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Abstract

In this paper, we analyze a virtual element method (VEM) for solving a non-selfadjoint fourth-
order eigenvalue problem derived from the transmission eigenvalue problem. We write a variational
formulation and propose a C'-conforming discretization by means of the VEM. We use the classical
approximation theory for compact non-selfadjoint operators to obtain optimal order error estimates
for the eigenfunctions and a double order for the eigenvalues. Finally, we present some numerical
experiments illustrating the behavior of the virtual scheme on different families of meshes.

Keywords: Virtual element method, transmission eigenvalue, spectral problem, error estimates.
AMS Subject Classification: 65N25, 66N30, 66N21, 78A46

1. Introduction

In this work, we study a Virtual Element Method for an eigenvalue problem arising in scat-
tering theory. The Virtual Element Method (VEM), introduced in [5, 7], is a generalization of
the Finite Element Method which is characterized by the capability of dealing with very gen-
eral polygonal/polyhedral meshes, and it also permits to easily implement highly regular discrete
spaces. Indeed, by avoiding the explicit construction of the local basis functions, the VEM can
easily handle general polygons/polyhedrons without complex integrations on the element (see [7]
for details on the coding aspects of the method). The VEM has been developed and analyzed
for many problems, see for instance [2, 3, 6, 9, 11, 13, 15, 17, 19, 20, 21, 29, 31, 36, 48, 52]. Re-
garding VEM for spectral problems, we mention [14, 37, 38, 44, 45, 46]. We note that there are
other methods that can make use of arbitrarily shaped polygonal/polyhedral meshes, we cite as a
minimal sample of them [8, 27, 35, 50].

Due to their important role in many application areas, there has been a growing interest in
recent years towards developing numerical schemes for spectral problems (see [16]). In particular,
we are going to analyze a virtual element approximation of the transmission eigenvalue problem.
The motivation for considering this problem is that it plays an important role in inverse scattering
theory [23, 33]. This is due to the fact that transmission eigenvalues can be determined from the
far-field data of the scattered wave and used to obtain estimates for the material properties of the
scattering object [22, 24].

In recent years various numerical methods have been proposed to solve this eigenvalue problem:;
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see for example the following references [25, 26, 30, 34, 39, 42, 43, 49]. In particular, the transmis-
sion eigenvalue problem is often solved by reformulating it as a fourth-order eigenvalue problem.
In [25], a C! finite element method using Argyris elements has been proposed, a complete analysis
of the method including error estimates are proved using the theory for compact non-self-adjoint
operators. However, the construction of conforming finite elements for H?(Q) is difficult in gen-
eral, since they usually involve a large number of degrees of freedom (see [32]). More recently, in
[39] a discontinuous Galerkin method has been proposed and analyzed to solve the fourth-order
transmission eigenvalue problem; moreover, in [30] a C linear finite element method has been
introduced to solve the spectral problem.

The purpose of the present paper is to introduce and analyze a C'-VEM for solving a fourth-
order spectral problem derived from the transmission eigenvalue problem. We consider a variational
formulation of the problem written in H?(Q) x H(2) as in [25, 39], where an auxiliary variable
is introduced to transform the problem into a linear eigenvalue problem. Here, we exploit the
capability of VEM to build highly regular discrete spaces (see [12, 19]) and propose a conforming
H2(2) x H*(Q) discrete formulation, which makes use of a very simple set of degrees of freedom,
namely 4 degrees of freedom per vertex of the mesh. Then, we use the classical spectral theory for
non-selfadjoint compact operators (see [4, 47]) to deal with the continuous and discrete solution
operators, which appear as the solution of the continuous and discrete source problems, and whose
spectra are related with the solutions of the transmission eigenvalue problem. Under rather mild
assumptions on the polygonal meshes (made by possibly non-convex elements), we establish that
the resulting VEM scheme provides a correct approximation of the spectrum and prove optimal-
order error estimates for the eigenfunctions and a double order for the eigenvalues. Finally, we
note that, differently from the FEM where building globally conforming H?(Q2) approximation
is complicated, here the virtual space can be built with a rather simple construction due to the
flexibility of the VEM. In a summary, the advantages of the present virtual element discretization
are the possibility to use general polygonal meshes and to build conforming H?(2) approximations.

The remainder of this paper is structured as follows: In Section 2, we introduce the variational
formulation of the transmission eigenvalue problem, define a solution operator and establish its
spectral characterization. In Section 3, we introduce the virtual element discrete formulation,
describe the spectrum of a discrete solution operator and establish some auxiliary results. In
Section 4, we prove that the numerical scheme provides a correct spectral approximation and
establish optimal order error estimates for the eigenvalues and eigenfunctions using the standard
theory for compact and non-selfadjoint operators. Finally, we report some numerical tests that
confirm the theoretical analysis developed in Section 5.

In this article, we will employ standard notations for Sobolev spaces, norms and seminorms.
In addition, we will denote by C a generic constant independent of the mesh parameter i, which
may take different values in different occurrences.

2. The transmission eigenvalue problem

Let ©Q C R? be a bounded domain with polygonal boundary d52. We denote by v the outward
unit normal vector to 92 and by 0, the normal derivative. Let n be a real value function in L>° ()
such that n — 1 is strictly positive (or strictly negative) almost everywhere in Q. The transmission
eigenvalue problem reads as follows:

Find the so-called transmission eigenvalue k € C and a non-trivial pair of functions (wy,ws) €



L?(Q) x L?(Q), such that (w; — wg) € H2(Q) satisfying

Aw;y + E*n(z)w; =0 in Q, (
Awy 4 k*wy =0 in €, (

wy = wy on 0, (

(

B W o =
~— — ~— ~—

2
2
2
O,wy = 0, wy on OS). 2

Now, we rewrite problem above in the following equivalent form for u := (w; — wg) € HZ(Q2) (see
[25]):

Find (k,u) € C x HZ(Q) such that

(A + k?n) (A+EHu=0 in Q. (2.5)

n—1

The variational formulation of problem (2.5) can be stated as: Find (k,u) € C x HZ(2), u # 0
such that

/Q - i 1 (Au+ k*u) (AT + k*no) =0 Yo € H3(Q), (2.6)

where U denotes the complex conjugate of v. Now, expanding the previous expression we obtain
the following quadratic eigenvalue problem:

1 1 1 1
/QnilAuA@—&—T/Qni1uAE+7‘/Qn71AuW+7'2/Qn71uW:0 Yo € HZ(Q), (2.7)

where 7 := k?. It is easy to show that k& = 0 is not an eigenvalue of the problem (see [25]).
Moreover, for the sake of simplicity, we will assume that the index of refraction function n(z)
as a real constant. Nevertheless, this assumption do not affect the generality of the forthcoming
analysis.

For the theoretical analysis it is convenient to transform problem (2.7) into a linear eigenvalue
problem. With this aim, let ¢ be the solution of the problem: Find ¢ € HE () such that

Ap=1—" —u in Q, (2.8)

$p=0 on ON. (2.9)

Therefore, by testing problem (2.8)-(2.9) with functions in H}(Q), we arrive at the following
weak formulation of the problem:

Problem 1. Find (\,u,¢) € C x H(Q) x HL(Q) with (u, ) # 0 such that
a((u,9), (v, 1)) = Ab((u, 9), (v,4))  V(v,9) € HF () x Hy(9),

where A = —7 and the sesquilinear forms a(-,-) and b(-,-) are defined by

al(w.0).(v.6) == [ Dus DRt [ VoV,

b((u, @), (v,9)) ::%/QAuﬂ—l—nil/QuAE—/QV(ﬁ.VE—i—%/QuJ,



for all (u, @), (v,1) € HZ(Q) x HE(). Moreover, ” : ” denotes the usual scalar product of 2 x 2-
matrices, D?u := (9;;u)1<;, j<2 denotes the Hessian matrix of u.

We endow HZ(Q) x Hi(2) with the corresponding product norm, which we will simply denote
1G5 I

Now, we note that the sesquilinear forms a(-,) and b(-,-) are bounded forms. Moreover, we
have that a(-,-) is elliptic.

Lemma 2.1. There exists a constant ag > 0, depending on €2, such that
a((v7 ’(/})7 (Uv w)) > o H(U7 w)HQ V(U, d}) € HS(Q) X H&(Q)

Proof. The result follows immediately from the fact that {|D?v[|3 , + [[V¥[|3 }*/? is a norm on
HEZ(2) x H}(Q), equivalent with the usual norm. O

We define the solution operator associated with Problem 1:
T:HZ(Q)x HY(Q) — HZ(Q) x HY(Q)
(f,9) — T(f,9) = (4,9)

as the unique solution (as a consequence of Lemma 2.1) of the corresponding source problem:
a((@, ), (v,9)) = b((f,9), (v,;¥)) V(v,9) € HF(2) x Hy(€). (2.10)

The linear operator T is then well defined and bounded. Notice that (X, u,$) € C x HZ() x
H}(Q) solves Problem 1 if and only if (u,u, ¢), with p := %7 is an eigenpair of T, i.e., T(u,¢) =
pi(u; ¢).

We observe that no spurious eigenvalues are introduced into the problem since if u # 0, (0, @)
is not an eigenfunction of the problem.

The following is an additional regularity result for the solution of the source problem (2.10)
and consequently, for the generalized eigenfunctions of T'.

Lemma 2.2. There exist s,t € (1/2,1] and C > 0 such that, for all (f,g) € H§(Q) x Hg(Q), the
solution (@, @) of problem (2.10) satisfies t € H*T5(Q), ¢ € HF(Q), and

lill2+5,0 + 191400 < ClI(f,9)]-

Proof. The estimate for ¢ follows from the classical regularity result for the Laplace problem with
its right-hand side in L?(2). The estimate for @ follows from the classical regularity result for the
biharmonic problem with its right-hand side in H () (cf. [41]). O

Remark 2.1. The constant s in the lemma above is the Sobolev reqularity for the biharmonic
equation with the right-hand side in H=1(Q) and homogeneous Dirichlet boundary conditions. The
constant t is the Sobolev exponent for the Laplace problem with homogeneous Dirichlet boundary
conditions. These constants only depend on the domain Q. If Q is convex, then s = t = 1.
Otherwise, the lemma holds for all s < sg and t < to, where sg,tg € (1/2,1] depend on the largest
reentrant angle of §2.

Hence, because of the compact inclusions H*#(Q) < HZ(Q) and H**(Q) — H}(Q), we can
conclude that T is a compact operator. So, we obtain the following spectral characterization result.

Lemma 2.3. The spectrum of T satisfies sp(T) = {0} U {ux }ren, where {ux}ren is a sequence
of complex eigenvalues which converges to 0 and their corresponding eigenspaces lie in H2T5() x
HYW(Q). In addition = 0 is an infinite multiplicity eigenvalue of T.

Proof. The proof is obtained from the compactness of 7' and Lemma 2.2. O



3. The virtual element discretization

In this section, we will write the C1-VEM discretization of Problem 1. With this aim, we
start with the mesh construction and the assumptions considered to introduce the discrete virtual
element spaces.

Let {7x}, be a sequence of decompositions of € into polygons K we will denote by hx the
diameter of the element K and h the maximum of the diameters of all the elements of the mesh,
ie., h := maxge7, hx. In what follows, we denote by Ni the number of vertices of K, by e a
generic edge of {7}, and for all e € 0K, we define a unit normal vector v that points outside of
K.

In addition, we will make the following assumptions as in [5, 14]: there exists a positive real
number C7 such that, for every h and every K € Tp,
A1: the ratio between the shortest edge and the diameter hx of K is larger than C'r;
A2: K € T, is star-shaped with respect to every point of a ball of radius Crhg.

In order to introduce the method, we first define two preliminary discrete spaces as follows: For
each polygon K € T; (meaning open simply connected set whose boundary is a non-intersecting

line made of a finite number of straight line segments) we define the following finite dimensional
spaces,

WE = {v, € H(K) : A%, € Py(K), vplox € CO(IK), vp|. € P3(e) Ve € 9K,
Vunlox € C°(0K)?,0,vp. € Pi(e) Ve € OK} ,

and
VE = {n € HY(K) : Ay € P1(K), Ynlox € CO(OK),bnle € Pi(e) Ve € DK},

where A? represents the biharmonic operator and we have denoted by P4 (S) the space of polyno-
mials of degree up to k defined on the subset S C R2.

The following conditions hold:

e for any v, € W,f( the trace on the boundary of K is continuous and on each edge is a
polynomial of degree 3;

e for any vy, € W}f( the gradient on the boundary is continuous and on each edge its normal
(respectively tangential) component is a polynomial of degree 1 (respectively 2);

for any i € VhK the trace on the boundary of K is continuous and on each edge is a
polynomial of degree 1;

o Py(K) x Py (K) C WK x VK,

Next, with the aim to choose the degrees of freedom for both spaces, we will introduce three
sets Dy, Do and D3. The first two sets (Dy, D2) are provided by linear operators from W into

R and the set D3 by linear operators from f/hK into R. For all (vp,vn) € ,V[Z{( X 17hK they are
defined as follows:

e D, contains linear operators evaluating v, at the Ng vertices of K,

e D, contains linear operators evaluating Vv, at the Ng vertices of K,



e D3 contains linear operators evaluating ¢, at the Ng vertices of K.

Note that, as a consequence of definition of the discrete spaces, the output values of the three
sets of operators Dy, Do and Dg, are sufficient to uniquely determine vy, and Vv, on the boundary
of K, and 1, on the boundary of K, respectively.

In order to construct the discrete scheme, we need some preliminary definitions. First, we split
the forms a(-,-) and b(,-), introduced in the previous section, as follows:

a((u,0),(v,9)) = Y aR(u,v) +ag(d,9),  (u,9),(v,¢) € H3(Q) x Hy(€),

KeTy

b((u, ), (v, 9)) = D br((u9), (v,9),  (u,9), (v,9) € HF(Q) x Hy (%),

KeTh
with
ag (u,v) :z/ D*u: D?v, u,v € H*(K),
K
o= [ Vo-VI o e H(E)

and for all (u, ¢), (v,¢) € H*(K) x HY(K),

bK((uvd))a(Uadj)) = U/L/J

UAU—/V(;5 Vv+ 1

Now, we define the projector 118 : H?(K) — Po(K) C W,f{ for each v € H%(K) as the solution
of
ar (5v,q) = ax(v,q) Vg€ Py(K), (3.1a)
(v, 0)x = ((v, ))K Vg € P1(K), (3.1b)

where ((+,-))k is defined as follows:
Ng
((uyv))g = Zu(Pi)v(Pi) Yu,v € C*(OK),

where P;,1 < i < Nk, are the vertices of K. We note that the bilinear form a%(o, -) has a non-
trivial kernel, given by Py (K). Hence, the role of condition (3.1b) is to select an element of the

kernel of the operator. We observe that operator 112 is well defined on W}{( and, most important,
for all v € W/ the polynomial II5v can be computed using only the values of the operators Dy
and D3 calculated on v. This follows easily with an integration by parts (see [3]).

In a similar way, we define the projector ITY : H(K) — Py (K) C VX for each ¢ € H'(K)

as the solution of
ay (I ¢,q) = ax(¥.q) Vg € P1(K), (3.2a)
We observe that operator I1Y is well defined on VhK and, as before, for all ¢ € XN/,LK the polynomial

1Y% can be computed using only the values of the operators D3 calculated on v, which follows
by an integration by parts (see [1]).



Now, we introduce our local virtual spaces:

W,f(ZZ{’UhGW;fi/

(I5vp)g = / vhg Vg€ P2(K)} ,
K K

and

VE .= {wh e VKiK. /K(Hmh)q = /Kz/th Vg € Pl(K)}.

It is clear that W/ x VX C W/ x VK. Thus, the linear operators IT3 and I1Y are well defined
on W,f( and VhK , respectively.

In [3, Lemma 2.1] has been established that the sets of operators D; and Dy constitutes a set
of degrees of freedom for the space W,f( . Moreover, the set of operators D3 constitutes a set of
degrees of freedom for the space V;X (see [1]).

We also have that Po(K) x P1(K) C W/ x V;E. This will guarantee the good approximation
properties for the spaces.

To continue the construction of the discrete scheme, we will need to consider new projectors:
First, we define the projector Iy : H?(K) — Py(K) for each w € H?(K) as the solution of

ax (I3 'w,q) = ax(w,q) Vg € Py(K), (3.3a)
(IY w, 1)o,x = (w,1)o,x- (3.3b)
Moreover, we consider the L?(Q) orthogonal projectors onto P;(K), I = 1,2 as follows: we define
Y : L2(Q) — P)(K) for each p € L*(Q2) by
/ (I7p)g = / pg Vg€ P(K). (3.4)
K K

Now, due to the particular property appearing in definition of the space W,f , it can be seen
that the right hand side in (3.4) is computable using I15vy, and thus II3v;, depends only on the
values of the degrees of freedom for v, and Vuvy,. Actually, it is easy to check that on the space
W the projectors TI3v;, and T2 vy, are the same operator. In fact:

/K(Hgvh)q:/thq:/K(HzAvh)q Vg € Py(K). (3.5)

Repeating the arguments, it can be proved that I1Y¢;, and I1Y ¢}, are the same operator in VK.

Now, for every decomposition 7 of £ into simple polygons K, we introduce our the global
virtual space denoted by Zj as follow:

Zy = Wy X Vi,
where
Wy :={v, € Hg(Q) coplg € WEY and V= {yy € Hy(Q) : Yplx € VY.
A set of degrees of freedom for Zj, is given by all pointwise values of v;, and vy on all vertices
of Ty, together with all pointwise values of Vv, on all vertices of Tj, excluding the vertices on

0 (where the values vanishes). Thus, the dimension of Zj, is four times the number of interior
vertices of Tj,.



In what follows, we discuss the construction of the discrete version of the local forms. With

this aim, we consider s (-,-) and s).(-,-) any symmetric positive definite forms satisfying:

coa%(vh,vh) < sﬁ(vh,vh) < cla%(vh,vh) Yoy, € W,f( with HQAvh =0, (3.6)

coay, (n, ¥n) < sy (n, ¥n) < czay (Yn, ) Voo, € VX with  IIY4, = 0. (3.7)
We define the discrete sesquilinear forms a(-,-) : Zp X Z;, — C and by, (-, ) : Zp, X Zp, — C by

an((un, @n), (vn, ) =Y ai s (un,vn) + ay g (bn, ) V(un, én), (vn,vn) € Zn,
KeTh

b ((un, @n), (Vn,n)) =Y buk((un, én), (vn,¥n))  V(un, én), (vn, ¥n) € Zn,

KeTh

where af  (-,-), ay) x(-,-) and by g (-, -) are local forms on W x WK and V)X x VK defined by

aﬁK(umvh) = aﬁ (HzAuh, HQAvh) + s% (uh — HQAu;“vh — HQAvh)7 Yup, vy € W,f(,
ay i (bnsn) = ax (I ¢n, I 0p) + sy (én — IIY dn, o — I1Y 1), Von, ¥, € Vi,

n 1
bn, i ((un, @) (vn, ¥n)) = = —— /KHS(Auh)Hgvh to— ; unll(Avy) — /K VILY ¢y, - VI vy,

+

/ w4, Y(un, én), (vn, vn) € WE x VK.
K

n—1

The construction of the local sesquilinear forms guarantees the usual consistency and stability
properties, as is stated in the proposition below. Since the proof follows standard arguments in
the VEM literature, it is omitted.

Proposition 3.1. The local forms aﬁK(-7 -) and aZK(-, -) on each element K satisfy
e Consistency: for all h > 0 and for all K € Ty, we have that
aﬁK(vh,q) = a% (v, q) Vg € Py(K), Yo, € WK,

ap x(¥n,q) = ay:(Yn,q) Vg ePi(K), Vi, € V)T (3.9)

o Stability and boundedness: There exist positive constants a;,i = 1,2,3,4, independent of K,
such that:

ala%(vh,vh) < aﬁK(vh,vh) < OZQCLIA((Uh,Uh) Yy, € W;{(, (3.10)
agay (Yn,¥n) < ay o (n, ¥n) < agay (Yn,n) Vo, € V. (3.11)

Now, we are in a position to write the virtual element discretization of Problem 1.

Problem 2. Find (Ap,un,¥n) € C X Zy, (up, dp) # 0 such that

an((un, dn), (Vh, ¥n)) = Anbn((un, ¢n), (Vn, ¥n))- (3.12)

It is clear that by virtue of (3.10) and (3.11) the sesquilinear form ay/(-, -) is bounded. Moreover,
we will show in the following lemma that ay(+, ) is also uniformly elliptic.



Lemma 3.1. There exists a constant 5 > 0, independent of h, such that
an((Un,n)s (0, ¥n)) > Bll(on, va)I> Y(vn,tbn) € Zp.

Proof. The result is deduced from Lemma 2.1, (3.10) and (3.11). O

Now, we introduce the discrete solution operator T3, which is given by

Th: H2(Q) x HY(Q) — HZ(Q) x HL(Q)

(f,9) > Tu(f,9) = (in, ¢n)

where (ip, q@h) € Zj is the unique solution of the corresponding discrete source problem
an((@n, dn), (vn,¥n)) = bu((f..9), (on,¥n))  V(vn,¥n) € Zn. (3.13)

Because of Lemma 3.1, the linear operator T}, is well defined and bounded uniformly with
respect to h. Once more, as in the continuous case, (A, upn, ¢rn) € C x Z), solves Problem 2 if and

only if (tun, un, dn), with pp, = %, is an eigenpair of Tj, i.e., Tp(up, ¢n) = pn(un, én)-

4. Spectral approximation and error estimates

To prove that T}, provides a correct spectral approximation of T', we will resort to the classical
theory for compact operators (see [4]). With this aim, we first recall the following approximation
result which is derived by interpolation between Sobolev spaces (see for instance [40, Theorem
I.1.4] from the analogous result for integer values of s). In its turn, the result for integer values is
stated in [5, Proposition 4.2] and follows from the classical Scott-Dupont theory (see [18] and [3,
Proposition 3.1]):

Proposition 4.1. There exists a constant C > 0, such that for every v € H(K) there exists
vy € Pp(K), k> 0 such that

[0 = valex < CRY olsx 0<6<k+1,0=0,...,[d],

with [8] denoting largest integer equal or smaller than § € R.

For the analysis we will introduce some broken seminorms:

W=D Wik  and |3, =) ik,

KeTh KeTh

which are well defined for every (i, v) € [L?(Q)]? such that (¢,v)|x € HY(K) x H*(K) for all
polygon K € Ty,.

In what follows, we derive several auxiliary results which will be used in the following to prove
convergence and error estimates for the spectral approximation.

Proposition 4.2. Assume A1-A2 are satisfied, let ¢p € H**Y(Q) with t € (0,1]. Then, there
exist Yy € Vi, and C > 0 such that

v —¥rll.0 < ChHY|144.0-

Proof. This result has been proved in [28, Theorem 11] (see also [45, Proposition 4.2]). O



Proposition 4.3. Assume A1-A2 are satisfied, let v € H?*T5(Q) with s € (0,1]. Then, there
exist vy € Wy, and C > 0 such that

v —wvrll2,.0 < Ch¥|v|2ys .-
Proof. This result has been establish in [3, Proposition 3.1]. O

Now, we establish a result which will be useful to prove the convergence of the operator Tj, to
T as h goes to zero.

Lemma 4.1. There exists C > 0 independent of h such that for all (f,g) € Hg(Q) x H{(Q), if
(aa qj)) = T(f7 g) and (ﬂha ¢h) = Th(fa 9)7 then

(T =T0) (f,9)|| < ChII(f, @)l + |@ = @rlag + |G — xlon + |6 = dil1.0 + |6 = drlin,
for all (g, ¢1) € Zy, and for all (iy, ) € [L2(Q)]? such that (iix, ¢x)| ik € Po(K) x Py (K).
Proof. Let (f,g) € H2(Q) x HL(Q), for any (iif, ¢;) € W), X Vi, we have,
(T = Tu)(f, 9 < (1@ @) = (@, o) + [|(@r, &1) = (@n, dn)- (4.1)

Now, we define (vp,¢pn) = (ap — s, on — é;) € Zj, then from the ellipticity of as(-,-) and the
definition of T" and T}, we have

Bl (wn, n)lI” < an((n, ¥n), (Uns n)) = an((in, én), (0n, ¥n)) — an((iir, é1), (vn, ¥n))
= bu((£,9) (on¥n)) = Y {aiscir,on) + o xe(br ) |

KeTh

=bn((f,9), (vn,¥n) — > {ahA,K(aI — Gir, 0n) + g (T, V8) + @) i (B1 — Gy ¥n) + a, (b ¢h)}
KeTh

= bn((f>9): (wn ) = D { i (r = fim,vn) + 0t (i — i, vn) + AR (8, 0n)
KeT,

+ aXK(Q;I - Qgﬂ'awh) + aX(J)Tr - J)awh) + (IX(Q;, qlbh)}
= 3 {Bnc((£.9): ) = bic((£9)s (onswn)) = D {ah s = i vn) + 0t (i — 3, 0n) }

KeTy, KeTn
Eq E>
= 3 {a¥ k(@1 = Gun) + 0T (Gn — B 00)}, (4.2)
KeTy
E3

where we have used the consistency properties (3.8)-(3.9). We now bound each term FE;|k, i =
1,2,3.

10



First, the term F1|x can be written as follows:

b ((f,9)s (vnsn)) — bre (£, 9), (v, ¥n))
=il oo - [ a2 [ mmgan) - | ga)

FEqq Eqs
~{ [ vntg-vngu - [ vo-va )+ S [ @pme) - [ fa) @
Eq3 Eqy4

Now, we will bound each term Ey;|x ¢ = 1,2,3,4. The term E1; can be bounded as follows:
Using the definition of 113 and Proposition 4.1, we have

Bu= [ Af(En=TMun) < |flaxlon Mo
K

=1If

0,K

inf v, — < Oh2 v -
27Kq€IP2(K)|| n = qllo,x < Chi|fl2,x|vnl2,Kx

For the term FEi5, we repeat the same arguments to obtain:

Ep < Chi|f

Q,K\Uh 2,K -

Now, we bound Ej3. From the definition of I1Y, we have
Eis :/ VHYQ-VW—/ Vg-VW:/ V(IYg —g) - Vi
K K K

- / V(1T g — g) - V(T — 5r) < [TV — glrsclon — ol
K

< Chiklgl1,kx|vnl2, K,

where we have used the definition and the stability of I1Y with @, € P;(K) such that Proposition 4.1
holds true.

For the term F14, we first use the definition of Hg, the definition and the stability of H? with
respect to fr € P1(K) such that Proposition 4.1 holds true, thus, we have

Fuy— /K 1%, — /K fon = /K (f — f) (0%, — Tn)
< Chi| flo,x [T — ¥nllo,x < O\ flo,ix||¥onlo, -

Therefore, using the Cauchy-Schwarz inequality, we can deduce from (4.3) that
E1 < Ch|(f, 9)[|[(vn, ¥n)]l-

Finally, from (4.2) we have

B[ (vn, Yn)|| < C{h||(f,9)|| +ju—url2.0 + (U — uxlon + |0 — drlio+ |0 — ¢>7r|1,h}~

Therefore, the proof follows from (4.1) and the previous inequality. O
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For the convergence and error analysis of the proposed virtual element scheme for the trans-
mission eigenvalue problem, we first establish that 7}, — T in norm as h — 0. Then, we prove a
similar convergence result for the adjoint operators T and 1} of T and T}, respectively.

Lemma 4.2. There exist C > 0 and § € (0,1], independent of h, such that
IT T < ChS.

Proof. Let (f,g) € H3(Q) x H}(Q) such that [[(f,g)]| =1, let (a, $) and (ﬁ@,qgh) be the solution
of problems (2.10) and (3.13), respectively, so that (i, ¢) := ( g) and (@p, ¢n) = Tr(f,g). From
Lemma 4.1, we have

(T =Tw) (f, 9)l < CRI[(f, DI + llu —urllz.0 + |u — urlon + ¢ — d1ll1.0 + [¢ — drl1n

< C (R DI+ P11 S|z + 2 lglle)
< CH[|(£:9)ll

where we have used the Propositions 4.1, 4.2 and 4.3, and Lemma 2.2, with § := min{s,t}. Thus,
we conclude the proof. O

Let T* and T} : HZ(Q) x HY(Q) — HZ(Q) x HL(SY) the adjoint operators of T and T,
respectively, defined by T*(f, g) := (a*, ¢*) and T} (f, g) := (4}, ¢},), where (*, ¢*) and (4}, ¢7)
are the unique solutions of the following problems:

a((v,9), (@, %) =b((v,¥),(f,9))  Y(v,¥) € H3(Q) x Hj (), (4.4)
an((vn, ¥n), (@5, 61)) = ba((vn, 10, (f,9)) V(vn, ) € Zp. (4.5)

It is simple to prove that if p is an eigenvalue of T with multiplicity m, f is an eigenvalue of
T* with the same multiplicity m.

Now, we will study the convergence in norm 7} to T™ as h goes to zero. With this aim, first
we establish an additional regularity result for the solution (@*, ¢*) of problem (4.4).

Lemma 4.3. There exist s,t € (1/2,1] and C > 0 such that, for all (f,g) € Hg () x Hg (), the
solution (@*,$*) of problem (4.4) satisfies u* € H*T5(Q), ¢* € H'TH(Q), and

15" |24, + 16" 100 < CU(F, 9)lI-

Proof. The result follows repeating the same arguments used in the proof of Lemma 2.2. O

Remark 4.1. We note that the constants s and t in Lemma 4.3 are the same as in Lemma 2.2.

Now, we are in a position to establish the following result.

Lemma 4.4. There exist C > 0 and § € (0,1], independent of h, such that
|T* — Ty < Ch®.

Proof. Tt is essentially identical to that of Lemma 4.1. O
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Our final goal is to show convergence and obtain error estimates. With this aim, we will apply
to our problem the theory from [4, 47] for non-selfadjoint compact operators.

We first recall the definition of spectral projectors. Let u be a nonzero eigenvalue of T" with
algebraic multiplicity m and let T be an open disk in the complex plane centered at u, such that
 is the only eigenvalue of T lying in T" and OT'Nsp(T) = (. The spectral projectors E and E* are
defined as follows:

e The spectral projector of T relative to u: E := (2mi)~ far 2z —T) tdz;

e The spectral projector of T* relative to fi: E* := (2mi)~ far 2z —T*)"tdz.

E and E* are projections onto the space of generalized eigenvectors R(FE) and R(E*), respectively.
It is simple to prove that R(E), R(E*) € H?>T5(Q) x H'TH(Q).

Now, since Ty, — T in norm, there exist m eigenvalues (which lie in T") ,uzl), cel, ugm) of T},
(repeated according to their respective multiplicities) will converge to p as h goes to zero.

In a similar way, we introduce the following spectral projector Ej, := (2mi)~ far z—Tp) tdz,
which is a projector onto the invariant subspace R(E},) of Tj, spanned by the generahzed eigenvec-

tors of T}, corresponding to u( ) uém).

We recall the definition of the gap § between two closed subspaces X and Y of a Hilbert space
V:
5(X,Y) :=max{§(X,)),0(V,X)},

where
(X)) = sup  4(z,)), with §(z,)) = inf ||z — y|v.
x€X: ||z, =1 yey
Let Py, := P x Pl HE(Q) x H}(Q) = Z, C HZ(Q) x H} () be the projector defined by
a(Pn(u, ¢) = (u, @), (vn, ¥n)) = a®(Pju—u,vn) + a¥ (Pho— ¢, ¢n) =0 Y(vn,vn) € Zn.

We note that the form a(-,-) is the inner product of HZ(2) x H}(Q). Therefore, we have

[(u, @) — P(u, &)z (o)« i () = (%ggezh |(u, @) — (Vns Y1) H2(0)x HI () (4.6)
and
|P(U,¢)|Hg(9)><Hg(Q) < |(%¢)\H§(Q)xHé(Q) V(u,¢) € Hg(Q) X H(%(Q)- (4.7)

The following error estimates for the approximation of eigenvalues and eigenfunctions hold true.

Theorem 4.1. There exists a strictly positive constant C' such that

S(R(E), R(Ey)) < Ch™n{s:t} (4.8)

= fin] < CR2mIS, (4.9)

where fip, 1= % > ;Lﬁlk) and with the constants s and t as in Lemmas 2.2 and 4.3 (see also Re-
=1

mark 2.1).
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Proof. As a consequence of Lemma 4.2, T} converges in norm to T as h goes to zero. Then,
the proof of (4.8) follows as a direct consequence of Theorem 7.1 from [4] and the fact that, for

(f,9) € R(E), |I(f, g)HH2+S(Q)XH1+t(Q) < |I(f,g)ll, because of Lemma 2.2.

In what follows we will prove (4.9): assume that T (ug, ¢r) = p(uk, dr), k = 1,...,m. Since
a(+,+) is an inner product in HZ(Q) x H}(Q), we can choose a dual basis for R(E*) denoted by
(u}, d}) € HZ(Y) x H(Q) satisfying

a((ug, o), (uf, #7)) = Ok-
Now, from [4, Theorem 7.2], we have that

1 m
=l < — DT = T (uns 1), (s S + CIT = Tl (T = T30 o
k=1

B

where (-, ) denotes the corresponding duality pairing.
Thus, in order to obtain (4.9), we need to bound the two terms on the right hand side above.

The second term can be easily bounded from Lemmas 4.2 and 4.4. In fact, we have

(T = TRy (T = Ti)|re || < 2R, (4.10)

Next, we manipulate the first term as follows: adding and subtracting (vp,¥p) € Zp, and using
the definition of T and T}, we obtain,

(T = Tn)(uks G, (ug, @) = a((T — Th) (ug, ¢), (ug, 1))

= a((T — Th)(ug, ¢x), (u, ¢1) — (Vn,¥n)) + a(T (ug, ¢r), (Vn, Y1) — alTh(uk, ok), (Vn, ¥n))

= a((T — Th)(uk, ¢r), (ug, ¢1) — (Vn, ¥n)) + b((wk, ék), (Vhs ¥n)) — a(Th(uk, ¢r), (v, Pn))

+ an(Th(uk, ¢x)s (Vh, ¥n)) — bn((uk, dx), (vn, ¥n))

= {al(T = Do) ). (s 67) = ()} + {((wes 00), (nn)) = br (s @0, (vn, ) }

o {an (Thuns 1), (0, 90) = a(Thlu 1), (v, )} W(wnsn) € Z. (4.11)

+
+

Now, we estimate each bracket in (4.11) separately. First, to bound the second bracket, we use
the additional regularity of (uk, ¢r) € R(E) C H?>T*(Q) x H'T*(Q) and repeating the same steps
used to derive (4.3) (in this case with (ug, ¢r) instead of (f,g)), we have

bn,x ((Uk, x),s (Vn, ¥n)) — b ((uk, x), (v, ¥n)) = Evi + Erz + E13 + Eug.

Now, we will bound each term Fy; i = 1,2, 3,4, as in the proof of Lemma 4.1, but in this case
exploiting the additional regularity and the estimates in Lemmas 2.2 and 4.3 for (ug, ¢x) € R(E)
and (u}, ¢}) € R(E™), respectively.

In particular, the terms F11, E1o and E14 can be bound exactly as in the proof of Lemma 4.1.
However, for the term FE43, we proceed as follows:

E13:/ VHYaskVﬁ—/ V%'VW:/ V(T 6 — br) - Vor

K K K

—/ VY 65 — dn) - V(07 — 57) < 0¥ b — el iclom — 77 ¢
K

= inf — vy, — 07 < Chitt v
thpl(K)\% qnli,xlvn — 0p |1,k < Chyd ' |orli4¢, K [Vnl2, K

< Chi(mm{s’t}|¢k\1+t,K\vh\2,K,
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where we have used the definition of I} with ¢ € P;(K) such that Proposition 4.1 holds true
and the fact that ¢, € H!T*(Q) together with Proposition 4.1 again.

Therefore taking sum and using the additional regularity for ¢, together with Lemma 2.2, we
obtain

{b((uk’¢k)v (vn, ¥n)) = bn((ur, ér), (vhﬂl)h))} < Ch2™ (g, o) (ons 0l Y(vn,von) € Zi,.
(4.12)

Now, we estimate the third bracket in (4.11). Let (wp, &) := Th(uk, ¢x) and ITX be defined by
(I (v,9)) |k := (150, 1Y %) for all K € Tp, and for all (v,9) € HZ(Q) x Ha(Q2), where 118 and
IIY have been defined in (3.1a)-(3.1b) and (3.2a)-(3.2b), respectively. Hence, we have

an((wns &), (0ns ¥n)) = al(wn, €n), (vn, Pn)) = D {ah,K((wmfh)» (vhs ¥n)) — ax ((wn, &n), (Umwh))}

KeTy,

> {ah,K((wh,ﬁh) — (T3wp, T1Y &), (v, ¥n)) + axc (5" wn, 1Y &) — (wn, &), (”Uh,l/fh))}
KeTn

> {ah,K(<wha€h> — (5w, Y &), (0n, ¥n) — (115 vn, TIY 5
KeTh

o+ arc (5w, TV €)= (wn, &), (on, n) — (5w, T ) |

<C Z {|(wha§h) — (T8 wp, 1Y €0) | b2 () s 110 (1) | (VR ) — (HzAvh,HY¢h)|H2(K)xH1(K)}
KeTh

=C Z {|Th(uk7¢k) — TS T, (wk, )| 12 (1) 10 (56) | (Vs 0n) — HhK(UmTPh)\HZ(K)le(K)},
KeTy,

(4.13)

for all (vn,v¥n) € Zn, where we have used (3.8)-(3.9), Cauchy-Schwarz inequality and (3.10)-(3.11).
Now, using the triangular inequality, we have that

Ty (wr, dr) — T T (e, d) |2 (1) s b2 (1) < | T (s b)) — T (e, dk) |12 (1) 10 (1)
+ [T T (ke dr) — T T (e, 1) | b2 (1) 12 (1)
+ [T T (ks d1) — T, dr)| 2 (1) x 111 (1) -

Thus, from (4.13), the above estimate, the stability of [T and the additional regularity for (u, ¢)
together with Lemma 2.2, we have

an(Th(uk, dk), (Vs ¥n)) — a(Th(uk, dk), (Vhs Yn))
< CR™S |(uy,, o) || Z | ton) = IS (ons n) 2y iy V(0ns¥n) € Zne (4.14)
KeTy

Finally, we take (vp,¢n) := P(uj, d5) € Zp, in (4.11). Thus, on the one hand, we bound the
first bracket in (4.11) as follows,

a((T = Th)(uk, dx), (g, &%) — (v, ¥n)) = a((T' — Th) (uk, Gr), (ug, d%) — Plug, %))
< T = Tn) (uk, d1)| 12 () x 2 ) | (uhs @) — P(uks 1) 2 Q) x 2 (9)

= [(T = Th)(uks Or)| H2() x HE () (rh,,if)fezh, |(ug, 9%) — (rhs sn)lm2(Q) < m1 (@)

< (T = T) (ug, ¢k)|H§(Q)ng(Q)|(UZa ¢%) — ((up)r, (¢Z)1)|H§(Q)><H§(Q)
< CRP [ (uf, 6),
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where we have used (4.6), Propositions 4.2 and 4.3, the additional regularity for (u}, ¢} ), Lemma 4.3
and Lemma 4.2.

On the other hand, from (4.14) we have that

|(Vn, ¥n) — Hf(”h»whﬂm(mxm(m = |P(ug, ¢1.) — HhKP(UZa¢Z)|H2(K)xH1(K)
< |P(up, i) — (up, O5) lm2 ()< () + (i d%) — TLS (i, ) | 1210y 110 (1)
+ I8 ((ug, &%) — P(uk, 95)) 12 (1) x 117 (K-

Then, using again (4.6), Propositions 4.2 and 4.3, the additional regularity for (u}, ¢;), Lemma 4.3
and Lemma 4.2, we obtain from (4.14) that

an(Th(ur, $), (vns n)) = (T (ur, dr)s (vn, ¥n)) < CREMME (g, o) ||| (uf, )] (4.15)
Thus, from (4.11), (4.12) and (4.15), we obtain

(T = Tn) (un, 1), (i $7))] < CRZPMES1, (4.16)

Therefore, the proof follows from estimates (4.10) and (4.16). O

Remark 4.2. The error estimate for the eigenvalue p of T wyield analogous estimate for the

approximation of the eigenvalue A = 1/u of Problem 1 by means of A = % > )\2;.3)7 where
k=1
k k
T

5. Numerical results

In this section we present a series of numerical experiments to solve the transmission eigenvalue
problem with the Virtual Element scheme (3.12). However, to complete the choice of the VEM,
we had to fix the forms s%(-,-) and s} (-, -) satisfying (3.6) and (3.7), respectively. For s&(-,-), we

consider the same definition as in [46]:

(uh,vh —UKZuh +hPVuh( 5) - Vo (F;)] Vuh,thW;f(7

where P, ..., Py, are the vertices of K, hp, corresponds to the maximum diameter of the elements
with P; as a vertex and o > 0 is a multiplicative factor to take into account the magnitude of
the parameter and the h-scaling, for instance, in the numerical tests we have picked o > 0 as
the mean value of the eigenvalues of the local matrix a% (II5up,118vy,). This ensures that the
stabilizing term scales as a% (v, vp). Now, a choice for s).(-,-) is given by

% (Bn,ton) : Zm (P Von,vn € Vi,

which corresponds to the identity matrix of dimension Ng. A proof of (3.6) and (3.7) for the above
choices could be derived following the arguments in [10]. Finally, we mention that the previous
definitions are in accordance with the analysis presented in [45, 46] in order to avoid spectral
pollution.

We have implemented in a MATLAB code the proposed VEM on arbitrary polygonal meshes,
by following the ideas presented in [7]. Moreover, we compare our results with those existing in
the literature, for example [25, 30, 34, 43]. We have considered three different domains, namely:
square domain, a circular domain centered at the origin and an L-shaped domain.
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Figure 1: Sample meshes: 7,1 (top left), 7,2 (top right), 7,2 (bottom left) and T;* (bottom right), for N = 8.

5.1. Test 1: Square domain

In this test, we have taken Q := (0,1)? and index of refraction n = 4 and n = 16. We have
tested the method by using different families of meshes (see Figure 1):

e 7,l: triangular meshes;
° 7712: rectangular meshes;
. 7713: hexagonal meshes;

° ’7714: non-structured hexagonal meshes made of convex hexagons.

The refinement parameter N used to label each mesh is the number of elements on each edge
of the domain.

We report in Tables 1 and 2 the lowest transmission eigenvalues k;p, ¢ = 1,2,3,4 computed
by our method with two different families of meshes and N = 32,64,128, and with the index of
refraction n = 16 and n = 4, respectively. The tables include computed orders of convergence,
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as well as more accurate values extrapolated by means of a least-squares fitting. Moreover, we
compare the performance of the proposed method with those presented in [34, 43]. With this aim,
we include in the last row of Tables 1 and 2 the results reported in that references, for the same
problem.

Table 1: Test 1: Lowest transmission eigenvalues k;p, ¢ = 1,2, 3,4 computed on different meshes and with index of
refraction n = 16.

Meshes | kip kip kap, ksn kap

N =32 1.8805  2.4467 2.4467 2.8691

N =64 1.8798  2.4449 2.4449 2.8671

77} N =128 1.8796  2.4444 2.4444  2.8666
Order 2.01 2.00 2.00 2.01

Extrapolated 1.8796 2.4442 2.4442 2.8664

N =32 1.8764 24318 2.4318 2.8645

N =64 1.8788 2.4410 2.4410 2.8658

7;12 N =128 1.8794 24434 2.4434 2.8663
Order 1.95 1.95 1.95 1.61

Extrapolated 1.8796 2.4443 2.4443 2.8665

[34, Argyris method] 1.8651 2.4255 2.4271 2.8178

[34, Continuous method] 1.9094 2.5032 2.5032 2.9679

[34, Mixed method] 1.8954 2.4644 2.4658 2.8918

[43] 1.8796  2.4442 2.4442 2.8664

Table 2: Test 1: Lowest transmission eigenvalues k;p, ¢ = 1,2, 3,4 computed on different meshes and with index of
refraction n = 4.

Meshes | kin kin kap k3n kan
N =32 4.2835-1.1367  4.2835+1.1367  5.3373  5.4172
N =64 4.2745-1.1446 4.2745+1.1446  5.4375 5.4599
3 N =128 4.2724-1.1467  4.2724+1.1467 5.4661 5.4719
Order 2.10& 1.89 2.10& 1.89 1.81 1.84
Extrapolated  4.2717-1.1475  4.2717+1.1475  5.4775 5.4765
N =32 4.2870-1.1341 4.2870+1.1341  5.3245 5.4178
N =64 4.2753-1.1438 4.2753+1.1438  5.4329  5.4602
N =128 4.2726-1.1465  4.2726+41.1465  5.4647 5.4719
Order 2.12 &1.86 2.12&1.86 1.77 1.85
Extrapolated  4.2718-1.1475  4.27184-1.1475  5.4779  5.4765
[43] 4.2717-1.14741  4.2717+1.14741  5.4761 5.4761

It can be seen from Tables 1 and 2 that the eigenvalue approximation order of our method is
quadratic (as predicted by the theory for convex domains) and that the results obtained by the
two methods agree perfectly well.

5.2. Test 2: Circular domain

In this test, we have taken as domain the circle Q := {(z,y) € R? : 2% + y* < 1/2}. We have
used polygonal meshes created with PolyMesher [51] (see Figure 2). The refinement parameter N
is the number of elements intersecting the boundary.

We report in Table 3 the five lowest transmission eigenvalues computed with the virtual element
method analyzed in this paper. The table includes orders of convergence, as well as accurate values
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extrapolated by means of a least-squares fitting. Once again, the last rows show the values obtained
by extrapolating those computed with different methods presented in [25, 30, 34].

Table 3: Test 2: Computed lowest transmission eigenvalues k;p, ¢ = 1,2, 3,4,5 with index of refraction n = 16.

kin kon, ksn kan ksn
N = 32 1.9835 2.6032 2.6037 3.2115 3.2117
N =64 1.9869 2.6105 2.6106 3.2225 3.2227
N =128 1.9877 2.6123 2.6123 3.2255 3.2256
Order 1.98 1.97 2.01 1.86 1.90
Extrapolated 1.9880 2.6129 2.6129 3.2267 3.2267
25] 10881 - - - -
[30] 1.9879 2.6124 2.6124 3.2255 3.2255
[34, Argyris method] 2.0076 2.6382 2.6396 3.2580 3.2598
[34, Continuous method] | 2.0301 2.6937 2.6974 3.3744 3.3777
[347 Mixed method] 1.9912 2.6218 2.6234 3.2308 3.2397

Once more, a quadratic order of convergence can be clearly appreciated from Table 3.

We show in Figure 2 the eigenfunctions corresponding to the four lowest transmission eigen-
values.

5.3. Test 3: L-shaped domain

Finally, we have considered an L-shaped domain: Q := (—1/2,1/2)?\([0,1/2] x [~1/2,0]). We
have used uniform triangular meshes as those shown in Figure 3. The meaning of the refinement
parameter N is the number of elements on each edge.

We report in Table 4 the four lowest transmission eigenvalues computed with the virtual scheme
analyzed in this paper. The table includes orders of convergence, as well as accurate values
extrapolated by means of a least-squares fitting. Once again, we compare the performance of the
proposed virtual scheme with the one presented in [25] for the same problem, using triangular
meshes.

Table 4: Test 3: Computed lowest transmission eigenvalues k;p, ¢ = 1,2, 3,4 with index of refraction n = 16.

kin kin ko, k3n kan
N =32 2.9690 3.1480 3.4216 3.5744
N =64 2.9590 3.1417 3.4136 3.5683
N =128 2.9551 3.1400 3.4113 3.5667

Order 1.37 194 176 2.00
Extrapolated | 2.9527 3.1395 3.4103  3.5662
[25] 2.9553 - - -

We notice that for the first transmission eigenvalue, the method converges with order close to
min{1.089, 1.333}, which corresponds to the Sobolev regularity of the domain for the biharmonic
equation and Laplace equation and with homogeneous Dirichlet boundary conditions, respectively
(see [41]). Moreover, the method converges with larger orders for the rest of the transmission
eigenvalues.

Finally, Figure 3 shows the eigenfunctions corresponding to the four lowest transmission eigen-
values with index of refraction n = 16.
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Figure 2: Test 2. Eigenfunctions uyp, (top left), uop (top right), usp (bottom left) and uyp (bottom right).

Acknowledgments

The authors are deeply grateful to Prof. Carlo Lovadina (Universita degli Studi di Milano, Italy)
and Prof. Rodolfo Rodriguez (Universidad de Concepcién, Chile) for the fruitful discussions. The
First author was partially supported by CONICYT (Chile) through FONDECYT project 1180913
and by DIUBB through project 171508 GI/VC Universidad del Bio-Bio, Chile. The second author
was partially supported by a CONICYT (Chile) fellowship.

References

[1] B. AuMAD, A. ALSAEDI, F. Brezzl, L. D. MARINI AND A. Russo, Equivalent projectors
for virtual element methods, Comput. Math. Appl., 66, (2013), pp. 376-391.

[2] P.F. ANTONIETTI, L. BEIRAO DA VEIGA, D. MORA AND M. VERANI, A stream virtual
element formulation of the Stokes problem on polygonal meshes, STAM J. Numer. Anal., 52(1),

(2014), pp. 386-404.

20

0.08

0.06

0.04

-0.02

-0.04

-0.06

-0.08

0.08

0.06

0.04

0.02

-0.02

-0.04

-0.06

-0.08



[3]

[7]

8]

05

0.16
v %‘g’é@‘v 04 0.1
g, o
QU020 N
<D ) 02 0.05
XX o :
<< DAXD ' 0.1
SKAOKK KA
% KKK 0.08 0 0
X 0.06
: -0.1
0.04 o2 00
0.02 03
0 -04 -0.1
-0.02 05
205 0 05
05 05
04 o 04 o
03 03
02 0.08 02 005
0.1 04
0.06
0 0 0
0.1 004 -0.1
-0.2 0.2 -0.05
0.3 0.02 03
-0.4 04 -0.1
0
-05 -05 ‘
205 0 05 205 0 05

Figure 3: Test 3. Eigenfunctions uip (top left), usp (top right), uzp (bottom left) and uyp (bottom right).

P.F. ANTONIETTI, L. BEIRAO DA VEIGA, S. SCACCHI AND M. VERANI, A C! virtual element
method for the Cahn—Hilliard equation with polygonal meshes, STAM J. Numer. Anal., 54(1),
(2016), pp. 36-56.

1. BABUSKA AND J. OSBORN, Figenvalue problems, in Handbook of Numerical Analysis, Vol.
II, P.G. Ciarlet and J.L. Lions, eds., North-Holland, Amsterdam, 1991, pp. 641-787.

L. BEIRAO DA VEIGA, F. BREzzI, A. CANGIANI, G. MANZINI, L.D. MARINI AND A. RUSSO,
Basic principles of virtual element methods, Math. Models Methods Appl. Sci., 23, (2013),
pp. 199-214.

L. BEIRAO DA VEIGA, F. BREzzZI AND L.D. MARINI, Virtual elements for linear elasticity
problems, STAM J. Numer. Anal., 51 (2013), pp. 794-812.

L. BEIRAO DA VEIGA, F. BREZzI, L.D. MARINI AND A. RuUsso, The hitchhiker’s guide to
the virtual element method, Math. Models Methods Appl. Sci., 24, (2014), pp. 1541-1573.

L. BEIRAO DA VEIGA, K. LIPNIKOV AND G. MANZINI, The Mimetic Finite Difference Method
for Elliptic Problems, Springer, MS&A, vol. 11, 2014.

21



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

L. BEIRAO DA VEIGA, C. LOVADINA AND D. MORA, A virtual element method for elastic and
inelastic problems on polytope meshes, Comput. Methods Appl. Mech. Engrg., 295, (2015)
pp. 327-346.

L. BEIRAO DA VEIGA, C. LOVADINA AND A. RuUsso, Stability analysis for the virtual element
method, Math. Models Methods Appl. Sci., 27, (2017) pp. 2527-2594.

L. BEIRAO DA VEIGA, C. LovaDINA AND G. VAccA, Divergence free virtual elements for
the Stokes problem on polygonal meshes, ESAIM Math. Model. Numer. Anal., 51(2), (2017)
pp. 509-535.

L. BEIRAO DA VEIGA AND G. MANZINI, A virtual element method with arbitrary regularity,
IMA J. Numer. Anal., 34, (2014), pp. 759-781.

L. BEIRAO DA VEIGA, D. MORA AND G. RIVERA, Virtual elements for a shear-deflection for-
mulation of Reissner-Mindlin plates, Math. Comp., DOI: https://doi.org/10.1090/mcom/3331
(2017).

L. BEIRAO DA VEIGA, D. MoORA, G. RIVERA AND R. RODRIGUEZ, A wvirtual element method
for the acoustic vibration problem, Numer. Math., 136(3), (2017), pp. 725-763.

M.F. BENEDETTO, S. BERRONE, A. BORIO, S. PIERACCINI AND S. SCIALO, Order preseruv-
ing SUPG stabilization for the virtual element formulation of advection—diffusion problems,
Comput. Methods Appl. Mech. Engrg., 311, (2016), pp. 18-40.

D. BOFFI, Finite element approximation of eigenvalue problems, Acta Numerica, 19 (2010),
pp. 1-120.

S.C. BRENNER, Q. GUAN AND L.-Y SUNG, Some estimates for virtual element methods,
Comput. Methods Appl. Math., 17(4), (2017), pp. 553-574.

S.C. BRENNER AND R.L. ScorT, The Mathematical Theory of Finite Element Methods,
Springer, New York, 2008.

F. BrEZZI AND L.D. MARINI, Virtual elements for plate bending problems, Comput. Methods
Appl. Mech. Engrg., 253, (2012), pp. 455-462.

E. CACERES AND G.N. GATICA, A mized virtual element method for the pseudostress-velocity
formulation of the Stokes problem, IMA J. Numer. Anal., 37(1), 2017, pp. 296-331.

E. CACERES, G.N. GATICA AND F. SEQUEIRA, A mized virtual element method for the
Brinkman problem, Math. Models Methods Appl. Sci., 27(4), (2017) pp. 707-743.

F. CakoNI, M. CAYOREN AND D. CoLTON, Transmission eigenvalues and the nondestructive
testing of dielectrics, Inverse Problems, 24(6), (2008), 065016.

F. Cakoni, D. CovLroN, P. MONK AND J. SUN, The inverse electromagnetic scattering
problem for anisotropic media, Inverse Problems, 26(7), (2010), 074004.

F. Cakoni, D. GINTIDES AND H. HADDAR, The existence of an infinite discrete set of
transmission eigenvalue, STAM J. Math. Anal.,; 42, (2010), pp. 237-255.

F. Cakoni, P. MoONK AND J. SUN, Error analysis for the finite element approzimation of
transmission eigenvalues, Comput. Methods Appl. Math., 14(4), (2014), pp. 419-427.

J. CAMANO, R. RODRIGUEZ AND P. VENEGAS, Convergence of a lowest-order finite element
method for the transmission eigenvalue problem, CI2MA Preprint 2018-06, Universidad de
Concepcidn.

22



[27]

28]

[29]

[30]

[31]

[32]
[33]

[34]

[35]

[36]

A. CANGIANI, E.H. GEORGOULIS AND P. HOUSTON, hp-version discontinuous Galerkin
methods on polygonal and polyhedral meshes, Math. Models Methods Appl. Sci., 24(10),
(2014), pp. 2009-2041.

A. CaNaciaNi, E.H. GEorcouLis, T. PRYER AND O.J. SUTTON, A posteriori error estimates
for the virtual element method, Numer. Math., 137(4), (2017) pp. 857-893.

A. CANGIANI, G. MANZINI AND O.J. SuTTON, Conforming and nonconforming virtual ele-
ment methods for elliptic problems, IMA J. Numer. Anal., 37(3), (2017), pp. 1317-1354.

H. CueN, H. Guo, Z. ZHANG AND Q. Zou, A C° linear finite element method for two
fourth-order eigenvalue problems, IMA J. Numer. Anal., 37(4), (2017), pp. 2120-2138.

C. CHNosI AND L.D. MARINI, Virtual element method for fourth order problems: LZ2-
estimates, Comput. Math. Appl., 72(8), (2016), pp. 1959-1967.

P.G. CIARLET, The Finite Element Method for Elliptic Problems, SIAM, Philadelphia, 2002.

D. CortoN AND R. KRESS, Inverse Acoustic and Electromagnetic Scattering Theory, 3rd ed.,
Springer, New York, 2013.

D. CorroN, P. MONK AND J. SUN, Analytical and computational methods for transmission
eigenvalues, Inverse Problems, 26(4), (2010), 045011.

D. D1 PIETRO AND A. ERN, A hybrid high-order locking-free method for linear elasticity on
general meshes, Comput. Methods Appl. Mech. Eng., 283, (2015), pp. 1-21.

M. FRITTELLI AND 1. SGURA, Virtual element method for the Laplace—Beltrami equation on
surfaces, ESAIM Math. Model. Numer. Anal., DOI: https://doi.org/10.1051/m2an/2017040
(2017).

F. GARDINI, G. MANZINI AND G. VACCA, The nonconforming virtual element method for
eigenvalue problems, arXiv:1802.02942 [math.NA]J, (2018).

F. GARDINI AND G. VACCA, Virtual element method for second order elliptic eigenvalue
problems, IMA J. Numer. Anal., DOI: https://doi.org/10.1093/imanum/drx063 (2017).

H. GENG, X. J1, J. SUN AND L. XU, C°IP methods for the transmission eigenvalue problem,
J. Sci. Comput., 68(1), (2016), pp. 326-338.

V. GIRAULT AND P.A. RAVIART, Finite Element Methods for Navier-Stokes FEquations,
Springer-Verlag, Berlin, 1986.

P. GRISVARD, Elliptic Problems in Non-Smooth Domains, Pitman, Boston, 1985.

J. HAN, Y. YANG AND H. BI1, Non-conforming finite element methodos for a transmission
eigenvalue problem, Comput. Methods Appl. Mech. Engrg., 307, (2016), pp. 144-163.

J. HAN, Y. YANG AND H. Bi1, A new multigrid finite element method for the transmission
eigenvalue problems, Appl. Math. Comput., 292, (2017), pp. 96-106.

D. MoraA AND G. RIVERA, A priori and a posteriori error estimates for a virtual element
spectral analysis for the elasticity equations, arXiv:1712.06441 [math.NA], (2017).

D. MoRrA, G. RIVERA AND R. RODRIGUEZ, A virtual element method for the Steklov eigen-
value problem, Math. Models Methods Appl. Sci., 25(8), (2015), pp. 1421-1445.

23



[46]

[47]

[48]

[49]

[50]

[51]

[52]

D. MoraA, G. RIVERA AND 1. VELASQUEzZ, A wirtual element method for the
vibration problem of Kirchhoff plates, ESAIM Math. Model. Numer. Anal., DOI:
https://doi.org/10.1051/m2an /2017041 (2017).

J. OSBORN, Spectral approximation for compact operators, Math. Comp., 29, (1975), pp 712—
725.

I. PEruGIA, P. PIETRA AND A. RUSSO, A plane wave virtual element method for the
Helmholtz problem, ESAIM Math. Model. Numer. Anal., 50(3), (2016), pp. 783-808.

J. SuN, Iterative methods for transmission eigenvalues, STAM J. Numer. Anal., 49(5), (2011),
pp. 1860-1874.

C. TauiscHi, G.H. PAuLINO, A. PEREIRA AND I.F.M. MENEZES, Polygonal finite elements
for topology optimization: A unifying paradigm, Internat. J. Numer. Methods Engrg., 82(6),
(2010), pp. 671-698.

C. TAuscHi, G.H. PAuLINO, A. PEREIRA AND [.F.M. MENEZES, PolyMesher: a general-
purpose mesh generator for poygonal elements written in Matlab, Struct. Multidisc. Optim.,
45, (2012), pp. 309-328.

G. VAccA, An H'-conforming virtual element for Darcy and Brinkman equations, Math.
Models Methods Appl. Sci., 28(1), (2018), pp. 159-194.

24



Centro de Investigacidn en Ingenieria Matematica (CI'MA)

2017-32

2018-01

2018-02

2018-03

2018-04

2018-05

2018-06

2018-07

2018-08

2018-09

2018-10

2018-11

PRE-PUBLICACIONES 2017 - 2018

GABRIEL N. GATICA, MAURICIO MUNAR, FILANDER A. SEQUEIRA: A mized virtual
element method for a nonlinear Brinkman model of porous media flow

RODOLFO ARAYA, RAMIRO REBOLLEDO: An a posteriori error estimator for a LPS
method for Navier-Stokes equations

FELIPE LEPE, SALIM MEDDAHI, DAVID MORA, RODOLFO RODRIGUEZ: Mized dis-
continuous Galerkin approximation of the elasticity eigenproblem

MARCELO CAVALCANTI, WELLINGTON CORREA, MAURICIO SEPULVEDA, RODRIGO
VEJAR: Study of stability and conservative numerical methods for a high order non-
linear Schrodinger equation

JULIO ARACENA, MAXIMILIEN GADOULEAU, ADRIEN RICHARD, LILIAN SALINAS:
Fizing monotone Boolean networks asynchronously

ERNESTO CACERES, GABRIEL N. GATICA, FILANDER A. SEQUEIRA: A mized vir-
tual element method for a pseudostress-based formulation of linear elasticity

JESSIKA CAMANO, RODOLFO RODRIGUEZ, PABLO VENEGAS: Convergence of a
lowest-order finite element method for the transmission eigenvalue problem

JAVIER A. ALMONACID, GABRIEL N. GATICA, RICARDO OYARZUA: A posteriori
error analysis of a mixed-primal finite element method for the Boussinesq problem with
temperature-dependant viscosity

GABRIEL N. GATICA, BRYAN GOMEZ-VARGAS, RICARDO RUIZ-BAIER: Formula-
tion and analysis of fully-mized methods for stress-assisted diffusion problems

JAY GOPALAKRISHNAN, MANUEL SOLANO, FELIPE VARGAS: Dispersion analysis of
HDG methods

FrancO FAacNoOLA, CARLOS M. MORA: Bifurcation analysis of a mean field laser
equation

DAVID MORA, IVAN VELASQUEZ: A wirtual element method for the transmission
eigenvalue problem

Para obtener copias de las Pre-Publicaciones, escribir o llamar a: DIRECTOR, CENTRO DE
INVESTIGACION EN INGENIERfA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA
160-C, CONCEPCION, CHILE, TEL.: 41-2661324, o bien, visitar la pdgina web del centro:
http://www.ci2ma.udec.cl



CENTRO DE INVESTIGACION EN
INGENIERfA MATEMATICA (CI2MA)
Universidad de Concepcién

Casilla 160-C, Concepcién, Chile
Tel.: 56-41-2661324 /2661554 /2661316
http://www.ci2ma.udec.cl




