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AND RODRIGO VEJAR-ASEM

ABSTRACT. In this work, we study the existence at the L? — level as well as the stability for
the high order nonlinear Schrodinger equation in a bounded interval with a localized damping
term. To prove the existence, we employ the method devised by Bisognin et al., [8]]. To prove
the exponential stabilization, with these approximations, we use multipliers techniques found
in Bisognin et al., [8]] and Linares and Pazoto, [23]. In addition, we implement a precise and
efficient code to study the energy decay of the high order nonlinear Schrodinger equation.

1. INTRODUCTION

1.1. Description of the Problem. In this work we will study the Non-Linear Schrodinger
(HNLS) equation with extra high-order terms:

(1.1)
iU+ a1 Uy + ag |ul?u i [a?, Ugze + a4 (Jul*u) +asu (Jul?)  +a(z) u} =0 in(0,L) x (0,00)
u(0,t) =u(L,t) =0 forallt > 0
ugy(L,t) =0 forallt > 0
u(z,0) = up in (0, L)

so that the real constants aj,a3 > 0 and a; # 0,7 = 2,4,5. Let’s assume that a(x) is a
non-negative real valued function belonging to L>°(0, L) and moreover we will assume that

(1.2) a(x) = ap > 0 a.e. in an open, non-empty subset w of (0, L),
where the damping is acting effectively.

1.2. Main Goal, Methodology and Previous Results. The main objective of the present man-
uscript is to prove the existence and uniqueness for mild solutions to problem and, in addi-
tion, that those solutions decay exponentially and uniformly to zero in L?— norm, that is, there
exist positive constants C' ~y, such that

(1.3) E(T) < Ce "'E(0),Vt > Ty,

where E(t) is given in (2.1)) for all mild (L?-level) solutions to problem (1.1) provided that the
initial data v are taken in bounded sets of L?(2).
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To this end, the following tools are considered:

(1.4)

(1.5)

(1.6)
1.7)

(1.8)

In order to prove the well-posedness for a mild solution to problem (1.1)) we borrowed
ideas due to Bisognin et al., [8]] using a contraction mapping argument.

To prove the exponential stabilization, with these approximations, we use multipliers
techniques found in Bisognin et al., [8] and Linares and Pazoto, [23]. Under these
circumstances, the condition (I.2)) imposed on a(x) is crucial to handle the energy in
L?—level. Indeed, when a(x) > ag > 0 almost everywhere in R it is very simple
to prove that the energy F'(t) decays exponentially as ¢ tends to infinity. The problem
of stabilization when the damping is effective only on a subset of R* is harder. In
this work, we treat with this situation. More precisely, our purpose is to prove the
exponential decay given in (I.3). This can be stated in the following equivalent form:
Find 7' > 0 and C' > 0 such that

B(0) < { /\u$0t|2dt+2// |uxt|2dxdt}

holds for every finite energy solution of (I.I). In fact, taking into account (1.4) and
(3.30), we shall show that £(T") < ~ E(0), which combined with the semigroup prop-
erty allow us to derive the exponential decay for E(t).

However, the desired estimate will not hold directly since lower order addi-
tional terms will appear. So, to absorb them we shall use the so-called compactness-
uniqueness argument that reduces the question to a unique continuation problem that
will be solved by applying the result due to Carvajal and Panthee, [17]. The authors
proved the following unique continuation result (Theorem 1.1, page 189): We consider
the following problem:

Uy + 1 Uy + 0y U U+ BUiges + 6 [ulPuy +ev?i, =0, z,t€ R,

where o, f € R, 5 # 0,7,d,¢ € Cand u = u(z,t) is a complex valued function.
We have the following unique continuation result:

Theorem 1.1. Let u € C([t1,t2]; H®) N C([t1,ta]; HY), s > 4, be a solution of the
equation (1.5) with o, 5,7v,0,e € Rand 8 # 0. If there exists t; < ty such that

supp U(', t]) C (—OO, a)7 .] = 17 2
or supp u(-,t;) C (b,00),j=1,2.
Then u(t) = 0 forallt € [ty,1s].

Remark 1.2. The problem (1.1) can be rewritten as the following problem

iU+ ay Uy + f(u) +14 [ag Uzze +a(x)u| =0  in(0,L) x (0,00)
u(0,t) =u(L,t) =0 forallt >0
u(L,t) =0 forallt >0
u(z,0) = ug in (0, L)
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where
(1.9) f(w) = a ufPuti|as (Jufu), +asu (jul), |
= ay [ulPu+i [(2 as + as) |ul® up + (ag + as) u? ﬂx] :

Then, in the proof of the exponential decay, we can use Theorem |(l.1|working with the

problem (1.8)) instead (1.1)).

But due to the lack of regularity of the solutions we are dealing with, i.e., finite energy
solutions, the unique continuation result presented in Theorem may not directly be
applied. To overcome this problem, we proceed as in Bisognin et al., [8] and Linares
and Pazoto, [23] and we first guarantee that solutions are smooth enough.

In what follows we would like to mention some important papers in connection with the
subject of the present article. Initially, let us consider the following initial boundary value
problem of the higher - order nonlinear Schrédinger equation with localized damping:

iU+ Ugy + U U+ 1 a3 Uy +ia(x)u =0 in(0,L) x (0,00)

(1.10) u(0,t) =u(L,t) =0 forallt > 0
' uy(L,t) =0 forallt > 0
u(z,0) = ug in (0, L),

where a1, a3 € R a3 # 0 and the damping a € C*°(0, L) satisfies (1.2)). We observe that the
problem (I.10) is a particular case of the problem (I.1]) considering a; = 1 and ay = a5 = 0.
Bisognin et al., [8] proved the exponential decay in L?- level. Using compactness arguments,
the smoothing effect of the KdV equation on the line and the unique continuation results, the
authors deduced the exponential decay in time of the solutions of the linear equation and a
local uniform stabilization result of the solutions of the nonlinear equation when the localized
damping is active simultaneously only in a neighborhood of both extremes + = 0,2 = L. In
order to prove the result, the authors used multipliers together with compactness arguments
and smoothing properties proved by Sepulveda and Vera, [42]] and the Unique Continuation
Principle valid for this problem given in Bisognin and Vera, [9]].

Later, Alves, Sepulveda and Vera, [[1] studied local and global existence and smoothing prop-
erties of the problem with @ = 0. In this situation, the authors verified gain in regularity
for this equation. Specifically, they were proved conditions on this problem for which initial
data u( possessing sufficient decay at infinity and minimal amount of regularity will lead to a
unique solution u(t) € C*°(R) for 0 <t < T, where 7 is the existence time of the solution.

Ceballos et al.,[16], analyzed directly the exact boundary controllability problem for the
higher order Schrodinger equation with ¢ = 0 by adapting a method which combines the
Hilbert Uniqueness Method (HUM) and multiplier techniques.

The equation (I.T]) plays an important rule in soliton theory. It has applications in the propaga-
tion of femtosecond optical pulses in a monomode optical fiber, accounting for additional effects
such as third order dispersion, self-steeping of the pulse, and self-frequency shift (see [20]). But
we can also consider it as a generalization of the classical NLS equation using ag = a4 = a5 = 0
which can describe the electric field envelope of a laser beam in a medium with Kerr nonlinear-
ity as described by Kodama, [25]. If we also take a; = a3 = 0,a3 = a4 = —as = 6, we can
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obtain the modified Korteweg-de Vries (KdV) equation:
Up + Ugyy + 6u%uy, =0

which studies, for example, surface waves on conducting nonviscous incompressible liquid un-
der the presence of a transverse electric field as introduced by Perel’man et al, [39]. The KdV

equation has also great importance in the study of surface water waves (see Kortweg and De
Vries [26]).

A damping of the type a(z)u was introduced in Menzala et al., [31] to stabilize the KdV
system inspired in the work of Rosier, [41]. More precisely, considering the damping localized
at a subset w C (0, L) containing nonempty neighborhoods of the end-points of an interval,
it was shown that solutions of both linear and nonlinear problems for the KdV equation decay,
independently on L > 0. In Pazoto, [37/] it was proved that the same holds without cumbersome
restrictions on w C (0, L). Linares and Pazoto, [23] proved the exponential stabilization of
the Korteweg—de Vries equation in the right half-line under the effect of the same localized
damping term a(z)u. Araruna et al., [2] proved the exponential decay in L? - level for the
modified Kawahara equation posed in a bounded bounded interval under the presence of a
localized damping term a(x) u satisfying where the function a(-) satisfies (I.2]). Cavalcanti et
al., [13]] studied the well-posedness and the asymptotic behavior of solutions of a KdV- Burgers
equation subject to a localized dissipation mechanism with indefinite sign:

Up — Ugz + Ugge T UU + A(X)u =02 € R, t >0, A\ € L(R)

such that a sufficient condition criteria for the exponential decay has been established.

The study of decay rate estimates for weakly full damped semilinear focusing and defocusing
Schrodinger equations (a4 = a5 = 0)

(1.11) iy + Ay % |y|*y +iay = 0 in Q x (0,00), a >0,

where () is a bounded domain of R", with zero Dirichlet boundary condition, has been consid-
ered by Tsutsumi [44]] where exponential stabilization of H*-solutions (k = 1, 2) is established.
For this purpose, smallness on the initial data is assumed. Later on, Ozsari, Kalantarov and
Lasiecka [34] generalized the previous result mentioned above (at least for the defocusing case)
by considering inhomogeneous Dirichlet boundary conditions. Smallness on the initial data is
also assumed for proving decay rates estimates in H?—norm. In H'!—norm, no smallness is
required. Indeed, the result for H'—solutions obtained in [34] is strong in the sense that it is
independent of the dimension of the domain and the smallness of the initial data.

On the other hand, regarding the exponential stability for the semilinear defocusing Schrodinger
equation, subject to a linear damping locally distributed and posed in unbounded domains,
namely,

(1.12) iy, + Ay — |y[*y +ia(z)y =0 in R" x (0,00), n = 1,2,

(here a(z) > ag > O for ||z|| > R > 0), we would like to mention the works of the authors Cav-
alcanti et. al. [14], [15]. In order to achieve the desired goal, the authors make use of two main
ingredients in the proof: (i) To establish an unique continuation property associated with regular
and mild solutions of the non-damped problem iy; + Ay — |y|?y = 0 restricted to a fixed ball of
radius » > R; (i1) To employ a smoothing effect as established, for instance, in Constantin and
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Saut [18]]. In the same spirit of Cavalcanti et al., [14] we can also mention the following works
by Natali, [32] regarding the one-dimensional case and Natali, [33]] in the two-dimensional case.

Cavalcanti et al., [10] proved the existence in ! —norm as well as the stability for the damped
defocusing Schrodinger equation using the following model:
10y +Ay—|yPy+iX(z,t)y=0 inR" x (0,00)
(1.13) .
y(0) = 1o in R",
where n > 1,p > 0. The damping coefficient A\(z,¢) may vanish at infinity and satisfies the
following conditions:

(1.14) A € Cy([0,00); WE=(R™)),  A(z,t) >0, Vo € R", Vt > 0.

To prove the existence, the authors employed the method devised by Ozsar1 et al. [34]. In
particular, when n = 1 or n = 2, the uniqueness is obtained. Decay estimates for the L?—norm
and (H' N LP™?)—norm are established with the help of direct multipliers method, coupled
with refined energy estimates and a lower semi-continuity argument.

Finally, we would like to mention some relevant works about Schrodinger equation in connec-
tion with the subject of the present paper, namely, [3l], [4]], [S), [11], [13]], [15], [22],[28]], [32],
[331], [35], [44].

Concerning the numerical results, and regarding the finite difference method, we’d like to
mention one of the first proposals from Delfour et al [19] to solve the problem (I.T1) for a(x) =
0. Their main contribution was the way the term |u|?u was discretized in order to preserve the
numerical charge. To this end, the way they’ve proceeded was as follows for t" := Atn, n € N:
n—i—% — un+1 +u”

sty o LA D
ults) Pu(ta) ~ Lot =

It is worh noting that this ways of discretize the nonlinear term doesn’t affect the energy preser-
vation. Meanwhile, Pazoto et al. [38]] proposed a finite differences scheme to solve the follow-
ing KdV problem for v = u(z,t):

(1.15) Uy + Ugae + Uty + up + a(2)u = 0, (x,t) € (0,L) x (0, 400)
(1.16) u(0,t) = u(L,t) =0, t € (0,4+00)

(1.17) uz(L,t) =0, t € (0,400)

(1.18) u(z,0) = up(x), x € (0, L)

fora € L>(0,L) : a(x) > ay > 0, a. e. in 2, and 2 a nonempty open subset of (0, L). The
power nonlinearity u*u, =: F'(u) was rewritten using algebraic identities widely used in finite
differences analysis, and aiming to achieve two conservation properties:

(u, F(u)) =0
(1, F(u))e = — <l

This was done in order to obtain H}-estimates for the numerical solution of the problem. Fi-
nally, following the spirit of both works, Cavalcanti et al. [12] proposed a new Finite Dif-
ference Scheme which solves problem (I.1)) for a(x) = 0. The nonlinear terms multiplied
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by a4 and a5 were rewritten as a convex combination in order to achieve complete conserva-
tion of energy. The scheme also achieves an almost-conservation of the numerical charge when
3asasz = a1(3as+as); this is, the numerical charge has an order of conservation of O(At+Ax?).

This paper uses that numerical scheme, while adding the damping term a(x) to our calcula-
tions, in order to prove and achieve exponential decay for the numerical energy.

Our paper is organized as follows: Section 2 is devoted to notations and statement of main
results. In section 3 we present the proofs of the well-posedness to problem (I.1)) and in section
4, we present the proofs of the exponential stability. Finally, the section 5 is devoted to the study
of the numerical results of the problem (1.1).

2. NOTATIONS AND STATEMENT OF THE MAIN RESULTS

We consider the space L2(0, L) of complex valued functions on R? endowed with the inner
product

(Y, 2)z20,) = Re /Ly(w)z(x) dx
with the corresponding norm ’
||y||%2(O,L) = (¥,Y)r2(0,1)-
We also consider the Sobolev space H'(0, L) endowed with scalar product
(y, Z)Hl(o,L) = (Ya Zﬂ&)L2(O,L)-

The energy is defined by:

1
2.1) E(t) i= 5 u(e,) o
Employing the boundary conditions given in (1.1]), we infer that
d
dt
Since a3 > 0 and by assumption on damping a, we observe that according to the above energy
dissipation law, the energy E/(t) is a nonincreasing function of the time.

L
2.2) B(t) = 2 u.(0,0)” —/ a(2)ulz, )2 dz, ¥t > 0.
0

Now, we can state our main results:

Theorem 2.1 (Existence). Assume that ug € L*(0,L) and the function a(x) satisfies (T.2).
Then, the problem (1.1)) possesses a unique mild solution

(2.3) u € C([0,00); L*(0, L)) N L*(0,00; Hy(0, L)).

Regarding to the exponential decay, we have the following result:

Theorem 2.2 (Exponential Decay). Let y be a mild solution to problem given by Theorem
Assume that a € L>(0, L) such that a(x) > ag > 0 a.e. in w. Then, for any L' > 0, there
are C'= C(L') > 0 and v = ~(L') such that the following exponential decay holds

Eo (t) S C@i’ytEo (0)
1 2

where Eo(t) == 5 |[y(t)|[72(0 1) provided that |[yo]|r2(0,1) < L.
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3. EXISTENCE OF SOLUTIONS
As stated in the introduction, we used the ideas found in the works of Bisognin et al., [8].

3.1. Linear System: First of all, we consider the linear system, that is, assuming that a; =
a4 = a5 = 0:

U+ Q) Ugy + 1 agumx—ka(x)u] =0 in(0,L) x (0,00)

3.1) u(0,t) =u(L,t) =0 forallt > 0
uz(L,t) =0 forallt > 0
u(z,0) = ug in (0, L)
Let assume that a = 0. We consider the following operator:
(3.2) A:D(A) — L*(0,L)
u = A(u) = =3 Uggr + 101 Usy

with the domain:
D(A) ={ve H*0,L); v(0) =v(L) =0, v,(L) =0} .
We have the following result:

Theorem 3.1. Let a = 0. Then, the operator A given in (3.2) generates a semigroup contrac-
tion {etA}Z;o in L*(0, L).

Proof. 1t is easy to prove that the operator A is closed. We claim that A is dissipative.

Indeed, performing integration by parts give us

L
(AU,U)LQ(OVL) = / (—a3 Vpge + 1011 Vye) Ddx
0

a L
= ——3|vx(0,t)|2—z'a11/ v | d .
2 0
Hence,
Re (Av,v) 20 1) = ) lu,(0,8)]* <0,

which proves that A is dissipative.

On the other hand, the adjoint of the operator A is given by
A*: D(H*) — L*(0,L)
ur— A(u) := —ag Uppy — 117 Ugy
with its domain
D(A*) = {ve H*0,L); v(0) =v(L) =0, v,(0) =0} C L*(0,L).
A similar calculation shows that

a
Re (A* v, U)LQ(O,L) = _53 |U$(O, t)|2 <0,
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Because A* is dissipative, then we have that A is maximal. Then, because A is maximal, and A
and its adjoint are dissipative, we conclude the desired from the Lumer-Phillips theorem. [

The well-posedness of the linear system (3.1)) can be handled in a similar way by considering
the term ¢ a(x) u as a linear perturbation with the case a« = 0. Summary, we have:

Theorem 3.2. Let uy € L*(0, L). Then, the problem (3.1)) possesses a unique solution in the
class

(3.3) u € O([0,00); H*(0, L)) N C*([0,00); L*(0, L)).

In the sequel, regarding the linear problem (3.1)), we have the following results:
Lemma 3.3. The map
ug € L*(0,L) — e'*ug € Xp= C([0,T); L*(0,L)) N L*(0,T; Hi(0,L))
LS continuous.

Proof. Infact, forug € L*(0, L), letu = e'“ uq be a solution of the problem (3.1)) (with a = 0).
By Theorem (3.2), we have that w € C([0,T]; L?(0, L)) and since the Schrédinger semigroup

t=oc0 . . . .
{e“‘} 1s a contraction semigroup, we have the isometry:
t=—o0

(3.4) lu(@)llz20,L) = ||etAu0HL2(D,L) < Nuoll 2o,z -

To show that u € L*(0,T; H}(0,L)), we consider ug € D(A). By density of D(A) in
L?(0, L), the result will be extended to an arbitrary initial data vy € L*(0, L) .

Multiplying the first equation of the problem by z u, we have
(3.5) PX AU+ O T U Ugy + 1 [agxﬂuxm—l—a(x) ]uﬂ =0.
Applying the conjugate in ((3.3), we have:
(3.6) — T ul+ A T Uy + T [ag T U gy + () \u|2] =0.
Subtracting (3.3)) and (3.6) and integrating over = € [0, L], we obtain
(3.7)d ;

dt Jy

Integrating overt € [0,7T], we arrive

L T L T L
/x|u(m,T)|2dx—|—3a3// |u$(x,t)|2dxdt+// v a(r) [u(z,t)|? dz dt
0 0 Jo 0 Jo

(3.8) >0

T L
=2 Im/ / Uy U dx dt .
o Jo

L

L L
x|u|2dx+3a3/ |ug|? dz — 2 ay Im/ uxudx+2/ va(r) |uf*dr =0.
0 0 0

J/

<

v

0
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On the other hand, making use of Young’s inequality, having in mind (3.4)), we get

T L @2 [T L T L
2ay Im/ / Uy udx dt < —1/ / |u|2d:tdt+2a3/ / | |? da dt
0o Jo 2a3 Jo Jo 0o Jo

(39) a2T T L
< 1= 2 2 L2 dxdt.
< G ol 200 [ [ juiPde

Combining (3.8) and (3.9), we obtain
T L 2
a;T
/ / |ux(x,t)’2 drx dt < _21a2 HUOH%Q(O,T)’
0 Jo 3

a T1/2
(3.10) Hu“L?(O,T;HOl(O,L)) < 21/2 HUOHL2 (0,L) -

that is,

Finally, combining (3.4) and (3.10), we concluded that

aq T1/2

(3.11) Jullxp < <1+ DI ) [wollz2(0,1),

which proves the desired.
U

Remark 3.4. We observe that if ug € L?*(0, L), then u,(0, ) makes sense. Indeed, as in the
previous Lemma, we also assume that uy € D(A) and the result follows by density. Multiplying
the first equation of (3.1)) by u, integrating in x € (0, L), one gets

1d 2 as 2 B 2
(312 5 Oy =~ 2 lua0.0F = [ a(@)lu(z, O do.
0

Integrating overt € [0, T] we have

1 a
(313) ¢ () Ba0) = 5 ol oo~ 3/Wwwﬁﬁ—// (o) u(z, 1) dz dt .

Hence,

as

T
1
%[ 0.0 = =5 Ol + 5 Mol [ [ alate, 0 e

which proves the desired.

3.2. Nonlinear System. In this subsection, let’s prove Theorem As stated in the introduc-
tion, we used the ideas found in the works of Bisognin et al., [8]. Initially, let’s analyze the local
solutions of the problem (I.1J).
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3.2.1. Local Solutions. Let T > 0 and consider the following functional:

(3.14) U: X — X7
¢
u = Yu)(t) = etAuo—/ ei(t_T)Af(u)(T) dr
0

where €' is the Schrodinger group given above and f(u) is given in (T.9). Here, the space X7

1s endowed with the norm
T
2
|l ds

According to the isometry given in (3.4)) and (3.10)), it follows that the Schrédinger semigroup
{etA}ZiOOO corresponding to the linear system (3.1)) satisfies

1/2

[ullx7 = sup |lu(t)||z20,2) +
te (0,7

(3.15) ||etAUOHO([O,T},LQ(O,L)) = Ssup HetAUOHLQ(O,L)) = Ssup ||U0HL2(0,L)) = HU0HL2(0,L),
te [0,T] te 0,7
ay T1/2

(3.16) || o || L2 (0,3 (0,2)) < 902y luollz2(0,z) -

Moreover, we also have the called conservation of the Schrodinger flow:
(3.17) ||etAu0||H3(0,L) = ||U0||H3(0,L) .
We shall prove that the contraction mapping principle can be applied to ¥ : Br — Bp where
Br={ve Xr; |[v]x, < R}
provided that R is suitably large and 7" is suitably small, so that ¥ possesses a fixed point in Bp.

In order to achieve this, we will need of the Lemmas [3.5] and [3.6] below:
Lemma 3.5. Let u € X and f(u) given in (1.9). Then

T
/0 1 @z dt < G llullk,. .

Lemma 3.6. Let u,v € Xp. Then,

T
/ 1f () = f@)llz20.0) dt < C (lullx, + 0l%,) lu—vllx, -
0
These Lemmas are technical issues and they will proved in the Section 4.

In the sequel, we will show that ¥ maps By, into itself for R sufficiently large and 7" small
enough, or in other words, we shall prove that for R large enough and 7' sufficiently small, we
have

provided that ||ul|x, < R.
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In fact, let w € Bg. By Lemma (3.3)), we have that f(u) € L'(0,T; L*(0, L)). From this,
having in mind (3.14)), (3.16) and the Holder’s inequality, we have

/ et (t=T) A flu)(r)dr
0

1% ()l 13 0,2 < Nl woll ry o,y +
H;(0,L)

! =02 f(u)(r)]

N T 1/2 T 9 1/2
< |t w + </ dT) </ dT)
(3.19) I llago.ny 0 HA(0,L)

T
< ||etAUOHHg(0,L) + T1/2/ e (=) & FWll 20,7 11 0,1)) ds

t
t A
< lle"* woll g0,y + ; H(0,L)

&' flu) (7))

alT T
< lle"* uoll g3 0,1 + 2% a, IIf( )20,z dt

A ai CT
< ||et UOHH(}(O,L) + 21/2 ||u||XTa

where in the last inequality, we used again the Lemma[3.3]

Hence, employing the smoothing effect given in (3.16), we have

alCT

(3.20) H\Il(u)HLQ(O,T;H(}(O,L)) < HetAUOHL?(o,T;HI(o,L)) 21/2 [|u HXT
ay CT
< luollz20.2) + 575— ey [Jul|%,

On the other hand, from (3.4), the Poincaré’s inequality and the conservation of the Schrédinger
flow given in (3.17), we get

1% (u)| 202y < e uoll 2o,y +

| et s dr
0

L2(0,1)
t
3.21)
swmm@m+c/HﬂwLWM)T
(t—7)A
f( )’Hé(O,L) g
Employing the Holder’s inequality and @, from (3:21)), we have
T 1/2 T A 9 1/2
v < +C / dT> (/ '\t T u)(T d7'>
e @lzz0s < luolion +€ (| 0 O] I

T1/2
< |luollz2(0,1) +/0 ||el(t77)Af(U)HL2(07T; H(0,L)) 45

3.22)
a T1/2 T
< lollzzony + Gira [ W @lzzo d
0
ay Tl 2 5

< luollz2.n) + Gz Cllull -
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Thus,
ay T
(323) 19 (@lleoy 20.0) < Gy - Clulf,
From (3.19) and (3.23)), we infer
2C a, TY?
(3.24) | (u)llxr < lluollzzo,z) + o, lull%k,
2C a, TY? R?

< Juol2(0,) + P

Our intention is to choose 7" small enough so that ||ug||2(0,2) + % < R. For example,

choose R = 2 ||ug||12(0,y and 1" small enough. Choosing T" even smaller, that is,
2C ay T2 |Jug| z2(0,1)
21/2 as

so that we concluded that W maps X into Xr.

<1

Now, we shall prove that ¥ is a contraction in Bg, that is, there exists & € (0, 1) such that
(3.25) |V (u) — ¥ ()|x, < allu—2|x,; Yu,v € Bg.
Indeed, let u,v € Bg. From (3.14), (3.16)), we have

/0 &3 () — f(0)](r) dr

t
S/

W (u) - \IJ(U)HH(%(O,L) <

Hg(0,L)

dr

DA [f(u) — F))(7)]

H(0,L)

(3.26) . .
= [ 162 $0) = Fror sy ds
0
a T1/2
< S / 60~ £l
Hence,
G211 = Y0)| ooy < CT (lulk, +llvl%,) v = vl

<2R*CTlu—vlx,-
Now, having in mind the same computations used in obtaining (3.22), we infer
ay C T1/2

G28) W) = ¥l < 57— (hulfer + elle,) e = ollx
Therefore,

ay CT1/2 2 9
(3.29) W (u) — ‘I/(U)”C([O,T];L?(O,L)) < 21/—2013 (Hu“XT + ||UHXT) |u — UHXT

<2R2CTY? ||u —vl|x, -
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Combining (3.27) and (3.29)), we have

19(w) = U()llxp <2R*CT? [lu—vx,

The above estimate implies that if 2 R? C'T"/? < 1, we obtain the desired as stated in (3.25).
Therefore, we proved the local existence of mild solutions in X to (1.1). The uniqueness can
be shown in the standard way using using Gronwall’s inequality.

Remark 3.7. Since u € Xy, from (3.3), we have that f(u) € L*(0,T; L*(0,L)). Then, due to
Pazy [[36l], Theorem 1.7, page 108], for every T' > T, the mild solution u is the uniform limit of
regular solutions of (L.1)) on [0,T"]. From this result, the identity of energy (2.1) is guaranteed
for mild solution u € Xp on [0,T'] and we can repeat the procedure used in Lemma by
density arguments.

Due to Remark multiplying the first equation of (I.I) by u, integrating in z € (0, L),
taking into account the boundary conditions and looking the real parts, we infer

(3.30)

DO | —

d as 9 L 2

—B(t) = == [ua(0,0)° = [ a(a)lu(z, 1) dx

dt 2 0

and, therefore, the energy F/(t) is non increasing function of the time variable ¢.

Integrating over ¢t € [0, 77, it follows that

(3.31) ||u||C’([O,T];L2(O,L)) < HU0||L2(0,L) .
3.2.2. Global Solutions. Before to prove the existence of the global solutions of the problem
(1.1), let’s prove a useful estimate:

Lemma 3.8 (Smoothing effect). Let u € X1 a mild solution to the problem (1.1)). Then,

21/2T1/2a1 (3]a4|—|—2|a5|)2

(3.32) HUHLQ(O,T;H(%(Q)) < a—3 HUOH%Q(O,L) 1 HUOH%?(O,L) .

Proof. First of all, having in mind Remark let’s work with the equivalent problem (1.5).
So, combining the techniques used in (3.5)) — (3.10), we get

ay T1/2
(3.33) [ullz20,7; 13 0,1)) < gy luollz2(0.) + W1,

where

T L T L
W= (2a4+ as) Re/ / z [ul* uy wdz dt + (aq + as) Re/ / xu? i, udz dt
o Jo o Jo
I:W1+W2.
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Integrating by parts, taking into account that Re(ab) = Re(ab), for all a,b € C, the identity

1 (]u\4)x = |u|* Re(u,) and the boundary conditions, we have

T L
Wy = (2a4 + as) Re/ / z [u|*ua, dz dt
o Jo

T oLy
— (2a4+a5)/ / T — (|u|4) dx dt
o Jo 4 v
1 0 T L
=- 2as+as) |z|u —/ / lu|* dx dt
4 0 0 0

1 T
— _Z (2 ay + CL5) / ||u(t)||i4(O,L) dt .
0

(3.34)

Analogous computations give us

T L
(3.35) Wy < (Jag] + |as]) Re/ / z [ul* ua, dz dt
o Jo
1 4 s
=3 (aal+laah) | 1Ol .
From (3.33)) — (3.35), it results that

ay T2 1 T
(3.36)  |[ull 20,75 52 (0,)) < DYCrN |wollz2(0,) + 3 (3 ]as| +2as|) ()] 0,1y dt -
0

In this moment, we appeal to the Gagliardo - Nirenberg inequality in one dimensional do-
mains:

Lemma 3.9 (Gagliardo - Nirenberg inequality). Let q,r be any real numbers satisfying 1 <
q < p < o0 and let 7 and m non-negative integers such that j < m. Then,

107wl oo,y < C 10™ wllZr 0.1y H““Lq 0,L)

where ]lj =j+a (% — m) + 1%qafor all a in the interval % < a < 1 and M is a positive

constant depending only on m, j,q,r and a.

Employing the Lemma[3.9with p =4, j = 0,m = 1 and r = ¢ = 2, jointly with (3.31)), we
obtain

3/4

1/4
(3.37) lullzao,zy < C'llull g / 10,L) [[ul|7> 0,L)
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Hence, from (3:36) and (3:37) the inequality ab < a? + € b?, forall ¢ > 0, it follows that
(3.38)

ay T2 1 r 3
lull 20,1 HL (0,2)) < g, [uollz2(0,L) t3 (3 |aa| +2]as]) ; (@)l 2 0,) 0@ 720, 1) 9
a1T1/2 (3|a4\+2a5]) e (T
e L J RO
3|ag| 4+ 2as| [T
+ = | u@®)llf20.r) 9t

8e

Taking ¢ = (3 a4 + 2 a5)_1 , from (3.31)) and (3.38)), one gets

21212 g (3 |as| + 2as|)?
Jullzo: o < T oz + U [y
as 0
212112 (3 |as| + 2]as|)?
< Ta lluol| 720,y + 1 [[woll 20,1y -
which proves the desired. 0

Now, let’s prove the existence of global solutions. From previous subsection, we can extend
the solution u to the maximal interval of existence 0 < t < Ti.x. Suppose that 11, < 00.
Then, Combining (3.32) and (3.31)), we obtain

a, T/? (3ay+2a5)° T
(3.39) ullx, < lluollzzo,r) + N2y [uol| 720,y + S [uollF2 (0,1,

and we concluded that 7,,,, = co. Therefore, Theorem @ is proved.

4. STABILIZATION

In the present section, we shall obtain the exponential decay in L2- level of the problem (T-1).
Our intention is to obtain an estimate of the energy in terms of the damping term plus a LOT
(where LOT means a lower order term). From now on, we shall work with regular solutions.
From density arguments the exponential stability remains true for mild solutions by density ar-
guments (see Remark[3.7).

In the sequel, we proceed as the proof of Lemma [3.8] From (3.30), we have

@D u)a0s = luol, — /|uuﬁﬁ—g// () u(e, |2 du dt

In the sequel, we proceed as the proof of Lemma|[3.8] Multiplying the equation (1) by (t—1") &,
integrating over « € (0, L) and repeating the same procedure used in (3.5) — (3.10), we infer

L L L
“2) jt/ (T—t)|u|2da:—|—/ (uf? dz + ag (T — ¢) |um(0,t)|2—|—2/ (T — ) alx) [ul2 dz = 0.
0 0 0

Integrating over ¢ € [0,77], we have
4.3)

L 1 [T L as [T 9 [T L
/ luo|? do = — / / |u|? do dt + == / (T —t) |uz(0,8)|* dt + = // (T —t) a(x) |u)? dz dt.
0 T JoJo T Jo T Jo Jo
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Consequently,

L T rL
1
(4.4) / lup|? dz < T/ / |u|2dxdt+a3/ |z (0, )] dt—|—2/ / x) |ul? dz dt .
0 0 0

The next task is to absorb the LOT := fOT fo |u|* dz dt. To this end, we have the following
result:

Lemma 4.1. Given T' > 0 there exists C = C(T') > 0 such that every regular solution to
problem ([I.1) satisfies the inequality

T L
4.5) / / |u|2d:vdt§0{a3/ |u$0t|2dt+2// |u|2d$dt}

provided the initial data are taken in bounded sets of L*(0, L).

Proof. We argue by contradiction. Assume that (4.5) does not hold. Then, there exists a se-
quence of initial data {ug,}.en € L*(0, L), assumed to be taken in bounded sets of L?(0, L)
and a sequence of regular solutions {u,, },en to problem (1.1)), for all ;2 € IN, verifying

fo [y (2 ||L2(0 L) dt

(4.6) lim ,
H00 g fo |z, (0,8) ]2 dt + 2 fo fo ) [u,|? drdi

that is,

@7 oy fo |z, (0,8) 2 dt + 2 fo fo z) [u,|? da:dt
pee fo [, (2) L2(0 L) dt

From (3.30), we know that the energy is a non increasing function on the parameter ¢, thus,

1 1

@8 Slu®lBon = Ealt) < Bu(0) = 5 lluouliay < M, V2 0.

Then, from (#.7) and taking into account (4.8), we infer
(4.9 a3 / |1, (0, 1) | dt + 2 / / z)|u,)*dedt — 0 in  L*(0,T; L*(0, L)),
consequently, from the assumption on a(z), namely, a(x) > ag a.e. in w , we arrive
(4.10) u, — 0 stronglyin L*(0,T;L*(w)).
On the other hand, from @.8), we infer,
(4.11) u, — wu weaklyin L*(0,T;L*(0,L)).

Hence, from (4.10) and (4.11) and the uniqueness of weak limit in L?(0,T; L?(0, L)), we
conclude

(4.12) wu=0 in w x (0,7).

Now, combining (3.32) and (4.8) , there exists a subsequence of {u,},en, still denoted by the
same form and u € L>(0,T'; Hj(0, L)) such that

(4.13) {u,} is bounded in L*(0,T; Hy(0, L))
and
(4.14) u, - wuweak starin L*(0,T; H}(0,L)).
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On the other hand, again employing Lemma (3.9) forp = 6,j = 0,m = 1,r = ¢ = 2, we have

1/3 2/3
(4.15) lullzso,0) < C lull o el 50,1 -

Hence, employing Holder inequality, (3.32) and (4.8)), we have
T
s s o o = | ol

T
<c / Nl 0.0 20
0

(4.16) T
<CT? Huu,OH%?(O,L)/O HWH?{&(O,L) dt
< CTY2 M ||up| 20,1 m30.1))
<CTV? M2,
that is,
4.17) {|uu*u,}  is bounded in L'(0,T; L*(0, L)).
Consequently, there exists x € L*(0,T; L*(€2)) such that
(4.18) luu)?u, — x  weakly in L'(0,T; L*(0, L)).
Employing Lemma (3.9) for p = o0, 7 = 0,m = 1,7 = ¢ = 2, we have
(4.19) lull oo,y < Cllulgio p lllaGo, ) -

So, combining @.19), #.8)) and {#.13)), we have

T
1 etal? ol 07 220020y < / etull2mo.2 Nt L3 0.0

T
(4.20) <C /0 el 0,1y ttiell 20, dt
<2VMC HuuHi?(o,T;Hg(o,L))
S Mla
hence,
4.21) {Juu)? uz,}  is bounded in L' (0, T; L*(0, L)).
Similar calculations give us
(4.22) {u? t,,} isboundedin L'(0,T;L*(0,L)).
On the other hand,

[(tpts )| < arllupzell -100,1) ”SOHH(}(O,L) + az| |Uu\2uu 220, 10l 2(0,1)
(4.23) + ag lupll 3 0,2) 19aellz200.0) + aall [wl® e || 2200.0 12l 220,19
+ as| u Uy e |1 20,0) 1€l 2200.0), Vo € HG(0, L) .
From @.13), @.17), @.21)), (#.22)) and (#.23)), we infer
(4.24) {us,} isboundedin L*(0,T; H *(0,L)).
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Now, making use of the embedded chain
(4.25) H}(0,L) < L*(0,L) — H2(0,L),

it follows from the boundness (4.13)) and (4.24) and employing Aubin-Lions Theorem (see [29],
lemma 5.2 on page 57), that there exists a subsequence of {u,}, still denote by the same form
such that,

(4.26) u, —u stronglyin  L*(0,T;L*(0,L)).
From (4.26), we have
4.27) luu)?u, — Jul*u  a. e in (0,L) x (0,T).

So, combining .17) and (4.27)), recalling Lions’ lemma (see [29] lemma 1.3 on page 12), we
have

(4.28) lwu? u, — |ul*u in L'(0,T; L*(0, L)).

As a consequence y = |ul?u a.e. in (0,L). Moreover, combining (@.14) and (@.26), we
obtain

(4.29) lu,|® Uz, — |ul?u, weakly in L*(0,T; L*(0, L)),
(4.30) w iy, — u’t,  weaklyin L*(0,T; L*(0,L)).

At this point we shall divide our proof into two cases: u # 0 and u = 0.

Case 1: u # 0
Initially, let us consider the sequence of problems:

QU+ 01 Uy g + 0 | Q3 Uy gae + a(2) uy| + f(u,) =0 in(0,L) x (0,00)

Uy (L, t) =0 forallt > 0
u,(x,0) = ug, in (0, L),

where f(u,) is given in (1.9).

From @.14), (4.24), (.28)), (4.29) and (4.30), passing to the limit in (4.31)), one gets

4.32)
iug + a1 Ugy + az [ul>u 4 [ag Uggy + 04 (|u|2 u)z +asu (|u|2)x] =0 inD/((0,L) x (0,7))
u(0,t) = u(L,t) =0 forallt > 0
uz(L,t) =0 forallt >0
u(z,t) =0 inw x (0,L)

Due to Remark [I.2] the problem above can be rewritten as

iU+ ay Upy + f(u) +iaztupe, =0 inD'((0,L) x (0,7))
u(0,t) = u(L,t) =0 forallt > 0

uz(L,t) =0 forallt > 0

u(z,t) =0 inw x (0,L)

(4.33)
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where f(u) is given in (I.9).

As indicated in the introduction, the main difficulty to check the unique continuation prop-
erty is the weak regularity of the solution under consideration, since to our best knowledge (see
Carvajal, stated in the introduction), the existing results on unique continuation require that
uw € C([0,T]; H*(0,L)) n C*([0,T]; H'(0, L)) for s > 4. Therefore, the main task when
checking unique continuation property is to show that the mild solution under consideration
has, in fact, this property.

For the reader’s convenience, we shall repeat (verbatim) the same arguments introduced by
Bisognin et al., [8] and Linares and Pozoto, [23]. According to the structure of w, we have that
u= 0in{(0,0) U (L —4,L)} x (0,7). Now, let us introduce the extended function

~Ju(w,t), if (z,t) € (6,L—95) x (0,T)
(454) v(@,?) _{ 0, if(r,t)e (R — (6,1 —0)} x (0,T).

Hence, v = v(z, t) satisfies

(4.35)
iV + a1 Vge + az V|20 + i {ag Vpzz + (204 + as) |02 vy + (ag + as) v? 174 =0 inR x (0,7))
v(z,t) = vo(z) in R,
where,
up(z), ifxe (§,L—9)
4.36 =
(4.56) v(®) { 0, ifre {R— (0,.L—0)}.
If we consider w(x,t) = v(z + t,t), then, w solves:
4.37)
i Wi + a1 Wey + ag |w|? w + i |:CL3 Waze + (2a4 + as) |w|? we + (ag + as) w? u’)x} =0 inR x (0,7))
w(z,t) = vo(x) in R,

Since vy has compact support and belongs to L*(R), we infer
/vg(a:) e dr < oo, VYA>0.
R

Thus, by regularizing properties proved by Kato [[24], Theorem 2.1], w € C*((0,L) X
(0,T)) and, therefore, v is smooth as well. So, v possesses the required regularity to apply the
unique continuation property given in Theorem|[I.1] Moreover, the assumption is verified
observing

suppv(-,t) C (—oo, L —0),t=0,T.

Therefore, employing Theorem we have that v = 0, consequently, u = 0, x € (0,L), t €
(0,T), which is a contradiction.
Case2: u=0
Now, we denote:
~ u
(4.38) ¢ = llupllzomaz,n)s G = ==
w
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Dividing (#.31)) by c,, we obtain

iUyt + a1 Uy + g(W,) + 1 |3 Uy g0 + a(z) 0, | =0in (0, L) x (0,00)

Ugu(L,t) =0 forallt > 0
u,(x,0) =1, in (0, L)

~ _ 2 ~ . 2 ~ . 2 =
where g(u,,) = ag|u,|* w, + i ay [w,|* Uy + 1 as u Uy,
Thus, taking (4.6) into account, we have

Ty~ 2
u,(t dt
(4.40) lim ———— Jo I )||L2§”L)L _ = +o0
1% ay [ 0, 0P dt+2 [ JE ala) 0,2 do dt

and from (#.38), we know that

(4.41) “aHH%Q(O,T;L?(O,L)) =1.
Now, recalling (4.4), we observe

L 1 T L T T L
(4.42) / \aoﬁd:cg/ / m2dxdt+a3/ mw,#(o,twdwz/ / o) [fi, 2 da dt
0 T Jo Jo 0 o Jo

Hence, from (4.40), (4.41) jointly with (4.42)), we guarantee the existence of a constant M3 >
0 such that

~ 1
(4.43) [@0,ull72(0.2) < 7 Mo = Mg.
From (4.8)) and (4.43)), it results that
(4.44) N, ()] 2200,) < ol 22(0,0) < V/ Ms.

Moreover, combining (3.32) and (4.43)), we obtain

(4.45) {a,} isboundedin L*(0,T;Hy(0,L)).
Repeating the same arguments used in done in (4.8) — (4.23), we infer

(4.46) u=0 ae. in w x (0,7)
(4.47) {@;,} isboundedin L*(0,T; H *(0,L)).

So, from (@.25)), @.43) and (#.47), employing Aubin — Lions theorem, there exists a subse-
quence of {ﬂ“} still from now on will be denoted by the same notation, such that,

(4.48) , — u strongly in L*(0,T,L*(0,L)).
Now, recalling the fact that v = 0, from convergence given in (4.26)), we obtain

(4.49)  u, — 0 strongly in L*(0,T; L*(0, L)) andc, — 0 when p — +o0.
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So, from @&.38)), @.44), (¢.43)), (@.49) and @.13)), we get

I e B Nl 2 0.7 220,20 = €0 I @l @ [l 0.1 220,y
T
_e / A"

T
<ce / 1l tc0.0) [Tl 20,1

(4.50)
T
<CT il [ 1lyon @
<C T'/? Ci M3 HﬂHL?(o,T; H}(0,L))
< CTY? C(Ms3) ci — 0, when u — +o0.
Performing similar computations done in (#.50), now, having in mind {#.19), we get
4.51) | e ? T || 2207 2200,2)) —> O in L0, T; L*(0, L)),
(4.52) |6 U | 10,75 120,2)) — O in L'(0, T3 L*(0, L)) .
Passing to the limit in (¢.39) when i — +o0, taking (#.45)), (4.46), 4.50), (4.51) and (#.52)

into account, we arrive at

(453) {Zat + aq ﬂm +1 as ﬂmmx =0 in (0’ L) % (07 OO)

u=0 a.e.inw x (0,7).
Applying the Holmgrem’s uniqueness theorem we conclude that
(4.54) u=0 a.e. in(0,L) x (0,7)
and this contradicts (4.41) and (4.48). O

We observe that taking (4.4), the fact that the energy F(t) is non increasing function of
the time variable ¢ into account and considering Lemma [4.1] we obtain the desired inequality,
namely,

(455 E(T) < E(0) < { / |(0, 1) |2dt+2/ / x)|u(z,t) |2dxdt}

where C'is a positive constant. We observe that taking (@.1]) into account, we have

(4.56) E(T):E(O)—@/ s Ot|2dt—2/ / o)z, t)|? de dt
0
Now, combining (@.53)) and (4.56)), we obtain,

2 2
(4.57) E(T) < { / | (0,1)] dt+2/ / x)|u(x,t)| dxdt}

=C{EQ0) - ET)} .

Therefore,

(4.58) E(T) < (HLC) E(0).
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Repeating the procedure for n7, n € IN, we deduce
1
E(nT) < ———E(0),

forall T' > Tj.
Let us consider, now, ¢t > Ty, thent = nTy + r, 0 < r < Tj. Thus,

1 1
(1+C)n (1+C)™
Setting Cy = eTLoln(Hé) and \g = % > (), we obtain
(4.59) E(t) < Coe ™ E(0); Yt > Ty,

which proves the exponential decay for regular solutions to problem (1.1)). Therefore, the expo-
nential decay (4.59) remains true for mild solutions by density arguments and Theorem 2.2} is
proved.

5. FINITE DIFFERENCE METHOD APPROXIMATION AND MAIN RESULT
5.1. Description of the Numerical Scheme. For the sake of the following analysis, and for a
given M € N, we will introduce the vector space

Xy ={u=[upus ... uy)" € CY" 1wy =up_y =uy =0}

Let us introduce the classical finite differences operators for complex-valued arrays:

[Dty] =20
J

Ax
_ Ui — Uji—1
D = J I
|: U:|] Al,
Du = %<D+u+D_u)

D?*uw:= DD u
D3*u:=D'D"Du

For u,v € X, and Az < 1, let us consider the discrete space L2(0, L) of complex-valued
vectors endowed with the inner product

M-1

(5.60) (u,v)9 := Z u;U; Az

j=1
this induces a discrete version of the L? norm:
[ull3 = (u,u)s.

For p € [1,00), we can define the L”(0, L) spaces in a similar fashion: we say that u € X,
is also in LP(0, L) if

M—1 5
o= (S par) <o

J=1



HIGH ORDER NONLINEAR SCHRODINGER EQUATION 23

We also say that u € L>(0, L)a if

|u||oo := max |u;| < oo.
JE[0,M—1]

For u,v € X, we will introduce the following inner product and their respective norm:
M-1
(5.61) (,0), =Y jACw;, [l = (u,u),
j=1

Finally, let us recall problem (1.1)), and re-write the equation to solve as
(5.62) iy + ay Ugy + ag |ul® u + i [ag Uggw + ag [u]* Uy + (ag +as)u (|u\2)x + a(x) u} =0

The following numerical scheme is a slight modification of the one proposed in [12]: for
a given u® € Xy N L4,(0,L), and for u"+> := L(u™! + "), then u™' € Xyp,n € N,
approximated solution of (I.1) at the time ¢,,;1 = (n + 1)At, At < 1, can be calculated using
the following scheme:

iDa™ 4+ a; D*u e + a2|u"+% |2u"+% +ias DYt E + iayF,, (u™th)
(5.63) +i(ay + as) Fyypas(u") + iau"t: =0
u’ € Xy N LA, (0, L) given.

where
1juP 4+ u™|2 uP +u™ 1 uP +u™ 12uP + u"
5.64 F, (uP) = - D( ) °D
(5.64) ()= 5|7 2+4<2 2)
_1<up+u">2Dm
4 2 2
p n P n, 2
(5.65) Foytas (u?) r=u;u D<u;u )

aGRM“:CL]‘:a(%‘)a rj =1+ jAz, j=0,1,...,M.

The reason behind the definitions (5.64) and (5.63]) lies in the scheme proposed in [12]], which
aimed to the preservation of the L?(0, L)a norm when a(z) = 0,Vx € [0, L] and a centered
finite difference approximation is considered for the third derivative. In the present scheme
(5.63), however, a decentered approximation is used in order to obtain an L? estimate for D*u.
This fact will help us to describe the decay of the numerical energy, defined as

1
(5.66) E" = §|Iu”|!§-

To this end, we will need some lemmas.
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Lemma 5.1. For a,b € C, for u,v € Xy, and for j € [0, M] C N we have

1
B _ 2 2\ L L g2
(5.67) ( C a> <|b| lal >+2|b af
1
B _ 2 2\ Ly 2
(5.68) ( C a> (|b| lal ) Slb—al
Do, D~ v;
(569) ( ]'Uj) = Uj+1 9 —|— Uj—1 9 J + 'UjDUj
(5.70) D~ (u;vj) = ujD™vj + vj_1 D" u;

Proof. We will prove (5.67)), (5.69) and (5.70). For (5.67), we have

b(B-a) — |b2 —ab
- |b|2—a(b—a+a>
= [b]* —a(b—a) - |af
= [b]* = fa|* + (b —a —b)(b—a)
= [b]* = |a* = b(b — a) + [b — af?

This, then, let us conclude (3.67)). (5.68) can be proved using similar arguments. For (5.69),
we have

Ujr1Vjr1 — Uj—1V51
D(ujv;) = <

2Ax

1
" 2Ax <uj+1 T U1V = UiV UV UV — Uj—1vj—1>
1
T 2Ax (uj“(Uj“ = 05) w10 — V1) + (g0 — uj—1)>
Do, D™,

= Uj+1T -+ Uj—1 —|— 'U]Duj

hence, (5.69) is proved. For (5.70),
U;jVj — Uj—1Vj—1

Az

2

D* (ujv;) =

1
= A_iL' <Uj’Uj + U]”Uj_l — U]’Uj_l — uj_lvj_1>

1
N (“j(vj —vj_1) + v (uy — Uj—l))

= ’LL]'D Uj +Uj,1D Uj.

Thus, (5.70) is proved, as well as the present lemma. 0J

A final lemma needs to be presented:
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Lemma 5.2. For z,w € X, we have

(5.71) (D+z,w) <z D~ w) +Ax<z,D*w> — (z,w)
T T 2 2
(5.72) (D‘z,w) <z Dt w ) —Aa:(z,Dﬂu) — <z,w)
T T 2 2
A A
(5.73) <Dz,w) = —<z,Dw)x + Tx(z D_w) — Tx<z,D+w) — (z,w)
T 2 2
1
(5.74) Re(mz,z) = —5 213 - HD+ZH2
A A A
(5.75) Re(D+D+D*Z,z)w ~5- D7+ 5\|D+Zy|§ + 51D D2 - =D D 2|3
Proof. Starting with (5.71)), and using the definition (5.61)), we have
M-1
<D+z,w> = Z jAZ* DY 2w,
T i1
M-l
= A—$A$2(j2j+1@j — ijmj)
j=1
Mo M1y
= Z A—A$2<] — 1)ij]‘ 1 — Z EAx2jszj
7j=2
M-
= —Ax*(M — 1)zpwWpr— Z — 1)zw;_4
— 1
- A_xAx )21 W — Z; A—A:v J2iW,
M-1 . M-l
ijzjjl ZA_ 2% 2W; 4
i=1 =1
M-1 -
— Z jAz?z; D" w; — Z Ag?y 2 I _ Z zjw;Ax
j=1

—| z, D_w>w + AI(Z, D_w>2 — (z, w>2.

Thus, (5.71) is proved. (5.72) and (5.73) can both be demonstrated using similar arguments.
For (5.74)), and using (5.68)), we have
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M-1
Re <D+z, Z>$ = Re( ; ijQ’zj%;szj)

-1y
=:;;§Z;ﬂ&ﬁ(wﬁn2—rqﬁ—w@+y-@p)
M-l v v
- Z 2 xjAmQ‘szF - Z EjAQﬂZJ"Q - Z EjA$2’Zj+1 — zj\2
j=1 j=1 =1
M 1 M-—1 1 M—1 1
_ i 2 ) 2 _ . 2 ' 2 . . 9 4 )
=2 gagUm DAL = 3 g i l5f = ) SrideArD
Jj=2 j=1 =1
M M-1
1 Ax Az ,
=5 2 P Ar = Srlal = 5 D A ID 5P
Jj=2 j=1
1 Ax
= —§HZ\|3 - 7HD+Z\|§-

Hence, is proved. Finally, in order to obtain (5.73), using the same reasoning as in the
proof of (5.71)) using a = D" D™ z, and recalling that z € X, we can write

(DJrDJrD*z7 z) = (D+a, z)

_ —<a, D‘z)x + Az (m D_Z)Q - (“’ Z>2

- —<D+D_Z,D_z>x +22(D*D2,D72) ~ (DD z,2)

2 2

(5.76) :—<D+D—z,D—z> —I—A:U<D+D‘z,D_z> +||D* 22
T 2

Now we will extract the real part. Denoting b := D™ z, and using (5.74]), we can re-write the
first term in the right hand side of as

Re <D+D’z, D’z) — Re (D*b, b>x

1 Az
—— 2 = D+b 2
1, Ax _
= —SIID 2|~ SHID D |

Hence,

1 A
Re (D+D+D—z, z) = SID~23 + §|1D+D—z||§ + AzRe (D+D—z, D—z>2 + (| D] 2.

and because || D™ z||2 = || D™ z||3, we have



HIGH ORDER NONLINEAR SCHRODINGER EQUATION 27

3 A
(5.77) Re(D+D+D—z, z> = SIID*z |13 + 7x||D+D_z||i + AmRe<D+D_z,D‘z>
T 2

Using again b = D™ z, we can work the third term on the right hand side of (5.77):

Re(D+D*z,D*z) :Re(D+b, b)
2 2
M-—1
b1 —b;
= Re Z M@Ax)
(jl Az
M—1 1
= 3 5 (bl = byl = oy = b5f?) A
j=1
1 2 2 — ! +p |2
|b1’2 Az
=——5 - THD%H%
D=z > Ax B
= Al S

(5.75) can be then obtained combining this last result with (5.77).

Before presenting the next results, we will introduce some extension operators, presented
already in [43]], [38]]; and originally, [29]. For v € Xj; with v = (vj)jj‘io, for the space variable
we define:

the continuous function, linear in each interval [jAz, (j + 1)Az]
pava(r) =

such that pava(jAz) =v;, j=0,....M

the step function, defined in each interval ((] — DAz, (j+ %)AZE) N (0, L)
such that gava (jAZ) =v;, j=0,...,.M

gava(z) = {
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and for the time variable, we have

the continuous function, linear in each interval [nAt, (n + 1)At]
such that Pava(z,t,) = pavi(z), m e N,z € (0,L)

Pava(z,t) = {

the continuous function, linear in each interval [nAt, (n + 1)At]
1
such that PRva(z,t,) = %(pAvA( ) —i—pAv"“(x)), neNze (0,L)

1
PRoa(z,t) = {

the step function, linear in each interval [nAt, (n + 1)At]
such that Qava(z, t,) = qavi (z), th <t <tpy1,meNxze(0,L)

Qaua(z,t) = {

the step function, linear in each interval [nAt, (n + 1)At]

Qiua(w, ) = { such that QRua (. t2) = & (4204 (2) + aava™ (2) ).
th <t <tpy,neNze(0,L)

With this, it is easy to see that

N M-1 N
1QauallF20 1020, / / Qaua(x,t)dedt =) > [ulPAzAt =) |ju"[[3At
n=0 j=0 n=0
L M-—1 u ws (2
2 _ 2 _ j+1 — %
Ipsvaliiyon = | lpsus)fde = > [

In order to prove the main results of this section, we will present and prove two lemmas:

Lemma 5.3. Foru € Xy, N L>(0, L), we have

(5.78) lgauallzeq.ry < 2llgauallzzo.nllpauallim o)
(5.79) lgauallzo.ry < 2llaavuallzomllPauallmo.r)
1 2 1

(5.80) laauallzso,ry < 23 |laauallzz o pllPavallzz p
Proof. To prove (5.78)), we will need the algebraic identity (a? — b%) + (a — b)* = 2a(a — b) for
any constants a,b € C. Foru; € u = [upuy ... upr—1 up]? € CMFL we have:

1 M4 i—1

=3 D -+ )
L j=1 Jj=0

[\DI»—t

1 7
=35 > 2u(uy —ui) = (uy — uy ] Z 2u;(u; = uj) = (U = “J‘)2]

L j=1

1—1

2

i Ay
= Z Az u; D u; — Tx(D_u]

Jj=1

(\]

Az?
Az u; D uj + —(DJ“UJ) ]

:ZAxu]D uJ+ZAxujD uj +

Jj=1 Jj=0 j=0 j=0
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Taking the modulus at both sides, using Holder Inequality, and recalling that uy = 0,

7 1—1
wil* <Y AwuD g+ ) Aw uD |

Jj=1 J=1

i i i—1 i—1
< ZAx|uj|2 ZA:U]D*UJP—{— ZAx | |? ZALE | Dt u;|?
Jj=1 Jj=1 Jj=1 j=1

<2 Z |u|?Ax Z |D*u;|2Ax
=1 j=1

< 2||ul[2||[ D ul]s.

Inequality (5.78)) is then proved since this is valid toany s = 0, 1, ..., M. To get (5.79), and
combining Holder Inequality with (5.78)),

M-1
||QAUA||%,4(O,L) = Z Ju [ * A
j=1

M-1

<l Y huyl*Az

j=1
< 2f[ul 31D ul |2 |ul 3

= 2|lgaual 721l lPavallmo.0)-

In order to conclude (5.80), we will again use Holder inequality with and (5.79):

M-1

llgaual|rso.n)) = Z |uj]° Az

j=1
M—-1
< ullZe Y luy[*Az
j=1
< 2[[ul[2|| D" ul |2 2] ul 5| D" ul |5
= AfJulfy]|[ D" ull3
which can then lead us to conclude (5.80), and hence, the lemma is proved. O

Lemma 5.4. Let {u"},cn be a sequence in X s induced by the numerical scheme (5.63), and
let ' € Xy N L%,(0, L) such that ||u°]|3 < ‘aff; —. Then, there exist some constant K =
K(T, L) > 0 such that
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5:81) 1QstalB sz < W1, ¥neN

(5.82) a3||QiD2uA||%2(O,T;L2(OL) S 2; [1a”l12

(5.83) 1PZualBagomymony < Kllu’|B

(5.84) ||Qi(|u|2uw)A|’%Z(O,T;LQ(O,L)) < KHQAUOAHGLQ(QL)

(5.85) laa(ul2)allz2e,r) < 32(1 + Az®)[|qaual Lo, [Pauallfn o.r)

1

Proof. We start by multiplying (5.63) component-wise by Axﬂ?+§, sum over j and extract the
imaginary part. This will lead us to

! 1 1 1 1
(5.86) ——(||u"5 = |[u"||3) — asRe( DTD w2, D~ u""2) + (au"t2,u""2) =0
2AL 2 2 )

2

Using (5.68), and using z := D~ u""2, we can re-write the second term in (5.86) as
Re <D+D_u"+%, D_u”+%> = Re (D z z)
2 2

M—1 (2 )7
_ J+1 T *5)%j5
= Re( E B W Ax)

j=1
M-1 1
=2 5xs <|Zj+1\2 — I2* = |zj41 — Zj|2> Az
j=1
1 R |
= EQZMF - \21!2>A$ ey zj[? Az

1

J

= ——| 1P == Z [DF2PA
1 n+i A — n+1
= —§’D_Ul+2’2 — TZE Z |D+D_Uj+2|2ACU

Therefore,
1 ntl
Re(D*D’u”*é,D’u’”%) = —5|D7u T - ||D+D* w2
2

and thus, (5.86)) can be written as

||un||% 1 - ”"'%2 + 71—, n+ — 2 A
+a3(§]D uy, 2P+ ||D D u 2|| >+Z ]]u Az = 0.

7j=1

w15 —

2At

(5.87)
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Because a; > 0,Vj = 0,1,..., M, we can conclude (5.81) with ease from (5.87). Now,
multiplying by 2At, dropping some terms, and summing forn = 0,1,..., N, we get

N N
(588)  azAw ) [|DFDuEEAL <Y ([ — [ = [[ulll3 — [l S

n=0 n=0
and thus, (5.82) can be concluded. In order to prove (5.83), we need to multiply
n 1 . .
component-wise by ijuj+2 ,sumover j = 0,1,..., M — 1, and extract the imaginary part.

We have
i(Dtu”+%, UM%) + (DJFDU"JF%,U”*%) + iay <|u”+% Rlass u”+%>
(5.89) Vias (DfD+Dun+é, u"+%) + mf(F% (Y, unts
+i(as + as) (Fa4+a5 (u™h), u"f%)w + z’<au"+%, u”+%) -0

x
x

xT

We will study each term in (5.89). First, and using the definition (5.6]), it is easy to see that

1
. I <D n n+%> _ - n+1(12 ni2
(5.90) m(z w3 ) ) = el )
Using (5.71)), we can write
(D D7urh,umth) = —|ID w2 4 Aal| D7w |3 - Aw (D7t ur ) |
T 2
Hence,
(5.91) Im(DJrD*u"J“%,u”JF%) = —Ax]m(D*u”Jr2 u”+%>
T 2

We can also write

592 I (a3 P ) =0,

Using now the identity (5.75) for z = u"*3, we have

659 " (Z <D+D+D“n+é’“n+%>x) = —52D7u P P+ 3| DR 3

+42([ DD w22 — A7 DT D

Now we have to study the nonlinear terms defined in (5.64) and (5.63)); this is, we have to
work with
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1 1 1 1 1
(594) <Fa4(un+1)7un+§> - (§|un+2’2D(un+2)’un+2>

1 1 1
(5.95) + <ZD<’u”+2|2u"+2>,un+

(NI
N——
8

(5:90) (Fa4+a5 (u""‘l)’ un+%>x ~ (um_;D <|un+% |2) ) un+é)

Using (5.73)), we have

3 i 1 1 1 1 Ax 1 11
(D(’u"+z‘2u”+2)7u"+2) — _(‘un+2|2un+2’Dun+2) 4 (‘un+2|2un+2’D un+2>
z x 2 2
Ax 1 1 1 1 1 1
(5.97) _ _<’u"+§|2un+§’D+un+§> _ (,un+§‘2un+§,un+§>
2 2 5
and, at the same time,
n+12 y—n+1i nti ntl2 pal n+i
(5.98) w2 DT T2 uM ) = (|u T2 e T, Dyt
r x

Combining and (5.98) in (5.93), we get

(F(M(un—kl)’un—i-%) :%(|un+é’2D<un+%>’un+é> _%(‘un+2|2 n+2 Dun+2>
+A8x <|un+2|2 "3 Dy )
_%< nhg|2nts Dyt ) ( " E 2 +1>
2

and extracting the real part, we get

1 A
Re(Fa4(u"+1),un+§> = %Re(!u”*?ﬁ u'tE Do u”*?)
T 2
A 1 1
(5.99) _%Re<’un+ ‘2 n+2 D+ n+2>2_1|’un+§Hi
. 2 Tu—D"u
and recalling that D*y = 2P
1 A 1 ]_ 1
(5.100) Re(Fa4(u”+1),u”+5) = —TZ]L‘Re<|u'”2|2 umte D2u”+§> —ZHU"*?Hi

Finally, for the last nonlinear term, we get
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(Fa4+a5 (un+1 n >

| |
A

nt+ip n+%|2>7un+%)

I
VRS

Dlu 52, a3 )
x

=~ (e DI ER) o S (P Do)
T 2 2
=B (b D)~
2

and thus,

Ax
T 4

Az

fte (Fa4+a5 ("), un+%) 4

<‘ n+2‘2 D™ ‘un-i- |2>2

which, in turn, can be rewritten as

A 1 1
6100 Re(Fyppun ) urt) = B8 (et D) L

Combining together (5.90), (5.91), (5.92), (5.93), (5.100) and (5.101)); multiplying by At,

and summing from n = 0 to n = N, we obtain

N
Lo e 02 o+l ol
0 = 5l 2 = fhu |m)—a1Aasn§O:Im<D u™tE 2>2At

Ar L 9 3 Fontd2
+ as TZ|D | At+52||D w2 [3AL
ZHD*U | 2AL - leD*D* el At)
AZL‘ nt+i12 nt+l 2, nt+i
o A2 5 Reurt it D2
n=0
Az? 3
a3 ) - ) (i)
N
+Z(au”+5,u"+§> At
n=0 ‘

Let us recall the fact that a;, ag > 0. This can let us drop some terms in the above equality to
get

WE

Il
o

(’ n+2’2 D+’un+2|) _%Hun-i-éHzL
2
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N

1

§HuoHi > _aleZ[m(D_u"Jr%’u”JF%) At
n=0

2

3 & Az Y
+35 > Dt urta|3AL — 05— > IDTD w2 | 3At

n=0 n=0

Az?
—CL4< X ZRG ’un+ ’2 n+2 D2 TH‘ ) At
Ar? & 1 3 L\
— (a4 + as) (T Z (|un+% 2, D*lu""2 |2)2At) — (5614 + as) (5 Z ||u"+%||iAt
n=0
N
1 1
+ Z <au"+§, u”+§> At

n=0

Meanwhile, let us recall equality (5.87). Multiplying it by At¢, and summing from n = 0 to
N, we get

Az~ e iz a, VB =IOl as N~ ntE 2 L NS () nbd o ned
—a37§:|\D D u 2\|2At:f+%§:|D uy 2|At+§j(au 2,0 z)zm
n=0 n=0 n=0
1 02
S
> oI5

thus, and after re-ordening terms,

N

1 A

§Huo\|g2c + %HUOH% + a1sz;)Im(Du"+57u"+é>2At
n=

Az?
+|a4’< X ZRe |un+ |2 n+2 D2 n+ ) At)

n=0

Az Y 1 1
sl 55730 (et ),

n=0
+) a4+a5‘< Z’|un+2|’4At>

3 1
(5.102) > Sas ZO |DHunt 3| 2At
n=

Using Young and Holder inequalities, and for 7 = N At, we can demonstrate with ease the
following inequalities:
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N N
1 T
(5.103) z:]m(D*u"Jr%,u”Jr%)2 52 |D+u”+%||gAt+ §||u0||§
n=0 n=0
2 a Lo L 2 L ||U H% Az a Ly
n+3 n+3 n+; — n+ts
(5.104) Az ;Re(m 2u"3, D%y >2At <5 ;Hu IPAL+ T
N N
1 1 1
(5.105) (as+a5) > (lu""2*, D*[um*2 ) At < |ag + as||[u°][3 D [[DFu 2| |3AL
n=0 n=0

Combining those in (5.102)),

N}

Loz AT o2 1N +, n+L2 T\ o2
SlIIE + oI + e 53 1D BA+ 5o

N
| aa] |[u®]5 [ Az "
a2 =2 "t ||AAL + T
+5 g 4@3;}”“ 1At +

Ax? 1
v Tm+a5|||u°||22||D+u”+2u3m

N
3
[Jaa+as| [l

n=0

N —

+

N
3
(5.106) > Jasy_[[DTur A
n=0
and using the fact that
N N
1 1
DMl tzllias < Tl || + [[|* Y (1D a2 | FAt
n=0 n=0

we can write

N
as | Az||u’|| nty
 (Firts e oA

Loz, AT g9 1N +, n+i2 T o2
Sl + SR + A (5 ST ID B+ a3

N N
[l | Az? ntd 3 nt
(5.107)  +a T + T|a4+a5|||u0||§n;||D+u T2[|3AL > 5@3;||D+u 2||3At
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and reordening

3 Az +yn
(5.108) <2a3 S <‘ o 2T 102 4 2‘2a4—|—a5‘ + 2T |a4+a5| Il |2> ZHD 2A¢
L AZE a4 ALEHUOHQ 1‘3 012 0,12
<2 + 1 + a1 Az +T<)a3‘ 61 + 3 2a4+a5 llu™[l2 | |lu"[]2
because ||u’|]5 < | k and considering Az << 1 we can infere the existance of the
ay as

needed constant K’ = K (T, L). Hence, (5.83) is proved. To prove (5.84), let us first note that:

1
Z [ |4yDu;?+2\2Ax

H]u”+2\2Du"+2

) M—-1 L
<[22 D A

J=0

Hence, using (5.81)) and (3.83)),

N
Z H|u”+%|2Du"+%
n=0

N
2 1 1
AP BE

N
< max [Ju"*2]|4 Y [[Dutte|BAL
nel0,N] o

N

< [[u’]13 ) || Dutz|3At
n=0

< K|[)3

proving then (5.84). To prove (5.83)), we will again the identity (a* —b?)+ (a —b)? = 2a(a—).
Forau; €u,i=0, 1, ..., M, we have:

| ]? — uj—1]?
2Ax

Dlu;|* =

1

= 5Ax ('“ﬂ'“'Q — s * + Juy]* — Iuj—1|2>
1

L P P PO
+ 2l = o)+ gl = o]’

Ax? Ax?
:|uj|D_|uj| B — (D~ |u]|) +|UJ|D+|UJ|+T(D+|UJ|)'
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Taking the square at both sides, using inverse triangle inequality, and D?|u;| < gllellee

Ax?

2

Ax?

(D™ Jus ) + s | D s + =

(D*Juy))?

N———
V]

(Dlu?)? = <|uj|D—|uj| -
A i
Xz _
= <2ruj\D|uj| + = (D) = (D \um?})
2
Ax?p L _ L _
= | 2luslDlus| + == [(D* s + D7y D(D* s = D)
2
= (2’UJ\D|UJ‘| +A$3D’UHD2|W|>

<4 <4luj!2\Duj!2 + A£U6!Duj\2(D2\ujD2>

< 16 Jul 3| Duy* + 16 A2 ful[5 | Duy *.
Summing over j will lead us to
M—1
> (Dluy A < 32|l |ID*ul[3(1 + Az?)
=0

and hence, (5.85)) is proved, and thus concluding the demonstration of the Lemma.

Now we are in conditions to state and prove the followig theorem:

Theorem 5.5. Let upn = {ul,}men a sequence in Xy of solutions induced by the numerical
scheme (5.63), at a time t,, = nAt, computed from a sequence of initial conditions {u®, }en C
X using a timestep At and a spacestep Ax. If u® € L*(0, L) : ||u°||3 < —2% then there

— |asa+as|’

is a subsequence, still denoted by {u}},} men, such that
(5.109) Qaua — u strongly in L*(0,T; L*(0, L))
when At, Ax — 0, and for u the weak solution of (1.1))

Proof. We will proceed as in the proof of Lemma .1} From (5.81), we infer the existance of a
u such that

(5.110) Qaua — u weakly in L*(0,T; L*(0, L))

From and (5.83)), we can also say that there exists a u € L*(0,7; H} (0, L)) such that
(5.111) {Qauna} isbounded in L*(0,T; Hy (0, L))

and thus
(5.112) Qaun = u weak star in L*(0,T; H; (0, L))

From (5.80) and (5.83)), we have
(5.113) {QL(Jul*u)a} is bounded in L2(0,T; L2(0, L))
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And from (5.84) and (5.83)),
(5.114) {QaF,,(u)a} isboundedin L*(0,T;L*(0,L))
(5.115) {QAF,,a;(u)a} isboundedin L?*(0,T; L*(0, L))

Let us now consider a ¢ € H{(0, L), with ¢} = ¢(z;,t,), 0 <n < N, 0 < j < M,
Multiplying by AtAxzp;, sum over j and then sum over n. We then get

iv: (Dtum, go) At = ia; Z <D+D un+2 , go)QAt —as iv: <D+D+D7unm+%,g0)2At

n=>0
(5.116) n agnz:% (|u”m+%y2u"+* ) At — ay Z ( ut) >2At
. (Furtas (™). 0) At~ > (aum ) At

Our aim is to prove that the left hand side of (5.116)) is bounded. From (5.8T)) and (5.83), and
summing by parts, we get

N

Z<D+D— nty >2At+

n=0

n+2

WE

(D+D+D— ¢>2At

3
Il

I
MZO

n+3
(Dmm 2 D+ ) At+nz;)(D+ "3 DD (p) At

Il
=)

n

=

N

< S ID u LD el l2At + 7 1D un ]| DY D g lpAt
n=0 n=0
(ZHD+ 2|\2At+2||D+um2||2At)
n=0
<20, K] [ub ]2
< 0

since we are considering any ¢ € H3(0, L), and combining (S.I11), (5.113), (5.114) and (5.113) after
using Cauchy-Schwarz Inequality in (3.116)) , we get

0
(5.117) {(%PMA} is bounded in L2(0,T; H=2(0, L))
and as in the continuous case, because
H}(0,L) < L?(0,L) — H%(0,L),

and employing Aubin-Lions Theorem, there exists a subsequence of {u], } men, still denoted by the
same form, such that,

(5.118) Qaua —> u  stronglyin  L*(0,T; L*(0,L)).
Now we will prove that u is the weak solution of (I.I]). Thanks to (5.118)), we have

n 1
(5.119) W s e, ae. in (0,1) x (0,T)
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using (5.119)), and recalling again Lion’s lemma [29], we will get
1
(5.120) QX (|ul*u)a — |u*u weakly in L*(0,T; L*(0, L)).

furthermore, combining (5.118)) and (5.112)),

1 1 1 .
(5.121) QA (Fuy(u))a — §\u]2u$ + Z(\uPu)x — ZUQHCB weakly in L2(0,T; L*(0, L))
(5.122) QA(Faytas(w)a — uu? weakly in L2(0,T; L?(0, L))

Multiplying componentwise the numerical scheme by AxzAt¢}, sum by parts, and passing to
the limit, is easy to see that u = wu(t,) is, indeed, the weak solution of problem (I.I), and hence the

Theorem is proved.
O

We will now proceed with the discret analog of the main result.

Theorem 5.6. Consider a sequence {u"}ncy C Xy induced by the numerical scheme (5.63),
and consider the function a(x) and the set w as defined in (1.2). If ||[u°||? < 2%, and for

las+as|’

To = nAt > 0, there exist a positive constant C' = C(Ty) and 1o = pu(Ty), both independent of
Ax and At, such that the inequality

E" < O] e
holds for all n > 0.
As in Section 4, before proving the theorem we will state and prove a last lemma.

Lemma 5.7. For Ty = nAt, withn € N, and for a sequence {u" },cn induced by the numerical
scheme (5.63)) such that ||u’||? < 2% there exist a constant C' = C(Ty), independent of At

las+as|’
and Ax, such that
(5.123)
N4 . ) N M-1 .
[u])3 < C’(ag Z (i\D_ulJrQ 1+ AxHDJFD_u”*E|\§)At - Z ajlu; > ]2AwAt>
n=0 n=0 j=1

Proof. Let N € N, and consider the numerical scheme (5.63). Multiplying it by (N + 1 —
n)ﬂ”+%At componentwise, extracting the imaginary part, summing over n = 0,1,..., N, and
recalling the computations made in order to get (5.87)), we will have

((Zuu”*lu (N + 1)) 3)

N
1 nl
(5.124) + az Z(N +1—n) (§|D‘u1+2 ? + Aa:||D+D—u"+%||g>At

n=0

_ .
+ Z Z (N +1-n)ajlu; * ?AxzAt

n=0 j=1
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rearranging terms and bounding,

n _ n+ n
Wl < 5 Znu +1||2At+a32(—|D F o Ac| DD ) A

N M-1

5125+ Z a;u 7 PATAL.
n=0 j

In order to prove (5.123)) then, we must demonstrate the existance of a constant C; = C(7p)
such that

N N
1 n 1 1
(5.126) St EAt < ¢y <a3 > (51D‘u1+2 >+ AwHD*D‘u"*fH%)At
_ n=0

N M-1 o
+Z Zaj|uj 2|2A:vAt).
n=0

=0 j=1

We will proceed by contradiction. Hence, we must assume as true the opposite of (5.126));
this is,

(5.127) Z lu" [ 3AL > Cy (agz (—\D* L2 4 A|| DD |2 )
n=0
N M-1 L
+ Z Z aj]u?+2\2AmAt>.
n=0 j=1

Since ||Qaua||re(o,m;22(0,0)) < 00, We can extract a subsequence {u"™ },,cg, still denoting
it by {u"},,en, such that

S o lluntt3Ae

(5.128) lim !
n
N (3D~ uy T2 2 4 Ax DY DU 3| AL+ N M ]

Az, At—0
a-

= 400
AR TEYNIN

Let \" > 0,Vn € N such that (\")? = 37 ||u¥||3At, and let us define v™ := . This
induces the following sequence of numerical problems: find v"™! € X, such that

0 =iDw" + a; D™ 2 + ag()\")2|v”+% |2v”+% +iagDPv™ e
(5.129) + (A2 F,, (0" 4 (V)2 Fyyas (0" + dav™ 2
v = u’ e Xy NILA,(0,L)

where
N
(5.130) > llr|pAt =1
n=0

On the other hand, and due to (5.128]), when Az, At — 0,
N M-
(5.131)  a Z <—|D* "I 4 Ag||DTD w2 )At +y

1
J|u 2]AmAt—>O
n=0 j=1
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and recalling (5.123)), we conclude that v° is bounded in L?(0, L)a. And by Theorem|[5.5] we
can extract a subsequence of {v" },¢cn, still denoted by the same way, that

v™ — v(t,) strongly on L*(0, Ty; L*(0, L))
and by (5.130),
(5.132) o()]|z20,10.22(0.1)) = 1
When passing to the limit in (5.131]), we have

N M-1
_ - "+ 2 + n+ nty
_Azlg?%a5§:( D~ 2 + Az||DTD 2||>At+§o:§1:a]\u 22AzAt
n=0 j

TO TO
:/ lv Ot\dt—i—Z/ / x)|v|*dzdt
0

and thus, v(x,t) = 0for (z,t) € (wx(0,Tp)). From here, we must distinguish two scenarios:

Case 1: Let us extract a subsequence from {\" },,cn, denoted by the same way, such that A\ — 0
when n — oco. This induces the following linear problem:

10 4 a1V + 103000 + 1av =0,  (z,t) € (0, L) x (0,Tp)
v(0,t) =v(L,t) =0, te€]0,Ty
v(L,t) =0, te0,To
v(t=0)=u", u’ e L*0,L)

And again, by Holgrem’s Theorem, we conclude that v" = 0, for (x,t) € (0,L) x (0,7),
which contradicts (5.132).

Case 2: There is a subsequence from {\"},cy, still denoted by \"; and there is a A > 0 such
that A\ — . This converges to the IVP (1.1)), and using Theorem and the same arguments
as in Section 4, we conclude that v = 0 for (z,¢) € (0, L) x (0,7, and this is again a contra-

diction to (5.132)).

This allows to conclude that is false, and hence, the lemma is proved. O
In order to conclude the proof of Theorem 5.6, we can just follow again the arguments em-

ployed to prove equation (4.59)) in Section 4.

5.2. Numerical Results. We will finally present some computational results using the numer-
ical scheme proposed in this section.

5.2.1. First case. For a first numerical result, we will work with the following HNLS equation
for u = u(z,t), (z,t) € (—60,60) x (0,3]:

ity + 0.00 gy + [uf?u + i(0.0lum 0.1 ufPuy + 0.05]uf?u + a(:p)u) -
(5.133) u(z,0) = u’(z) = A e sech(x)
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Energy vs Time

o
w
Energy

L L L
0 0.5 1 1.5 2 2.5 3
t

FIGURE 1. First case results. Left: time evolution of the absolute value of the solution.
Right: evolution of the energy.

this is; a; = 0.001, ay = 1, a3 = 0.01, as = 0.1, and a5 = 0.04. The initial condition is
given by the analytical solution of the IVP (5.133)) when a(z) = 0; this is,

u(z,t) = Aexp(i(nt +rz)) sech(x + It)
where,
2 6a3 _ —2(11 (3@4 + 2a5) + 6(13

=3 = I = —2ayr—as(1-3r? = ay(1-1?)—asr(3—1?).
3a4 + 2as " —12a3(aq + as) arr—as( ), n=al-rt)-ar@-r)

This solution was proposed first by Potasek in [40]].

On the other hand, a(z) = (1++/]z]), = € (-8, —3), and in our calculations, At = 0.001
and Az = % ~ 0.015. As shown in Figure right, the energy decays at an exponential rate to
zero, which is what we expected. While Figure|[I|left shows how the soliton is getting dissipated
after entering the damping zone, starting at z = —3.

5.2.2. Second case. A last case will be presented, regarding the following equation for u =
u(z,t), (z,t) € (—60,80) x (0,500]

ity + 0.1y, + 2|ul*u + z'(o.oomm +0.01)ul?uy + 0.1|ul2u + a(:c)u) =0

(5.134) u(z,0) = u’(z) = A e sech(—Bx)

where we used an initial condition based on a solution propsed by Kumar et al. [27] when
a(x) = 0:

u(x,t) = A ') sech(B(t — )
where v = 10, £k = 0.001, and

B :l:\/k — a1w? + azw? s i\/Q(k — a1w? + azw?) L= + /a?v? + 3a3v®B — 3agv
3asw — aq

aqw — as 3asv

Meanwhile, for the damping function we’ve considered a(z) = 0.01, = > 10; while for our
computations we’ve used At = 0.05, Az = % ~ 0.017.

As seen in Figure 2| right, the energy also decays following an exponential trend, while as
seen in Figure [2]left, the soliton manages to enter the zone with the active damping, dissipating

in the process.
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Energy vs Time
0.16 0.05
0.14 0.045
0.04 |-
0.035
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FIGURE 2. Second case results. Left: time evolution of the absolute value of the solu-
tion. Right: evolution of the energy.

APPENDIX

In this appendix, we shall prove the Lemmas[3.5]and [3.6]

Proof of the Lemma[3.5] From (I.9), we have
T T T
| 1@yt < ax [ ullsoydt+an [ (u ), D d
0 0 0

T
+a5/ HU (\u’Q)x HLQ(O,T) dt
0

:[1—|—[2+13.

(A.135)

Having in mind the embedding H'(0, L) < L>(0, L), we obtain
T
hza [ il luleon d

T
< lulleory 2oy | Nl d

(A.136) . 0
scmwﬁﬂuw%mmt

= C [Jullx, HUHB(O,T;H(}(O,L))
< Cllull%, -

On the other hand, since | (Ju|*u), | < 3|u|? |u,|, we have

T 1/2
I <3ay / [/ )t |2 dm] dt
0 0

T
§3a4/ [ll7 e 0,1y lltll 12 0,1y -
0

(A.137)
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From (4.19) and (A.137) , it follows that

T
Jé§3a41;HMﬁmmmHUMﬁmmdt

T
(A.138) SC/O el 220,y 1l 0,1y 2t

< [lulleqory; z20.2)) 1wl 220,75 H2 0,2))

Again, from and the fact that | u (|u|?), | < 2|u|? |u,|, we conclude

oL 1/2
I3 <2as / [/ e d:r;] dt
0 0

T
s3a4/“HMﬁm@mnum%mmdt
0

(A.139) .

<C [l Il

0

< lulleqomy: 20,2y 1l 20,15 H3 (0,2))

< Ol -
Therefore, the lemma is proved combining the estimates (A.135]) — (A.139). [
Proof of the Lemma 3.6} From (1.9), we have
(A.140)

T T T
|15 = sl de < ar [P u= ool dirar [ (P ok,
T
tas [ (), = v (0P),

=J1+Jo+ J3.

Using the fact that | |u| — |v|| < |u — v|, the embedding H}(0, L) — L*>(0, L) and adding
and subtracting terms suitably, it yields
(A.141)

T
Ty = ay /0 I el? (= )220,y + o (ful® = [o2) 20,0

L2(0,L)

dt
L2(0,L)

T
= az /O I ul? (w = )l 20,2y + Nl (Jul = [o]) - (Ju] + [0]) || £2(0,1) dt
T ) T
< az /0 lullZoe 0,0y I = vllz2(0,z) dt +/0 [0l o0,y (Il zoo o,y + 0l Loc(0,2)) 1w — vl 12(0,1) dt

T T
< az |lu = vlleo,r); L2(0,L)) {/0 [0 0.1 dt+/0 [0[170< (0.1 dt}

T T
<o { [ Iuliyande+ [ ol i-olx,
0 0

< C (lullfe, + llvlk,) llu—vllx -
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and

T T
Jo <ay /0 Hu (]u\Q - ’U|2)x”L2(0’L) dt + a4/0 ”(lU’Q)z (u— U)HLZ’(O,L) dt

T
war [P =) o @ s o (0 = )

=1 Jo1+Jopg+ Joz+ Jou.

(A.142)

We observe that

(A.143)
T

T
Jo1 < 2as /O all .2y 1 = ) il 20,0 lt + 2 s /0 o,z 10 (0 = el 2o,z dt
T T
§C||U—U||C([0,T};L2(0,L))/0 ’|U||§{3(0,L)dt+2a4/o [ull Lo o, 101l 220, 1 = 0l 11 0,y 2
T T
< Cllu=vloqoy oy | Nl dt+ 20 lollogom oy | Tl ol = vllngoz

T
< Ol llu = ollxp + € ollx /0 el 0.2 2t = 0ll 3 o,

< Clullxp lu = vllx, + Cllvlix, HU||L2(0,T);H5(0,L) Ju— UHL2(0,T; HE(0,L))

< C (lullz, + lvlk,) llu—vlxy

T
Jao < 2ay / ||U||L°°(0,L) ||U||H3(0,L) Ju— “”LQ(O,L) dt
0

(A.144) T
< Cllu=vllewmn 2oy [ Nullien dt
0

< Cllullx, llu = vllx, ;

On the other hand, from (#.19) and Holder’s inequality, we get
T
Faa <200 [ Nulleio 1u = vllnyon
0

T
(A.145) <C / lwll 2.0, lull 220,y llw = [l 1o,y dt
0

<C ||U||XT ||u||L2(0,T;H01(0,L)) |lu — U||L2(0,T;H3(0,L))

< Cllullx, llu = vllx, ;

T
Joa < 2a4 / (lullze o,y + [0l (0.0)) 10l mao,z) 1w = vl 20,y dt
0

T T
<o [ [ Ioligamd+ [ Wiy it = vl

< C (llullx, + llvlx,) llu—vllx, -

(A.1406)
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Finally, by (A.143)) and (A.144), we have

T T
Js < as /O llu (Jul* — yv|2)x”L2(O’L) dt+a5/0 1(10f?), (u— U)HLQ(M) dt
(A.147) — Joy + Jas
< C (lully + 10ll%,) llw = vllxy -
Collecting the estimates (A.140) — (A.147), we obtain the desired. O
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