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Abstract

This paper introduces and analyzes the combined use of the virtual element method (VEM) and
the boundary element method (BEM) to numerically solve linear transmission problems in 2D and
3D. As a model we consider an elliptic equation in divergence form holding in an annular domain
coupled with the Laplace equation in the corresponding unbounded exterior region, together with
transmission conditions on the interface and a suitable radiation condition at infinity. We employ
the usual primal formulation in the bounded region, and combine it, by means of the Costabel
& Han approach, with the boundary integral equation method in the exterior domain. As a
consequence, and besides the original unknown of the model, its normal derivative in 2D, and
both its normal derivative and its trace in the 3D case, are introduced as auxiliary non-virtual
unknowns. Moreover, for the latter case, a new and more suitable variational formulation for the
coupling is introduced. In turn, the main ingredients required by the discrete analyses include
the virtual element subspaces for the domain unknowns, explicit polynomial subspaces for the
boundary unknowns, and suitable projection and interpolation operators that allow to define the
corresponding discrete bilinear forms. In particular, two VEM/BEM schemes are proposed in the
three-dimensional case, one of them mimicking the non-symmetric interior penalty discontinuous
Galerkin method. Then, as for the continuous formulations, the classical Lax-Milgram lemma is
employed to derive the well-posedness of our coupled VEM-BEM scheme. Finally, a priori error
estimates in the energy and weaker norms, and corresponding rates of convergence for the solution
as well as for a fully computable projection of the virtual component of it, are provided.

Key words: virtual element method, boundary element method, coupling, transmission problem,

error estimates
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1 Introduction

The numerical solution of diverse linear and nonlinear boundary value problems in continuum me-
chanics by means of the virtual element method (VEM) has become a very active and promising
research subject during the last few years. The VEM approach, which can be interpreted as an ex-
tension of the classical finite element technique to general polygonal and polyhedral meshes, as well
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as a generalization of the mimetic finite difference method to arbitrary degrees of accuracy and con-
tinuity properties, was first introduced and analyzed in [4] for a primal formulation of the Poisson
problem. The idea underlying the VEM philosophy is twofold. On one hand, the discrete spaces are
defined on meshes made of polygonal or polyhedral elements, and the corresponding basis functions
are not known explicitly (which explains the concept virtual utilized), but only the degrees of freedom
defining them uniquely on each element are required to implement the method. These degrees of free-
dom normally have to do with polynomial moments within each element and with traces and normal
traces, both polynomial as well, on the boundaries of them. On the other hand, suitable projection
operators and stabilizing terms are employed to define approximated bilinear forms that mimic the
original ones and that provide still consistency and stability of the resulting discrete scheme. Among
the several advantages of VEM, and besides the simplicity of the respective coding and the quality of
the numerical results provided, we highlight the fact that the meshes are formed by nonoverlapping
convex or nonconvex elements that can be of very general shape.

For a sample of the diverse developments and applications of VEM so far, including linear elasticity
problems in 2D and 3D, the linear plate bending problem, the incorporation of further global regularity
into the discrete solution, practical aspects of the computational implementation, the two-dimensional
Steklov eigenvalue problem, and the acoustic vibration problem, we refer to [5], [6], [12], [13], [17],
[33], and [51]. Additionally, the virtual element methods have also been extensively utilized in fluid
mechanics. In particular, stream function-based, divergence free, and non-conforming virtual element
methods for the classical velocity-pressure formulation of the Stokes equations have been developed in
[2], [10], and [23], respectively, whereas a primal virtual element approach for the Darcy and Brinkman
models is proposed in [56]. In turn, regarding the Navier-Stokes equations, we first mention [11], where
a family of virtual element methods for the two-dimensional case is proposed, thus yielding the first
work applying VEM to solve that nonlinear model. Furthermore, other contributions involving the
application of VEM in fluid mechanics have mainly concentrated in the use of dual-mixed variational
formulations, particularly pseudostress-based ones, which all go back to the basic principles of the
mixed virtual element method established in [15]. In this regard, we refer to [20], [21], [22], [39] and
[40], where mixed virtual element schemes for the Stokes equation, the linear and nonlinear Brinkman
problems, the nonlinear Stokes equation arising from quasi-Newtonian Stokes flows, and the Navier-
Stokes equations, have been introduced and analyzed. In particular, we highlight that the main novelty
of [40] lies on the simultaneous use of virtual element subspaces for H' and H(div) to approximate
the velocity and pseudostress unknowns, respectively. Also, we stress that most of the aforedescribed
works have made extensive use of the exact computations of the L2-projections onto suitable spaces
of polynomials, as explained in [1], [8] and [9].

On the other hand, boundary element method (BEM) is the name given to the Galerkin scheme of
the classical boundary integral equation method, which consists of using the associated fundamental
solutions to transform boundary value problems into equivalent equations holding only on the bound-
ary of the underlying domain (see, e.g. [44] and [52] for further details). These equations are usually
formed by boundary integral operators whose kernels depend on the aforementioned fundamental so-
lutions, and whose densities are given by the Cauchy data of the solution of the original boundary
value problem. Now, besides the use of BEM alone, we highlight that its combination with other pro-
cedures such as finite element method (FEM) or discontinuous Galerkin methods, which aims mainly
to solve transmission problems, has been frequently utilized for many years in diverse applications.
In particular, the most popular ways of coupling FEM and BEM are the Johnson & Nédélec and
Costabel & Han procedures (cf. [16], [29], [42], [45], and [57]), which use the Green representation of
the solution in the corresponding region. Initially, and during a couple of decades, the applicability of
the former, being based on a single boundary integral equation and the Fredholm theory (as suggested
by the compactness of a boundary integral operator involved), was restricted basically to transmission
problems involving the Laplace operator. For other elliptic equations, such as the Lamé system, the



aforementioned compactness did not hold and hence the technique could not be employed.

The above difficulty motivated the approaches by Costabel and Han in [29] and [42], respectively,
which were both based on the addition of a boundary integral equation for the normal derivative
(or traction in the case of elasticity). As a consequence, the former yielded a symmetric and non-
positive definite scheme, whereas the latter, on the contrary, gave rise to a non-symmetric but elliptic
system. However, since the only difference between them is the sign of a common integral identity,
one simply refers to either one of them as the Costabel & Han method. In turn, the aforementioned
drawback of the Johnson & Nédélec coupling method, was surprinsingly solved in [53] (see also [55],
[38] and [54]), where it was established that actually all Galerkin schemes for this approach are stable,
thus expanding its use to other elliptic equations and to arbitrary polygonal/polyhedral regions. In
addition, the corresponding extension to the coupling of mixed-FEM and BEM on Lipschitz-continuous
domains was successfully developed later on in [48], and the particular application of the latter to the
three dimensional exterior Stokes problem was analyzed in [36] and [37]. Further contributions dealing
with the application of the Johnson & Nédélec and Costabel & Han coupling procedures to solve 2D
and 3D problems, including nonlinear models, fluid-solid interaction, eddy current problems, coupling
with mixed-FEM, non—conforming FEM, local discontinuous Galerkin, and hybridizable discontinuous
Galerkin methods, can be found in [3], [18], [19], [24], [25], [28], [30], [34], [35], [41], [43], [47], [49],
[50], and the references therein.

According to the above discussion, and in order to continue extending the applicability of VEM,
as well as to continue developing the ability of BEM to be coupled with other numerical procedures,
our purpose in this paper is to introduce and analyze, up to our knowledge for the first time, the
combined use of VEM and BEM for solving a model transmission problem in 2D and 3D. Another
reason that makes attractive the coupling of VEM and BEM lies on the fact, as commented in the
previous paragraphs, that the densities of the boundary integral operators involved in the formulation
of BEM coincide with some of the degrees of freedom employed by VEM, which certainly generates
a natural way of performing the coupling. Indeed, this coincidence will be particularly important in
our 2D case below, and on the other hand, it will suggest a suitable modification of our approach for
the 3D problem.

The rest of this work is organized as follows. In Section 2 we describe the model problem, and then
establish the main results concerning the continuous formulation to be employed in two dimensions.
Next, in Section 3 we introduce and analyze the coupling of VEM and BEM for this 2D case. This
section is splitted into preliminary results on VEM, the VEM/BEM scheme itself, solvability analysis
and error estimates in the energy norm, error estimates in the L2(Q)-norm, and a fully computable
approximation of the virtual component of the solution, for which its corresponding rates of conver-
gence are also provided. Finally, in Section 4 we consider the 3D case, for whose analysis we adopt
basically the same structure of Section 3. However, and differently from the 2D case, we make use
of a new variational formulation specially introduced for this purpose, and propose and analyze two
associated VEM/BEM schemes, one of them being motivated by the non-symmetric interior penalty
discontinuous Galerkin method.

We end this section with some notations to be employed throughout the paper. Given a real number
r > 0 and a polyhedron O C R?, (d = 2,3), we denote the norms and seminorms of the usual Sobolev
space H"(O) by || - |0 and | - |0 respectively (cf. [46]), and we use the convention L?(0) := H%(O).
Also, we recall that, for any ¢t € [—1, 1], the spaces H'(0O) have an intrinsic definition (by localiza-
tion) on the Lipschitz surface 9O due to their invariance under Lipschitz coordinate transformations.
Moreover, for all t € (0,1], H7t(90O) is the dual of H!(9O) with respect to the pivot space L2(90). In
addition, for nonnegative integers k, Py, is the space of polynomials of degree < k with the convention
P_1 = {0}. Then, given a domain D C R?, d € {2,3}, Pr(D) represents the restriction of Py to D.



2 The model problem

Let Q2 and O be two simply connected and bounded polygonal /polyhedral domains with boundaries
T := 09 and T := 0O. We assume that Qy C O C R?, with d = 2,3, and introduce the annular
region O := O\ Qg and the exterior domain O, := R?\ O (see Figure 2.1 below). Then, we denote by
n the unit outward normal to I' pointing towards O, and consider the transmission problem

—div(kVu) = f in O,
U = 0 on Iy,
U = Ue on I,
ou Oue (2.1)
a0 _ r
"on on ot
_Aue = 0 in Oe,
1
w(@) = O(g) sl — oo,
x

where f € L?(Q2) and x € L°(f2) are given functions. Additionally, we assume that there exists a
constant k£ > 0 such that

£ < E(@) <F = (|6 e Voe.

Figure 2.1: 2D geometry of the model problem.

In order to solve the transmission problem (2.1) by using only Q as a computational domain, we
follow the Costabel & Han approach (see [29], [42], [52] and the references therein), and compute the
harmonic solution in the exterior domain O, by means of the integral representation formula

OE(|z —
wie) = [ = suas, - [Bla-srwds,  vaeo,. (29
r Ty r
where ) 1
P — ifd=3
Bz —y)) = { 7Y

1
——loglz —y| ifd=2
27
is the fundamental solution of the Laplace operator, 7 is the usual trace operator on I' (acting either

from Q or O,), and yu = yu, and A := kVu -n = e are the Cauchy data on this interface. Then,

on



employing the jump conditions on I" of the two potentials in the right hand side of (2.2), we arrive at
(cf. [44], [52])

id
Ve = (15+K)7u — VXA on T, (2.3)
and 5 ”
u i
£ = - — - K°* r 2.4
o Wau + (2 JA on T, (2.4)

where V, K, K* are the boundary integral operators representing the single, double and adjoint of
the double layer, respectively, id is a generic identity operator, and W is the hypersingular operator.

0
Moreover, replacing yu,. and % by yu and A, respectively, (2.3) and (2.4) become
id
0= (5 —K)yu+ VX on T, (2.5)
and d
A= —Wyu+ (5 - KA on T. (2.6)

From now on, <-, > stands for the duality pairing between H~'/2(I") and H'/?(T") with respect to the
pivot space L2(T"). Then, we introduce the subspaces

HY*(T) := {p € HY(T) : (1,9) = 0}

and
Hy /2(T) := {u e HV2(T) : (u,1) =0},

and recall in the following lemma the main mapping properties of V, K, K*, and W.
Lemma 2.1. The operators
V:HYAT) — HYA(I), K:HYI) — HYX(D),
K*: H Y41 — HY3(1), W HYX(D) — H V(D)

are continuous. Furthermore, there exist positive constants oy, ay such that

VpeH AT, ifd=2
L V) > a 2 0 ’ ’ 2.7
d
an ) 1/2
(We, 0) = aw llel?nr Ve € HYA(D). (2.8)
Proof. See [52]. O

Then, introducing the spaces
X = {v e HY(Q) : vlr, :0} and X := X x Hy/3(I),

the variational formulation for the first four rows of (2.1) completed with the boundary integral
equations (2.5) and (2.6), reads as follows: Find (u,\) € X such that

/ £V - Vo + (Wryu, yv) —<A,(§—K)’yv)> = / fv YvelX,
Q q Q (2.9)
(VA + (1, (5 = K)yu)) = 0 Vi e Hy VA(T).



Equivalently, (2.9) can be rewritten as: Find (u, \) € X such that

A((u,N), (v, 1)) = F(v,p) := /va V(v,pn) € X, (2.10)
where
A((u, N), (v, 1) = alu,v) + (Wyu,yv) + (1, VA)
id id (2.12)
+ (1 (5 = K)vw)) = (A (5 = EK)y))
and

a(u,v) = /KVU'VU.
Q

We deduce from Lemma 2.1 that there exist constants My > 0 and «g > 0 such that, for all
(u, A), (v, ) € X, there holds

A((u,A), (v, 1)) < Mo || (w, NI [0, )|

and

A((v, ), (v, 1) = ao || (v, w1
where

(o, )II* = [0} g + I1l1Z o -
stands for the square of the norm in the product space X.

In this way, the well-posedness of problem (2.10) follows then directly from the foregoing estimates
and the Lax-Milgram lemma.

We end this section by remarking that the transmission conditions imposed for the derivation of
our continuous formulation are actually recovered from (2.10) and (2.2). In fact, we first notice that
the second equation of (2.9) together with (2.3) yields yu = ~u. on I'. In turn, integrating by parts
backwardly the field term of the first equation in (2.9), we deduce that — div(kVu) = fin Q, and

then that kVu-n = — Wru + (% — Kt))\, which, combined with (2.4), gives kVu -n = ?;:f on

I". Then, knowing that u. can also be represented with (?;:f instead of A in (2.2), we deduce that
Oue o : Oue

VA= Vl, and hence the ellipticity of V' (cf. (2.7)) yields A = 81:1, =kVu-n.

on

3 The VEM/BEM coupling in two dimensions

3.1 Preliminaries

From now on we assume that there exists a polygonal partition U_,Q; = Q such that fla, € HE ()
and kg, € WFLeo(Q,), for i = 1,...,I. Then we let {F}}; be a family of partitions of Q constituted
of connected polygons F' € Fy, of diameter hrp < h, and assume that the meshes {F},}; are aligned
with each ;,i=1,...,1. For each F' € F}, the boundary OF is subdivided into straight segments e,
which are referred to in what follows as edges. In particular, we introduce the set

& = {edges of F,: e C I‘} .

In addition, we assume that the family {fh} , of meshes satisfy the following conditions: There exists
p € (0,1) such that



(A1) each F of {F}}, is star-shaped with respect to a disk Dp of radius php,
(A2) for each F of {F}, and for all edges e C OF it holds |e| > php.

Then, for each F of {F},};, , we introduce the projection operator HZ’F : HY(F) — Py(F) uniquely
characterized by (see [7])

st sn (L () fooons (L) () oo

for all p € Pg(F). Moreover, we let IIf be the L?(F)-orthogonal projection onto Py (F) with vectorial
counterpart TIY : L2(F)? — Pp(F)?, and following [1] we introduce, for k > 1, the local virtual
element space

Xh(F) = {v € H'(F): v, € Pile), Ve C OF, Av € Py(F), TFv—TVTy e Pk,g(F)} . (3.2)

It can be shown (cf. [1]) that the degrees of freedom of XJ(F) consist of:

i) the values at the vertices of F,
ii) the moments of order < k — 2 on the edges of F', and

iii) the moments of order < k — 2 on F.

We are then allowed to introduce the global virtual element space as
Xk = {v eX: olpeXFF) VFe]fh}.

On the other hand, for any integer k > 0, we denote by Py (F}) the space of piecewise polynomials of
degree < k with respect to Fp, and let ka be the global L?(2)-orthogonal projection onto Py (Fr),
which is assembled cellwise, i.e. (I v)|F :=II¥ (v|p) for all F € F, and for all v € L*(Q). Similarly,
for any q € L2(Q2)?, H{q is defined by (Hk]:q)|p = Hf(qlp) for all F' € Fj,. It is important to notice
that Py(F) C XF(F) and that the projectors HZ’FU and IIf'v are computable for all v € XF(F).
Furthermore, it is also easy to check that I/ ; Vv is explicitly known for all v € XF(F) (cf. [7]).

Hereafter, given any positive functions Aj; and By, of the mesh parameter h, the notation A, < By,
means that A, < CBj, with C > 0 independent of h, whereas A; ~ Bj means that A, < Bj and
Bj, < Ap. Then, under the conditions on Fy, the technique of averaged Taylor polynomials introduced
in [32] permits to prove the following error estimates,

v —TEvlor + hrlv — vl r S R vl e YEE€{0,1,.,k}, Yoe HFTY(F), (3.3)
o =T Follop + kel = T 0l e S BE ol e YO {1,2,.,k}, Yoe HTYF).  (34)

In turn, the local interpolation operator I} : H2(F) — XF(F) is defined by imposing that v — I['v
has vanishing degrees of freedom, which satisfies (cf. [14, Lemma 2.23])

lv = I vllor + hr [ — IEv|, o SEE Wl r V€ {1,2,..,k}, YveHTYF). (3.5)

In addition, we denote by [ ,f the global virtual element interpolation operator, i.e., for each v € C°(Q),
we set locally (If v)|p = IF (v|p) for all F € F,.

On the other hand, we will seek an approximation for A in the non-virtual (but explicit) subspace
Ai_l = {,u cL?(): ple € Po_i(e), Ve &y, /Fu = 0} ,

7



and denote by Hg_l the L2(T')-orthogonal projection onto A’fb_l. We let {Fj, j € {1,...,J}}
be the set of segments constituting I', and for any ¢ > 0 we consider the broken Sobolev space
H}(T) := szl HY(T;) endowed with the graph norm

J
2 2
lellzr = llelir, -
j=1

We recall the following classical approximation property.

Lemma 3.1. Assume that u € H~Y/2(T) N Hy(T) for some r > 0. Then,

H/'L - H(Igfl:u’H_t’F ,S hmin{r,k}+t H/’LHr,b,F Vit e {07 1/2}

Proof. See [52, Theorem 4.3.20]. O

3.2 The VEM/BEM scheme

For all F € Fj, we let S}’ be the symmetric bilinear form defined on H'(F) x HY(F) by

SE(v,w) = hp' Z /ﬂzv TRW Yo, we HY(F), (3.6)
eCOF ¥ °

where 7¢ is the L?(e)-projection onto Pj(e). It is shown in [14, Lemma 3.2] that
SEw,v) ~ af'(v,v) Vv e XF(F) such that HZ’FU =0, (3.7)
where a is the local version of a, that is

af (v, w) = / k Vv - Vuw Yo, w e HY(F). (3.8)
F

It is important to notice that Sf is computable on XF(F) x XF(F) since m{v = v € Py(e) for all
veX }’f (F), and that, by symmetry, there holds

SE(w,w) < SF(v,0)Y2 SE (w,w)Y? < af (v, 0)? aF (0, w)/?

for all v, w € X}’f(F) satisfying HZ’F’U = HZ’Fw = 0. Next, for each F' € F} we introduce
al (v,w) = / kT Vo - i Vw + SE(v— HZ’FU,’LU - Hkv’Fw), (3.9)
F

and let aj be the global extension of it, that is

ap(v,w) = Z al (v, w) Vo, w e XF. (3.10)
FeF,

We now stress, as shown in [7], that the first term defining a} is also calculable on XF(F) x XF(F)
even if k is not a polynomial function. Indeed, using the fact that H£—1 is self-adjoint and integrating
by parts, we find that there holds

/fil‘[f_le I Vw = /Hf_l(nnf_lvv) - Vw
F F

= — / div (T, (+TIf_ Vv))w + O (kI Vo) - ngrw
F oF

8



for all v, w € XF(F). Then, we notice that the first term on the right hand side of the foregoing
identity is calculable thanks to the moments of w on F' of order < k — 2, whereas the second one is
calculable as well since each factor of it is a known polynomial.

We now let X = X}]f X Azfl and introduce the discrete version of problem (2.10): Find (up, Ap) €
X}, such that

An((uns An)s (ns pn)) = Fnlon, pn) = /Q(Hflf)vh V' (vns pin) € X s (3.11)
where
Ay ((uns An)s (Vs pn)) == an(un, va) + (W, yon) + (pn, Vn)
+ (ks (% — K)yup)) — (A, (% — K)yun)) - .
3.3 Solvability and error estimates
We begin with the boundedness property of Aj,.
Lemma 3.2. There hold
lat (2,0)] < |l2llr Jvllir VE € F,, VYz,veHY(F), (3.13)
and
[AR((z,0), 0 )| S NI Il Y (zm), (v,p0) € X (3.14)

Proof. The local estimate (3.13) is basically consequence of the Cauchy-Schwarz inequality and the
fact that (see [7])

SE(z ) 2,0 T ) < 2 =T 2l p Jo — I ol e < 2lr olur, (3.15)
whereas (3.14) follows from (3.13) and the mapping properties provided by Lemma 2.1. O

Next, the following lemma recalls from [7] some useful estimates between a’” and a!’, which involve
the local operators Hf and [ ,f .

Lemma 3.3. For each F' € Fy, there hold
o (115 2, vn) — ah, (T 2z, 08)| S 2lliiyp lonlli e V(z00) € B¥HEF) x XE(F),  (3.16)

@ (vn, 1§ 2) = ay (on, IE2)] S b lonllyp Izlop Y (2,00) € H2(F) x XE(F), (3.17)

and

jaf (I 2, I o) = af, (Mg 2, I o)) S Rt el p [vllep  V(z0) € BYYH(F) x HA(F). (3.18)

Proof. For (3.16) we refer to [7, Lemma 5.5], whereas (3.17) can be proved as explained in [7, Remark
5.1]. In turn, (3.18) follows by combining the proofs of (3.16) and (3.17). We omit further details. [

We now establish the Xp-ellipticity of the bilinear form Aj,.

Lemma 3.4. There holds

An((v, ) (0, ) Z 0@ V(v p) € X (3.19)



Proof. We first observe, by using (2.7) and (2.8), that for all (v, u) € X}, we obtain
An((0, ), (0,8) = an(o,0) + (W, 30) + (Vi) > an(0,0) + ov [ulPyor . (3.20)

On the other hand, according to the definition of af (cf. (3.9)), noting that certainly there holds
HZ’F (v — HZ’FU) = 0, and then employing (3.7) and the fact that

o =TT ole = [[Vo = VIR ol r > Vo - T Vo

‘O,Fv
we deduce that )
al (v,v) > HH?,IVUH&F + af (v — Hkv’Fv,v - Hkv’Fv)

2 { I v + o — 1o o (3.21)

2 2
R { HHkFAVUHo,F + [[ve —HLWHO,F} R [olir
In this way, the proof follows from the definition of a; (cf. (3.10)), (3.20), and (3.21). O
As a consequence of Lemmas 3.2 and 3.4, a straightforward application again of the Lax-Milgram

lemma shows that (3.11) admits a unique solution (up, A\p) € Xp. Moreover, we have the following a
priori error estimate.

Theorem 3.1. Under the assumption that u € X N Hfil H2(Q;), there holds
”(U, )‘) - (uhv)‘h)H 5 H(ua)‘) - (Ik‘}-u’H(Igfl)‘)H

|a(u, wp) — an(I{ u, wy (3.22)

+ sup Ll =17 ] -

whEX}]f ||wh”17Q

Proof. We first observe from the definitions of F and F}, (cf. (2.10) and (3.11)) that

¥ (vh, 1) = Fn(vn, )| -
< — 11 )
(Uhf};ixh H('Uh,luh)” - Hf k 1fHO,Q
(Vhtn ) #0

In turn, according to the definitions of A and Ay (cf. (2.11) and (3.12)) it readily follows that

A((vn, pn)s (Wn, &) — An((vn, pin), (wn, &n)) = a(vn, wy) — an(vn, wh)

for all (vp, pn), (wp, &) € Xp. In addition, adding and subtracting u to the first component of a,
and using the boundedness of this bilinear form, we obtain

[a(on, wn) = anonswn)| S {llu = wnllllwonllie + la(u wn) = an(on,wn)| } - Yon, wy € XE.

Hence, bearing in mind the foregoing estimates, a straightforward application of the first Strang
Lemma (cf. [27, Theorem 4.1.1]) to the context given by (2.10) and (3.11) gives

[(u, A) = (un, An) || < inf {H(u,/\)—(vh,uh)ll

(Vhspen)EXp
(3.23)
a(u,wy) — ap(vy, w
+  sup |a( hH) Hh( hwh)| } + ||f*Hf—1fHo,Q'
wpex} Wh|[1,0
wp#0

Next, since X N Hfil H2(Q;) € C°(2) and H§/2(F) C L%(T"), we deduce by hypotheses that u € C°(€2)

and A = kVu - n € L%(T"), which implies that I{ u and II{_| X are meaningful. In this way, taking in
particular (vy, pup) = (I7u,11E_ | \) € X}, in (3.23) we arrive at (3.22) and conclude the proof. O

10



We now aim to bound the supremum in (3.22). To this end, we begin by noticing that for each
wp, € X ,’f we have

a(u,wp) — ap(If w,wy) = Z {aF(u,wh) — aﬁ([,fu,wh)}, (3.24)
FeF,

where each term of the sum in (3.24) can be decomposed as
( (u — g u, wn)

a’ (u,wp) — af([,fu,wh) = a

(3.25)
af (T w, wy) — af (T w,wp,) + ab (0F w — I w, wy,) -

Then, employing the boundedness of a” (cf. (3.8)) and al (cf. (3.13)), we obtain, respectively,

Flu =1 u,wy)| < Hu—HkF (3.26)

la

and
o (0w = 1w wn)] S { o= TEull, o + [l = 10w, o lnly e (3.27)

which, replaced back in (3.25) and then in (3.24), and after some algebraic manipulations, yields

1/2
S flu-niful )

|CL(U, U)h) - CLh(I]'Z:U, wh)|

< =l +

sup
whEX}I: FeFy
2
S [o (1f ) — of (1F )| 2
FeF,
+ sup ,
mens fenlg
where we also used that |lu — I{uHiQ = Z |u— I,qufF In this way, using (3.28) in (3.22), we
FerFy
find that ,
, \ /2
(%) = (s Al S { e, 2) = (0w T V)| + ( 2 Hu—HkFuHLF)
FeF,
Z }a (ITE w, wy,) f;(ng,wh){ (3:29)
FeF,
+ s + 1174 .
wnext el o I#= Mesf o }

We are now ready to establish the rates of convergence of our VEM/BEM scheme.
Theorem 3.2. Under the assumptions that u € X N HZ‘I:1 HF1(Q,) and f € HiI:1 H*(Q;), there holds

1
10, 2) = @ M)l 2= [lu = wnlly o + 1A= Ml o S B { Iullesng, + 1Flq, }- (330)

=1

Proof. Tt reduces to bound each one of the terms in (3.29) by using our regularity assumptions on
u and f, and the approximation properties of the projection and interpolation operators involved.
Indeed, from (3.16) (cf. Lemma 3.3) we have that

!a (IT§ w, wp) —af(Hfu,wh)‘ < hf lullgsr,r lwnlly F VI € Fp, (3.31)
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which implies

Z ‘aF(ng, wy) — ak (TE u, wp,)|
FeF,

sup
wneXP [[wn

Next, by applying (3.3) and (3.5), we readily deduce that

) 1/2
Ju- g+ (3 lu-mfullp )+ 17 =0 Sl
FGI]:h (3.33)

k
S WS { Mullsrg, + 11, }-

i=1
On the other hand, by hypothesis A = kVu - n satisfies Alr; € kal/z(Fj) on each straight segment
I, j€{1,...,J}, constituting I'. Hence, Lemma 3.1 and the trace theorem yield

I
S lullrgre, - (3.32)
i=1

L0

J 1
A =T Ay jor S 0D I mrjor, S 05D lullirg, - (3.34)
j=1 i=1
Finally, replacing (3.32), (3.33), and (3.34) in (3.29) we obtain (3.30) and conclude the proof. O

3.4 L12(Q)-error estimate

Our goal here is to derive rates of convergence for ||u—upl|on. To this end, we now recall the symmetry
properties of the boundary integral operators V' and W, which establish that (cf. [44], [52])

(V) = (uVE) V& pe HVAHT) and (We,y) = (Wib,g) Ve, e H/2D).  (3.35)

Next, we let (z,1) € X := X x Ho_l/Q(F) be the unique solution of (2.10) with datum u — uj, instead

of f, that is
Az, ) = [@-w)v V@ eX., (3.36)
which implies, taking in particular v = 0, that
id
Vi + (%—K)fyzzo on I'. (3.37)

Then, according to the definition of A (cf. (2.11)), and using the symmetry of a as well as those of V/
and W (cf. (3.35)), we find that

A((w ), (2 =0)) = alv,2) + (Wyv,2) — 1.V — (o, (g = K) 7o) = (s (5 — K)2)
= a(z,v) + (Wyz,y0) — (u, Vi + (% — K)yz) — (n, (% — K) ),
which, invoking (3.37) and using (3.36), yields
At (=) = Al o) = (=)o V) eX. (3.38)

In what follows we assume that z € X N H{Zl H?(€;) and that there exists C' > 0 such that

I
D zllan, < C llu—unllgg - (3.39)
=1

Then, we have the following result.
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Theorem 3.3. In addition to the above hypothesis on z, assume that u € X N HZ‘I:1 H*1(Q,) and
that f € [Tl_, H*(Q4). Then, there holds

I

lu=wnllpa S B { s, + I
=1

s } . (3.40)

Proof. Choosing (v, p) = (u — up, A — Ay) in (3.38), adding and subtracting (I{ z, —II§_,7) in the
second component of A, using (2.10), and then adding and subtracting the expressions

Ah((uh7 Ah)? ([]Z:Z, —Hi_ﬂ?)) = /Q(Hi:—lf)lk}—z and A((uhv /\h)7 (Ik}—zv —Hi_ﬁ?)) )

we obtain
[ — uh||3,gz = A((u —up, A — An), (2, —77))

= A((u7 A), (2 — I{z, Hi_ln - 17)) + A((u, A), (I,fz, —Hi_ln)) — A((uh, An), (2, —77))

= A((% A), (2 — I{%Hi_m - 77)) + /Q(f - H{—lf) I{Z + Ah((uh,)\h), (ka277 _H£—177))
- A((ufu )\h)a (Ilg:zv —Hiqn)) + A((uha )\h)v (Ilg:za —Hiqn)) - A((uha )\h)v (Zv _77)) )

which, using also the orthogonality condition satisfied by Hiil? can be reordered as
”u - uh”?),Q = A((u — Up, A — )‘h)ﬂ (Z - I{Z, Hi—ln - 77))

+ [ =NEn(E s~ GF ) (3.41)
+ Ah((uha )\h)v (Ilg:za _Hifln)) - A((Uh, )\h)a (11-3:27 —H(ng??)) .

We now proceed to bound the terms on the right hand side of (3.41). In fact, employing the boun-
dedness of A, the approximation properties of I kf z (cf. (3.5)) and Hi_l (cf. Lemma 3.1), the fact

z
, the trace theorem, and the regularity estimate (3.39), we get

that n = 5
n

A ((w = up, A= An)s (2 = I 2, Ty = )| S 1w —up, A= )| [|(z = I 2,0 — TE_y) |

I J
S bl = un, A= An)l Z quz,ﬂz + Z H"7H1/2,Fj (3.42)
i=1 =1

S bl(w = un, A= M) flu = unlloq -

ZHlQ S
II7 210 < |2]1.0, where the last inequality here follows from (3.5), and the a priori estimate for the

~

solution of (3.36), we find that

In turn, utilizing now the approximation property of II7 , (cf. (3.3)), the fact that kaf

[0~ TN e =W))< =TS W=~ U2

ShlfF =T llog 1 2llig S A F =T 1 f g llu—unlloq (3.43)
I

S P lu =g > f Nk, -
=1
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Next, according to the definitions of A (cf. (2.11)) and Ay, (cf. (3.12)), we realize that the remaining
expression in (3.41) becomes ay, (up, I 2) —a(up, I{ ), so that adding and subtracting IT] u in the first
component of each bilinear form, we obtain

lan (un, I7 2) — a(up, I{ 2)| < Z laf (up, — T w, I7 2) — a” (up, — TEu, I 2))|

FeF,
" i . (3.44)
F(iF F(iF
+ Z |ay, (W w, It 2) — a" (I w, I 2)| -
FeFy,
Then, by virtue of the estimates (3.18) and (3.39), we have
> oy (Ww, I 2) = a" (I, I 2))|
FeFy
I (3.45)
S ket Z HU||1€+1F HZH2F S hk+12”“”k+1,9i ”“—UhHo,Q :
FeFy, =1
Similarly, employing now (3.17) and (3.39), we deduce that
S ok (un — T, 1F2) — aF (un — TF, 1) S b 32 [Jun = ], o ol
FEF, FeF,
I (3.46)
<h X Ll ot =] el e S g, el
FeF, =1

Finally, replacing (3.45) and (3.46) back in (3.44), and then placing the resulting estimate together
with (3.42) and (3.43) back in (3.41), we arrive at (3.40), thus concluding the proof. O

3.5 Computable approximation of u

We now introduce the fully computable approximation of u given by u := H{ up, and establish next
the rates of convergence for ||[u — i||oq and for the corresponding broken H!(Q2)-seminorm, that is
1/2
ju—alip0 = > lu—Tnlip
FeFy

Theorem 3.4. Under the assumptions that u € X N Hz'I:1 HF1(Q;) and f € Hle H*(Q;), there holds

I
~ ~ k
Ju — Uh,Ho,Q + hlu—tlipo S h H Z { ||U”k+1,m + ||f||le } . (3.47)
i=1

Proof. Let us first recall that (II{ v)|r := II¥' (v|F) and that certainly |IIf (v|p)|or < |[v|FlloF for
all F € F, and for all v € L?(Q). Then, adding and subtracting I1J u, we readily obtain that

00 + I (u—up)lloge < llu— 11} u

0.0 + llu—uplogn- (3.48)

In turn, by choosing £ = 0 in (3.3), we easily deduce that [IIf (v)|;r < |v|1p for all F € F, and for

all v € H'(F). Hence, proceeding similarly to (3.48), we find that for each F' € Fj, there holds

lu = Tnllog < [lu— T u

lu—"1pl1r < Ju—Tfuli e + T (w—up)lr S lu—Tfulir + Ju—ulr,

which yields
\u — ah|17b79 5 \u — H'kruh’b’Q + \u — uh|17g . (349)

In this way, applying (3.3) and the rates of convergence provided by (3.30) and (3.40) to the corre-
sponding terms in (3.48) and (3.49), we arrive at (3.47) and finish the proof. O
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4 The VEM/BEM coupling in three dimensions

4.1 Preliminaries

For the sake of simplicity, we assume in what follows that x|q, is a constant for ¢ = 1,...,I. Then, we
now let {7}, be a family of decompositions of ) into polyhedral elements E of diameter hg < h, and
assume again that the meshes {7}, are aligned with each Q;, i =1,...,I. In turn, the boundary 0F
of each E € Tj, is subdivided into planar faces denoted by F', and we let F} be the set of faces of Ty
that are contained in I'. In addition, we assume that the family {7}, of meshes satisfy the following
conditions: There exists p € (0,1) such that

(B1) each E of {7} is star-shaped with respect to a ball By of radius phg,
(B2) for each E of {7}, the diameters hp of all its faces F' C OF satify hp > phpg,

(B3) the faces of each E € {7}, viewed as 2-dimensional elements, satisfy the properties (A1) and
(A2) (cf. Section 3.1) with the same p.

Next, given an integer k > 1 and E € T, and bearing in mind the definition (3.2), we set
XFOE) = {v € C'0E): v|pe XE(F) VFC aE} : (4.1)
and introduce the local virtual element space
Wi(E) = {v € HY(E) : vlop € XE(OE), Ave P(E), Ifv—T "o € Pus(B)},  (42)

where, analogously to the 2D case (cf. Section 3.1), II¥ is now the L?(E)-orthogonal projection onto
Pr(E), and the projection operator Hkv’E : HY(E) — Py(E) is defined as in (3.1) after replacing F
with E. In addition, the degrees of freedom of W} (E) consist of:

i) the values at the vertices of E,
ii) the moments of order < k — 2 on the edges of E,
)

)

iii) the moments of order < k£ — 2 on the faces of E, and

iv) the moments of order < k —2 on E.

We can then define the global virtual element space as

Wk = {v €X: vlpeWHE) VE¢ Th}. (4.3)

Furthermore, and coherently with the notations of Section 3, given any integer k > 0, we let HkE
and TI] be the L2-orthogonal projections onto Py(E) and Pk(7y), respectively, and denote by IT}’
and II] their corresponding vectorial counterparts. Here again, we stress that Py(E) C XF(FE) and
that the projectors Hkv’Ev, ITZv and TIf_, Vv are all computable for each v € XF(E) (cf. [1]). In turn,
we let I : H2(E) — W (E) be the local interpolation operator, which is uniquely determined by the
degrees of freedom of Wf’f(E), and whose corresponding global operator is denoted IkT : H2(Q) — W,’f .
The error estimates satisfied by the operators HkE , HZ’E and [ ,f are given by analogue versions of
(3.3), (3.4) and (3.5), respectively, in which F' is replaced with E.
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On the other hand, we also introduce the simplicial submesh §;, of I' obtained by subdividing each
face F' € Fy, into the set of triangles that arise after joining each vertex of F' with the midpoint of the
disc with respect to which F' is star-shaped. Since we are assuming that the meshes satisfy conditions
(A1) and (A2) (cf. Section 3.1), the triangles T € ), have a shape ratio that is uniformly bounded
with respect to h. According to the above, and in order to approximate the non-virtual boundary
unknowns of our scheme (cf. Section 4.2 below), we now introduce the piecewise polynomial spaces

AR-L {,,Lh eLXT): |y € Poy(T) VT e 3h} (4.4)

and
- {gph eC'T):  pplr € P(T) VT € 3h} N HY2(T). (4.5)

Moreover, we let Hg_l be the L?(T")-orthogonal projection onto Ai_l, and let /Jg : CO(I') — ¥ be the
corresponding global Lagrange interpolation operator of order k. Then, denoting by {I'y,...,I's} the
open polygons, contained in different hyperplanes of R?, such that I' = U}Llfj, we now recall from

[52] the following approximation properties of Hg_l and Eg, which will be used later on.

Lemma 4.1. Assume that ju € HO_I/Z(I‘) N Hy(I') for some r > 0. Then

=TS R g e {0,1/2).

Proof. See [52, Theorem 4.3.20]. O

Lemma 4.2. Assume that ¢ € H;H/Q(F) N HY(T) for some r > 1/2. Then

lo—cle| s pmntrsvziei=t o) pn vEe{0,1/2,1).

Proof. See [52, Proposition 4.1.50]. O

4.2 A new variational formulation

We begin by stressing that the variational formulation (2.10) is not valid for a VEM/BEM coupling
in three dimensions because, as noticed from definitions (4.1) and (4.2), the restriction of a VEM
function to the boundary of a given element is not a polynomial function but a virtual function as

d
well. As a consequence, the term (up, (15 — K)vup)) of (3.11) is not computable for v, € W} and

id
Un € A],ffl. Moreover, it can be easily shown that, replacing this term by < hs (5 -K )H{ 'yvh)> in the
formulation of the discrete problem, results in a dramatic loss of accuracy because, as I' is a polyhedral

Lipschitz boundary, the integral operator K does not yield any further regularity.

Therefore, in order to devise a more suitable VEM /BEM coupling for the three dimensional version
of our model, we need to avoid the interaction of a VEM variable with a BEM variable through a
boundary integral operator. This can be achieved by introducing in what follows, not only the normal
derivative A := kVu-n = %qu, but also the trace ¢y := yu = ~u,, as boundary unknowns in the
formulation. As a consequence, and instead of (2.2), the harmonic solution in the exterior region O,

is computed now as

wle) = [ FE=I oy as, - [ Bz —u)rw)ds,  Veeo., (4.6
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and hence, the corresponding identities (2.5) and (2.6) become

0= (g—K)i/J + VA on T, (4.7)
and 4
A= Wi+ (5 -K)\ on T. (4.8)

Then, integrating by parts the first equation in (2.1), adding and subtracting the expression (A, )
with arbitrary ¢ € Hl/ ("), and imposing weakly the relation ¥ = vu in H'/2(T), we are led at first
instance to seek (u,1,\) € X := X x H1/2( I') x H-Y2(I') such that

/mVu-Vv—()\,fyv—@—Q\ @) + (u,yu — 1 /fv (4.9)
Q

for all (v, @, ) € X. Moreover, incorporating (4.8) and (4.7), respectively, into the third and fourth
terms on the left hand side of (4.9), we arrive at our new variational formulation: Find (u,, ) € X
such that

A((u,@b,)\),(v,go,,u)) = F(v, o, p /fv YV (v,0,p) € X, (4.10)
where
A((u, 1, N), (v, 0,1)) = A((uy1h,N), (v, 0, 11)) + (Wi, )
id id (4.11)
() = B K)e) + (w (- K)0)
and
A((u,w,)\),(v,go, :u)) = a(u,v) - <)\,’)"U— 90> + <M17u_¢>7 (412)

with @ and its local version a” being defined as in the 2D case (cf. (3.8) with E instead of F).
Analogously as observed in Section 2, it is easy to see here, thanks again to Lemma 2.1, that A is
bounded and elliptic in X with respect to the usual norm of this product space, and therefore the
well-posedness of (4.10) follows also from a straightforward application of the Lax-Milgram lemma.

Analogously to Section 2, we now stress that the transmission conditions employed in the derivation
of the present continuous formulation are recovered from (4.10) and (4.6). Indeed, taking separately
(v,) = (0,0) and (v,p) = (0,0) in (4.10), we obtain yu = —VA + (% + K)y = que on T,
and A = Wy + ( Kt))\ = %ﬂ‘: on T, respectively. In addition, choosing (p, ) = (0,0) in
(4.10), it follows that d1v(f1Vu) =—f in Qand A = kVu-n on I, and hence A = kVu-n =
%‘ff on TI'. Finally, knowing that u. can also be represented with ~yu, instead of ¢ in (4.6), we arrive

at W1 = Wru,, and thus the ellipticity of W (cf. (2.8)) yields 1 = yue = vyu.

4.3 A first VEM /BEM scheme

Having in mind the finite dimensional subspaces defined in (4.3), (4.4), and (4.5), here we propose the
following discrete formulation for (4.10): Find (up,¥n, M) € Xp, = WF x ¥F x A’,fb_l such that

A ((uns Yy M)y (Un, ons in)) = Fr(vn, @ns pin) = /QHkT—1fvh (4.13)
for all (vp, ¢n, pn) € Xp, where

An ((whs iy An)s (Uny 0hs 1)) = An((Wh, Vo An)s (Vs 0hs pin) + (Wbn, on)
id . (4.14)

+ (s V) = O, (5 = K)on) + uns (5 = K)n)
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and

Ay ((un, ¥, An)s (Vn, oy 1)) = an(un, vp) Z />\th 1(yun — @n)
Fern (4.15)
+ Z/ pn Ty (yun — ) ,
FeF,

with the bilinear form aj, being constructed as in Section 3. Namely, denoting by £(E) and F(E) the
sets of edges and faces, respectively, of a given E € Ty, we introduce

SE(v,z) == Z / M5z + hy' Z /H oIl Lz Yu,z € WHE), (4.16)

ecé(E FeF(E

set
af (v, z) = / kIIE Vo -TIF V2 + SF(v - HZ’EU, z— HZ’EZ) Vo, z € HY(E), (4.17)
E

and define
ap(v,z) == Z af (v, 2) Vu,z € WE. (4.18)
E€Th
The discrete problem (4.13) is meaningful since SZ(, -) is computable on WF(E) x WF(E). Moreover,
it can be shown that SE(v,z) scales like a”(v, z) := [, kVv - Vz on the kernel of HkV’E in WE(E).
In other words, the three-dimensional counterpart of (3.7) holds true (cf. [14, Section 5.5]), which
implies, in particular, that we have the corresponding 3D versions of (3.15) and (3.21) as well.

4.4 Solvability and error estimates

We begin this section by introducing further notations to be employed later on. In fact, for any s > 0
we define the broken Sobolev spaces

)= [ B(K), H(F):= [] B°(F

EE€T, FeFy

which are endowed with the Hilbertian norms and corresponding seminorms, given respectively, by

2 . 2 2 L 2
WiZn = > lie,  leliz = D lelis.

EeTy FeFy

Wm = D i, = > lelr
EE€Ty, FeFy,

for all v € H*(T;) and for all ¢ € H*(F,). In addition, we set as usual H*(7,) = L2(7;,) and
H(Fp) = L*(Fp).

Now, concerning the solvability of (4.13), we first notice, in virtue of the comments at the end of
the previous section, that the boundedness of A} follows exactly as proved for the 2D case (cf. Section
3.3). Then, we continue the analysis with the Xp-ellipticity of Aj; with respect to the usual product
norm of X.

and

Lemma 4.3. There holds
A ((vh, s n) s (Vns oo ttn)) 2 | (vns ons 1) |I° (4.19)

for all (v, on, pn) € X
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Proof. Given (v, ¢n, pn) € Xp, it follows from (4.14) and (4.15) that

An (v ens i), (Vns 0ny n)) = an(on,vn) + Wen,on) + (pn, Vi)
and hence the 3D version of (3.21) and Lemma 2.1 finish the proof. O

Consequently, applying once again the Lax-Milgram lemma, we deduce that (4.13) has a unique
solution (up,¥n, Ap) € Xp,. We now aim to establish the corresponding a priori error estimate. To
this end, and following the same notations from Section 3.1, for each planar face F' € Fj we let HkF
be the L2(F)-orthogonal projection onto Py (F) with vectorial counterpart ITZ. In addition, IIJ and
IT] stand for their global extensions to L?(T') and L%(I")?, respectively, which are assembled cellwise.
Moreover, the approximation properties of Hf (and hence of Hg , H{ and ka ) are exactly those given
by (or derived from) (3.3).

The following result corresponds to the 3D analogue of Theorem 3.1.

Theorem 4.1. Under the assumption that u € X N Hf:l H?(%;), there holds
H(ua 1% )‘) - (Uhﬂ/ihv )‘h)H 5 Hf - HZ—If“QyQ + ”(Uﬂ/)v A) - (IZUa £g¢)ﬂg—lA)||

|A (1,10, A), (why dn,€n)) — An (] w, L5, T N), (wh, én, ) | (4.20)

+ sup
(wh &1 1) EXY, H(wm%,fh)\\
(wha¢h’£h)7£0

Proof. We follow basically the same sequence of arguments provided in the proof of Theorem 3.1.
Indeed, according to the definitions of F (cf. (4.10)), Fj (cf. (4.13)), A (cf. (4.11) - (4.12)) and Ay
(cf. (4.14) - (4.15)), which yields, in particular

(A — An) ((vns oy ), (Why 80, 60)) = (A — Ap) ((vhs o1 ), (Wi G0, E1))

for all (vp, @n, pn), (W, on, L) € Xy, and using the boundedness of A, we find that a direct application
of the first Strang Lemma (cf. [27, Theorem 4.1.1]) to the context given now by (4.10) and (4.13),
gives

”(u7¢7)‘) - (uhvwha Ah)” S; Hf - HZ—lfH()Q + inf { ”(uawv)‘) - (Uhﬁﬂh?,uh)”
’ (VhsPhotn) EXp

(4.21)

+ sup ‘A((u7¢7>\))(wh7¢h7§h)) _Ah((”hﬁphaﬂh),(wha¢h7§h))}
(whodhER)EX, [ (whs @n, &)l
(wh,®n,&n)#0
Next, the hypothesis guarantees that both v and ¢ = yu are continuous, and hence IkTu and LEI/} are
meaningful. In addition, the fact that u € Hi[:l H2(Q;) implies that A = kVu - n € H;/Q(F) C
L%(T), and hence Hg,1>\ is meaningful as well. In this way, taking in particular (vs,op, un) =
(IZu,CEq/;,Hi_M) € X}, in (4.21) we arrive at (4.20) and conclude the proof.

O

Similarly to our analysis for the 2D case, we now aim to estimate the supremum in (4.20). For this
purpose, we first observe from the definitions of A (cf. (4.12)) and Ay, (cf. (4.15)), and using that
1 = vyu, that

A((u, 9, ), (Why dhy €n)) — Ap (I, L5, T N), (why b0, €n)) = alu, wy) — an (L] u,wy)
(4.22)
— (N ywn — én) + /an_l)\ﬂfqﬁwh —¢n) — /th Iy (vI] w — L)
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for all (wp, dn,&n) € Xp. Then, recalling that x has been assumed to be piecewise constant, and
noting that certainly VIIFu € Py_1(E)?, we deduce, according to the definition of af (cf. (4.17)),
that

aP(MEu,wy,) = of (TEu, wy,) VEET,, Vw,cW[E),

and therefore, adding and subtracting HkE w in the first components of ¥ and af , we readily find that

a(u, wy) — ap (I} u,wy) = Z {aE(u — P, wp) + af (TFu — I,fu,wh)} Yy, € WE.
EeTh

In this way, thanks to the foregoing identity and the boundedness of o and af , the latter being
proved similarly to the proof of Lemma 3.2, and then adding and subtracting u in the expression
resulting from bounding af , we arrive at

|a(u, wy) — ah(IkTu,wh)‘ < {|u —uha + Ju— HkTuh%} lwa|1.0 - (4.23)

On the other hand, noting that H]: (ywp—aop) € Ak”_1 (cf. (4.4)), and employing the orthogonality
condition satisfied by II k 1> as well as the symmetry of Hk 1, We obtain

— (A ywp, — op) + /HglAka—l(W}h —¢n) = — (N ywp — én) + /Aﬂf_1(7wh — ¢n)
I I

= — (A, ywy — ) + /FH}CF_M (ywn — ¢n) = (I X — X\, ywp, — ¢n)

from which, according to the duality pairing between H~1/2(I') and H'/2(I'), and using the trace
theorem, we obtain

| / CAT (s = 6n) = vy — énd)| S 1A =T A apar {llenlle + Ionlhjor - (4.24)
In turn, adding and subtracting yu = v, we readily get
- [anfaarfu=cf) = [N (= 1u - - L),

from which, applying the Cauchy-Schwarz inequality in L?(I') and the inverse inequality satisfied by
AR (cf. (4.4)), we find that

| [&nTaifu= o] < 5 (bt -1 rHlloer. (425)

Consequently, using (4.23), (4.24), and (4.25) to bound (4.22), and then replacing the resulting esti-
mate into (4.20), we arrive at the following a priori error estimate

120, 2) = (s o, AN S (| =TT ffg g +

+ A= Hg_1)\||—1/2,1“ + |u— HZ—U|1,72 + |IA = Hf—MH—Uz,F (4.26)

+ 02 { Iy = T wlor + ¢ — L lor

Analogously to the 2D case, the foregoing equation constitutes the key estimate to derive the rates
of convergence of the present 3D VEM/BEM scheme. Additionally, and in order to bound one of the
terms involved, we also need the scaled trace inequality, which is stated as follows.
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Lemma 4.4. For each E € Ty, there holds
lol3or < {Pz' I0lde + hellfy ) voeH(E). (4.27)

Proof. See [31, Lemma 1.49]. O

Then, we have the following main result.

Theorem 4.2. Under the assumptions that u € X N HZ‘I:1 HF1(Q,) and f € Hilzl H*(Q;), there holds

[ (u, 0, X) = (un, Y, Aw) | o= lw = unllie + 10 = Ynllizr + A= Mall21j2r
i I (4.28)
S B { vl + 1 lg, }-
i=1
Proof. We begin by noticing, thanks to the regularity assumption on u, that ¥ = vyu € HIZH/ 2(F)

and A =kVu-n € H]Z*l/z(lj). In what follows we identify the terms on the right hand side of (4.26)

according to the order they have been written there, from left to right and from up to down. Then,
applying the 3D versions of (3.3) (to the first and fifth terms), (3.5) (to the second term), and Lemma
3.1 (to the sixth term), and using by the trace theorem that [[Al[z_1/2pr < ¢ Zle |w||kt1,0,, We

obtain - - - . a
If =gy fllo + lu—Tgulo + [u—Tuli g + A= A|—1/2r

I (4.29)
< Y {1 ke, + Tullirie ) -

i=1
In turn, invoking Lemmas 4.2 and 4.1 to bound the third and fourth terms, respectively, and employing
also by trace theorem that ||9||;41/240 < ¢ Zi[:l |w||k+1,0,, we find that

llv — Eg?/)||1/2,r + A= Hgf1>\||—1/2,r

i i I (4.30)
S W Ilksnoor + N cyzr b S 053 ullksa
i=1
On the other hand, another straightforward application of Lemma 4.2, but now to the eighth term,
gives
< hk+1/2

I — L]

o,I' ||¢||k+1/2,b,r )

which yields
I
or S B ullesre (4.31)
i=1
Finally, taking advantage of the scaled trace inequality (4.27), and making use once again of the 3D
version of (3.5), we obtain that for each face F' of an element E € T}, there holds

het lr(w=Ifu) o p < Pty (u = Iw)

hV2 |y — Ly

2 2
HO,F Ho,aE
< g lJu= Il + Ju =T, S W ullfn s,
from which we deduce that

I
W2 |y (w = ) |lor S 05D Nullyyrg, - (4.32)
=1

In this way, utilizing (4.29), (4.30), (4.31), and (4.32) in (4.26), we arrive at (4.28), thus ending the
proof. O
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4.5 A second VEM/BEM scheme

Having in mind again the subspaces defined in (4.3), (4.4), and (4.5), we now propose the following
alternative VEM/BEM scheme for (4.10): Find (up, s, Ap) € X, := WF x UF x AF~! such that

By, ((un, Yy An), (s 0hy 1)) = Fr(vn, on, pn) = /HkT1fvh (4.33)
Q
for all (v, @n, pn) € Xp, where

B, ((whs Yhy An), (Vhs @hs 1) = Br((wns ), (vn, o)) + (Webn, on)

id id (4.34)
+ (pn, VAn) — (An, (5 — K)pn) + (un, (5 — K)p),
and
By, ((un, ¥n), (vh, n)) = an(up,vp) — > /HHkF_1VUh’nH5_1(’Wh—SOh)
Fem (4.35)

+ ) / RITE_ Vop - n I (yun — ) + ) / hip! Ty (yun — ¥n) Ty (yon — sn),
reF, ' F reF, ' F
h h

with aj, as defined in Section 4.3. Note that the last three expressions defining Bj, resembles those
employed for the non-symmetric interior penalty discontinuous Galerkin method (cf. [31]).

Throughout this section we denote by hy € Py(Ty) the piecewise constant function defined by
hr|lg := hg YE € Tp. Similarly, hr € Py(Fp,) is given by hr|p := hp VF € Fj,. Then, it readily
follows from (4.34), (4.35), the 3D version of (3.21), and Lemma 2.1, that By, is X,-elliptic with respect
to the norm ||| - |||, whose square is defined as

17 -

—1/2
o)1 = lenlEa + lonlZor + lunlPyor + 10707 (o — o)l 5, (4.36)

for all (vp,pn, un) € Xp. As a consequence, the VEM/BEM scheme (4.33) admits a unique solution
(up, Yn, Ap) € Xp. Furthermore, the bilinear form A (cf. (4.11)), being bounded with respect to the
usual product norm of X := X X Hé/Q(F) x HY/2(T"), is certainly bounded with respect to ||| - ||| as
well. In this way, assuming from now on that v € X N Hz'I:I H2(€;), and proceeding analogously to
the proof of Theorem 4.1, in particular applying the first Strang Lemma (cf. [27, Theorem 4.1.1]) to

the context given by (4.10) and (4.33), we deduce that
(w0, ) = (un o, AL S F =T 0 fllg g + 10, A) = (Bl w, L0, T A

b sup |A((u, 9, N), (Whs 1, €n)) — B (I w, L5Y), (wh, é1)) | . (4.37)

(W, PR ER)EXR |H(wh7¢h>€h)|”
(wh,0n,En) 70

Next, we observe from the definitions of A (cf. (4.12)) and By, (cf. (4.35)), and using again that
1 = yu, that

A (s, 0), (wny 0ns60)) = B (I, L), (wns é1)) = alus wn) = an(I] v, wn)
— rw—on) + [ RIEL I wen T ) .
- /Fli]._.[i:_lvwh I (v u— L) |

_ /F h T (YL — L59) T (ywn, — ¢n)
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for all (wp, ¢n,&n) € Xp. Since the expression in the first row of (4.38) has already been estimated
by (4.23), we now proceed to derive suitable upper bounds for the remaining three rows. Indeed, we
begin by recalling that x is piecewise constant and that A = kVu - n. Hence, adding and subtracting
u to I,;ru, and using that K TI_,Vu-n € Py_1(F;) and nka_l(fywh — ¢n) € Pe_1(Fn)?, and bearing
in mind the orthogonality conditions of II{_, and II{_;, we can write

— =) + [ W VI wen I (o - dn)
= /FKH']Z:_1V(IZ—U —u) - n I, (ywp, — én)
- /Fﬁ(Vu — Hf_lvm -n(ywp — ¢p)

= / hl}-/2 ﬁﬂf_lvulz—u —u)-n h}1/2 I, (ywpy — én)
T

- /F w(V — TIE V) - 0 (yon — én) — TIFy (v — ) }

from which applying Cauchy-Schwarz’s inequality, the approximation property (3.3), and the trace
theorem, we find that

’()\,wah — én) — / /ﬁHf,1VIZu . anfl(’ywh — ¢h)‘
r (4.39)

1/2 1/2
< {12V = T wlo, + 1172 (Fu =T 90 lo., } 11w, én, &)l
For the third row of (4.38) we need the following inverse inequality for the VEM, which has been
proved in [26] and [56].
Lemma 4.5. For each F' € Fy, there holds
wiir S hptvlor  Yve XE(F). (4.40)

~

Proof. See [26, Theorem 3.6] and [56, Lemma 7.1]. O

Then, employing Cauchy-Schwarz’s inequality, adding and subtracting ¢ = yu, and applying (4.40)
at the last step, we obtain

[ onZ Vo n i 1w 80) = [ A0V, ) 0T (00— £0)

N

—1/2 1/2
W2 (£50 — v I ) o5, 1WA T N (wh — T wi) o, 7,

S {102 (0 = £fwlos, + 105 9 (w = ITw) oz, 105 T ¥ (= 1T wi) o,
—1/2 —1/2 —1/2
S {12 @ = £f0)los, + 105 1 (w = T w) oz, 152 (wn = T wn) o,

and hence, noting additionally by the scaled trace inequality (4.27) and the approximation property
(3.3) that

het o =T wnl p S {05 lwn — w3z + [l e} S lwnlle YFCOE, VEET,
we conclude that
[ w0Vt i u - )
I

(4.41)
S {12 (@ = cfwlo, + 105w = ITw) oz,  lenho-
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In turn, concerning the last row of (4.38), we apply again Cauchy-Schwarz’s inequality and the fact
that ¢ = vyu, to readily get

’/h H ’)’Ik U — Ew) Hffl(”Ywh _¢h)‘
S NPT (L3 — vIT W) oz, |0 P T (ywn — én)llo.7, (4.42)

< {InE2 (@ = £ log, + 1072 (= 17w lo., } 11w, on, €)1

In this way, we are able to establish now the following main result of this section.

Theorem 4.3. Under the assumptions that u € X N HZ-I:1 H2(Q;), there holds
1u6.3) = Cune e A S (b~ Il + o~ Wl g + 0 = 04 Flo

+ 0 = L5l jar + A =T |y jor + 10777 (0 — £3) (4.43)

—1/2 1/2 1/2
+ 102 (= oz, + 102 V(= T w)los, + 07 (Va— T Vu)lloz, | -

Proof. Tt follows from the Strang estimate (4.37), the definition of the norm ||| - ||| (cf. (4.36)), and
the bound for the supremum in (4.37), which results after using (4.23), (4.39), (4.41), and (4.42) in
(4.38). 0

The rates of convergence for our second VEM /BEM scheme, which are the same as those provided
by Theorem 4.2 for the first approach, are proved next.

Theorem 4.4. Under the assumptions that u € X NJ[_, H**1(Qy) and f € [[_, H*(Q), there holds

I
11, 2) = G, ML S RS

i=1

7i}. (4.44)

Proof. The first seven terms on the right hand side of (4.43) were already bounded in the proof of
Theorem 4.2, and thus we only need to bound the last two. Then, given F' € Fj, and E € T}, such
that F© C OF, the trace inequality (4.27) and the approximation property (3.5) imply

hFHV(U_IIEU)H(%,F < HV(U—IEU)H(%,E + h%W( [k U)hE ~ h Hqu-i-lEv

from which we obtain that
1/2
IRV (= [T w) oz, S Y Z ullpsr - (4.45)

In turn, applying the approximation property (3.3) to Vu € HZ'I:1 HF1/2(9€;)3, we deduce that for
each F' € F} there holds

hp||[Vu — I

k
h% ||VUHZ_1/2,F7

which, using the trace theorem in each subdomain €2; containing faces of Fj on its boundary, yields
1/2
1h%? (Vu -1 V)05, < B Z lllyy10, - (4.46)

In this way, (4.43) together with (4.45), (4.46), and the aforementioned estimates from Theorem 4.2,
lead to (4.44), which finishes the proof. O
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We end the paper by remarking that the analysis developed in Sections 3.4 and 3.5 can be easily
extended to the VEM/BEM approaches from Sections 4.3 and the present one, thus providing rates

of convergence for ||u — upl|o,o and for {Hu —unplloo + hlu— ﬂ’l,byg} in this 3D case as well.
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