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Abstract

In this paper, we discuss the well posedness of a mixed discontinuous Galerkin
(DG) scheme for the Poisson and Stokes problems in 2D, considering only piecewise
Lagrangian finite elements. The difficulty here relies on the fact that the classical
Babuska-Brezzi theory is not easy to check for low order finite elements, so we
proceed in a non-standard way. First, we prove uniqueness, and then we apply
a discrete version of Fredholm’s alternative theorem to ensure existence. The a
priori error analysis is done by introducing suitable projections of exact solution.
As a result, we prove that the method is convergent, and under standard additional
regularity assumptions on the exact solution, the optimal rate of convergence of the
method is guaranteed.

Key words: Discontinuous Galerkin, Lagrange shape functions, a-priori error esti-
mates.
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1 Introduction

Let © be a bounded and simply connected domain in R? with polygonal boundary T.
Then, given f € L*(Q) and g € HY?(I"), we look for v € H'(£2) such that

—Au=fin Q, u=g on I'p, (1.1)

where v denotes the unit outward normal to 0f).

We follow [2] and introduce the gradient o := —Vu in 2 as additional unknown.
In this way, (1.1) can be reformulated as the following problem in Q: Find (o, u) in
appropriate spaces such that, in the distributional sense

c+Vu=0 in Q dive=f in Q@ and u=g on I. (1.2)
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We remark that problem (1.2) has been already analysed in [18] using the so-called local
discontinuous Galerkin (LDG) method, where the unknowns o and u are approximated
in piecewise polynomial spaces that locally belong to H' and L?, respectively. In the
present work, we are interested in approximating the vector unknown o in a properly
discrete space, such that it locally belongs to H(div). This motivates us to consider the
employment of local Raviart-Thomas spaces, to approximate o. This kind of approaches
has been also applied in the previous works [3] [4] [5] and [7]. All of them consider
the standard definition of numerical fluxes for LDG scheme, whose parameters o and 3
behave as O(3) and O(1), respectively. Recently, in the framework of the nonconforming
pseudostress - velocity formulation for the Stokes system, in [8] we study an unusual
DG approach which requires a vector numerical flux parameter 3 having the standard
behaviour O(1), and two scalar numerical fluxes parameters (o« and 7). Here, one of
them () behaves as O(3), while the other one (a), as O(h). The well posedness of the
proposed scheme is established using discontinuous Raviart-Thomas finite elements for the
pseudostress unknown, and discontinuos polynomials for the velocity one. A particularity
of this approach is that when it is tested with continuous functions, we obtain the standard
conforming dual mixed formulation. In this sense, the analysis developed in [8] can be
seen as an extension of the one described in [12], where it has been proved that the pair
of conforming Raviart-Thomas finite elements with discontinuos polynomials is stable for
the Stokes system, in dual-mixed form. Of course, the DG scheme presented in [8] could
be approximated by other finite elements, thus this will be the aim of this article, i.e.,
in this paper we extend the analysis developed in [8] to use others pair of finite element
spaces.

The paper is organized as follows. In Section 2, by simplicity, we take into account
the analysis described in [8] for Poisson problem, and adapt/generalize it to study the
a priori error analysis for this boundary value problem, considering only finite element
spaces of the Lagrange type for all unknowns.

In Section 3, we extend the results obtained in the previous section to the Stokes
problem, approximating the unknowns by polynomials of suitable degrees. Numerical
examples that validate our theoretical results are shown and discussed in Section 4. Final
remarks and conclusions are described in Section 5.

In the rest of the paper we will use the following notation. Given any Hilbert space
H, we denote by H? the space of vectors of order 2 with entries in H, and by H?*? the
space of square tensors of order 2 with entries in H. In particular, given 7 := (7;5),
¢ := (¢j) € R¥2) we write, as usual, 7% := (75), tr(7) = 711 + T2 and 7 : ¢ =
Z?Fl 7i; Gij- For vectors v and w in R? we denote by v ® w the matrix whose ij-th
enti"y is v; w;. We also use the standard notation for Sobolev spaces and norms. We
denote H(div; Q) := {v € [L*(Q))* : div(v) € L*(Q)}, H = H(div; Q) = {7 €
[L2(Q))**% : div(r) € [L*(Q)]*}, and Hy :== {T € H: [,tr(7) = 0}. Note that
H = Hy @ RI, that is, for any 7 € H there exists unique (g, p) € Hy x R such that
T = 79+pL In addition, we define the deviator of the tensor 7 € H by 7¢ := T—% tr(7)L.
We remark that tr(79) = 0 in Q, and thus 7¢ € H for any 7 € H. Finally, we use C or c,
with or without subscripts, to denote generic constants, independent of the discretization
parameters, which may take different values at different occurrences.



2 A modified LDG formulation

In this section, we derive a discrete formulation for the linear model (1.1), applying
an unusual discontinuous Galerkin method in divergence form. We begin with some
definitions and notations.

2.1 Meshes

We let {7,}ns0 be a family of shape-regular triangulations of € (with possible hanging
nodes) made up of straight-side triangles 7" with diameter hy and unit outward normal

to JT denoted by vr. As usual, the index h also denotes h := max hr. Then, given
€Th

Th, its edges are defined as follows. An interior edge of T, is the (nonempty) interior
of 0T N JT’, where T and T" are two adjacent elements of 7, not necessarily matching.
We denote by &; the list of all interior edges of 7, (counted only once) in €, by & the
list of all boundary edges, respectively, and set £ := £y U &r the skeleton inherited by
the triangulation 7. Moreover, for each e € &, h. represents its length. In addition, in
what follows we assume that 7, is of bounded variation, which means that there exists a
constant [ > 1, independent of the meshsize h, such that {71 < ;L‘—; < [ for each pair

T, T" € T;, sharing an interior edge.

2.2 Averages and jumps

Here, we define average and jump operators. Next, in order to define average and jump
operators, we let T and 7" be two adjacent elements of 7, and @ be an arbitrary point
on the interior edge e = 9T N JT" € &;. In addition, let ¢ , v and T be scalar-, vector-,
and matrix-valued functions, respectively, that are smooth inside each element T" € Tj,.
We denote by (qr.e, Ure, Tre) the restriction of (gr,vr, 7r) to e. Then, we define the
averages at x € e by:

(TT,e + TT’,e) .

N | —

1
(QT,e + QT/,e) , v} = E(UT’e + ’UT/,e) , {rh=

N | —

{q} =
Similarly, the jumps at @ € e are given by
4] == grevr +qrevr, [v]:=vre-vr+vr v,

M =V, QUr+ V. @V, [T] =Trevr+Tr vy,

On boundary edges e, we set {q} = ¢, {v} = v, {7} = 7, as well as [q] = qv,
[v] ==v- v, [v] :=v®v and [7] := Tv. Hereafter, div, and V; denote the piecewise
divergence and gradient operators, respectively. Associated to these operators, for e >
1/2, we also introduced the broken Sobolev spaces H¢(7,), H(div;7,) and H(div;Ty),
which are defined in the standard way, and in order to short the notation, we set X :=
H(div; T,) N [HY(Q)]? and X := H(div; T,) N [H(Q)]**2



2.3 A discontinuous discrete formulation for the Poisson prob-
lem

Given a mesh 7, we proceed as in [18] (or [10]) and multiply each one of the equations
(introduced at the introduction) by suitable test functions. We wish to approximate the
exact solution (o, u) of (1.2) by discrete functions (o, uy) in appropriate finite element
space Xy x Vj, such that, for each T € T}, we have

/ah-T—/uhdiVT+/ ut -vp=0 Vrex,,
T T aT

—/ah~Vv+/ UE'-VT:/fU Yo el,.
T aT T

Here, the numerical fluzes u and &, which usually depend on wy,, o, and the boundary
data, are defined in terms of averages and jumps of the discrete unknowns, so that some
compatibility conditions are satisfied (see [2]).

We are now ready to complete the DG formulation (2.1). Indeed, using the approach
from [18] and [13], we define the numerical fluxes u and & for each T" € Ty, as follows:

(2.1)

_ {un}y = [un] - B+~lon] ifec &,
UTe ‘= (22)
g if e € &
and
N {on} + Blon] + afu] ife € &,
OTe = (23)
o+ a(u, — g)v if e € &r,

where the scalar parameters o and v, as well as the vector one 3, to be chosen appro-
priately, are single valued on each edge e € £ and such that they allow us to prove the
optimal rates of convergence of our approximation. To this aim, we set « := a'h, v := g,
and B € [L>®(&;)]? as an arbitrary vector in R?. Hereafter, @ > 0 and 5 > 0 are arbitrary,
while h is defined by

max{hT, ]’LT/} if e € g[,
h:=
hT ifee (c:p .

Then, integrating by parts in the second equation in (2.1), summing up over all 7' € Ty,
and applying a well-known algebraic identity, we arrive to the following discrete dual
mixed discontinuous Galerkin formulation: Find (o, up) € Xy XV}, such that

apg(on, T) —bpa(T,up) = Gpa(T) V1T e,
(2.4)
bpa(on,v) + cpa(un,v) = Fpe(v) VoveV,

where the bilinear forms apg : X x X — R, ¢pg : H(Tn) x H(T,) — R and
bpg : X x H(T,) — R are defined by

wwolo.r)i= [anrs | el enolunn) = J[ablnl,
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and the linear functionals Gpg : ¥ — R and Fpg : H(T,) — R are given by

Gpg(T) ::—/ gT -V and Fpg(v /fv+/ agu.
gr 51"

Now, the space X, is provided with the usual norm of H(div;7},), which is denoted
by || - ||, that is

: 1/2
ITlls = (Irll3q + | diva 7ll5q + [22[T]5e,) ~ VT ex,
while for V}, we introduce its standard L*norm. In addition, we define ||(-,-)||pe : E X

L*(Q) — R by

1/2
I, )lloe = (171 + Ioldam )~ ¥ (mv) € T x LX(Q).

Finally, we introduce the application || - [|so : ¥ — R, given by

1/2
Tz : (1T + IV2I715e,) "~ VT e,

which will be helpful for our purposes.
The boundedness of the bilinear forms and functionals are reported in the next lemma

Lemma 2.1 There exists C' > 0, independent of the mesh size, such that

apa(r,¢) < ClirllsollClse ¥(r:¢) € T x X, (2.5)
bo(r,0) < Clirllslvl eV (r.0) € T x Vi, (2.6)
CDg( ) S CHU”LQ(Q)HWHLQ(Q) V(v,w) - Vh X Vh. (2 7)
|ﬂm@ﬂscoummn+mﬁwmmﬂ)mmm)ver“ (2.8)
Goa(m)] < Cllrlsin gl VT e S, (2.9)

Proof. It is analogous to the proofs of Lemmas 3.2 and 3.3 in [8]. We omit further details.
O
The well posedness of Problem (2.4) is established in the next theorem.

Theorem 2.1 Under the assumption that V,Vj is a subspace of £y, there exists a unique
(oh,up) € By, x Vi, solution of the Problem (2.4).

Proof. Since the discrete system is square, it is enough to check that the corresponding
homogeneous problem: Find (o, up) € Xy, X Vj, such that

apg(on, T) —bpa(T,up) = 0 V1 e,
(2.10)
bDC,v(G'h,U) + CDG(uh,U> = 0 Vvel,,
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has only the trivial solution. To this end, taking 7 = o, v = u;, in (2.10), and after
adding these two equations, we deduce

1/2

lonllfzaye + 102 lonlllzae,) + ot *[und[Feye = 0,

which implies that o, € H(div,Q), o, = 0 in Q, u, € C(Q), and u, = 0 on Q.
Now, if elements of V), are piecewise constant, the proof is concluded. Otherwise, since
V1V, is a subspace of 3, by integrating by parts the first equation of (2.10), we obtain
Viup = 0 in  and thus u, = 0 in Q. In other words, Problem (2.10) admits only the
trivial solution. Therefore, existence is consequence of a finite dimensional Fredholm’s
alternative theorem. U
Our next concern is the stability of the scheme (2.4). In order to set the approximation
spaces, we denote by P, (T") the space of polynomials of degree at most x on T, for a given
integer k > 0 and for each T' € T,. Now, in what follows we consider X, and V}, as

S {r e [LQF 7| e PR VTET),

T
Vi, = {vh €L*(Q) : wu|, €Py(T) VT e 771} ;

with £ > 0 and » > 1. We notice that, In order to verify the well known mild condition:
V1V, is a subspace of X, we require £ < r-+1. This choice of spaces allows us to establish
the following discrete inf-sup condition, whose proof follows the ideas given in the proof
of Lemma 3.4 in [8], and requires the introduction of the local Raviart-Thomas space of
order  (cf. [19]), RT.(T) := [Po(T)]* ® *P.(T) C [P.1(T)]>.

Lemma 2.2 Let Vj, a finite dimensional subspace of L*(2) such that V;, is a subspace of
P.(T.). Then for all v € V}, there exists ¢ > 0, independent of the mesh size, such that

b
sup bpe(T,v) > &llvll 2o -

resnoy  I7lls

Proof. We take v € Vj,, and define the auxiliary problem: Find w € H}(Q2) such that, in
distributional sense, —Aw = v in Q, w = 0 on I". Now, we set ¢ := —Vw in Q. Then,
we have that div(¢) = v in Q, which implies ¢ € ¥ and [|{|loo < [|v]loo. Now, let
¢n = RT,_1¢ € X5, N H(div;Q), which means that div(¢;) = v and ||[v2[¢u]llo.e, = 0.
These relations imply that

bpa(T,v) S bpa(C,v) S 1 |vl3 g 1

sup 2 > —= = —=||vlo,
rez\fo}  |IT]|s €] V2| [v]]o.q 2

which ends the proof. O

In order to obtain the a priori error estimates for the scheme (2.4) we need the fol-
lowing lemmas, which establish local approximation properties of piecewise polynomials
approximations.




Lemma 2.3 Let Ty, be an element of a shaped-reqular triangulation family {Tp}r=0, and
let T € Tp,. Given a nonnegative integer m, let 11 : L*(T) — P,,(T) be the linear and
bounded operator given by the L*(T)—orthogonal projection, which satisfies II7*(p) = p for
all p € P, (T). Then there exists C > 0, independent of the meshsize, such that for each
s,t satisfying 0 < s <m+1 and 0 < s < t, there holds

(I = TI2) (W) < C ™" 0wl Yw € HY(T), (2.11)

and for each t > 1/2 there holds
(I = TI) (w)]o.or < C hy™ O™ Y2 )|, 7 Vw e HY(T), (2.12)
Proof. We refer to [14], [16]. O

Lemma 2.4 Let T, be an element of a shape-regqular family of triangulations {Tp}n>o,
and let T € Ty. Given a positive integer k, let EX : [HY(T))> — RT_1(T) be the local
interpolation operator, which satisfies div(EL(T)) = Tk Y (div(T)) for all T € [HY(T))?.
There exists C' > 0, independent of the meshsize but depending on integers | > 0 and
s >0, such that for all T € [HY(T))* with div(7) € H*(T) there hold

H’T — gr‘![Cv(T)H[LQ(T)]Q < Cth ’T‘[Hl(T)P 1 < l < k, (213)

and
| div(T — EF(T)||r2ery < C R | T|eery 0< s <k. (2.14)
Proof. We refer to [1]. O

Now, we introduce the application

1/2

e, 0)llloe = (I7llso + 1V 2[5, + I0l5a) ™ V(T,v) € 3 x L*(Q).

Through the rest of this section, we denote by (o, u) and (o, up) the unique solutions
of (1.2) and (2.4), respectively. The strategy we propose will be, then, to obtain error
estimates for |||(o — o, v — wp)|||pe and for || div,(o — o4)loq-

The optimal rate of convergence of |||(e — o, v —up)||| pe is reported in the following
result, whose proof requires the assumption: div, ¥, is a subspace of V},. This is satisfied
when r < k+ 1, which together with the mild condition, let us to conclude that r = k+ 1.

Theorem 2.2 Assuming that o|p € [H(T)]? and u|r € HW(T) with t > 1/2, for any
T € Ty, there exists Corr > 0 is independent of the mesh size, such that

(o = o, u—w)|llbe

2 min{t¢,k+1
SO B }{||a||[2Ht(T)]2 + ||u||§{1m} . (2.15)
TET,
Proof. First, we notice that our discrete scheme (2.4) is consistent with the exact solution
(o,u) of (1.2). This means that

apg(oc —op,T) —bpa(T,u—up) = 0 V1€,
(2.16)
bpg(o — op,v) + cpg(u —up,v) = 0 Yo eV,.
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Now, let Ile € Xj and Ilu € V}, be suitable projections of o and u, respectively. By the
triangle inequality, we have

(e = onu—=wun)lllpe < [ll(e =To,u—1u)||[pg + [[|(Ho = o, u —up)|l[pe (2.17)

Our aim is to bound |||(Tle — o, ITu — uy)|||pe- To this end, we consider Ilo as the L2-
orthogonal projection of & onto Xj, N [C(Q)]? and ITu as the L?— orthogonal projection
of u onto V3. We also introduce (¢7,¢e¥) := (Ilo — op,, [Tu — up) € Bj, x V.

In what follows, we first use the definition of the bilinear forms apg(-,-) and cpa(-, -).
Hence, by adding and subtracting the exact solution, and after doing some algebraic
manipulations, we deduce that

e oo + 117'2[el 6, + lo*[eilllse = apa(el ,ef) + cpalel,ef)
= apg(Ilo — 0',6;?) + ng(e,?',Hu —u)

+ ng(HG' — g, 6%) + Cpg(Hu — U, 62) .

(2.18)

Now, we aim to bound each one of the four terms on the right hand side. To this end, we

observe that [[Ie — o] = 0 on &, and then, after applying Cauchy-Schwarz inequality,
we deduce

lapa(llo — o,¢7)| < |lo — o |loale oo (2.19)

lepa(TTu — u, )| < ! 2[TTu — uf[lo.glla’[ef] o - (2.20)
In addition, since divy, 3, is a subspace of Vj, and Ilu is the L?— orthogonal projection of

u onto Vj,, using the definition of bpg(+, ), we deduce that

’ng(eg,Hu — u)‘ =

/ V2 ({u —u} — B - [u — uﬂ)Vl/Q[[eﬂ’
& (2.21)

< C<||7‘1/2{Hu —ulloe, + [y — u] Ho&) 172 [e Moz -

with C' > 0 being a constant independent of the mesh size. For the remaining term,
we need to introduce the Raviart-Thomas projection of o of order k, RT(o) € X, N
H(div; ). Thus, we have div(RT} (o)) = II(div(o)) € V,, and [RTx(o)] = 0 on & (see
Section 3 in [15]). Introducing €7 := [lo — RT}, (o) € X, N H(div; Q), and using (2.16),
we realize that

bpe(lloe — o, ¢}) = / divy,(llo — o)ey = / divy, (E7 el

Q Q

= / dth(é,?)(Hu—uh) :/divh(ég)(u—uh) = bpg(ého-,u—uh)
Q Q

= —apa(o — o, é;i') = _GDG(e}?-aéf?—)

< ClleZ loalle oo < Clle? oo (Ha — RT () oq + o — HUHO,Q) .
(2.22)



Thus, applying (2.19)-(2.22) in (2.18), we conclude that there exists C, > 0, indepen-
dent of the mesh size, such that

el Nloso + 117'*[e Tllo.e, + llo**[exTllo.e

C. (llo —Hollog + lla'*{Tlu — u}tllog, + |lo'?[u —u]|loe + |lo — RT;(0)|log) -
(2.23)
Now, we focus on ||e}||p.q. To this end, we first notice that for any 7 € %,
bpg(T, 6%) = bpg(T, IMu — u) + bD0<T, u — uh) .
Thanks to the first equation in (2.16), we obtain that
bpa(T,€el) = bpg(T,1lu — u) + apg(Illo — o, T) — apa(e? , T).
Taking into account the inf-sup condition given by Lemma 2.2, and bounding each term

in bilinear forms apg and bpg, we estimate

b u
cllepllo < sup M
res\oy  |ITll=

< é(IIU—HUHO,Q + [Ja*{u — u}llog, + [la"*[u—TTu]lloe

+ HO’ — HUHO,Q + ||0' — RTk<U)||O,Q> s (224)

where we have also taken into account the bound for €Z given in (2.23). Finally, the
conclusion follows from (2.17), (2.23), (2.24) and the well-known approximation results
of the projection operators Ilo, RT; (o) and Ilu that we have introduced in Lemmas 2.3
and 2.4. U

The error estimate for || div,(o — o4)]l0.o is presented in the next theorem.

Theorem 2.3 Assuming that o|r € [HY(T))?, div(e) € HY(T) and u|r € HY(T) with
t > 1/2, for each T € Ty, , there exists Cy > 0 is independent of the mesh size, such that

| diva(eo = an)l5.0

2 min{¢,k+1 .
< Gy > W Yol e + | div (@l + Il - (2:25)

TeT,

Proof. First, we denote again by RT;(o) the Raviart-Thomas interpolation of o of order
k, onto 3;, N H(div; Q). Then, applying the triangle inequality, we deduce

[ divi(o —on)llog < || divi(o = RTi(e))|log + | divi(RTk(o) — on)loe -
A straightforward application of Lemma 2.4, implies that

| divy (o — RTk(o)) oo < c Z R || div(e)||sr
TeT,



For the second term, we denote by é9 := RTy(o) — a,. Let v € V},. Then we have

/Q div, (62 )v = /Q div,(RTy(o))v — /Q div,(op)v.

Since/divh(RTk(a))v:/ Hk(divh(a))v:/div(a)v, we deduce
Q h Q

/Qdivh(éha)v = /Qdivh(a —op)v = bpglo —op,v) + / {v} —[v] - B)[lo — o] .

Er

Furthermore, using (2.16) we note that
bpa(o — op,v) = cpa(u — up,v) = cpa(llu — up, v) + cpg(u — Mu, v)

hence, replacing this identity in the above equality, we deduce

/Q dvi(eT )0 = bpa(o — onv) + / ({0} = [o] - B)[C]

Er
= cpa(u — up, v) + epa(u — Iu, v) + /g (o} = [o] - B Pe]]
= CDG(G’;LL’ U) + CDG(U - HU’? U) + /g 7_1/2({0} - [[U]] : /6)’71/2[[65-]]

In this way, bounding each term of the bilinear forms and using (2.23), we deduce

/divh(éha)v
| diva(é oo < sup
veV,\{0} [[v]]o.0

< C (|lo —lollog + [|a'?[u —ulloe + [lo — RTi(o)|lox) -
Then, the proof follows from Lemmas 2.3 and 2.4. U

Remark 2.1 In summary, the analysis developed in this section shows us that [Pyy1(Ts)]? X
P(T1), with k > 0, define a set of stable pairs for the dual mized DG approach (2.4).

Remark 2.2 Let p > 0 be the density, g the gravity vector, g. a conversion constant, @
the volumetric flow rate source or sink, and 1) the normal component of the velocity field on
the boundary such that the data ¢ and 1 satisfy the compatibility constraint fQ Y= fr .
Denoting by f = —g—pcg, we have that a version of the Darcy problem reads: Find the

Darcy velocity vector v : Q — R? and the pressure p : Q — R such that

v+ KVp=§Ff in Q, diviv)=¢ in Q,
(2.26)
and v-v=1vy on I,

where K € [L>(Q)]**? in general is a given symmetric and uniformly positive definite
matriz-valued function. However, in many applications it is assumed that the medium is
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1sotropic. This allows us to set I = =1, where k > 0 and p > 0 denote, respectively,
the permeability and the viscosity of the porous medium, and 1 being the identity matrix.
Then, it is not difficult to see that the treatment of the model Problem (1.1) is similar
to a Poisson problem with Neumann boundary condition, when considering a dual mixed
formulation. Therefore, the results in Sections 2 can be extended to Darcy flow (1.1) in
a natural way, once the analysis of Poisson problem with Dirichlet boundary condition is
extended to Neumann boundary condition.

3 The Stokes system

In this section, we concentrate our efforts in the extension of the results developed in
the previous Section 2 to the incompressible Stokes problem: given the source terms
f € [L*(Q))? and g € [HY*(T")]? we look for the velocity u and the pressure p that satisfy

—vAu +Vp=f in Q, diviu) =0 in Q, and w=g on I'. (3.1

Hereafter, €2 is a bounded and simply connected domain in the plane with polygonal
boundary I'.

Next, we proceed to write (3.1) as a linear system of first order. To this aim, we proceed
as in [8] (cf. Section 2), and introduce the pseudostress o := v Vu — p I in . This allows
us to eliminate the pressure in (3.1), since it is not difficult to deduce p = —tr(o). In
order to ensure the uniqueness of the solution of (3.1), we require that p € L3(Q2) which
is equivalent to ask that o lives in 3, := {7 € H(div;Q) : [, tr(o) = 0}.

Then, we arrive to the dual mixed formulamon Find (0' u) € Zo [H(2)]?

oc'=vVu in Q, div(e)=—f in Q and u=g on I. (3.2)

In order to approximate the solution of the Problem (3.2), we consider the DG scheme
introduced and analized in [8]. To this end, we propose the discrete spaces 3, X, , and
V,;, as follows

5, = {T € LAQP2 7|, € [P(T)P*2 VYT e Th},

T

o= {7’ €, /tr(T) = O},

v, = {’Uh c [LQ(Q)]Q : ’Uh|T Pk<T>]2 VT € 771}7

with £ > 0 and r > 1.
Then, problem (3.2) reads: Find (o, un) € Xy, 5 X Vi, such that

(IDG(O'h,T) + ch;(T,’u,h) = GDg(T) V T € Zh,(ﬁ
(3.3)
—bpg<0'h,’0) + Cpg('u,h,’v) = FDg(’U) Yove Vh .
Here the bilinear forms apg : X x X — R, cpg : [H(Th))* x [H(Tw)]> — R and bpg :
X x [H(T,)]? — R are defined by
1
apg(o,T) = —/ o Td—l—/ vlel - 171, cpe(w,v) == /Oz[[v] : [w],
Q & £

v = L 2
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and bpg(T,v) ::/

Q

vANWﬁjLHM+%MyML

while the functionals Gpg : ¥ — R and Fpg : [HS(T5)]?> — R are given by

Gpa(T) ::/grgw'u and  Fpg(v) ::/Qfm—l—/groz(g@u):('v@u).

We point out that the parameters «, v and 3, introduced here to define the numerical
fluxes, are at our disposal. Indeed, they will be defined as in the previous Section. Now,
we introduce the seminorm

1/2
(m0)lpa = (117 Bagayees + 172U Escer e + Iolaaye )V (7,0) € Zox[LAQ)P,
and the norm
. 1/2
1, 0)lla = (|7, 0) g + [ dive T|20) > ¥ (r,v) € Ty x [LXQ)]2

Remark 3.1 At this point, thanks to Lemma 3.1 in [6] (see also Lemma 3.10 in [8]), we
note that the norm ||(7,v)||pg is equivalent, on X, x [L*(Q)]?, with the standard one,
defined by

. /
e o)llloa = (17130 + I diva 730 + I 2T + o)

Now with the aim to ensure existence, uniqueness, hereafter we assume that V,V), is
a subspace of X,. Then, the proof of the well posedness of (3.3), under this assumption,
is very similar to the one developed in Section 3 in [8].

Theorem 3.1 Under the assumption that V, V), is a subspace of X, , problem (3.3) has
one and only one solution.

Proof. Since the linear system (3.3) is square, it is enough to show that the corresponding
homogeneous system: Find (o, up) € Xy, 5 X V), such that

apc(on, T) +bpa(T,up) = 0 V1T e€X,,,
(3.4)
—bDG(ah,'v)+cDg(uh,v) = 0 Vvey,.

has only the trivial solution. To this end, we replace 7 := o, and v := wuy, in (3.4) and,
after summing the equations, we deduce

1
“lloillie + 172 [onlllie, + llo"?[ullis = 0.

This let us to infer that

ol & o, = %tr(ah)I, (3.5)
ler] =0 on & << o€ H(div;Q2), (3.6)
[un] =0 on & < (uh €cC(Q)Au,=0 on Sp> : (3.7)

12



Then, system (3.3) reduced to
/Vuh T = 0 Vre, (3.8)
Q
/ tr(o) - div(v) = 0 Vv eV, (3.9)
Q

Let now 73, := Vu,, € 3, by hypothesis. Since

/Qtl"(Th) = /Qdth(uh) = Z/Tdiv(uh) = Z/aTuh'V = /gruh’l/ =0,

TeTh TeT

we conclude that 7, € 35, 9. Then, replacing 7, in (3.9) we obtain Vu, = 0 in , which
together with (3.7), implies that u;, € Po(2). Since u, = 0 on I, it is concluded that
uy, = 0y,. Now, since o, € H(div; (), there exists a unique w € [H}(€)]? such that
div(w) = tr(oyp). Therefore, setting wy, as the local Raviart-Thomas projection of w of
order k (i.e. wy|r = [k (w) for each T € Ty,), and replacing it in (3.9), we derive that
tr(o,) = 0 in Q. Thus o), = Ox, ,, and we conclude the proof.
0

To ensure the stability of the discrete scheme, we require that divy 3, is a subspace
of V). This condition, together with the mild condition required in Theorem 3.1, allow
us to conclude that they are valid when r = k + 1. This yield us to deal with the pair of
approximation spaces: [Py11(75)]**? x [Px(7r)]?, as for Poisson problem in Section 2.

Then, from now on (o, u) and (o, uy) will be the unique solutions of (3.2) and (3.3),
respectively.

Theorem 3.2 Assuming, in addition, that o|r € [H'(T)]**? and u|r € [H(T)]* with
t > 1/2, for all T € Ty, then we have

|(0’ —ah,u—uh)%ic

2 min{t,k+1
| L g L [ (3.10)
TeTs

where Cerr > 0 is independent of h.

Proof. First, we notice that our discrete scheme (3.3) is consistent, i.e, if (o, u) is the
exact solution of (3.2), then

apg(o —on, T) +bpa(T,u—up) = 0 VT eX,,,
(3.11)
—bpg(d—dh,v)+CDg(u—uh,U) = 0 Vwe Vh.

Let Ilo € X, and Ilu € V), be suitable projections of o and wu, respectively. By the
triangle inequality, we have

(0 —on,u—up)|pe < |(o0—llo,u —Iu)|pg + |(llo — oy, [u —up)|pe.  (3.12)
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Our aim is to bound |(ITo — &, TTu—uy)| pg. To this end, we let Tlo- be the L*-orthogonal
projection of o onto X, N [C'(©2)]**?, while ITu denotes the L?—projection of w onto Vy,.
We also introduce (ef, ey) := (Ilo — o, [Tu — uy,). We notice that

[ = [ 1= [Mo—a):1= [(@-a1):1= [ o —a) -0,

and then, e € X, .
Next, we test (3.11) with (7,v) := (e7, e}). After adding all the equations, we deduce

v () o + IW2LeglRe, + N0 [erllBe = apalef.ef) + cpalet, ep)
= ape(llo —o,ef) + bpa(ef, [lu —u)
— bpe(Illo — o, €}) + cpe(llu —u, e},
Now, we bound each term on the right hand side deducing that
ava(Tlo — o.¢)| < 2|7 ¥lloallo ~ Tolloa.

lepe(Mu — u, )] < [|a"*[Mu — u]|loglla’*[¢;] o

In addition, using that div(X,) is a subspace of V) and Ilu is the L?— orthogonal
projection of u, from the definition of bps(+, ), we deduce that

boo(eq Tl — )| = \ [t ) -t u]])v”[[eé']]‘

= C(””Y_I/Q{Hu — o, + v [Mu — U]]Hoff> 172 [ef Tllo.c

For the last term, we introduce the normal component continuous Raviart-Thomas inter-
polation of o of order k, RTy (o), then we have div(RT(o)) € V), and [RT,(o)] = 0 on
Er (see Section 3 in [15]). Denoting by €7 := Ilo — RT} (o) and using (3.11) we note that

bpe(llo — o, ep) = / div(llo — o) - ¢} = / div(e7) - e

= /Qdiv(ého') : (HQu —uy) = /QdiV(ég) Q(u —uy)
= ool = ou ) =;1 / 7= o GF >dd= —j / (o~ o) a(‘; 5
—— [Mo—an: @) == [ Mo —ant: @) = —anlef if)

1 _ 1
< —[l(er ) lloall(EF) lloa < —[1(e7)loq e lo.

2
< 217 ¥llna (o = RT@)los + o = 117 ]n ).
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In this way, we deduce that there exists C, > 0, independent of the mesh size, such that

1 o d o
WH(%) o + [V [ef]lo.e, + o' [ex]]oe

< C*<\|U—HU||0,Q+ - 4 a2 — Tul o (3.13)

+HO’ — RTk(”)HO,Q> .

On the other hand, concerning to [|e}|[o,o, we first notice that for any 7 € 3, ,
bpa(T,ey) = bpa(T,Hu — u) + bpa(T,u — uyp) ,
and using the first equation in (3.11), we deduce that
bpa(T,ep) = bpa(T,llu —u) + ape(lle — o, 7) —apa(ef, 7).

Thanks to an analogous inf-sup condition to the Lemma 3.4 in [8] (whose proof should
be quite similar to the one of Lemma 2.2), and bounding each term in bilinear forms apg
and bpg, we estimate

b u
tllellon < sup 2o

B é<Hv”2{ﬂu —ulllog, + [la"*[u —uoe
TES, o \{6} 1l

+ ||l — RTi(o)|loa + ||lo — HO’HO,Q) )

where we have also taken into account the bound for ||(e7)?|]o.o given in (3.13).
Finally, the conclusion follows from (3.12) and the well-known approximation results
of the projection operators Ilo, RTy(o) and ITu we have introduced. 0J
The error in the divergence of o is presented in the next theorem.

Theorem 3.3 Assuming that o|r € [HY(T)]**?, div(eo) € [H(T)]* and ulr € [H(T))?
with t > 0, for each T' € Ty, , there exists Cy > 0 is independent of the mesh size, such
that

Idiv(e —o4)ll50

2min{t,k+1
< G > W Yol e + VO + Nl } - (314)
TeTh

Proof. First, we denote again by RTj (o) continuous Raviart-Thomas interpolation of o
of order k. Then, applying the triangle inequality, we deduce

[div(e — o)l < [[div(e — RTi(0))lloq + || div(RTi(e) — on)loe-

A straightforward application of the local interpolation property, implies that

| divy (o — RTi(o))|lon < c Z Ryl div(e)||sr
T€Th
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For the second term, we denote by é9 := RTy(o) — a,. Let v € V;,. Then we have

/Qdiv(é,?')-v:/gdiv(RT,ﬁ(a))-'v - /div(ah)-v.

Q

Since /QdiV(RTk(cr)) RS /Th [ (div(e)) - v = /Qdiv(a') - v, we deduce

/ div(e?) v = / div(oc — o}) - v = bpe(o — o, v)
Q Q

Furthermore, using (3.11) we note that
bpg(o — o, v) = cpa(u — up, v) = cpa(llu — up, v) + cpg(u — Hu, v)
hence, replacing this identity in the above equality, we deduce

/ div(é?)-v =bpg(o —op,v)
Q

= cpe(llu — up, v) + cpe(u — Hu, v)
= cpgley,v) + cpa(u — Hu, v)

In this way, bounding each term of the bilinear forms and using (3.13), we deduce

/ div(e?) - v
| diva(é7 oo < sup =
veV,\{0} H/UHU@

< C (I {llu — u}og, + llo —Hollog + [la"?[u —u]lloe + [lo — RTi(o)]loq) -

Then, the proof follows from approximation properties.

Remark 3.2 In summary, the analysis developed in this section allows us to consider the
set of pairs [Py1(Tn)])?*? x [Pr(Th))?, with k > 0, since each one of them is stable for the

dual mized DG approach (3.3) of Stokes system.

4 Numerical examples

In this section we present several examples illustrating our results for the Poisson problem
(cf. (2.10)) and Stokes one (cf. (3.3)). All the numerical results given below have been
obtained using a Matlab code. In addition, the errors on each triangle are computed
applying a 7-points quadrature rule. We consider, for both problems, the lowest polyno-
mial approximation spaces: [P1(73)]? — Po(Ts) and [Py(73)]**? — [Po(Tr)]? for Poisson
and Stokes problems, respectively (which means that in this case k£ = 0). Concerning the
parameters that defines both two discrete schemes, we set 3 := (1 1), v := % and o := h.

16



EXAMPLE Q u(xy, o)
1
1 0, 1[? 5(56?1’2 — w371)
2 | — 1,12\ [0,1] x [~1,0] r*/3 sin (20)
3 {(z1,22) © 2 + 23 =1} \ [0,1] x [-1,0] | r**sin (20)

Table 1: Examples considered for Poisson problem

4.1 Numerical examples for Poisson equation

Here we first introduce some useful notations for errors and experimental rates of con-
vergence. Let N the number of degrees of freedom, ey(u) := ||u — unlloq, €o(o) =
(llo = ol + [0 — aulli3e,) ", ean(@) = ||div(o — a)llon, and e = /(o -
on,u — up)||pe. We point out that in this case we have N = 8 x card(7,). Considering
that in 2D h behaves as N~'/2, we set the so called experimental rate of convergence of
the global error e as

__1log(e/e)
~ 2log(N/N")’

where e and e’ denote the corresponding errors at two consecutive triangulations with
number of degrees of freedom N and N’, respectively. The experimental rates of conver-
gence for the other errors are defined in analogous way.

We present three examples. Their domain 2 as well as their corresponding exact
solution u are given in Table 1. We notice that the first example has a smooth solution.
Then, it is expected that rate of convergence for global error e be close to 1, as well as
for eqiy(0), since we are using the lowest order of discrete approximation space for each
unknown. The results shown in Table 3 are in agreement with this. The exact solution for
examples 2 and 3 is the same, is given in polar coordinates, and lives in H'*%/3((2), since
its gradient has a singularity at the origin. We point out that the results for Example
3 are not covered by the current work, since the corresponding domain does not have
a polygonal boundary. The rates of convergence for each one of the introduced errors
behave as Theorems 3.1 and 3.2 predicts: O(h), since in these cases div(e) = 0. These
are shown in Tables 4 and 5.

4.2 Numerical examples for Stokes system

We first note that since the search of a suitable basis of 3, o is very difficult, we introduce
the zero mean value condition of trace of elements of 3, with the help of a Lagrange
multiplier. This allows us to establish the following result.

Theorem 4.1 Consider the problem: Find (o, up, A) € X X V), X R such that

apc(oh, T) + bpa(T,up) + )\/ tr(r) = Gpe(T) VTeEX,,
Q
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—bpa(oh,v) + cpa(up,v) = Fpe(v) YveV,

/L/Qtr(crh) = 0 VypeR. (4.1)

Then, we have

1. If (oh,up, A) € X X YV, X R is a solution of (4.1), then A\ = 0 and (o, uy) €
3h0 X V), is a solution of (3.3).

2. If (on,up) € Epo X Vy, is a solution of (3.3), then (o, upn,0) € Ly, x Vi, xR is a
solution of (4.1).

Then, we proceed to implement (4.1). As for Poisson problem, we need to introduce
some useful notations for the errors and experimental rates of convergence. We let N be
the number of degrees of freedom, that in our case corresponds to N = 14 x card(7;) + 1.
We also introduce eg(u) := ||lu—up||oq, eo(o) = (Had — J,‘ngﬂ + ||¥?[e — a’h]]|\g751)1/2
eqiv(0) = ||div(e — g})||0q, and e := |(60 — o, u — up)|pe. The so called experimental
rate of convergence of the seminorm of the total error, e, is computed by

_ 1 log(e/e)
~ 2log(N/N")’

Y

where e and e’ denote the corresponding errors at two consecutive triangulations with
number of degrees of freedom N and N’, respectively. The experimental rates of conver-
gence for the other errors are defined in analogous way.

We consider two smooth examples. Their domain €2 as well as their corresponding
exact solution (u,p) are given in Table 2. Concerning Example 1, we resume our results
in Table 1, where the total error and their components goes to zero as O(h). This is in
agreement with our expectations. In addition, we observe that the L? norms of the stress
error (o — oy,) and of the pressure (p — py), have larger rates of convergence: O(h?).

Example 2 is taken from [17], where the parameter \ is given by

872
vl V2 £ 1602

It will help us to test the robustness of our method, for different values of viscosity:
v € {1,0.1,0.059}. Numerical results for each one of these values for v, are shown
in Tables 7, 8 and 9. From these tables, we realize that the individual error egiy (o)
dominates the seminorm e, and then it will determine the behavior O(h) of the total
error ||(o — o, u — up)||x, as expected. We also notice that the errors eg(o) and ey(p)
have a better behavior than expected: O(h?), for each one of the considered values for v
here.

A=

5 Final comments and conclusions

In this paper, we have first extended the techniques shown in [8] to the case of Lagrangian
finite elements, to approximate each unknown, for a mixed discontinuous Galerkin formu-
lation of the Poisson equation. We have proved that the method is stable and converges
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EXAMPLE Q0 u(xy, xa) Py, 22)

. |- Lap ( —e"1 (15 cos(12) + sin(z2)) )

e’ xq sin(xs)

2e™ sin(xq)

1 — e*1 cos(2mas) 1 e -
: I =1/2,3/2(x]0,2] ( 2 A gin (27,) T Th

Table 2: Examples considered for Stokes system

with the optimal rate of convergence, when reasonable additional regularity of exact so-
lution is assumed. The main relevance of the analysis relies on the fact that we have
been able to obtain a discrete approximation of local H(div) functions using the standard
discontinuous polynomial space, instead of traditional Raviart-Thomas space. The results
shown in Tables 3, 4 and 5, for [P(73,)]? x Po(75,) approximation spaces, are in agreement
with the conclusions of the a priori error analysis we derived.

Next, we extend the approach to solve a Stokes system. We recall that in [8] we have
analized a pseudostress-velocity mixed discontinuous formulation, considering the pair
[RTy.(T1)])* x [Pr(Tn)]?, with k& > 0. We have proved that this family of approximation
spaces is stable. This can be seen as a generalization of the scheme studied earlier in
[12]. We point out that here we have developed an a priori error analysis for an unusual
nonconforming dual-mixed variational formulation for the Poisson and Stokes problem,
considering piecewise polynomial approximation spaces for each unknown. In this sense,
we have circumvented the well-known Rham commutative diagram when a local subspace
of H(div) is used, proving the optimal convergence of the method in a non usual way. We
would like to emphasize that in this paper we have proved that the pair [Py1(75)]?*% x
[Px(T5)]?, with k& > 0, is stable (in pseudostress velocity formulation). In particular, for
this nonconforming scheme, surprisingly we have proved that [P1(73)]?*? x [Po(Tp)]? is
a stable pair for the Stokes problem, whereas for the corresponding conforming scheme
it is well known that the pair [P1(Q)]**? x [Po(73)]? is not stable, and it needs some
stabilization procedure in order to use it. Tables 6, 7, 8 and 9 show us that the method
converges for each case, with order O(h), as predicted by the theory we developed here.
On the other hand, the results in these tables give us numerical evidence that the L? error
of pseudostress and pressure behave as O(h?). This could be the subject of a future work.

Finally, it is important to remark that the analysis has been obtained with the opti-
mal regularity assumptions, which give us good omens in order to think to develop the
corresponding a posteriori error estimate, which will be reported in a separate work. Fur-
thermore, the fact that the same formulation works for Stokes and Darcy should simplify
its coupling, therefore this topic will be explored in another work.
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N eo(u) | ro(u) || eo(o) | ro(o) e r eqiv(o) | raw(o)

28 0.0225 | — ] 0.0958 | — || 0.0984 | — 0.2951
112 0.0183 | 0.2964 || 0.0541 | 0.8251 || 0.0571 | 0.7855 | 0.1771 | 0.7364
448 0.0099 | 0.8916 || 0.0361 | 0.5838 || 0.0374 | 0.6100 || 0.1103 | 0.6836
1792 || 0.0050 | 0.9758 || 0.0204 | 0.8239 || 0.0210 | 0.8335 | 0.0617 | 0.8384
7168 || 0.0025 | 0.9941 | 0.0107 | 0.9228 || 0.0110 | 0.9267 || 0.0327 | 0.9173
28672 || 0.0013 | 0.9985 | 0.0055 | 0.9640 || 0.0057 | 0.9658 || 0.0168 | 0.9574
114688 || 0.0006 | 0.9996 || 0.0028 | 0.9826 || 0.0029 | 0.9835 || 0.0085 | 0.9783

Table 3: Errors and experimental rates of convergence for Example 1 (Poisson)

N eo(u) | ro(u) || eo(o) | ro(o) e r ediv(0) | raw(o)

42 03146 | — | 0.7500 | — || 0.8133 | — 0.9572
168 0.1635 | 0.9445 || 0.5635 | 0.4125 || 0.5867 | 0.4711 | 0.9501 | 0.0107
672 0.0809 | 1.0155 || 0.3253 | 0.7927 || 0.3352 | 0.8077 | 0.5062 | 0.9085
2688 || 0.0401 | 1.0125 || 0.1734 | 0.9073 | 0.1780 | 0.9130 || 0.2304 | 1.1353
10752 | 0.0200 | 1.0041 || 0.0903 | 0.9411 | 0.0925 | 0.9442 || 0.1042 | 1.1447
43008 | 0.0100 | 1.0011 || 0.0469 | 0.9458 || 0.0479 | 0.9483 || 0.0485 | 1.1038
172032 || 0.0050 | 1.0003 || 0.0245 | 0.9354 || 0.0250 | 0.9381 || 0.0232 | 1.0636

Table 4: Errors and experimental rates of convergence for Example 2 (Poisson)
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N eo(u) | ro(u) || eo(o) | ro(o) e r eqiv(o) | Taiv(o)
42 0.2027 | — 0.4690 | — 0.5109 | — 0.7088
168 0.1090 | 0.8958 || 0.3506 | 0.4195 || 0.3672 | 0.4766 | 0.7321 —
672 0.0550 | 0.9859 || 0.2017 | 0.7978 || 0.2091 | 0.8125 || 0.4108 | 0.8335
2688 || 0.0275 | 0.9990 || 0.1084 | 0.8953 || 0.1119 | 0.9021 || 0.2060 | 0.9956
10752 | 0.0138 | 1.0000 | 0.0574 | 0.9176 | 0.0590 | 0.9223 || 0.1018 | 1.0177
43008 || 0.0069 | 1.0001 || 0.0305 | 0.9104 || 0.0313 | 0.9150 || 0.0504 | 1.0142
172032 || 0.0034 | 1.0001 || 0.0165 | 0.8876 || 0.0169 | 0.8926 || 0.0250 | 1.0085

Table 5: Errors and experimental rates of convergence for Example 3 (Poisson)

N eo(u) | ro(u) e r ediv(o) | Taiv(o)
29 23999 | — 4.6090 | — 4.5215
113 1.2536 | 0.9550 || 3.5506 | 0.3836 | 7.6949 —
449 0.6395 | 0.9757 || 2.3368 | 0.6064 | 4.8937 | 0.6561
1793 || 0.3215 | 0.9935 | 1.3147 | 0.8309 | 2.4012 | 1.0284
7169 | 0.1610 | 0.9979 || 0.6921 | 0.9260 || 1.1352 | 1.0811
28673 || 0.0805 | 0.9994 || 0.3544 | 0.9655 | 0.5449 | 1.0589
114689 || 0.0403 | 0.9999 || 0.1793 | 0.9834 || 0.2661 | 1.0340
N eo(o) | ro(o) | eo(p) | 1o(p)
29 41739 | — 24102 | —
113 4.0573 | 0.0417 || 2.7151 —
449 2.0405 | 0.9963 | 1.4032 | 0.9569
1793 || 0.6270 | 1.7044 | 0.4343 | 1.6941
7169 | 0.1672 | 1.9077 || 0.1161 | 1.9032
28673 | 0.0428 | 1.9657 || 0.0298 | 1.9633
114689 || 0.0108 | 1.9852 || 0.0075 | 1.9839

Table 6: Errors and experimental rates of convergence for Ex. 1 (Stokes), for v =1
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N eo(u) ro(u) e r eqiv(o) | raiv(o)
o7 19.6523 — 81.5980 — || 469.6606

225 10.1306 | 0.9652 || 65.5374 | 0.3193 || 380.7820 | 0.3056
897 4.9803 | 1.0269 || 28.3148 | 1.2137 || 301.9265 | 0.3356
3585 2.5719 ] 0.9540 || 13.1790 | 1.1040 || 187.0733 | 0.6910
14337 1.3105 | 0.9728 | 6.4181 | 1.0382 || 99.9140 | 0.9050
d7345 0.6585 | 0.9930 || 3.2116 | 0.9989 || 50.8263 | 0.9751
229377 || 0.3296 | 0.9982 | 1.6119 | 0.9946 | 25.5173 | 0.9941
N eo(o) | ro(o) | eolp) | rolp)

o7 307.4529 | — 211.3465 | —

225 81.5107 | 1.9338 || 37.0654 | 2.5357

897 36.2827 | 1.1705 || 19.3759 | 0.9381

3585 12.1414 | 1.5803 7.1110 | 1.4470

14337 3.1585 | 1.9429 || 1.8808 | 1.9190

57345 0.7931 | 1.9936 || 0.4745 | 1.9869

229377 || 0.1979 | 2.0025 | 0.1186 | 2.0004

Table 7: Errors and experimental rates of convergence for Ex. 2 (Stokes), for v =1

N eo(u) | ro(u) e r edqiv(o) | raiv(o)
S7 4.9442 — 7.2237 — 27.6457

225 2.6894 | 0.8869 || 3.8397 | 0.9205 || 17.7333 | 0.6468
897 1.4207 | 0.9229 || 3.8946 — 18.3476

3585 0.6790 | 1.0657 | 2.7499 | 0.5024 | 10.6941 | 0.7792
14337 || 0.3372 | 1.0101 || 1.5354 | 0.8409 || 5.4225 | 0.9799
97345 || 0.1665 | 1.0184 || 0.7939 | 0.9516 | 2.7213 | 0.9947
229377 || 0.0828 | 1.0077 || 0.4009 | 0.9856 | 1.3583 | 1.0025
N eo(o) | ro(o) | eo(p) | ro(p)

o7 14.9810 | — 10.5309 | —

225 3.5498 | 2.0974 | 2.3011 | 2.2154

897 2.3914 | 0.5713 || 1.6136 | 0.5133

3585 1.2373 | 0.9512 || 0.8460 | 0.9320

14337 || 0.3613 | 1.7761 || 0.2458 | 1.7838

57345 || 0.0936 | 1.9493 || 0.0633 | 1.9575

229377 || 0.0235 | 1.9916 | 0.0159 | 1.9954
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Table 8: Errors and experimental rates of convergence for Ex. 2 (Stokes), for v = 0.1




N eo(u) | ro(u) e r ediv(o) | raiv(o)

o7 3.2095 | — || 43081 | — 13.2613
225 1.8459 | 0.8057 || 2.2457 | 0.9489 | 7.0122 | 0.9281
897 1.0290 | 0.8452 || 2.4596 | —- 10.2963 | —

3585 0.5340 | 0.9469 || 1.7508 | 0.4906 || 5.8493 | 0.8163
14337 || 0.2585 | 1.0467 || 1.0116 | 0.7916 || 3.0870 | 0.9222
57345 | 0.1189 | 1.1200 | 0.5325 | 0.9259 || 1.6129 | 0.9366
229377 || 0.0569 | 1.0640 || 0.2704 | 0.9774 || 0.8179 | 0.9796
N eo(o) | ro(o) | eo(p) | ro(p)
o7 6.7667 | — 4.7644 | —
225 2.5420 | 1.4261 || 1.7484 | 1.4602
897 1.5787 | 0.6889 || 1.0874 | 0.6868
3585 0.7923 | 0.9953 || 0.5423 | 1.0042
14337 || 0.2446 | 1.6959 | 0.1647 | 1.7200
57345 | 0.0653 | 1.9063 || 0.0433 | 1.9266
229377 || 0.0166 | 1.9749 || 0.0110 | 1.9834

Table 9: Errors and experimental rates of convergence for Ex. 2 (Stokes), for v = 0.059
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