a postprocessing
formula. In addition, an augmented approach together with a fixed point strategy is used to an-
alyze the well-posedness of the resulting continuous formulation. Regarding the discrete problem,
we follow the approach employed in a previous work dealing with the Navier-Stokes equations,
and couple it with a VEM for the convection-diffusion equation modelling the temperature. More
precisely, we use a mixed-VEM for the scheme associated with the fluid equations in such a way
that the pseudostress and the velocity are approximated on virtual element subspaces of H(div)
and H!, respectively, whereas a VEM is proposed to approximate the temperature on a virtual
element subspace of H'. In this way, we make use of the L2-orthogonal projectors onto suitable
polynomial spaces, which allows the explicit integration of the terms that appear in the bilinear
and trilinear forms involved in the scheme for the fluid equations. On the other hand, in order
to manipulate the bilinear form associated to the heat equations, we define a suitable projector
onto a space of polynomials to deal with the fact that the diffusion tensor, which represents the
thermal conductivity, is variable. Next, the corresponding solvability analysis is performed using
again appropriate fixed-point arguments. Further, Strang-type estimates are applied to derive the
a priori error estimates for the components of the virtual element solution as well as for the fully
computable projections of them and the postprocessed pressure. Finally, the corresponding rates
of convergence are also established.

Key words: Boussinesq problem, pseudostress-based formulation, augmented formulation, mixed
virtual element method, high-order approximations

1 Introduction

In [24] we developed a mixed-VEM for a pseudostress-velocity formulation of the two-dimensional
Navier-Stokes equations. There, we employed a dual-mixed approach based on the introduction of a
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nonlinear pseudostress linking the usual linear one for the Stokes equations and the convective term.
In this way, the resulting continuous scheme is augmented with Galerkin type terms arising from the
constitutive and equilibrium equations, and the Dirichlet boundary condition, all them multiplied
by suitable stabilization parameters, so that the Banach fixed-point and Lax-Milgram theorems are
applied to establish the well-posedness of the continuous scheme (cf. [16]). Regarding the discrete
problem we proposed there the simultaneous use of virtual element subspaces for H' and H(div)
in order to approximate the velocity and the pseudostress, respectively. Then, the discrete bilinear
and trilinear forms involved, their main properties, and the associated mixed virtual scheme were
defined, and the corresponding solvability was performed by applying similar techniques to those
for the continuous formulation. Other contributions dealing with VEM for nonlinear models include
[13, 25, 17, 9, 27]. More specifically, in [13] the authors proposed a mixed-VEM for quasi-Newtonian
Stokes flows, whereas in [25] the approach from [13] was extend to a nonlinear Brinkman model of
porous media flow. In [17] a virtual element method dealing with quasilinear elliptic problems was
developed. Finally, an H'-conforming VEM for the Navier-Stokes equations was introduced in [9],
whereas a nonconforming one was proposed in [27].

On the other hand, the development of new mixed finite element methods for the Boussinesq model
has constituted a very active research topic in recent years [19, 20, 21, 2, 3, 4]. In particular, an aug-
mented mixed-primal formulation is introduced and analyzed in [19], where the sought quantities are
the pseudostress, the velocity, the temperature, and the normal heat flux through the boundary. Un-
der sufficiently small data, it is proved there that when Raviart-Thomas, Lagrange, and discontinuous
piecewise finite elements are used to approximate the above unknowns, then the resulting Galerkin
method is well-posed and optimally-convergent. Similarly, two formulations for this model, based on
a dual-mixed formulation for the momentum equation, and either a primal or a mixed-primal one for
the energy equation, are proposed in [20]. In this case, the velocity, the trace-free gradient, and the
normal heat flux are approximated by discontinuous piecewise polynomials, whereas Raviart-Thomas
and Lagrange elements are employed for the stress and the temperature, which guarantees the stabil-
ity and the optimal convergence of the finite element methods. In turn, the Boussinesq problem with
temperature-dependent parameters was studied in [2] for the two-dimensional case. There, the au-
thors propose an augmented mixed-primal finite element method that approximates the pseudostress
tensor with Raviart-Thomas elements of order k£ + 1, the velocity and the temperature with Lagrange
elements of order k, and the vorticity tensor and normal heat flux on the boundary with discontinuous
piecewise polynomials of degree < k, thus obtaining optimal a priori error estimates as well. Later on,
the approach from [2] is suitably modified in [3] to derive an augmented mixed-primal finite element
method for the n-dimensional case, n € {2, 3}, in which the incorporation of the strain rate tensor as
an auxiliary unknown plays a key role in the analysis. Discontinuous piecewise polynomial functions
of degree < k, together with Raviart-Thomas and Lagrange elements of order k£ and k+ 1, respectively,
are utilized in [3] to approximate the strain rate, the vorticity, the normal heat flux, the pseudostress,
the velocity, and the temperature of the fluid.

According to the above discussion and in order to continue extending the applicability of VEM
to nonlinear models in fluids mechanics, we now generalize the approach from [24] to the case of the
Boussinesq problem. More precisely, we consider the equations and the variational formulation from
[19], and then adapt the approach from [24] to propose, up to our knowledge by the first time, a
mixed-VEM for Boussinesq. In fact, the pseudostress and the velocity of the fluid are approximated
by virtual element subspaces of H(div) and H!, respectively, whereas a virtual element subspace of
H! is employed to approximate the temperature. Thus, similarly as in the aforementioned references,
fixed-point arguments are utilized to develop the corresponding solvability analysis, whereas Strang-
type estimates are applied to derive the corresponding a priori error estimates for the components
of the virtual element solution as well as for their fully calculable projections and the postprocessed
pressure.



1.1 Outline

The rest of this work is organized as follows. At the end of the present section we provide some
useful notations. In Section 2 we describe our nonlinear model, recall from [19] the derivation of the
augmented formulation to be employed, as well as the corresponding well-posedness result. Then,
in Section 3 we introduce the virtual element subspaces approximating the temperature, the velocity
and the pseudostress in H', H! and H(div), respectively, state their approximation properties, and
define the L2-projectors and remaining ingredients that are needed for the discrete analysis. In turn,
computable discrete versions of the bilinear and trilinear forms involved, and of the corresponding
functional on the right-hand side of the formulation, are locally and then globally defined in Section 4.
Next, in Section 5 we define the associated mixed virtual element scheme, and perform its solvability
analysis by using suitable fixed-point arguments. Moreover, we apply Strang-type estimates to derive
the a priori error estimates for both the virtual element solution and the fully computable projections
of its components. The corresponding rates of convergence are then readily established by using the
approximation properties of the subspaces introduced in Sections 3 and 4.

1.2 Notations

For any vector fields v = (v;)i=12 and w = (w;)i=1,2, we set the gradient, divergence and tensor
product operators as

2

81)1- . 81)j

Vv = <82Uj>i L div (v) = Z Fre and v W := (vwj)ij=12,
J=1 ]:1

respectively. In addition, denoting by I the identity matrix of R?*2, and given 7 := (7;5), ¢ := ({;j) €

R?*2, we write as usual

2 2
1
Tti=(15), tr(7):= Zm, 7di=7— 5‘51"(7')]1, and 7:¢:= Z TijGij
=1 7,7=1
which corresponds, respectively, to the transpose, the trace, and the deviator tensor of 7, and to the

tensorial product between 7 and ¢. Next, given a bounded domain @ C R? with boundary 90, we
let n be the outward unit normal vector on 0O. Also, given r > 0 and 1 < p < oo, we let W"P(O) be

the standard Sobolev space with norm || - ||, 0 and seminorm |- |, 0. In particular, for r = 0 we let
LP(0) := W9P(0O) be the usual Lebesgue space, and for p = 2 we let H*(Q) := W"?(O) be the classical
Hilbertian Sobolev space with norm || - |50 and seminorm |- | 0. Furthermore, given a generic scalar

functional space M, we let M and M be its vector and tensorial counterparts, respectively, whose
norms and seminorms are denoted exactly as those of M. On the other hand, letting div (resp. rot)
be the usual divergence operator div (resp. rotational operator rot) acting along the rows of a given
tensor, we recall that the space

H(div; ©) := {T cL2(0): div(r) € LQ(O)},

and

H(rot; ©) := {T e LX(0): rot(r) € L2(0)} ,
equipped with the usual norms

ITl&ivo = 7130 + ldiv (D)5 o V7T € H(div; 0),
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and
7 l7ot:0 = T30 + llrot (T)[§0 V7 € H(rot; 0),

are Hilbert spaces. Also, we define

Ho(div; O) := {r € H(div; 0) :/Q

tr(r) = 0} ,
and recall (see [11, 23]) that there holds the decomposition
H(div; 0) = Ho(div; 0) & RI. (1.1)

More precisely, for each 7 € H(div; O) there exist unique 7¢ € Hy(div; O) and ¢ := ﬁ Jotr(T) €R,
where |O| denotes the measure of O, such that 7 = 79 4+ ¢I. Finally, in what follows we employ 0
to denote a generic null vector, null tensor or null operator, and use C' to denote generic constants
independent of the discretization parameters, which may take different values at different places.

2 The model problem and its continuous formulation

Let © be a bounded polygonal domain in R? with boundary I'. We consider the stationary Boussinesq
problem, that is, given an external force per unit mass g € L°°(Q2) and the boundary data up €
HY2(I') and ¢ € H/2(T"), we are interested in finding the velocity u, the pressure p and the
temperature ¢ of a fluid occupying the region €2, such that

—pnAu+ (Vuyu+Vp—-—gep =0 in Q, diviup=0 in @, u=up on I,
(2.1)
—div(KVe)+u-Ve =0 in Q@ and (KVy)-n=¢py on T,

where p > 0 is the fluid viscosity and K € L°°(2) is a uniformly positive definite tensor describing the
thermal conductivity. Note that from the incompressibility condition (cf. second equation in (2.1))
the data up must satisfy the compatibility condition fr up -n = 0. In addition, the uniqueness of a

pressure solution of (2.1), is ensured in the space L3(Q) := {q ceL?(Q): [oq= O}.
Now, proceeding as in [19, Section II], we introduce the pseudostress tensor
oc:=uVu—- (u®u) —pl in Q, (2.2)

and use the incompressibility condition to eliminate the pressure, so that then our model problem
(2.1) can be rewritten equivalently as

o+ (u@u)d =puVu in Q —divi(e) —ge=0 in Q, u=up on T,

(2.3)
—div(KVy)+u-Vo=0 in Q, (KV¢)-n=¢y on I and /tr(a—i—u@u) =0,
Q
where the pressure p can be approximated by the postprocessing formula
1
p:—itr(a—ku@u) in Q. (2.4)

Next, following [19, Section III], and motivated by the decomposition (1.1), we test the first, second
and fourth equation of (2.3), with 7 € Hy(div;Q), v € HY(2), and € H!(Q), respectively. Then,



we integrate by parts, use the boundary conditions, and enrich the resulting variational formulation
with the incorporation of the following redundant terms

/<;1/{/¢Vu—(u®u)d—0'd}:Vv = 0 Vv e HY(Q),
Q
m/div(a)-div(r)—i—m/g(p~div(7') = 0 V1 € Hy(div; ),
Q Q
H3/U-V = /<;3/uD'v Vv e HY (D),
r r

with k1, ke and k3 positives parameters to be specified later. In this way, we arrive at the following
augmented formulation: Find (&, ) := ((o,u),¢) € H x H such that

Ad,7)+B(wo,7) = F(pT)+Fp(T) V7= (7,v) € H:= Hy(div; Q) x H'(Q),
(2.5)
a(p,y) = F(u,p;9) +Fn(y) V¢ eH:=H(Q),
where the forms A, B and a are defined, respectively as
A, 7) = /O'dZTd + HQ/ div (o) -div (7)) + k1 p / Vv :Vu
Q Q Q (2.6)
—,u/v-div(a) —i—,u/u-div('r) — K1 / a’d:Vv—i—/fg/v-u,
Q Q Q r
B(z;&,T) = /(u® z)d {T — K1 Vv} , (2.7)
Q
and

alp.v) = [ KV V0 (28)

for all & := (o,u) € H, for all z € HY(Q), and for all 9,4 € H. In turn, F(p) (with a given
¢ € HY(Q)), and F(u, ) (with a given (u, ) € H(Q) x HY(Q)), are the linear functionals defined by

F(p; 7)== /Qgso : {uv — Kz div (7) } (2.9)
and
Flugiv) == [ (- Ve)u, (2.10)

respectively, whereas Fp and F are given by
Fp(F) = s [up-vet pirmup) and Fx()i= (px.0). (211)
r

We recall here that the choice of H'(2) and H!(Q) as tests functions spaces for the velocity u and the
temperature ¢, is motivated by the convective terms at the first and fourth equation in (2.3), which
require u and ¢ to be in spaces smaller than L2(2) and L?(2), respectively. In fact, this is possible
thanks to the Cauchy-Schwarz and Holder inequalities, and the compact (and hence continuous)
injections (see [16, 19] for more details)

i. : HY(Q) - LY(Q) and i : H(Q) - LYQ). (2.12)
In this way, according to (2.7) and (2.12), we have that

1B(z; ¢, 7)| < Cgllzll1ollClullFla VzeHY(Q), Vi 7FeH. (2.13)

1,0



with Cp := ||3.||?(1 + x2)'/2.

In addition, the analysis of the continuous formulation (2.5) is analogous to [19, Section III], and
therefore up to minor changes caused by the incorporation now of the Neumann boundary condition
for (KV¢)-n (instead of the nonhomogenous Dirichlet condition for ¢), its well-posedness is developed
through a fixed-point strategy based on decoupling the fluid and heat equations, and then combining
the classical Banach Theorem and the Lax-Milgram Theorem. In particular, it was proved there (cf.
[19, Lemma 3.3]) that for k; € (0,2u) and kg, k3 € (0,00), there exists aa > 0 (cf. [19, eq. 3.30]),
depending on k1, K2, k3, 1 and the constants ¢;(£2) and c2(€2) (cf. Lemma 4.3 below), such that

A(7,7) > aall7fi V7 eH, (2.14)
which together with (2.13), yielded the H-ellipticity of the bilinear form A + B(z;-,-) for sufficiently
small z, that is, for each z € H'(2) such that ||z||1 o < %7 there holds (cf. [19, eq. 3.32])

B

A(F7) +B@7,7) > |7l VFeH.

In turn, the boundedness of the bilinear form A (cf. (2.6)) is obtained with a constant Ca > 0,
depending on k1, ko, k3, t and ||yo||, where v : HY(Q) — HY/2(T') is the usual trace operator, that is,
there holds B . .

|A(C,7)| < Caldllall7la V¢, 7eH. (2.15)

Furthermore, given ¢ € H!(Q), it follows from the Cauchy-Schwarz inequality and the trace theorems
in H(div; Q) and H'(Q), that

[F(#;)l < Crliglleoalldllo,
(2.16)
IFoll < sslollllupllor + wlupllyzr,
with Cp := (4 + x3)'/2. In this way, denoting My := max {C’F, /£3H’)/0H}, we get
IF(¢;-) + Fpl| < MF{HgHooﬂWHm + [lupflor + ”uDH1/2,F} : (2.17)

On the other hand, it is clear from (2.8) and the properties of the tensor K, that a is a bounded and
H-elliptic bilinear form with constants ||K|loc.o and «a, respectively. In addition, according to the
duality pairing of H=%/2(I") and H'/(T'), and (2.12), it follows from (2.10) and (2.11) that for a given
(z,¢) € HY(Q) x HY(Q), there hold

[F(z,¢)|| < Crllzll1,0ldle and [Fn| < lonl-1/2r

with Cp := ||c||||éc||. Then, denoting My := {I,CF}, we get

IF(z,6) + Fy || < Mp{l2

1,0/¢

Lo+ lenlliar)-

Finally, by using the aforementioned arguments we can conclude the following result.

Theorem 2.1. Let k1 € (0,21) and k2, k3 € (0,00). Given p € <0, ;g), let W, be the closed ball
B

in HY(Q) x HY(Q) defined by W, = {(z,¢>) c HY(Q) xHY(Q):  |[(z,9)| < p}. In addition, assume
that the data satisfy the assumptions

cr{llgloes + [uploe + llupllir + lexll-1j2r } < o,
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and
Cr{lgllw + luplloe + upljsrf <1,

where ct := cr(p, Mp,an, Mp,aa) and Ct := Ct(p, Cr, Cr,CB, a, aa, M) are positive constants.
Then, problem (2.5) has a unique solution ((o,u),¢) € HxH with (u,p) € W,. Moreover, there hold

2Myg
ol < 2 Lplglloon + luplor + fuplyer} (218)
and Y
F
lele <= =={plule+lenl 1o} (2.19)
a
Proof. We omit details and refer to [19, Theorem 3.9)]. O

3 The virtual element subspaces

In this section we introduce suitable virtual element subspaces for H'(Q), H*(2), and Hg(div; ), to-
gether to their respective approximation properties. To this end, we will assume the basic assumptions
on meshes that are standard in this context (cf. [5, 10]), that is, given {75 }n>0 a family of decomposi-
tions of € in polygonal elements K, and given a particular K € T, we denote its barycenter, diameter,
and number of edges by xx, hx, and dg, respectively, and define, as usual, h := max{hg : K € Tp}.
In addition, we assume that there exists a constant C'7 > 0 such that for each decomposition 7, and
for each K € 7Tj, there hold:

a) the ratio between the shortest edge and the diameter hx of K is bigger than C7, and

b) K is star-shaped with respect to a ball B of radius C7hg and center xp € K.

Now, given an integer £ > 0 and O C R?, we let Py(O) be the space of polynomials on O of
degree up to £, and according to the notations introduced in Section 1.2, we set Py(O) := [P,(O)]?

and Py(O) := [P,(0)]**2. Also, in what follows we use the multi-index notation, that is, given
x := (z1,22)* € R? and a = (a1, a2)?, with non-negative integers oy, as, we let x* = z{'z5? and
|| := a1 + ag. Furthermore, given K € Tj and an edge e € 0K with barycentric . and diameter

he, we introduce the following sets of (¢ 4+ 1) normalized monomials on e

Bi(e) = {(m ;exe>j}o<j<47

and 3 (¢ + 1)(¢ + 2) normalized monomials on K

BulK) = { <X ;;K>a}o<|a|<f |

which constitute basis of Py(e) and Py(K), respectively. In addition, denoting Bo(K) = Bi(K), we
define for each integer £ > 1,

By(K) = By1(K)\ By (K),
which is a basis of the subspace of polynomials on K of degree exactly £ + 1 or £. In turn, the
corresponding vector and tensor versions of the foregoing sets of monomials are given by

Bue) == {(@0)": qeBileo)}u{0.at: qeBie)},
Bi(k) = {(@0': aeB)fu{0a": aeBK)}.
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and
ge(K) = {(q,O)t: qegg(K)}U{(O,q)t: qegg(K)}.

On the other hand, for each integer ¢ > 0, we let Gy(K) be a basis of (VPgH(K))l NP(K), which
is the L?(K)-orthogonal of VP (K) in Py(K), and denote its vectorial counterparts as follow:

o) = {(3 ) sacam}of( o) acam}.

We remark that, alternatively, one could also consider another choices, not necessarily orthogonal, that
have been proposed recently, such as Py (K) = VP @ x Pj_1(K), where, given x := (21, 2) € R2,
x1 denotes the rotated vector (—x9,x1). Actually, it is not difficult to see that it suffices to choose
any space G(K) such that Py(K) = VP @ G(K).

Finally, we let
HA(Th) = {$ € LAQ): ¢k e HA(K) YK €T},

and consider the H!-broken seminorm

¥

1/2
Lh = { > ||V7/’”%,K} Ve HY(Ty).

KeTy

3.1 The virtual subspace of H!(Q)

Given K € Tj, and an integer k > 0, we first let RE : HY(K) — Pj11(K) be the projection operator
defined for each 1 € H'(K) as the unique polynomial R (¢) € Pyi1(K) satisfying (cf. [5, 7))

/VRM»W - /w.w Vg e P (K),
K K

K _
SKRk (v) = /8K¢

Also, it is readily seen from the first equation of (3.1) that

Re(W)x < Wk V1 € HY(K).

In addition, we recall from [7, Lemma 5.1] that for integers m € [2,k + 2] and ¢ € [1,m], there holds
the approximation property

[ = REW)lery < CRE [Wlmx VYo e HYK), YKeET. (3.2)

Furthermore, we now consider the finite-dimensional subspace of C(0K) given by
By(0K) = {¢ € C(OK): ¥l € Pryr(e), VedgeeC aK} , (3.3)
define the following local virtual element space (see, e.g. [1])
Of == {v e H'(K): Wlox € BuOK), Av € Pu(K),

and /K{RkK(@Z))—w}q:() qugk(K>}7



and recall from [1] the following degrees of freedom for a given 1) € QkK

i)  the value of ¢ at the ith vertex of K, Vi vertex of K,
i)  the values of ¢ at k uniformly spaced points on e, Ve € 9K, for k> 1, (3.5)

ii1) the moments / vq, VqeBp_1(K), fork>1.
K
It is well-known that for each ¢ € QF the projection RE (¢) € Py41(K) is fully computable using

only the degrees of freedom (3.5) (cf. [1, 5]). In addition, for each K € T}, and ¢ € HY(K), we denote
its Qﬁ( -interpolant by 7, and recall next from [1] its associated approximation properties.

Lemma 3.1. Let k, ¢ and m be integers such £ € [0,1] and m € [2,k+2]. Then, there exists a constant
C > 0, independent of K, such that for each K € Ty, there holds

1Y = Yillex < CRE  blmprx Vo e HY(K).

Proof. See [1, Proposition 4]. O

3.2 The virtual subspace of H'(()

In this section we consider the vectorial version of the virtual element space QX (cf. (3.4)). Indeed,
given K € T, and an integer k& > 0, we let RE : H(K) — Pj;1(K) be the vectorial version of
the projection operator RE : HY(K) — Pgi1(K) (cf. (3.1)), whose approximation properties are
consequence of (3.2), that is, for each s € [2,k + 2] and ¢ € [1, s], there holds

v —RE™)lex < ORI visxk YveHN(K), VKcT,. (3.6)

Further, letting By (0K') be the vectorial version of the set Bi(90K) (cf. (3.3)), we can define the space
VkK as

VE = {v €H'(K): V|, €BuOK), Av|ePy(K)
_ (3.7)
and / {’Rf(v)—v}'p:0 VpeBk(K)},
K
whose degrees of freedom, for a given v € VkK , are given by
i)  the value of v at the ith vertex of K, Vi vertex of K
i1)  the values of v at k uniformly spaced points on e, Ve € 0K, for k > 1, (3.8)

iii) the moments / v-p,VpeBi_1(K), fork>1.
K

Then, denoting by v the V/-interpolant of v € H!(K), we have the following vector version of
Lemma 3.1.

Lemma 3.2. Let k,{ and m be integers such £ € [0,1] and m € [2,k+2]. Then, there exists a constant
C > 0, independent of K, such that for each K € Ty, there holds

v —villex < CRE Vlmr ¥V veH™K).



3.3 The virtual subspaces of Hjy(div; ()
For each K € Tj, and k > 0, we introduce the local virtual space HE as follows (see, e.g. [6])

HE = {‘r € H(div; K) NH(rot; K) :  7n|. € Pr(e) Vedge e € IK,

div () € Py(K), and rot (7)€ Py 1(K)}, 39
whose local degrees of freedom, for a given 7 € H 15 , are given by
/Tn-q Vqe€ Bile), VedgeecdKk,
/K TiVa ¥aeBK)\{(1,0)5 (0,1}, (3.10)

/T:p VpeGiK).
K

Now, for each K € T; and 7 € H!'(K), we denote its H ,f( -interpolant by 77, which has the following
approximation properties: for each integer r € [1,k + 1] there exists C' > 0, independent of K, such
that

T —7rlloxk < ChilTlrk VreH(K). (3.11)

In addition, for each integer r € [0, k 4 1] there exists C' > 0, independent of K, such that

< Oy |div (T)px V7 € HY(K) with div(r) € H'(K).  (3.12)

|ldiv (7) — div (77)|lo,x
Then, the foregoing estimate together with (3.11) yields the following result.

Lemma 3.3. For each integer r € [1,k + 1] there exists C > 0, independent of K, such that
T —71lldivik < Chl {|’T|T7K + |div (’T)|T7K} V1 eH (K) with div(t) € H'(K).

Proof. It follows straightforwardly from (3.11) and (3.12). O

3.4 The global virtual subspaces

We now set the global virtual element subspaces of Hg(div; ), H!(2) and H'(Q), respectively, that
is

Hp = {1 eMo(divi0) : 7| e HE VKeT}, (3.13)
of = {ven(@: vl eQf VKeT}, (3.14)

and
Vb= {v cH'(Q): v| cVE VEKe Th} (3.15)

or equivalently
Vo= {V = (v,v2) €EHYQ) : v € Q} Vie {1,2}}.

Then, from Lemmas 3.1, 3.2, and 3.3, the approximation properties of (3.13), (3.14) and (3.15) are
given, respectively by
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(APY) there exists C' > 0, independent of h, such that for each integer r € [1,k + 1] there holds
1/2
dist(o, Hy) == inf [jo = ¢pllaivie < Ch’”{ > (|a\$K + [div (o) 2K)}
ChEH) KeT, ’ ’

for all o € Hy(div;$?) such that o|x € H'(K) and div (o)|x € H'(K), for all K € Tp.
(APY) there exists C' > 0, independent of h, such that for each integer m € [2, k + 2] there holds

1/2
s, 0f) = int flo—onlha < € {5 Jolt g}

for all ¢ € H'(£2) such that cp}K ceH™"(K) VKeT,.
(AP}) there exists C' > 0, independent of h, such that for each integer s € [2, k + 2| there holds

1/2
dist(u, V1) := inf [lu—whlle < Ch“{ > Iuli,K}
WhGVk KeT,

for all u € H'(2) such that ceH(K) VKeT,,.

u’K

3.5 L2-orthogonal projections

For each k > 0, we let PX : L*(K) — Pj(K) be the L?(K)-orthogonal projector, which, given
¢ € L2(K), is characterized by

Pi (1) € Pi(K) and /Kplf(v,b)q:/biq Vq e Py(K).

In addition, it is well-known that, given integers k, s, and ¢ such that £k > 0, s € [1,k + 1], and
¢ € [0, s], there holds the following approximation property

[ —PEWex < ChiTiWlsx Vo eH(K), VKET,. (3.16)

Further, letting PF : L2(K) — Pi(K) and PF : L2(K) — P(K) be the vectorial and tensorial
versions of the orthogonal projector P,f( , respectively, as consequence of (3.16) we have that, given
integers k, s, and ¢ such that k£ >0, s € [1,k + 1], and ¢ € [0, s], there hold

v =P @) lex

IN

Chit|vsxk VveH'(K), VKT, (3.17)

and
7= PET)ex < ChihTlsx VT eHY(K), VKET,. (3.18)

The following lemma establishes the approximation properties of the projector ’PkK :L2(K) — Py(K)
with respect to more general Sobolev norms

Lemma 3.4. Let K € Ty, and k, s, m, and p be integers such that k >0, s € [0,k + 1], £ € [s, k + 1],
and p € [2,+00). Then, there exists a constant C > 0, independent of K, such that

v = PEW)px < OB Vlsprw ¥V veEWSP(K). (3.19)

Proof. See [24, Lemma 3.7]. O

11



As a consequence of the previous lemma, we have the following result.

Lemma 3.5. Let K € Ty, and k, s, and p be integers such that k > 0, s € [0,k + 1], and p € [2,+00).
Then, there exists a constant Cy > 1, independent of K, such that

P (Vlspic < CulVlspx V¥V vEWP(K). (3.20)
Proof. See [24, Lemma 3.8]. O

In addition, we now recall, as it was remarked in [1] (respectively [6]) that the degrees of freedom
introduced in (3.5) (respectively (3.10)) do allow the explicit calculation of P,ﬁl(w) (respectively
PE (7)) for each ¢ € QF (respectively for each 7 € HX). Further, as consequence of the above it is
clear that the degrees of freedom (3.8) ensures the computability of the PL (v) for each v € VK.
Furthermore, also it is possible to compute ’Pf (V) and 7P,£< (Vv) for each ¢ € Q,If and v € VkK ,
respectively. More details can be found in [1, 6, 24, 25]).

4 The discrete forms

We proceed as in [24, Section 4]. Indeed, we introduce a global virtual element subspace of H :=

Ho(div; Q) x H'(Q). More precisely, given k& > 0, we set HZ = H,? X th, where H,? and th have

been defined in (3.13) and (3.15), respectively. Further, defining HX := HX x VX it is clear that
H} = {7"’:: (r,v)eH: F}KEHkK VKETh}.

Now, we observe that for each K € T}, the local version AKX : HkK X Hf — R of the bilinear form A
(cf. (2.6)), which is defined for all ¢ := (¢,w), ¥ := (7,V) € HE by

K 7) = /Kgd:Td—i—ng/Kdiv(C)-div(T) +mu/KvW:vV— u/Kv-div(C)

+M/W-diV(T)—I€1/Cd:VV+I£3/ WV
K K OKNT

is not computable since the tensors Cd, 74, Vw and Vv are not known on each K € T;,. This is the
reason why in what follows we define a discrete computable versions of AX in terms of some suitable
projection operators. Then, proceeding as in [24], by using the analysis from Section 3.5, we can
introduce a local discrete bilinear form AhK : HkK X HkK — R, as

AK(C,7) = AKA(,T) + ko / div (¢) - div (1) + AXY(w,v) — / v - div (¢)
K K

+u/Kw-div<T>—m/KUP?(c»d:wav)mg/a w-v

KNTI'

for all ¢ := (¢, w), 7 := (1,v) € HE, where AF? : HE x HE — Rand A7V : VE x VE = R are
the bilinear forms given by

AR, = /K(W’zf(C))d L(PEE)Y + SEUC-PEQ), T -Pi(r) V¢ TeHT, (41)
and

AV (w,v) = mu/ VRE (W) : VRE(W) + SEV(w—RE(w),v—RE(v)) Vw,veVE, (4.2
K
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respectively, with S%d . H,f X H,f — R and SKV . VkK X VkK — R being symmetric and positive
bilinear forms verifying (see [5, Section 4.6] or [6, Section 3.3])

alKllfx < SM¢.¢) < alklbx V¢ eHS,

and
o |W‘%,K < SPV(w,w) < 7 |W‘%,K Vwe VkKa

where ¢y, ¢1,Co, ¢1 > 0 are constants depending only on C7. In particular, we can take S%4 (respec-
tively S®+V) as the bilinear form whose associated matrix with respect to the canonical basis of H ,5(
(respectively V;X) determined by the degrees of freedom (3.10) (respectively (3.8)), is the identity
matrix.

In addition, the bilinear form S¥'V, which stabilizes the term k1 / VRE(w) : VRE(v), does

K
not need to be multiplied by k1, since the constant that provides the ellipticity of Ay, (cf. Lemma 4.4
below), involve the parameters r2 and k3, and the unknowns constants ¢1(€2) and c2(€2) (cf. Lemma
4.3). More information about this fact can be found in [24, Section 4.1] or [25, Section 3.4].

Now, the following two lemmas establish the properties of the bilinear forms A4 (cf. (4.1)) and
AKN (cf. (4.2)), respectively.

Lemma 4.1. For each K € Ty, there holds
AfYp,r) = AR9(p, 1)  VpePuK), VTeHE.
In addition, there exist constants oy, ao > 0, independent of h and K, such that
AT < axllloxlrlor V¢ TEHL,

and
K.d
arl¢5x < ALYCE) < allClix  V¢eHS.

Proof. See [24, Lemma 4.2]. O
Lemma 4.2. For each K € T, there holds
A Y(q,v) = ARY(q,v) VqePy(K), YveVE,
and there exist positive constants B1, B2, independent of h and K, such that
ARY (W)l < B lwliklviig

and
K,V
Bilwlix < Ay Y(w,w) < Bylwlig

for all w,v € VkK.
Proof. See [24, Lemma 4.4]. O

Hence, we define the global discrete bilinear form Ay, : H x H? — R as

7)) V(FeH!

Y|

Ah(EJ?) = Z AhK(
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In turn, in what follows, for each & > 0 we denote by 73,73, ’PZ , and 7P£, the global counterparts of the
projections P,f( , ’PkK , and 7P,f( , respectively, which were introduced in Section 3.5. In other words, for
each K € T, we let

Pr)lk = Pi(@lx), Pk == Py (vlk), and Pp(r)lx = Pi(7lK),

for all ¢ € L%(Q), v € L%(Q), and 7 € L?(Q2). Next, we observe that using the properties of the
projector 7}%Z and the Lemmas 4.1 and 4.2, we can deduce the boundedness of the bilinear form Ay,

that is, there exists a positive constant Ca, depending only on k1, k2, K3, i1, 2, B2 and |||, such that
AL T < CallulFla V¢, 7eHE. (4.3)
Now, in order to prove the HZ—ellipticity of the bilinear form Ay, we require the following results.

Lemma 4.3. There ezist constants c1(2), c2(2) > 0, independent of h, such that
a@|rlie < 75 + Idiv(n)l§e ¥ 7 € Ho(div; Q)

and
a@|vliqg < Vg + IIVIGr VveH(Q).

Proof. See [11, Proposition 3.1, Chapter IV] and [22, Lemma 3.3], respectively. O

Lemma 4.4. Assume that k2,k3 > 0 and 0 < k1 < 2min{aq, 81}, where oy and (1 are the positive
constants from Lemmas 4.1 and 4.2, respectively. Then, there holds

AW(F,7) 2 aallFliy V7 eHE, (4.4)
with ap = min{ou -5 58— 5 Hg} min {l,cl(Q),cz(Q)}.
Proof. See [24, Lemma 4.11]. O

Regarding an optimal choice of the parameters k1, k2, and k3, we follow the approach from [19]
(see also [14] and [15]) and adopt the criterion of maximizing some of the constants defining aa. In
this way, k1 is taken as the midpoint of its range, that is k1 = min{ay, 51}, and then both k3 and
%5 are chosen equal to % min{ay, B1}. If the constants o and (31 are not known explicitly, then we
proceed as in the continuous case (see [19]) and replace min{a1, 51} above by p, thus yielding heuristic

choices for these stabilization parameters.

We now introduce a computable discrete version of the form B defined in (2.7). Indeed, for each
z € V' we let By(z; -, ) : H! x H! — R be the bilinear form defined by

!

By (2 C,7) = /Q (Phy(w) @ Pl (@)1 {Ph(r) — s PR (VY))

for all E = (¢, w), T :=(1,v) € HZ In addition, the boundedness of the form By, is established by

(cf. [24, Lemma 4.13)) B _ B
Bn(2:¢, )l < Cellzliel¢a 17]a (4.5)

for all z € V" and ¢, 7 € HP, with Cp := )i 2C2(1+x2)Y/2. Finally, for a given ¢ € O}, we introduce
the computable discrete version Fp(¢;-) : H — R of the functional F(¢;-) (cf. (2.9)) given by
Fy($;7) = /Qgp,’gﬂ(@ : {/mzﬂ(v) — ra div (T)} V7 :=(r,v) € H}. (4.6)
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We remark here that the functional Fp : H — R (cf. (2.11)) is fully computable using the degrees
of freedom (3.8) and (3.10). On the other hand, since the local version a : QF x Off — R of the
bilinear form a (cf. (2.8)), which is defined for all ¢, € QF by

a(p.v) = [ KVp- Vo, (4.7
K

is not computable, in what follows we aim to define a computable version ay, : QZ X QZ — R of the
bilinear form a (cf. (2.8)). To this end, motivated by the fact that the tensor K (cf. Section 2) is not
constant, we follow the approach from [8, Section 3.4]. Indeed, for each ¢ € Py1(K) and ¢ € QkK ,
and bearing in mind the orthogonal projector 'PkK : L2(K) — Py(K), a simple integration by parts
yields

/ PE(KVq) - Vi = — / div(PE (KVq) + / (PE(KV) -n. (48)
K K oK

Then, using the fact that div(PEX(KVq)) € Py_1(K) and (PE(KVq)) - n € Pi(e) for each edge
e € 0K, together with the knowledge of the degrees of freedom (3.5), we deduce that the expression
(4.8) is fully computable. Therefore, we can introduce the projection operator IIX : 9K — Py (K)
defined for each 1) € QK as the unique polynomial ITX () € Py (K) satisfying (cf. [8, eq. 3.22])

| kVIE@) Ve = [ PEEV) Ve Vo).
K 7K

IE@y) = 4.

(4.9)

with ¢ = di Z 1(x), where dg and V(K) denote the number of edges and the set of vertices
K xeV(K)

of K, respectively. Notice that it is clear from (4.8) and (4.9) that II1X(¢) is well-defined for each

P e QkK , and that HkK is indeed a projection operator. Also, it easy to see from the first equation of

(4.9) and the properties of the tensor K that there exists Cx > 0, depending only on K, such that

LI ()

In addition, the approximation properties of HkK are established in [8, Section 4], that is, given integers
k, m and ¢ such that k£ > 0, m € [2,k + 2] and ¢ € [1,m], there holds

1.8 < Ckl|Yh kg V1 e HY(K). (4.10)

I —TE W) lex < CHE lmx Vo e HYK), VYK E€T,. (4.11)
Now, we can introduce a local discrete bilinear form ahK : QkK X QkK — R, which is defined by

af (¢,1) := a™ (I} (), IIf (¥)) + 8" M (o — T (), ¥ — I (¥)) (4.12)

for all ,1 € QF, where ST : Qf X QkK — R is a positive and symmetric bilinear form verifying

allin < YWY < allix Ve, (4.13)
with ¢y ¢; positives constant depending only on C'y.
The following lemma establishes the properties of the bilinear form (4.12). (cf. [8])
Lemma 4.5. There holds

af(p.v) = [ PEEYS) Vo VpePua(K), Yoeof, vKeT.
K
and there exist constants oy, a* > 0, such that

a.al () < alf () < a*af(,9) Ve, VK eT,.
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Proof. See [8, Section 3.4]. O
In this way, we define the global discrete bilinear form ay, : QZ’ X QZ — R as

an(p,¥) == > ap(p) Ve Q.

KeTy

In turn, it is clear from (2.10) that, given (z,$) € V* x QF, the functional F(z,¢;-) : OF — R (cf.
(2.10)) is not computable. Therefore, we introduce a computable discrete version Fj(z, ¢; ), which is
given by

Fa(z, ;) = — /Q (Pl () - PLVO)PE () (4.14)

for all ¢ € OF. We remark here that the functional Fy : OF — R (cf. (2.11)) is fully computable
using the degrees of freedom (3.5).

5 The virtual element scheme and its stability analysis

We now use the discrete forms analyzed in the previous section to introduce our mixed virtual element
scheme associated with (2.5), which reads: Find (&, ¢n) := ((oh, upn), pn) € Hf x QF such that
Ay (Gh, Th) + By(up; 64, 7n) = Frlen; Tr) +Fp(Th) VT, = (Th,vp) € HY, 651)
5.1
ap(on.vn) = Fr(up,onsvn) +Fn(yn) Vo, € Q.

For the stability analysis of the Galerkin scheme (5.1), we follow the approach from [19, Section III.B|
and employ a fixed-point strategy. Indeed, we define the discrete operators Sy, : th X QZ — HZ and
Sh : th X QZ — QP respectively, as

Sh(zh, 1) = (S1,1(2h: 1), S2.1(2Zh: 1)) = T,

and B
Sh(zn, én) == on

for all (zp, ¢p) € th X QZ, where &, := (op,uy) € H’,;” and ¢y € QZ are the unique solutions of the
discrete problems:

Ay (G, Th) + Br(zn; 04, Tn) = Fr(on; Tn) + Fp(Th) v 7, € HY (5.2)

and
an(¢n, Yn) = Fn(zn, dn;¥n) + Fn(vn) Yoo, € OF, (5.3)

respectively. Next, we introduce the operator T}, : Vk,h X QZ — th X QZ as

Th(2h, ¢1) := (So.1 (2, ), Sn(S2.n(zh, d1), 01)) ¥ (20, d1) € VI x QF, (5.4)

and realize that (5.1) can be rewritten as the fixed-point problem: Find (up, ) € V}* x QF such that
Th(un, on) = (an, ¢n) - (5.5)

The following two lemmas establish the well-posedness of (5.2) and (5.3), and hence the well-
definedness of the operator T},.
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Lemma 5.1. Suppose that the parameters k1, ko and k3, satisfy the conditions required by Lemma 4.4

and let p € <0, QOZC:/A> Then, the problem (5.2) has a unique solution &y = (op,uy) € HZ for each
B

(zn, ¢n) € VI x QI such that ||zp|l1.0 < p. Further, there exists a constant cg > 0, independent of
Zn, On, and h, such that

I1Sh(zn, on)llm = [|GnllH < cs {Hglloo,ﬂﬂef)hllo,ﬂ + [lupllo,r + ”uDH1/2,F} : (5.6)

Proof. We proceed as in [19, Lemma 3.3] (see also [24, Lemma 5.1]). In fact, given p € (0, 2a~A>
B
and (z, ¢p,) € V' x QF such that ||zp||1.0 < p, we can deduce, using (4.4) and (4.5), that the ellipticity

of the bilinear form Aj + By (zp; -, ) is ensured with the constant aTA. In addition, we have that
IFa(én: )l < Crligllocallénllon Ven € O, (5.7)
with Cg the bound in (2.16). Then, there holds
[Fn(on: ) + Fpll < Me{ Iglcllnlon + luplor + uplyzr )

where My is the constant in (2.17). Then, a direct application of the Lax-Milgram theorem implies the

2M
existence of a unique solution &, := (o, u,) € HY of (5.2), which satisfies (5.6) with cg := — F O
aa

Lemma 5.2. For each (zp, ¢p) € th X QZ, there exists a unique solutuion wy € QZ solution of (5.3),
and there holds

ISk (2, dn) 1.0 = lenllio < g {HZhlll,n\éh\m + ||90NH71/2,F}, (5.8)

with cg independent of zp, ¢p, and h.

Proof. From Lemma 4.5 we deduce the boundedness and ellipticity of the bilinear form a; with
constants o*[|a]| = a*||K||cc.q and auaa, respectively. Further, for each (zp, ¢5) € V{* x QF, we find
from (4.14), (2.12) and Lemma 3.5, that

P4 (2n, &n; )| < Crllzalloldnlie, (5.9)
with Cp := [|ic]|||ic||C2 (cf. (2.12) and (3.20)). Then, denoting Mp := max {1,61:}, we have that
[Fs(an, 6ni ) + Pl < Wi lznll olonlr.o + lonl-1jzr }-

In this way, the Lax-Milgram theorem guarantees the existence of a unique solution ¢, € QZ of (5.3),

M;
and a positive constant cg := " such that (5.8) holds. O
Qi Qa

Having proved the well-definedness of T}, we now aim to establish the existence of a unique fixed
point for this operator. We begin with the following result.

Lemma 5.3. Suppose that the parameters k1, ko and k3, satisfy the conditions required by Lemma 4.4

and let p € (0, ;g). Also, let th be the closed ball in th X QZ defined by
B

Wi = {(mn,on) € VI x Qs l(znson)| <} (5.10)
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and assume that the data satisfy
or {lglo.c + lunlog + uplljor + lenl-1or } < o, (5.11)

where ¢t := max {(1 + cgp) max {1,,0}05, c§}. Then, there holds Th(Wf?) - Wf?.

Proof. It follows by similar arguments to those used in the proof of [19, Lemma 3.5]. O

Lemma 5.4. Suppose that the parameters k1, ke and k3, satisfy the conditions required by Lemma 4.4.

In addition, let p € (0, 2ac~A> and Wg” as in Lemma 5.3 (cf. (5.10)). Then, there exists a positive
_ B
constant C, such that

ITh(2h, én) — Th(Zn, ¢n)| < 6T{||gHoo,Q + [luplloe + HuD||1/2,F}||(Zh7¢h) — @n, )| (5.12)
for all (zn, 1), (Zn, én) € WP

Proof. We proceed as in [19, Lemma 3.8]. In fact, from the definition of T}, (cf. (5.4)) we first observe
that ~ ~
”Th(zh> d)h) - Th(zha d)h)H < Hszyh(th d)h) - S2,h(zh> (Z)h) ”LQ

+ |Sh(S2.1(2hs $1), 1) — Sh(S2.n(Zn, on), dn) 1.0 -
The two expressions on the right-hand side of (5.13) are bounded in what follows. Indeed, letting

(oh,up) = Sp(zn, ¢p) and (o, ap) := Sp(zp, ¢n) be the corresponding solutions of problem (5.2),
and reasoning similarly as in [24, Lemma 5.2], we deduce that
o)

(5.13)

= 2 [~ ~ ~
S (2h; @n) — Sh(zn, dn)lu < a{CBHSQ,h(Zh’ on)llollzn — znll10 + Crllgllco.allén — ¢l
Then, from the foregoing inequality and Lemma 5.1, we get

1S2.1(2h, 1) — Sa.(Zn, n)ll1.0

2 - B -
< E{CSCB (plgllso.2 + [lupllor + lupllijor) llze — Zull0 + Crllgllc.ollén — qﬁhHO,ﬂ} (5.14)
< CS{Hglloo,ﬂ + [[upllo,r + HuDH1/2,F}H(Zh> on) — (Zn, on) |,

with Cg := M max {CSCN’B,CF}.

aA
On the other hand, since Sy ;,(zp, ¢p), Sg,h(ih,&?h) c th we let ¢p, 1= §h(827h(zh,¢h),¢h) and @, 1=

§h(827h(ﬁh, &h), <Eh) be the corresponding solutions of problem (5.3). Then, using the ellipticity of the
bilinear form a, Lemma 4.5, and adding and subtracting suitable terms, we get

ISK(S2.n(Zy B1), $1) = Sh(S2.n(@n, 0n), o0l = llen — Bnll} o < (waa) Lan(pn — En, on — &n)

< (axa) " F(Son(zn, 1), bn — Sn on — Pn) + Fn(Son(2n, é1) — So.n(@n, 1), oni on — n) -

Then, from the foregoing inequality, the boundedness of F, (cf. (5.9)), the estimates (5.6) and (5.14),
and the fact that ¢y, ¢y, € th, we obtain

1Sk (S, (2, $1)s b1) — Sh(So.n(@h, Pn), On)

< (a*aa)_léF{HSZh(Zha on)ll10ln — dnlia + plSan(zn, $1) — Sau (@, 5h)||1,9} (5.15)

1,0

< Cg{llglloo + Iupllog + I1uplliyx }I(Zn, 1) = Bns 6n)]l
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where Cg 1= (axaa) LCp (14 p) max {cs, pCs}. Therefore, from (5.13)-(5.15) we conclude (5.12) with
Cr = max{Cs, Cg}. O

We are ready to prove that our discrete scheme (5.1) ( equivalently, the fixed-point operator equation
(5.5)) is well-posed. More precisely, we have the following result.

Theorem 5.1. Suppose that the parameters k1, ke and k3, satisfy the conditions required by Lemma

4.4, and let p € <07 ;g) Also, let W;} as in Lemma 5.3 (cf. (5.10)), and assume that the data

B
satisfy the assumptions (5.11) and

Cr{lgllc + lluplloo + fupljsr} <1,

with Crp given by Lemma 5.4. Then, the mized virtual element scheme (5.1) has a unique solution
((oh,an), o) € H x Q. with (up,on) € W, and there hold

2Mp
l(onunl < = F {llco+ uplor + [uplar} (5.16)
and N
F
lenle < == {pllmllia +lenl-1or}- (5.17)
* g

Proof. It follows from Lemmas 5.3 and 5.4, the Banach fixed-point theorem, and the estimates (5.6)
and (5.8). O

5.1 A priori error estimates
We now aim to derive the a prior: estimates for the error

1(6,¢) = (@n,on)ll := 16 = nllm + llo = ¢nllia, (5.18)

where (&, p) := ((o,u),p) € HxH and (&, o) := ((on,up), ¢n) € HY x OF are the unique solutions
of the continuous and discrete schemes (2.5) and (5.1), respectively. In this regard, and as suggested
by Theorems 2.1 and 5.1, we first define

[ aa aa
po := min {QC’B 2CB} (5.19)

and observe that, under the assumptions that ke, k3 > 0, and 0 < k1 < 2min{y, a1, 51}, the existence
of (¢, ) and (&, ¢p) is guaranteed within the respective balls centered at the origin and with radius

S (0,/)[)).

Next, recalling that the local projectors Re : ViE — Ppiq(K) and K : 0K — Py y(K) are
introduced in Sections 3.2 and 4, respectively, we now denote by ’R,Z and HZ its global counterparts,
respectively, that is, given v € th and 1) € QF, we let

Rk = REMVK) and W)k = I (Wlk) VE €T

We begin our analysis with some preliminary lemmas.
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Lemma 5.5. There exist positive constants La, Cp, and Cy, independent of h, such that

(A — AR)(Ch, 7))

sup : < La{116 = Cullu + llo = Pl@)og + lu— RE(@iaf,  (5.20)
7, €H) 178l

4,70

and
B - B)(u; (), 7

sup I H@(W, Cho Tl
7nheHD ThilH

e (5.21)

s%{w—amr+w—wﬁwmﬂ+hk4¢mmﬁ+w—rham

|M@}

for all &, := (¢, wh) € H}', and

F—Fp)(p; Th . .
sup I( = )( )| < Cq{Hle (o) — ’PZH(dW (e)]loa + lle — 7)1?+1(<P)H0,Q} ‘ (5.22)
?hEHZ ThHH
71,70

Proof. Firstly, using [24, Lemma 4.8], and by adding and subtracting suitable terms (see also [24,
eq. (5.21)]), we get (5.20) with L := 3max {ozz + K1, 62}, where as and By are the constants from

Lemmas 4.1 and 4.2, respectively. In turn, in order to prove (5.21), we proceed as in [24, Lemma 4.12]
by adding and subtracting suitable terms, which yields

(B = Bu)(w; Eh’ ) = /Q {(Wh ® u)d - Pﬁ((wh @j u)d)} : {Th — :‘<&1VVh} 5o
+/Q <Wh ®u—Piyi(Wn) @ PZ+1(U))> L PR (T — K1VVR) -

The two expressions on the right-hand side of (5.23) are bounded in what follows. In fact, adding and
subtracting u, it follows that

(wh @ u) = Pl (wp®u) = (wj, —u) @u—Pi((wy —u)@u) + (u@u) - Pr(u®u).
Then, using the foregoing expression, and the first equation of (2.3), we arrive at
/ {wnow! —Pl(whowh}: {r - mvw,}
Q
d

= / {(wh —u)@u—PM(wp, —u)® u)} : {'Th - /4;1Vvh}

Q
d

+/Vu—7PhVu C9Th — K1VV —/ o—Plo P9 TH — K1VVy .

A tww) s {r—mvvif = [{o-Pl@)}  {r-m hiSQQ

In this way, replacing (5.24) into (5.23), using the Cauchy-Schwarz and Hélder inequalities, employing
the compact injection (2.12) and the fact that V R} (u) ‘K € Py (K) for all K € Ty, and then bounding

lu — w10 and |Julj1.q by ||& — ¢, llm and po, respectively, we deduce

(B = By &, 70l < Co{ 16 = Cullu + [ = RE i + o — Pi(o)

lo.0
(5.25)
+ [l(wn @) = Plyy (wi) & Pl (w) o fI 7l
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with ép = (1 + x3)Y? max {1, 2p0\|icH2,,u}. On the other hand, adding and subtracting P}, (u),

employing the Cauchy-Schwarz and Holder inequalities, Lemma 3.5, and the compact injection (2.12),
we find that

I(wn @ w) = Plii(wn) @ Py (w)log

(5.26)
< liellCe{ IIwalln ol = Pl ()

~ Pl willosa -

Furthermore, using similar arguments, and bounding ||u — wp|/1,0 and |Jul/; o by |6 — Chlle and po,
respectively, we get

IwhllLollu — Pl (wlloae

< Jlgell (1 + Cx)

(W) loa0 (5.27)

< pomax {1, lic)| (1 + ) {1 = Eyllm + [ = Py (w)lloae]

and

Ploa(wi)lloa0

< po{ I+ Clla = wila + = Pl (Wl (5.29)
< pomax {1, /|1 + G {115 = Cyllm + Ju = Py () o0}
Therefore, replacing (5.27) and (5.28) back into (5.26), we get

[(wn @ w) = Py (wh) @ Py (u)

00 < Colll6 = Gl + lu = Plia(@lban}, (529

with Cp := |2,/ Cxpo max{l, ll2c||(1 + Ck)}. Finally, replacing (5.29) into (5.25), and taking the

supremum on 7, € HY, we deduce (5.21) with Cp := ép(1 + Cp). Next, in order to deal with (5.22),
we observe from (2.9) and (4.6) that

(F—Fh)(cp;?h)=/Qgso-MVh—/QgP;?H(w)-MPZH(Vh)—Fez/Qg{90—7’;?+1(90)}-div (Th) . (5.30)

Next, adding and subtracting p / Pl 1 (gp) - vi, and using the second equation in (2.3), we deduce
Q
that

/Qgso-th—/QgP?H@)‘MPZH(vh)
:u/ {gso—PZH(gw Vh+ﬂ/g{90 P )}'PZ+1<Vh) (5.31)
Q Q

:—M/Q{div( ) = Pry(div (o } Vi + / {SO—PIQLH(SO)}"PZH(VU-

Finally, replacing (5.31) into (5.30), and applying the Cauchy-Schwarz inequality, we get (5.22) with
Cq:= (4,u2+/€§)1/2max{l,|]gHoo,Q}. O

Lemma 5.6. There exist positive constants L, and éq, independent of h, such that

a—a :
sup I ) (@, )| La{Hso—(bhHl,Q + |KVe — PHEVY) oo + \w—HZ(w)h,h} (5.32)
weor  ¥nlhie
Yn7#0
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for all ¢, € QF, and

sup [(F — Fp)(u, ;)]

YReQl 1Y ll1,0
o (5.33)

< Co{ i (KT 0) — P, (div(KTQ)) 0.0 + o~ T + [0 =~ Pl (@)oo )

Proof. Given K € 7}, using the symmetry of the bilinear form a’ (cf.(4.7)), and the first equation
in (4.9) with ¢ := IT¥(¢y,) € Pry1(K), the local bilinear form aX (cf. (4.12)) can be rewritten as

ar (¢n,vn) = /KP/CK(KVHICK(%)) Vo + S (¢ — T (0n), o — T () (5.34)

for all ¢y, b, € QK. Then, from (2.8) and (5.34), and adding and subtracting / KVIIE (¢1,) - Vibn,
K

we get,

(@’ — aff) (én, vn) = /K KV (¢n — T (n)) - Vb — ™M (dn — I (6n), von — IR (vn))

+ /K {KVI (6) - PE VI (60) } - Ve

whence, applying the Cauchy-Schwarz inequality, using the symmetry of the bilinear form S ! the
upper bound in (4.13), and the estimate (4.10), we obtain

(@ an)(én, vn)| < { KV, — KV (61 lo,x + [KVIIE (é1) — P (KVIIE (61))

+ (14 Ck) ¢ |on — HkK(tﬁh)h,K}Whh,K :

Further, adding and subtracting suitable terms, summing over all K € 7}, and then taking supremum
over Yy € QZ, we deduce the estimate (5.32) with L, depending only on K and ¢;. On the other hand,

from (2.10) and (4.14), adding and subtracting / P,?H(u - Vp)ibp, and using the fourth equation in
Q
(2.3), we find that

(F = Fu)u i) = = [ (@ T)in+ [ (Phaw) - PHTR)PL W)
Q Q
/ {( Vi) = Plsa Vo) fun - /Q {0 V) = (Pls(w) - PEV)) [P ()
/ {dw KVep) = Pl (div(KV)) F o — Pl () - /Q { (0= Pl.w) - Vol PL )
- [{Phatw - (Vo - Phve) JPLatn),

whence, applying the Cauchy-Schwarz and Hoélder inequalities, the approximation properties (3.16),
Lemma 3.5, the fact that VHZ(QO)‘K € Py(K) for all K € Ty, and finally bounding |¢|; o and [Jul|; o
by po, we get (5.33) with 6q = max{a,CkHicho,Cl%HicHHicho}, where C is the constant obtained
when (3.16) is applied with 1, € H!(€). O

Next, since we are interested in obtain an upper bound for the error ||(&, @) — (&p, on)] (cf. (5.18)),
we first rearrange (2.5) and (5.1) as the following pairs of continuous and discrete formulations
A7) +B(u(,7) = F(p;7) +Fp(7) VT eH,

4 4 (5.35)
An(Cr Tr) +Bu(un; €, 7n) = Fulen;Tn) + Fp(Fr) VT, € HY,
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and

ap,v) = F(u,p:) +Fn(v) Yy EeH, (5.36)
an(pn, ¥n) = Frlun, onin) + Fn(vn) Vi, € QF.
Then, we have the following lemma establishing a preliminary estimate for ||& — &, ||u.
Lemma 5.7. There exist positive constants Cyq and Cy, independent of h, such that
|6 = nllm < Ca { ldiv (o) = Pl (div (0)llog + o = Piri()llog + o = Pr(o) og
= REW) + (=Pl (oo + dist(, H}) | (5.37)

+C {1161 + liglloeo F (. 0) = (G om)l-

Proof. Employing the bounds provided by (2.13)-(2.15) and (4.3)-(4.5), the fact that ||ul/;n and
|lup|l1,0 are bounded by po (cf.(5.19)), and recalling that Cx > 1 (cf. Lemma 3.5), we deduce that
A + B(u;-,-) and Ap + By (uy; -, ) are bounded and elliptic with the common constants Lp and Ly,
respectively, both independent of A, which are given by

~ ~ 1 ~
Ly = maX{CA,CA} + Cgpo and Lg := §min{aA7aA}.
In turn, F(y;-) + Fp and Fp(¢n;-) + Fp are bounded linear functionals in H and Hlkl, respectively.

Then, a straightforward application of the first Strang lemma for linear problems (see [18, Theorem
4.1.1] or [26, Theorem 11.1]) to the context (5.35) gives

L F(p;7,) — F T ) Lo
||0'_0'h”H < Cst{ sup ‘ ((P h) h(SOh h)| + ﬂlnf (Ho-_Ch”H

FneHb |7n]lm & cHb
‘Fh#o
+ sup (A — Ap)(Ch, Tr) +B(u; €y, Tr) — Br(up; €, 7)) (5.38)
7 cH) 175 a ’
740

where Cgy = LEl max{l,LE + LB}. Next, adding and subtracting Fp,(¢; 7), we find that
F(p:7h) — Fnlon: Th) = (F = Fp)(p; T1) + Fr(e — oni Tn) - (5.39)

Then, from (5.39), the estimate (5.22) in Lemma 5.5, and the boundedness of F, (cf. (5.7)), we deduce
that

[F(0; 7h) — Frlen; 7h)l

sup

# cHD 17l
T‘l_ih#()k (5.40)
< Co{lldiv (o) — Py, (v (@) + o Plya(@)loe } + Crliglwale — enllio.
Also, adding and subtracting suitable terms, we find that
IB(w; Cp, 7a) — Bu (s §jpo 7))
(5.41)

< |(B = Bp)(w; &y, 7| + [Br(u — wy; &, 7) — Bu(u — up; & — &, 7)) -
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Furthermore, by using the boundedness of By, (cf. (4.5)), and bounding ||u||; o and |luy
get

1.0 by po, we
|Bh(u— up; &, 74) — Bu(u — up; & — . 7))
< Co (1] + 116 = Cullu) u — uallal7al

< Cs (16118 — Gnlli + 200 [ — Cullar) 7l

Then, from (5.41), the foregoing expression, and the estimate (5.21) from Lemma 5.5, we get

B(u; ¢, 7)) — Br(up: &y T ~ = £
sup | ( yQh ) - ( yShs )| < Op HO’ — ChHH + HU - ,Pl?(o.) ‘079
o il

Py 0 (5.42)
+u—=REWha + u—Pia(wlose } + C|1||l|& — &nllm

with C~’p = Cp + 2p0Cg. In this way, replacing (5.40), (5.20) and (5.42) into (5.38), we deduce the
estimate (5.37) with

Cy4 = Csy max {Cq, La, 61,} and C; := Cy max {613, C’F} . (5.43)
O
Next, as for the error ||¢ — ¢n||1,o arising from (5.36), we have the following result.
Lemma 5.8. There exist positive constants 6'(1 and C~'r, independent of h, such that

le = enla < Caf KV — PLETG)llo.0 + hldiv (KVe) = Pl (div(KV)) o

+ I = @) p + [ = Phis (Wlloap + dist(e, OF) | (5.44)
+ Ce{IGnllin + Iella f1I(F @) = (@n,on)ll-

Proof. We first observe that the boundedness and ellipticity of the bilinear form a and Lemma 4.5
guarantee that the family {a} U {aj}n~0 is uniformly bounded and uniformly elliptic with constants,
independent of h, given by

Ly = max{l,a*}”a” and Lg = min{l, a,}aq .

respectively. Hence, proceeding as in Lemma 5.7, and applying again the first Strang lemma to the
context given by (5.36), we find that

|F(u, ;%) — Fr(un, on; ¥n)|

e —enllia < Cot { sup

PrEQN ||7/1hH17Q
" e a)Gn ) o8
. a—a )
+ inf | (¢ — ¢nllio+ sup R Th ;
hEQR YreQh [¥nll1.0
Y70

Next, adding and subtracting Fp(u — up, ¢, ) we find that
[F(u, 03¢n) — Fa(un, on;vn)| = [(F = Fp)(w, 0:9n) + Fr(an, ¢ — s n) + Fr(a —an, @3 ¢5)] . (5.46)
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For the second and third term on the right-hand side of (5.46) we apply the bound of Fy, (cf. (5.9))
to obtain

Fultn, o = onsn) + Fa(a = un, g59n)| < Co{lunllrale = enle + [u - wiloloho Hleale.

In addition, thanks to (5.33) from Lemma 5.6, and the foregoing inequality, we get

|F'(w, o;¢n) — Frp(un, on; n)|
sup
vreQl [¥nllLe
PYr#0

< Co{Mdiv(BV ) = Pl (div(BY) o0+ ¢ — T) [ + [ = Pl (W)loa0 )

(5.47)

+ Ce{llgnlle - erlio + 116 — Gnlullelio}

Then, replacing (5.47) into (5.45), and using the estimate (5.32) from Lemma 5.6, we conclude the
proof with

éd = C~’st max {éq, La} and ér = ~st5'F. (5.48)
OJ

We are now in a position to derive an estimation for the global error (5.18). Indeed, bearing in
mind the terms in Lemmas 5.7 and 5.8 that are multiplying ||(&, ¢) — (&1, ¢n)||, using the bounds for
g lla, l¢llio, and ||64||a, given by (2.18), (2.19), and (5.16), respectively, the fact that ||ulj1,0 < po
(cf. (5.19)), and performing some algebraic manipulations, we find that

o)

Co{116 1 + gl | + Ce{ Inllm + ¢

(5.49)
< G{llglloon + upllor + funlyyzr + lewlorar }
where
Cr = Cl,rCQ,rC?),ry
Cir = maX{Cr,ér},
1 1 2M .
Cor = max{l,QMF< +~>, F}, (5.50)
aa QA Oa
2M
Csr = (1+p)2max{1,p F}
A

In this way, since the constant C, depends linearly on the data g, up and ¢y, we conclude from the
foregoing analysis, the following result.

Theorem 5.2. Let Cy be the constant from (5.50), and assume that the data g, up, and pn are such
that

—_

Ce{llglle + lupllor + luplhor + lonl-ijor} < 5 (5.51)

Then, there exists a positive constant C, depending on Cq (cf. (5.43)) and Cy (cf. (5.48)), such that

18,9) = @nen)l < C{ldiv (@) = Pl (div (@) oa + o = Pl oo + [u - Ri(w)

1,h

+lu = Py (w)

o0 + |[KVe — PEHEVY) oo + hl|div(KVe) — Pl (div(KVe))[loo

e = Plia(@lon + o — Tl + dist(&, HJ) + dist(p, Of) }
(5.52)
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Proof. It suffices to add the estimates (5.37) and (5.44) from Lemmas 5.7 and 5.8, respectively, and
to use the estimate (5.49) together with the assumption given by (5.51). O

Having established Theorem 5.2, we now provide the corresponding rates of convergence.

Theorem 5.3. Let (&,¢p) := ((o,u),p) € H x H and (G4, 01) = ((on,upn), pn) € HY x OF be the
unique solutions of the continuous and discrete schemes (2.5) and (5.1), respectively. Assume that for
integersr € [1,k+1], s € [2,k+ 2], and m € [2,k + 2], there hold o|x € H'(K), div (o)|x € H"(K),
ulg € H¥(K), gp‘K € H™"(K), and K‘K € Wn=L(K), for each K € Ty. Then, there exists a positive
constant C, independent of h, such that
1/2
2
m,K) }

(G, ) — (Gn,on)| < Chmm{“‘l’m‘l}{ > (Ia\%,K + [div (o) 2 x + [ulZ g + [o
KeTy

1/4
+Chs_1{ Z ’u|§—1,4,K} :

KeT,

(5.53)

Proof. It follows from (5.52) and the approximation properties (3.6), (3.16)-(3.19), (4.11), (APY),
(APY), and (AP}). O

5.2 Computable approximations of o, u, ¢ and p

We first introduce the fully computable approximations of oy, uy and ¢j given by
Gn = Prlon), U = Piy(w), and @y = Pi(en), (5.54)

and establish the corresponding a priori error estimates for the errors

I((o,0), ) = ((@n,un), Pn)lloq = llo = Fnllog + [lu—Wnloa + v = Prlloq,

and

(0, ) = (Wh, @n)l1p =0 —Upl1p+ |0 — Dnlin-

As shown below in Theorem 5.6, they yield exactly the same rate of convergence given by Theorem
5.3. Then, we begin the analysis with the following result.

Theorem 5.4. Let (&,¢p) := ((o,u),p) € H x H and (G4, 1) = ((on,un), pn) € Hy x OF be the
unique solutions of the continuous and discrete schemes (2.5) and (5.1), respectively. In addition,
let o, Uy, and @y, be the discrete approzimations introduced in (5.54). Then there exists a positive
constant C > 0, independent of h, such that

[((e,0), ) = ((Gn, un), @n)lloe + [(0,¢) — (Un, @r)l1n

0,0

1/2 1/2
n { S fu- Pﬁl(u)n%,K} n { S e Péi1<so>|riK} } |

KeTy KeTy,

< C{ 1(G,9) = (G, en)ll + llo —PL(o)

Proof. It follows by using similar arguments from [24, Theorem 5.4]. O
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Next, proceeding as in [24, Section 5.3], and according to (2.4) and the decomposition of o provided
by (1.1), we suggest the following computable approximation of the pressure:

~ 1o/ ~ o : . A 1.
D = —Etr<0'h + cnll + uh®uh> in Q, with cn = _mHuhH%,Q‘ (5.55)

The following lemma establishes the corresponding a priori error estimate.

Theorem 5.5. There exists a positive constant C' > 0, independent of h, such that
Ip=Biloe < C{I@.¢) — @nen)l + llo = Ph(@)log + Ju— Pl oz}

Proof. See [24, Theorem 5.5]. O

We end this section by providing the theoretical rates of convergence for &, Uy, @, and py.

Theorem 5.6. Let (&,¢) := ((o,u),¢) € Hx H and (&n, 1) := ((on,un), ¢n) € Hy, x OF be the
unique solutions of the continuous and discrete schemes (2.5) and (5.1), respectively. In addition,
let ((oh,Up), Pr), and py be the discrete approzimations introduced in (5.54) and (5.55), respectively.
Assume that for integers r € [,k + 1], s € [2,k + 2], and m € [2,k + 2], there hold o|x € H"(K),
div (o)|x € H'(K), u|x € H*(K), go‘K € H™(K), and K|, € W 1(K), for each K € Ty. Then,
there exists a positive constant C, independent of h, such that

I((o, 1), ) = ((@h:0n), @r)lloe + [(w,9) = (Wn, @n)lin + [P = Phlloo

. 1/2
< cnmnire i S (et ldivio)i + fuli + o) |
KeTy

1/4
+Chs_1{ Z |u|§—1,4,K} .

KeTy

(5.56)

Proof. It follows from Theorems 5.3 to 5.5, and the approximation properties provided along the
paper. In particular, applying (3.16) and (3.17), we readily find that

1/2 1/2
{lew—Pﬁl(@II?,K} SChm—l{Zwm,K} ,

KeTy, KeTy,
and
1/2 1/2
[T Pl <omt{ 5 i)
KeTy, KeTy,
respectively. O

5.3 A convergent approximation of o in the broken H(div; 2)-norm

In what follows we proceed as in [12, Section 5.3] and propose a second approximation o of the
pseudostress o, which yields the same rate of convergence from Theorems 5.3 and 5.6 in the broken
H(div; )-norm. For this purpose, for each K € Tj we let (-,-)div;x be the usual H(div; K)-inner
product with induced norm || - ||div.x- Then, we let o5, € L*(Q) be the tensor defined locally as
Oh |k = 0Oh i, Where o}, i € Pi41(K) is the unique solution of the problem

(&h,KJTh)diV;K = / &h T+ / diV(O’h) . diV(Th) v Th € Pk+1(K) . (557)
K K
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Note here that the right-hand side of (5.57), and hence &, , is fully computable since both &, and
div(7,) are. In addition, it is important to remark that o, g can be calculated for each K € Tp,
independently. Then, the rate of convergence for the broken H(div;2)-norm of o — &, is established
as follows.

Lemma 5.9. Assume that the hypotheses of Theorem 5.3 are satisfied. Then, there exists a positive-
constant C, independent of h, such that

1/2
> o= Gurllavi = 0@mmretmel (5.58)
KeTh
Proof. See [24, Theorem 5.7]. O
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