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Abstract. We consider the coefficients identification problem in a mathematical
model for indirect transmission of a disease between two independent host populations
living in two non-coincident spatial domains. The direct problem is given by an initial
boundary value problem for a set of seven differential equations: a single equation
for the dynamics of propagation of the contaminant and six equations governing the
dynamics of disease in each host population under the susceptible-infected-removed
approach. The different rates of disease transmission are space dependent functions
and are the coefficients in the reaction terms. The identification problem consists of
the determination of the coefficients in the reaction terms from an observation of the
state variables at the final time of the process. We apply a methodology based on
optimization with partial differential equations as constraints. We reformulate the
inverse problem as an optimization problem for an appropriate cost function. Our
main results are: the proof of existence of solutions for the optimization problem,
the introduction of a necessary optimality conditions, the stability of direct problem
solution with respect to the unknown coefficients, the stability of the adjoint system
solution with respect to the unknown coefficients and the observations, and the
uniqueness up to an additive constant of the identification problem.

PACS numbers: 47.10.ad, 47.10.g, 47.10.A

Keywords: inverse problem; optimal control; indirectly transmitted diseases

1. Introduction

In the last decades there is a growing interest in inverse problems arising from
mathematical models coming from several applications and where the governing
equations are given in terms of partial differential equations, see for instance [4,27-29].
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In a broad sense there are at least four kinds of inverse problems: the determination
of the domain or part of the domain, the determination of the initial condition, the
determination of the boundary condition and the determination of the coefficients of
the equations. In all cases we need some knowledge about the solution of the forward
problem obtained from experimental measurements. Moreover, it is well known that the
methods for analysis and properties of inverse problems are different from the standard
theories used for direct problems, for instance a general common property for all kinds of
inverse problems is the fact that they usually are ill-posed in uniqueness. In particular,
the aim of the present study is to analyze the inverse problem arising from the coefficients
determination problem for a reaction-diffusion system originated from the mathematical
theory of epidemics.

In epidemiology, the consideration of differential equations as transmitted disease
models go back to the work of Kermack and McKendrick [30]. They study the evolution
of an epidemic in a closed host population of total size N which is divided into three
classes of individuals: susceptibles (S) which capable of contracting the disease and
became themselves infectives; infectives (1) which are capable of transmitting the disease
to susceptibles; and removed (R) which have contracted the disease and being unable
to transmitted the disease because have died or, if recovered, are permanently immune
or have been isolated. Assuming that the transfer process from S to I and from I to
R are given by a mass action and exponential decay laws, respectively; the basic model
(called STR model) is given by the following dynamical system

as dl dR

= —kSI, — =kSI—M, — =\ 1
= —kSI o = kST, —h =)L (1)

5(0) =So, 1(0) =1, 1(0)= R, (2)

with k and A some positive constants and Sy, Iy, and Ry some nonegative constants such
that Sg + Iy + Ry = N. Later on, SIR models have been improved by several authors
who have considered other factors of individuals (position, sex, age, diffusion, etc) and
have developed a long and rich literature, see e.g. [6,13-15,25] and references therein.
Particularly, by considering the position as a factor and assuming that the individuals
disperse by means of Fickian diffusion, we obtain a a description of population densities
by continuous in space and time functions satisfying a spatially-extended versions of (1)
to the reaction-diffusion system

0yS — div(ds(z)VS) = k(x)S1, (x,t) € A xRy, (3)
Ol —div(d;(x)VI) = k(z)ST — Nz)I, (x,t) € Q xRy, 4)
O:R — div(dr(z)VR) = \z)I, (x,t) € Q@ xRy, (5)

—~

where dg, dg, ds, k and \ are some positive functions defined on Q C R? (d = 1,2,3).
More complex and realistic models can be obtained for incorporating modifications in
the diffusion and reaction terms, see for instance [3] for a model with nonlocal cross-
diffusion and [2] for a reaction term obtained by application of Frequency-dependent
transmission law for the transfer process from S to I.
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In this work, the direct problem is the mathematical model introduced in [26]
to describe the transmission through a contaminated environment of a microparasite
between two independent host populations H; and Hs, living in two non-coincident
spatial domains Q; and Qy of R? (d = 1,2,3),i.e. 2Ny # 0 and Q1 NQy # Q4,0 =1,2;
respectively. Assuming that the dynamic processes of transmitted disease in each
population are governed by a SIR type reaction-diffusion system and the interaction of
both populations is given by a contaminated environment, Fitzgibbon and collaborators
[26] deduce the following set of differential equations
Oyp — div(dy1(x)Vp) = —all(x)%q’f — o31(x)ep + (1 —wy) A\

+ b(z)Hy — (m(x) + k(x)Hy)e, in Q11 :=0x]0,T, (6)

8t1p — le(dlz(.fC)vw) = 0'11(33)ﬂ + O'31<1')CQO — CL)1>\11/}

H,

— (m(z) + k(x)Hy)ip, in Q1,r, (7)
Bix — div{dia(z) V) = it — (m(z) + K@) Hy)x, in Qur, (5)
Oru — div(dar (x)Vu) = —os9(x)cu, in Qa1 :=Nx]0,T], (9)
Oyu — div(daa(x)Vu) = o3a(x)cu — elqv, in Qar, (10)
Oy — div(dag(z)Vw) = 0, in Qar, (11)
Oic = o13()(1 — €)@ + o93(x) (1 — )0 — §(z)c, in Qr := (2, UQ)x]0, T, (12)
supplemented with the initial and boundary conditions
e(x,0) = o(x), ®(x,0) =vo(z), x(2,0)=xo0(z),  ny, (13)
u(z,0) = up(x), ov(z,0)=uv9(x), w(x,0)=wy(x), in Qy, (14)
c(x,0) = ¢o(x), in ; U Qy, (15)
di1(z)Ve -1, = dia(2)Vp -my = dis(x)Vx -1y =0, in Ty 7 =00 x]0,T[, (16)
do1(z)Vu - my = doa(2)Vv - gy = dag(z)Vw - my = 0, in Ly := 00 x]0, T[. (17)

The state variables ¢,7¢ and x are defined on (); 7 and represent the population
densities of the subclasses of susceptible, infected and recovered individuals from the
total population H; = ¢ +1 + x; the state variables u, v, and w are defined on ()2 7 and
are used to represent the population densities of the susceptible, infected and recovered
subclasses of the total population Hy = u + v + w; while the state variable c is defined
on Q)7 represents the proportion of the environment contaminant. The functions @
and v denote the prolongation by zero of ¢ and v, on Q2 and Qi 7, respectively.
The functions d;y, d;2, d;3 are defined on €2; and denotes the diffusivity of susceptible,
infected and recovered individuals from population H;, ¢ = 1,2, respectively. The
functions o171, 013, 023, 031 and o3, are intrapopulation and contact with the contaminant
transmission rates. The functions b, m and k are rates related with the vital dynamics
(birth and mortality) on the population H;. Further, ¢ is a rate modelling the
unsustainable habitat contamination. Finally, Ay, Ao, w1, and € are positive constants;
o, Yo, Xo, %o, Vo, Wo, and ¢y are the initial conditions; and mn; denotes the unit outward
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normal vector to the boundary of Q; given by 0€2;, i = 1,2. We note that (16)-(17) are
no-flux boundary conditions which means that there is no population flux across the
boundaries of €2; and {s.

In this paper, we focus on the inverse problem of coefficients determination on
the initial boundary value problem (6)-(17) from final time observation of the state
variables. The inverse problem is motivated by the practical situation where the densities
of the different classes (susceptible, infected, and recovered) of both populations and
the concentration of the contaminant can be measured, on the other hand, however, the
different rates (disease transmission, disease recovery, birth, mortality, etc) and other
coefficients of the model, are very costly or even infeasible to measure. Moreover, we
remark that form epidemiological viewpoint, the knowledge of the different coefficients is
important at least for two reasons: permits the solution of (6)-(17) in a real application
context and can be used to validate the model in order to simulate or improve some
properties.

There is a huge list of articles where the problem of coefficients identification in
reaction-diffusion equations is focused, see for instance [7-11,16,17,19-23,34-36]. The
list is not exhaustive and there is a more extensive literature. The majority of the
results are obtained for the case of scalar equations and were originally motivated by
applications of heat transfer phenomena. The few results in the case of systems are
reported in [17,19, 21, 22,35,36]. In particular, we remark that in [35] the authors
define the inverse problem for a susceptible-infective-susceptible (SIS) reaction-diffusion
model in a multidimensional space but however some of their findings are reduced to
one dimensional case. Recently, in [17] the authors of the present paper have extend
the results of [35] for the multidimensional case.

In this article, we rewrite the inverse coefficient problem in an optimization problem
for an appropriate cost function defined on an admissible set. Then, we introduce an
adjoint state and prove the main contributions of the paper: (a) the existence of solutions
for the inverse problem, (b) the introduction of first order optimality condition, (c) the
stability of a direct problem solution with respect to the coefficients of the reaction term,
(d) the stability of the adjoint problem solution with respect to the coefficients of the
reaction term and the observations, (e) the uniqueness of the identification problem.

The organization of the paper is as follows. In section 2 we present the definition of
direct and inverse problems, the notation and the enunciate of main results. In section 3,
we present the proofs of the main results.

2. Problem statement and main results

2.1. The direct problem

The direct problem is given by the mathematical model (6)-(17) formulated by
Fitzgibbon, Langlais and Morgan [26]. Indeed, for completeness and in order to be
more precise, we summarize the assumptions by the following list
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(AO) There are two independent host populations H; and H, which are spatially
distributed over non-coincident spatial domains Q; and €, of C R? (d = 1,2, 3);
ie. QNQy # O and Q; N Qy # Q4 = 1,2; respectively. The region ; is a
reservoir where lives a parasite which, in most of the cases of interest, is benign on
the population H; and lethal on the population H,.

(A1) There is a contaminated habitat or environment and the variable ¢(z,t) represents
the proportion of such contaminant at the position = € Q; Uy and time ¢ € [0, 7.

(A2) Each host population is subdivided into three subclasses: susceptible, infected, and
removed individuals, with population densities ¢, and x in the population H;
and u, v, and w in the population Hy, respectively.

(A3) The dynamic in the host population H; is given as follows. The susceptible
individuals in the host population H; can contract the disease from cross contacts
with infected hosts from H; or with the environment. Moreover, we consider that
the force of infection is modeled by a frequency-dependent transmission function
of the form oy;(z)pw/H, with o1; a transmission coefficient. Related with with
infective individuals from H;, we consider two facts: 1/A; represents the duration
of the infective stage and a fixed proportion w; € [0,1] of infective individuals
become permanently immune and a proportion 1 — w; € [0, 1] reentering in the
susceptible class. Moreover, we consider that H; has vital dynamics with b(z) and
m(z) + k(x)H; identical in each subclass and representing the birth and mortality
rates, respectively.

(A4) The dynamic in the host population Hs is given as follows. The susceptible
individuals in the host population Hy are infected by contact with the environment,
but there is neither cross infection from infected hosts from H, nor criss-cross
infection with H;. The demographic effects are ignored in H,. Moreover, the
disease can be lethal in the population Hy with a fixed survival rate e, € [0, 1].

(A5) The transmission via contact with the contaminant environment is modeled by
mass action kinetics of the form o3¢0 and o3pcu, which appears as loss terms
for susceptible classes and gain terms for infective classes of both populations.
Moreover the dynamic of the contaminant is modeled by the mass action and linear
decreasing factor with terms of the form o13(1—¢)1, o95(1—c)v and de, respectively.
The functions o153 and o3 are identically to zero on Q, and €y, respectively.

(A6) The host population H; and Hj are confined to € and €2, for all time, respectively.
From the assumptions (A0)-(A6) and the standard arguments for modelling the dynamic
of populations, we deduce (6)-(17).

The mathematical model (6)-(17) can be written as a reaction-diffusion system of
the following form

3thi — le(DZ(.ﬁE)VhZ) = fz(w, hi, C; 91(.1')), in Qi,T7 1= 1, 2, (18)
Oic = g(z,hy, hy, c; 05()), in Qr, (19)
(D;(z)Vh;) -m, =0, onlr, 1=1,2, (20)
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hy(z,0) = (vo, %0, X0)(2) in Q, (21)
hy(z,0) = (ug, vo, wo)(x) in Qy, (22)
c(x,0) = co(x) in Q; UQy, (23)

where h; are the state variables of the population H;, i = 1,2, i.e. h; = (9,9, x)
and hy = (u,v,w); 01 = (011,031,b,m, k), @3 = 03 are the coefficients related with
the equations governing the population H;, and 63 = (013, 0923,9) with the equation
of the contaminant; D; = diag(d;1, d;2, d;3) are diffusion matrices of the population H;;
f; = (fu, fi2, fi3) are the reaction terms modelling the dynamics of the population H;
and g the dynamics of the contaminant which are defined by

fi1 = —011(:1:)% —o31(x)ep + (1 —w) MY + b(x)Hy — (m(z) + k(x)Hy)p,

o = o) 55 + o) — i = (m(a) + k) ),
fiz = wih — (m(x) + k(x)Hy)x, fa = —os(z)cu,

f22 = 0'32(.73)611, — 8)\21}, f23 = O,

g =o13(x)(1 —c)p+ o93(z)(1 — )0 — 0(x)c,

with the functions ¢ and v denoting the prolongation by zero of ¢ and v, on €25 and €2y,
respectively; n, are the unit outward normal vectors to 0€2;; and ¢y, 1o, X0, %o, Vo, Wo,
and c¢q are the initial conditions.

We consider the standard functional framework used in the analysis of parabolic
equations, see for instance [31-33]. In particular, we use the notations C*%(Q) with
k € N and « €]0,1], LP(Q) with p > 1, W™?(Q) with m € N and p > 1, for the Banach
spaces of Holder k—times continuously function whose k*"-partial derivatives are Holder
continuous with exponent «; the space of all functions from €2 to R which are p-integrable
in the sense of Lebesgue; and the usual Sobolev spaces, respectively. In particular, we
consider the notations C*(Q2) and H™(Q) instead of C%*(Q2) and W™2(Q), respectively.
The vector valued spaces like [C>(Q)]?, [LP(Q)]? and [W™P(Q)]* and others, are defined
as usual, namely in the componentwise sense, and are denoted by bold symbols, for
instance we denote by C>(Q), LP(Q2) and W™P(Q), the spaces [C*>(Q2)]3, [LP(Q2)]? and
[(W™P(Q)]3, respectively. Moreover, in order to simplify the presentation of our results
and proofs we consider the following notation

PP = TP(Qy) x LP(Q0) x LP(Q U Qy), (24)
Ly — [LP(QI)]S ¢ LP(Q) x LP(Q) U D), (25)
@O — {cova(ﬁl)r x 00 (@) x [ (m\.@)r < O U, (26)

with 2 = (01 NQy) U (022 N €); and analogously to .£P we consider the notation for
the functional spaces # P and .

The existence and uniqueness of the positive classical solution of the system (18)-
(23) were developed in [26] by considering the assumptions:
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(HO) The sets ; and €, are open bounded convex sets of R? such that 9€2; are of C**
regularity.

(H1) The functions modelling the initial conditions are non-negative and satisfying the
following regularity conditions: g, 1, Yo are continuous on Qi; ug, v, Wy are
continuous on Q_g; and ¢y is continuous on M\.@ Moreover, we assume that
co(x) € [0,1] on 7 U Qs.

(H2) The diffusion coefficients d;; for (i,5) € {1,2} x {1,2,3} are positive functions,
bounded from below on €2; and belong C%<(£;) N L>(;).

(H3) The coefficients are componentwise strictly positive on their domains of definition,
i.e. 011,051,b,m, and k are strictly positive on Qy; o3, is strictly positive on Qy; d is
strictly positive on QU Qy: oq3 i strictly positive on Q, and identically 0 outside of
Q093 18 strictly positive on Q, and identically 0 outside of Q. Moreover, 8 € €~
and the birth and mortality rates are such that b(z) — m(x) is strictly positive for
all x € ;.

Theorem 2.1. If the requirements listed above in (H0)-(H3) are met, then the system
(18)-(23) has a unique, classical, global nonnegative solution ¢, 1, x,u, v, w, and ¢, which
is componentwise non-negative; p, ¥, and x are uniformly bounded on Q1 = Oy x]0, 00|,

u, v, and w, are uniformly bounded on Qo = 22x]0,00[, and c is uniformly bounded on
Q = (2; UQy)x]0,00[; and ¢(x,t) € [0,1] on Q.

The details of the proof for Theorem 2.1 are given in [26] and is divided in
four big parts: the local existence is followed by Banach fixed point argument; the
componentwise non-negativity is deduced by application of the weak maximum principle
for scalar parabolic equations; the global well posedness is a consequence of L., estimates
of solution components; and the global existence is proved by using the results for
discontinuous coefficients and uniform estimates using cut-off functions.

2.2. Definition and formulation of the inverse problem

We assume that a measurement of each subclass of both populations at final time T,
and also of the contaminant are given and we need to determine the coefficients in the
forward problem (18)-(23). More precisely, we have that the inverse coefficient problem
is defined as follows:

Inverse problem. Given the following data, g, 19, X0, U, Vo, wo and cq, namely the
initial condition functions, the diffusion coefficients d;; for {7, j} € {1,2} x {1, 2, 3},
and the observation functions %, 1) % 1% 1°% 1w and ¢**® defined at time
t = T find the functions o011, 013, 023, 031, 032, b, m, k and § such that the solution
of the initial boundary value problem (18)-(23) is “as close as” possible to the
observation functions at time t = T.

Note that the distinct functions are defined on €2y, €25 or 2;U€2,. In the context of inverse
coefficient problems the term “as close as” is precised by considering an appropriate
cost functional, see for instance [12] for the case of flux-diffusion determination in
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the mathematical modelling of sedimentation. In this paper, in order to analyze the
inverse problem, we introduce a formulation of the inverse problem as an optimal control
problem. The admissible set U,q := Uaq(£21, §22) and the cost function J : U,y — R are
defined as follows

Ung = o (4, Q) N 214/ (27)
1 o0s o0s 0o0Ss 2 F
J(0) =5 [(hi, ha, €)(-, T) — (h$**, g, ™). + 5 IVO|?,, T >0, (28)

Where hcl)bs — (QbObs, ,ébobs’ Xobs)’ hgbs — (uobs’ ,Uobs’ wobs) and
9

A (D, Q) = {0 = (01,0,,05) € 4" : Ran(6) C [[Ir.7] CR), VOe ILQ}.
=1

Here, Ran(@) and VO denote the range and the gradient of a function @ in the
componentwise sense. Thus, the inverse problem is reformulated as the following
optimization problem

Find @ € Uy : J(0) = gi%f J(0) subject to (hy, hy, ) is solution of (18)-(23). (29)
€Uqd

We remark that the parameter I' in (28) should be appropriately selected to get
uniqueness of the inverse problem.

2.8. Main results

Let us consider that 8 € U,y is a solution of the optimal control problem (29) and
(hy, hy, ) is the corresponding solution of (18)-(23) with @ instead of #. Then, we
introduce the notation p; : ; — R3 for i = 1,2 and s : Q) U Qy, — R3, satisfying the
following backward boundary value problem

op; + div(D;(2)Vp;) = qi(z, ps, 5; hy, €, 0:(x)), in Qir, i1=12, (30)
o5 = s(z,p1, P2, 5;C, 03(2)), in Qr, (31)
(D;(z)Vh;) -m, =0, onl;r, =12, (32)
pi(z,T) = hy(z,T) — h?*(x), in Q;, i=1,2, (33)
s(z,T) =¢(z,T) — & (z), in 5 UQ,, (34)

where the functions q; and ¢ are defined as follows

qu = {511(96)% + 531($)5] (P12 — p11)
+ <E<$> - m(x))pn — k(x) <2@p11 + Yp1a + Yplzs),

_ +X - _
q12 = 011(95)%(]912 - pn) + (1 —wiA + b(I))pn - m(I)pn + Wl/\1<p13 - p12)

—k(x) <@711 + 2¢pra + yplg) +o13(2)(1 = ©)s,

13 = —511<x>%(p12 —pu) — b(x)p11 — k() (@911 + ¥p1a + QYPB)a
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q21 = T32(7)¢(paz2 — Pa1), q22 = €Xa(p2s — Paz) + T23(x)(1 — ©)s, q23 = 0,

¢ =051(2)Y(Pr2 — Pu1) + Ts2(2)0(Paz — P21) — (G13(x)Y) + Ta3(2)0 + 6(2))s.

Here, the functions p; and p, denote the prolongation by zero of p; and p; on (2
and €y, respectively. Similarly are defined ¢ and ©. Moreover, we observe that the
system (30)-(31) is a linear system and the analysis of existence can be developed by
standard arguments for parabolic equations. Indeed, for a recent similar result, which
can be straightforward extend to analyze the system (30)-(31), we refer to the work of
Apreutesei [5].

Remark 2.1. From Theorem 2.1, for @ € U,y the solution of the direct problem
(hy,hy, ) is classical and hence a weak solution. Thus, by convenience we work in
the topology of L*(0,T, ') without losing the viewpoint that we always are considering
classical solutions for the direct problem.

The main results of the paper are the existence, stability and uniqueness of the
inverse problem, as is established in the following theorems:

Theorem 2.2. Let us consider that (H0)-(H3) and the following hypothesis
(H4) The observation function (h$®s, hg¥s. %) belongs £2,

are valid. Moreover consider the on % = o (Qy, Q) N A with # a bounded closed set
of AV containing the constant functions. Then, there exists at least one solution

of (29) on U .

Theorem 2.3. Assume that the hypothesis of Theorem 2.2 are satisfied, consider that
0 is the solution of (29) and (hy,hy,€) is the corresponding solution of (18)-(23) with
0 instead of 8. Then, the adjoint system to (18)-(23) is given by the system (30)-(34).
Moreover, the pair (p1, p2) is bounded in L>(0,t; [H?*()]? x [H2(2)]?) for almost all
time t in ]0,T] and the solution of (30)-(34) is bounded in L*>(0,t; L) for almost all
time t in ]0,T1.

Theorem 2.4. Assume that the hypothesis of Theorem 2.2 are satisfied and consider
the notation 0, (hy, hy, €) and (p1, P2, ) as is given in Theorem 2.3. Then, the following
inequality

// { {(5’11 — 511)%—¢ + (5'31 — 531)} (p11 —p12> + bHip11 — (m + kHl)Hl 51} dxdt
1,T 1

+ //Q,T(632 — 032)(p21 — paz)dadt + //QT {(&13 - 513) (1-2)ps + (@3 - 0_23> (1-2)o

- S)E}Sd:cdt +T [ VO, -V(0,—0)dx+T | VO, V(8y— 0y)d

Q1 Qo

+T / VO - V(05 — Eg)dx] >0, VO e Uy, (35)
Q1UQ9

is satisfied.
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Theorem 2.5. Assume that the hypothesis of Theorem 2.2 are valid. Then, considering
the norm induced topologies of 2, L>(0,t; £?), and > x £?* we have that the assertions

(i) The mapping 6 — (hy, hy, c) is continuous from U,q C L2 to L>=(0,t;£?) for
almost all time t in ]0,T).

(ii) The mapping (0,hs% hs* c®*) s (p1,p2,s) is continuous from U,y x £L? C
L2 x £2% to L>=(0,t; £?) for almost all time t in ]0,T].

are satisfied.

Theorem 2.6. Let us define the set
U = {06% ; /H(x)dx:c, c=(c1,...,0C) eRi}
Q

with % the set defined on Theorem 2.2. Then, for each c, the solution of (29) is
uniquely defined, up to an additive constant, on % in the IL? sense for any large enough
reqularization parameter I

3. Proof of Main results

3.1. Proof of Theorem 2.2

We note that the admissible set % is a nonempty set and the cost function J is bounded
on % . To prove that % # () is enough to select the functions @(z) = (r + T)/2, which
clearly is belong to <7 (€21, €)s) and .#. The boundedness of .J is deduced by the following
three facts: the .22 norm of (hy, hy,¢)(-,7T) is bounded as consequence of Theorem 2.1
and hypothesis (H0), the hypothesis (H4) and the property that V@ € £? by the
definition of &7 (€2, 2s). Then, we can consider that there exist {6, } C % a minimizing
sequence of J.

On the other hand, we claim the compact embedding #7172+ ¢ € for a €]0,1/2].
Indeed, firstly we observe that HI/2I+1(Q) c C%(Q) for a €]0,1/2], for any open
convex subset Q@ C R? This fact can be deduced using two results: the Theorem
6 [24, pp. 270] and the Theorem 1.3.1 [1, pp. 11], which enables the continuous
embedding HI¥/2+1(Q) c C'?(Q) and the compact embedding C'/2(2) C C*(Q) for
all « €]0,1/2], respectively. Then, we can prove our claim by applying the the compact
embedding HI¥/2+1(Q) ¢ C*(Q) . Thus, the claim is proved by using the Cartesian
product defining #1421+ and C*.

The compact embedding 142+ < @ for a €]0,1/2], implies that the
minimizing sequence {6, } is bounded in the strong topology of €* for all o €]0,1/2],
since there exists a positive constant C' (independent of 8,,) such that: [|0,]¢- <
C||0,]| sp1asz1+1 for all a €]0,1/2]. Now, we note that {6,} is bounded in s#1%2+1 by
the definition of % .

Let us denote by (hy, hy, ¢),, the solution of the initial boundary value problem (18)-
(23) corresponding to 8,,. Then, by considering the fact that 8,, € € for all « €]0,1/2],
by Theorem 2.1, we have that (hy, hy,c), are belong the Hélder space €2+**2 and
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also {(hy,hy,c),} is a bounded sequence in the strong topology of €T+ for all
a €]0,1/2).

The boundedness of the minimizing sequence and the corresponding sequence
{(hy,hy, c),}, implies that there exist @ € €Y/2N% and (hy,hy,¢) € €224 and the
subsequences again labeled by {6,} and {(hy,hy,c),} such that 8, — 6 uniformly on
% and (hy, hy, ), — (hy, hy,¢) uniformly on €2+, Moreover, we can deduce that
(hy, hy, €) is the solution of the initial boundary value problem (18)-(23) corresponding
to the coefficients 6.

Hence, by Lebesgue’s dominated convergence theorem, the weak lower-
semicontinuity of L? norm, and the definition of the minimizing sequence, we have
that J(0) < lim,_,o J(0,) = infocy, ) J(@). Then, 6 is a solution of (29).

3.2. Proof of Theorem 2.3

The fact that (p1,qa, s) satisfying the system (30)-(34) is the adjoint system for (18)-
(23) can be proved by straightforward generalization to systems of the formal calculus
presented in [12, 18] for the case of nonlinear scalar parabolic strongly degenerate
equation. Now, to get the boundedness behavior of the solution, we observe that is
enough to prove the following space estimates

|(p1, 92, 5)(‘775)”‘25;2(9) < B, Hv(plaqQ)('>t)||i2(Ql)><L2(Qg) < P, (36)
2

D N divDy(@) V) (D)2 < P (P12, 9) (5 )| 20y < P, (37)
i=1

for any t € [0,7] and some positive constants Py,..., Py. Thus, the rest of the proof is

focused on getting (36)-(37).
Let us introduce the change of variable 7 =T —t for ¢t € [0,7] and the notation

(vi,va,0)(x,7) = (p1, a2, 8)(x, T —7), (h},h} c")(z,7) = (hy, hy,¢)(x, T — 7).

Then, the adjoint system (18)-(34) can be rewritten as follows

0-v; — div(Dy(2)Vv;) = qi(z, v, p;hi, ¢, 0:()), in Qr, =12, (38)
00 = <(x,v1,va, 0;¢*, 03(x)), in Qr, (39)
(Di(z)Vv;) -m, =0, onl;p, ©=1,2, (40)
vi(z,0) = hy(z,T) — h?*(z), inQ;, i=12, (41)
o(z,0) =¢(z,T) — & (z), in O UQ,. (42)

Now, in order to prove the estimates of the form (36) for (pi,p2,s), we get the
corresponding estimates for (vq, vy, o).
Testing the equation (38) by v;, we have that

/ (Vi)r - vidx +/ (D(z)vy) - vide = / qi(x, vy, s; hf,c*,ai(as)) v, dx, (43)

Q;
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where v denotes the transpose of v;. By the strict positivity of d; ;, we have that

1,79
1, : : d 2 2
min §,1£if dz‘l,lgl;lif dz‘27181_fdi3 EH"z’('J)”L?(Qi) + Vil T2 )

< /Q (v vide ¢ /Q (D)) -vide (44)

We observe that the integrands in the right hand side of (43) are homogeneous
polynomials of degree two in the components of v; with the coefficients are depending
on (h*, h},c*) and 6;. Indeed, for i = 1 we can rewrite the integrand as follows

ql(xavlv S, hiac*>§l(x)) "V

— * * + * — * T —_ 7. * * *
= { lan% +031C } (V12 —v11) + (b - m)1111 - k<290 vi1 + Y02 + X U13> } U11
1
. * * _|_ * _ o
+ {011%(%2 —v11) + (1 —wi Ay + b)vyy — s + wi Ay (vig — v12)
1
—E(w*vn + 29 v + X*Ul3> +713(1 — C*)Q} V12
— Sp*w* T 7. * * *
+ _Ullw(vm —vy1) — by — k(@ v + Y o2 + 2x 013 ) p vis
= Tlvfl + TZ'U%Q + T3U%3 + Yyv11v12 + Tsvvis + Tevigvis + Trvi20, (45)

with T, the coefficients defined by
le_{_ V(e +¢7)

011 +6310*:| —f—l_)—m— QEQO*,

(H1)?

. * *_l_ * . — . —

T2=011%—m—w1/\1—2k¢ ) T3 = —2kx",
_ * >s<+ * _ . — _ * >k+ * _ —
Ty = [011% + 031 } — kY v — 011% + (1 —wiA +b) — ke,
Ts = —kx* ‘1‘511L¢*2 —b—ke*, Te=wih —kx* _511% — kY,
(H1) (Hh)

T7 = 513(1 — C*).
Similarly, for ¢ = 2, we have that
QQ(%V%S; h;a0*7§2<l‘)) © V2

= —5320*1131 — 6)\21)%2 + 5326*’021’022 + 8/\2'0211}23 + 532(1 — C*)QUQQ. (46)

Now, from (45) and (46), the Cauchy-Schwarz inequality gives the bound

/ qi(z, p1, s; h’{,c*,al(x)) -vidr
951
1 1 )
< | ITallz=c@n + 5T allz@n + 51 Tsll @y | lonllzaqa,)
1 1 1 2
+ (IT2llz=@) + Sl Tallz=@n) + 51 Toll =) + G171 ) [012lz2(0))

1 1
+ (Inallom + 3 Tsllom + 31 Tollzmn ) Bl
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1 2
+ 5Tl lellza,). (47)

/ q2(z, p2, s; hi, c*,ag(x)) - vodx
Qo

3. . EAg
< (Sl o= + 52 ) el + el
+ [[T32(1 — C*)”L‘X’(Q2)HQH%2(QQ)' (48)
Then adding the equations (43) for ¢ = 1,2; applying the bounds (44), (47), and (48);
and using the facts that 6; is bounded by definition of U,y and (h%, hj,¢*) is bounded

by Theorem 2.1, we get that there exists a positive constant =; such that

d
v ey + 12Dl | + 1991C ) ey + 19%2(, ) e

< E I By + M) + el B | (19)
for any 7 € [0, 7. Similarly, we can test the equation (39) by ¢ and obtain the following
estimate
i|| (o T2y < B [IVi (s D IRe g V2 (5 D IR2() + (717 (50)
g1t Tl ) = =2 10 TRz ) 1V20H T)IL2(y) O T L2 (Q1u02) | -

for any 7 € [0, 7] and some positive constant Z5. Now, summing the inequalities (49)
and (50), we deduce that

d

%H (V17 V2, S)("? T)H?ZQ + ||V(V1, V2)('7 T)||]2:42(91)XL2(QQ) < QH(Vl’ V2, S)('v T) H‘QZQ’ (51)
for any 7 € [0,7] and with C = max{Z;,Z5}. By the Gronwall inequality we get
[(vi,va,8) (-, T)[|%: < €T )|(v1, va, s)(+,0)]|%2, which implies the first estimate in (36)
with P, = e<T||(w, v, s)(-,0)|%.. Moreover, the £?-estimate used to bound the right
hand side of (51), proves the second inequality in (36) with P, = CP;.

On the other hand, using the fact that
/Q (i) -div (D) T, dr
_ _/Q‘ <]D)Z~(x)V[(vi)T]> Vv dx + /m(vi)T. ([Di(x)V(vi)}nf) ds

L. d
< =5 inf {du (@), diw), dis(a) | — [ V¥, 7)l[E2qe

2 $€Qi
multiplying (38) by div(D;(z)Vv;); adding the results for ¢ = 1,2; and applying the
Cauchy-Schwarz inequality with €, we deduce that
2

d .
> IVt Dy + Idiv@i(@) VY () e |
=1
2 1 2
< O e X il Degay + ellel MEz@uunn + 72 2 IIAW(-J)Hiz(Qi)] L)
i=1 =1
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with C* a positive constant and any e > 0. Now, selecting ¢ > C*/4 and using the
Z?-estimate, we get

2
_ 4e® max{Cy, Cy}

} : , (- 2o < ’ .

— ||le(DZ($)vvl)( ’7—)||L (Qz) — 46 _ maX{C&, CQ}Pl

Thus the first inequality in (37) is proved.

From (36) and the first estimate in (37), we have that the norm of (py,p2) is
bounded in the norm of [H?(Q)]® x [H?*(Q)]?>. Then, by the standard embedding
theorem of H* C L™, we easily deduce that (py, p2) is bounded in [L>(2;)]> X [L>(Q2)].
Moreover, using the equation (39) and the fact that (p;, p2) are bounded we deduce that
0 is bounded in L>*(€; U y). Thus, we have that the second inequality in (37) is also
satisfied and we conclude the proof of theorem.

3.3. Proof of Theorem 2.4

Let us select arbitrarily 0 c U,q and introduce the notation
0°=(1—€)8+ e € Uy,
€ 1 € € € 00s o0s 00s P €
Je = J(6) = 5ll(hi, b3, ), T) — (", hg™, ™) [|%2 + 5[V
where (hi, h3, ) is the solution of (18)-(23) with 6° instead of 8. Now, using the

hypothesis that € is an optimal solution of (29) and taking the Fréchet derivative of J.,
we have that

dJ, 2 . b Oh
=2, (e -n) Gl

de
s (- ew) - )
Q1UQs e
where 0.h{ and 0.h§ for e = 0 are calculated by analyzing the sensitivities of solutions
for (18)-(23) with respect to perturbations of 6.
From the definition of (h$, hg, c¢) and (hy, hy, ¢), we have that

dx

e=0

da:+F/ vév(é—é) dz > 0,(53)
e=0 Q1UQ9

d:h§ — div(D;(z)VhS) = £;(z, h, ¢ 65(x)), in Qr, i=12, (54)
0y = g(z, h{, hs, ¢ 05(x)), in Qr, (55)
(D;(z)Vh{) -n, =0, onl;r, 1=1,2, (56)
h{(z,0) = (0, Yo, x0) () in Q, (57)
h$(z,0) = (ug, v, wo) () in Qo, (58)
c(z,0) = ¢o(2) in Q; UQy, (59)
and

o/h; — div(D;(2)Vhy) = fi(z, h;, ¢ 05(z)), in Qir, i=1,2, (60)
o0,¢c = g(:c,Hl,Hg,E; 53(:6)), in Qr, (61)

(Di(z)Vhy) -, =0, onTir, i=12, (62)
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hi(z,0) = (o, %o, Xo0) () in Qq, (63)
hy(z,0) = (uo, vo, wo) () in Q,, (64)
¢(x,0) = co(x) in Q; U Q. (65)
Subtracting the system (60) (65) from (54)-(59), dividing by e and using the notation
(21,22,€) = € (hf — hy,h§ — hy, ¢ — €), we deduce the system

Oyz; — div(Dy(2)Vz;) = Fyi(z,2;, & hy, T, 05(2)), in Qir, i=1,2, (66)
0i& = K(w, 21,22, &0y, hy, €, 05(2)), in Qr, (67)
(D;(z)Vz;)-n, =0, onl;r, 1=1,2, (68)
z1(x,0) =0, in Qy, (69)
zs(x,0) =0, in Qo, (70)
&(x,0) =0, in Q; UQy, (71)
where

Fi = —(5'11($> - 511@))% — o1 (z) {¢E%S;<)le + %Zn — g—zb)zzw}

(
~ (001(@) = T (2) )7 — T (@) (2202 + 7€) + (1= wi)hiziz + (bl) — Bl) ) Ty
+b(w) (211 + 212+ 213) = (@) = () = T(@)2n — (k(z) — F(2)) Hip
— k()7 ((290 +P)en + Pz + 902’13>
Fo = (61(2) ~ () %’ L) {w(;%;f) o+ @((%;2@ - (%2213}
+ (001(@) = Fa(2) )7 + Tar () (7211 + 7€) — (1lr) — () )
(@) — (k(z) = K@) )T — B@)d (21 + 2212 + 213
Fig = widizp — (1) = () )X = ()21 — (k(e) — K@) ) ¥

— k:(x)i(zlg + 219 + 2213>,
Fy = — (&32(;1;) — 532(95))@ — Tan(2) (am + ag),

Fy = (632(1') - 532(95))@ + 032(2) (5221 + ﬂf) — eAay,

Fys = eXozo3,

K = {(&13(:5)—513( ))go—i— (023< ) — Tog () ﬁ} (1-72) — (alg(xﬁwgg(@o)@)g

+ (513(x) + 13)(1 —C)zog — [( o(x) ) ]

On the other hand, from (30)-(34) and (66)-(71), we deduce the following identities

gt (p1-21) = ( p1 - div(Dy(2)Vzy) — 2, - AdiV(D1<I>vpl))

+ {(?711 — 511)% + (031 — 531)} (p11 — p12) + bHipiy — (m + kHy)hy - Py,
1
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gt ( P2 Z2) (pz : diV(Dz(I)Vzl) —Zy- AdiV(]D)2($)VP2)> + (532 - 532)(1721 - p22)7

& () = (&13 - 513) (1—0)5s + (053 - 0—23) (1-2)5— (6 —d)e
which implies that

0 0 0
/ QM&(Pl'Zl)dxdt‘i‘/ QQTQ(Pz'Z2)d$dt+//Ta(S§)d$dt

// { { 011 — 011)‘1;[_7? + (031 — 031)] (p11 — p12) + bHip1y — (m + kH;)h, - Pl} dxdt

// (32 — T32) (P21 — poo)dadt
2,T

+ / / o1~ 712) (1~ D) + (o~ 7) (1 )0 — (5 — D)2y der, (72)

by integration on Q1 7, Q21 and @7, respectively. Moreover, we notice that

0 0
/ o 5% (p1 - zl)dmdt—l—/ o 5% (p2 - 22 dmdt—l—// (5€) ddt

— Z/Q(hz(x,T) —h%(z)) - zi(z, T)dx —|—/ (c(z,T) — ™ (2))(w, T)da. (73)

Q1UQ

Then, from (72) and (73) we deduce that

// { [ 011 — 011)H—w + (631 —531)1 (p11 — p12) + bHip11 — (m + kHl)Hl '51} dxdt
1,T

// (032 — T32)(p21 — pag)dadt

2,T

—I—// 5'13—513 (1—E)¢8+<&23—023> 1—5% 3) }dl’dt
T

— Z/Q(hz<13,T) — h;’bs(x)) Zz x, T dx —|—/ CObs(x»g(l',T)d:E. (74)

Qluﬂg

We can conclude the proof of (35) by replacing (74) in (53).

3.4. Proof of Theorem 2.5

3.4.1. Proof of part (i). Let us consider that (hy,hy,s) and (hy, hs, §) are solutions to
the system (18)-(23) with coefficients @ and 6, respectively. Then, to prove the part (i)
of the theorem is enough to get that there exist the positive constant ¥, such that the

estimates
2

<\,
jQ

2

: (75)

L2

H (“3175275) — (hy, hy, §)>(-,t)’

holds for any ¢ € [0,7]. Indeed, let us consider the notation dh; = h, —h;, 0s=§—s,
and 60 = 6 — 6. Then, by the definition of (hy,hy, $) and (hy, hy, s), we have that
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(0hy, 0hy, ds) is the solution of the system
815((5111) — d1V<D1<I>V((5hZ)> == (sz(I, hi, C; Oz(x)), in Qi,T7 1= ]_, 2,

O0y(0¢) = dg(x, hy, hy, ¢; 03(x)), in Qr,

(D;(z)Vh;) -m, =0, onl;r, 1=1,2,

dhy(x,0) =0 in €y,

dho(x,0) =0 in €,

de(x,0) =0 in Q UQy,

where

0fin=—0n [g;;f ?f] —do 11% — 031(¢p — ) — doz1c0 + (1 — wi) M (1/1 ¢)

+b(Hy — Hy) + 8bHy — (7 + B — (m+ KHy)p ) — (9m -+ SkHy)g,

dfi12 = 011 [f:;f }O;f

+ do 11% + 031(¢p — cp) + doz100 — Wi Ay <¢ @/))
1

= (On+ R = (m+ kH)) — (9m -+ SkH )Y,
0f13 = wii (P — ) — ((m +EH)Y — (m+ kHl)X> — (6m + 0kH,)x,
5 for = —032( & — cu) _ Soascu,
8 fan = —63 (cu - cu) F Sogect — EXg( — ), Ofaz =0,

b9 = 013 ((1 = P=)(1 = @) +d15(1 — )@ + 624 (1 = &) — (1 = )0
+ 0093(1 — €)0 — 6(é — ¢) — dc.
Moreover, we observe that the following identities

R A L N R ) P
PR A (@ — )+ Ao, (¥ =) AL
(ep —cp) = p(e—c) +c(p — o),

Hi—H =(@-9)+ @ —v)+ X -x),

(1 + k) — (m 4+ k) = [+ k(L + )| (6~ )

+ (ko) (¥ — ¥) + (ko) (X — x) + Hip(k — k),

¢t — cu = ¢(u—u) +u(é—c),

17

are satisfied. Now, in order to prove (75), we test the equations (76) and (77) by dh;
and Jc, respectively. Then, adding the results and applying the Cauchy inequality, we

deduce the following inequality

5 1 0h, 8ha, 50) ||$2+Z||f V() (it

(\|<6h1,5h2,6c><-,t>||g2 + 136, )2 ).
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with vVID; = diag(v/di1, v/di2, v/di3) and C a positive constant. Then, applying the
Gronwall inequality, we deduce that

1(0hy, 6hy, 6¢) (-, t)[|%2 < exp(CT)||(dhy, 6hy, 6c)(-,0) [ + CT6O(:, 1) 2,
which implies (75) by using (79)-(81).

3.4.2. Proof of part (ii). Let us consider the notation (hy, hy, s), (fll, hy, §), 0h;, 0s, and
90 introduced in the proof of part (i). Moreover, we consider the notation (pi,p2,s)
and (pi1, P2, 5) to the solution of systems of the form (30)-(34) with coefficients and
observations 6, hg** h3’s, s and 6, hos hgbs 9% respectively. Then, the proof of the
part (7i) of Theorem 2.5 is reduced to get that there exist two positive constant Vo, Uy
such that the estimate

1((Br.B2,8) = (p1, P2, ) ) ()]
< |0 — B2 + Wl (B, B5,57) — (PSP, 5™ ) e, (82)

holds for any ¢ € [0, T]. Indeed, let us consider the notation dp; = p; —p; and ds = §—s.
Then, to prove the inequality (82) we proceed in a similar way to the proof of the part
(i), by performing the following three steps, which algebraic details are omitted: (a) we
consider the definition of (p1, P2, §) and (p1, P2, §) and deduce a system for (0py, Ip2, Is).
In this new system we rewritten the reactive terms as linear combination of dp;,ds
and 00; (b) we test the the new system by dp;,dp2 and ds to get a estimate of the
following type

1d -
“oa <5p1, op2, 53) COlZe + D IVDiVepi( )iz
i=1

< B1[|(6p1, 692,35 ) (1) + Ea66) 22,

for some positive constants F; and Ey; (c) applying the estimate (75), rearranging some
terms; integrating on [¢,T]; and using the end conditions; we can deduce (82).

3.5. Proof of Theorem 2.6

We prove the uniqueness by using adequately the stability result of Theorem 2.5 and
the necessary optimality condition of Theorem 2.4. To be more precise, let us consider
that the sets of functions {hy, hs, ¢, p1, p2, s} and {fll, hy, &, P1, Do, §} are solutions to the
systems (18)-(23) and (30)-(34) with the data {6, h¢** h$?* ¢} and {0, hobs hgs, obs},
respectively. From Theorem 2.4 and the hypothesis that 8 and 6 are solutions of (29)
we have that the inequalities

// { [(511 — Uu)ij—d) + (731 — 031)} (p11 — p12) + bHip11 — (m + kHy)hy - pl} dxdt
1,7 1

+ //Q,T(Eﬂ — 032)(p21 — paz)dadl + //QT {(513 - 013> (1—c)ps+ (?23 — 0'23) (1—c)d
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— (0 — 5)c}sdxdt + 5/

Q1

Qo

iy / VO, V(8 — 63)ds| >0, VB € U, (83)
Q1UQ9

and
N N N T
(o, — Ull)ﬁ— + (g, = 031) | (P11 — P12) + bHip — (M + kHy)hy - py p dwdt
1,T 1

+// @ —632)(1521—1322)da:dt+// o —b15) (1= ps + (0, — b25) (1 — &)
Orp 2 o {(_13 ) <_23 )

—@- §)é}sda:dt +6 [ V0,-V(@, ~6))dr+5 [ V8,-V(0, - 0,)dr

Q1 Qo

+6 [ VO V(O,~ 0y)de| 20, V8 € U, (84)

Q1UQ

are satisfied, respectively. In particular, selecting 9=0in (83) and @ = 6 in (84), adding
both inequalities, rearranging some terms, applying the Cauchy-Schwarz inequality, and
Theorem 2.5 we get

T(V(6 - 6)|32
S C(1||0 - 9”]?42 + CQH(hlﬁhQ?é) - (h17h27c)|’?(f2 + Cg||(f)1,1527§) - (plap27 S)H??Q
< (C1 + Gy + C5)|16 — 0|72 + Cs]|(hg, h™, &) — (h$*, b, )|, (85)

for some positive constants C7,C5, (5. Now, considering that 9,0 € ., by the
generalized Poincaré inequality, we have that

16 = 61l < Coi (IV(0 = 6)]1.2 + 116 — 8]l ) = Cpuil V(6 — 6)]| 2.
Then, in (85) we have that
(1= (€1 + Co + C4)Chot ) V(8 = O)[22 < G (B, g™, &) — (" 15, ) [,

Thus, selecting I'* = (C} + Cy + C3)Cpy we deduce the uniqueness up an additive
constant.
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