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Abstract

The asynchronous automaton associated with a Boolean network f : {0,1}" — {0,1}"
is considered in many applications. It is the finite deterministic automaton with set of
states {0, 1}", alphabet {1,...,n}, where the action of letter i on a state x consists in either
switching the ith component if f;(x) # x; or doing nothing otherwise. This action is extended
to words in the natural way. We then say that a word w fizes f if, for all states z, the result
of the action of w on x is a fixed point of f. In this paper, we ask for the existence of fixing
words, and their minimal length. Firstly, our main results concern the minimal length of
words that fix monotone networks. We prove that, for n sufficiently large, there exists a
monotone network f with n components such that any word fixing f has length Q(n?). For
this first result we prove, using Baranyai’s theorem, a property about shortest supersequences
that could be of independent interest: there exists a set of permutations of {1,...,n} of
size 2°0") | such that any sequence containing all these permutations as subsequences is of
length Q(n?). Conversely, we construct a word of length O(n?®) that fixes all monotone
networks with n components. Secondly, we refine and extend our results to different classes of
fixable networks, including networks with an acyclic interaction graph, increasing networks,
conjunctive networks, monotone networks whose interaction graphs are contained in a given
graph, and balanced networks.

1 Introduction

1.1 Asynchronous graph and fixable Boolean networks

A Boolean network (network for short) is a finite dynamical system usually defined by a
function

f:{0,1}" — {0,1}", = (x1,...,2n) = f(x) = (fi(z),..., fu(x)).

Boolean networks have many applications. In particular, since the seminal papers of McCulloch
and Pitts [21], Hopfield [16], Kauffman [17, 18] and Thomas [28, 29], they are omnipresent in the
modeling of neural and gene networks (see [8, 20] for reviews). They are also essential tools in
computer science, for the network coding problem in information theory [3, 14] and memoryless
computation [9, 10, 15].

The “network” terminology comes from the fact that the interaction graph of f is often
considered as the main parameter of f: it is the directed graph G(f) with vertex set [n] :=
{1,...,n} and an arc from j to 7 if f; depends on z;, that is, if there exist z,y € {0,1}" that
only differ in the component j such that f;(z) # fi(y).

In many applications, for modelling gene networks in particular, the dynamics derived from
f is not the synchronous dynamics, which is simply described by the successive iterations of
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Figure 1: A network f given under two different forms (its table and a definition of its compo-
nents by logical formulas) with its asynchronous graph I'(f) and its interaction graph G(f).

f, but the asynchronous dynamics [1]. The latter is usually represented by the directed graph
I'(f), called asynchronous graph of f and defined as follows. The vertex set of I'(f) is {0, 1}",
the set of all the possible states, and there is an arc from z to y if and only if x and y differs
in exactly one component, say i, and f;(z) # x;. An example of a network with its interaction
graph and its asynchronous is given in Figure 1.

Before going on, let us review a few basic properties of the asynchronous graph. First, I'(f)
completely determines f and vice versa. In particular, x is a fixed point of f (i.e. f(x) = x)
if and only if it is a sink of I'(f) (i.e. it has no outgoing arcs). Second, since arcs of I'(f) link
states that differs in exactly one coordinate, I'(f) is a directed subgraph of the hypercube @,
(where cycles of length two are allowed). The converse obviously holds: any directed subgraph
of the hypercube is the asynchronous graph of a network.

I'(f) can be naturally regarded as a deterministic finite automaton where the set of states
is {0,1}"™, the alphabet is [n], and where

f’(x) = (21, .., fi(x),...,zp)

is the result of the action of a letter ¢ on a state x. This action is extended to words on the
alphabet [n] in the natural way: the result of the action of a word w = iyiy.. .7 on a state z is
inductively defined by f¥(z) := f%2(f"(x)) or, equivalently,

FU() = (f% 0 firt o0 f)(a).

This interpretation is illustrated in Figure 2.

In this paper, we are interested in words w that fix f, that is, such that f*(z) is a fixed
point of f for every x. This corresponds to the situation where the start state is undetermined,
and the accepting states are exactly the fixed points. As such, there is an obvious connection
between fixing word and synchronizing words: if f has a unique fixed point, then w is a
synchronizing word for I'(f) if and only if w fixes f. If f admits a fixing word we say that f is
fixable. For instance, the network in Figure 1 is fixed by w = 1231, and is hence fixable. It is
rather easy to see that f is fixable if and only if there is a path in I'(f) from any initial state to
a fixed point of f.

Trivially, if f is fixable, then it has at least one fixed point. Interestingly, Bollobéds, Gotsman
and Shamir [7] showed that, considering the uniform distribution on the set of n-component
networks, the probability for f to be fixable when f has at least one fixed point tends to 1 when
n — o0o. Thus almost all networks with a fixed point are fixable. In turn, this shows that for n
large, a positive fraction (1 — 1/e) of all n-component networks are fixable.
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Figure 2: The asynchronous graph of Figure 1 regarded as a deterministic finite automata.

For any fixable network f, the fixing length of f is the length of a shortest word fixing f
and is denoted as A(f). For instance, we have seen that w = 1231 fixes the network in Figure 1,
thus this network has fixing length at most 4, and it is easy to see that no word of length three
fixes this network, and thus it has fixing length exactly 4. It is easy to construct a fixable
n-component network f such that A(f) is exponential in n, as follows. Let z!,...,2%" be a
Gray code ordering of {0,1}", i.e. ¥ and 2**! only differ by one coordinate for all k. Then let
f(zF) := 2" for 1 < k < 27 and f(2¥) := ¥ for k = 27, Tt is clear that the asynchronous
graph of such a f, illustrated below, only contains a directed hamiltonian path of ),,, and hence

Af) =27 1.
/%‘

000 10()

111

101

We are then interested in networks f which can be fixed in polynomial time, i.e. A(f) is
bounded by a polynomial in n. More strongly, we extend our concepts to entire families F of
n-component networks. We say that F is fixable if there is a word w such that w fixes f for all
f € F, which is clearly equivalent to: all the members of F are fixable. The fixing length A(F)
is defined naturally as the length of a shortest word fixing /. We are then interested in families
JF which can be fixed in polynomial time. For each family, we aim to derive an upper bound on
A(F) and a lower bound on the maximum A(f) amongst all f € F. Up to our knowledge, the only
result of this kind was given in [13], where it is shown that the word 12...n repeated n(3n —1)
times fixes any n-component symmetric threshold network with weights in {—1,0,1}. This
family of threshold networks has thus a cubic fixing length. We could also mention somewhat
less connected work concerning the minimal, maximal and average convergence time toward fixed
points in the asynchronous graph I'(f) for some specific fixable networks f [4, 22, 23, 12, 11].



1.2 Results
1.2.1 Acyclic networks

We first consider the family F4(n) of n-component networks with an acyclic interaction graph.
Let f be a member of this family, and consider a topological sort i1is...4%, of the interaction
graph G(f) (no arc from iy, to iy for p > ¢). A first observation is that the word i1is. . .1, fixes
f. As a consequence, the fixing length of f is exactly n. We will prove, more generally, that a
word w fixes f if at least one topological sort of G(f) is a subsequence of w. As a consequence,
w fixes the whole family F4(n) if w contains all the permutations of [n] as subsequences, and
this sufficient condition is actually also necessary. Interestingly, such a word w appears naturally
in many combinatorial contexts. It is called an n-complete word. The minimal length A(n)
of an m-complete word is not exactly known, but it is quadratic: Adleman [2] proved that
A(n) < n? —2n + 4 (see [24] and the references therein for improvements) and Kleitman and
Kwiatkowski [19] proved that, for all € > 0, there exists a positive constant C. such that
A(n) >n? — C.n"/**t¢. Thus, to sum up, for the family F4(n), the picture is very clear:

Theorem 1. For every n > 1, the fizing length of any member of Fa(n) is n, and the fizing
length of the family Fa(n) is A(n), and A\(n) — n? asn — oo.

1.2.2 Increasing networks

A network f is increasing if x < f(x) for every x, where < is applied componentwise. We
denote by Fr(n) the set of n-component increasing networks. A simple exercise shows that the
number of increasing networks is doubly exponential: |Fj(n)| = 272"~ Tt is then remarkable
that, even though some increasing networks require quadratic time to be fixed, they can all be
fixed together in quadratic time still:

Theorem 2. For any € > 0 and n sufficiently large, there exists f € Fr(n) of fixing length at
least (é —¢&)n?, and, for n > 2, the fizing length of Fr(n) is A(n) < n?.

The dual f of a network f is defined as f(z) = =f(=x). Tt is easily checked that a word
fixes f if and only if it fixes f. Since a network is increasing if and only if its dual is decreasing
(x > f(x) for all z), Theorem 2 also holds for decreasing networks.

1.2.3 Monotone networks

The main topic of this paper is the family of monotone networks, that is, the n-component
networks f such that z <y = f(z) < f(y) for all z,y € {0,1}". We denote by Fys(n) the
set of n-component monotone networks. The fact that monotone networks are fixable is not
obvious and is proved in [25, 22]. Our first contribution concerning monotone network is that
some monotone networks have a quadratic fixing length.

Theorem 3. For any € > 0 and n sufficiently large, there exists an n-component monotone

network with fixing length at least (% —e)n?.

The main step in the proof consists in proving that there exists a sub-exponential collection
of permutations of [n] such that any word containing all these permutations as subsequences is
of quadratic length. The proof uses Baranyai’s theorem (if a divides n, then there exist (2)%
partitions of [n] in a-sets such that each a-set of [n] appears in exactly one of these partitions,
see [30]).

Theorem 4. For any € > 0 and n sufficiently large, there exists a set of at most n”%JrE permu-
tations of [n] such that any word containing all these permutations as subsequences is of length

at least (X —e)n?,



We then show that there is a word of cubic length, based on the concatenation of m-complete
words for m = 1,...,n — 1, that fixes all monotone networks.

Theorem 5. For all n > 5, there is a word of length %n3 that fixes Fyr(n).

The quadratic lower-bound in Theorem 3 and the cubic upper-bound in Theorem 5 raise

the following natural question: is it as difficult to fix one member of Fyr(n) as all members of

1.2.4 Refinements and extensions

We also refine and extend our results for monotone networks in three different fashions.

Firstly, some accurate results can be obtained for subfamilies of monotone networks. We
say that the network f € Fjs(n) is conjunctive if for all i € [n] there exists J; C [n] such that
fi(x) = N\,e,, xj- We denote by Fr:(n) the set of n-component conjunctive networks.

Theorem 6. For n > 3, the maximum fizing length of a member of Fo(n) is 2n — 2.

Secondly, we refine the cubic upper bound for the word fixing all monotone networks by
considering the interaction graph. We denote the set of monotone networks whose interaction
graph is contained in a directed graph G as Fj;(G). Recall that a feedback vertex set of G is
a set of vertices intersecting every cycle; the minimum size of a feedback vertex set is usually
called the transversal number of G and denoted 7. We then prove that the family Fy;(G)
can be fixed by a word of length 272n + n. Thus, when we bound the transversal number, the
fixing length becomes linear.

Theorem 7. Let G be a directed graph on [n] with transversal number T. There is a word of
length 27%n 4+ n that fizes Far(G).

On one hand, if G is the complete directed graph on [n], with n? arcs, then 7 = n and we
obtain a cubic bound, as in Theorem 5. On the other hand, if G is acyclic, then 7 = 0, and we
obtain an upper-bound of n, which is tight according to Theorem 1.

Thirdly, we consider balanced networks. The signed interaction graph is a refined de-
scription of the interaction graph, which not only indicates that x; has an influence on f;, but
also whether that influence is positive (f; is a non-decreasing function of x;), negative (f; is a
non-increasing function of ;) or null (other cases). Monotone networks are exactly the networks
such that all the arcs in the signed interaction graph are signed positively (all the interactions
are positive). A network f is called balanced if every cycle of its signed interaction graph is
positive. Here, the sign of a cycle is defined as the product of the signs of its arcs. Thus mono-
tone networks are a special case of balanced networks. We denote the set of all n-component
balanced networks as Fpp(n). We once again show that the family of balanced networks can be
fixed in polynomial time.

Theorem 8. For all n > 7, there is a word of length %n‘l that fires Fp(n).

Our results are summarised in Table 1. A dash means that we did not find any nontrivial
result for the given entry: the tightest upper-bound on A\(F(n)) is that of A(Fs(n)), the tightest
lower bound on max s g, (n) A(f) is that of maxscp,, () A(f)-

2 Preliminaries

2.1 Notation

Let w = wy...wp be a word. Then length p of w is denoted |w|. If S = {i1,12,...44} C [p]
with i1 < ig--- < ig4, then we shall sometimes use the notation wg = w; wy, ... w;,; if S = 0,
then wg := €, where € is the empty word. Any such wg is a subsequence of w. Moreover, for



Networks F maxser A(f) | A(F)

Acyclic Fa(n) || =n = A(n)

Increasing Fr(n) >(L—em? | =A(n)

Monotone Fu(n) | > —en? | <3nd

Conjunctive | Fo(n) || =2n—2

G-monotone | Fi(G) || — <2r%n+n

Balanced Fg(n) || - < dnt

Table 1: Summary of results

any integers a, b € [p] we set [a,b] = {a,a+1,...,b} and hence w,p = wq, ..., wp if @ < b and
g = € if a > b. Any such wy, ) is a factor of w. For any word w and any k > 1, the word

k - w is obtained by repeating w exactly k times; 0 - w is the empty word.

Graphs are always directed and may contain loops (arcs from a vertex to itself). Paths and
cycles are always directed and without repeated vertices. We denote by G[I] the subgraph of G
induced by a set of vertices I. If V' is a set, a graph on V is a graph with vertex set V. We refer
the reader to the authoritative book on graphs by Bang-Jensen and Gutin [5] for some basic
concepts, notation and terminology.

We denote by Fjs(n) the family of n-component monotone networks and by Ap(n) the
fixing length of Fjs(n). More generally, if Fx(n) is any family of n-component fixable networks,
then Ax(n) is the fixing length of F'x(n). If G is a graph on [n], then F(G) denotes the set
of m-component networks f such that the interaction graph of f is a subgraph of G. Then,
Fx(G) := Fx(n) N F(G) and Ax(G) is the fixing length of F'x(G).

Let f be an n-component network. We set f¢:= f and, for any integer i and x € {0,1}",
we define fi(z) as in the introduction if i € [n], and f%(z) := z if i € [n]. This extends the
action of letters in [n] to letters in N, and by extension, this also defines the action of a word
over the alphabet N. Let G be a graph on [n]. The conjunctive network on G is the unique
conjunctive network whose interaction graph is G. Namely, it is the n-component network f
defined as follows: for all i € [n],

JEN~(3)
where N7 (i) is the set of in-neighbors of 7 in G, and f;(z) =1 if N~ (i) is empty.

For all i € [n], we denote as e; the i-th unit vector, i.e. e; = (0,...,0,1,0,...,0) with the 1
in position ¢. Given two states x and y, x + y is applied componentwise and computed modulo
two. For instance z and z + e; only differ in the ith position. The state containing only 1s is
denoted 1, and the state containing only Os is denoted 0. Hence, if G is a strongly connected
graph on [n], then 0 and 1 are two fixed points of the conjunctive network on G. The Hamming
weight of a state x, denote wy(x), is the number of 1s in x.

2.2 Acyclic networks

Recall that f is acyclic if its interaction graph is acyclic, and that F4(n) denotes the set of
n-component acyclic networks. An important property of acyclic networks is that they have a
unique fixed point [26] and that they have an acyclic asynchronous graph [27]. This obviously
implies that F4(n) is fixable. We show here that the fixing length of acyclic networks are rather
easy to understand. The techniques used will be useful later, for analyzing the fixing length of
monotone networks.



Lemma 1. Let G be an acyclic graph on [n] and f € F(QG). If a word w contains, as subsequence,
a topological sort of G, then w fixes f. Furthermore, A\(f) = n.

Proof. Let y be the unique fixed point of f. Let w = i1i2...4, be topological sort of G, and
let w = wywsy...wp be any word containing u as subsequence. Hence, there is a increasing
sequence of indices jijz ... Jn such that u = wj wj, ... w;,. Let 20 be any initial state, and for
all g € [p], let 27 be obtained from 97! by updating wy, that is, 27 := f¥s(2971). Equivalently,
29 := f¥d(z%). Let us prove, by induction on k € [n], that xgk =y, for all jp < ¢ < p. Since iy
is a source of the interaction graph, f;, is a constant. Thus f;, (z9) = f;, (y) = y;, for all ¢ € [p],
and since w;, = 71, we deduce that :1:31 =y;, forall j1 <q <p. Let 1 <k < n. Since f;, only
depends on components ¢; with 1 <[ < k, and since, by induction, xgl =y, foralll1 <l <k
and jy—1 < q < p, we have f;, (z9) = f;, (y) = yi, for all ji,_1 < g < p. Since wj, = i, we deduce
that w?k = y;, for all j; < ¢ < p, completing the induction step. Hence, [ (%) = 29 = y for
any initial state 20, thus w fixes f.

We deduce that, in particular, any topological sort u of G fixes f, thus A(f) < n. Conversely,
if a word w fixes f, then f*(—y) = y, and hence at least n asynchronous updates are required,
that is, the length of w is at least n. Thus \(f) = n. O

The converse of the previous proposition is false in general (for instance if f is the 3-
component network defined by fi(z) = 0, fo(x) = z1 and f3(x) = x1 A xo, then 132 fixes f
while 123 is the unique topological sort of the interaction graph of f) but it holds for conjunc-
tive networks.

Lemma 2. Let G be an acyclic graph on [n] and let f be the conjunctive network on G. A word
w fizes f if and only if it contains, as subsequence, a topological sort of G.

Proof. According to Lemma 1, it is sufficient to prove that if w = wiws ... w), fixes f then w
contains, as subsequence, a topological sort of G. Let 2% := 0 and 29 = f¥s(2971) for all ¢ € [p].
Since w fixes f and since 1 is the unique fixed point of f, we have f*(2°) = 2P = 1. Thus
for each i € [n], there exists ¢; such that a:fl =1land 2! = 0 for all 0 < ¢ < t;. We have,
obviously, wy, = i. Let i1ia...4, be the enumeration of the vertices of G' such that ¢; ¢, ...%;,
is increasing. In this way i14s .. .14, is a subsequence of w, and it follows the topological order.
Indeed, suppose that G has an arc from iy to 4;. Since fil(actil_l) = :Ut” =1, we have :):t o 1,
and thus t;, <t;,, that is, ¢; is before ¢; in the enumeration. ]

As an immediate application we get the following characterization.

Proposition 1. Let G be an acyclic graph on [n]. A word w fizes F(G) if and only if it contains,
as subsequence, a topological sort of G.

A word w is complete for a set S (or S-complete) if it contains, as subsequence, all the
permutations of S. An n-complete word is a [n]-complete word. Let A(n) be the length of
a shortest n-complete word. Interestingly, A(n) is unknown. Let w!, ..., w™ be n permutations
of [n] (not necessarily distinct). Then the concatenation w!w?...w" clearly contains all the
permutations of [n]. Thus A(n) < n?. Conversely, if w contains all the permutations of n, then
('q;‘:') is at least n! and we deduce that |w| > n?/e? (this simple counting argument will be reused
later). This shows that the magnitude of A(n) is quadratic. We have however the following

tighter bounds:

A(n) <n?—2n+4 foralln>1 [2]

A(n) <n?—2n+3 for all n > 10 [31]
An) < [n?=In+ 2] foralln>7 [24]
A(n) > n? — ConT/4+e [19]

where ¢ > 0 and where C. is a positive constant that only depends on e. Thus A(n) = n%—o(n?).



Let Fp(n) be the set of conjunctive networks on the n! paths of length n — 1 with vertex set
[n]. Thus, for each permutation iz .. .14, of [n], there exists exactly one f € Fp(n) such that
fi(x) =1and f;, (z) = x;,_, for all z € {0,1}" and 1 < k < n. We show below that the family
Fp(n) has a quadratic fixing length.

Lemma 3. A word w fixes Fp(n) if and only if it is n-complete. Hence Ap(n) = A(n).

Proof. By Lemma 1, any n-complete word fixes F4(n) and thus Fp(n) in particular. Conversely,
suppose that w fixes Fp(n). Since each permutation of n is the unique topological sort of the
interaction graph of exactly one conjunctive network in Fp(n), by Lemma 2, w contains, as
subsequence, the n! permutations of n. Thus w is n-complete. O

As an immediate consequence, we get the following proposition, which implies, with Lemma 1,
the Theorem 1 stated in the introduction.

Proposition 2. A word w fixres Fa(n) if and only if it is n-complete. Hence Aa(n) = A(n).

Therefore, it is as hard to fixe Fp(n) as to fixe Fs(n): these two families have the same
quadratic fixing length, while Fp(n) is much more smaller than F4(n) (the former has n! mem-
bers while the latter has 29(2") members). We shall use this to our advantage when designing a
monotone network with quadratic fixing length in Section 3.1.

2.3 Increasing networks

Recall that a network f is increasing if x < f(z) for all x. Those networks are also relatively
easy to fix collectively, as seen below. We shall use this fact when constructing a cubic word
fixing all monotone networks in Section 3.2.

Lemma 4. Let f be an n-component network and x € {0,1}". If f*(x) < f*(z) for any words
uw and v, then f“(x) is a fized point of f for any word w containing all the permutations of
{i : z; = 0}. Similarly, if f*(z) > f*(x) for any words u and v, then f“(x) is a fized point of
f for any word w containing all the permutations of {i : x; = 1}.

Proof. Suppose that f“(x) < f“(z) for any words v and v, and that w = wjwsy ... w, be S-
complete, with S := {i : 7; = 0}. Let 2° := x and 27 := f¥a(2771) for all ¢ € [p]. By hypothesis,
2% < 2! < ... <29 Suppose for the sake of contradiction that 2P = f*(z) is not a fixed point,
i.e. there is j such that f;j(z?) > 2%. Let t1,...,t; € [p] be the set of positions such that
ol < gt and let iy := wy, for all k € [m]. Clearly, j # iy for every k € [m]. Setting to := 0,
we have o1 = =1 thus fir(29) = f(xt1) = 2l > 2l~1 = 29 for all t,_1 < ¢ < t. We
deduce that i does not appear in wy, | ; 1) or, equivalently, ¢4 is the first position of iy in
Wy, p)- Similarly, we have 2 = 2P, thus f;(z?) = f;(«F) > af = xf for all t,, < ¢ < p and
we deduce that j does not appear in wy,, »). Since w is S-complete, the sequence i1iz. .. imJ
appears in w, say at positions wg, ws, . .. Ws,, Ws,, ,, . Since ty is the first position of ix in wy, | 4,
we have s >t for all k& € [m]. In particular, s,, > t,,, thus j appears in Wit,, p] Which is the
desired contradiction. If f*(z) > f“(x) for any words u and v the proof is similar. O

Proposition 3. A word w fixes Fr(n) if and only if it is n-complete. Hence \;(n) = A(n).

Proof. If w is n-complete, then w fixes f by Lemma 4. Conversely, suppose that w fixes all
n-component increasing networks and let i14s .. .4, be any permutation of [n]. Let 3° := 0 and
y* = yk~1 4 ¢, for all k € [n]. Then y%y'...y" is chain from 0 to 1 in the hypercube Q,,. Let
f be the n-component increasing network defined by

gt ifr =gyF and 1 < k < n,
f(@) = .
x otherwise.

Then 1 is the unique fixed point of f reachable from 0 in the asynchronous graph, and it is easy
to check that f*(0) = 1 if and only if i1is . . . i, is a subsequence of w. Thus w is n-complete. [



On the other hand, there exists an increasing network requiring quadratic time to be fixed
(this and the Proposition 3 above give the Theorem 2 stated in the introduction).

Theorem 9. For any € > 0 and n sufficiently large, there exists f € Fr(n) such that A\(f) >

(% —&)n?.

The proof of Theorem 9 requires the machinery developed for monotone networks, and as
such we delay its proof until Section 3.1.

3 Monotone networks

3.1 A monotone network with quadratic fixing length

The aim of this section is to exhibit a monotone network with quadratic fixing length. As we
saw in Section 2.2, the family of conjunctive networks Fp(n) on the n! paths on [n] has quadratic
fixing length. Therefore, our strategy is to “pack” many of these conjunctive networks in the
same network f. As an illustration of this strategy, we first describe a monotone network with
fixing length of order (n/logn)?.

Let n = m + r where m! < (T;Q), and let us write Fp(m) = {h',...,h™}. There is then a
surjection ¢ : X — [m!] where X is the set of states in {0,1}" with Hamming weight r/2. The
n-component network f then views the r last components as controls, that decide, through ¢,
which conjunctive network in Fp(m) to choose on the first m components. More precisely, by
identifying {0, 1}"™ with {0,1}™ x {0,1}", we define f as follows:

(1,9) if wu(y) > /2,
fla,y) = (hW(2),y) if waly) =r/2,
(0,y) if wy(y) < r/2.

The first and third cases are there to guarantee that f is indeed monotone. Since any network
in Fp(m) can appear, a word fixing f must fix Fp(m). Thus a word fixing f is m-complete, and
hence has length Q(m?). Choosing m = Q(n/logn) then yields Q(n?/log?n).

The network above reached a fixing length of Q(m?) because it packed all possible networks
in Fp(m). However, it did not reach quadratic fixing length because m had to be o(n) in order
to embed all m! networks of Fp(m) in X. Thus, we show below that only a subexponential
subset of Fp(m) is required to guarantee Q(m?). This is equivalent to prove that there exists a
subexponential set of permutations of [m] such that any word containing these permutations as
subsequences is of length Q(m?). In that case, we can use m = (1 — o(1))n, and hence reach a
fixing length of Q(n?).

The main tool is Baranyai’s theorem, see [30].

Theorem 10 (Baranyai). If a divides n, then there exists a collection of (Z)% partitions of [n]
into 2 sets of size a such that each a-subset of [n] appears in exactly one partition.

Lemma 5. Let a and b be positive integers, and n = ab. There exists a set of a!(Z) < n®
permutations of [n] such any word containing all these permutations as subsequences is of length

at least
( _;b) n(n —a)
n-a | ——=.
e

Proof. According to Baranyai’s theorem, there exists a collection of r := b*I(Z) partitions of
[n] into b sets of size a, such that each a-subset of [n| appears in exactly one partition. Let
A% .. A" ! be these partitions. For each 0 < i < r, we set

Ai = {A67 ey éfl}'



Then, for all 0 <i < rand 0 < j, k < b we set S;7 := A’ and

where addition is modulo b. So, the S/ form a set of (') ordered partitions of [n] in b sets of
size a. The interesting point is that, for all fixed ¢ and fixed ¢, the sequence Sé’OSé’l e Sé’b_l
is a permutation of A (namely S%). Since each a-subset of [n] appears in exactly one Al we
deduce that, for any fixed ¢, the set of S;” is ezactly the set of a-subsets of [n].

Given an a-subset X of [n] and a permutation o of [a], we set 0(X) = i,(1)ig(2) - - - g(a), Where
i1,42,...,1s is an enumeration of the elements of X in the increasing order. Let ¢°,..., 0% ! be
an enumeration of the permutations of [a]. Forall 0 <i<r, 0<j <b, 0 <k < al, we set

- Uk(ng) - -Uk(SIi’zl)'

The 7%7* form a collection of a!(Z) permutations of [n]. The interesting property is that, for ¢
fixed, the set of o (S;7) is ezactly the set of words in [n]® without repetition, simply because,
for / fixed, the set of S;’] is exactly the set of a-subsets of [n], as mentioned above. In particular,

for ¢ fixed, the O'k(SéJ ) are pairwise distinct.
Let w = wyjws . .. wy, be a shortest word containing all the permutations Ik as subsequences.
We know that |w| < A\(n) < n?. Let

. ik ik ik
,_Y’L,j, = ,Yéj 7;] o ,yZJ
be the profile of 7% defined recursively as follows: fyé’j’k =0 and, for all 0 < £ < b, ’yé’i’f is

the smallest integer such that ak(S;’j ) is a subsequence of the factor

v Ly

Since 767j7k =0and 1 < 'yz’j’k < n? for all 1 < ¢ < b, there are at most n?® possible profiles.
Thus there exist at least

permutations 7% with the same profile. Let itJ1:k1 gis:ds:ks he these permutations, and

let v = (70,71, --,7) be their profile. For all 0 < ¢ < b, let

.
W= Wyt 1ye41] -

14

By construction, w’ contains, as subsequences, each of o*1(S;'7!), ..., o*(5;*7*). Since these s

elements of [n]* are pairwise distinct (because, for fixed ¢, all the ak(Sé’j ) are pairwise distinct),
this means that w’ contains at least s distinct subsequences of length a, and thus

<‘IZ£‘) > s,

We deduce wtfe o] y (n) —_
al Z<a>282 n;;’ = n2b
and thus " " u
|w€|a > a|(n _Qba’) > <g>a (TL _2;) > |:a(n ;ba):| )
n e n ene
Consequently,

w[ > Y |w€,2b.a(”7;b“): (n‘%b) n(n —a)

0<e<b €n a
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We are now in position to prove that there is a subexponential set of permutations that
requires a quadratic length to be represented in a supersequence. This is Theorem 4 that we
restate below from the introduction.

lie
Theorem 11. For any € > 0 and n sufficiently large, there is a set of at most nn? " permuta-
tions of [n] such that any word containing all these permutations as subsequences is of length at

least (1 — e)n?.

Proof. Let € > 0 be arbitrarily small. Let n be a positive integer, a := Ln%+5j, b= Ln%_ej

and m := ab. By the preceding lemma, there exist s := a!(’z) <m® < nn? " permutations
7!, ..., 7 of [m] such that if w is any word containing all the 7 as subsequences then
v\ m(m —a v\ m(m — a
w] > (m%) m(m—a) (n¥) m(m — a)
e e
First, =229 — 1 as n — co. Second, since m = n + o(n), we have m(m — a) = n? — o(n?).

From these two observations we deduce that if n is at least some constant ng that only depends
on € then

For each i € [(], let @* be a permutation of [n] that contains 7’ as a subsequence. Then any
word @ containing all the 7% also contains all the 7%, so that [@] > (1 —)n? if n > no. O

Implementing the “packing” strategy described above, we obtain a monotone network with
quadratic fixing length. This is Theorem 3 that we restate below from the introduction.

Theorem 12. For any € > 0 and n sufficiently large, there exists an n-component monotone

network with fixing length at least (% —¢e)n?.

Proof. Let € > 0, let n be a positive integer, and let m be the largest integer such that

with 6 = ¢/2. Then m = (1 — o(1))n and thus if n is large enough, then
m? > n?(1—6)
1

and, according to Theorem 11, there exists a collection 7', ..., 7P of p < mm2 ™ permutations
of [m] such that any word containing all these permutations as subsequences is of length at
least (% — §)m?2. Let regard these p permutations as m-vertex paths, and let h',... AP be the
corresponding conjunctive networks. In other words, writing 7% = 7r’f7r’2g ...mF, we have, for all
z € {0,1}",

hE(z) = 1 and hF) (z) = zop foralll<l<m.

! "

1

According to Lemma 2, if a word w fixes all the networks h* then it contains all the permutations
7 as subsequences, and thus |w| > (2 — §)m?.

Let 7 := n—m. Then according to (1) there is a surjection ¢ from the set of states in {0, 1}"
with Hamming weight | 5] to [p]. By identifying {0,1}" with {0,1}"™ x {0,1}", we then define

the n-component network f as follows:

(1,y) if wn(y) > |r/2],
flz,y) = ¢ (hW(2),y) if wa(y) = |r/2],
(0,9) if wu(y) < [r/2].

11



Let us check that f is monotone. Suppose (z,y) < (a:’ y). If wu(y) <
check that f(z,y) < f(2',y'). Otherwise, we have y = 3/ and thus d)( ) = oy
k € [p], and, since h* is monotone, we obtain f(z,y) = (h*(z),y) < (hF(2),y') =

Let w be any shortest word fixing f. Then it is clear that fixes h* for all k €

| > (é _&ym? > (é _ 51— > <i - 5) n2.

wi(y') we easily
) = k for some

f@'sy').
[p]. Thus

A similar argument works for increasing networks as well.

Proof of Theorem 9. We use the same setup as the proof of Theorem 12, excepted that the m-
component networks h* and the n-component network f are defined as follows. Let k € [p]. We
set y#0 := 0 and y¥! = yFl1 4 Exh for all [ € [m]. We then define the m-component increasing

network A* by

B () Yol if = yFland 1 <1 < m,
) =
x otherwise.

Then, as already said in the proof of Proposition 3, a word fixes k¥ if and only if it contains 7%

as subsequence. Thus if a word w fixes all the networks k¥ then it contains all the permutations
7% as subsequences, and thus |w| > (2 — §)m?.

Next, we define the n-component network f as follows:

(1,y) if wy(y) > [r/2],

fla,y) =S (WW(2),y) if wu(y) = [r/2],

(1,9) if wi(y) < [r/2].
We easily check that f is increasing and that w fixes f if and only if it fixes h* for all k € [p)].
We then deduce as above that any word fixing f is of length at least (% — E) n?. O

3.2 Cubic word fixing all monotone networks

What about the fixing length Ajs(n) of the whole family Fjs(n) of n-component monotone
networks? We have shown that some members have quadratic fixing length, namely (% —e)n?,
and thus, obviously, A\ys(n) > (% — ¢)n?. But we can say something slightly better: we have
shown that the family of conjunctive networks Fp(n) on the n! paths on [n] has fixing length

A(n), and since Fp(n) C Fy(n) we obtain:
v (n) > A(n).
We have no better lower-bound. Maybe the family of n-component conjunctive networks whose
interactions graphs are disjoint union of cycles has fixing length greater than A(n) (this family
can be equivalently defined as the set of monotone isometries of Q).
Concerning upper-bounds, we show below that Aj;(n) is at most cubic, and this is the
best upper-bound we have on the maximum fixing length of a member of Fj;(n). For that we

construct inductively a word W of cubic length that fixes Fys(n). First, let w™ be a shortest
n-complete word (of length A\(n)). Then let

Wh:=1 and W":=W"! nw" L
In particular, we have
w?=1,21
W3 =121,3,121
W4 = 1213121, 4, 1213121
WP = 121312141213121, 5, 123412314213.
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Theorem 13. The word W™ fixes Fyr(n) for every n > 1. Therefore,

The main idea is that, once the components 1 to n — 1 have been fixed, then a monotone
network behaves just like an increasing (or decreasing) network. Therefore, the network can be
fixed in quadratic time from that point.

Lemma 6. Let f be an n-component monotone network. If x < f(x) then f*(z) < f*(x) for
any words u and v. Similarly, if x > f(x) then f*(x) > f*(x) for any words u and v.

Proof. Suppose that z < f(z) and let i € [n]. Then x < fi(z) so fi(z) = fi(z) < fi(fi(x))
and f;(x) =x; < fij(z) < f;(fY(x)) for all j # 4. Thus z < f(z) implies fi(z) < f(f%(z)) for
every i € [n]. We deduce that, for any word w = wjws ... wg, z < f¥(z) < f1%2(z) < - <
friwz-we () and this clearly implies the lemma. O

Proof of Theorem 13. The proof is by induction on n. This is clear for n = 1, so suppose it holds
for n — 1. Fix an initial state z € {0,1}" and, for every z € {0,1}", let z_,, := (21,...,2n—-1)
and h(z_p) = f(z—n,xn)—pn. Then h is a monotone network with n — 1 components. Let
Y = anfl(:U). Since the letter n does not appear in W”~!, we have y_,, = hWnil(:c,n) and
thus, by induction hypothesis, y_,, is a fixed point of h. Hence,

f(y) = f(yfnyyn) = (h(yfn)v fn(y)) = (yfnyfn(y))

We deduce that either y is a fixed point of f, and in that case y = f”’w7L71(y) = f""(z) so
we are done, or f(y) = y + e,. Suppose that f(y) = y + e, with y, = 0, and remark that
f(y) = f™(y). Setting ¢/ := f(y) we have y < ¢/, thus ¥/ < f(y/), and since y/, = 1, we deduce
that w1 contains all the permutations of {i : y/ = 0}. Hence, according to Lemma 6 and
Lemma 4,

n—1 n—1 n—1 n
) = W) = M () = Y ()
is a fixed point of f. If f(y) =y + e, with y,, = 1 the proof is similar. O

4 Refinements and extensions

4.1 Conjunctive networks

We now determine the maximum fixing length over all n-component conjunctive networks.
Clearly the maximum is equal to one if n = 1 and to two if n = 2. To settle the case n > 3 and
characterize the extremal networks, we need additional definitions. Let C, denote the n-vertex
cycle (there is an arc from i to i + 1 for all 1 < i < n, and an arc from n to 1). We denote by
Cy the graph obtained from C,, by adding an arc (i,7) for all ¢ € [n]; these additional arcs are
called loops. A strongly connected component (strong component for short) in a graph G is
initial if there is no arc from a vertex outside the component to a vertex inside the component.

Theorem 14. For alln >3 and f € Fo(n),
with equality if and only if the interaction graph of f is isomorphic to C;.

Proof. Suppose that n > 2. Let G be a graph on [n], and let f be the conjunctive network on
G. A spanning in-tree S in G rooted at ¢ is a spanning connected subgraph of GG such that all
vertices j # i have out-degree one in S, and 7 has out-degree zero in S. A spanning out-tree
is defined similarly. It is clear that if G is strongly connected (strong for short), then for any

13



vertex i there exists a spanning in-tree of G rooted at i (and similarly for out-trees). A vertex I
with in-degree zero in a spanning in-tree S is referred to as a leaf of S. We denote the maximum
number of leaves of a spanning in-tree of G as ¢(G).

We first prove the theorem when G is strong. In that case, f has exactly two fixed points:
0 and 1.

Claim 1. If G is strong, then A(f) < 2n — ¢(G) — 1.

Proof of Claim 1. Let S be a spanning in-tree of G with ¢ := ¢(G) leaves. Let iyia...i, be a
topological sort of S. The root of S is thus i,, and its leaves are i1 ...ig. Let T" be a spanning
out-tree with the same root as S. Let jija...j, be a topological sort of 7', so that its root
is j1 = ip. We claim that the word w := igq1...9,72...J, of length 2n — ¢ — 1 fixes f. Let
U:i=igi1...0, and x € {0,1}". We set 2% := x and z* := fir(2*1) for ¢ < k < n. We claim
that if 2} = 1, then f“(x) = 2" = 1. For otherwise, suppose x = 1 and z; = 0 for some
¢ < k <mn. Let iy i, ...i, be the path from i = i, to i, =i, in . This path follows the
topological order, that is, 7 <172 < --- < rp. Clearly, for all 1 < ¢ < p we have

n T Tq+1—1

=0 =2"=0= 2 =0 = g

irg rg rq irq+1

=0 =z =0.

Tq+1
Since zj, = 0 we deduce that zi = 0, which is the desired contradiction. Hence, if 27 =1
then f“(z) = 1 and thus f*(z) = 1. Otherwise ! = 0 and it is easily shown by induction on

2 <k <n that f;jjk(x”) =0, thus f72-Jn(z") = f*(x) = 0. O

We say that G is a cycle with loops if G is isomorphic to a graph obtained from C,, by
adding some loops.

Claim 2. If G is strong and not a cycle with loops, then ¢(G) > 2 and hence A(f) < 2n — 3.

Proof of Claim 2. Since adding loops to a graph maintains the value of ¢, without loss, suppose
that G has no loops. Since G is strong but not a cycle, there exists a vertex ¢ in G with in-degree
d > 2. We can then construct a spanning in-tree rooted at ¢ with at least d leaves as follows.
For all 0 < k < n, let Uy be the set of vertices j such that dg(j,7) = k (i.e. k is the minimum
length of a path from j to i in G). Then Uy only contains i, U; is the set of in-neighbors of i,
and UyU UL U---UUy,—1 = [n]. For any j € Uy with 1 < k < n, let j/ be any out-neighbor of
j in Ug_1. Then the arcs (j,7’) for all j # ¢ form a spanning in-tree rooted at i with at least
|U1| = d > 2 leaves. O

Suppose that G is a cycle with loops, and let L be the set of vertices with a loop. Given
I,I' € L, we say that I’ is the successor of [ if none of the internal vertices on the path from [ to
" belong to L. The maximum distance in G from a vertex in L to its successor is denoted as
d(Q@). By convention, we let d(G) :=nif |L| =0 or |L| = 1.

Claim 3. If G is a cycle with loops, then \(f) < 2n—d(G)—1. Therefore, if G is not isomorphic
to CY, then A\(f) < 2n — 3.

Proof of Claim 3. Without loss, we assume that G is obtained from C),, by adding some loops.
Let us first settle the case where |L| < 1. If L is empty, then it is easy to see that 1,2,...,n—1
fixes f. If L is a singleton we may assume, without loss, that n is the only vertex with a loop,
and then the same strategy works: 1,2,...,n — 1 fixes f. Henceforth, we assume |L| > 2.
Without loss, suppose that n and d := d(G) both belong to L and that d is the successor of
n. Then we claim that the word w:=d+1,d+2,...,n,1,...,d,d+1,...,n—1 fixes f. Let
x € {0,1}". Firstly, suppose z; = 0 for some [ € L; we note that d < [ < n. First of all,

the value of x; will remain zero: fldH"”’l(:U) = 0. Afterwards, the 0 will propagate through
the cycle: fath-bol=1(g) = 0. Secondly, if 2; = 1 for all | € L, then it is easy to show that
fY(z) =1. O
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The two previous claims show that if G is strong then A(f) < 2n — 2, with a strict inequality
when G is not isomorphic to C},. The lower bound below thus settles the strong case.

Claim 4. If G is isomorphic to C;, then A(f) > 2n — 2.

Proof of Claim 4. For all 1 <4 < mn and 0 < k < n, we denote by i the vertex at distance k
from 7 in G, and we denote by x>* the state such that x;k = 0 if and only if the distance between

i and j is at most k. Thus 2° = 1 + ¢; and 2"~ ! = 0. Furthermore, for all 0 < k < n — 1,
Fah) = 2t 4oy | = 2R

We deduce that if w = wiws ... w), fixes f, then [ (2*%) = 0 and, necessarily, i143...7,_1 is
a subsequence of w for all 7. Let ¢ be the last index to appear in w, then ¢ = w, for some
q > n; then the word %142 ...%,_1 begins in position ¢ of w and does not end before position
g+n—22>2n—2. Hence A(f) > 2n — 2. O

It remains to settle the non-strong case. We first establish an upper-bound on A(f) that
depends on the decomposition of G in strong components. Let 11 (G) be the number of initial
strong components containing a single vertex without a loop, let 12(G) be the number of initial
strong components containing a single vertex with a loop, let 13(G) be the number of initial
strong components with at least two vertices, and let 14(G) be the number of non-initial strong
components.

Claim 5. A(f) < 2n —1(G) = 2¢2(G) = 2¢3(G) = ¥a(G).

Proof of Claim 5. Let I,...,I; denote the strong components of G in the topological order,
and let n! := |I;|. We then consider a word w' that fixes the conjunctive network on G[I;].

1. If I is an initial strong component containing a single vertex without a loop, then w' := i;
w' has length 2n! — 1.

2. If I, is an initial strong component containing a single vertex with a loop, then w' is the
empty word; w' has length 2n! — 2.

3. If I; is an initial strong component with at least two vertices we consider two cases. If
G[I}] is not a cycle with loops, then w' is the word described in the proof of Claim 1. If
G[I}] is a cycle with loops, then w' is the word described in the proof of Claim 3. In both
case, w' has length at most 2n! — 2.

4. Otherwise, I; is a non-initial strong component. Let S be a spanning in-tree of G[I;] and
let 7149 ...17, be a topological sort of S. The root of S is thus ¢,. Let T be a spanning
out-tree with the same root, and let jijs ... j, be a topological sort of T', so that j; = .
Then w! := i1 ...9nj2. .. jn; w' has length 2n! — 1.

Then, by induction on [, it is easily proved that fw1w2"'wl fixes the conjunctive network on the
subgraph of G induced by I; U, U---U I;. Thus w := w'w?...w" fixes f and has length at

most 2n — 2¢9(G) — 2¢3(G) — 1(G) — Ya(G). o
We can finally prove that A(f) < 2n — 3 if G is not strong.
Claim 6. If G is not strong and n > 3, then A(f) < 2n — 3.

Proof of Claim 6. Suppose first that 1¥4(G) = 0 (then G is the disjoint union of strong graphs).
If ¥2(G) + ¥3(G) > 2 then A\(f) < 2n — 4, and if ¥2(G) + ¥3(G) = 1 then ¢1(G) > 1, since
G is not strong, and thus A(f) < n — 3. Finally, if ¢2(G) + ¥3(G) = 0 then ¢1(G) > 3 since
n > 3, and thus A(f) < n — 3. Suppose now that 4(G) > 1. If ¥1(G) > 2 or 2(G) > 1
or ¥3(G) > 1 or Y4(G) > 2 then A(f) < 2n — 3. So assume that ¥1(G) = 4(G) = 1 and
9(G) = ¥3(G) = 0. This means that G is connected, has a unique initial strong component
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containing a single vertex without a loop, and has a unique non-initial strong component, with
at least two vertices, since n > 3. Suppose, without loss, that n is the vertex of the initial strong
component, and let 2 € {0,1}". Since f,, is the empty conjunction, we have f,(z) = 1. Let h be
the conjunctive network on the (strong) graph H obtained from G by removing vertex n. Then
for any word u we have f™"(z) = (h*(x1,...,2n—1),1). Thus, let u be the word of length at
most 2(n — 1) — 2 fixing h from the proof of Claim 1 (if H is not a cycle with loops) or Claim 3
(otherwise). Then w = n,u is a word of length at most 2n — 3 fixing f. O

O]

We remark that we can strengthen the upper bound for specific graphs. In particular, if G
is undirected and connected, then there are lower bounds on the maximum number of leaves of
a spanning tree for G (see [6] for instance).

4.2 Monotone networks with a given interaction graph

We now refine Theorem 13 for F;(G), the family of monotone networks whose interaction graph
is contained in a graph G. The main result is that, for fixed transversal number, the fixing length
of Fy(G) is linear in the number of vertices. The statement needs additional definitions.

For i > 0 and o > 0, a word on [« + 7] is (2, a)-complete if it contains, as subsequences,
all the permutations ji, ..., jati of [@ + 4] such that, for all 1 < /¢ < a + 14, if jg, joy1 € [@] then
Je < je+1. We denote by A(7, ) the length of a shortest (4, a)-complete word. Thus A(0, o) = av.
Furthermore, for i > 0, we have A(i,a) < A(« + i), with equality if and only if @ € {0,1}. In
a graph G, a 1-feedback vertex set is a set of vertices I such that all the cycles of G \ I are
loops (i.e. cycles of length one). The 1-transversal number 71 of G is the minimum size of a
1-feedback vertex set. Clearly, 7 < min(7,n — 1).

Theorem 15. For any graph G with n vertices and 1-transversal number 1,

T1 2
/\M<G) Sn—i—Z)\(i—l,n—n) < (7-214-327-14-1) n.
=1

Let K, be the complete directed graph on n vertices (with n? arcs). Since 71 (K,) =n — 1,

n—1 n—1
Ar(n) = Ay (Kn) Sn+ Y Ai—1,1) =n+ > ).
=1 i=1

Thus Theorem 15 indeed contains Theorem 13. Furthermore, since 7 < 7, it also contains
Theorem 7 stated in the introduction.

Proof of Theorem 15. Let G be a graph on [n] with 1-transversal number 71 and let & = n — 7.
Let Ja,n] = {a +1,...,n}. Without loss, we assume that |a,n] is a 1-feedback vertex set. We
also assume that 12...« is the topological order of G[{1,..., a}]; this order exists, since all the
cycles of G[{1,...,a}] have length one.

For all 1 < i < n, let R; be the set of vertices reachable from i in G[{1,...,7}]. Thus R; = {i}
if i < a, and R; C [i] otherwise. Let P; be the set of enumerations j1jz...jx of R; \ {i} such
that, for all 1 < £ < k, if jp, jor1 € [@] then j, < jor1. Let w' be a shortest word containing, as
subsequences, all the enumerations contained in P;. Let w’ := 4, w® and

W=w!, ... w
If i € [a], then R; = {i}, thus w' = e. Furthermore, if i €], n], then R; C [i] and we deduce
that |w’| < A(i — a — 1,a). Thus
T1
Wl <n+d Ai—1n—mn).

i=1
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Let us now prove that W fixes Fy/(G). For all i € [n], let
Wi=w', ... w'" and G;:=G[{1,...,i}].

We prove, by induction on i, that W' fixes Fy/(G;). This is obvious for i = 1. Assume that
i > 2. Let f € Fjy(G;) and z € {0,1}°. We write x = (z_;, 7;) and set
f@=i) = floi, zi) -
In this way, f' € Fa(Gi—1). Let _
y =" ().
Since y_; = f’VW—1 (x—;), by induction hypothesis, y_; is a fixed point of f’. We deduce that
either y is a fixed point of f, and in that case

Vi) = U @) = ) =y

is a fixed point of f, and we are done, or f(y) =y + e¢;. _
So it remains to suppose that f(y) = y + e; and to prove that f“'(y) is a fixed point. We
consider the case where y < f(y), the other case being similar. Let

=y and yF = frUivivi(y)
forall 1 <k <p, with p = |w’\ According to Lemma 6 we have
W<yt < <yF < FO).

Let us prove that y? = fwi (y) is a fixed point of f. Let jijo...jq be the ordered sequence
of coordinates that turned from 0 to 1 during the sequence y°,4',...,4”. In this way, d is the
Hamming distance between y° and y?, and j; = i = w}. Furthermore,

fj1j2~~jd (y) = o>,

Suppose, for the sake of contradiction, that f;(y?) # y? for some 1 < j <. Since y? < f(yP),
we must have

i < fi(yP).
Thus y;‘: =0 for all 0 < k < p. Hence, j does not appear in the sequence jijs...jq. Let
jd+1 = ja

and let us prove that

{j17'-'7jd7jd+1} g RZ (2)
Since j; = ¢ we have j; € R;. We now prove ji € R; with & # 1. Let y? be the smallest index
0 < ¢ < p such that y?k < fj.(y?). Since k # 1, ji # 14, and since f(y) = y + e;, we deduce
that ¢ > 1. Then, by the choice of ¢, we have ygk_l = fj,(y71) and thus ygk_l =y . Hence,
fi (w971 < £, (y?). Thus G has an arc from wy_1 to ji, since wy—1 is the unique component
that differs between y?~1 and y?. Clearly, w,—1 = j, for some 1 < ¢ < k. Thus, we have proved
that for all ji with 1 < k < d 4 1, there exists 1 < £ < k such that jyji is an arc of G. We

deduce that all the j with 1 < k£ < d+ 1 are reachable from j; = i. This proves (2).
Furthermore, for all 1 < ¢ < d, if jy, jot+1 € [ and jy > jp41, then

fj1j2~-~jeje+1~-~jd+1 (y> < fj1j2--~je+1je~-~jd+1 (y)

since G has no arc from j; to jyy1. Thus, by applying such switches several times, we can reorder
the sequence 7172 ... Jq4+1 into a sequence $183...54+1 such that

fslsg...sdsd+1 (y) 2 fj1j2~~~jdjd+1 (y)
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and such that, for all 1 < ¢ < d, if sy, 5011 € [ then sy < spy1. In this way, s = j; = i, and
$2,...,84+1 isin P;. Hence, by definition, s3 ... s411 is a subsequence of w’, and thus s1 82 ... Sq41
is a subsequence of w*. Therefore,

vy =y, = Fon @) 2 F0 0 ) > Y ) = fe, 0F) = fi(aP),

a contradiction. Thus W fixes f, and thus the whole family Fj;(G;).

2
Therefore, W fixes Fj/(G) and it remains to prove that [W| < (% + 22- + 1)n. This follows
from the proposition below and an easy computation. O

Proposition 4. For alli >0 and a > 0 we have \(i,a) < i® 4+ ia + o

Proof. Let f := a + i and consider the word w := i - (12...3),12...«, resulting from the
concatenation of i copies of 12...3 and the addition of the suffix 12...a. Let u = jij2...Jg
be a permutation of [5] such that, for all 1 < ¢ < B, if jy,jry1 € [@ then jy < joy1. We will
prove that w is (i, «)-complete and, for that, it is sufficient to prove that u is contained in w.
Let jg, - .. jk, be the longuest subsequence of u with letters in [5] \ [a]. Then,

Ji---Jk is a subsequence of (1...83) =wi...wg
Jki41---Jky 1 a subsequence of (1...05) = wg41...wag,

Jki_i+1---Jk; 18 a subsequence of (1...08) = w;_1)g41---wip, and
Jki+1---Jg is a subsequence of (1...a) = wigy1 ... Wig+a-

Thus u is a subsequence of w. Since |w| = i% + ia + «, this proves the proposition. ]

4.3 Balanced networks

We now consider a class of networks (namely, balanced networks) which is more general than
monotone networks. Those are defined by their signed interaction graph, hence we review basic
definitions and properties of signed graphs first.

A signed graph is a couple (G, o) where G is a graph, and o : E — {—1,0,1} is an arc
labelling function, that gives a (positive, negative or null) sign to each arc of G. The sign of
a cycle in (G, o) is the product of the signs of its arcs, and (G, o) is balanced if all the cycles
are positive. The signed interaction graph of an n-component network f is the signed graph
(G, o) where G is the interaction graph of f and where o is defined for each arc of G from j to
i as follows:

1 if fi(z) < fi(x + ;) for all z € {0,1}"™ with z; =0,
o(ji) = ¢ —1 if fi(xz) > fi(x +e;) for all x € {0,1}" with z; =0,
0 otherwise.

We see that a network f is monotone if and only if all the arcs are positive. By extension,
we say f is balanced if its signed interaction graph is balanced. A balanced network can be
“decomposed” into monotone networks by considering the decomposition of its interaction graph
into strong components, as formally described below.

Given z € {0,1}", the z-switch of f is the n-component network f” defined by

flx)=flx+2)+=2

for all x € {0,1}". For instance, the 1-switch of f is the dual of f. If f’ is the z-switch of f,
then f and f’ have the same interaction graph G, but their signed interaction graph (G, o) and
(G, ") may differ, since o’(ji) = o(ji) for all arc ji with z; = z; but ¢'(ji) = —o(ji) for all arc
Ji with zj # z;. Clearly, if f’ is the z-switch of f, then f is the z-switch of f’, and we then say
that f and f’ are switch-equivalent.
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Proposition 5 ([22]). Let f be a network with a strongly connected interaction graph. Then f
1s balanced if and only if f is switch-equivalent to a monotone network.

The proposition above have immediate consequences on the existence of short words fixing
the family Fp(n) of n-component balanced networks. Clearly, if f and f are switch-equivalent,
then any word fixing f fixes f’ as well. Therefore, let W™ be a word fixing F);(n) and consider
n - W™ (the word W™ repeated n times). Let f € Fp(n) and denote the strong components
of its interaction graph as Iy,...,I; (k < n). Since f restricted to each strong component is
switch-equivalent to a monotone network, W™ fixes each strong component individually, and
thus [ - W™ fixes the first [ strong components. In particular, n- W™ fixes f. Thus, by Theorem
13, there exists a word of length at most n?/3 fixing Fp(n).

The following theorem refines (and gives a formal proof of) the result above and Theorem 8
stated in the introduction. More precisely, let n = 3¢ + r with 0 < r < 3, let s be the word
s:=12...n and let W™ be any word fixing Fj;(n) of minimal length. Then define the word

Wnm:=gq- (ssW™),r-s
of length ¢(2n + Apy(n)) + rn.
Theorem 16. The word W fizes Fg(n) for every n > 1. Therefore,

Av(n) < Ap(n) < g)\M(n) + n?

Proof. Let n = 3¢+ r, with 0 < r < 3, and let X" be a word fixing Fys(n). We prove, more
generally, that X™ := (¢- (ssX™),r - s) fixes Fg(n). Let f € Fg(n) and let G be the interaction
graph of f.

The main idea of the proof is that each factor w := ssX™ of X™ fixes at least three new
vertices of G. Therefore, g - w fixes at least 3¢ = n — r vertices, and finally r - s fixes the last r
vertices if need be.

We formally proceed by induction on n. If n =1 then s = 1 fixes f, and if n = 2, it is easy
to check that ss = 1212 fixes f. So we assume that n > 3. We say that a prefix u of W™ fixes
a set of vertices I C [n] if, for any other prefix v longer than u, we have f!(z) = f(x) for all
1 € I. We consider three cases, and in each case, we select a subset I of vertices of size at least
three fixed by w.

1. G has an initial strong component I with at least three vertices. Then let I be this initial
strong component, and let g be the restriction of f on I. Since g is switch-equivalent to a
monotone network, X™ fixes g, and thus w fixes I.

2. G has an initial strong component with two vertices, say Iy = {i,5} with i < j. Again, let
g be the restriction of f on I;. The occurrences of 7 and j in ss =12...n12...,n are ijij,
in that order; this contains iji, which fixes g. Therefore, ss fixes I;. Suppose, without
loss, that i =n — 1 and j = n, and let h be the (n — 2)-component network defined by

h(y) = (fl(% Z))v s ;fn—2(y, Z)) with 2 := ( 5i1<$)vf£s(w))

for all y € {0,1}"~2. Then h is balanced and, by a reasoning similar to the first case, X"
fixes an initial strong component I, of the interaction graph of h. Thus, w fixes I := I1UIs.

3. All the initial strong components of G have one vertex each. Note that s fixes all the initial
strong components. Therefore, if there are three initial strong components {i1}, {i2}, {is},
then s fixes I := {ij,1i2,i3} and we are done. If there are two initial strong components
{i1}, {i2} then s fixes I} := {i1,i2} and again X" fixes a non-empty subset I of vertices, as
shown in the second case. Thus w fixes I := I U I5. There is only one case left: I; = {i1}
is the only initial strong component. We then consider an initial strong component I of
G\ I,. If |I5] > 2, then s fixes Iy and X" fixes I5. Thus w fixes I := I; U I and we are
done. If I = {ia}, then ss fixes I; U I5, and again X" fixes a non-empty subset of vertices
I3. Thus w fixes I := I1 U Iy U I3 and we are done.
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Thus, in any case, there exists a subset I of three vertices fixed by w. Suppose, without loss,
that I = {n —2,n — 1,n}. Then, let h be the (n — 3)-component networks defined by

h(y) = (fl(ya Z))a R fn—S(y,Z)) with  z:= ( r?—?(x)v 7110—1('%)’ f:f(-f))

for all y € {0, 1}”_3.~Then h is balanced, and thus, by induction, X3 fixes h. Consequently,
w fixes I, and then X"~ fixes [n] \ I. Since X" = w, X" ™3, we deduce that X" fixes f. O

Acknowledgment This work is partially supported by: FONDECY'T project 1151265, Chile;
BASAL project CMM, Universidad de Chile; Centro de Investigacion en Ingenieria Matematica
(CI2MA), Universidad de Concepcién, Chile; CNRS project PICS06718, France; and Labex
UCN@Sophia, Université Cote d’Azur, France.

References

[1] W. Abou-Jaoudé, P. Traynard, P. T. Monteiro, J. Saez-Rodriguez, T. Helikar, D. Thieffry,
and C. Chaouiya. Logical modeling and dynamical analysis of cellular networks. Frontiers
i genetics, 7, 2016.

[2] L. Adleman. Short permutation strings. Discrete Mathematics, 10(2):197-200, 1974.

[3] R. Ahlswede, Ning Cai, S.-Y.R. Li, and R.W. Yeung. Network information flow. Information
Theory, IEEE Transactions on, 46(4):1204-1216, Jul 2000.

[4] Noga Alon. Asynchronous threshold networks. Graphs and Combinatorics, 1(1):305-310,
1985.

[5] J. Bang-Jensen and G. Z. Gutin. Digraphs: Theory, Algorithms and Applications. Springer
Publishing Company, Incorporated, 2nd edition, 2008.

[6] A. V. Bankevich and D. V. Karpov. Bounds of the number of leaves of spanning trees.
Journal of Mathematical Sciences, 184(5):564-572, Aug 2012.

[7] B. Bollobés, C. Gotsman, and E. Shamir. Connectivity and dynamics for random subgraphs
of the directed cube. Israel Journal of Mathematics, 83(3):321-328, 1993.

[8] S. Bornholdt. Boolean network models of cellular regulation: prospects and limitations.
Journal of The Royal Society Interface, 5(Suppl 1):585-594, 2008.

[9] S. Burckel, E. Gioan, and E. Thomé. Computation with no memory, and rearrangeable
multicast networks. Discrete Mathematics and Theoretical Computer Science, 16:121-142,
2014.

[10] P. J. Cameron, B. Fairbairn, and M. Gadouleau. Computing in permutation groups without
memory. Chicago Journal of Theoretical Computer Science, 2014(7), November 2014.

[11] Nazim Fates. A guided tour of asynchronous cellular automata. In International Workshop
on Cellular Automata and Discrete Complex Systems, pages 15-30. Springer, 2013.

[12] Nazim Fates, Eric Thierry, Michel Morvan, and Nicolas Schabanel. Fully asynchronous
behavior of double-quiescent elementary cellular automata. Theoretical Computer Science,
362(1-3):1-16, 2006.

[13] F. Fogelman, E. Goles, and G. Weisbuch. Transient length in sequential iteration of thresh-
old functions. Discrete Applied Mathematics, 6:95-98, 1983.

20



[14]

[15]

[16]

[17]

[20]

[21]

22]

[23]

M. Gadouleau, A. Richard, and E. Fanchon. Reduction and fixed points of boolean net-
works and linear network coding solvability. IEEE Transactions on Information Theory,
62(5):2504-2519, 2016.

M. Gadouleau and S. Riis. Memoryless computation: new results, constructions, and ex-
tensions. Theoretical Computer Science, 562:129-145, 2015.

J. Hopfield. Neural networks and physical systems with emergent collective computational
abilities. Proc. Nat. Acad. Sc. U.S.A., 79:2554 — 2558, 1982.

S. A. Kauffman. Metabolic stability and epigenesis in randomly connected nets. Journal
of Theoretical Biology, 22:437-467, 1969.

S. A. Kauffman. Origins of Order Self-Organization and Selection in Evolution. Oxford
University Press, 1993.

D.J. Kleitman and D.J. Kwiatkowski. A lower bound on the length of a sequence containing
all permutations as subsequences. Journal of Combinatorial Theory, Series A, 21(2):129—
136, 1976.

N. Le Novere. Quantitative and logic modelling of molecular and gene networks. Nature
Reviews Genetics, 16:146-158, 2015.

W. S. Mac Culloch and W. S. Pitts. A logical calculus of the ideas immanent in nervous
activity. Bull. Math Bio. Phys., 5:113 — 115, 1943.

T. Melliti, D. Regnault, A. Richard, and S. Sené. On the convergence of Boolean automata
networks without negative cycles. In Proceedings of Automata’13, volume 8155 of Lecture
Notes in Computer Science, pages 124-138. Springer, 2013.

Tarek Melliti, Damien Regnault, Adrien Richard, and Sylvain Sené. Asynchronous simula-
tion of boolean networks by monotone boolean networks. In International Conference on
Cellular Automata, pages 182—191. Springer, 2016.

S. Radomirovic. A construction of short sequences containing all permutations of a set as
subsequences. The Electronic Journal of Combinatorics, 19(4):P31, 2012.

A. Richard. Negative circuits and sustained oscillations in asynchronous automata networks.
Advances in Applied Mathematics, 44(4):378 — 392, 2010.

F. Robert. Iterations sur des ensembles finis et automates cellulaires contractants. Linear
Algebra and its Applications, 29:393—-412, 1980.

F. Robert. Les systémes dynamiques discrets, volume 19 of Mathématiques et Applications.
Springer, 1995.

R. Thomas. Boolean formalization of genetic control circuits. Journal of Theoretical Biology,
42(3):563 — 585, 1973.

R. Thomas and R. d’Ari. Biological Feedback. CRC Press, 1990.

J. H. van Lint and R. M. Wilson. A Course in Combinatorics (2nd ed.). Cambridge
University Press, 2001.

E. Zlinescu. Shorter strings containing all k-element permutations. Information Processing
Letters, 111(12):605 — 608, 2011.

21



Centro de Investigacidn en Ingenieria Matematica (CI'MA)

2017-25

2017-26

2017-27

2017-28

2017-29

2017-30

2017-31

2017-32

2018-01

2018-02

2018-03

2018-04

PRE-PUBLICACIONES 2017 - 2018

SERGIO CAUCAO, GABRIEL N. GATICA, RICARDO OYARZUA: A posteriori error
analysis of an augmented fully-mized formulation for the non-isothermal Oldroyd-
Stokes problem

RAIMUND BURGER, STEFAN DIEHL, MARfA CARMEN MARTI: A conservation law
with multiply discontinuous flux modelling a flotation column

ANTONIO BAEZA, RAIMUND BURGER, PEP MULET, DAVID ZoRio: Central WENO
schemes through a global average weight

RODOLFO ARAYA, MANUEL SOLANO, PATRICK VEGA: Analysis of an adaptive HDG
method for the Brinkman problem

SERGIO CAUCAO, MARCO DISCACCIATI, GABRIEL N. GATICA, RICARDO OYAR-
ZUA: A conforming mized finite element method for the Navier-Stokes/Darcy-Forchhe-
imer coupled problem

TONATIUH SANCHEZ-VIZUET, MANUEL SOLANO: A Hybridizable Discontinuous Ga-
lerkin solver for the Grad-Shafranov equation

DaviD MORA, GONZALO RIVERA: A priori and a posteriori error estimates for a
virtual element spectral analysis for the elasticity equations

GABRIEL N. GATICA, MAURICIO MUNAR, FILANDER A. SEQUEIRA: A mized virtual
element method for a nonlinear Brinkman model of porous media flow

RoODOLFO ARAYA, RAMIRO REBOLLEDO: An a posteriori error estimator for a LPS
method for Navier-Stokes equations

FELIPE LEPE, SALIM MEDDAHI, DAVID MORA, RODOLFO RODRIGUEZ: Mized dis-
continuous Galerkin approximation of the elasticity eigenproblem

MARCELO CAVALCANTI, WELLINGTON CORREA, MAURICIO SEPULVEDA, RODRIGO
VEJAR: Study of stability and conservative numerical methods for a high order non-
linear Schrodinger equation

JULIO ARACENA, MAXIMILIEN (GADOULEAU, ADRIEN RICHARD, LILIAN SALINAS:
Fizing monotone Boolean networks asynchronously

Para obtener copias de las Pre-Publicaciones, escribir o llamar a: DIRECTOR, CENTRO DE
INVESTIGACION EN INGENIERIA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA
160-C, CONCEPCION, CHILE, TEL.: 41-2661324, o bien, visitar la pdgina web del centro:
http://www.ci2ma.udec.cl



CENTRO DE INVESTIGACION EN
INGENIERfA MATEMATICA (CI2MA)
Universidad de Concepcién

Casilla 160-C, Concepcién, Chile
Tel.: 56-41-2661324 /2661554 /2661316
http://www.ci2ma.udec.cl




