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Abstract

We propose a residual-type a posteriori error estimator for a hybridizable discontinuous Galerkin method
applied to the Oseen problem in gradient-velocity-pressure formulation. We state reliability and local ef-
ficiency results for our estimator with respect to an error measured in the natural norms, with constants
depending explicitly on the physical parameters. A weighted function technique, to control the L2-error of
the velocity, and the approximation properties of the Oswald interpolation operator are the main ingredients
in the analysis. Numerical experiments in three dimensions validate our theoretical results.
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1. Introduction

The aim of this work is to introduce an a posteriori error estimator for a hybridizable discontinuous
Galerkin (HDG) method applied to the Oseen equations. We consider the Oseen equations of a viscous
and incompressible fluid at small Reynolds numbers under the action of an external body force and with
prescribed velocity on the boundary of the volume containing it. The problem that we solve can be expressed
as follows

L−∇u = 0 in Ω, (1.1a)

−∇ · (νL) +∇p+ (β · ∇)u = f in Ω, (1.1b)

∇ · u = 0 in Ω, (1.1c)

u = uD on Γ, (1.1d)∫
Ω

p = 0, (1.1e)

where Ω ⊂ Rd (d = 2, 3) is a polygonal/polyhedral domain with Lipschitz boundary Γ, u is the velocity
field, p the pressure, ν > 0 the effective viscosity of the fluid, β ∈ W 1,∞(Ω)d the convective velocity of the
fluid, f ∈ L2(Ω)d an external body force and uD ∈ H1/2(Γ)d a Dirichlet boundary data, assumed to satisfy∫

Γ
uD · n = 0 for compatibility. We assume ∇ · β = 0 motivated by the application to the incompressible

Navier–Stokes equations. In fact, one of the most common approaches to approximate the solution of the
incompressible Navier–Stokes equations is to consider Picard’s iteration, which consists in solving Oseen
equations at every step, where the convective velocity, which is divergence free, is nothing but the velocity
of the previous iteration. Now, since β is divergence free, it is not possible to use the standard energy
argument to bound the L2-norm of the error of u and that is why a duality argument is employed [5].
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Another alternative to control this error is based on the idea of [3] (see also [22]) and assume that there is

a function ψ ∈ W 1,∞(Ω) such that β · ∇ψ ≥ ‖β‖∞,Ω

diam(Ω) . This is satisfied, according to [3], if β has no closed

curves and |β(x)| 6= 0 for all x ∈ Ω. In this work we consider the later approach which will help us to obtain
an a posteriori estimates for an error that includes the L2-error of the velocity.

Oseen equations constitute an improved description of viscous and incompressible fluids at small Reynolds
numbers, as compared to Stokes equations, with the partial inclusion of convective acceleration [37]. As an
application of Oseen equations we can consider slow motion of small particles in a fluid, that is common in
bio-mechanics [24].

Hybridization of Discontinuous Galerkin (DG) methods arises as an alternative to reduce the number of
globally coupled degrees of freedom of DG methods. In the context of diffusion problems, [14] introduced a
unifying framework for hybridization of DG methods, where the only globally coupled degrees of freedom are
those of the numerical traces on the inter-element boundaries and the remaining unknowns are then obtained
by solving local problems on each element. HDG methods have also been developed for a wide variety of
problems arising from fluid mechanics, such as convection-diffusion equation [4, 9, 10, 12, 22, 31, 33, 34, 40],
Stokes flow [13, 15, 16, 35], quasi-Newtonian Stokes flow [25, 26], Stokes–Darcy coupling [27], Brinkman
problem [2, 21, 28], Oseen problem [5] and Navier–Stokes equations [6, 29, 36, 38, 39, 41, 42]. In the case of
Oseen problem, an HDG method was proposed and analyzed in [5], for a velocity gradient-velocity-pressure
formulation, obtaining optimal convergence for all the variables. Our aim is to propose an a posteriori error
estimator for this HDG formulation.

A posteriori error analyses of DG methods have been extensively studied and a complete review is
discussed in [17, 18] and the references therein. In the context of HDG methods, few contributions can be
found in the literature. The first a posteriori error analysis of HDG methods was carried out in [17] for an
LDG-H method applied to a diffusion problem. In that work, the authors proposed an efficient and reliable
residual-based a posteriori error estimator that controls the L2-errors of the flux q and the gradient of u. It
only depends on the data oscillation and on the difference between the trace of the scalar variable u and its
corresponding numerical trace. In [18], the authors provided a unified a posteriori error analysis for diffusion
problems for a wide class of methods, including HDG, with a locally efficient and reliable error estimator
that controls the L2-norm of q − q̃h, where q̃h is any approximation of q that satisfies certain conditions
(see Section 2.3.1 in [18]). Later, [7] proposed a reliable and locally efficient estimator for the convection-
dominated diffusion equation, controlling the energy norm of the error. In particular, this estimator is robust
with respect to the diffusion parameter. The authors also used a weighted function technique to control the
L2-error of the scalar variable. More recently, for the velocity gradient-velocity-pressure formulation of the
Stokes/Brinkman problem, [2] introduced a residual-type a posteriori error estimator to control the L2-error
of the velocity gradient and pressure and the H1-error of the velocity. Finally, [8] proposed an estimator for
the coercive Maxwell equations.

A key ingredient in all the contributions aforementioned, is the use of the Oswald interpolation operator
[20, 32], that provides a continuous approximation of a discontinuous piecewise polynomial function. An-
other approach consists of bounding the error in terms of the residuals by using the global inf-sup condition
associated to the continuous variational formulation. In this direction, [26] proposed an error estimator for
an augmented HDG method applied to a class of quasi-Newtonian Stokes equations in velocity gradient-
pseudostress-velocity formulation and [28] employed similar techniques to derive an error estimator for an
HDG method applied to the Brinkman problem in pseudostress-velocity formulation. As another contribu-
tion on adaptivity for HDG methods, the first fully computable a posteriori error bounds for HDG methods
have been recently presented in [1].

The main contribution of our work is to propose and analyse an a posteriori estimator of an HDG
method for Oseen equations, where the unknowns are de velocity, pressure and the gradient of the velocity.
We propose a reliable and locally efficient residual-based a posteriori error estimator for the Oseen problem,
constructed in terms of an element-by-element postprocessing of the velocity having superconvergence prop-
erties, using the Oswald interpolation operator and a weighted function technique to control the L2-norm
of the velocity. In addition, all the constants in the estimates are written explicitly in terms of the physical
parameters β and ν.
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The paper is organized as follows. In Section 2, we present the HDG method, notation and basic
definitions. In Section 3, we introduce our a posteriori error estimator and state the main results about it.
Finally, in Section 4 we show numerical evidence, in dimension three, that validates our theoretical results
and an application to steady-state incompressible Navier–Stokes equations.

2. The method

2.1. Notation

Let {Th}h>0 be a shape-regular family of conforming simplicial triangulations of the domain Ω. Let hS
be the diameter of an element or face S, as appropriate. We denote by E ih and E∂h the set of interior and
boundary faces, respectively, and sets Eh := E ih ∪ E∂h , ∂Th := {∂K : K ∈ Th}, ωe := {K ∈ Th : e ⊂ ∂K}. We
will use bold and roman letters to denote vector- and tensor-valued variables, respectively. For a tensor-
valued function G and a vector-valued function v, we define

JGK =

{
G−n− + G+n+, e ∈ Eh \ E∂h

0, e ∈ E∂h
and JvK =

{
v+ − v−, e ∈ Eh \ E∂h
v − uD, e ∈ E∂h

,

where n denotes the outward unit normal vector to ∂K. We use the notation (·, ·)K and 〈·, ·〉e for the L2-inner
product on K ∈ Th and e ∈ Eh, respectively, and define (·, ·)D :=

∑
K∈D(·, ·)K and 〈·, ·〉D :=

∑
e∈D〈·, ·〉e,

where D ⊆ Th or D ⊆ Eh, as appropriate. Let us also define

|||v|||K :=

(
‖β‖∞,Ω
diam(Ω)

‖v‖20,K + ν‖∇v‖20,K
)1/2

,

and ||| · |||D :=
(∑

K∈D ||| · |||K
)1/2

, where ‖ · ‖0,K is induced by (·, ·)K . At last, Pk(S) will denote the space of
polynomials of total degree no greater than k ∈ N, with S being a simplex or a face as appropriate.

In what follows, we will use a � b to denote a ≤ Cb, where C is a generic positive constant independent
of h and the physical parameters of the equation.

2.2. An HDG method for the Oseen problem

Let us consider the finite element spaces

Gh := {G ∈ L2(Th)d×d : G|K ∈ Pk(K)d×d ∀K ∈ Th}, (2.1a)

V h := {v ∈ L2(Th)d : v|K ∈ Pk(K)d ∀K ∈ Th}, (2.1b)

Ph := {w ∈ L2(Th) : w|T ∈ Pk(K) ∀K ∈ Th}, (2.1c)

Mh := {µ ∈ L2(Eh)d : µ|e ∈ Pk(e)d ∀e ∈ Eh} (2.1d)

and the HDG formulation, introduced in [5], for the Oseen problem (1.1): Find (Lh,uh, ph, ûh) ∈ Gh ×
V h × Ph ×Mh such that

(Lh,G)Th + (uh,∇ ·G)Th − 〈ûh,Gn〉∂Th = 0, (2.2a)

(νLh,∇v)Th − (uh ⊗ β,∇v)Th − (ph,∇ · v)Th − 〈νL̂hn− (ûh ⊗ β)n− p̂hn,v〉∂Th = (f ,v)Th , (2.2b)

−(uh,∇q)Th + 〈ûh · n, q〉∂Th = 0, (2.2c)

〈ûh,µ〉Γ = 〈uD,µ〉Γ, (2.2d)

〈νL̂hn− (ûh ⊗ β)n− p̂hn,µ〉∂Th\Γ = 0, (2.2e)

(ph, 1)Ω = 0, (2.2f)
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for all (G,v, q,µ) ∈ Gh×V h×Ph×Mh. To complete the definition of the scheme, we specify the numerical

trace νL̂hn − (ûh ⊗ β)n − p̂hn := νLhn − (ûh ⊗ β)n − phn − ντ(uh − ûh) on ∂Th, where τ is a positive
stabilization function on ∂Th that satisfies

min
x∈∂K

(
ντ − 1

2
β · n

)
> 0 ∀K ∈ Th. (2.3)

As it is shown in [5], this scheme is well-posed and, if L, u and p have enough regularity, the approximate
solution satisfies

‖L− Lh‖0,Th + ‖u− uh‖0,Th + ‖p− ph‖0,Th ≤ cν,β
∑
K∈Th

hk+1
K ΘK , (2.4a)

where cν,β > 0 is a constant depending on ν and β and ΘK := |L|k+1 + |u|k+1 + |∇ · (νL−pI)|k,K + |p|k+1,K .

2.3. Local postprocessing of the velocity

Our a posteriori error estimator will be defined in terms of a local postprocessing u∗h of uh that approx-
imates u with enhanced accuracy. In our case, we construct u∗h as follows. We seek u∗h ∈ V

∗
h := {w ∈

L2(Ω)d : w|K ∈ Pk+1(K)d ∀K ∈ Th} such that, for all K ∈ Th, it satisfies

(∇u∗h,∇w)K = (Lh,∇w)K ∀w ∈ Pk+1(K)d (2.5a)

(u∗h,w)K = (uh,w)K ∀w ∈ P0(K)d. (2.5b)

It’s straightforward to see that u∗h is well defined. Moreover, this new approximation has superconvergence
properties (see [2]).

3. A posteriori error analysis

3.1. Preliminaries

To start, we provide auxiliary results needed to prove the reliability and efficiency of the error estimator.
They were also considered in the a posteriori error estimates for the Brinkman problem [2] and we state
them here in order to make the manuscript self-contained.

Let us consider the Clément interpolation operator Ch : L1(Ω)→ V 1,c
h ∩H1

0 (Ω) introduced in [11]:

Chw :=
∑
z∈N i

h

(
1

|Ωz|

∫
Ωz

w dx

)
φz,

where φz is the P1 nodal basis functions associated to the interior vertex z, Ωz := supp φz, N i
h the set of all

interior vertices and V 1,c
h := {w ∈ C(Ω) : w|K ∈ P1(K), K ∈ Th}.

Lemma 3.1. For any K ∈ Th, e ∈ E ih, 0 ≤ m ≤ 1 and w ∈ H1
0 (Ω), there hold:

‖Chw‖m,Ω � ‖w‖m,Ω, ‖w − Chw‖0,K � θK |||w|||1,∆K
and ‖w − Chw‖0,e � ν−1/4θ1/2

e |||w|||1,∆e
,

where θS := min{hSν−1/2, diam(Ω)1/2‖β‖−1/2
∞,Ω }, with S an element K ∈ Th or a face e ∈ Eh, ∆K := {K ′ ∈

Th : K ′ ∩K 6= ∅} and ∆e := {K ′ ∈ Th : K ′ ∩ e 6= ∅}.

Proof. See Lemma 3.2 in [44].

The next result gives an approximation property of the Oswald interpolation operator, that approximates
w ∈ V h by a continuous function w̃ ∈ V h.
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Lemma 3.2. Let Dγ be the row-wise gradient or identity operator (for |γ| = 1 or |γ| = 0, respectively). For
any wh ∈ V ∗h and any multi-index γ with |γ| = 0, 1 the following approximation result holds: Let g be the
restriction to Γ of a function in V ∗h ∩H1(Ω)d. Then, there exists a function w̃h ∈ V ∗h ∩H1(Ω)d satisfying
w̃h|Γ = g and ∑

K∈Th

‖Dγ(wh − w̃h)‖20,K �
∑
e∈Eih

h1−2|γ|
e ‖JwhK‖20,e +

∑
e∈E∂h

h1−2|γ|
e ‖g −wh‖20,e.

Proof. Apply Theorem 2.2 in [32] to each component.

To avoid nonessential technical difficulties, we make the following assumption:

Assumption H: The Dirichlet boundary data uD is the trace of a continuous function in V ∗h and f a
piecewise polynomial function.

If this assumption is not satisfied, high order terms associated to the approximation of uD and f would
appear. Finally, to prove the local efficiency of our error estimator, we consider the following bubble
functions. Let BK := Πd+1

i=1 λi be the element-bubble function associated to K ∈ Th, where {λi}d+1
i=1 are the

barycentric coordinates of K, and Be := Πd+1
i=1
i6=j

λi be the face-bubble function associated to e ⊂ ∂K, where

j ∈ {1, . . . , d+ 1} is the index such that λj = 0 on e.

Lemma 3.3. The following estimates hold for all v ∈ Pk(K)d, K ∈ Th, µ ∈ Pk(e)d, and e ∈ Eh:

‖v‖20,K � (v, BKv)K , ‖BKv‖0,K � ‖v‖0,K , |||BKv|||1,K � θ−1
K ‖v‖0,K ,

‖µ‖20,e � (µ, Beµ)e, ‖Beµ‖0,ωe
� ν1/4θ1/2

e ‖µ‖0,e, |||Beµ|||1,ωe
� ν1/4θ−1/2

e ‖µ‖0,e.

Proof. The proof is an extension of Lemma 3.3 in [44].

3.2. A posteriori error estimator

For each K ∈ Th, we propose the following local error estimator

η2
K := θ2

K‖f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph‖20,K + ν‖Lh −∇u∗h‖20,K + ν‖∇ · u∗h‖20,K (3.1)

+
1

2

∑
e∈Eih∩∂K

(
ν−1/2θe‖JνLh − (u∗h ⊗ β)− phIK‖20,e + νh−1

e ‖Ju∗hK‖20,e
)

+
∑

e∈E∂h∩∂K

νh−1
e ‖gD − u∗h‖20,e

and its global version given by ηh :=
(∑

K∈Th η
2
K

)1/2
. Here we recall that θK and θe were defined in Lemma

3.1.
The first three terms are the residuals associated to the equilibrium equation, the constitutive equation

and the incompressibility condition, respectively, while the jumps across the faces refer to the continuity of
the trace of u and the normal trace of νL − (u ⊗ β) − pI, if the solution of the continuous problem had
enough regularity.

To prove our main result, we combine two techniques. One of them consists of adapting, to our setting,
the procedure followed in [2] for the Brinkman problem. However, in contrast to Brinkman equations, in
our case the L2-error of the scalar variable cannot be obtained directly from the formulation. That is why
we employ the weighted function technique used by [7] in the context of the convection-diffusion equations.
We emphasize that we keep track the dependence on ν and β.

We start by introducing three lemmas that will allow us to prove the reliability of the error estimator.
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Lemma 3.4. Let (L,u, p) and (Lh,uh, phûh) the solutions of (1.1) and (2.2), respectively, and u∗h the
postprocessed velocity defined by (2.5). Then

ν−1/2‖p− ph‖0,Th � max {1, Cν,β}

[
ν1/2‖L− Lh‖0,Th +

‖β‖1/2∞,Ω
diam(Ω)1/2

‖u− u∗h‖0,Th

+
∑
K∈Th

(
θK‖f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph‖0,K +

1

2

∑
e∈Eih∩∂K

ν−1/4θ1/2
e ‖JνLh − (u∗h ⊗ β)− phIK‖0,e

)

+
‖β‖W 1,∞(Ω)

ν1/2

∑
K∈Th

hK‖uh − u∗h‖0,K

]
,

where Cν,β :=
‖β‖1/2∞,Ωdiam(Ω)1/2

ν1/2
.

Proof. For q ∈ L2
0(Ω) we know that ([30], Chapter 1, Corollary 2.4)

ν−1/2‖q‖0,Th � sup
w∈H1

0 (Ω)d\{0}

(q,∇ ·w)Th
ν1/2‖∇w‖0,Th

.

Since p − ph ∈ L2
0(Ω) (cf. (1.1e) and (2.2f)) we can use the above inf-sup condition, with q = p − ph,

to get an estimate for ν−1/2‖p− ph‖0,Th . In fact, let w ∈ H1
0 (Ω)d. Then, integrating by parts, considering

(1.1b), reordering terms and integrating by parts again , we obtain

(p− ph,∇ ·w)Th = −ν(∇ · (L− Lh),w)Th + (∇ · ((u− u∗h)⊗ β),w)Th
− (f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph,w)Th + 〈(p− ph)n,w〉∂Th

= ν(L− Lh,∇w)Th − ((u− u∗h)⊗ β,∇w)Th
− (f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph,w)Th
+ 〈JνLh − u∗h ⊗ β − phIK,w〉Eih . (3.2)

On the other hand, integrating by parts in (2.2b) and considering (2.2e), we have

(f +∇ · (νLh)−∇ · (uh ⊗ β)−∇ph v)Th = 〈νLhn− (uh ⊗ β)n− phn,v〉∂Th\Γ ∀v ∈ V 1,c
h , (3.3)

where V 1,c
h := {v ∈ H1

0 (Ω)d : v|K ∈ P1(K)d ∀K ∈ Th}. Moreover, for v ∈ V 1,c
h and K ∈ Th, we have that

−(∇ · (uh ⊗ β),v)K = (uh ⊗ β,∇v)K − 〈(uh ⊗ β)n,v〉∂K\Γ
= (uh ⊗ P0β,∇v)K + (uh ⊗ (I− P0)β,∇v)K − 〈(uh ⊗ β)n,v〉∂K\Γ
= (u∗h ⊗ P0β,∇v)K + (uh ⊗ (I− P0)β,∇v)K − 〈(uh ⊗ β)n,v〉∂K\Γ
= (u∗h ⊗ β,∇v)K + ((uh − u∗h)⊗ (I− P0)β,∇v)K − 〈(uh ⊗ β)n,v〉∂K\Γ
= −(∇ · (u∗h ⊗ β),v)K + ((uh − u∗h)⊗ (I− P0)β,∇v)K

− 〈(uh ⊗ β)n,v〉∂K\Γ + 〈(u∗h ⊗ β)n,v〉∂K\Γ,

that combined with (3.3) result in

(f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph v)Th (3.4)

= 〈JνLh − u∗h ⊗ β − phIK,v〉Eih − ((uh − u∗h)⊗ (I− P0)β,∇v)Th ∀v ∈ V 1,c
h ,

Then, combining (3.2) and (3.4) with v = Chw, we obtain

(p− ph,∇ ·w)Th = ν(L− Lh,∇w)Th − ((u− u∗h)⊗ β,∇w)Th
− (f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph, (I − Ch)w)Th
+ 〈JνLh − u∗h ⊗ β − phIK, (I − Ch)w〉Eih + ((uh − u∗h)⊗ (I− P0)β,∇Chw)Th .
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The properties of the Clément interpolant in Lemma 3.1 and the regularity of the mesh imply

(p− ph,∇ ·w)Th

≤
∑
K∈Th

ν‖L− Lh‖0,K‖∇w‖0,K +
∑
K∈Th

‖(u− u∗h)⊗ β‖0,K‖∇w‖0,K

+
∑
K∈Th

‖f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph‖0,K‖(I − Ch)w‖0,K

+
∑
e∈Eih

‖JνLh − (u∗h ⊗ β)− phIK‖0,e‖(I − Ch)w‖0,e +
∑
K∈Th

‖uh − u∗h‖0,K‖(I− P0)β‖∞,K‖∇Chw‖0,K

≤

(
ν1/2‖L− Lh‖0,Th + Cν,β

‖β‖1/2∞,Ω
diam(Ω)1/2

‖u− u∗h‖0,Th

)
ν1/2‖∇w‖0,Th

+

[ ∑
K∈Th

(
θK‖f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph‖0,K +

1

2

∑
e∈Eih∩∂K

ν−1/4θ1/2
e ‖JνLh − (u∗h ⊗ β)− phIK‖0,e

)

+ C0

‖β‖W 1,∞(Ω)

ν1/2

∑
K∈Th

hK‖uh − u∗h‖0,K

]
|||w|||1,Ω

≤ max{1, Cν,β}

(
ν1/2‖L− Lh‖0,Th +

‖β‖1/2∞,Ω
diam(Ω)1/2

‖u− u∗h‖0,Th

)
ν1/2‖∇w‖0,Th

+

[ ∑
K∈Th

(
θK‖f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph‖0,K +

1

2

∑
e∈Eih∩∂K

ν−1/4θ1/2
e ‖JνLh − (u∗h ⊗ β)− phIK‖0,e

)

+ C0

‖β‖W 1,∞(Ω)

ν1/2

∑
K∈Th

hK‖uh − u∗h‖0,K

]
max {1, CPCν,β} ν1/2‖∇w‖0,Th ,

where CP is the Poincaré constant associated to Ω and C0 joints the constants associated to P0, the L2-
projection onto P0(K)d.

Now, to derive an estimate for the L2-error of the velocity, we proceed as in [7] defining the auxiliary
weighted function

ϕ := e−ψ + χ, (3.5)

where χ is a positive constant to be determined below. Then, we have the following result.

Lemma 3.5. Let (L,u, p) and (Lh,uh, ph, ûh)be the solutions of (1.1) and (2.2), respectively, and u∗h the
postprocessed velocity defined by (2.5). We set

χ :=
2ν diam(Ω)‖∇ψ‖2∞,Ω‖e−ψ‖2∞,Ω

‖β‖∞,Ω min
x∈Ω

e−ψ(x)
+

64‖∇ψ‖2∞,Ω
min
x∈Ω

e−ψ(x)
C2
P (max {1, Cν,β})2 +

3

4
min
x∈Ω

e−ψ(x) + 1, (3.6)

where CP > 0 is the Poincaré inequality constant associated to Ω. Then

ν‖L− Lh‖20,Th +
‖β‖∞,Ω
diam(Ω)

‖u− u∗h‖20,Th � max{1, ‖ϕ‖2∞,Ω} (max {1, Cν,β})2
(
η2
h

+
‖β‖2

W 1,∞(Ω)

ν

∑
K∈Th

h2
K‖uh − u∗h‖20,K + max

{
ν

diam(Ω)2
,
‖β‖∞,Ω
diam(Ω)

,
‖β‖2∞,Ω

ν

}
‖uh − ũh‖20,Th

)
,

where ũ∗h is the Oswald interpolant of u∗h provided by Lemma 3.2.
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To prove this estimate, we need the following auxiliary result, adapted from Lemma 4.1 in [7].

Lemma 3.6. Let eL := L− Lh and eu := u− u∗h. Then(
χν −

ν2diam(Ω)‖∇ψ‖2∞,Ω‖e−ψ‖2∞,Ω
‖β‖∞,Ω minx∈Ω e−ψ(x)

)
‖eL‖20,Th +

1

2
min
x∈Ω

e−ψ(x) ‖β‖∞,Ω
diam(Ω)

‖eu‖20,Th

≤ ν(eL, ϕeL)Th + ν(eL∇ϕ, eu)Th −
1

2
((β · ∇ϕ)eu, eu)Th .

Proof. From the definition of ϕ and the fact that β · ∇ψ ≥ ‖β‖∞,Ω

diam(Ω) , we obtain

ν(eL, ϕeL)Th − ν(e−ψeL∇ψ, eu)Th+
1

2
((β · ∇ψ)e−ψeu, eu)Th

≥ χν‖eL‖20,Th − ν(e−ψeL∇ψ, eu)Th +
‖β‖∞,Ω

2diam(Ω)
(e−ψeu, eu)Th .

To bound the second term on the right hand side, we use Cauchy-Schwarz and Young’s inequalities to obtain,
for any δ > 0, that

|(e−ψeL∇ψ, eu)Th | ≤
1

2
(δ−1‖∇ψ‖2∞,Ω‖e−ψ‖∞,Ω‖eL‖20,Th + δ‖e−ψ‖∞,Ω‖eu‖20,Th).

Then, the results follows from taking δ =
‖β‖∞,Ω minx∈Ω e

−ψ(x)

2νdiam(Ω)‖e−ψ‖∞,Ω
, combining both inequalities and noticing

that ∇ϕ = −∇ψe−ψ.

Now, we proceed to prove Lemma 3.5.

Proof of Lemma 3.5. Let ũ∗h ∈ H1(Ω)d the Oswald interpolation of u∗h, eL = L − Lh and eu = u − u∗h.
Adding and subtracting ϕ∇ũ∗h, and integrating by parts we obtain

ν(eL, ϕeL)Th = ν(L− Lh, ϕ∇(u− ũ∗h))Th + ν(L− Lh, ϕ(∇ũ∗h − Lh))Th
= −ν((L− Lh)(∇ϕ),u− ũ∗h)Th − ν(ϕ ∇ · (L− Lh),u− ũ∗h)Th

+ ν〈(L− Lh)n, ϕ(u− ũ∗h)〉∂Th + ν(L− Lh, ϕ(∇ũ∗h − Lh))Th .

Using equations (1.1), adding and subtracting terms and integrating by parts, we arrive at

ν(eL, ϕeL)Th = −ν(eL∇ϕ, eu)Th − ν((L− Lh)(∇ϕ),u∗h − ũ
∗
h)Th

+ (f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph, ϕ(u− ũ∗h))Th
+ 〈(νL−(u⊗ β)− pI)n, ϕ(u− ũ∗h)〉∂Th\Γ−〈(νLh −(u∗h ⊗ β)− phI)n, ϕ(u− ũ∗h)〉∂Th\Γ
+ ((u− u∗h)⊗ β,∇(ϕ(u− ũ∗h)))Th + ((p− ph)I,∇(ϕ(u− ũ∗h)))Th
+ ν(L− Lh, ϕ(∇ũ∗h − Lh))Th .

Since u− ũ∗h ∈ H1
0 (Ω)d (Lemma 3.2 with g = uD) and νL− (u⊗ β)− pI ∈ H(div,Ω)d, we have that

ν(eL, ϕeL)Th = −ν(eL∇ϕ, eu)Th − ν((L− Lh)(∇ϕ),u∗h − ũ
∗
h)Th + ν(L− Lh, ϕ(∇ũ∗h − Lh))Th

+ (f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph, ϕ(u− ũ∗h))Th
− 〈(νLh − (u∗h ⊗ β)− phI)n, ϕ(u− ũ∗h)〉∂Th\Γ
+ ((u− u∗h)⊗ β,∇(ϕ(u− ũ∗h)))Th + (p− ph,∇ · (ϕ(u− ũ∗h)))Th .

Then, from Lemma 3.6 and (3.4), we obtain that(
χν −

ν2diam(Ω)‖∇ψ‖2∞,Ω‖e−ψ‖2∞,Ω
‖β‖∞,Ω minx∈Ω e−ψ(x)

)
‖eL‖20,Th +

1

2
min
x∈Ω

e−ψ(x) ‖β‖∞,Ω
diam(Ω)

‖eu‖20,Th ≤ T1 + T2 + T3, (3.7)
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where

T1 :=− ν((L− Lh)(∇ϕ),u∗h − ũ
∗
h)Th + ν(L− Lh, ϕ(∇ũ∗h − Lh))Th

+ (f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph, (I − Ch)(ϕ(u− ũ∗h)))Th
− 〈(νLh − (u∗h ⊗ β)− phI)n, (I − Ch)(ϕ(u− ũ∗h))〉∂Th\Γ
− ((uh − u∗h)⊗ (I− P0)β,∇Ch(ϕ(u− ũ∗h)))Th

T2 := ((u− u∗h)⊗ β,∇(ϕ(u− ũ∗h)))Th −
1

2
((β · ∇ϕ)eu, eu)Th

T3 := ((p− ph)I,∇(ϕ(u− ũ∗h)))Th .

First, we set µ = (1/32) minx∈Ω e
−ψ(x). Thanks to Cauchy-Schwarz and Young’s inequalities, the stabil-

ity and approximation properties of the Clément interpolant, the approximation property of P0 and the
regularity of the family of meshes, we get that

T1 ≤
1

4
ν‖eL‖20,Th + ‖∇ϕ‖2∞,Ων‖u∗h − ũ

∗
h‖20,Th +

1

4
ν‖eL‖20,Th + 2‖ϕ‖2∞,Ων‖Lh −∇u∗h‖20,Th (3.8)

+ 2‖ϕ‖2∞,Ων‖∇(u∗h − ũ
∗
h)‖20,Th + 6µ|||eu|||21,Th + 6µ|||u∗h − ũ

∗
h|||21,Th

+
1

4µ
‖ϕ‖2∞,Ω

∑
K∈Th

θ2
K‖f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph‖20,K

+
1

4µ
‖ϕ‖2∞,Ω

∑
K∈Th

1

2

∑
e∈Eih∩∂K

ν−1/2θe‖JνLh − (u∗h ⊗ β)− phIK‖20,e

+
1

4µ
C0

‖β‖2
W 1,∞(Ω)

ν

∑
K∈Th

h2
K‖uh − u∗h‖20,K .

On the other hand, for w ∈ H1
0 (Ω)d, we have

1

2
(∇ · β, ϕ|w|2)Th = −1

2
(β,∇(ϕ|w|2))Th = −1

2
(β, ϕ∇|w|2)Th −

1

2
(β, |w|2∇ϕ)Th

= −(β, ϕ(∇w)tw)Th−
1

2
(β · ∇ϕ, |w|2)Th = −((β · ∇)w, ϕw)Th−

1

2
((β · ∇ϕ)w,w)Th

and since ∇ · β = 0, we obtain that ((β · ∇)w, ϕw)Th = − 1
2 ((β · ∇ϕ)w,w)Th .

Then, using again the fact that u− ũh ∈ H1
0 (Ω)d, we can write

((u− u∗h)⊗ β,∇(ϕ(u− ũ∗h)))Th = −(∇ · ((u− ũ∗h)⊗ β), ϕ(u− ũ∗h))Th + ((ũ∗h − u∗h)⊗ β,∇(ϕ(u− ũ∗h)))Th
= −((β · ∇)(u− ũ∗h), ϕ(u− ũ∗h))Th + ((ũ∗h − u∗h)⊗ β,∇(ϕ(u− ũ∗h)))Th

=
1

2
((β · ∇ϕ)(u− ũ∗h),u− ũ∗h)Th + ((ũ∗h − u∗h)⊗ β, (u− ũ∗h)⊗∇ϕ)Th

+ ((ũ∗h − u∗h)⊗ β, ϕ∇(u− ũ∗h))Th ,

and then

T2 = −(∇eu, ϕ(u∗h − ũ
∗
h)⊗ β)Th − (∇(u∗h − ũ

∗
h), ϕ(u∗h − ũ

∗
h)⊗ β)Th −

1

2
((β · ∇ϕ)(u∗h − ũ

∗
h),u∗h − ũ

∗
h)Th

≤ 1

8
ν‖∇eu‖20,Th + 2

‖β‖2∞,Ω
ν

‖ϕ‖2∞,Ω‖u∗h − ũ
∗
h‖20,Th +

1

2
ν‖∇(u∗h − ũ

∗
h)‖20,Th +

1

2

‖β‖2∞,Ω
ν

‖u∗h − ũ
∗
h‖20,Th

+ ‖β‖∞,Ω‖∇ϕ‖∞,Ω‖u∗h − ũ
∗
h‖20,Th , (3.9)

by using Cauchy-Schwarz and Young’s inequalities.
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Then, after integrating by part, we write

T3 = ((p− ph)∇ϕ,u− ũ∗h)Th + (p− ph, ϕ ∇ · (u− ũ∗h))Th
= ((p− ph)∇ϕ, eu)Th + ((p− ph)∇ϕ,u∗h − ũ

∗
h)Th − (p− ph, ϕ ∇ · u∗h)Th + (p− ph, ϕ ∇ · (u∗h − ũ

∗
h))Th

≤ 2µ (max {1, Cν,β})−2
ν−1‖p− ph‖20,Th

+
1

2µ
‖∇ϕ‖2∞,ΩC2

P (max {1, Cν,β})2 ν‖∇eu‖20,Th +
1

2µ
‖∇ϕ‖2∞,Ω (max {1, Cν,β})2 ν‖u∗h − ũ

∗
h‖20,Th

+
1

2µ
‖ϕ‖2∞,Ω (max {1, Cν,β})2 ν‖∇ · u∗h‖20,Th +

1

2µ
d‖ϕ‖2∞,Ω (max {1, Cν,β})2 ν‖∇(u∗h − ũ

∗
h)‖20,Th .

(3.10)

Finally, after inserting (3.8), (3.9) and (3.10) in (3.7), Lemma 3.4, the definition of ||| · |||Th , the facts that
‖∇eu‖0,Th � ‖eL‖0,Th + ‖Lh −∇u∗h‖0,Th and ∇ϕ = −∇ψe−ψ, we obtain(
χν −

ν2diam(Ω)‖∇ψ‖2∞,Ω‖e−ψ‖2∞,Ω
‖β‖∞,Ω minx∈Ω e−ψ(x)

− 32

minx∈Ω e−ψ(x)
‖∇ψ‖2∞,ΩC2

P (max {1, Cν,β})2 ν

− 3

8
νmin
x∈Ω

e−ψ(x) − 1

2
ν

)
‖eL‖20,Th +

1

4
min
x∈Ω

e−ψ(x) ‖β‖∞,Ω
diam(Ω)

‖eu‖20,Th

≤ Cψ,Ω max{1, ‖ϕ‖2∞,Ω} (max {1, Cν,β})2
(
η2
h + C0

‖β‖2
W 1,∞(Ω)

ν

∑
K∈Th

h2
K‖uh − u∗h‖20,K

+ max

{
ν

diam(Ω)2
,
‖β‖∞,Ω
diam(Ω)

,
‖β‖2∞,Ω

ν

}
‖u∗h − ũ

∗
h‖20,Th

)
,

where Cψ,Ω > 0 is a constant depending only on ψ and Ω.
Thus, by the choice of χ in (3.6), last expression becomes

χν

2
‖eL‖20,Th +

1

4
min
x∈Ω

e−ψ(x) ‖β‖∞,Ω
diam(Ω)

‖eu‖20,Th

≤ Cψ,Ω max{1, ‖ϕ‖2∞,Ω} (max {1, Cν,β})2
(
η2
h + C0

‖β‖W 1,∞(Ω)

ν1/2

∑
K∈Th

hK‖uh − u∗h‖0,K

+ max

{
ν,
‖β‖∞,Ω
diam(Ω)

,
‖β‖2∞,Ω

ν

}
‖u∗h − ũ

∗
h‖20,Th

)
.

Thus, the result follows noticing that χ > 1.

The next lemmas provide us tools to prove local efficiency of the error estimator.

Lemma 3.7. Let e ∈ E ih, then

ν−1/2θe‖JνLh − (u∗h ⊗ β)− phIK‖20,e � (max {1, Cν,β})2
(
ν‖L− Lh‖20,ωe

+
‖β‖∞,Ω
diam(Ω)

‖u− u∗h‖20,ωe

+ ν−1‖p− ph‖20,ωe

)
+
∑
K∈ωe

θ2
K‖f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph‖20,K .
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Proof. For any v ∈ H1
0 (ωe)

d we have

〈JνLh− (u∗h ⊗ β)− phIK,v〉e =
∑
K∈ωe

(〈ν(Lh − L)n,v〉∂K + 〈((u− u∗h)⊗ β)n,v〉∂K + 〈(p− ph)n,v〉∂K)

=
∑
K∈ωe

((ν(Lh − L),∇v)K+(ν∇ · (Lh − L),v)K+(((u− u∗h)⊗ β),∇v〉∂K + (∇ · ((u− u∗h)⊗ β),v〉∂K

+ (∇(p− ph),v)K + (p− ph,∇ · v)K)

=
∑
K∈ωe

((ν(Lh − L),∇v)K + ((u− u∗h)⊗ β,∇v)K + (p− ph,∇ · v)K

+ (f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph,v)K)

≤
∑
K∈ωe

(
ν1/2‖L− Lh‖0,K + diam(Ω)

‖β‖1/2∞,Ω
ν1/2diam(Ω)1/2

‖β‖1/2∞,Ω
diam(Ω)1/2

‖u− u∗h‖0,K + ν−1/2‖p− ph‖0,K

+ θK‖f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph‖0,K

)
Tv,

where Tv := 2ν1/2‖∇v‖0,K + ν1/2‖∇ · v‖0,K + θ−1
K ‖v‖0,K .

Then, taking v := BeJνLh − (u∗h ⊗ β)− phIK and applying Lemma 3.3, we get

Tv � |||v|||1,K + θ−1
e ‖v‖0,K � ν1/4θ−1/2

e ‖JνLh − (u∗h ⊗ β)− phIK‖0,e.

The result follows from Lemma 3.3 and the shape-regularity assumption.

Lemma 3.8. For any element K ∈ Th we have

θK‖f +∇ · (νLh)− (u∗h ⊗ β)−∇ph‖0,K

� max {1, Cν,β}

(
ν1/2‖L− Lh‖0,K +

‖β‖1/2∞,Ω
diam(Ω)1/2

‖u− u∗h‖0,K + ν−1/2‖p− ph‖0,K

)
.

Proof. Let v = f +∇ · (νLh)− (u∗h ⊗ β)−∇ph then

(v, BKv)K = −ν(∇ · (L− Lh), BKv)K + (∇ · ((u− u∗h)⊗ β), BKv)K + (∇(p− ph), BKv)K

= ν(L− Lh,∇BKv)K − ((u− u∗h)⊗ β,∇BKv)K − (p− ph,∇ ·BKv)K

� (ν1/2‖L− Lh‖0,K + diam(Ω)Cν,β
‖β‖1/2∞,Ω

diam(Ω)1/2
‖u− u∗h‖0,K + ν−1/2‖p− ph‖0,K)|||BKv|||1,K .

The result follows from Lemma 3.3.

Now, to derive upper bounds for the jump of the velocity we will decompose νh−1
e ‖Ju∗hK‖20,e into

νh−1
e ‖PM0Ju∗hK‖20,e and νh−1

e ‖(Id− PM0)Ju∗hK‖20,e, where, PM0 is the L2-orthogonal projection into

M0,h := {µ ∈ L2(Eh)d : µ|e ∈ P0(e)d ∀e ∈ Eh}.

Then, Lemmas 3.4 and 3.5 in [19], adapted to vector-valued functions and considering the approximate
velocity instead of its postprocessing, imply

h−1
e ‖PM0Ju

∗
hK‖20,e � ‖Lh −∇u∗h‖20,ωe

for k ≥ 1, (3.11)

and

h−1
e ‖(Id− PM0)Ju

∗
hK‖20,e � ‖∇(u− u∗h)‖20,ωe

, (3.12)

for each face e ∈ Eh.
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3.3. The main results

We define, on each K ∈ Th, the local error

e2
K := ν‖L− Lh‖20,K +

‖β‖∞,Ω
diam(Ω)

‖u− u∗h‖20,K + ν‖∇(u− u∗h)‖20,K + ν−1‖p− ph‖20,K , (3.13)

and its global version given by eh :=
(∑

K∈Th e2
K

)1/2
.

Now, we state and prove reliability and local efficiency results of our a posteriori error estimator (3.1).

Theorem 3.1 (Reliability). Let ϕ as in (3.5). Then

eh � max{1, ‖ϕ‖∞,Ω}max {1, Cν,β}

(
ηh +

‖β‖W 1,∞(Ω)

ν1/2

∑
K∈Th

hK‖uh − u∗h‖0,K

+ max

{
ν

diam(Ω)2
,
‖β‖∞,Ω
diam(Ω)

,
‖β‖2∞,Ω

ν

}1/2 ∑
e∈Eh

h1/2
e ‖Ju∗hK‖0,e

)
.

Proof. Thanks to Lemmas 3.4, 3.5, the definition of Cν,β and the fact that, for each K ∈ Th, ν1/2‖∇(u −
u∗h)‖0,K � ν1/2‖L− Lh‖0,K + ηK , we get

ν‖L− Lh‖20,Th + |||u− uh|||21,Th + ν−1‖p− ph‖20,Th

� max{1, ‖ϕ‖2∞,Ω} (max {1, Cν,β})2
(
η2
h +
‖β‖2

W 1,∞(Ω)

ν

∑
K∈Th

h2
K‖uh − u∗h‖20,K

+ max

{
ν

diam(Ω)2
,
‖β‖∞,Ω
diam(Ω)

,
‖β‖2∞,Ω

ν

}
‖u∗h − ũ

∗
h‖20,Th

)
.

The result follows from taking wh = u∗h in Lemma 3.2 to bound the last term on the right-hand side.

Remark 3.1. In Theorem 3.1 we have tracked the dependence on ϕ, because depends on χ, on ν and β. In
fact, recalling (3.5), we get that

‖ϕ‖∞,Ω ≤ Cψ,Ω max
{

1, ‖χ‖∞,Ω
}
≤ Cψ,Ω

(
max{1, C−1

ν,β, Cν,β}
)2

.

Theorem 3.2 (Efficiency). Let K ∈ Th, eωK
:=
(∑

K′∈ωK
e2
ωK

)1/2
and ωK := {K ′ ∈ Th : K ′ ∈ ωe and e ∈

Eh ∩ ∂K}, then for k ≥ 1,

ηK � max {1, Cν,β} eωK
.

Proof. By definition of ηK , lemmas 3.7–3.8, equations (3.11)-(3.12) and inequalities ‖Lh − ∇u∗h‖0,K ≤
‖L− Lh‖0,K + ‖∇(u− u∗h)‖0,K and ‖∇ · u∗h‖0,K = ‖∇ · (u− u∗h)‖0,K � ‖∇(u− u∗h)‖0,K , we have that

η2
K � (max {1, Cν,β})2

(
ν‖L− Lh‖20,K+

‖β‖∞,Ω
diam(Ω)

‖u− u∗h‖20,K + ν−1‖p−ph‖20,K
)

+ ν‖Lh −∇u∗h‖20,K

+ ν‖∇ · u∗h‖20,K + (max {1, Cν,β})2

(
ν‖L− Lh‖20,ωK

+
‖β‖∞,Ω
diam(Ω)

‖u− u∗h‖20,ωK
+ ν−1‖p− ph‖20,ωK

)
+

∑
K′∈ωK

θ2
K′‖f+∇ · (νLh)−(u∗h ⊗ β)−∇ph‖20,K′ + ν‖Lh −∇u∗h‖20,ωK

+ ν‖∇(u− u∗h)‖20,ωK

� (max {1, Cν,β})2 (
ν‖L− Lh‖20,ωK

+ |||u− u∗h|||21,ωK
+ ν−1‖p− ph‖20,ωK

)
,

and the result follows.

12



4. Numerical experiments

In this section, we carry out numerical simulations, for d = 3, to verify our main results in Theorems 3.1
and 3.2. To satisfy condition we consider,as in [5], the stabilization parameter τ given by

τ =
1

2ν
max
x∈Th

β(x) · n+ 1.

The values of the polynomial degree and physical parameters β and ν will be specified on each example.
Let us define the errors eL := ν1/2‖L−Lh‖0,Th , eu := |||u−u∗h|||1,Th , ep := ν−1/2‖p−ph‖0,Th , the estimator

terms ηi (i = 1, . . . , 5)

η2
1 :=

∑
K∈Th

θ2
K‖f +∇ · (νLh)−∇ · (u∗h ⊗ β)−∇ph‖20,K , η2

2 := ν‖Lh −∇u∗h‖20,Th ,

η2
3 := ν‖∇ · u∗h‖20,Th , η2

4 := ν−1/2
∑
e∈Eh

θe‖JνLh − (u∗h ⊗ β)− phIK‖20,e and η2
5 := ν

∑
e∈Eh

h−1
e ‖Ju∗hK‖20,e,

and the effectivity index eff := ηh/eh. The experimental orders of convergence will be computed in terms
of the number of elements N and we will use the fact that h ' N−1/3. We also include, on each table, a
column with the size of the linear system that we solve, Nsist, to quantify the computational effort in each
case. The implementation of the HDG method was based on [23], an efficient vectorized implementation of
the HDG method for linear variable coefficient reaction-diffusion problems in polyhedral domains.

For the tests that include adaptivity, we use the strategy:

(i) Start with a coarse mesh Th.

(ii) Solve the discrete problem on the current mesh Th.

(iii) Compute ηK for each K ∈ Th.

(iv) Mark each K ′∈ Th such that ηK′ ≥ θ max
K∈Th

ηK , with θ ∈ [0, 1] and refine it using Tetgen (see [43]).

(v) Consider this new mesh as Th and, unless a prescribed stopping criteria is satisfied, go to (ii).

4.1. A smooth solution

For this test case, we choose ν = 1, β = (x, y,−2z) and Ω =]0, 1[×]0, 1[×]0, 1[. The source term f and
the boundary data uD are chosen such that the exact solution of the problem is given by u := (u1, u2, u3),
where u1(x1, x2, x3) := 2x2

1x2x3, u2(x1, x2, x3) := −x1x
2
2x3, u3(x1, x2, x3) := −x1x2x

2
3, and p(x1, x2.x3) :=

x1 − 1/2.

k N Nsist eL order eu order ep order

6 168 5.79e-01 − 2.26e-01 − 1.27e-01 −
48 1,128 1.71e-01 1.76 6.28e-02 1.84 2.76e-02 2.20

1 384 8,160 4.52e-02 1.92 1.62e-02 1.95 6.24e-03 2.15
3,072 61,824 1.15e-02 1.97 4.11e-03 1.98 1.45e-03 2.11

24,576 480,786 2.91e-03 1.99 1.03e-03 1.99 3.42e-04 2.09

6 330 1.28e-01 − 5.36e-02 − 3.87e-02 −
48 2,208 1.78e-02 2.85 6.99e-03 2.94 3.69e-03 3.39

2 384 15,936 2.32e-03 2.94 8.91e-04 2.97 3.96e-04 3.22
3,072 120,576 2.96e-04 2.97 1.12e-04 2.99 4.59e-05 3.11

24,576 936,960 3.74e-05 2.98 1.41e-05 2.99 5.43e-06 3.08

6 546 9.77e-03 − 3.20e-03 − 5.94e-03 −
48 3,648 7.80e-04 3.65 2.47e-04 3.69 2.52e-04 4.56

3 384 26,304 5.35e-05 3.87 1.69e-05 3.87 1.29e-05 4.29
3,072 198,912 3.49e-06 3.94 1.10e-06 3.94 7.23e-07 4.15

24,576 1,545,216 2.23e-07 3.97 7.05e-08 3.97 4.27e-08 4.08

Table 1: History of convergence of the error terms for the Example 4.1 (ν = 1).
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k N η1 order η2 order η3 order η4 order η5 order eff

6 3.76e-01 − 1.09e-01 − 3.94e-02 − 7.42e-01 − 1.38e-01 − 1.342
48 1.09e-01 1.79 3.82e-02 1.52 1.45e-02 1.44 2.39e-01 1.64 4.17e-02 1.72 1.455

1 384 2.84e-02 1.93 1.06e-02 1.85 3.96e-03 1.87 6.66e-02 1.84 1.11e-02 1.90 1.530
3,072 7.24e-03 1.97 2.75e-03 1.95 1.02e-03 1.97 1.75e-02 1.93 2.86e-03 1.96 1.572

24,576 1.82e-03 1.99 6.97e-04 1.98 2.60e-04 1.96 4.49e-03 1.97 7.22e-04 1.99 1.591

6 1.82e-01 − 3.55e-02 − 1.59e-02 − 1.74e-01 − 2.67e-02 − 1.775
48 2.41e-02 2.91 5.03e-03 2.82 2.26e-03 2.81 2.84e-02 2.61 3.61e-03 2.89 1.948

2 384 3.11e-03 2.96 6.61e-04 2.93 2.95e-04 2.94 3.92e-03 2.86 4.65e-04 2.96 2.019
3,072 3.94e-04 2.98 8.45e-05 2.97 3.75e-05 2.98 5.12e-04 2.94 5.90e-05 2.98 2.052

24,576 4.97e-05 2.99 1.07e-05 2.99 4.76e-06 2.98 6.56e-05 2.97 7.42e-06 2.99 2.068

6 3.56e-02 − 1.39e-03 − 4.60e-04 − 1.56e-02 − 6.32e-04 − 3.273
48 2.27e-03 3.97 1.09e-04 3.68 3.86e-05 3.58 1.41e-03 3.47 5.40e-05 3.55 3.124

3 384 1.45e-04 3.97 7.35e-06 3.89 2.60e-06 3.89 9.97e-05 3.82 3.68e-06 3.88 3.061
3,072 9.19e-06 3.98 4.75e-07 3.95 1.67e-07 3.96 6.59e-06 3.92 2.38e-07 3.95 3.034

24,576 5.79e-07 3.99 3.02e-08 3.98 1.07e-08 3.96 4.23e-07 3.96 1.51e-08 3.98 3.021

Table 2: History of convergence of the terms composing the error estimator for the Example 4.1 (ν = 1).

Table 1 shows the history of convergence of the error of each variable when the number of elements N
increases by a factor of 8. We see that all the error terms converge with optimal order of k + 1, exactly as
the error estimates in [5] predicted. In addition, we see in Table 2 that each term of the error estimator
converge with order k + 1. Moreover, the effectivity index remains bounded.

We repeat the experiment considering now ν = 10−1 and ν = 10−2. As Tables 3–6 show, similar
conclusions can be drawn regarding the optimal order of convergence of the error and the estimator. The
last column of Tables 4 and 6 displays the effectivity index. It remains bounded for each polynomial degree
k.

k N Ndof eL order eu order ep order

6 168 2.12e-01 − 8.99e-02 − 1.13e-01 −
48 1,128 7.63e-02 1.47 2.86e-02 1.65 2.74e-02 2.05

1 384 8,160 2.24e-02 1.77 7.96e-03 1.84 6.00e-03 2.19
3,072 61,824 6.07e-03 1.88 2.14e-03 1.89 1.31e-03 2.20

24,576 480,786 1.59e-03 1.94 5.60e-04 1.93 2.96e-04 2.14

6 330 6.40e-02 − 2.82e-02 − 4.62e-02 −
48 2,208 1.09e-02 2.55 4.01e-03 2.82 4.24e-03 3.45

2 384 15,936 1.58e-03 2.79 5.46e-04 2.88 4.40e-04 3.27
3,072 120,576 2.15e-04 2.88 7.27e-05 2.91 4.98e-05 3.14

24,576 936,960 2.84e-05 2.92 9.48e-06 2.94 5.85e-06 3.09

6 546 1.07e-02 − 4.02e-03 − 7.93e-03 −
48 3,648 8.67e-04 3.63 2.90e-04 3.80 3.16e-04 4.65

3 384 26,304 6.26e-05 3.79 2.01e-05 3.85 1.60e-05 4.30
3,072 198,912 4.24e-06 3.89 1.35e-06 3.90 9.03e-07 4.15

24,576 1,545,216 2.70e-07 3.97 8.52e-08 3.98 5.58e-08 4.02

Table 3: History of convergence of the error terms for the Example 4.1 (ν = 10−1).
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k N η1 order η2 order η3 order η4 order η5 order eff

6 1.06e-02 − 1.09e-01 − 4.27e-02 − 7.47e-02 − 4.26e-02 − 0.569
48 2.63e-03 2.00 4.22e-02 1.37 1.71e-02 1.32 2.23e-02 1.75 1.44e-02 1.56 0.614

1 384 6.63e-04 1.99 1.19e-02 1.83 4.59e-03 1.89 6.08e-03 1.87 3.91e-03 1.89 0.600
3072 1.73e-04 1.94 3.10e-03 1.94 1.14e-03 2.01 1.64e-03 1.89 1.00e-03 1.96 0.582

24576 4.47e-05 1.95 7.85e-04 1.98 2.81e-04 2.02 4.30e-04 1.93 2.55e-04 1.98 0.569

6 6.18e-03 − 3.78e-02 − 1.69e-02 − 2.28e-02 − 9.25e-03 − 0.579
48 7.68e-04 3.01 6.43e-03 2.55 2.86e-03 2.56 3.46e-03 2.72 1.42e-03 2.70 0.648

2 384 1.01e-04 2.92 9.29e-04 2.79 4.05e-04 2.82 4.84e-04 2.84 1.96e-04 2.86 0.662
3072 1.33e-05 2.93 1.26e-04 2.88 5.43e-05 2.90 6.54e-05 2.89 2.60e-05 2.92 0.665

24576 1.71e-06 2.96 1.62e-05 2.96 8.40e-06 2.69 8.74e-06 2.90 3.31e-06 2.97 0.675

6 1.31e-03 − 4.50e-03 − 1.71e-03 − 3.59e-03 − 6.72e-04 − 0.444
48 8.11e-05 4.01 3.67e-04 3.62 1.40e-04 3.61 2.97e-04 3.59 5.80e-05 3.54 0.520

3 384 5.36e-06 3.92 2.65e-05 3.79 9.74e-06 3.85 2.13e-05 3.80 4.22e-06 3.78 0.533
3072 3.51e-07 3.93 1.80e-06 3.88 6.43e-07 3.92 1.44e-06 3.89 2.86e-07 3.88 0.536

24576 2.26e-08 3.96 1.16e-07 3.96 4.17e-08 3.95 9.52e-08 3.92 1.85e-08 3.95 0.549

Table 4: History of convergence of the terms composing the error estimator for the Example 4.1 (ν = 10−1).

k N Ndof eL order eu order ep order

6 168 1.24e-01 − 8.17e-02 − 2.97e-01 −
48 1,128 6.00e-02 1.04 3.22e-02 1.35 8.46e-02 1.81

1 384 8,160 2.42e-02 1.31 1.02e-02 1.66 1.86e-02 2.18
3,072 61,824 8.41e-03 1.52 3.19e-03 1.67 3.87e-03 2.27

24,576 480,786 2.68e-03 1.65 9.85e-04 1.69 8.94e-04 2.11

6 330 4.52e-02 − 3.29e-02 − 1.29e-01 −
48 2,208 1.09e-02 2.05 5.27e-03 2.64 1.25e-02 3.36

2 384 15,936 2.04e-03 2.42 7.62e-04 2.79 1.18e-03 3.41
3,072 120,576 3.49e-04 2.55 1.19e-04 2.68 1.26e-04 3.23

24,576 936,960 5.49e-05 2.67 1.81e-05 2.71 1.49e-05 3.08

6 546 1.11e-02 − 6.69e-03 − 2.81e-02 −
48 3,648 1.10e-03 3.33 4.82e-04 3.79 9.26e-04 4.92

3 384 26,304 9.73e-05 3.50 3.44e-05 3.81 4.09e-05 4.50
3,072 198,912 7.99e-06 3.61 2.63e-06 3.71 2.25e-06 4.19

24,576 1,545,216 6.04e-07 3.73 1.94e-07 3.76 1.36e-07 4.04

Table 5: History of convergence of the error terms for the Example 4.1 (ν = 10−2).

k N η1 order η2 order η3 order η4 order η5 order eff

6 1.32e-03 − 1.24e-01 − 5.60e-02 − 3.60e-02 − 1.58e-02 − 0.425
48 3.68e-04 1.85 6.77e-02 0.87 3.12e-02 0.84 1.40e-02 1.36 8.09e-03 0.96 0.703

1 384 7.56e-05 2.28 2.32e-02 1.54 1.04e-02 1.59 3.09e-03 2.18 2.84e-03 1.51 0.800
3,072 1.51e-05 2.32 7.08e-03 1.71 2.74e-03 1.92 6.67e-04 2.21 8.53e-04 1.73 0.783

24,576 3.36e-06 2.17 2.14e-03 1.72 9.55e-04 1.52 1.61e-04 2.05 2.43e-04 1.81 0.790

6 7.35e-04 − 6.69e-02 − 2.64e-02 − 1.48e-02 − 4.94e-03 − 0.524
48 7.38e-05 3.32 1.63e-02 2.04 7.26e-03 1.86 2.07e-03 2.84 1.09e-03 2.17 1.031

2 384 7.70e-06 3.26 3.12e-03 2.38 1.37e-03 2.41 2.30e-04 3.17 1.98e-04 2.47 1.382
3,072 9.22e-07 3.06 5.38e-04 2.54 2.30e-04 2.57 2.66e-05 3.11 3.34e-05 2.57 1.506

24,576 1.21e-07 2.92 8.47e-05 2.67 3.58e-05 2.68 3.37e-06 2.98 5.19e-06 2.68 1.545

6 1.66e-04 − 1.53e-02 − 6.62e-03 − 2.61e-03 − 8.04e-04 − 0.547
48 6.78e-06 4.61 1.38e-03 3.47 6.21e-04 3.41 1.51e-04 4.11 7.00e-05 3.52 1.004

3 384 3.68e-07 4.20 1.21e-04 3.52 5.22e-05 3.57 9.21e-06 4.04 6.20e-06 3.50 1.189
3,072 2.36e-08 3.96 1.01e-05 3.58 4.06e-06 3.69 5.92e-07 3.96 5.17e-07 3.58 1.251

24,576 1.61e-09 3.87 7.76e-07 3.70 2.93e-07 3.79 3.96e-08 3.90 3.95e-08 3.71 1.282

Table 6: History of convergence of the terms composing the error estimator for the Example 4.1 (ν = 10−2).
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4.2. A low regularity solution

Based on a numerical experiment presented in [8], we set Ω =]−1, 1[×]−1, 1[×]0, 1[ \ ]0, 1[×]−1, 0[×]0, 1[,
ν = 1 and β = (1,−1, 0). The source term f and the boundary data uD are chosen such that the exact

solution of the problem is given by p(x1, x2, x3) := 0 and u :=
(
∂S
∂x1

, ∂S∂x2
, 0
)

, where S is given, in cylindrical

coordinates, by S(r, φ) = r
4
3 sin

(
4
3φ
)
. We note that u ∈ H 4

3−ε(Ω)3, ε > 0, due to a singularity located at
x3-axis. In Figure 1, we present the orders of convergence for eh using uniform and adaptive refinements,
θ = 0.25, for k = 1.

Figure 1: History of convergence for eh with uniform and adaptive (θ = 0.25) refinement, for k = 1, in the low regularity
example.

We observe that the uniform refinement strategy provides an approximate solution that converges with
the predicted order of convergence, O(h1/3), because the singularity of the velocity while the adaptive scheme
let us achieve a better order of convergence and lower error magnitudes than the uniform case.

In Figure 2 we show the final adaptively refined mesh and how the mesh is locally refined near the corner
line x1 = x2 = 0, where the gradient of the velocity has a singularity. We also show the isovalues of the
velocity magnitude.

Figure 2: Final adaptive mesh (12,114 elements, θ = 0.25) refinement (k = 1) and corresponding isovalues of the velocity
magnitude, for the low regularity solution.
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4.3. The lid-driven cavity problem
For this test, we consider Ω = ]0, 1[3 and set ν = 1, β = (1, 0, 0), f = 0 and uD = (1, 0, 0), on x2 = 1,

and 0 on the rest of the boundary of Ω. Note that boundary layers arise at the edges of the top face of
the domain, due to the discontinuities on the boundary condition. This fact is captured by our estimator
by refining mainly in those edges as can be seen in Figure 3, where the initial and an adapted (θ = 0.25)
meshes are displayed. Figure 4 shows a cross-section at z = 0.5 of the same adapted mesh and the isovalues
of the first component of the velocity.

Figure 3: Initial mesh (2,255 elements) and final adapted mesh (270,941 elements) for the cavity problem (k = 1, θ = 0.25).

Figure 4: A vertical cut at z = 0.5 of the adapted mesh (270,941 elements, left) and the isovalues of the first component of the
velocity in this mesh (right) at this cut (k = 1, θ = 0.01).

4.4. An application to steady-state incompressible Navier–Stokes equations
As we said in the introduction, one of our motivations is to apply the proposed a posteriori error esti-

mator to the Navier–Stokes equations, whose solution was constructed using a sequence on Oseen equations
associated to a Picard’s iteration. We consider Ω = ]0, 1[3 and choose the data f and uD so that the exact
solution is given by

u(x1, x2, x3) := (exp(x1) sin(x3),− exp(x1) sin(x3), exp(x1) cos(x3)− exp(x1) cos(x2))
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and

p(x1, x2, x3) := (1/2) exp(2x1) + (1/4)(exp(2)− 1).

We set ν = 1 and consider the following algorithm to solve the incompressible Navier–Stokes equations:

(i) Solve HDGOseen(0) and set β1 := u∗,0h , where u∗,0h is the postprocessed velocity (2.5) constructed by
using the solution of HDGOseen(0).

(ii) For i = 1, . . . , Imax, if ‖u∗,ih − u
∗,i−1
h ‖ < tol, solve HDGOseen(βi) and set βi+1 := u∗,ih , where u∗,ih is

the postprocessed velocity (2.5) constructed by using the solution of HDGOseen(βi).

Here, HDGOseen(β) is the HDG formulation with data f , uD and convective velocity β; tol is the tolerance
associated to the stopping criteria, ‖ · ‖ the Euclidean norm and Imax the maximum number of iterations.

Let be u∗,NSh the postprocessed velocity and LNSh , pNSh the solution of the Navier–Stokes equations obtained

in (ii). Then, we will use LNSh , u∗,NSh , pNSh and β = u∗,NSh to compute our a posteriori error estimator for

the error with respect to the solution (LNSh ,u∗,NSh , pNSh ).

k N Nsist eL order eu order ep order iter

6 168 6.02E − 01 − 2.10E − 01 − 1.80E − 01 − 3
48 1,128 1.96E − 01 1.62 6.35E − 02 1.73 5.24E − 02 1.78 3

1 384 8,160 5.60E − 02 1.81 1.77E − 02 1.84 1.29E − 02 2.02 3
3,072 61,824 1.49E − 02 1.91 4.68E − 03 1.92 3.18E − 03 2.03 4

24,576 480,786 3.84E − 03 1.96 1.21E − 03 1.96 7.89E − 04 2.01 4

6 330 7.83E − 02 − 2.64E − 02 − 2.77E − 02 − 3
48 2,208 1.33E − 02 2.56 4.03E − 03 2.71 3.79E − 03 2.87 3

2 384 15,936 1.89E − 03 2.81 5.51E − 04 2.87 4.80E − 04 2.98 3
3,072 120,576 2.51E − 04 2.92 7.18E − 05 2.94 5.97E − 05 3.01 4

24,576 936,960 3.22E − 05 2.96 9.17E − 06 2.97 7.40E − 06 3.01 4

6 546 8.09E − 03 − 2.59E − 03 − 3.15E − 03 − 3
48 3,648 7.11E − 04 3.51 2.05E − 04 3.66 2.22E − 04 3.83 3

3 384 26,304 5.09E − 05 3.80 1.43E − 05 3.84 1.43E − 05 3.96 3
3,072 198,912 3.31E − 06 3.94 9.37E − 07 3.94 8.97E − 07 3.99 4

24,576 1,545,216 2.15E − 07 3.97 6.12E − 08 3.95 5.62E − 08 3.99 4

Table 7: History of convergence of the error terms for the Example 4.4.

k N η1 order η2 order η3 order η4 order η5 order eff

6 7.21E − 01 − 9.90E − 02 − 4.20E − 02 − 1.03E + 00 − 1.33E − 01 − 1.915
48 2.02E − 01 1.83 3.73E − 02 1.41 1.74E − 02 1.27 3.69E − 01 1.48 4.27E − 02 1.64 1.998

1 384 5.24E − 02 1.95 1.10E − 02 1.77 5.01E − 03 1.79 1.06E − 01 1.80 1.21E − 02 1.82 1.991
3,072 1.32E − 02 1.99 2.92E − 03 1.91 1.31E − 03 1.93 2.83E − 02 1.91 3.20E − 03 1.92 1.979

24,576 3.32E − 03 2.00 7.51E − 04 1.96 3.34E − 04 1.98 7.28E − 03 1.96 8.21E − 04 1.96 1.972

6 1.72E − 01 − 1.87E − 02 − 8.14E − 03 − 1.71E − 01 − 1.33E − 02 − 2.794
48 2.45E − 02 2.81 3.24E − 03 2.52 1.66E − 03 2.30 3.11E − 02 2.46 1.99E − 03 2.75 2.763

2 384 3.17E − 03 2.95 4.67E − 04 2.79 2.48E − 04 2.74 4.60E − 03 2.76 2.68E − 04 2.89 2.767
3,072 4.00E − 04 2.99 6.23E − 05 2.91 3.36E − 05 2.89 6.24E − 04 2.88 3.48E − 05 2.95 2.784

24,576 5.02E − 05 3.00 8.01E − 06 2.96 4.37E − 06 2.94 8.13E − 05 2.94 4.42E − 06 2.97 2.798

6 2.82E − 02 − 2.14E − 03 − 9.76E − 04 − 2.06E − 02 − 1.01E − 03 − 3.860
48 2.03E − 03 3.80 1.84E − 04 3.55 9.63E − 05 3.34 1.84E − 03 3.48 7.66E − 05 3.72 3.554

3 384 1.32E − 04 3.94 1.30E − 05 3.82 7.08E − 06 3.76 1.29E − 04 3.83 5.19E − 06 3.88 3.379
3,072 8.31E − 06 3.99 8.33E − 07 3.97 4.55E − 07 3.96 8.31E − 06 3.96 3.33E − 07 3.96 3.320

24,576 5.21E − 07 4.00 5.30E − 08 4.01 2.93E − 08 4.00 5.31E − 07 3.99 2.12E − 08 3.98 3.240

Table 8: History of convergence of the terms composing the error estimator for the Example 4.4.
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Table 7 shows the history of convergence of the error of each variable with all the error terms converging
with optimal order of k + 1, exactly as predicted in [6] . In addition, we display the number of iterations,
iter, needed to get the solution of Navier–Stokes equations. In Table 8, we see that each term of the error
estimator converge with order k + 1 and, as for Oseen equations, the effectivity index remains bounded.
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2018-32 Sarvesh Kumar, Ricardo Oyarzúa, Ricardo Ruiz-Baier, Ruchi Sandilya:
Conservative discontinuous finite volume and mixed schemes for a new four-field for-
mulation in poroelasticity

2018-33 Gabriel N. Gatica, Salim Meddahi: On the coupling of VEM and BEM in two
and three dimensions

2018-34 Javier A. Almonacid, Gabriel N. Gatica: A fully-mixed finite element method
for the n-dimensional Boussinesq problem with temperature-dependent parameters

2018-35 Lourenco Beirao-Da-Veiga, David Mora, Giuseppe Vacca: The Stokes com-
plex for virtual elements with application to Navier-Stokes flows

2018-36 Marcelo Cavalcanti, Wellington Correa, Mauricio Sepúlveda, Rodrigo
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