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A POSTERIORI ERROR ESTIMATES FOR MIXED VIRTUAL ELEMENT
METHODS

ANDREA CANGIANI' AND MAURICIO MUNAR?2

Abstract. We present an a posteriori error analysis for the mixed virtual element method (mixed
VEM) applied to second order elliptic equations in divergence form with mixed boundary conditions.
The resulting error estimator is of residual-type. It only depends on quantities directly available from
the VEM solution and applies on very general polygonal meshes. The proof of the upper bound re-
lies on a global inf-sup condition, a suitable Helmholtz decomposition, and the local approximation
properties of a Clément-type interpolant. In turn, standard inverse inequalities and localization tech-
niques based on bubble functions are the main tools yielding the lower bound. Via the inclusion of
a fully local postprocessing of the mixed VEM solution, we also show that the estimator provides a
reliable and efficient control on the broken H(div)-norm error between the exact and the postprocessed
flux. Numerical examples confirm the theoretical properties of our estimator, and show that it can be
effectively used to drive an adaptive mesh refinement algorithm.

Mathematics Subject Classification. 65N30, 66N12.

1. INTRODUCTION

The Virtual Element Method (VEM) was originally introduced in [5] for the solution of elliptic problems,
followed by the mixed VEM proposed in [15]. Subsequently, new mixed VEMs have been analysed for the
solution of the Stokes, Navier-Stokes, and Brinkman problem [3,8,9,17,18,21, 30, 34].

One of the defining characteristics of the VEM is that it allows for the use of very general polygonal and
polyhedral meshes. As such, it naturally lends itself as a flexible solution step within automatically adaptive
algorithms. Indeed, mesh refinement and coarsening strategies can be implemented very easily and efficiently
as, for instance, hanging nodes are simply treated as new nodes, with no detrimental affect on the quality of
the approximation. Moreover, it has been shown that the VEM in primal form allows for extremely aggressive
mesh adaptation producing strongly solution-adapted polygonal meshes [20].

In this respect, the design and analysis of adaptive mesh refinement strategies based on robust a posteriori
error indicators for the VEM approach and, in particular, for the mixed-VEM is an attractive proposition.

Several error estimators have been proposed in the context of VEM for primal forms (see, e.g., [12,13,20,24,
31,32]). Firstly, the authors of [12] proposed a posteriori error bounds for the C'-conforming VEM for the two-
dimensional Poisson problem. Next, a posteriori error bounds for the C°-conforming VEM for the discretization
of second-order linear elliptic reaction-convection-diffusion problems with nonconstant coefficients in two and
three dimension were proposed in [20], whereas a residual-based a posteriori error estimator for the VEM
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discretization of the Poisson problem with discontinuous diffusivity coefficient was introduced and analysed
in [13]. Moreover, in [31] and [32], the authors developed a posteriori error analysis of a VEM approach for the
Steklov eigenvalue problem and the spectral analysis for the elasticity equations, respectively. Finally, in [24]
a general recovery-based a posteriori error estimation framework for the VEM of arbitrary order on general
polygonal/polyhedral meshes has been developed. A posteriori analises of other techniques of mixed-type on
general meshes have been presented in [25] for the Mixed High-Order method, in [10] for the Mimetic Finite
Difference method, and in [36] for lowest-order locally conservative methods. However, to the best of our
knowledge, no a posteriori error analysis for mixed VEM is available from the literature.

The aim of this paper is to introduce the basic tools to develop the a posteriori error analysis for the
mixed VEM. To this end, we consider a second order elliptic equation in divergence form with mixed boundary
condition, discretised using the basic mixed VEM of [7]. As usual in the VEM approach, we introduce fully
computable approximations for the virtual approximation of the flux variable and establish its corresponding a
priori error estimates. In particular, in order to improve on the sub-optimal order provided by the computable
component of the flux variable in the broken H(div)-norm, observed numerically in [29], we follow [18] and
construct by postprocessing second computable approximation of the flux variable, which has an optimal rate
of convergence in the aforementioned norm.

The a posteriori error analysis is based on a global inf-sup condition coming from the well-posedness of the
continuos problem. Upper bounds are shown for the scalar variable in the L?-norm, the VEM flux variable in
the H(div)-norm, its projection in the L2-norm, and postprocessing in the broken H(div)-norm. The proof uses
properties of the interpolation operator associated to the virtual subspace of the flux variable and Clément-type
interpolation operators, together with a suitable Helmholtz decomposition. Moreover, some inverse inequalities
and localization techniques based on bubble functions will serve to show a lower bound for the error. In this
way, we are able to establish the equivalence up to virtual inconsistency terms between the error and the error
estimator for the postprocessing of the virtual element approximation, measured in the broken H(div)-norm.

1.1. Outline

The remainder of the paper has been structured as follows. In what is left of this section, we introduce
some standard notations and the required functional spaces. In Section 2 we introduce the model problem and
presents the associate variational formulation. In Section 3, we present the mixed virtual element scheme. The
a posteriori error analysis is laid down in details in Section 5. In Section 6, we propose an adaptive algorithm
and test its effectiveness with some numerical examples. Finally, in Section 7 we give some concluding remarks.

1.2. Preliminaries

Let us assume that 2 C R? be a bounded domain with polygonal boundary I'. We denote by v the outward
unit normal vector to the boundary I'. Moreover, we assume that I' admits a disjoint partition I = T'p U Ty,
where I'p and T’y are open subsets of I', with |T'p|, |[T'n| # 0.

For s > 0, the symbol |- | o stands for the norm of the Hilbertian Sobolev spaces H*(€2), with the convention
HO(Q) := L2(Q2). We also define the Hilbert space

H(div; Q) := {’T € [LA2(Q)?: divr € LQ(Q)}7

whose norm is given by [|7(|%;,. := 7[5 o + ldiv 7||§ o Hereafter, we use the following notation for any vector
field T = (7;)i=12 and any scalar field v:

divr =011 + Oama rotT =017 — 0271 and  rotwv := (v, —8lv)t )
Additionally, we need to introduce the following spaces

H:= {TEH(div;Q): T-v=0 on FN} and Q:=1%Q), (1)
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endorsed with the norms
17l = [I7llo.o + [[divlloe and [lv]q := [lv[oq-
Furthermore, we make use of the product space H x ) with the norm
(7, )l Exq = lI7lla + [lvlq-
In addition, we will denote with ¢ and C, with or without subscripts, tildes, or hats, a generic constant
independent of the mesh parameter h, which may take different values in different occurrences.

2. THE MODEL PROBLEM

We consider the problem
—div(kVu)=f in Q, u=g on I'p and (kVu)-v=0 on Ty, (2)

where f € L2(2), g € H/?(I'p) and & € [L>°(92)]?*? is an uniformly positive definite tensor, which is assumed
to be known. In particular, we denote by x* the positive constant satisfying

KT C2 R, Ve LAQ). 3)

By introducing the flux variable o := kVu in 2 as additional unknown, a mixed variational formulation of
(2) becomes:
Find (o,u) € H x @ such that

alo,T)+b(t,u) = (T-v,9)r, V1reH,

(4)
blo,v) = —/va Yve@,

where (-,-) stands for the duality pairing between H-'/2(I'p) — HY2(T'p). In turn, a : H x H — R and
b: H x Q — R are the bounded bilinear forms defined by

a(o,7) ::/lea-r, and  b(r,u) ::/udivr. (5)

Q

Under the assumptions on k, f and g, the existence and uniqueness of the weak solution of (4) is consequence
of the Babuska-Brezzi theory.

3. THE VIRTUAL ELEMENT METHOD

Let {Txn}r>0 be a family of decompositions of € into open non-overlapping polygonal elements. Then, for
each K € 7T, we denote its diameter by hg, and also, as usual, h := max {hK K e E} In what follows we

make the following mesh regularity assumptions which are standard in this context (cf. [5,15]).

Assumption 3.1. The family of decompositions {Ty}n>o satisfies:

a) the ratio between the shortest edge and the diameter hyi of K is bigger than Cr, and
b) K is star-shaped with respect to a ball B of radius CThg and center xp € K.
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Remark 3.2. The above assumptions imply that each K € 7Tj, is simply connected and that there exists an
integer N7 (depending only on C7), such that the numbers of edges of each K € T}, is bounded above by N7
Moreover, as each element K is star-shaped, it admits a sub-triangulation 7, obtained by joining each vertex
of K with a point with respect to which K is starred. And the uniform bound on the diamater of the mesh
edges ensures that the resulting global triangulation ’7/'\h = U ’EK is shape-regular. We finally note that the

KeTh
above assumptions allow for very general possibly non-convex polygonal elements. In particular, they permit

the natural incorporation of so-called hanging nodes, thus completely avoiding the need of removing hanging
nodes typical of standard mesh adaptation algorithms.

Now, given an integer £ > 0 and O C R%, d = 1,2, we denote by P,(O) the space of polynomials on O of
degree up to £. Then, given an edge e € 0K with barycentric x. and diameter h., we denote the following set

of (£ + 1) normalized monomials on e
z—z.\’
Bl = {( e ) } ’
0<j<¢t

which certainly constitutes a basis on Py(e). Similarly, on K € T;, with barycenter @, we define the following
set of (¢ + 1)(¢ + 2) normalized monomials

By(K) := {(mh;KYL}ogas/

which is a basis of Py(K). Notice that in the definition of B,(K) above, we made use of the multi-index notation,
that is, given @ := (71, 22)* € R? and a := (a1, a2)®, with non-negative integers oy, as, we set ® 1= {25
and |a| :== a1 + ao.

We further let G,(K) be a basis of (VP41(K)) N [Pe(K)]?, whereas with G;-(K) we denote a basis of the
[L2(K)]?-orthogonal of G,(K) in [Py(K)]2.

Throughout the paper, we denote by II9 : L?(K) — Py (K) the L?(K)-orthogonal projection onto the space
Pi(K), for any K € Tp, and k > 0. In addition, we will make use of a vectorial version of the aforementioned
projector, which is denoted by Hg. The following approximation properties of these projectors are well-known:

lv =T (w)llox < ChElvlmx and |7 = IR(T)lox < ChE|T|mx (6)

for all K € Ty, and for all v € H™(K), 7 € [H™(K)]?, with m € {0,1,...,k+ 1}.

4. VIRTUAL SUBSPACES AND ITS APPROXIMATION PROPERTIES

For any integer k > 0, we introduce the finite dimensional subspaces of H and @, respectively, given by
Hy = {TEH: 7|, € Hi VKeTh}, (7)

and
Qn = {veQ: v, €Qf VEeT}, (8)
where QK := Py (K), and HE is the virtual element space introduced in [7, Section 3.1]. This is defined by

HE = {TGH(div;K)ﬂH(rot;K): T V| € Pr(e) VedgeeedK,

, 9)
divr € P(K) and rotT € Pk_l(K)}.
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and is characterised by the following degrees of freedom (cf. [6,7]):

/q(T-y) Y q € Bi(e), Vedgee in Tp,

/T-Vq VqeB(K)\{1}, VK eT, (10)
K

/‘r-n VneGHK), VK €T

K

As was remarked in [7, Section 3.2] (see also [6, Section 3.5]), the degrees of freedom (10) allow the explicit
computation of the projection IT{(7) using only the degrees of freedom of 7. Moreover, collected together, the
local degrees of freedom (10) provide a set of degrees of freedom for the global virtual element space Hy,.

For each 7 € H such that T|K € [HY(K))? for all K € T, we may denote by 7; € Hj, the Lagrange
interpolant of 7 with respect to the degrees of freedom (10). For each g € B (K) we find that

Jadivir—r0) = = [ ¢ Va+ [ atr-mv =0

oK
which, thanks to the fact that divr; € P (K), implies the commutative property
divr; = M(divr) V7 e [H(K)2 (11)

Hence we have the following approximation error estimates [5,7].

Lemma 4.1. Let r be an integer such that 1 <r < k+ 1. Then, there exists a constant C > 0, independent of
K, such that for each T € [H"(K))? such that divT € H"(K) there holds

I =il < Chic{Irlege + ldivrl} VK €T (12)

Proof. The bound on the divergence term follows from (11) and (6). The result then follows from classical
arguments [14]. O

4.1. Discrete formulation

We now aim to define a virtual scheme for our problem (4) based on the discrete spaces (7) and (8). To this
end, we first notice that the bilinear form b (cf.(5)) is explicitly computable for all (7,v) € Hp, X Q}, just by
accessing the degrees of freedom (10). On the contrary, for each K € Ty, the local version o : HEX x HE — R
of the bilinear form a, which, is defined for all {,7 € HF x H by

aX(¢,T) = K¢ T
(¢, 7) /K ¢, (13)

is not explicitly computable for {,7 € H {f since in general ¢ and 7 are not known explicitly on the whole
of K. In order to deal with this difficulty, we follow [7, Section 3.3] and introduce a local bilinear form
af : HE x HE — R defined by

ag; (¢, ) = o™ (I} (¢), I (7)) + S¥ (¢ — I(C), T — IL}()) (14)
where S¥ : HE x HE — R is any symmetric and positive definite bilinear form such that

c0a™(¢,¢) <S¥(¢.¢) < @a™(¢,¢) V¢eHf, with I(¢) =0, (15)
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with constants ¢y, ¢1 > 0 which depend only on the shape regularity constant C'y and on k. In particular, to
define S we can consider the bilinear form associated to the identity matrix in R with respect to the local
basis determined by the degrees of freedom (10), and where nf = dim Hf. (cf. [5,15])

The following two lemmas establish the properties of the bilinear form aX and the consistency error between
a{f and a’, respectively.

Lemma 4.2. For all K € Ty, there holds
(Consistency) af(p,¢) = /kalp STIIR(Q) Vpe[Pu(K)? and V¢eHE,

and further, there exist constants o, a* > 0, such that
(Stability)  a.a®(¢,¢) <af(¢.¢) <a’a®(¢,¢) VCEHEVKET,.

Proof. We refer to [7] and [11] for the details. O

Lemma 4.3. There exists a constant C > 0, depending only on Kk, and o, such that
(af —a")(&7) < {16~ T o + I~ TIY(C) — TH(wTIY(E)) o 1 1l

for all ¢, € HE and for all K € Ty,
Proof. We have that

(a —af)(¢, 1) = — /K {£7MI(Q) ~ MY TIY(C)) | - (r — I (7)) — /K K7U¢-TINE)) -7
+85 (¢~ TIY(¢) T — T (7).

The results now follows from Cauchy-Schwarz inequality and the properties of the bilinear S¥. O

According to the definition (14) the global discrete bilinear form ap : Hp x Hp — R can now be defined
summing together the local contribution (14), that is

ap(¢, 1) = Z ak(¢,T) V¢, T € Hy. (16)

KeTy

In this way, the virtual element method associated with the formulation (4) reads:
Find (o, un) € Hp X Qp such that

ap(oh, Th) +0(Th,un) = (Th-v,9)r, V1, € Hy,
(17)
blop,vp) = —/ fon Yo € Qp-
Q

The well-posedness of (17) follows from Lemma 4.2 and of the well-posedness of (4). In addition, we have the
following result about the a priori error estimates for the schemes (4) and (17).

Theorem 4.4. Let (o,u) € HXQ and (op,un) € Hp X Qp, be the unique solutions of the continuous and discrete
schemes (4) and (17), respectively. In addition, assume that for some s € [1,k + 1] there hold a’K € H*(K)

and diva’|K, € H*(K) for each K € Ty,. Then, there exist a positive constant C > 0, independent of h,
such that

“|K

1/2
[(o,u) = (on, un)l[Hxq < Chs{ > lol2k + divel2 x + Iuli,K} : (18)
KeTn
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Proof. The result is consequence of [15, Theorem 6.1] and of a straightforward application of the approximation
properties provided by (6) and Lemma 4.1. O

4.2. Computable approximations

A first fully computable approximation o € @ of the VEM solution o}, € H is given by
o =) (on). (19)

The corresponding a priori error estimates for the error ||o — ]| immediately follows from the foregoing
Theorem 4.4 and the triangle inequality.

Theorem 4.5. Let (o,u) € HXQ and (op,un) € Hp X Qp, be the unique solutions of the continuous and discrete
schemes (4) and (17), respectively. In addition, assume that for some s € [1,k + 1] there hold 0'|K € H°(K)

and u|K € H*(K) for each K € Ty,. Then, there exists a positive constant C > 0, independent of h, such that

1/2
o=l + llu—unlq SChS{ > lollx +|u|f,K} : (20)
KeTy

Next, motivated by the non-satisfactory order provided by &, in the broken H(div)-norm (see [29, Section
5] for numerical evidences of this fact), we proceed as in [18, Section 5.3] (see also [19]) and construct, by local
postprocessing, a second approximation o} for the flux variable o which has an optimal rate of convergence in
such norm. To this end, for each K € T}, we let (-, -)aiv;ix be the usual H(div; K)-inner product with induced
norm || - ||aiv;x and let UZ‘K =0}k € [Pr11(K)]? be the unique solution of the local problem

(0% 16 T )aieke = /

oL -Th +/diVO’hdiVTh vThe[Pk+1(K)]2. (21)
K K

We stress that o7, ;- can be explicitly computed for each K € T, independently. Then, the rate of convergence
for the broken H(div;)-norm of o — o7 is established as follows.

Theorem 4.6. Assume that the hypotheses of Theorem 4.4 are satisfied. Then, there exists a positive constant
C, independent of h, such that

1/2 1/2
{ Z ||0'_0'Z,K||(21iv;K} < Chs{ Z |0'|§7K + |diVU§7K} . (22)

KeT KeTn

Proof. See [18, Section 5.3, Theorem 5.5]. O

5. A POSTERIORI ERROR ANALYSIS

In this section we develop a residual-based a posteriori error analysis for the mixed virtual element scheme
(17). The proof of the a posteriori upper bound on the error is based on a global inf-sup condition, (cf. [2]),
and a suitable Helmholtz decomposition; the lower bound is derived as usual via techniques based on bubble
functions together with inverse inequalities.

5.1. Preliminaries

We let &, = En(Q) U EL(Tp) UEL(T'N) be the set of all edges of Tp, where £,(Q) = {e€ &, e CQ},
En(Tp)={e€é&: eCTp},and E(Tn) :={e€ & : eCTy}. And, for a given K € Ty, we denote by
E(K) C & the set of edges of K. Given an edge e € &, we let h, be its length and we fix a unit normal
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vector v, := (Vl,Vg)t and let s, := (—ug,m)t be the corresponding unit tangential vector along e. However,
when no confusion arises, we simply write v and s instead of v, and s, respectively. Now, given ¢ € [L2(£2)]?,
for each K € Ty and e € &,(Q) N E(K) we denote by [¢ - s] the tangential jump of ¢ across e, that is
[€-s]:= (CIK - C|K,) .8, where K and K’ are the elements of 7 having e as a common edge.

We first recall the conforming VEM spaces from [5], which will be used as an auxiliary space in the a posteriori

analysis below. Given k > 0, we consider the space defined by

Vi, := {v e H(Q): va € B(0K) and Av € Py_1(K) VK €T},
where

Bi(0K) := {ve C(OK) : wlc € Pryi(e) VedgeeCOK}.

It has been shown in [33, Section 4, Proposition 4.2] that there exists an interpolation operator Z;, : HY(Q) — V,
such that there holds

||1} _Ih(U)HO,K + hK‘U —Ih(v) 1,k < ClhK”UHl,K Vuvée Hl(K) (23)

From this, using a scaled trace inequality, the Cauchy-Schwarz inequality, and Assumption 3.1 it follows that

v = Zn(0)lo.e < c2h?|Pvllx Ve € En. (24)

We now let Hi. (Q) := {v € H(Q) : v =0 on 'y} and consider the virtual element subspace given by
Vi := Vi, N HE (). (25)

Also, we introduce, analogously as before, the interpolation operator fh : H%N(Q) — ‘7}1 such that fh =
Ih|H1 @) In addition, the following lemma establishes an important relation between the virtual spaces V},
'n

and Hy, (cf.(7)).
Lemma 5.1. For k >0, given v € ‘~/h we have rotv € Hy,.

Proof. Given v € ‘7h, it is easy to see that rotv € H. Moreover, given K € Ty, we observe that rot(rotv) =
—Av € Pi_1(K). Furthermore, following [6, Section 8, Theorem 3], we have that rotv - V!e =Vu- s‘e € Pg(e)

for all edge e € 0K . Hence, we conclude that rot U|K € HE for all K € Ty, (]

We now recall from [16, Section 3.3] some preliminary notations and technical results. For each element
K € T, we first define K := Tk (K), where Tx : R? — R? is the bijective affine mapping defined by

L —IpB

hi

Tk (x) := VaxeR2.

Then, as it was remarked in [16, Section 3.3], it is easy to see that the diameter h g of K is 1, the shortest edge
of K is bigger than C7 (which follows from Assumption 3.1), and K is star-shaped with respect to a ball B of
radius C'r and centered at the origin. Then, by connecting each vertex of K to the center of E, that is to the
origin, we generate a partition of K into dg triangles 51, i€{1,2,...,dg}, where dz < N7, and for which
the minimum angle condition is satlsﬁed The later means that there ex1sts a constant cr > 0, depending only
on Cr and Ny, such that h(p;) "' < e Vie{l,2,...,dg}, where h; is the diameter of A; and p; is the
diameter of the largest ball contained in A;. We also let A be the canonical triangle of R? with 1 corresponding
parameters h and p. In what follows, given K € Tj, and ¢ € [H!(K)]2, we let ¢ := Co e [H!(K)]2. With this
notation at hand, we prove the following interpolation error bound for normal components of H! fuctions on

edges which generalises to the VEM setting on polygons the analogous result for mixed-FEM given by Lemma
3.18 in [27].
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Lemma 5.2. There ezists a constant c3 > 0, independent of h, such that for all T € [H'(Q2)]?, there holds
(T —71)  velloe < esht?|Thv e Vec&n, (26)

where K is any element of Ty, such that K € w,.

Proof. The proof is based on the availability of the sub-triangulation of the scaled element K (cf. Remark 3.2),
and follows along the lines of the proof of Lemma 3.18 in [27]. Let e € &, and K € Tj such that K € w,, and
let € be the edge of OK, such that e = Ty (¢). We further define T, := Tk | . Now, given 7 € [H!(K)]?, we

know from (7) and the definition of 7, respectively, that 7 - 1/|e € Pi(e) and

/q(rfn)w:o Y q € By(e).

In turns, this implies that

Tr Ve = I5(T - Ve),
—

where II§ : L?(e) — Pj(e) is the orthogonal projector. Then, it is easy to see that II¢ (v) = II¢(¥) Vv € L%(e),
where TI§, : L2(€) — Py (€) is the corresponding orthogonal projector. Hence, we obtain

p1/2

(T =71) velloe = 7 ve —IIE(7 - ve)llo.e = #HT/E—HE(T'%) 0.2
z
/2 - 12 1/2 (27)
= T Ve — (T Ve)lloe < 51T Tellog < 7517l
hé/Q ¢ ¢ h(l?/Q ¢ h£/2

Now, let A be the triangle formed connecting the end points of € to the center of B and consider 7 := 7 xoF €
[H!(A]2, where F : R — R? is the bijective linear mapping defined by F(z) := Bz Y x € R2, with B € R?*?
invertible, such that F(A). Let € be the edge of A such that € = F(€), then

1/2
~ g = 1172~
17lo = 575 17llo = Che* 7l (28)

o~

Now, considering ¢ € C*(A) such that ¢ = 1 in a neighbourhood of €, and ¢ = 0 in a neighbourhood of
the vertex opposite to €, and applying the trace theorem in H!(A), the Friedrichs-Poincaré inequality, and the
Leibniz rule, we get

ITlloe = ITelloe < Tellgpa < elTelly 7 < 1:ColTely &z < CorueCplTl, -

Using this to bound (28) and replacing the resulting bound in (27) we deduce that

IA

(T = 71) - vello.e CoreCpChe*[7], 7 < C1CoCpChe!* |7, &

IN

G107 CoChe 7, 7 < eshe’?|7]1 k.,

where c3 := ClalewtGCa, with 6’1 and C;, the H'-seminorm scaly constants on A and K , respectively, thus
concluding the proof. O
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5.2. A posteriori error estimator

Let (op, up) € Hy, X Qp, be the unique solution of (17). In addition, let &, o7, be the discrete approximations
introduced in (19) and (21), respectively. For each K € T, we define the following local and computable error
indicators:

i = f+divenlf . M x=lon—0oili, Tk =" = Kn)o}lf k.

2
15 -*ZW1K7 ﬂ%{izzmzx, 03 '*Zasz
=1

where
Uik = llon—anllgx U3 = |&7ton — (k71005 &
M = hillkno) — Vul§ MBr = > hellun — g5 .
e€cE(K)NEL(TD)
2
07 k= hilrot (kno}) I3 x 05 = > hellrnor - sl -
e€E(K)NER(Q)
dg 2
03 = Z he ||knoT, - s as||,

e€E(K)NEL(TD)

and Ky, is a piecewise-polynomial approximation of k!

Remark 5.3. Notice that from the residual character of the indicators, the computability of each local term
becomes clear. This is the case for all terms apart from ¥ g which is not directly computable but is immediately
bounded by a computable term using the stability property of Lemma 4.2. As such, this term represents, together
with Wy g, a bound on the error related to the inconsistency between the continuous and discrete bilinear forms,
a® and af, (cf. Lemma 4.3). We further observe that the last term in 63 j requires the trace g to be more
regular. This assumption will be stated and clarified below in Lemma 5.9.

Remark 5.4. If k is piecewise-constant on each K € 7Tj, we have that Tx and ¥y g are null, whereas if we
use homogeneous boundary conditions on I'p, we deduce that 7, g is null.

Remark 5.5. Through the a posteriori analysis below, it will be clear that the same terms but without the
postprocessing, hence with &, in place of o everywhere, also constitute an a posteriori bound for the error
llo — o]l a. However, as we shall see, the introduction of ¢, will permit us to include an optimal bound on the
broken H(div; 2)-norm of computable quantities.

5.3. Upper bound

We proceed with the following preliminary estimate

Lemma 5.6. Let (o,u) € H xQ and (o, upn) € Hy, X Qp, be the unique solutions of (4) and (17), respectively.
In addition, let o}, be the discrete approzimation introduced in (21). Then, there exists a positive constant C,
independent of h, such that

1/2
E
Cl(o,u) = (onun)mxg < D Pk + Ti + Vi + AT & + sup () (29)
KE’T}L TgﬁH HTHH
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where

E(r):=— /Q Kpoy - (T —Th) — /Q up div(T — )+ (T —Th) -V, 9)rp, (30)

for all T, € Hy, such that ||mh]|q < C||T||a for some positive constant C' independent of T.

Proof. Consider the bounded linear operator A : H x Q — (H x @)’ induced by the left hand-side of (4), that
is, the linear operator defined by

A(p,2), (r,0)] i= alp, 7) + b(r, 2) + b(p,v). (31)

From the well-posedness of the variational formulation (4), we know that A is an isomorphism. In particular,
there exists a positive constant C', such that

[A(p, 2), (1, v)]
Cll(p,2)llmxg < sup Sl
7 renxa 1m0l
(7,v)#0
Now, applying the foregoing equation to (p, z) := (60 — op,u — uy), from (31), we get

a(loc —op, )+ b(T,u —up) + blo — o, v)

Cli(o,u) = (on,un)lu < sup
xQ (r,0)EHXQ (7 )l xq
(T,v)#0
b(o —op,v alc —op,T)+b(T,u—u
veq  lvllg TeH [eallbet
v#0 T#0
. a(lc —op,T)+b(T,u—u
< |If +divenllo,q + sup ( rT) +b( h)’

reil eallFt
and it remains to bound the second term above. To this end, given 7 € H and any 7, € Hy,, from (4) and (17),
we have that
a(oc —op, )+ b(T,u —up) = —a(on, 7) — b(T,up) + (T -v,9)r,
=(Th-v,9)rp —alon, ) =b(T,un) + (T —7n) - v, 9)r,,
=ap(on,mh) —alon, ) —b(T — Thyup) + (T — Th) -V, 9)rp
= (ap, — a)(op, Th) —aloy, —of, T —Th)
—a(o} — KKpO}, T — Th)
—a(kkpol, T —Tp) —b(T —Th,up) + (T —Th) -V, 9)1p
=TI+ IT+1III.

Now, in what follows we take in particular 7, € Hjp with ||m]l¢ < C||7|lg for some positive constant C'

independent of 7. For I and /1, we use the bound of Lemma 4.3 and the Cauchy-Schwarz inequality to deduce

1/2
I:=(ap —a)(onmh) —alon, — o}, T —Th) <C{ Z \If%—i-A%K} 7|, (33)
KeTy,
and
1/2
II := —a(o} — kkpol, T —Tp) < c{ > ﬁ(} [EdFT (34)
KeThn
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whereas bearing mind the functional E (cf.(30)), we use the definitions (5) to get
I1T .= —a(kkpoy, ™ — Th) = b(T — Th,up) + (T — 1) - v, 9)rp, = E(T). (35)

Finally, replacing (33)-(35) into (32), we conclude the proof. O

We now aim to bound the supremum on the right hand-side of (29), for which we need a suitable choice of
T, € Hy, such that ||7,]|o < ||7]|z. To this end, in what follow we assume that the boundary I is such that 'y
is contained in a convex part of 2. More precisely, we make use of the following result.

Lemma 5.7. Assume that Q) is a connected domain and that Ty is contained in the boundary of a convex part
of Q, that is there exists a convexr domain B such that Q@ C B and T'y C 0B. Then, for each T € H (cf.(1)),
there exist ¢ € H'(Q) with ¢ -v =0 on I'n and x € Hf (Q) (¢f. Section 5.1) such that

T=C(+roty in Q, div¢=divr in Q, (36)

and
I¢lle + [Ixlle < Clirllaivia, (37)
with a positive constant C independent of T.

Proof. See [2, Lemma 3.9] for more details. O
Now, for 7 € H from Lemmas 5.1 and 5.7, we define xy, := fh(X) € 17;“ and set
Th = +rotyy, € Hy, (38)

as its associated discrete Helmholtz decomposition. Now, it follows from (38), the triangle inequality, (6), (23)
and (37) that

ITrlle < 11€ = Crlle + I€lle + Ix = xulio + Xl < CliTlla,
with a positive constant C' independent of 7. Next, we can write

T —7hn =~ +rot(x — xn), (39)

from which, using (11), and the fact that div{ = div 7 in Q, we deduce

/Quh div(t —73) = /Quh div(¢ —¢;) =0. (40)

Then, using the choice for 7 given by (38) to bound the supremum in (29), replacing (39) and (40) into (30),
we find that E(7) = E1(¢) + E2(x) where

Fi(¢) = — /Q K (C =€)+ (€= €)1 ) (41)

and
Eh(x) == —/ Kno, - TOt(X — Xn) + (rot(x — xa) - V. g)rp- (42)
Q
The following two lemmas provide the upper bounds for |F1(¢)| and |Es(x)].
Lemma 5.8. There exists C > 0, independent of h, such that

1/2
|E1(C)] < C{ > ni} |7 [ldivie-

KeT
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Proof. We rewrite the second term in F1(¢) as:
(€= chmamo= 3 [ac-cnow (13)
ec&(Tp) ¢

Next, since uh|K € Pi(K), we have

/uh(C —¢) v =0 Yee&K)NE(TD),

and
[ €= vu =0
K

for all K € T;,. Hence, using the above expressions, we can write

B =-Y /Kmha;—wh)-(c—m T /uh— C—¢p) vy,

KeTy, ecE(K)NEL(Tp)

from which, applying the Cauchy-Schwarz inequality, the approximation properties (6) and (26), and the fact
I<]1.0 < ||7|ldiv:q, we obtain the required estimate. O

Lemma 5.9. Assume that g € HY(U'p). Then, there exists C' > 0, independent of h, such that

1/2
|E2(X)| S C{ Z 9%{} HTHdiV;Q~

KeT
Proof. We proceed as in the proof of the Lemma 3.11 in [2]. Integrating by parts on each K € Tj, using that
d . dg .
rot(x — xn) v = %(X — Xn), noting that s € L*(T'p), and using the fact that X|FN = Xh’FN =0, we get

d
Ery(x) = - Z / Kpop, - rot(y — Xh)+<d(X_Xh)7g>
KeTs, rp ]
= =3 [ rotmon =) = [ s o=} - [ L)
KeTs, rp 4%
= - > /rot knoh) (X —xn) — Y /[[thh s](x — xn)
KeTh, e€E(K)NER(Q)

- Y [(meis-E) -}

PGE(K)PIE;L(FD)

In this way, since x; = fh(x), applying the Cauchy-Schwarz inequality to each term in the above expression

and making use of the approximation properties (23) and (24) and the fact that the number of elements in w,

is bounded, we conclude the proof. O
Finally, from Lemmas 5.6, 5.8 and 5.9 we deduce an upper bound for the global error.

Theorem 5.10. Let (o,u) € H x Q and (op,un) € Hp x Qp, be the unique solutions of the problem (4) and
(17), respectively. Then, there exists a positive constant C, independent of h, such that

1/2
(o w) = (o, un) | Hxq < C{ > @%+T%+W%+A%,K+n%<+9§<} :
KeTn
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We recall from the discussion in Section 4.2 that the corresponding result for the computable quantity &, is
only to be expected in the L2-norm. Instead, for the error using the postprocessing flux we are able to obtain
the following result in line with Theorem 5.10.

Theorem 5.11. Let (o,u) € H X Q and (op,un) € Hyp X Qp, be the unique solutions of the problem (4) and
(17), respectively. In addition, let o}, be the discrete postprocessing introduced in (21). Then, there exists a
positive constant C, independent of h, such that

1/2 1/2
{za—az,xnam} +|u—uhllQ§C{Z<I>%<+T%<+\I/%<+A%(+n%<+9%{} |
KeTy, KeTy

with )

A% = ZAiK where A3 i = ||divoy, — diver [ «-

i=1
Proof. From the triangle inequality, we have
o — o}, kllaivie < llo = onllaivx + lon — o, gllo,x + [|dives —dive;, kllox
< |lo = onlaivix + lon —onllo,x +[|6h — 0} kllo.x + [[diver —divey, kllox -
Then, since H(div; Q) C H(div; 7;,) and using the definition of W2 and A%, we get
1/2 1/2
{ Y o UZ,Kllﬁiv;K} <Cq{lle—onlu+ { D i+ Ai}
KeTn KeTh

Threrefore, the result is consequence of the foregoing equation and the Theorem 5.10. (|

5.4. Lower bound

In this section we derive suitable upper bounds for the terms defining the local error indicators. First, using
that f = —diveo in Q we have that

% = |[div(e — o)l < 2{llo — o ik + Al - (44)

Moreover, adding and subtracting o, we easily have

Ak =llon —a}ll§ k +lIdives — divelf «
2 2 2 (45)
<2{llo = &ulld x + llo = o e + P} -
In addition, proceeding as in [20, Lemma 18], we deduce
i < C{M i+ llo = oilf i + k7o T (7' 0)]3 1 | (46)
with C' depending only on k and ¢.

Remark 5.12. Again by adding and subtracting o we have

Uik = llon —anllsx <2{llo —anli x +llo =Tl «}- (47)

This does provide a lower bound, although in terms of the error o — o,. Here we have chosen, instead, to leave
this term as is, interpreting it as a sort of oscillation term representing the virtual inconsistency of the method.
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The upper bounds of the terms which depend on the mesh parameters hx and h., will be derived next. To
this end, we proceed similarly as in [22] and [23] and apply the technique based on bubble functions, together
with inverse inequalities. Following [20, Section 4] and [31, Section 3|, given K € Ty, a bubble function ¢k
can be constructed piecewise as the sum of the (polynomial) barycentric bubble functions (cf. [1,35]) on each
triangle of the shape-regular sub-triangulation of the mesh element K discussed in the Section 4. Further, an
edge bubble function ., e € 0K, is a piecewise quadratic function attaining the value 1 at the mid-point of
e and vanishing on the triangles that do not contain e on their boundary. Furthermore, given k£ > 0, there
exists an extension operator L : C(e) — C(K) that satisfies L(p) € Pr(K) and L(p)‘e =p for all p € Pi(e)
(cf. [31, Remark 3.1]). Further properties of ¥k, %., and L are stated in the following lemma. See [20, Section
4] and [31, Section 3] for more details.

Lemma 5.13. Given k > 0 and K € Ty, there exists a positive constant Cyyyp, independent of hx such that

Coubllalld & < 10i%al3 x < Cowllald x ¥ € P(K), (48)
and
Coubllallo.x < |¥kdllo,x + hxlvkalix < Cowllallox ¥ q € Pr(K). (49)
In addition, given e € 0K, there hold
Cowpllalls.e < 102aql3. < Couwllalld. ¥ a€Prle), (50)
and 1/2 1/2
hi P e L(@)lo.xc + hiP10e L@l < Cowllallo ¥ € Pile), (51)

where K € we.
We start the analysis bounding the terms defining 77 ;- and 73 .

Lemma 5.14. There exists a constant C' > 0, independent of h, such that
Wicllknor, = Vunl i < C{kllo = ohl i + B3l (57! = w)oil i + lu—wnlf i} VK €T
Proof. 1t is a slight modification of the proof of the Lemma 6.3 in [22] (see also Lemma 5.5 in [26]). Given

K € Tp, we denote vk := kpo}, — Vuy, € [Py(K)]? for some ¢ > 0. Then, applying (48), using that k1o = Vu
in Q, and integrating by parts, we find that

A

_ 1/2
Collwld e < 10l = /K brK - {RROT — Vup)

/ Vv - {(kn — K Nop+ k7ol — ko + V(u—w)}
K

- / brvic - (k" — K)o — / Yrx - k(o — o)
K K

- / div(rcvic) (u — wn).
K

Then, applying the Cauchy-Schwarz inequality, the estimate (49), and setting C\, := max {1, =2 }7 we get

Colcl < Cu{leruclon (s = mr)ohllox + lo = fllo.ic } + [Wacviclsclu = unllo.x }
< CuCoun {0571 = w1)7 0. + llo = lloic + bz llu = unllo.sc} Iy lo.c
_ _ 1/2
< 20xChus {7 = kR)o3 3 ¢ + llo = o33 s + A — unl 377 o
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whence, the proof is concluded. O

Lemma 5.15. There exists a constant C > 0, independent of h, such that
2 2 *112 2 -1 (12 2
hellg = unli3 .. < C{n¥kllor = o3l i + Wil (57" = w)oh I s + lu— wnlf s} Ve € EnTp),

where K € Ty, is such that e € 0K .

Proof. We proceed as in the proof of the Lemma 4.14 in [28]. We consider e € &,(I'p) and K € Ty, such that
e € OK. Then, applying a trace inequality, together with the fact that « = g on I'p and & = kVu in ), we get

lg —unlld o = llu—unld . < Cor {hi I — unlld g + hiclu—unl? x }
< 20xCur{ ! u = unll? s + hac{llo = o113 s + lkncs, = Vunll3 e + ™" = )il i } -

with Cy as in the proof of Lemma 5.14. From this, using the bound h. < hx and the estimate of Lemma 5.14
we obtain the result. O
The following result is required in view of proving upper bounds for the terms defining 6% .
Lemma 5.16. Let ¢;, € [L2(Q)]? be a piecewise polynomial of degree k > 0 on each K € Tp,. In addition let
¢ € [L2(2)]? be such that rot(¢) = 0 in Q. Then, there exists C > 0, depending only on Cyyuy, such that
[rot Cullo, e < ChiI€ = Callox YK € T, (52)

and

1ISh - selllo.e < ChZ2II¢ — €l

Proof. To show (52), we proceed as in the proof of Lemma 4.3 in [4]. Applying (48), observing that ¢k = 0 on
0K, and using the Cauchy-Schwarz inequality, we get

ow. Vee&(Q). (53)

CilllotCulz e < W 7rot ¢yl = /K rcrot € rot(¢ — )

= /K(C =) -rot(Yrrot ¢p) < (1€ = Cpllo,x [P xT0t Cpl1, k¢ -

Then, from inverse inequality (49), we deduce (52).

The estimate (53) follows from a slight modification of the proof of [4, Lemma 4.4]. Indeed, given e € £,(Q),
we let Jp :=[{}, - se] € Pr(e). Then, utilizing (50), the fact that [¢ - s.] = 0 a.e on e, and integrating by parts
on each K € Ty, we get

ColblnllBe < 102 Tl2. = WP L(I)IR. = / e L(Jn)[C - 5]

= / (Ch - C) : rOt(d)eL(Jh)) + ¢eL(r]h) rot Ch ,

We

which, using the Cauchy-Schwarz inequality, the estimates (51) and (52), and the fact that h. < hg, yields

N

ComllTnlBe < [WeL(Jn)|1,0.

-1

2]\['7—C’bub he

¢ = Cnllo.we + I1¥eL{In)ll0.w.

2
211¢ = Callow. | Talloe »

1ot Cpl0,w.

IN

whence, we conclude the proof of (53). O
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Lemma 5.17. There exists C > 0, independent of h, such that
W lrot(rnai) I8 i < C{llo = ohllE i + 167! = mu)o3 Ik} Ve € En),

and
helllsnct - selli3. < C{llo — otld i + 17— m)oili i} Ve e (),
where K € Ty, is such that K € w,.

Proof. 1t suffices to apply Lemma 5.16 with ¢, := ko and ¢ := k™ *

o = Vu, and the triangle inequality. O
Lemma 5.18. Assume that Z—g is piecewise polynomial on I'p. Then, there exists C > 0, independent of h,
such that

2
d

Kpop -8 — d—g

S 0,e

where K € Ty, is such that K € w,.

he

<c{llo - il + 157 — )il i} Ve &), (54)

Proof. We proceed as in the proof of Lemma 4.15 in [28] (see also Lemma 5.7 in [26]). Given e € &,(I'p) and

d d
K € w,, we denote v, := Kp0} - s — d—g € Py(e) for some ¢ > 0. Then, applying (50), the fact that Vu-s = d—g,
s s

integrating by parts and using that K 1o = Vu in Q, we obtain that

IN

Cb_ulerye”%,e ||wi/276||%,e = /z/)e’}/e{ﬁho'z -s—Vu- 5}

[ e
oK

= [ vt (57 = i~ [ rot(w.L(n)) ko - o7}
K K

Jr/KilieL(’ye)rot(nha';:).

Next, applying the Cauchy-Schwarz inequality, Lemma 5.17, the estimate (51), and the fact that h. < hx we

get
Coblrele = C{eLGolr + B el (ve)lo.x {llo = fllo.x + 107 = kn)orillo.x |
< cn*{llo = oillosc + 107 = wR)o o flelloe:
and the proof is complete. O

If % is not piecewise polynomial but sufficiently smooth, Lemma 5.18 can still be proven with higher order
terms given by the errors arising from suitable polynomial approximations appearing in (54).

Finally, a lower bound is obtained from estimates (44)-(46), together with Lemmata 5.14 throughout 5.18,
after summing up over K € T, and using the fact that the number of elements on each domain w, is bounded.

6. NUMERICAL TESTS

In this section, we present three numerical tests confirming the upper and lower bounds, derived in Section 5,
for the a posteriori error estimator of Theorem 5.11, and showing the behaviour of the associated adaptive
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algorithm. We begin by introducing additional notations. In what follows, IV stands for the total number of
degrees of freedom of (17), that is,

(k +2)(3k + 1)

N := (k+1) X {number of edges ¢ € T} + 5

x {number of elements K € T, }.
Also, the individual errors are defined by

1/2
(o) = { > ||a—a;,K||§iv;K} - o) = Ju—wloq, ad e(ou) = {fe(@)? + o]}

KeTy

whereas the associated experimental rates of convergence are given by

1 N/el(-
() i _plo(e0)/e ()
log(N/N)
where e and e’ denote the corresponding errors for two consecutive meshes with NV and N’ denote the correspond-
ing degrees of freedom of each decomposition. Denote by © the a posteriori error estimator of Theorem 5.11.
The effectivity of the estimator © is given by

e(o,u) .

S)

eff(0) :=

For the tests that include adaptivity, we use the strategy:

(i) Start with a coarse mesh Tj,.

) Solve the discrete problem on the current mesh 7.
ii) Compute local indicators for each K € Tj,.

) Mark each K’ € T}, such that

O > 3 max ©
K_ﬂKeTh K

with 8 € [0,1] and we refine using the midpoint of each edge of each element and connecting this to its
barycentre. Here, we use 5 = 0.5.
(v) Update T;, with the new mesh and go to step (ii).

Hereafter, in all numerical tests we have kK = ( ) and we consider domains (2 satisfying Lemma 5.7. In this

0 1
case, we have that T% and W3 ; are null for each K € Tj, (cf. Remark 5.4 in Section 5.2).

6.1. Test 1. Smooth solution: behaviour of the estimator under uniform refinement

For this test case, we consider Q := (0,1)? with I'p := {(w,O), O,w)eQ: 0<w< 1} and Ty :=T\Tp.
The source term f and the boundary data g are chosen such that the exact solution is given by u(z,y) =
cos(mx) cos(my)

Table 1 shows the convergence history of the error for each variable and the estimator on a sequence of
uniformly refined hexagonal meshes, indicating that both converge at the optimal rate for polynomial degrees
k =0,1,2. Moreover, the effectivity remains bounded. In addition, we see from Table 2 that each term of the
error estimator converge with optimal order k + 1.



A POSTERIORI ERROR ESTIMATES FOR MIXED VIRTUAL ELEMENT METHODS 19

k N e(o) r(o) e(u) r(u) e(o,u) r(o,u) © r(0) eff(O)
589 | 1.0959¢+00  —— | 5.5406e-02  —— | 1.0973e+00 - 1.2946e4+-00  —— | 8.4760e-01
3469 | 4.3834e-01  1.0336 | 2.1963e-02 1.0437 | 4.3889¢-01  1.0336 | 5.1997e-01 1.0288 | 8.4405e-01
0 8749 | 2.7388e-01 1.0167 | 1.3708e-02 1.0191 | 2.7423e-01  1.0167 | 3.2511e-01 1.0153 | 8.4348e-01
19605 | 1.8247e-01  1.0067 | 9.1290e-03 1.0077 | 1.8270e-01  1.0067 | 2.1667e-01  1.0059 | 8.4323e-01
43805 | 1.2165e-01  1.0087 | 6.0851e-03 1.0090 | 1.2180e-01  1.0087 | 1.4447e-01 1.0082 | 8.4307e-01
1766 | 5.9382¢-02 —— 13.0274e-03 —— 5.9459e-02 —— 7.2082e-02 —— | 8.2488e-01
10406 | 9.5820e-03  2.0569 | 4.8269e-04 2.0704 | 9.5941e-03  2.0569 | 1.1588e-02 2.0611 | 8.2791e-01
1| 26246 | 3.7498e-03 2.0282 | 1.8859e-04 2.0317 | 3.7546e-03  2.0282 | 4.5310e-03 2.0301 | 8.2863e-01
58814 | 1.6674e-03 2.0088 | 8.3810e-05 2.0103 | 1.6695e-03  2.0088 | 2.0135e-03  2.0105 | 8.2918e-01
131414 | 7.4166e-04 2.0154 | 3.7268e-05 2.0160 | 7.4260e-04 2.0154 | 8.9537e-04 2.0159 | 8.2938e-01
3384 | 2.2263e-03 —— | 1.1132e-04 —— 2.2290e-03 - 3.6826e-03 —— ] 6.0529e-01
19944 | 1.4599¢-04 3.0718 | 7.2751e-06 3.0757 | 1.4618e-04 3.0718 | 2.3901e-04 3.0835 | 6.1158e-01
2| 50304 | 3.5848e-05 3.0358 | 1.7855e-06 3.0368 | 3.5892e-05 3.0358 | 5.8541e-05 3.0412 | 6.1312¢-01
112726 | 1.0645e-05 3.0097 | 5.3011e-07 3.0101 | 1.0658e-05  3.0097 | 1.7356e-05 3.0135 | 6.1405e-01
251876 | 3.1615e-06 3.0200 | 1.5743e-07 3.0202 | 3.1654e-06  3.0200 | 5.1503e-06 3.0222 | 6.1460e-01

TABLE 1. Test 1. Convergence history for an uniformly generated sequence of hexagonal meshes.

k N o () n e(n) 0 r(0) v (D) A r(A)
589 | 1.0813e+00  —— | 2.4480e-01 —— | 4.1938e-01 —— | 4.9543e-01 —— | 1.5941le-01 ——
3469 | 4.3269e-01  1.0331 | 9.9066e-02 1.0204 | 1.7027e-01  1.0167 | 1.9984e-01 1.0240 | 6.6419e-02 0.9874
0 8749 | 2.7038e-01  1.0166 | 6.2010e-02 1.0129 | 1.0674e-01 1.0096 | 1.2490e-01 1.0162 | 4.1913e-02 0.9954
19605 | 1.8014e-01 1.0066 | 4.1346e-02 1.0047 | 7.1146e-02 1.0056 | 8.3291e-02 1.0043 | 2.8040e-02 0.9963
43805 | 1.2010e-01  1.0086 | 2.7577e-02 1.0075 | 4.7506e-02 1.0047 | 5.5492¢-02 1.0103 | 1.8769¢-02 0.9987
1766 | 5.8895e-02 —— ]2.6740e-02 —— | 2.4564e-02 —— | 1.7131le-02 — 1.0741e-02  ——
10406 | 9.5028e-03  2.0569 | 4.3181e-03 2.0560 | 4.0707e-03 2.0268 | 2.3959e-03 2.2182 | 1.7408e-03 2.0519
1| 26246 | 3.7187e-03  2.0283 | 1.6914e-03 2.0262 | 1.6028e-03 2.0150 | 8.9830e-04 2.1208 | 6.8185e-04 2.0263
58814 | 1.6535e-03  2.0089 | 7.5239e-04 2.0079 | 7.1485e-04 2.0014 | 3.8855e-04 2.0774 | 3.0292e-04 2.0111
131414 | 7.3548e-04 2.0154 | 3.3486e-04 2.0139 | 3.1868e-04 2.0097 | 1.6997e-04 2.0569 | 1.3484e-04 2.0135
3384 | 2.1867e-03 —— | 1.5283e-03 —— | 7.9424e-04 —— |2.3731le-03 —— |4.2607e-04 ——
19944 | 1.4347e-04  3.0713 | 9.9799¢-05 3.0766 | 5.3189e-05 3.0482 | 1.5168e-04 3.1008 | 2.7317e-05 3.0973
2| 50304 | 3.5232e-05 3.0356 | 2.4480e-05 3.0379 | 1.3119e-05 3.0261 | 3.7011e-05 3.0494 | 6.6740e-06 3.0466
112726 | 1.0462e-05 3.0096 | 7.2624e-06 3.0120 | 3.9066e-06 3.0027 | 1.0949e-05 3.0189 | 1.9758e-06 3.0172
251876 | 3.1074e-06  3.0200 | 2.1565e-06 3.0206 | 1.1618e-06 3.0168 | 3.2445e-06 3.0257 | 5.8587e-07 3.0240

TABLE 2. Test 1. Convergence history of the terms composing the estimator using hexagonal meshes.

6.2. Test 2. Solution with a sharp layer: uniform vs adaptive refinement

We consider € := (0,1)? with I'p := {(w,O),(O,w) eQ: 0<w< 1} and 'y := '\ Tp , and choose f
and g such that the exact solution is given by

u(r,y) = (x = 1)@y — 1) (+101 - 1iy> "

Note that v and Vu are singular along the lines x = — 0.1 and y = — 1. Both such lines are outside €2, but we
expect regions of high gradients in the vicinity of the left boundary. From Figure 1 we observe, as expected, that
the adaptive methods outperforms uniform refinement. Indeed, initially the adaptive method superconverges
until, ones the steep layer is resolved, both methods converge at the theoretical rate, namely k£ + 1. This is
clearly shown in Table 3, where the rates of convergence of the global error and the estimator at each step of
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F1GURE 1. Test 2. Convergence history under uniform and the adaptive refinement of hexag-
onal meshes (cf. Figure 3). The error e(o) (left) and e(u) (right).

(g

F1GURE 2. Test 2. Convergence history of the components of the estimator under adaptive
refinement of hexagonal meshes (cf. Figure 3 below). For k = 0 (left), k = 1 (centre), and
k =2 (right).

the adaptive algorithm are reported together with the effectivity index. As shown in Figure 2, all terms in the
error estimator follow precisely the same behaviour.
Some intermediate meshes obtained with adaptive strategy are displayed in Figure 3. Notice here that the
adapted meshes concentrate the refinements in the proximity of the line x = 0, confirming that the adaptive
algorithm is able to target the regions with high gradients of the solution.
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k N e(o,u) r(o,u) S) r(©) | eff(O)
589 | 4.6114e+01  —— | 4.6592¢e+01  —— 0.9896

668 | 2.9471e+01  7.1146 | 2.9879¢+01  7.0595 | 0.9863

809 | 2.1279e+01  3.4013 | 2.1642e+01 3.3681 | 0.9832

0] 1163 | 1.4820e+01 1.9932 | 1.5118e+01 1.9769 | 0.9803
1902 | 1.0735e+01 1.3112 | 1.0978e+01 1.3011 | 0.9779
3290 | 7.6690e+00 1.2275 | 7.8661e+00 1.2165 | 0.9749
6272 | 5.5309e+00 1.0131 | 5.6850e+00 1.0066 | 0.9729
12928 | 3.8304e4+00 1.0158 | 3.9474e+00 1.0086 | 0.9704
1766 | 1.0162e+01  —— | 1.0241e+01  —— 0.9923
2072 | 4.7026e+00 9.6441 | 4.7595e+00 9.5903 | 0.9880
2288 | 3.1654e+00 7.9834 | 3.2240e+00 7.8561 | 0.9818
2782 | 2.1237e+00 4.0834 | 2.1691e+00 4.0545 | 0.9791

1| 4014 | 1.2081e4+00 3.0775 | 1.2367e+00 3.0652 | 0.9769
5706 | 7.8010e-01  2.4868 | 8.0163e-01  2.4652 | 0.9732
8368 | 5.1334e-01  2.1859 | 5.3063e-01  2.1550 | 0.9674
13090 | 3.1982e-01  2.1151 | 3.3270e-01  2.0867 | 0.9613
21158 | 2.0077e-01  1.9394 | 2.0991e-01  1.9183 | 0.9564
3384 | 2.0312e+00 —— 2.0513e+00 —— 0.9902
3913 | 9.7026e-01 10.1734 | 9.8510e-01  10.0996 | 0.9849
4422 | 4.6358e-01 12.0796 | 4.7458e-01 11.9440 | 0.9768
4771 | 3.3337e-01  8.6810 | 3.4515e-01  8.3847 | 0.9659

2| 5899 | 1.9436e-01  5.0845 | 2.0487e-01  4.9154 | 0.9487
7640 | 1.1258e-01  4.2231 | 1.1729e-01  4.3134 | 0.9598
10494 | 6.3836e-02  3.5747 | 6.6868e-02  3.5407 | 0.9547
14293 | 3.7310e-02  3.4766 | 3.9482e-02  3.4105 | 0.9450
19800 | 2.3005e-02  2.9673 | 2.4509e-02  2.9259 | 0.9386

TABLE 3. Test 2. The behaviour of the global error and the estimator under adaptive refine-
ment of hexagonal meshes (cf. Figure 3). The effectivity of the estimator is reported in the

right-most column.

FiGURE 3. Test 2. Some meshes from the adaptive refinement sequence obtained with k& = 1:
initial (left), after 5 refinement steps (centre), and after 10 refinement steps (right).

6.3. Test 3. L-shaped domain solution: adaptive refinement

21

We consider © := (—1, —1)2\ (0,1) with [y := {(—1,10), (w,~1)€eQ: —-1<w< 1} and Tp := '\ T,
and choose f and g such that the exact solution is given by

(z+1)%(y+1)°

u(z,y) = 7

(z—0.1)2+ (y — 0.1)2

in
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FIGURE 4. Test 3. Errors curves for the adaptive strategy using distorted quadrilateral meshes,
(cf. Figure 5 below). The error e(o) (left) and the error e(u) (right).

Note that 2 is an L-shaped domain and that u and Vu are singular at the point (0.1,0.1), which is just outside
of Q. Hence, we should expect regions of high gradients around the origin, which is the middle corner of the
L-shaped domain. In Figure 4 and Table 4 we display the convergence history of the adaptive method. Finally,
Figure 5 shows how the adaptive strategy correctly refines in a neighbourhood of the origin. We also notice
that increasing the order of the method allows for a less aggressive refinement.

7. CONCLUSIONS

We have derived a posteriori error estimates for a mixed-VEM approach for a second order elliptic equation
in divergence form with mixed boundary conditions. We have proved upper and lower bounds for the error
between the true solution and both the VEM approximation and a computable postprocessing of the VEM
approximation. In particular, the postprocessing permitted us to obtain optimal error estimates in the broken
H(div)-norm, whereas for the directly computable projection of the virtual element approximation, it is only
possible to prove error estimates in the L?-norm. Arguments based in the inf-sup global condition, suitable
Helmholtz decompositions and a type Clément-type interpolant were used to derive the upper bound. The
lower bound was obtained, in classical fashion, by using localisation techniques of bubble functions. We have
also proposed an adaptive algorithm based on the fully local and computable error estimator derived from the
a posteriori error analysis. Its performance and effectiveness was illustrated through some numerical test. The
extension of the present analysis to other relevant problems, such as the Stokes system, will be the subject of
future works.
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k N e(o,u) r(o,u) S) r(©) | eff(O)
940 | 5.9057e+01  —— | 6.1812e+01  —— 0.9554
982 | 3.9730e+01 18.1365 | 4.1712e+01 17.9953 | 0.9525

1096 | 2.6136e+01  7.6263 | 2.7724e+01  7.4387 | 0.9427

0| 1337 | 1.8521e+01 3.4653 | 2.0096e+01 3.2376 | 0.9216
1838 | 1.3548e+01  1.9650 | 1.4905e+01 1.8783 | 0.9090
3098 | 9.4108e+00 1.3959 | 1.0536e+01 1.3286 | 0.8932
5420 | 6.9603e+00 1.0786 | 7.8716e+00 1.0426 | 0.8842

11100 | 4.7501e4+00 1.0659 | 5.4231e+00 1.0395 | 0.8759
3080 | 2.2588e+01  —— | 2.4078e+01  —— 0.9381
3212 | 9.7746e+00 39.9209 | 1.0379e+01 40.1065 | 0.9418
3516 | 5.1580e+00 14.1379 | 5.6331e+00 13.5160 | 0.9157
3936 | 3.2117e+00 8.3964 | 3.5285e+00 8.2911 | 0.9102

1| 4866 | 1.8770e+00 5.0650 | 2.1510e+00 4.6667 | 0.8726
6342 | 1.2110e4+-00 3.3083 | 1.4262e4+00 3.1021 | 0.8491
8966 | 7.6293e-01  2.6687 | 9.0810e-01  2.6076 | 0.8401

14202 | 4.4611e-01  2.3334 | 5.5115e-01  2.1714 | 0.8094

21684 | 2.9875e-01  1.8948 | 3.6841e-01  1.9037 | 0.8109
6120 | 7.8275e+00 —— 8.6432e+00 - 0.9056
6378 | 2.3483e+00 58.3131 | 2.5850e+00 58.4627 | 0.9084
6851 | 1.2364e+00 17.9329 | 1.4322¢+00 16.5094 | 0.8633
7676 | 5.3466e-01 14.7464 | 6.6401e-01 13.5204 | 0.8052

2| 8200 | 3.8435e-01  9.9969 | 4.6526e-01 10.7732 | 0.8261
9738 | 2.2031e-01  6.4748 | 2.7509e-01  6.1138 | 0.8009

11895 | 1.3259e-01  5.0756 | 1.7407e-01  4.5744 | 0.7617

16581 | 6.8309e-02  3.9936 | 9.0940e-02  3.9096 | 0.7512

21183 | 4.4949e-02  3.4173 | 6.1021e-02  3.2578 | 0.7366

TABLE 4. Test 3. The behaviour of the global error and the estimator using the adaptive
strategy. The effectivity of the estimator is reported in the right-most column.
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