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Abstract

In this paper, we propose a new mixed-primal finite element method for heat-driven flows with
temperature-dependent viscosity modeled by the stationary Boussinesq equations. The motivation
for this work is to overcome a drawback found by the authors in a recent work where, in order to
derive the mixed formulation for the momentum equation, the reciprocal of the viscosity appears
multiplied to a tensor product of velocities, making the analysis more restrictive, as it is necessary
to use a continuous injection that is guaranteed only in 2D. Therefore, we show in this work
that by adding the strain rate tensor as a new unknown in the problem, we get more flexibility
in our reasoning and are able to consider the n-dimensional case, as the viscosity now appears
multiplied by this new term only. The rest of the analysis is again based on the introduction of the
pseudostress and vorticity tensors, the elimination of the pressure (which can be recovered later on
via postprocessing), the incorporation of augmented Galerkin-type terms in the mixed formulation
for the momentum equations, and the definition of the normal heat flux as a suitable Lagrange
multiplier in the primal formulation employed for the energy equation. The resulting problem
is analysed by means of the Banach and Brouwer fixed-point theorems, and several numerical
examples illustrating the performance of the new scheme and confirming the theoretical rates of
convergence are presented.

Key words: Boussinesq equations, augmented mixed-primal formulation, fixed-point theory, finite
element methods, a priori error analysis
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1 Introduction

The description of a variety of natural phenomena and engineering problems deal with incompressible
quasi-Newtonian flows with viscous heating and buoyancy terms (natural convection of fluids). Mantle
convection with very large viscosities, waves and currents near shorelines, heat transfer in nanoparticle
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fluids, creeping thermal plumes, stratified oceanic flows, chemical reactors, and many other examples
can be invoked. Here we advocate the study of mixed finite element schemes to approximate the
solution of the Boussinesq equations with thermally-dependent viscosity. In the recent contribution [3]
the authors construct an augmented mixed-primal finite element method for such a problem restricting
the analysis to two-dimensional bounded domains with polygonal boundary. More precisely, in the
problem at hand one seeks a velocity field u, a pressure field p and a temperature field ¢ such that

—div (u(p)e(u)) + (Vu)u+Vp—pg =0  in Q, (1.1a)
divu=0 in €, (1.1b)

—div(KVe)+u-Ve =0 in Q, (1.1c)

u=up onl, (1.1d)

¢=¢p onl, (1.1e)

where Q C R2, T := 012, the symbol e(u) denotes the strain rate tensor (symmetric part of the
velocity gradient tensor Vu), —g € L*>°(Q) is a body force per unit mass (e.g., gravity), K € L*>(Q) is
a uniformly positive definite tensor describing thermal conductivity and p : R — R™ is a temperature-
dependent viscosity function, which is assumed to be bounded and Lipschitz continuous, that is, there
exist constants pp > p1 > 0 and L, > 0 such that

p < p(s) <pz2 VsER,

and
lu(s) — p(t)| < Luls—t| Vs, teR.

With respect to the boundary conditions for (1.1), we assume that up € H/2(T), pp € H/?(T) and
that up verifies the compatibility condition

/FuD-V:O, (1.2)

where v denotes the unit outward normal on T'.

The construction of the mixed-primal formulation considered in [3] begins with the introduction of
the pseudostress and vorticity tensors, respectively defined as

o= p(ple(u) —u®@u —pl and v = w(u) € L2, (Q), (1.3)
where w(u) is the skew-symmetric part of the velocity gradient tensor Vu and

L) = {n € L*(©) s+ n* = 0. (1.4)

Therefore, after eliminating the pressure p, problem (1.1) is rewritten as: Find (o, u,~, ¢) such that

Vu—fy—m (u<§§>u)dzu(1(p)0'd in €, (1.5a)
—dive — ¢g=0 in Q, (1.5b)
—div(KVe)+u- Ve =0 in Q, (1.5¢)
u=up on T, (1.5d)

© =D on T, (1.5e)

/Qtr(o'+u®u) =0, (1.5f)



where (1.5f) constitutes a uniqueness condition for the pressure. At this point we remark that, with
the term Vu free in (1.5a) thanks to the division by () in this equation, integration by parts upon
multiplication by a test function is now possible. However, it can be seen that this leads to the usage
of a continuous injection from H'(Q) into L¥(12), as required by the following estimate:

[ et w?sr| < 1ol v s s 17 o
< COQ e ||1Q|| u ”19” w ||1QH T ||1Q )

with C(Q) > 0 and valid for any ¢ € HY(Q); u,w € HY(Q); 7 € L?(), and more important, for
Q c R? d € {1,2}, according to the Sobolev embedding theorem (cf., e.g., [16, Theorem 1.3.5]).
This estimate is used in several ways throughout [3], at both continuous and discrete levels (see, [3,
Lemmas 3.8, 4.5 and 5.3]), and its main purpose is to help in the proof of Lipschitz continuity of the
fixed-point operator T (respectively T}) that consequently provides well-posedness of the continuous
formulation (respectively the Galerkin scheme).

The purpose of this work is to derive a new augmented mixed-primal finite element method for the
Boussinesq problem (1.1) considering an n-dimensional domain, n € {2,3}. To this end, we have a
look at works such as [7, 8, 14] where the strain rate tensor e(u) is considered as a new variable in
the system, in addition to the vorticity and pseudostress tensors. This fact provides more flexibility
in the scheme, as it is no longer necessary (nor advisable) to divide in (1.5a) by the viscosity to set
the gradient free. Instead, the decomposition of the velocity gradient tensor into its symmetric and
skew-symmetric parts provides equation to be integrated by parts. We will see that this problem
can be analysed by suitably modifying the approach from [3], thus yielding an augmented mixed-
primal finite element method that uses discontinuous piecewise polynomial functions of degree < k to
approximate the strain rate, vorticity and normal heat flux, Raviart-Thomas elements of order k for
the pseudostress, and Lagrange elements of order k + 1 for the velocity and temperature of the fluid.

The rest of this work is organized as follows. In Section 2 we rewrite the Boussinesq problem
(1.1) considering the strain rate, pseudostress and vorticity tensors as new variables, to then derive an
augmented mixed-primal formulation, whose well-posedness will be proved by means of a fixed-point
approach. Similarly, in Section 3 we provide the corresponding Galerkin scheme and its associated
well-posedness result, to then, in Section 4, proceed to derive a priori error estimates and state the
rates of convergence of the scheme when a particular choice of finite element subspaces is made.
Finally, to complement our theoretical results, we present in Section 5 a set of numerical examples
that serve to confirm the properties of the proposed schemes.

2 The continuous formulation

In order to avoid the division by p(¢) in (1.5a), we have a look at recent work [7], where the authors
develop a augmented mixed finite element method for the Navier-Stokes equations with nonlinear
viscosity. This approach relies on the definition of the strain rate tensor as a new unknown

t:=e(u) € L2,(),

where

L2 (Q) = {s cl?(Q): s=s" and tr(s) = 0},

which together with the pseudostress and vorticity tensors already defined in (1.3), allows us to rewrite
(1.5) as: Find (t, o0, u,) such that



t+v=Vu inQ, (2.1a)

wpt —(u@u)?=0c* inQ, (2.1b)
—dive — ¢g=0 in Q, (2.1c)

—div (KVp) +u- Ve =0 in Q, (2.1d)
u=up onl, (2.1e)

p=¢p onl, (2.1f)

/Qtr(a +u®u)=0. (2.1g)

2.1 An augmented mixed-primal formulation

Multiplying (2.1a) by a test function 7 € H(div;{2), integrating by parts and using the Dirichlet
condition (2.1e), we obtain

/t;Td+/’y:T+/u-diVT:<TV,uD>F V1 € H(div; Q).
Q Q Q

Then, we multiply (2.1b) and (2.1c) by appropriate test functions, imposing at the same time the
symmetry of the pseudostress tensor o, thus obtaining

/Qu(@)t:s—/g(u@u)d:s—/ﬂad:s:O Vsell (Q), (2.2)

and
—/V-diva—/ozn:/tpg'v V(V,n)GLQ(Q)Xszew(Q)-
Q Q Q

The equations associated with the primal formulation of the energy equation are recalled next from

[3]:
[T Vot (Al == [ vV voeH(@), (2.3)
Q Q

(&)p={(&wD)r Ve HVAD), (2.4)

where \ := KVy-v € H™'/2(T) is introduced as the Lagrange multiplier taking care of the Dirichlet
boundary condition on I'. Notice that, due to the second term in (2.2) and the right hand side of
(2.3), the velocity u must live in H!(Q), since appealing to the continuous injection of H(f2) into
L*(€2), there exist positive constants c1(Q2) and co(Q) such that

/Q(u®w)d:s

/quu.w

Also, obeying to the orthogonal decomposition

< c(Q)fful

ol Wihiallsloe YuweH(Q),Vsel*9Q), (2.5)

and
<co@|ulolvliolehe YueH Q) Vo,¢e H(Q). (2.6)

H(div; Q) = Hy(div; Q) & RI,

where

Ho(div; Q) := {c € H(div; Q) : /Qtr(C) = o} :
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we can consider o and 7 in Hy(div;Q) (see [3, Lemma 3.1] for a detailed justification of this
change). Having in mind these considerations, at a first glance, the weak formulation reads: Find
(6,0, 1,7, 9, A) € L2, (©2) x Ho(div; 2) x H} () x L2, () x H(2) x H~V/2(T) such that

/Q,u(go)t:s—/ﬂ(u@u)d:s—/go-d:s:() Vsell (Q),
/t:7'd+/'y:ﬂ'—i—/u~div7':<7'1/,uD>F vV 1 € Hy(div; ),
Q Q Q
—/V-diVO’—/O’ n= /cpg v V (v,n) € L?(Q) x L. (Q), (2.7)
Q
/Kw Vi 4+ (A ¥)p /wu Vo Ve HYQ),
(&o)r=(&ep)r  YEecHTAD).

To achieve a conforming scheme, and to properly analyse (2.7), we augment this variational formu-
lation using redundant Galerkin terms arising from equations of the strong problem (2.1), but tested
differently from (2.7), namely:

m/ﬁ{dd—k(u@u)d—,u(go)t} L4 =0 V7 € Ho(div; Q),
@/Q{diva+<pg}-divr_o V7 € Ho(div; ),
Kg/S){e(u)_t}  e(v) =0 Vv e HY(Q),
i [ {r—wiw}in=0 V1 € Lanl9),

/f5/u~V:/<;5/uD-v VveHl(Q),
r r

where k;, j € {1,...,5} are stabilization (or augmentation) positive constants to be specified later
on. In this way, and denoting by H := L2_(Q) x Hy(div; Q) x H'(Q) x L2..(Q), t := (t,o,u,v) and

s := (s,T,v,n), we arrive to the following augmented mixed-primal formulation: Find (t, (¢, \)) €
H x H'(Q) x H~'/2(T) such that

A, (t,s) + By(t,s) = F(s) + Fp(s) VseH,
a(p,¥) + by, \) = Fuu(®) v e HY(Q), (2.8)
b(p, &) = G(¢) v ¢&e H VD),

where, given an arbitrary (w, ¢) € HY(Q2) x H'(Q), the forms Ay, Byw, a, b, and the functionals Fp,
Fy, Fw 4 and G are defined as

Ay(t,s) :_/QM(@tZ{S—de}—i—/Qt:{Td—ﬁge(v)}—/ﬂdd:{s—mrd}
+/Qu-divr—/ﬂv-diva+/ﬂfy;7_/ﬂa:n_ﬁ4/§2w(u):,7

+/<;2/divcr-div7-+ng/e(u):e(v)+m4/'y:n+h;5/u-v,
Q Q Q r



for all t,s € H;

ale.0) = [ KV V0, (211)
Q
for all ,v € HY(Q);
b(wvf) = <£7¢>F7 (212)
for all (1,€) € HY(Q) x H-1/2(T);
Fp(s) == (Tv,up)p + /15/uD Vv, (2.13)
r
Fy(s) == /ngg‘ {V — mgdivr}, (2.14)
for all s € H;
Fu(¥) == [ vw Vo, (215)
Q
for all v € H*(Q); and
G(&) = (& ep)r, (2.16)

for all € € HY/2(T).

2.2 The fixed-point argument

A crucial tool in [3] to prove the well-posedness of the continuous and discrete formulations is a
technique that decouples the problem into the mixed formulation of the momentum equation and the
primal formulation of the energy equation, which further enables us to rewrite the formulation as a
fixed-point problem. Hence, we denote H := H!(Q) x H'(2) and consider in what follows the operator
S: H — H defined by

S(w,¢) = (S1(w,9), Sa(w, ¢),S3(W, ¢), Sa(W, 9)) := t,
where t is the solution of the problem: Find t € H such that
A,(t,8) + Bw(t,s) = Fy(s) + Fp(s) VseH. (2.17)
In addition, let S : H — H'() be the operator defined by
S(w,9) = o,
where ¢ is the first component of the solution of the problem: Find (¢, \) € H'(Q) x H~'/?(T) such

e alp ) +b(N) = Fusld) Ve HAQ) s
be.§) = G  VeeHVAD). |
In this way, by introducing the operator T : H — H as
T(w,6) = (Sa(w, ), 8(Ss(w, 0),6)) ¥ (w,¢) € H, (2.19)
we realize that (2.8) can be rewritten as the fixed-point problem: Find (u,¢) € H such that
T(u,¢) = (u,9). (2.20)

As in [3], the objective is to use the Banach fixed-point theorem to prove existence and uniqueness
of (2.20). We recall that the key difference in the present work with respect to [3] is in the problem
that defines the operator S, and therefore, those results associated to the operator S and the primal
formulation of the energy equation will be considered here as well, but we only cite them.



2.3 Well-posedness of the uncoupled problems

In what follows, we consider

180 i={Is o+ 17 Piwso + 1¥ IR0+ Iml3a} " vien
and
1@ = (e Bt IR ar) ¥ (0,6) € H (@) x H-2(),
We first recall some results that will be used for ellipticity purposes.
Lemma 2.1. There ezists c3(€2) > 0 such that

s 7ol <7 +divr i, V7T =m0+ eH(div;Q).

d 12

log
Proof. See [6, Proposition 3.1], [13, Lemma 2.3]. O
Lemma 2.2. There exists ko(2) > 0 such that

Ro@ 1V Iig < lleM) oo+ Ivier Vv eH!(Q).
Proof. See [12, Lemma 3.1]. O

The following results establish sufficient conditions for the operators S and S being well-defined,
equivalently, (2.17) and (2.18) being well-posed.

Lemma 2.3. Assume that for 6, € (0, %), 92,03 € (0,2) we choose

2116
K1 € (07 a 1> ; K2, K5 € (07 OO)v
2

K3 € <0,252 <,u1 — F;i;?)) and k4 € <0,253/—£0(Q) min {K,g <1 — 522) ,/@5}> )

Then, there exists 7o > 0 such that for each r € (0,r9), the problem (2.17) has a unique solution
t := S(w,¢) € H for each (w,d) € H such that |wllyq < r. Moreover, there exists a constant
Cs > 0, independent of (w, @) such that there holds

Isw, @) Il = | €]l < Cs{ll gl

6 llog + llup lyjzr }- (2.21)

Proof. Given (w,¢) € H, we notice from (2.9) that A, is bilinear. Then, by using the upper bound
of the viscosity function, the Cauchy-Schwarz inequality and the trace theorem with constant cy(€),
we see that for any t,s € H,

-,

A 5)] < po(1+ 6D gl ST+ A+ D2t ool ST+ A+ D2 o]y 0|5

Hullgolldivr oo+ 17lloallloe + 1dive oall Vi + e lloal 7o

Frallally ol mllo.q + r2lldive [|g ol div T {lg o + ksl ully oll VI o

+rall v loell 7l + k5c0(2)%[| u ol v,

and therefore, there exists a constant C'a > 0 depending only on u2, co(2) and the stabilization
parameters x;, such that

-

|A4(E,8)| < Callt]|||s] Vt.sen. (2.22)
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On the other hand, from (2.10), By, is a bilinear form, and by using the estimate (2.5), we obtain for
any t,s € H that
By (t,s)| <c1(Q)(1+w1)*[[all ol W 1ol s, (2.23)

which together with (2.22) implies the existence of a positive constant denoted by || Ay + By ||, inde-
pendent of (w, ¢) such that

-,

(Ag + Bu)(E.5)] < | Ay + By [ €3]] (224

To prove that Ay + By, is elliptic, we first prove that A is elliptic. Indeed, for any s € H we have

Ay(s,s) —/u(¢)s : s—/ﬂ/ w(p)s : Td—lﬁlg/ s:e(v) —H4/ w(v):n
Q Q Q Q
2 . 2 2 2 2
+a1]| 7o + sl div T o + sl e(v) llgq + sallm o + A5l v o r

and then, using the bounds for the viscosity and the Cauchy-Schwarz and Young inequalities, we
obtain for any 41, 2,83 > 0 and any s € # that

- o 9 K142 K101 K3 K302 2
Ag(s:s) Z mlsllon = 55 =lsllon == I lloe — 25,18 loa = =5~ lle)llog

I‘c4(53

2 2
~ 55, 19 oo = =~ lm 5.0+ sl 7[5 @ + Fall div T [ o + rslle(v) [

2
R
K12 K3 2 p201 2 : 2
> (=2 - 22 ) st 4 (122 )Hrduo,ﬂmudwrum

2 2
+n3(1—)u<>||o,g+m5||v||0,r |v|m+/-e4< )n

Then, defining the following constants:

a1 = _ kik2 k3 a9 := min 1-“2—61 f2 Q3 :=min\s K 1—(12 K
1 - M1 261 2527 2 - 9 72 ) 3 - 3 2 s V5 ¢y

5 . i &
Q4 = Ky (1 _ 3) , Q5 = min {0@03(9), ?2} 9 g 1= a3K10(Q) - 275437

2

and using Lemmas 2.1 and 2.2, it is possible to find a constant () := min{ay, a4, as, ag}, indepen-
dent of (w, ¢), such that
Ay(5,5) > a@)5]* VSen

Then, from the foregoing inequality, together with the definition of By, (cf. (2.10)) and the estimation
(2.5), we get that, for any s € H, there holds

- -2
(Ag+Bw)5,8) > (a(Q) — 1 (@)1 +m) 2wl ) |15
Therefore, we easily see that
(Ay +Bw)(s. }| 5| vsew, (2.25)
provided that

o)

2 @)1+ =)V w g



that is,
lw g < o)
1,Q = 201(9)(1 + K/%)l/Q

thus proving ellipticity for Ay + By, under the requirement (2.26). Finally, the linearity of the
functionals Fp and Fjy is clear, and from (2.13), (2.14), using the Cauchy-Schwarz inequality, the
trace estimates in H(div;Q) and H'(Q), with constants 1 and cq(f2), and the continuous injection
from H'/2(T) into L?(T") with constant C /2 we have

=:ro, (2.26)

|Fp(s)| < (1 - H5CO(Q)01/2> lup 1 or|l s,

and
1Es(8) < (1+ 632 gllsqll dlloall s

for all s € H. Thus, there exists a constant Mg := max {(1 + rHY2 1+ /{560(9)01/2} such that

: (2.27)

1 Fy+ Foll < Ms{llg 0

|9

0.0t llup ”1/2,1“}7

and by the Lax-Milgram theorem (see, e.g. [13, Theorem 1.1]), there exists a unique t € H solution of
(2.17), and the corresponding dependence result (2.21) is satisfied with Cg := %, a constant clearly

independent of (w, ¢). O

Lemma 2.4. For each (w,$) € H there exists a unique pair (¢, \) € H'(Q) x H=Y2(T') solution of
the problem (2.18). Moreover, there erists Cg > 0 such that

Hg<w@) H <[ (@M< Cg{Hw

hal@lia+ 9o lyor - (2.28)
Proof. The results comes from a direct application of the Babuska-Brezzi theory (see [3, Lemma 3.6]).
In particular, the right hand side of (2.28) is obtained after bounding the functionals Fy 4 (cf. (2.15))
and G (cf. (2.16)), respectively. O

From the previous two lemmas, it is now clear that T is well-defined for any element (w,¢) € W,
where

W= {(w,0) € H: | (w,0) ] <7}, (2.29)

which is nothing but the closed ball in H with center (0, 0) and radius r, with r € (0,79) and ry defined
as in (2.26). We also notice that, for computational purposes, a particular choice of stabilization
parameters is necessary. Therefore, we choose them so that «(€2) is as large as possible. We begin by
selecting the middle points of the ranges for 41, ds, d3, k1 and k3, that is,

1 5
01 =—, 0y=203=1, m:M—”l H3_52<M1_mu2>_u1

2 po  pd 201 2’

to then pick ko and k5 so that ao and ag can attain the largest value possible, that is
oy — H1 jor — H1
2 — T oy 5 — T >
1 4

and hence, we can pick k4 as the middle point of its range,

R4 = K:()(Q) %

Notice that x(£2), the constant in the Korn-type Lemma 2.2, is still unknown. Nevertheless, works
such as [3, 7] suggest that a heuristic choice of this parameter is enough.



2.4 Further-regularity assumption

Although the problem that defines the operator S, that is (2.17), is well-posed, a small further-
regularity assumption has to be made in order to continue with the analysis. More precisely, and
inspired by [4, 5], we assume that up € H'/2¥¢(T) for some ¢ € (0,1) when n =2, or ¢ € [1,1) when
n = 3, and that for each (z,v) € H with || z||; o <7, 7 > 0 given, there hold (q,(,v,x) := S(z,¢) €
L2.(Q) NHE(Q) x Hy(div; Q) NHE(Q) x HIT(Q) x L2, () NHE(Q) and

skew

lalloo+1¢loa+ 1vIen+Ixllo < Cs){I & laal ¥ log + luplysicr ) (230

with Cg(r) > 0 independent of z but depending on the upper bound r of its H'-norm.

2.5 Solvability analysis of the fixed-point equation

We now proceed to directly fulfill the hypotheses of the Banach fixed-point theorem. The following
result shows that T can map the ball W into itself.

Lemma 2.5. Consider the closed ball W defined in (2.29) with r € (0,79) and r¢ as given in (2.26).
Suppose the data satisfy

({1 llsog + 10D 20 } + Csllen lyjor <7

where
c(r) := (1+ Cgr) Csmax{1,r},

and Cs, Cg are given in Lemmas 2.3 and 2.4, respectively. Then, there holds T(W)CW.

Proof. 1t follows as a consequence of the continuous dependence results (2.21) and (2.28), much in an
identical way as in [3, Lemma 3.7]. O

Next, we prove some results that will help us to arrive to the Lipschitz continuity of T.

Lemma 2.6. Let r € (0,79) with ro as given in (2.26). Then, there exists a positive constant és,
independent of r, such that

1S(w1, ¢1) = S(w2, ¢2) || < 65{” S1(wi, ¢1) [l oll 61 = @2 | pn/e (o)
+1Ss(w1,01) [l oll w1 = wall; g + 8 lleall 91 — #2 ”0,9}7 (2.31)

for all (w1, ¢1), (Wa, p2) € H such that || wy HLQ’ || wo ||17Q <r.

Proof. Let (wi, 1), (Wa, ¢2) € H as indicated and let t; := (t;, 05, u;,7;) = S(w;,¢;) € H, j € {1,2}
be the corresponding solutions of (2.17). Then, adding and subtracting the equality

A¢1(€1,§)+BW1(51,§>:F¢l(§)+FD(§) VgEH,
we find that

(A¢2 + BWQ)(El — €2, g) = A¢2(El,§) — A¢1 (gl, g) + Bw,—w, (1_':1, g) + Fy g, (g) VseH.

10



Thus, using the ellipticity of Ay, + Bw, (cf. (2.25)) and the foregoing expression, we obtain
o), - _, . o o .
(2 )H t1 —to H < (Ag, + Buw,)(t1 — t2,t1 — t2)
= /Q [M(@) - M(Gﬁl)}tl : {(tl —t2) — k(o1 — 02)d}
d
+ / {u1 ® (wg — W1)} : {%1(0'1 —02)d — (1 — t2)}
Q
+ /(¢1 — $2)g - {(ul —ug) — kodiv (o — 0'2)} .
Q

(2.32)

First, we bound the last two terms in the same way as Lemma 2.3 (that is, using the estimates (2.23)
and (2.27)):

/Q [ul ® (wy — W1)}dl : {K1(0'1 —09)? — (t1 — t2)}‘

< a(@@+ )Y Jug | gllwi — wa | of 81— E2 ],

(2.33)

and '/§2(¢1_¢2)g.{(u1—u2)—/€2div(01—02)}’

< (14632 | gllanll o1 — b2 lloq |1 — 2|,

Next, for the first term, we use the Lipschitz continuity of p and the Cauchy-Schwarz and Holder
inequalities to show in a similar way to [3, Eq. (3.56)] that

(2.34)

‘ / [M(@) - M(¢1)}t1 : {(t1 —t2) — ki(o1 — Uz)d}‘
Q
< Lull (92 = o)t lool| (41 = t2) — k101 — 02)? || (2.35)

L1+ &)%) g2 — ¢n 2oyl t1 [lLzn(ey || €1 — €2 ||,

IN

with p,q € [1,400) such that % + é = 1. At this point, we take into consideration the further-
regularity assumption in Section 2.4 and we recall from the Sobolev embedding theorem that H¢((2)
is continuously embedded into L?P(£2), with

2
2p: 1—65
3—2¢

(cf. [1, Theorem 4.12], [16, Theorem 1.3.4]) meaning that there exists C. > 0 such that

if n =2,

if n =23,

[t llepi) < Celltll.q ¥Vt € H(Q)

In this way,
ifn=2,

n
77

]

|

—
MW m| N

ifn=3

and (2.35) now yields

/Q [u(@) - u(@)}tl : {(t1 —ty) — k1 (o — 02)01}

— —

< Ly(1+r)'2C 6 leall o1 — @2 HL"/E(Q)H t -t

(2.36)
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Therefore, putting (2.33), (2.34) and (2.36) together into (2.32), we obtain

H t) — t H < CS{” t1 HEQH 1 — P2 HLn/s(Q)"‘H u1 HlQH W1 — W2 H1Q+H g HooQ” 1 — P2 HO,Q}? (2.37)

with

2
Cs i= gy o { L1+ B 20, er (@)1 + mDY2, (1 4+ 13)12

and since t; = S1(w1, ¢1) and u; = S3(w1, ¢1), the last inequality is exactly the estimate (2.31). [

Notice how the foregoing Lemma shows the main difference with respect to the previous work [3]:
the tensor-product term in (2.33) no longer appears multiplied by an H!-term, thus avoiding the use
of the injection H'(Q2) < L8(£2) (not ensured for  C R?) when splitting them as in [3, Eq. (3.54)],
yielding a more robust formulation for both two and three-dimensional cases. On the other hand, the
analogous result for S remains intact.

Lemma 2.7. There exists a positive constant ég such that

H S(wi,¢1) — S(w2, ¢2) H < ég{H wi[[[¢1—d2 |10+ [[wi1—wall ol é2 h,n}- (2.38)
Proof. See [3, Lemma 3.9]. O

As a consequence of the previous Lemmas, T is a Lipschitz continuous operator, as shown next.

Lemma 2.8. Let r € (0,7¢), with ro given as in (2.26). Then, there exists a constant Cp > 0 such
that

| T(wi,61) = w2, 62) || < Cr{lIg o + D o f (w1 01) = (w2 02) |

Proof. The result comes from the definition of T (cf. (2.19)) and the estimates obtained in the previous
two lemmas (cf. (2.31) and (2.38)) in an identical way to [3, Lemma 3.10]. We omit further details. [

In summary, from Lemmas 2.3 and 2.4, T : W — W is well-defined and does map the ball into
itself (thanks to Lemma 2.5). Then, Lemma 2.8 shows that T is Lipschitz continuous, so that when
its Lipschitz constant is < 1, it becomes a contraction, yielding the existence and uniqueness of a fixed
point, thanks to the Banach fixed-point theorem. By what has been explained in Section 2.2, this fact
is equivalent to the well-posedness of the augmented mixed-primal formulation (2.8), thus providing
us the main result for this section.

Theorem 2.9. Assume that for §, € (O, %), 02,03 € (0,2) we choose

2116
K1 € (07 A 1) ’ K2, K5 € (07 OO),
K2

K3 € (0,262 (,ul — H;(?)) and k4 € <O,2(53,‘€0(Q) min {/13 (1 — 5;) ,/<a5}) .
1

and consider the ball W (cf. (2.29)) with radius r € (0,79) and ro as in (2.26). In addition, assume
that the data satisfy

({18 llsog + 10D 20 } + Csll @D lyjor <7

with ¢(r) as in Lemma 2.5, and
Cr{llg g+ 1upllyyoer t < 1.

12



Then, the problem (2.8) has a unique solution (t, (¢, \)) € H x H'(Q) x H™Y*(T'), with (u,¢) € W.
Moreover, there hold

IE]| < Cs{rligllce +lupllyor} (2.39)

and
I, M I < Ce{rilullyg + el } (2.40)

with Cs and Cg as in Lemmas 2.3 and 2.4, respectively.

3 The Galerkin scheme

In this section, we derive the corresponding Galerkin scheme for the augmented mixed-primal for-
mulation (2.8). To begin with, let us consider 7;, a regular triangulation of Q by triangles 7' (when
n = 2) or tetrahedra 7' (when n = 3) of diameter hr and define the meshsize h := max{hy : T € Tp,}.
Then, consider arbitrary finite-dimensional subspaces Hf C LZ_(Q), H7 C Hy(div; ), H ¢ H'(Q2),
H) C Lie(Q), HY € H'Y(Q), Hy ¢ H V(') and denote by H;, := Hj, x Hf x Hp x H},
ty, = (tn,on,up,vn) and sy = (sp,Th, Va,Mp). Hence, according to (2.8), the Galerkin scheme

reads: Find (€, (¢n, An)) € Hp x H x H} such that

—

A¢h( hs gh) + Buh(E}u gh) = Fcph(gh) -+ FD(gh) v gh € Hp,
a(pn, ¥n) +b(Wns An) = Fuy, 0, (Y1) Yy, € HY, (3.1)
b(n,&n) = G(&n) vV &, € Hy,

where the forms A, , By, , a and b; and the functionals Fy,,, Fp, Fy, ,, are defined by (2.9)-(2.16).
Since the proof of well-posedness follows the steps of the previous section, and moreover, analogously
to [3, Section 4], we only state the requirements to be imposed over the finite-dimensional subspaces

and the main result, which is analogous to [3, Theorem 4.8].

3.1 Well-posedness of the Galerkin scheme

It can be seen that no restrictions have to be added to ]H[fb, H7, Hp and HZ other than being finite-
dimensional subspaces of the described spaces, however, for ellipticity purposes of a in the discrete
kernel of the operator induced by b (according the Babuska-Brezzi theory), the following inf-sup
conditions must be met:

(H.1) There exists a constant & > 0, independent of h such that

a(vp, ~
sup 20w n) o 2 la ¥ én€Va (3.2)
wnevi, 1m0
Yp#0
where
Vh = {wh S H;f : b(l/}h,gh) =0 th € H]i\}’
and,

(H.2) There exists a constant 3 > 0, independent of h such that

sup b(vn, &n)

YreH) H Un H1Q
Yn#0

2 BH &n H_1/27F v &, € Hp. (3.3)

13



Then, denoting by W, the closed ball in Hj, := H}} x H} of radius r and center (0,0), that is

W, = {(Wha¢h) € Hy : || (wn,én) || < T},
the main result of this section reads as follows.

Theorem 3.1. Assume that for 6, € (0, %), 02,03 € (0,2) we choose

2116
K1 € (07 /Ll 1) 3 K2, K5 € (Oa 00)7
2

K3 € <0,252 (,ul — 21512)) and k4 € (0,253/@0(9) min {/4;3 <1 - 622) ,/@5}) ,

and consider the ball Wy, with radius v € (0,70), 70 as in (2.26). Then, there exist positive constants
Cs, Cg and c(r) such that, if the data satisfy

&) {18 lloe+ 1un lhjor } +Csllen lhyjor <.

then the problem (3.1) has at least one solution (ty,, (wn, A\n)) € Hp, X HY x H}i‘ with (ap, pr) € Wy,
Moreover, there hold

1€l < Cs{rliglan+luplor (3.4

and _
I (ons M) 1 < Co{rllun g+ e lyjor }-

Proof. We only mention that (3.1) is transformed into a fixed-point problem that is analysed by means
of the Brouwer fixed-point theorem in the convex and compact set Wy, (see [3, Theorem 4.8]). O

3.2 Specific choice of finite element subspaces

Given a set S C R := R" and an integer k > 0, we define P(S) as the space of polynomial functions
on S of degree < k, and for each T € Ty, we define the local Raviart-Thomas spaces of order k as

RT(T) = Py(T) + Pp(T)x,

where x is a generic vector in R. Hence, the strain rate, pseudostress, velocity, vorticity and temper-
ature variables can be approximated using the following finite element subspaces:

Ht = {sh e L2.(Q) : sh‘TelP)k(T) VTeTh}, (3.5)
Hf := {7, € Ho(div; Q) : CtTh’T ERT(T), VceR, VT €T}, (3.6)
H) = {v, € C(Q): il €Pra(T), VT €T}, (3.7)
H) = {nn € L3eu(Q) 1 |, €PR(T), VT €Th}, (3.8)
H;f = {1/%60(9): I/Jh‘TGPk_H(T), VTG'EL}, (3 9)
whereas for the normal component of the heat flux, we let {fl, T, ... ,fm} be an independent trian-
gulation of I' (made of straight segments in R? or triangles in R?), and define h := max;ei,..m} Ls-

Then, with the same integer £ > 0 used in definitions (3.5)-(3.9), we approximate \ by piecewise
polynomials of degree < k over this new mesh, that is

H = {gﬁ €LXT): gGlp e Pu(Ty) Ve {1,...,m}}. (3.10)
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It can be seen that H} and Hé‘ do satisfy the inf-sup conditions (3.2) and (3.3) as long as h < Coh for
some Cy > 0 (cf. [3, Section 4.3]), and from [6, 13], the approximation properties for these subspaces
are

(AP%L) There exists C > 0, independent of h, such that for each s € (0,k + 1], and for each t €
H*(Q) N1L2,(9), there holds
dist (t,H},) < Ch*||t ||, q,

(AP{) There exists C > 0, independent of h, such that for each s € (0,k + 1], and for each o €
H*(Q) N Hp(div; Q) with dive € H*(Q2), there holds

dist (0, H7) < Ch* {|| o |, 0 + | diverll g}

(AP}') there exists C > 0, independent of h, such that for each s € (0, k+1], and for each u € H**1(Q),
there holds

dist (u, Hy) < CR*[|ullg i o,

(AP}) there exists C' > 0, independent of h, such that for each s € (0,k + 1], and for each v €
H#(2) N L2, (), there holds

skew

dist (v, H}) < Ch*| v .00

(APY) there exists C' > 0, independent of h, such that for each s € (0, k+1], and for each ¢ € H*T1(0),
there holds
dist (¢, Hy)) < Ch*[| ¢ [l 341.0,

(AP%) there exists C' > 0, independent of E, such that for each s € (0,k + 1], and for each A €
H~1/2+5(T), there holds
dist (A, H2) < CHYIA |y o

4 A priori error analysis

Let (t,(p,\) € H x HY(Q) x H~'/(T") with (u,¢) € W be the solution of the continuous problem
(2.8), and (s, (¢n, An)) € Hp x HY x Hj» with (uy, ) € Wy, be a solution of the discrete problem
(3.1), that is,

-,

(A, +By)(t,8) = (F, + Fp)(s
(A@h—i_Buh)({ S| ) (FADh+FD)(

-,

VseH, (4.1a)

)
sn) Vs, € Hp, (4.1b)

and

a(p,¥) + b, \) = Fup(v) Vo e H(Q),

b(p,&) = G(9) v&e H V(D)
a(pn, V) + b(Vn, An) = Fuy 0 (Yn) Y ¢ € HY,
b(en, &n) = G(&n) Y &, € H.

In what follows, we denote as usual

dist (E, Hp) := _inf H t—s, H
shEH
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and

dist ( (¢, \), HY x Hp) := inf ) — (Un, .
(N HE )= - int ) = (06|

First, the error estimate related to the variables of the momentum equation is obtained by means of
the Strang Lemma, applied to the pair (4.1). We recall the Lemma, and its consequent result next.

Lemma 4.1 (Strang). Let V' be a Hilbert space, F € V', and A : V x V. — R be a bounded and
V-elliptic bilinear form. In addition, let {V},}n~0 be a sequence of finite-dimensional subspaces of V,
and for each h > 0, consider a bounded bilinear form Ap, : Vi, x Vi, = R and a functional F}, € V..
Assume that the family {Ap}r>o is uniformly elliptic in V},, that is, there exists a constant a > 0,
independent of h, such that

Ap(vp,vp) > @llop [} Y op € Vi, ¥ A >0,
In turn, let u € V and up, € Vy, such that
A(u,v) =F(v) YveV and Ap(up,vp) = F(vp) Y oy € V.
Then, for each h > 0, there holds

|F'(wp) — Fp(wp)

| u—wunlly <Csrq sup

wh €V | wn Iy
wp#0
: A(vy, wp) — Ap(vp,, w
+ inf H“_Uhuv+ sup |A(vn, wn) h(Vn, wp,) 7
v, €V) wp EVy H Wh HV
vn 70 wp 70

where Csr = a ' max{1,| A}

Proof. See [17, Theorem 11.1]. O

Lemma 4.2. Let Cgp := ﬁ max{1l, || A, + Byl }, where @ is the ellipticity constant of A, + By
(cf. (2.25)). Then, there holds

[Tt | < CST{ (1 +2[ Ay + By ||) dist (€, M) + c1 () (1 + &) u]l ol u —up |
+ {L#Cz:‘ée(l +R)Y b0+ (1413 g ||OO,Q} e — on ||1,Q}' (4.2)

Proof. From Lemma 2.3, we see that A, + B, and A, + By, are bilinear, bounded (both with

constant || A, + By ||, w.lLo.g. since it is independent of (u,¢)) and uniformly elliptic (both with
constant @) Also, Fi,+ Fp and F,, + Fp are linear bounded functionals in # and H,, respectively.

Hence, a straightforward application of Lemma 4.1 to the pair (4.1) yields

£ 6l < Cor { suwp FeE_Talonll e {yg g, |
shEMn H Sh H qﬁe%—‘h
gh#ﬁ qr#0

+ sup |(A4P + BU)((_ihv gh) - (Agoh + Buh)(aha gh)‘

g_}‘LEH_‘h H gh H
sp#0
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where Cg7 := ﬁ max {1,[| A, + By ||}. First, we notice that

|Fo(Sh) = Fiy (81)] = [Fpgy (S1)] < (1 4+ 43)'?] g |, Vsp €M (44)

Then, in order to estimate the last supremum in (4.3), we add and subtract suitable terms to write
(Ago + Bu)(aha gh) - (Atph + BUh)(aha gh)
= (Aw + Bu)(ah - E» gh) + (Acp - Agoh)(fv gh)
+(Bu_Buh)(E?§h)_(ASQh_'_Buh)(_' Eg )

and so, using the boundedness of the bilinear forms A, + By and A, + By, (cf. (2.24)), the esti-
mate (2.5), the continuous embedding H'(Q) < L™/ 8(Q) with constant C. and the further-regularity
assumption in a similar way to (2.36), we obtain

[(Ay + Bu)(dn, s1) — (Ag, + By, )(dn,sn)| < 2] Ay + Bu ||| an — t||| 1|
‘/ ):|t:{Sh—/€1T}? ’—I—'/Q u®(u—uh)} Z{Hng—Sh}’
< {2” Ay +By ||| €—an || + LuCCo(1 + )Y t gl 0 — on 10
L (@14 ) ully ol u— u, ||1,Q}H§h I

The previous inequality, together with (4.4), back into (4.3), results in (4.2), concluding this way the
proof. O

Next, we recall from [3] the error estimate of the variables in the energy equation.

Lemma 4.3. There exists a positive constant GST, depending only on ||al|, || b, @ and B\ (cf. (3.2),
(3.3)), such that

(05 A) = (@, An) |
< Gsefea@(Iehalu=willg+ 1wl ol v = gl ) +dist (o ) 1 < 1) |
Proof. See [3, Lemma 5.4]. O

Hence, adding the estimates obtained in the previous two lemmas, we have a preliminary estimate
for the total error:

| € (2. 20) = (Es (o M) || < Cor(L+ 2| Ay + Bu ) dist (€ H5) + Cir dist (0, V), (Hf x H7))

o}

+{cillullo+Calehalllu—wmlo+{Cslltl.q+Cillgleqn+Co
(4.5)

where -~
Cy = Csrer(Q)(1+ 112, Oy = Cores(Q),

Cs = CSTLqués( + Hl)l/2a Cy=Csr(1+ “%)1/2'
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Then, bounding the terms [|u||; o, |¢|; o and || up ||, ; using the continuous dependence results (2.39),
(2.40) and (3.4), and the further-regularity assumption (2.30) to bound ||t ||, o, (4.5) becomes

| € (9. 20) = (Es (o M) || < Cor(L 42| Ay + Bul) dist (€ H5) + Cir dist (. V), (Hf x H7))

- {(01 + CoCgr + Co)Cs (71l oo + I o0 ) + CoCs(r) (rlg e+ 1D o)
(4.6)
+ Cillg o + CoC3ll 90 uw}l! (£, (9, M) = (Ens (ons M) |

Therefore, using the continuous injection H/?+¢(T") < H'/?(T") with constant C; and denoting by
C5:=CC5, Cp:=(C1+Csr+ C2)Cs, C7:=Cer+ C3Cs(r)r + Cy,  Cg := CsCi + C3Cs(r),

and
Cy := max{Cs, C7,Cs},

we see from (4.6) that

| (€, (2, ) = (En, (0, M) || < Csr(1+2]| Ay + By |]) dist (£, %) + Csr dist ((90, N), (HY x H;L\))

+ Co(lg e+ 11D Dyjzser + 1100 2 ) || € (2 2) = Ens (o M) ||, (47)
which leads us the main result of this section.
Theorem 4.4. Assume that
1
Co(I1g oo+ 10D lyjoper + 100 lhjor) < 5 (4.8)

Then, there exists C' > 0 depending only on parameters, data and other constants, all of them inde-
pendent of h, such that

[ (€ (0. 20) = (s (ons ) || < © dist (€. (9, ), M x H x H}). (4.9)

Proof. The assumption (4.8) allows us to subtract the total error term in the right-hand side of (4.7),
thus verifying the Céa’s estimate with C' = 2max {CST(l +2|| Ay + By ), GST}. O

Finally, we state the rates of convergence of the Galerkin scheme (3.1) when the finite element
subspaces (3.5)-(3.10) are used.

Lemma 4.5. In addition to the hypotheses of Theorems 2.9, 3.1 and 4.4, assume that there exists
s > 0 such that t € H*(Q), o € H*(Q), dive € H*(Q2), u € HH(Q), v € H¥(Q), ¢ € HTH(Q) and

PN H*1/2+S(I‘). Then, there exists C' > 0, independent of h and h such that for all h < Cyh there
holds

H (ﬁ ((Pv A)) - (Ehv (@ha )\h)) H < C’\Emin{87k+1}|| A ||—1/2+5,F

S )
+ Cpmints “}{H thootllollse+lldivel o+llalg o+~

ot 1@ l0)

Proof. Tt follows from Céa’s estimate (4.9) and the approximation properties (AP%), (APY), (AP}),
(AP}), (APY), and (AP%) described in Section 3.2. O
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5 Numerical Results

We now present three numerical examples that will show the performance of the augmented mixed-
primal finite element method (3.1) with the subspaces specified in Section 3.2. The computational
implementation uses the finite element library FreeFem++ (cf. [15]), and the inversion of the linear
systems arising at each Picard step is performed employing the unsymmetric multi-frontal direct
solvers MUMPS (cf. [2]) and UMFPACK (cf. [10]).

Here, the iterative method mimics the fixed-point strategy presented in Section 2.2: it begins with
a given initial point (in all the subsequent examples, this point is (u, ¢) = (0,0)) and it stops whenever
the relative error between two consecutive iterations of the complete coefficient vector measured in
the discrete #2 norm is sufficiently small, i.e.,

H coeff "1 — coeff ™

| coeft ™,

le

< tol,

where tol is a specified tolerance (in this case, tol = 107%). We also recall that the pressure is
post-processed as

1
Ph = —ﬁtr(dh +u,® uh),

and, as explained in [3, Section 5.2], the computed pressure converges to the exact one at the same
rate as the other variables (cf. Theorem 4.5). In this way, we define the error per variable

e(t) ==t —tulloq elo):=[0—0nlgvo e):=u-uplq e =Ip—Dpnlogq:
e() =7 =mloq e@)=lv-wenllg eX):=[rx=X;

as well as their corresponding rates of convergence

_ log(e(t)/€'(t)) _ log(e(o)/€(a)) _ log(e(u)/e'(u))

0= gty T gy T T gl
~ log(e(n)/€'()  logle()/¢'(%))
I o Y I * Y
log(el)/lg)) . los(e(N)/¢().
N T (7 R A T

where h and h’ (respectively h and I/ ) denote two consecutive mesh sizes with errors e and ¢’

5.1 Example 1

We first consider Q ( 1,1)2, viscosity, thermal conductivity and body force given by u(yp) =
exp(—0.25¢), K = = (0,1)*, and boundary conditions such that the exact solution to (1.1) is
given by

_ sin(mz) cos(my) — olu R o
u_<—cos(7rx)sin(7ry) )’ t=e(u), =V (0), p=2a?—-y%

o=pulpleu) —ueu—pl, ¢=-06944y*+1.69449%, N=-KVy-v.

Notice that nonzero source terms appear in the right-hand sides of the momentum and energy equa-
tions. Nevertheless, well-posedness is still ensured, since the smoothness of the exact solution makes
these terms immediately belong to L?(2), thus requiring only a minor modification in the functionals
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XX Pseudostress oy, ;; XY Pseudostress oy, ;, YY Pseudostress o), 5,
-3.8694  -1.50 000 150 3.3834 -0.2481 -0.10 000 0.10 0.2482 -2.8871 -1.30 0.00 1.60 3.6727
o

—_‘ ﬁ —‘d —

[
[

XX Rate of Strain t,, ; Velocity Magnitude |u,,| Pressure p,
-3.1356 -1.50 0.00 1.50 3.1367 0.0005 0.25 0.50 0.75 0.9986 -0.9821 -0.50 0.00 0.50 0.9827

[
1
[

Vorticity Magnitude 2, 5, Temperature ¢, Effective Viscosity p(y;,)
-6.2647 -3.00 000 3.00 62692 0.0001 025 050 075 0.9955 0.7797 0.85 090 0.95 1.0000
o |

I
l

Figure 5.1: Numerical results for Example 1. From left to right and from up to down: XX, XY and
YY pseudostress, XX strain rate, velocity magnitude (with the corresponding vector field overlapped),
postprocessed pressure, true vorticity magnitude (computed as twice the YX component of the full
vorticity tensor; velocity vector field overlapped), temperature and effective viscosity fields. Snapshots
obtained from a simulation with 243,540 DOF and a second order approximation.

of the variational formulation. Concerning the stabilization parameters, these are taken as pointed out
in Section 2.3, where the viscosity bounds are estimated in p1 = 0.5, uo = 1.25 and ko(Q2) is simply
taken as ko(Q2) = 1, thus resulting in k1 = k2 = 0.32, k3 = 0.25 and k4 = 0.125. We also remark that
the trace condition on the stress is enforced through a penalization strategy, not only in the present
case but also in the upcoming examples.

In Figure 5.1 we show part of the obtained numerical solution with 171,402 DOF and a second
order approximation, whereas in Table 5.1 we show the convergence history given the specified data
and the finite element spaces from Section 3.2 with successive quasi-uniform mesh refinements. In
both cases, it can be seen that the rates of convergence are the expected ones according to Theorem
4.5, that is, O(h) for the first case, and O(h?) for the second one.
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’ Finite Element: Py - RTy - P - Py - P1 - Py ‘
DOF | h | et) | elo) | e | e | ) | e®) [ e
1,283 0.4129 | 1.3213 | 3.5473 | 2.0880 | 0.5528 | 3.1251 | 0.3535 | 0.1602
4,845 0.1901 | 0.6133 | 1.7652 | 0.9576 | 0.2597 | 1.6453 | 0.1733 | 0.0724
18,629 0.0968 | 0.2987 | 0.8684 | 0.4758 | 0.1219 | 0.9224 | 0.0827 | 0.0286
73,422 0.0527 | 0.1488 | 0.4413 | 0.2390 | 0.0637 | 0.4286 | 0.0426 | 0.0112

294,878 | 0.0307 | 0.0740 | 0.2181 | 0.1187 | 0.0301 | 0.2301 | 0.0211 | 0.0035

1,165,980 | 0.0150 | 0.0365 | 0.1088 | 0.0584 | 0.0146 | 0.1155 | 0.0105 | 0.0014

IT h r(t) | rle) | r(a) | r(p) | r(y) | r(e) | r(N)

10 0.5000 - - - -
10 0.2500 | 0.9892 | 0.8996 | 1.0048 | 0.9735 | 0.8270 | 0.9187 | 1.1466
10 0.1250 | 1.0652 | 1.0506 | 1.0358 | 1.1207 | 0.8570 | 1.0962 | 1.3385
10 0.0625 | 1.1475 | 1.1150 | 1.1340 | 1.0677 | 1.2625 | 1.0938 | 1.3471
10 0.0312 | 1.2886 | 1.3002 | 1.2919 | 1.3846 | 1.1474 | 1.2979 | 1.6812
10 0.0156 | 0.9902 | 0.9742 | 0.9930 | 1.0104 | 0.9657 | 0.9690 | 1.2759

’ Finite Element: ]Pl - RTl - P2 - P1 - P2 - P1 ‘
DOF h et) | elo) | e(m) | elp) | e(y) | e(p) | eV
4,122 0.4129 | 0.1732 | 0.5091 | 0.2737 | 0.1058 | 0.2728 | 0.0409 | 0.0076

15,846 0.1940 | 0.0409 | 0.1199 | 0.0642 | 0.0287 | 0.0773 | 0.0097 | 0.0031

61,494 0.0995 | 0.0102 | 0.0305 | 0.0159 | 0.0071 | 0.0236 | 0.0023 | 0.0009

243,540 | 0.0527 | 0.0026 | 0.0077 | 0.0041 | 0.0018 | 0.0054 | 0.0006 | 0.0002

IT h rt) | o) | rw) | rp) | r(y) | () | )
10 0.5000 | - - - - - - -

10 0.2500 | 1.9095 | 1.9145 | 1.9203 | 1.7272 | 1.6691 | 1.9046 | 1.3089
10 0.1250 | 2.0857 | 2.0509 | 2.0902 | 2.0988 | 1.7794 | 2.1711 | 1.7274
10 0.0625 | 2.1427 | 2.1662 | 2.1350 | 2.1851 | 2.3063 | 2.0953 | 1.8947

Table 5.1: Convergence history for Example 1, with a quasi-uniform mesh refinement and approxima-
tions of first and second order.

5.2 Example 2

We next consider  := (0, 1)?; viscosity, thermal conductivity and body force as in Example 1, and
boundary conditions and source terms such that the exact solution is the one considered in [11] for
viscoelastic flow, that is,

uy (,y) = [1 — cos <2”(‘f”—1)ﬂ i <27r(e2y—1)) ry e

e —1 er2 — 1 2rer2 — 1’
2m(e™Y — 1) . (27T —1)\ r e’
U2($,y):— |:1—COS <€7‘2_1>:| Sln( o1 — ] %671—17

2 T _ 1 2 T2y _ 1 r1T+r2Y
(e )) sin( (e )) : e

p(x,y) = Ti7r2sm < ert — 1 er2 — 1 ert — ]_)(67”2 — ].)7

where r1 and ro are positive parameters, and

" < u1(z,y)

u2(x’y)), t=e(u), y=Vu-—e(u), o=p(p)e(u)—u®u-—rpl

o =ui(x,y) +uz(z,y), A=-KVp-v.

It is expected to find a counter-clockwise rotating vortex with center (z,¢), where

. 1 e +1 N 1 e?+1
= —log , y=—log .
1 2 T9 2
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Figure 5.2: Numerical results for Example 2. From left to right and from up to down: XX, XY and
YY pseudostress, XX and XY strain rate, velocity magnitude (with the corresponding vector field
overlapped), postprocessed pressure, true vorticity magnitude (computed as twice the YX component
of the full vorticity tensor; velocity vector field overlapped) and temperature fields. Snapshots obtained
from a simulation with 1,165,005 DOF and a first order approximation.

In particular, taking r;1 = ro = 4.5, the center of the vortex is expected to appear at the top-right
corner of the cavity (that is, (Z,7) = (0.829,0.829)) in a similar way to the examples shown in [9].
Then, considering the stabilization parameters as in Section 2.3, estimating the viscosity bounds in
1 = 0.74, pe = 1.35 and taking xo(£2) = 1, we obtain the following values: xk; = ko = 0.406, k3 = 0.37
and k4 = 0.185.

Part of the solution is shown in Figure 5.2, where a first order of approximation has been used with
1,165,005 DOF, whereas in Table 5.2 we show the corresponding convergence history. As expected,
when using the finite-element subspaces of Section 3.2 with £ = 0 and k = 1, the rates of convergence
are near 1 and 2, respectively. Notice that a high degree of refinement was needed to obtain a good
solution; a drawback that can be easily overcome by implementing an adaptive algorithm, instead of
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’ Finite Element: ]Po - RTO - P1 - PO - P1 - PO ‘
DOF h et) | elo) | em) | elp) | ely) | elp) | eV
1,268 0.1901 | 2.5548 | 49.1289 | 9.5647 | 1.1838 | 3.7866 | 3.8763 | 85.8576
4,740 0.0950 | 1.3353 | 28.3875 | 2.9504 | 0.7207 | 2.3406 | 2.2414 | 56.0199
18,494 | 0.0490 | 0.6594 | 12.3390 | 1.1265 | 0.3370 | 1.2941 | 1.0635 | 24.0197
73,167 0.0244 | 0.3416 | 6.4760 | 0.5563 | 0.1809 | 0.6812 | 0.5513 | 11.9313

294,323 | 0.0140 | 0.1650 | 3.1796 | 0.2638 | 0.0866 | 0.3404 | 0.2687 | 5.9119

1,165,005 | 0.0078 | 0.0793 | 1.6011 | 0.1278 | 0.0395 | 0.1796 | 0.1304 | 2.9356

IT h rt) | orle) | r(w) | r(p) | r(y) | rle) | (V)
7 0.2500 [ - - - - - - -

6 0.1250 [ 0.9360 | 0.7913 | 1.6968 | 0.7159 | 0.6940 | 0.7903 | 0.6160
6 0.0625 | 1.0657 | 1.2584 | 1.4542 | 1.1481 | 0.8950 | 1.1260 | 1.2217
6 0.0312 [ 0.9445 | 0.9258 | 1.0134 | 0.8938 | 0.9215 | 0.9435 | 1.0095
6 0.0156 | 1.3016 | 1.2721 | 1.3342 | 1.3179 | 1.2406 | 1.2857 | 1.0131
6 0.0078 [ 1.2501 | 1.1701 | 1.2362 | 1.3399 | 1.0903 | 1.2334 | 1.0100

’ Finite Element: ]Pl - RTl - P2 - P1 - P2 - P1 ‘
DOF | h | ot | elo) | e(w) | e(p) | e() | elp) | eV
4,072 0.1901 | 0.9820 | 16.9574 | 1.9820 | 0.7614 | 1.2657 | 2.2098 | 47.0700
15,496 0.1025 | 0.2914 | 6.5567 | 0.4721 | 0.2827 | 0.3505 | 0.5027 | 9.0859
61,044 0.0490 | 0.0638 | 1.5747 | 0.0939 | 0.0517 | 0.0922 | 0.1020 | 4.1253

242,690 | 0.0256 | 0.0174 | 0.4668 | 0.0252 | 0.0137 | 0.0266 | 0.0266 | 1.2049

IT h rt) | rle) | or(w) | r(p) | () | rle) | (V)
6 0.2500 [ - - - - - - -

6 0.1250 | 1.9686 | 1.5396 | 2.3244 | 1.6055 | 2.0805 | 2.3991 | 2.3731
6 0.0625 | 2.0583 | 1.9327 | 2.1882 | 2.3013 | 1.8088 | 2.1610 | 1.1391
6 0.0312 | 2.0002 | 1.8724 | 2.0245 | 2.0429 | 1.9167 | 2.0705 | 1.7756

Table 5.2: Convergence history for Example 2, with a quasi-uniform mesh refinement and approxima-
tions of first and second order.

the quasi-uniform mesh refinement that was considered.

5.3 Example 3

The implementation of the numerical scheme and the accuracy for the three-dimensional case are
assessed with this last computational test. The domain is the unit cube = (0,1)3 and we consider
the following closed-form solutions to the governing equations (1.1)

sin(mz) cos(my) cos(mz)
u = | —2cos(mz)sin(ry)cos(rz) | , t=-e(u), v=Vu—e(u), p=sin(nz)sin(ry)sin(rz),
cos(mz) cos(my) sin(mz)

o =pu(p)e(u) —u®@u—pl, ¢=1-sin(rz)cos(ry)sin(rz), A=-KVe-v,

with K = I, u(¢) = exp(—0.25¢), and g = (0,0,1)*. The manufactured velocity is divergence
free, it satisfies the compatibility condition (1.2) and it is used as Dirichlet datum on I'. The exact
temperature is uniformly bounded and it is also exploited as Dirichlet datum. In this configuration
the viscosity bounds can be set as p; = 0.5, u2 = 1 and the augmentation constants are again chosen
according to Section (2.3), leading to the values k1 = ko = 0.5, k3 = 0.25, k5 = 0.125, and as k4
depends on the (unknown) Korn constant, we simply take k4 = k5. The error history, associated with
the schemes of order one and two, are performed using six steps of uniform mesh refinement applied
to an initial structured tetrahedral mesh. On each level we compute approximate solutions, as well as
errors and convergence rates defined as above. The boundary partition is considered conforming with
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the interior mesh, for sake of convenience and simplicity of the 3D mesh generation. Our findings are
collected in Table 5.3, where errors and Picard iteration count are tabulated by number of degrees of
freedom and meshsize. As in the 2D case, optimal error decay is observed for all individual errors,
and we also note that the stress and velocity errors e(o),e(u) are dominant. One can also see that
(perhaps assisted by the conformity between the interior and boundary meshes, and only noticed for
the lowest-order method) the error associated with the boundary heat flux exhibits a convergence
slightly better than the optimal predicted by Lemma 4.5. Finally, we portray in Figure 5.3 a sample
of the approximate solutions generated by the lowest-order mixed method on a relatively coarse mesh.

’ Finite Element: ]Po - RTO - P1 - PO - P1 - PO ‘

DOF | h [ e | el0) | e [ e | ) | el | e
900 0.7071 | 1.9873 | 5.6367 | 4.2163 | 0.6140 | 1.3454 | 1.9131 | 0.0137
2,848 0.4714 | 1.1368 | 4.0751 | 2.9781 | 0.3299 | 1.0208 | 1.3774 | 0.0065
12,564 0.2828 | 0.7463 | 2.5402 | 1.8903 | 0.2071 | 0.7146 | 0.7827 | 0.0027
71,068 0.1571 | 0.3888 | 1.4463 | 1.1242 | 0.1267 | 0.4591 | 0.4332 | 0.0011
451,690 | 0.0882 | 0.1925 | 0.7612 | 0.6791 | 0.0698 | 0.2300 | 0.2179 | 0.0006

IT R r® | o) [ rw | rp) | r() | @) | o)

7 0.7071 - - - - - - -
7 0.4714 | 0.8933 | 0.9000 | 0.9574 | 1.0935 | 0.8809 | 0.8378 | 1.4345
8 0.2828 | 0.8937 | 0.9525 | 0.9898 | 0.9877 | 0.8982 | 1.1064 | 1.6061
8 0.1571 | 0.9199 | 0.9852 | 0.9840 | 0.9828 | 0.9525 | 1.0064 | 1.5084
8 0.0882 | 0.9382 | 0.9874 | 1.0522 | 0.9703 | 0.9554 | 0.9849 | 1.4690
Finite Element: Pl - RTl - PQ - P1 - PQ - P1

DOF h et) | elo) | e(w) | elp) | e(y) | elp) | e(N)
3,693 0.7071 | 0.7084 | 2.5493 | 2.8720 | 0.2803 | 0.7668 | 1.0241 | 0.0069
11,741 0.4714 | 0.2268 | 0.8202 | 0.9132 | 0.0846 | 0.1949 | 0.3093 | 0.0023
51,825 0.2828 | 0.0603 | 0.2192 | 0.2609 | 0.0217 | 0.0625 | 0.0794 | 0.0006
286,905 | 0.1571 | 0.0169 | 0.0516 | 0.0689 | 0.0575 | 0.0164 | 0.0197 | 0.0002
1,879,712 | 0.0882 | 0.0052 | 0.0135 | 0.0186 | 0.0167 | 0.0043 | 0.0051 | 0.0001

IT R r® | o) [ rw | rp) | r() | @) | o)

6 0.7071 - - - - - - -

7 0.4714 | 1.8533 | 1.8196 | 1.8459 | 1.8286 | 1.7980 | 1.8655 | 2.4821
7 0.2828 | 1.9406 | 1.8871 | 1.8970 | 1.9550 | 1.9123 | 1.8493 | 2.6157
8 0.1571 | 1.9807 | 1.9501 | 1.8931 | 1.9715 | 1.9837 | 1.9916 | 2.4768
8 0.0882 | 1.9463 | 1.9192 | 1.9054 | 1.9469 | 1.9508 | 1.9377 | 2.0842

Table 5.3: Convergence history for Example 3, with a quasi-uniform mesh refinement and approxima-
tions of first and second order.
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