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Abstract

In this paper we introduce and analyze symmetric and non-symmetric discontinuous Galerkin
methods for the Stokes eigenvalue problem. The formulation is obtained by introducing the so-
called pseudostress tensor and thanks to the structure of the system, the velocity and pressure
variables are eliminated. We propose different DG discretizations to solve the resulting spectral
problem and the convergence analysis is based on the abstract spectral theory for non-compact
operators. We show that the proposed method is spurious modes free and asymptotic estimates for
the eigenvalues and eigenfunctions are proved if the so-called stabilization parameter is sufficiently
large and the meshsize is small enough. We report some numerical experiments to assess the
performance of the methods.
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1. Introduction

The discontinuous Galerkin method (DG) has taken relevance in the recent years to solve
spectral problems (see for instance [1, 5, 6, 14, 16]). Compared with conforming finite elements,
discretisations based on DG methods have a number of attractive features. For instance, the DG
method has the advantage of being flexible in the choice of polynomial degrees, amenable for hp-
adaptivity and relatively simple implementation on highly unstructured meshes. In particular, in
[1], DG methods (symmetric and non-symmetric methods) have been introduced an analyzed for
the Laplace eigenvalue problem. They have proved that for the Hermitian case is possible to obtain
a double order of convergence for the eigenvalues but suboptimal order of convergence for the non-
Hermitian cases. On the other hand, a complete analysis for Maxwell’s eigenvalue problem has been
presented in [6]. The authors have established necessary and sufficient conditions for a spurious
free approximation by an H(curl) interior penalty discontinuous Galerkin method. More recently, a
symmetric DG method has been presented and analyzed in [16] for the elasticity eigenproblem with
reduced symmetry. It has been shown that the proposed scheme provides a correct approximation
of the spectrum and prove asymptotic error estimates for the eigenvalues and the eigenfunctions.
Additionaly in [14], an H(div)-conforming DG method has been studied for the classical velocity-
pressure formulation of the Stokes eigenvalue problem. They proved a priori error estimates for
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the eigenvalues and eigenfunctions. Moreover, an a posteriori error estimator of residual type is
presented.

Now, following the recent work [16], we here propose a new DG discretization for the Stokes
eigenvalue problem, which is based on so-called pseudostress tensor (non-symmetric) of the prob-
lem. We mention that the Stokes eigenvalue problem has attracted much interest since it is
frequently encountered in important applications. For instance, to study the stability of fluid flow
problems and it also appears in the study of the buckling problem of thin plates (see [22]). For
that reason, different finite element formulations to solve this eigenvalue problem have been studied
in the past years. Among the papers on this subject, we cite the following as a minimal sample
[22, 2, 13, 15, 18, 21, 23].

The purpose of the present paper is to introduce and analyze a DG discretization for solving
the Stokes eigenvalue problem. We consider a variational formulation of the problem written in
H(div) as in [21], where an auxiliary variable is introduced, the non-symmetric pseudostress tensor,
and the velocity and pressure are eliminated from the system. We introduce DG discretisations
to approximate the pseudostress tensor by discontinuous finite element spaces of degree k > 1.
Then, we use the abstract spectral theory for non-compact operators (see [8, 9]) to deal with
the continuous and discrete solution operators, which appear as the solution of the continuous
and discrete source problems, and whose spectra are related with the solutions of the eigenvalue
problems. We prove stability of the DG discrete methods considering its symmetric and non-
symmetric nature. This stability will depend on the choice of the so-called stabilization parameter.
Then, we establish that the resulting DG discretizations provide a correct approximation of the
spectrum if the stabilization parameter is sufficiently large and the meshsize h is small enough. We
prove optimal order error estimates for the eigenfunctions and a double order for the eigenvalues
in the symmetric case and sub-optimal order for the non-symmetric methods (cf Theorem 4.4). In
particular, we will see in the numerical tests that the order of convergence for the non-symmetric
methods depend on the choice of the polynomial degree: if the polynomial degree k is odd the
convergence order is k and, if k is even, the convergence order is k + 1. We will also see that the
methods can be affected by the presence of spurious modes if the stabilization parameters are not
chosen appropiately.

The outline of the paper is the following: in Section 2, we describe the continuous problem
in terms of the pseudostress tensor. We recall the spectral characterization of the corresponding
solution operator and the regularity results proved in [21]. In Section 3, we introduce the DG
methods, describing the spaces, the discrete norms and the general framework. We also prove
the stability of the DG methods and we introduce the discrete solution operator. Section 4 is
dedicated to prove error estimates for the eigenfunctions and eigenvalues. In Section 5, we present
some numerical test to assess the performance of the proposed DG methods. Finally, we summarize
some conclusions in Section 6.

We end this section with some of the notations that we will use below. Given any Hilbert space
V, let V™ and V™*" denote, respectively, the space of vectors and tensors of order n (n = 2,3)
with entries in V. In particular, I is the identity matrix of R"*™ and 0 denotes a generic null
vector or tensor. Given 7 := (1) and s := (s;;) € R"*", we define as usual the transpose tensor
T := (75:), the trace tr7 := " | 7;;, the deviatoric tensor 7° := 7 — L (tr7) I, and the tensor
inner product 7 : s:= Y15 Tijsij.

Let Q be a polyhedral Lipschitz bounded domain of R™ with boundary 9. For s > 0, ||-||s.a
stands indistinctly for the norm of the Hilbertian Sobolev spaces H*(Q2), H*(2)™ or H*(Q)™*",
with the convention H?(Q) := L2(Q2). We also define for s > 0 the Hilbert space H*(div,2) :=
{T e H*(Q)"*" : divT € H*(2)"}, whose norm is given by HTH%IS(di“Q) = |72 o + [ldiv T2 g
and denote H(div, Q) := H’(div; Q).




2. The continuous spectral problem

Let © C R™, with n = 2,3, be a bounded and connected Lipschitz domain. We denote by
n the outward unit normal vector to I' := 0Q and assume that I' admits a disjoint partition
I':=TpUTy, we also assume that both I'p and I'y have positive measure.

In what follows, we recall the variational formulation of the Stokes eigenvalue problem proposed
in [21]. Also, we summarize some results from this reference.

The Stokes eigenvalue model problem of our interest is the following: Find nontrivial (X, u,p)
such that (see [18])

—div(Vu) + Vp = Au in€Q,
divu =0 in €,

2.1
u=0 onl'p, 21)
(Vu—pI)n =0 onT'y.
To study this problem, we introduce the so-called pseudostress tensor o := Vu — pI (see

[7, 11, 12]), which will be sought in the following functional space
V:={r € H(div,Q): 7n =0 on I'y}.
Then, we eliminate the pressure p and the velocity w from the above system (see [21] for further
details), to write the following eigenvalue problem: Find A € R and 0 # o € V such that
alo,T) = N\b(o,T) Vrev, (2.2)

where A := 1+ A and the bilinear forms a: V x V = Rand b: V x V — R are defined as
CL(O',T) ::/diva'diVT+/UD:TD7
Q Q
b(U,T) ::/UD:TD.
Q

We note that a shift argument has been used to write (2.2). This has been done in order to analyze
the variational formulation with a well-posed solution operator (cf. (2.3)).

The bilinear form a is V-elliptic as stated in the following result.

Lemma 2.1. There exists a constant o > 0, depending only on §2, such that

a(t,7T) > a||7'||(21iv,sz Vrev.
Proof. See Lemma 2.1 in [20]. O

According to Lemma 2.1, we are in position to introduce the following solution operator T,
defined as follows:

T:V—=YV,

f=>Tf =0, (23)

where & € V is the unique solution, as a consequence of Lemma 2.1 and the Lax-Milgram Theorem,
of the following source problem:

ale,7)=b(f,7) VT eV. (2.4)



Thus, we have that the linear operator T is well defined and bounded. Clearly (\,0) € R x V
solves problem (2.2) if and only of (u = 1/\, o) is an eigenpair of T', with u # 0 and o # 0.
Moreover, the linear operator T is self-adjoint with respect to the inner product a(-,-) in V.

Let
X:={reV:divr =0in Q}. (2.5)

It is clear that T'|x : X — X reduces to the identity, leading to the conclusion that 4 =1 is an
eigenvalue of T' with associated eigenspace X .

In reference [21] has been shown that there exists an operator P : V — V. which satisfies the
following properties:

e P is idempotent and its kernel is given by X;

e There exist C' > 0 and s € (0, 1] depending only on the geometry of Q such that P(V) C
H*(Q)™*™ and || P(7)|ls.0 < C| div 70,0,

e P(V) is invariant for T'. Moreover, P(V) is orthogonal to X with respect to the inner
product a(,-) of V.

As an immediate consequence of the properties listed above, we have that the space V can
be decomposed in the following direct sum ¥V = X @& P(V). Moreover, we have the following
regularity result, which proof follow the arguments of those in [21, Proposition 3.4].

Proposition 2.1. There exists s € (0,1] such that,
T(P(V)) C {T € H*(Q)"*" : divT € H'*(Q)"},
and there exists C' > 0 such that, for all f € P(V), if c* =Tf, then
o ]ls.0 + Idive™(l14s.0 < Ol fllaiv.e;

concluding that T|peyy : P(V) — P(V) is compact.

All the previous results leads to the following spectral characterization of operator T' proved in
Theorem 3.5 of [21].

Lemma 2.2. The spectrum of T' decomposes as follows: sp(T) = {0,1} U {ux }ken, where

o 1 =1 is an infinite-multiplicity eigenvalue of T and its associated eigenspace is X .

e 1, =0 is an eigenvalue of T and its associated eigenspace is

Z={1ecV:1"=0}={ql: ¢ H(Q) and ¢ =0 onX},

o {urtren C (0,1) is a sequence of mondefective finite-multiplicity eigenvalues of T which
converge to 0.

Moreover, the following additional regularity result holds true for eigenfunctions o associated
to some eigenvalue p € (0,1). The proof follow from a classical bootstrap trick.

Proposition 2.2. Let o € V be an eigenfunction associated with an eigenvalue pu € (0,1). Then,
there exists a positive constant C' > 0, depending on the eigenvalue, such that

ollro +[[divel|ii.a < Cllo|ldiv.o,

with r > 0.



3. The DG discretization

In this section we will introduce symmetric and non-symmetric DG discretizations to solve the
Stokes eigenvalue problem. We start with standard definitions, then we introduce the DG spaces,
jumps, averages, and the bilinear forms.

Let 73, be a shape regular family of meshes which subdivide the domain € into triangles/tetrahedra
K. Let hg denote the diameter of the element K and h the maximum of the diameters of all the
elements of the mesh, i.e. h:= maxger, {hx}.

Let F be a closed set. We say that F' C Q is an interior edge/face if F' has a positive (n — 1)-
dimensional measure and if there are distinct elements K and K’ such that ' = K N K’. A closed
subset F' C  is a boundary edge/face if there exists K € Ty, such that F is an edge/face of K
and F' = K N0Q. Let FP) and F? be the sets of interior edges/faces and boundary edges/face,
respectively. We assume that the boundary mesh .7-',? is compatible with the partition 002 =
T'p UT'n; namely,

U F=TIp  and U F=ru,
FeFp FeFl
where FP := {F € F); F C I'p}and F¥ := {F € F?; F C I'y}. Also we denote F, :=
FPUF? and Fy = Fp UFN. Also, for any element K € T, we introduce the set F(K) := {F €
Fr; F C OK} of edges/faces composing the boundary of K.

Let P,,(7;) be the space of piecewise polynomials respect to 7, of degree at most m > 0;

namely,
Py (Th) := {v € L*(Q); 0|k € P (K),VK € Ty} .

For any k > 1, we define the finite element spaces Vj, := Py (75)"*™ and Vj, := V NV. We
observe that the space V7§ is the Brezzi-Douglas-Marini (BDM) finite element space. Now, we
recall some well-known properties of the space V5, (see [4]).

Let IIj, : HY(Q)"*"™ — V5, be he tensorial version of the BDM-interpolation operator , which
satisfies the following classical error estimate, see [3, Proposition 2.5.4],

|7 = 7 lo.q < CR™RERFL 7)), vr e H/(Q)™", t>1/2. (3.6)
Also, for less regular tensorial fields we have the following estimate

|l — 7o < CR([|Tllea + || T]laiv.e) V7€ H(Q)"*" NnH(div,Q) te (0,1/2]. (3.7)

Moreover, the following commuting diagram property holds true:
|div(T — T, 7) 0. = |[[div T — Ry, div 7|jo.0 < CA™MER | div 7|, g, (3.8)
for div T € HY(Q)" and R}, being the L?(Q)"-orthogonal projection onto Py_1(75)".
For any ¢t > 0, we define the following broken Sobolev space

HY(T5)" = {v € L2(Q)"; w|gx € H(K)" VK € Ty}

Now, for v := {vg} € H(T,)" and 7 := {7k} € H!(T,)"*" the components vx and Tx
represent the restrictions v|x and 7|k and, when it is convenient, we will drop the subscript for
these restrictions. The space of the skeletons of the triangulations 7j, is defined by L?(F},) =

HFE]:h L2(F)



In the forthcoming analysis, hr € L2?(F}) will represent the piecewise constant function defined
by hz|r := hp for all F € F},, where hr denotes the diameter of edge/face F'.

Next, for v € HY(75)", with t > 1/2, we define averages {v} € L?(F,)" and jumps [v] € L*(Fy)
as follows

{’U}FZ:(’UK—I—’UK/)/2 and [[’UHFI:'UK“I’LK—I—’UK/-TLK/ VFEf(K)ﬂf(KI),

where ng is the outward unit normal vector to K. Also, on the boundary 02 and for all
F € F(K) N oQ, the averages and jumps are defined by {v}r := vk and [v]p = vk - n,
respectively. For tensorial fields the previous definitions are analogous.

For a tensor field 7 € V), we define div, 7 € L%(Q)" by divy, 7|k = div(7|k) for all K € Ty,
and we endow V(h) :=V + V), with the following seminorm

: ~1/2
|T|%)(h) = [|divy, TH?J)Q + ||hx / [["'HH(QJ,f;,

which is well defined in V(h) and the norm
ITl5c = 715w + 1718 o-
In our analysis, we will need the following discrete trace inequality (see [10])

B2 {v}loF < Cllvloe Vv € Pr(Th). (3.9)

Now, we introduce the symmetric and non-symmetric DG discretizations to solve the Stokes
eigenvalue problem (2.2): Find )\, € C and 0 # o, € V), such that

an(on, Th) = Anb(on, Tn) VTh € Vi, (3.10)

where the bilinear form ay, : Vj, x V), — C is defined by
ap(op, Th) = / divy, o}, - divy, 1), +/ ob T
Q Q

+/P ashz [on] - [74] —/P{divhcrh} Jral —5/ (divy T4} - [on], (3.11)

*
h h h

with ag > 0 is the so called stabilization parameter and € € {—1,0,1}. As is studied in [1], the
Hermitian or non-Hermitian nature of the DG method lies in the choice of . If ¢ = 1 we obtain
the classic symmetric interior penalty method (SIP) as the one studied, for example in [16] for the
elasticity eigenproblem. If ¢ = —1 we obtain the non-symmetric interior penalty method (NIP)
and if € = 0 the incomplete interior penalty method (IIP).

Notice that, for ¢ = 1 all the eigenvalues of the discrete problem (3.10) are real. On the other
hand, in the case of non-symmetric methods is expectable to obtain complex eigenvalues with the
discrete method.

For the analysis, we introduce the following norm

* 1/2 . 1/2
lolbe = (lolbe + [hEH{diva}F =)

It is easy to check that for all o, 7 € V(h), and div o,div T € H(Q)" with ¢ > 1/2, the bilinear
form ay,(-,-) is bounded. In fact, there exists a constant C' > 0, independent of h, such that

|an(e, )| < CllolbellTlbe- (3.12)



Moreover, by means of (3.9) is possible to prove that for all 7, € V) there exists a positive
constant Mpg such that

lan(o, Th)| < Mpcllo||hellTrllbe- (3.13)

In order to analyze the discrete eigenvalue problem (3.10), we need to decompose the space
V5. With this aim, we consider the following subspace of X (cf. (2.5)).

X, :Z{T}LEVZ: diV'Th:O}.

The following result shows the existence of the discrete counterpart of operator P and estab-
lishes an approximation estimate.

Lemma 3.1. There exist a projection Py, : V5 — V; with kernel X} and a constant C > 0,
independent of h, such that

||(P - Ph)T}L”div)Q < ChSHdiVTh”QQ Y15, € v‘;,
where s € (0,1] is such that Proposition 2.1 holds true.

Proof. See [21, Lemma 4.4]. O

The following technical result, proved in [19, Proposition 5.2], will be useful in the forthcoming
analysis.

Proposition 3.1. There exist a projection Ip, : Vi, — V5§, and two constants C,C > 0, independent
of h, such that

B /2
Clirlbe < (1T e+ 10527 7)) <Clirloe ¥reva  (314)
Moreover, we have that
. - —1/2
Idivi(r = Tum) 3o+ Y. h2lr = TurlB x < C b7 2I7112 7 (3.15)

KeTn

with C > 0 independent of h.

Now we will prove that ay(-,-) is elliptic in V}, for any ¢ € {—1,0, 1}.

Lemma 3.2. For any ¢ € {—1,0,1}, there exists a parameter a* > 0 such that for all ag > a*
there holds
an(Th,Th) > apcllTallbe VTR € Vi,

where apg > 0, independent of h.
Proof. First, we have that there exists a positive constant a® (cf. Lemma 2.1) such that
a(th, 7h) = o[ ThllGve  VTHE V.

Hence, there exists an operator © : V; — Vj that satisfies a(74, 071) = a°l|7h|3;y .o, With
107 L]laiv.e < ||Thldiv.0-

Let 7, € V), which we decompose as follows 7y, := 7, + 7§ with 7§ := I,7;, € Vj. Hence

an(Th, 0T, + Tn) = |75 a0 + an (75, Th) + an (T, OTF) + an(Th, Th). (3.16)



Hence, we need to bound the last three terms on the right hand side of the above equality. For
the last term of the right hand side we have

an (T 7)) = |divy, Fall2 o + 17520 + asnh‘l”

—(1+¢) th/Q{dlvh Tntlo, F

1+¢ 1/2 1/2
> aslln "l + (S )( B2 v 7} 3., — 775 )

nllI6 7
[7alllo,5;

2 [Fa]lo.

1+4+¢

—1/2 ~ —-1/2
= el Il s - € (555 ) 17 2Tl

where we have used the decomposition 7, = 7, — 7§, (3.9) and (3.15). Moreover, C is a constant
which depends on the constants of estimates (3.9) and (3.15). Hence

an(Fn, 7n) > (as — C)lIhz [mal I 7 (3.17)

~ (1
with Ch = C (%) > 0 independent of h.

Next, we bound ap, (74, 71) (cf. (3.16)), considering once again the decomposition 7y, := T5+7¢
and applying (3.15) as follows

1/2

an(Th, Th) > —|[|div Ty lo,ol/di (5 )Ploal™ Adiv Ty oz IR 1/2[[Th]]||0]:*
> Ozndwfhnoth‘”[[mﬂnop 03HTC||OQ||mHm—@Hdwrhuonnh‘l [rnlllo.7;
—Cs| 75 llaiv.ollhz [ralllo,z; -
Thus, .
an(m5,70) 2 =530 = Collhz 17118 7 (3.18)

On other other hand, to bound a,(7h,©7%) (cf. (3.16)), we repeat the previous arguments, to
obtain that for any ¢ € {—1,0,1}, there exist C7; > 0, depending on the constants of estimates
(3.9) and (3.15), such that

1/2

an(Th, ©7}) = Crl|mh laiv.ellhz""[Tr]llo,7;,

Hence, we obtain that there exists a positive constant Cg such that
F1,075) > — 2|75 Csllhz *[ralll3 3.19
an(Th, OT}) 2 1 75 ]laiv.0 — Csll [[Th]]Ho,f;- (3.19)

Now, adding (3.17), (3.18) and (3.19), defining a* := % + Cy with Cy = C + Cs + Cy a constant
independent of h, choosing ag such that ag > a* and replacing this in (3.16) we obtain

—1/2
an(r 075+ 71) 2 5 (Irillasvo + 05 2Fradl ;)

Finally, applying (3.14) in the last estimate we conclude the proof. O

Remark 3.1. Notice that Lemma 3.2 holds true for both Hermitian and non Hermitian methods.
Moreover, the stability of the DG method depends on some particular stabilization parameter a*.
This fact will be relevant for the numerical experiments in the sense that the appearance of possible
spurious modes will depend on how small is this parameter.



Since the bilinear form ay, (-, ) is coercive for any € € {—1,0, 1}, we are in position to introduce
the discrete solution operator associated to (3.10):

Ti:v—)vh,

3.20
foTif =5, 3:20)

where &} € V), is the unique solution, as a consequence of Lemma 3.2 and the Lax-Milgram
Theorem, of the following discrete source problem:

ah(&Z,Th):b(f,Th) V1, € V.
Clearly T, is well defined. Moreover, there exists a constant C' > 0 independent of h such that

IT5fllpe < Clflaive YfeV.

It is easy to check that (An,05) € C x V;, is a solution of problem (3.10) if and only if
(n, o) € C x Vy, with up = 1/Ap is an eigenpair of T, i.e.

1
TZO'h = —Op.
h

In what follows, we write T}, instead of T, for simplicity. The following result gives an
approximation property between the continuous and discrete solution operators.

Lemma 3.3. Let f € P(V) and o :=Tf. Then, for any e € {—1,0,1}

M . .
(T —T3)flpe < —= inf ||Tf —7ulpa- (3.21)
apG Th€EVh

where Mpg and apg are the constants of (3.13) and Lemma 3.2, respectively. Moreover, the
following estimate
(T =T flioe < Ch* (15 ]on + [divaliin), (3.22)

holds true with a constant C > 0 independent of h and s € (0,1] as in Proposition 2.1.
Proof. We start by noticing that the DG method is consistent. In fact, we have
an((T=Th)f,7h) =0 Y715, € V). (3.23)

Indeed, since div e € H'#(02)", we have

ap(o,Th) = / div o - divy, 7, —I—/ a7 —/ {dive} - [T4]. (3.24)
Q Q T
It is straightforward to deduce from (2.4)
~V(dive) = f*— &, (3.25)

Moreover

/div&-div;ﬂ'h:— Z / V(dive): 7, + Z
Q K

/ divo T ThNEK
OK

KeTh KeTy
=— Z / V(dive): Ty +/ {dive} - [r1].
KeT, 'K Fi



Substituting back the last identity and (3.25) into (3.24) we obtain
an(o,7h) =b(f,Th) VTH € Vi
and (3.23) follows.

The Céa estimate (3.21) follows in the usual way by taking advantage of (3.23), the discrete
ellipticity, estimate (3.12) and the triangle inequality.

Moreover, we have from (3.21) that

Mp

G~ ~
o —Iho(pe-

(T —Th)fllpe <
apaG

Finally, to estimate the term || — II,o ||}, it is enough to follow the arguments presented in
Theorem 4.1 of [16] and using the regularity result provided by Proposition 2.1.

O

The following two lemmas are technical results that will be used to prove convergence of the
proposed DG discretization.

Lemma 3.4. There exists a constant C' > 0 independent of h, such that for any ¢ € {—1,0,1}
and T €V
H(T - Th)PTHDG S Chs HdiVT||07Q,

with s € (0,1] as in Proposition 2.1.
Proof. The result is a direct consequence of Lemma 3.3 by noticing that To P C {7 € [H*(Q2)"*"] :
divr € H'*5(Q)"} for s € (0,1] due to Proposition 2.1. O
Lemma 3.5. There exists a constant C' > 0 independent of h such that
H(T - Th)ThHDG < Ch* HT}L”DG V1, € V.
with s € (0,1] as in Proposition 2.1.
Proof. For any 7, € V), we consider the splitting 7, = 7§ + 7, with 7§ :=Z),7, € V},. We have
that
(T — Th)‘l'h = (T — Th);h + (T — Th)‘l'z = (T — Th);h + (T — Th)PhTZ,

where the last identity is due to the fact that (I — Ph)TZ € X, and T — T, vanishes identically
on this subspace. It follows that

(T-Tp)1h=(T-TH)7h+ (T —Th)(Py — P)75, + (T —T}p) P15,
Applying triangle inequality with the boundedness of T' and T'j, we have
(T = Th)7hrlpe <I(T —Th)Thlloe + (T —Th)(Pr — P)7illpc + (T = Th)P7|pc
0.0+ (P — P)TZHdiv,Q)

S(HTﬂﬁ([Lz(Q)nan,w + HTh||L([L2(Q)"X"]2,Vh)) (||?h|
+ (T = Th) P73 pe-
Using (3.15), Lemma 3.1 and Lemma 3.4 we have that

[Tnllo.o < ChllThllpe,
[(Pn — P)74|laiv.e < CR®||div T} [0, < Ch®||Th| DG

and
(T = TPl < CH*[div T loa < C*74]lbe,

respectively, which gives the result. O
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4. Convergence and error estimates

In this section we will adapt the results from [8, 9] to establish spectral correctness of the
proposed DG method, as well to obtain error estimates for the eigenvalues and eigenfunctions.

Let L : V(h) — V(h) be the operator defined in V). We define the norm of this operator by

ILll v, veny) ==  sup IL7h]loe
" ozrnevy, |ITnllpe

As a direct consequence of Lemma 3.4 and the density of smooth functions in V, we have the
following properties, P1 and P2, which are all that we need to establish spectral correctness (see
[8]) for all the discrete methods (symmetric or non-symmetric).

e P1. HT — ThHE(vh,,\)(h)) —0ash—0.
e P2. V7 € V, there holds

inf ||7'—7'hHDG —0 as h—0.
EVh

As we mention before, the goal of this section is to obtain convergence and error estimates of
the DG scheme (see [1, 6, 16] for others DG spectral analysis). In order to do this, first we will
prove that the continuous resolvent is bounded in the DG norm.

From now on, D denotes the unitary disk defined in the complex by D := {z € C : |z| < 1}
where z € sp(T).

Lemma 4.1. There exists a constant C > 0 independent of h such that for all z € D\ sp(T) there
holds
|(zI = T)7|pc = Clz|[|T|lpc VT € V(h)

Proof. For 7 € V(h), we introduce
o' =TTteV

and notice that
(z2I —-T)o*=T(zI —T)r.

Since T': V — V is a bounded operator and using the fact that |[(zI — T') ollaiv.o > C|lo | aiv.a
for z ¢ sp(T') (see Proposition 2.4 in [20] for instance), we have that

Cllo*(laiv.o < [[(zI = T)o*|laiv.e < |T(2I — T)7llaiv.e < 1T £(L2(@)n 2,0 |(2I = T)7||lpe-
On the other hand, we have

ITlbe < |27 o laiv.e + 1271 (2 = T)7llpe
< |Z|71 (1 + C”T”L([LZ(SZ)H><n]27v)) ||(ZI — T)T”DG
< [2[T'Cl(+T = T)7lpe.
Hence, C|z|||Tllpa < ||[(2I — T')7||pg, which conclude the proof. O

Remark 4.1. Lemma 4.1 implies that the resolvent of T is bounded. This means that there exists
a constant C > 0 independent of h such that

1(zI = T) " | ceviny vy < C. (4.26)
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Our next goal is to derive the boundedness of the discrete resolvent for i small enough. The
following results give us this property and their proofs are not included since are similar to those
in Lemma 5.1 and Lemma 5.2 of [16].

Lemma 4.2. If z € D\ sp(T), there exists hg > 0 such that for all h < hy,
[(zI = Th)7rllpe > CllTrllpe V7H € Vh,

with C' > 0 independent of h but depending on |z|.

Lemma 4.3. If z € D\ sp(T), there exists hg > 0 such that for all h < hy,
I(zI = Th)7|pc = ClItllpec V7 € V(h),

with C > 0 independent of h but depending on |z|*.

The previous lemma states that if we consider a compact subset E of the complex plane such
that ENsp(T) = @ for h small enough and for all z € E, operator zI — T, is invertible. Moreover,
there exists a positive constant C' independent of h such that ||[(zI — Tx) ™| z(v(n).v(n)) < C for
all z € E. This fact is important since determine that the numerical method is spurious free for h
small enough. This is summarized in the following result proved in [8].

Theorem 4.1. Let E C C be a compact subset not intersecting sp(T'). Then, there exists ho > 0
such that, if h < hg, then ENsp(Th) = 0.

In order to prove convergence between eigenspaces, we introduce the following definitions: let
x € V(h) and E and F be closed subspaces of V(h). We define

§(x,E) := ;relFEHw —vY|lpg, O(E,F):= . ﬁul]lp 15(y,IF).
yek: ||ly|lpa=

Hence, the gap between two closed subspaces is defined by

-~

3(E,F) := max{5(E,F), §(F, E)}.

Let k € (0,1) be an isolated eigenvalue of T and let D an open disk in the complex plane with
boundary « such that & is the only eigenvalue of T lying in D and v Nsp(T') = (). We introduce
the spectral projector corresponding to the continuous and discrete solution operators T" and T,
respectively

= ﬁ L (21 =T)"" dz: V(h) — V(h),
£, = % (I =Tp)"" dz: V(h) — V(i)

.
where &), is well-defined and bounded uniformly in h due (4.26). Moreover, €|y is a spectral
projection in V onto the (finite dimensional) eigenspace €(V) corresponding to the eigenvalue &
of T'. In fact, we have that (see [16] for further details)

EWV(h) = EV).

Moreover, €]y, is a projector in V), onto the eigenspace £5,(V},) corresponding to the eigen-
values of T', : V), — V}, contained in . We also have that

En(V(h) = ER(Vy).

Now, we will compare £,(V5) to £(V) in terms of the gap 8. The proof of the next auxiliary
result follows from the definition of € and &},.
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Lemma 4.4. There exists C > 0 independent of h, such that
1€ = Enlleovi, vy < CIT = Thl v, viny-
The following result will be used to establish the approximation properties of the eigenfunctions
of the continuous problem by means of those of the discrete DG discretisations.

Lemma 4.5. There exists a positive constant C' independent of h such that

SEM).E4(V1)) < C(IT = Tull e vy +SEV). V).

Now, we state the convergence properties of the DG methods.

Theorem 4.2. Let k € (0,1) be an eigenvalue of T of algebraic multiplicity m and let D, be a
closed disk in the complex plane centered at r with boundary v such that D, Nsp(T) = {k}. Let
K1,hy -+ Km(h),n be the eigenvalues of T'p lying in Dy and repeated according to their algebraic
multiplicity. Then, for any DG method defined by e € {—1,0,1}, we have that m(h) = m for h
sufficiently small and

lim max |k — ki | =0.
h—0 1<i<m

Moreover, if E(V) is the eigenspace corresponding to k and E,(V},) is the Th-invariant subspace
of Vi spanned by the eigenspaces corresponding to {k;pn, i =1,...,m} then

lim §(£(V), £1(Vi) = 0.

Proof. See proof of Theorem 5.2 in [16]. O

Remark 4.2. The above result for the eigenvalues k of T' and k; 1, of Ty, yield analogous conclusion
for the eigenvalues A = 1/k of problem (2.2) and the eigenvalues \; p, = 1/K; n of problem (3.10).

Let us introduce the following distance

FEVLV= s el
TEE(V),||ITlpa=1TrEVR

The following results has been proved in [16, Theorem 6.1] for a fixed eigenvalue x € (0,1) of
T.

Theorem 4.3. For h small enough, there exists a positive constant C', independent of h, such that

S(EW), En(V1)) < CE*(E(V), V).

Finally, with the aid of Proposition 2.2, we present the rates of convergence of the proposed
DG methods.

Theorem 4.4. Let r > 0 be such that (V) C {r € H"(Q)"*" : divr € H""(Q)"} (¢f.
Proposition 2.2). Then, there exists C1,Cy > 0, independent of h, such that, for e € {—1,0} we
have

J(En(Vn), E(V)) < Cramintrkl, (4.27)
and .
max |\ — A | < Co ATk} (4.28)
1<i<m ’

Moreover, if e = 1, (4.27) holds true and there exists C3 > 0, independent of h, such that
max |\ — A | < Cg p2min{rk} (4.29)

1<i<m
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Proof. To obtain (4.27) we follow the arguments presented in Theorem 6.2 of [16]. Notice that
(4.28) is a direct consequence of (4.27).

To prove the double order of convergence in the case ¢ = 1, we procede as follows: let
K1,hs- -, Km,n be the eigenvalues of T, : V), — V), lying in D,; and repeated according to their
algebraic multiplicity.

Let o; 1, be the eigenfunction corresponding to s, j, and satisfying ||o||peg = 1. We know from
Theorem 4.3 that, if h is sufficiently small,

0(on, E(V)) < CS*(E(V), Vh).

Then, there exists an eigenfunction o € £(X) satisfying

lon — allpe = d(on, E(V)) <HELVL), E(V)) < C6*(E(V), Vi) — 0,

as h — 0 and hence, we prove a lower and upper bound of ||o||pg with a constant independent of
h.

On the other hand, proceeding as in the proof of the consistency property in Lemma 3.3 we
obtain that
ap(o,Th) = Ab(o,Th) VTh € Vi, (4.30)

where from now on, we work with the eigenvalues A = 1/ and \; ;, = 1/, 5 (cf. Remark 4.2).

Now, with the aid of (4.30), it is easy to show that the identity
ap(o —op, 0 —0op) —Nb(o —op, 0 —0op) = (Ain — ) blon,oh)
holds true. On the other hand, due Lemma 3.2 we have that

ap(oh,on) > 04DG||‘7hH2DG >0>0
|)\i,h| - |)‘i,h| B

b(ah,ah) =
Since ap(+,-) and b(-,-) are bounded bilinear forms, we have
Clhin = Al < lan(o = on.o —on)| + [M[b(o — o, 0 —04)] < C(llo = anllpe)”
By definition of || - ||} we have
lo = anllbe = lo = anloe + [hE*{div(e — ou)} ;- (4.31)
Clearly we have
lo = onllpe < C6™ (E(V), Vi) < C™™ M (a0 + [[div aliir0) < CPMH|o|aiy 0,

where we have used Proposition 2.2.

To bound the second term in (4.31), we follow the arguments in the proof of Theorem 6.2 of
[16], which is enough conclude the proof. O

5. Numerical results

This section is dedicated to report some numerical results for the three different DG discretiza-
tions to solve the Stokes eigenvalue problem introduced in (3.10) and obtained with € € {—1,0,1}.
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These results have been obtained using a FEniCS code [17]. We will present two different situa-
tions: The first consists in apply the method to solve the Stokes eigenvalue problem considering
mixed boundary conditions to observe if the method introduce spurious eigenvalues. In particular,
we will analyze the influence stabilization parameter ag. We note that others spectral analysis
using DG methods introduces spurious eigenvalues (see for instance [16]). On the other hand, in
the second test we apply the method considering homogeneous Dirichlet conditions in order to
approximate smooth eigenfunctions and obtain rates of convergence. These two scenarios will be
tested for the SIP (¢ = 1), NIP (¢ = 0) and ITP (¢ = 0) methods in order to compare them.

From now and on, the stabilization parameter ag in the bilinear form ay(-,-) in problem (3.10)
will be chosen proportionally to the square of the polynomial degree k as ag = ak? with a > 0.
Also, in the tests we will consider uniform and non-uniform meshes. In the former case, we consider
the following meshes.

Figure 1: Uniform meshes

In Figure 1 the parameter N is the refinement level and is related to the number of elements
on each edge. Non-uniform meshes will be considered for certain tests, which are created with the
FEniCS command “generate-mesh”.

5.1. The SIP method

5.1.1. Square domain with mized boundary conditions.

In the following experiment we will consider the unit square © := (0,1)? as computational
domain. We will impose mixed boundary conditions in the sense that the bottom of the square is
I'p and the rest of the boundary is T'y (cf. (2.1)). We start by determining a reliable stabilization
parameter ag for the SIP method. This is relevant since according to Lemma 3.2, the DG method
is stable when ag > a*. Moreover, we have proved that the spectral correctness is guaranteed if
ag large enough and the mesh size h is sufficiently small.

In Tables 1, 2, 3 and 4 we report the first ten computed eigenvalues on a fixed uniform mesh
with refinement level N = 8 and for different values of a = 1/2,1,2,4,8, obtained with the SIP
discrete method and with different polynomial degrees k = 2, 3,4, 5, respectively.
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a=1/2 a=1 a=2 a=4 a=38
2.4673952 2.4674098 2.4673988 2.4674009 2.4674027
6.2783711 6.2783205 6.2786077 6.2786461 6.2786916
15.2050875 13.8080740 15.2048401 15.2070648  15.2075325
22.2022769 15.2299336 22.2044904 22.2064982  22.2078141
26.9367195 17.3551502 26.9393017 26.9471212  26.9491043
43.1056252 22.2101498 27.2595556 43.1376899  43.1479911

48.2638010 26.9399936 30.8054160 48.3254124  48.3358111
61.5890137 43.1227662 43.1497375 61.6831890  61.7107090
64.1452024 48.3054908 48.3070401 64.2950564  64.3252159

74.9906822 49.7022276 61.6537505 75.1861780  75.2318836

Table 1: Computed eigenvalues for k = 2, refinement level of the mesh N = 8 and different stabilization values.

a=1/2 a=1 a=2 a=4 a=38
2.4674011 2.4674011 2.4674010 2.4674011  2.4674011
6.2791864 6.2791542 6.2791872  6.2791866  6.2791870

15.2086573 6.4680014 15.2086789  15.208673  15.208676
22.2066096 6.5053145 22.2066065  22.206612  22.206614
26.9479205 15.208699 26.9479235  26.947926  26.947935
43.1405126 22.206666 43.1407403  43.140792  43.140827
48.3293767 26.947820 48.3317069  48.331680  48.331792
50.9847437 30.970406 61.6847900  61.685202  61.685275
59.1914865 31.290172 64.2981726  64.298195  64.298384
61.6796639 43.141623 75.1925479  75.192869  75.193319

Table 2: Computed eigenvalues for k = 3, refinement level of the mesh N = 8 and different stabilization values.

a=1/2 a=1 a=2 a=4 a=38
2.4674011 2.4674011 2.4674011 2.4674011 2.4674011
6.2793050 6.2793049 6.2793047 6.2793052 6.2793052

15.2000382 1520903904 152090336  15.2090388  15.2090390
22.2066099  22.2066099  22.2066099  22.2066099  22.2066099
26.9482072  26.9482055  26.9482059  26.9482120  26.9482122
43.1412120 | 42.2740886 | | 42.7979738 | 43.1412164  43.1412169
48.3337162  43.1411912  43.1411873  48.3337694  48.3337722
61.6850268  48.3337745  48.3335293  61.6850281  61.6850284
64.2094996  61.6850277 [ 50.2928849 |  64.2095149  64.2995175

75.1957131 62.7115948 61.6848550 75.1958427  75.1958505

Table 3: Computed eigenvalues for k = 4, refinement level of the mesh N = 8 and different stabilization values.
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a=1/2 a=1 a=2 a=4 a=38

2.4674011 2.4674011 2.4674011 2.4674011 2.4674011
6.2793410 6.2793410 6.2793410 6.2793410 6.2793410

8.7584062 14.7272349 15.2091513  15.2091514  15.2091514

8.9525072 14.7446998 22.2066099  22.2066099  22.2066099
15.2091529 15.2091514 26.9482991  26.9482992  26.9482992
22.2066099 22.2066099 43.1413650  43.1413653  43.1413654
26.9482988 26.9482991 48.3344357  48.3344376  48.3344379
43.1413660 43.1413652 61.6850275  61.6850275  61.6850275
48.3344338 48.3344342 64.3000074  64.3000092  64.3000095

61.6850275 60.9324690 75.1969504  75.1969556  75.1969564

Table 4: Computed eigenvalues for k = 5, refinement level of the mesh N = 8 and different stabilization values.

In Tables 1, 2, 3 and 4, the eigenvalues inside boxes correspond to spurious eigenvalues. Thus,
the present DG method (SIP) introduces spurious eigenvalues if the stabilization parameter is not
sufficiently large. We observe from these tables that for all polynomial degrees, when the parameter
a increases, these spurious eigenvalues vanishes from the spectrum. From these results we observe
that for a = 8 there is no presence of spurious eigenvalues in all the tables.

5.1.2. Square domain with smooth eigenfunctions.

The aim of this test is to determine the convergence rate of the SIP method. For this numerical
experiment we consider the square domain € := (—1,1)? as computational domain. We will
consider the boundary condition u = 0 on the whole boundary.

We report in Table 5 the six lowest eigenvalues computed with the SIP method and with
a = 10 (to avoid the presence of possible spurious eigenvalues). The polynomial degrees are given
by k =1,2,3. We consider non-uniform meshes with N = 10, 20, 30,40. The table includes orders
of convergence as well as accurate values extrapolated by means of a least-squares fitting. In the
two last columns of the table, we show the values obtained by extrapolating those computed with
different finite element methods, applied to solve the same problem, presented in [21] and [18],
respectively.
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k | N=10 N=20 N=30 N=40 | Order | Xewtr | [21] | [1§]
13.23530  13.12312  13.10301  13.09557 | 2.03 | 13.08683 | 13.0860 | 13.086
23.46703  23.14735  23.08195 23.06083 | 1.88 | 23.02751 | 23.0308 | 23.031

L 23.48255  23.14789  23.08326  23.06087 | 1.94 | 23.02986 | 23.0308 | 23.031
3291691 3228099  32.15261  32.10993 | 1.89 | 32.04518 | 32.0443 | 32.053
39.73787  38.85144  38.67522 38.61419 | 1.90 | 38.52632 | 38.5252 | 38.532
43.21970 4214111  41.92730  41.85513 | 1.91 | 41.74927 | 41.7588 | 41.759
13.08798  13.08629 13.08619 13.08618 | 3.94 | 13.08617 | 13.0860 | 13.086
23.04090  23.03171  23.03122 23.03113 | 3.99 | 23.03109 | 23.0308 | 23.031

) 23.04164 23.03172  23.03123  23.03113 | 4.08 | 23.03110 | 23.0308 | 23.031
3207787  32.05408  32.05274  32.05250 | 3.92 | 32.05239 | 32.0443 | 32.053
38.57979  38.53426  38.53194 38.53154 | 4.07 | 38.53138 | 38.5252 | 38.532
41.80864 4176061 41.75795 4175750 | 3.95 | 41.75728 | 41.7588 | 41.759
13.08618 13.08617 13.08617 13.08617 | 6.19 | 13.08617 | 13.0860 | 13.086
23.03117  23.03109  23.03109  23.03109 | 5.92 | 23.03109 | 23.0308 | 23.031

3 23.03118  23.03109  23.03109  23.03109 | 6.10 | 23.03109 | 23.0308 | 23.031
32.05276  32.05240  32.05239  32.05239 | 6.10 | 32.05239 | 32.0443 | 32.053
38.53189  38.53137 38.53136  38.53136 | 5.92 | 38.53136 | 38.5252 | 38.532
4175803 4175730 4175729 4175729 | 6.00 | 41.75729 | 41.7588 | 41.759

Table 5: Lowest computed eigenvalues for polynomial degrees k = 1,2,3, a = 10.

In this case, since € is convex, the problem have smooth eigenfunctions, as a consequence, when
using polinomial degree k, the order of convergence is 2k as the theory predicts (cf. Theorem 4.4).
Moreover, the results obtained by the three methods agree perfectly well.

5.2. The NIP method

Let us recall that the NIP method is obtained by taking e = —11in (3.11). The first tests consists
in the observation of spurious eigenvalues with the NIP method. As in the SIP method, we know
that the appearance of spurious eigenvalues depend on the choice of the stabilization parameter,
so we are interested in determine a reliable value of ag and compare it with the observed for the

SIP method.

In this numerical test, we take the same configuration of the problem as in Section 5.1.1. We
also consider different polynomial degress and once more, we fix N = 8 as refinement level for the

mesh.
a=1/16 a=1/8 a=1/4 a=1/2 a=1
2.4721900 2.4719820 2.4716086 2.4710183 2.4702292
6.2867722 6.2876798 6.2874953 6.2864875 6.2848802
15.3436563 15.3430793  15.3344816  15.3178801  15.2945247
22.5758800 22.5672129  22.5403719  22.4944190  22.4320860
27.2535812 27.2705417  27.2565378  27.2183176  27.1617122
44.4811198 44.4559551  44.3741072  44.2123471  43.9860753
47.8366427 49.1414414  49.1512947  49.0631795  48.9128539
47.8658246 64.2105023  64.1241730  63.8165901  63.3669044
47.8658246 66.4074400  66.3880515  66.1610536  65.7894196
48.2260686 78.1827930  78.1523273  T7.8113776  77.2682228

Table 6: Computed eigenvalues for k = 2, refinement level of the mesh N = 8 and different stabilization values.
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a=1/16 a=1/8 a=1/4 a=1/2 a=1

2.4674071 2.4674061 2.4674050 2.4674039 2.4674030
6.2791238 6.2791444 6.2791633 6.2791814 6.2791947
15.2097172  15.2096509  15.2095048  15.2093382  15.2091780
22.2109165  22.2102393  22.2094497  22.2086809  22.2080315
26.9498165  26.9498169  26.9496152  26.9493860  26.9491478
43.1701050  43.1662597  43.1612684  43.1561487  43.1516245
48.3415270  48.3435730  48.3429551  48.3415116  48.3397671
61.7736247  61.7598178  61.7440082  61.7284035 61.7149867
64.3766118  64.3702919  64.3580404  64.3442239  64.3314399
75.2957059  75.2925537  75.2776318  75.2593133  75.2416689

Table 7: Computed eigenvalues for k = 3, refinement level of the mesh N = 8 and different stabilization values.

a=1/16 a=1/8 a=1/4 a=1/2 a=1

2.4674007 2.4674008 2.4674008 2.4674008 2.4674009
6.2793114 6.2793111 6.2793103 6.2793092 6.2793081
15.2090047  15.2090065  15.2090084  15.2090117  15.2090170
22.2063854  22.2063998  22.2064222  22.2064539  22.2064926
26.9480089  26.9480258  26.9480473  26.9480762  26.9481107
43.1396640  43.1397720  43.1399213  43.1401316  43.1403915
48.3327684  48.3328818  48.3330010  48.3331479  48.3333152
61.6804055  61.6807669  61.6812586  61.6819186  61.6826970
64.2956445  64.2959311  64.2962817  64.2967717  64.2973955
75.1890992  75.1897554  75.1904693  75.1913947  75.1925052

Table 8: Computed eigenvalues for k = 4, refinement level of the mesh N = 8 and different stabilization values.

We observe in Tables 6, 7 and 8 that, contrary to what happened with the SIP method for the
same problem, the NIP method needs smaller stabilization parameter to avoid spurious eigenvalues.
Moreover, clearly spurious eigenvalues vanish when we increase the polynomial degree, leaving the
physical spectrum clean. This phenomenon does not occur with the symmetric method, and it is
a clear advantage to calculate the physical eigenvalues.

Now, our aim is to analyze the order convergence of the NIP method. With this goal, we
consider the same computational domain and boundary conditions as in Section 5.1.2.

We report in Table 9 the six lowest eigenvalues computed with the NIP method and with
a = 2. The polynomial degrees are given by k = 1,2,3,4. We consider uniform meshes with
N =10, 20, 30,40. The table includes orders of convergence as well as accurate values extrapolated
by means of a least-squares fitting. In the two last columns of the table, we show the values obtained
by extrapolating those computed with different finite element methods presented in [21] and [18§],
respectively.
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k | N=10 N=20 N=30 N=40 | Order | Xewtr | [21] | [1§]

12.28911  12.88060  12.99430  13.03440 1.94 13.08900 | 13.0860 | 13.086
20.31663  22.30382  22.70387  22.84625 1.87 23.05260 | 23.0308 | 23.031
20.94590  22.49347  22.79091  22.89575 1.94 23.03865 | 23.0308 | 23.031
27.57492  30.83654  31.50459  31.74283 1.85 32.09233 | 32.0443 | 32.053
31.97605  36.76939  37.73881  38.08373 1.87 38.58001 | 38.5252 | 38.532
34.19537  39.69930  40.82883  41.23233 1.84 41.83386 | 41.7588 | 41.759
13.22024  13.12045 13.10147  13.09479 1.96 13.08590 | 13.0860 | 13.086
23.38718  23.12303  23.07220  23.05427 1.94 23.02991 | 23.0308 | 23.031
23.48972  23.15049  23.08456  23.06124 1.93 23.02951 | 23.0308 | 23.031

2 32.81717  32.25537  32.14363  32.10392 1.89 32.04759 | 32.0443 | 32.053
39.64207  38.82517  38.66331  38.60583 1.90 38.52547 | 38.5252 | 38.532
43.06625  42.10278  41.91235  41.84481 1.90 41.74981 | 41.7588 | 41.759
13.08747  13.08625 13.08619  13.08618 3.98 13.08617 | 13.0860 | 13.086
23.03624  23.03143  23.03116  23.03112 3.96 23.03110 | 23.0308 | 23.031

3 23.03946  23.03163  23.03120  23.03113 3.97 23.03110 | 23.0308 | 23.031
32.07150  32.05363  32.05264  32.05247 3.95 32.05239 | 32.0443 | 32.053
38.56114  38.53330 38.53175  38.53149 3.94 38.53136 | 38.5252 | 38.532
41.79517  41.75974  41.75778  41.75745 3.95 41.75729 | 41.7588 | 41.759
13.08606 13.086 13.08617  13.08617 3.89 13.08617 | 13.0860 | 13.086
23.03042 23.031 23.03109  23.03110 3.80 23.03110 | 23.0308 | 23.031

4 23.03067 23.031 23.03109  23.03110 3.83 23.03110 | 23.0308 | 23.031

32.05094 32.052 32.05237  32.05239 3.69 32.05240 | 32.0443 | 32.053
38.52909 38.531 38.53133  38.53135 3.71 38.53137 | 38.5252 | 38.532
41.75444 41.757 41.75725  41.75728 3.71 41.75730 | 41.7588 | 41.759

Table 9: Lowest computed eigenvalues for polynomial degrees k = 1,2,3,4, a = 2.

We observe in this case that the order of convergence depends on the polinomial degree. How-
ever, we observe in the column \..+ that the computed extrapolated values converge to those in
the reference columns. More precisely, with respect to the convergence rates, we note that when
the polynomial degree is even, the order convergence is O(h¥) as the theory predicts (cf. (4.28)).
We observe that in this case the eigenfunctions are smooth. On the other hand, for odd polynomial
degrees we see a superconvergence of the scheme (the order is O(h¥*1)). This fact has been also
seen in [5] where a DG method has been analyzed for the Maxwell’s eigenvalue problem.

5.3. The IIP method

In this section, we report numerical results using the ITP method to solve the eigenvalue prob-
lem. We recall that we obtain the ITP method considering e = 0 in (3.11). We have repeated
the same experiment presented in Section 5.1.1. We have observed that the spurious eigenvalues
behave in a similar way as in the NIP case. For that reason, we do not include tables about this
subject.

Now, our aim is to analyze the orders convergence of the ITP method to see if the behavior is
similar as in NIP method. We take the same configuration of the domain as in Section 5.1.2.

We report in Table 10 the six lowest eigenvalues computed with the ITP method and with
a = 2. The polynomial degrees are given by £ = 1,2,3,4. Once again, we used uniform meshes
with N = 10,20,30,40. The table includes orders of convergence as well as accurate values
extrapolated by means of a least-squares fitting. In the two last columns of the table, we show the
values obtained by extrapolating those computed with different finite element methods presented
in [21] and [18], respectively.
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k | N=10 N=20 N=30 N=40 | Order | Xewtr | [21] | [1§]

12.15236  12.84090 1297615  13.02409 1.91 13.09081 | 13.0860 | 13.086
19.95157 2217805  22.64447  22.81211 1.81 23.06783 | 23.0308 | 23.031
20.58540  22.38289  22.73984  22.86663 1.89 23.04710 | 23.0308 | 23.031
26.97658  30.61619  31.39938  31.68215 1.77 32.12968 | 32.0443 | 32.053
31.16720  36.45615  37.58787  37.99639 1.78 38.63512 | 38.5252 | 38.532
33.26501  39.33555  40.65254  41.13008 1.76 41.88800 | 41.7588 | 41.759
13.19299  13.11334  13.09828  13.09299 1.97 13.08602 | 13.0860 | 13.086
23.31856  23.10478  23.06399  23.04963 1.95 23.03021 | 23.0308 | 23.031
23.39557  23.12509  23.07311  23.05477 1.94 23.02980 | 23.0308 | 23.031

2 32.66925  32.21382  32.12475  32.09321 1.92 32.04989 | 32.0443 | 32.053
39.42492  38.76485  38.63596  38.59036 1.92 38.52748 | 38.5252 | 38.532
42.80949  42.03174  41.88019  41.82660 1.92 41.75238 | 41.7588 | 41.759
13.08720  13.08624  13.08619  13.08618 3.98 13.08617 | 13.0860 | 13.086
23.03516  23.03136  23.03115  23.03111 3.96 23.03111 | 23.0308 | 23.031

3 23.03766  23.03152  23.03118  23.03113 3.96 23.03111 | 23.0308 | 23.031
32.06743  32.05337  32.05259  32.05246 3.94 32.05239 | 32.0443 | 32.053
38.55471  38.53289  38.53167  38.53146 3.93 38.53136 | 38.5252 | 38.532
41.78697  41.75922  41.75768  41.75742 3.94 41.75729 | 41.7588 | 41.759
13.08609  13.08617  13.08617  13.08617 3.90 13.08617 | 13.0860 | 13.086
23.03059  23.03106  23.03109  23.03110 3.82 23.03110 | 23.0308 | 23.031

4 23.03078  23.03108  23.03109  23.03110 3.85 23.03110 | 23.0308 | 23.031

32.05130  32.05231  32.05238  32.05239 3.73 32.05240 | 32.0443 | 32.053
38.52967  38.53124  38.53134  38.53136 3.73 38.53137 | 38.5252 | 38.532
41.75516  41.75713  41.75726  41.75728 3.73 41.75730 | 41.7588 | 41.759

Table 10: Lowest computed eigenvalues for polynomial degrees k = 1,2,3,4, a = 2.

We observe from Table 10 the same behavior as in NIP method (cf. Table 9). More precisely,
it can be seen that for even polynomial degrees, the order of convergence is O(h*) and for odd
polynomial degrees we observe a superconvergence O(h**1). Once again, the results obtained by
this method agree perfectly well with the ones reported in the references.

Remark 5.1. For the NIP and IIP (non-symmetric) methods we have used uniform meshes to
solve the discrete eigenvalue problem and in this case we have obtained only real eigenvalues. We
have also tested the methods with non-uniform meshes and we have observed the presence of complex
eigenvalues with an imaginary part close to zero. This has been also observed in other DG spectral
analysis (see for instance [5]).

6. Conclusions

We have presented DG discretizations (symmetric and non-symmetric) to solve the Stokes
eigenvalue problem where the pseudostress tensor is the unknown. We have established spectral
correctness for large enough stabilization parameter and sufficiently small meshsize h. We have seen
that the methods introduce spurious eigenvalues for small values of the stabilization parameter.
Moreover, we have show that for large enough stabilization parameter, the spurious eigenvalues
vanishes for all the methods. In fact, for the SIP method (symmetric) the spurious eigenvalues
needs a larger stabilization parameter to avoid the spurious modes compared with the NIP and ITP
methods (non-symmetric). We have obtained error estimates for eigenfunctions and eigenvalues
for each method. In particular, we have prove a double order of convergence for the SIP method.
We have seen a superconvergence for the NIP and IIP methods in the case of odd polynomial
degrees.
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