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A DYNAMIC MULTILAYER SHALLOW WATER MODEL FOR
POLYDISPERSE SEDIMENTATION

RAIMUND BURGERA, ENRIQUE D. FERNANDEZ-NIETOB, AND VICTOR OSORESA:*

ABSTRACT. A multilayer shallow water approach for the approximate description of polydisperse sedimen-
tation in a viscous fluid is presented. The fluid is assumed to carry finely dispersed solid particles that
belong to a finite number of species that differ in density and size. These species segregate and form areas
of different composition. In addition, the settling of particles influences the motion of the ambient fluid. A
distinct feature of the new approach is the particular definition of the average velocity of the mixture. It
takes into account the densities of the solid particles and the fluid and allows us to recover the global mass
conservation and linear momentum balance laws of the mixture. This definition motivates a modification of
the Masliyah-Lockett-Bassoon (MLB) settling velocities of each species. The multilayer shallow water model
allows one to determine the spatial distribution of the solid particles, the velocity field, and the evolution of
the free surface of the mixture. The final model can be written as a multilayer model with variable density
where the unknowns are the averaged velocities and concentrations in each layer, the transfer terms across
each interface, and the total mass. An explicit formula of the transfer terms leads to a reduced form of
the system. Finally, an explicit bound of the minimum and maximum eigenvalues of the transport matrix
of the system is utilized to design a Harten-Lax-van Leer (HLL)-type path-conservative numerical method.
Numerical simulations illustrate the coupled polydisperse sedimentation and flow fields in various scenarios,
including sedimentation in a type of basin that is used in practice in mining industry and in a basin whose
bottom topography gives rise to recirculations of the fluid and high solids concentrations.

1. INTRODUCTION

1.1. Scope. The process of sedimentation of small particles suspended in a viscous fluid, water or air
combined with the flow of the solid-fluid mixture arises in numerous geophysical situations such as settling
and convective sediment transport in rivers and estuaries, gravity currents and debris flows, as well as in
clarification tanks, wastewater treatment plants, and thickeners in the mining industry. While for many
unit operations in industrial applications a spatially one-dimensional description, usually in one vertical
direction aligned with the governing body force (mostly gravity) is sufficient, we are here interested in flows
that involve a significant horizontal bulk flow of the mixtures in addition to vertical segregation, and where
typically the horizontal dimensions of the domain are much larger than the vertical. In these situations,
instead of solving a fully three-dimensional model (such as the three-dimensional Navier-Stokes equations
for an incompressible fluid as), one prefers a so-called shallow water or Saint-Venant approach that is based
on a vertically integrated version of the underlying model. In the presence of large friction coefficients,
considerable water depth, wind, and other effects, however, the standard single-layer shallow water approach
is considered invalid since the horizontal velocity can hardly be approximated by a vertically constant velocity.
In this case so-called multilayer shallow water models are preferred |1/236]. The multilayer approach consists
in subdividing the computational domain into M layers in vertical direction, which leads to a system of Saint-
Venant equations (one version of the Saint-Venant system for each layer). If a hydrostatic pressure is assumed
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then the unknowns are a horizontal velocity for each layer and point of the horizontal computational grid
plus the total height of the fluid column at that position, along with the solids concentrations in each layer at
that position. The vertical velocity components can be calculated by post-processing the horizontal velocity
components (no PDEs need to be solved).

It is the purpose of this paper to develop a new multilayer shallow water model framework of polydisperse
sedimentation with these properties, along with a method for the numerical solution in the important subcase
of one horizontal space dimension and neglect of sediment compressibility and viscosity of the mixture. Here
polydispersivity means that the solid particles belong to a finite number N of species that differ in size
or density, and where particles of different species segregate and form areas of different composition. The
solid species and the fluid are described as IV + 1 superimposed continuous phases. The main novelty is the
choice of the mass average of the velocities of the N + 1 phases to describe the movement of the mixture,
in contrast to a previous effort |26] where that velocity was defined as a volume average of phase velocities.
The advantage of the present approach is that the mass and linear momentum balance of the mixture are
recovered, and therefore consistency with a single-phase flow model is recovered. That said, we mention that
in [26] the vertical settling velocities of the IV solids phases as nonlinear functions of the local composition are
determined by the well-known Masliyah-Lockett-Bassoon (MLB) model [28,30]. This model is also utilized
herein but in a modified form.

The final model that is eventually solved can be stated as a system of balance laws of the type

w + 0, F(w) = S(w, O, w) + G(w, d,w), (1.1)

where ¢ is time, x is the horizontal space coordinate, the unknown w = w(t, ) is a vector of (N +1)M + 1
scalar unknown functions that represent the total mass of the mixture, the horizontal velocity component
in each of the M layers, and the N solids concentrations in each of the M layers. The flux vector F(w)
and the source terms S(w,d,w) and G(w, d,w) arise from reduced versions of the balance equations, as
well as from jump conditions across the interfaces between the layers. These ingredients will be specified in
later parts of the paper. The particular form is suitable for the application of specialized methods for
first-order hyperbolic systems with non-conservative terms.

1.2. Related work. General references to models of sedimentation include [6,29]. Models of polydisperse
sedimentation in one space dimension similar to the MLB model, and which give rise to strongly coupled
systems of nonlinear conservation laws or possibly degenerate convection-diffusion equations were thoroughly
studied in recent years including analyses of hyperbolicity |12}/20], extensions to flocculated suspensions form-
ing compressible sediments [§], construction of entropy solutions [7,[21], development of efficient numerical
schemes [9,|10L/13], and applications in geophysics [22], water resource recovery [11], and others (see also
references in the cited works).

To put this work further into the proper perspective, we mention that suspended sediment transport in
shallow regimes by using a Saint-Venant or shallow water model combined with passive transport equations
for the different species is a well-known approach [17},23,25,127,[31,|39]. These models are obtained by
averaging the original three-dimensional equations along the height of the fluid and allow one to simulate
sediment transport with a relative small computational cost. The drawback of these models is that they
only take into account the mean depth-average concentration of solid particles in suspension. The vertical
distribution and settling of the particles suspended within the fluid is not described, which is achieved by
the present multilayer Saint-Venant approach [1-4,36]. In fact, numerical simulations by using a multilayer
approach allow one to recover interesting properties that are not observed when using just a hydrostatic
shallow water model [4]. Moreover, in that paper it is shown that the multilayer approach provides an
alternative to the solution of the free-surface Navier-Stokes system, leading to a precise description of the
vertical profile of the horizontal velocity while preserving the robustness and the computational efficiency of
the usual Saint-Venant system. Similar conclusions have been obtained by applying the multilayer technique
to density-stratified flows [5].

To calculate the complete velocity field of the mixture within the approach developed herein, we will use
the mass balance equation of the mixture and the mass jump condition in the interfaces between layers to
compute the vertical velocity of the mixture. As we will see later, this vertical velocity is linear by layer
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and it has possibly a jump between adjacent layers given by the jump condition. In [24] the authors are
introduced this idea for an incompressible fluid. Here in the mixture each species has a constant density but
the mixture itself is compressible, and due to the this modifications it moves as one phase satisfying laws of
conservation of mass and momentum.

The numerical solution of the resulting multilayer model is based on recently developed specialized
methods for first-order hyperbolic systems with non-conservative products. In [19] the authors propose
a formal definition for such products and provide a notion of weak solution for the Riemann problem.
Numerical schemes to solve systems of PDEs in non-conservative form are proposed in [18,/33,[3438] (this
list is not complete). In [16] the authors introduce new first-order finite volume solvers, so-called PVM
(polynomial viscosity matrix) methods, to solve Cauchy problems for hyperbolic systems of conservation laws
with source terms and/or nonconservative products. This method allows one to compute an approximation
of the viscosity matrix by a polynomial evaluation of a Roe matrix, which avoids the necesessity to compute
the complete characteristic decomposition of this matrix.

1.3. Outline of the paper. The remainder of the paper is organized as follows. In Section [2] we introduce
the governing partial differential equations (PDEs) governing polydisperse sedimentation, starting with the
continuity equations (Section and the linear momentum balances (Section for the solids and fluid
phases and the mixture. The definition of the slip velocity, or solid-fluid relative velocity, for each of the
solids phases in terms of the modified form of the MLB model is outlined in Section[2:3] For each of reference,
we summarize in Section the governing PDEs to which the multilayer approach is subsequently applied
in Section The layers, interfaces, and boundaries arising in the multilayer approach are introduced in
Section followed by definition of some notation in Section The general concept of weak solutions of
the governing PDEs in the multilayer setting, based on the appropriate jump conditions across the interface
between adjacent layers, is introduced in Section [3.3] For the mass conservation and linear momentum
balance equations of Section[2.4]the jump conditions give rise to the mass fluxes across the interlayer interfaces
and a relation that in addition to the mass fluxes involves between the extra (or viscous) stress tensors, see
Sections and [3.5] respectively. In Section [3.6] we show how the vertical velocities for each solids species are
defined for each layer. The corresponding vertical velocities of the mixture are derived in Section Then,
in Section [f] we introduce the assumption of a hydrostatic pressure. The closure of the model is described
in Section [f] and the final form of the equations that will actually be solved is developed. In particular, in
Section the treatment is limited to one horizontal space dimension and fixed proportionalities of each
layer with respect to the total height of the mixture are introduced. The assumptions stated so far lead to
the interlayer mass fluxes in closed form and reduce the model to M (N +1)+1 scalar PDEs for variables from
one may recover the primitive variables, namely the solids concentrations and horizontal velocity components
in each layer and the total height of the mixture. This is outlined in Section [5.2} The expression for the
total interlayer mass flux is deduced in Section In Section [6] we present a numerical scheme to solve
and simulate numerically the polydisperse sedimentation process. Specifically, we demonstrate in Section [6.1
that the final model takes the form of a first-order system of balance equations, and in Section describe
the HLL-path-conservative method used for its solution. Section [7]is devoted to the presentation of three
numerical examples (after stating some preliminaries, Section , namely for bidisperse sedimentation in
solely one vertical space dimension (Test 1), bidisperse sedimentation in a horizontal channel with an inclined
bottom (Test 2), and sedimentation in a domain whose bottom has a “bump” (Test 3) (see Sections|[7.2|to[7.4)).
Some conclusions are collected in Section

In Appendix A, we introduce a bound for the characteristic velocities of the proposed multilayer model
formulated in Section [5} In Appendix B we provide details of some of the calculations that lead to the final
system of Section [4]

2. GOVERNING EQUATIONS

2.1. Continuity equations. Let us consider N € N species of spherical solid particles dispersed in a
viscous fluid. For each solid species j, 7 = 1,..., N, we denote by ¢;, p;, and d; its volumetric concen-
tration, density, and particle diameter, respectively. Furthermore, in d = 3 space dimensions we denote
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by v; = (uj,vj,wj)T € R3 its phase velocity with the horizontal component (uj,v;) € R2, while in d = 2
space dimensions (one horizontal, one vertical) the velocity is (u;,w;) € R? with the scalar horizontal com-
ponent u;. In both cases, w; is the vertical velocity component. The same notation is used for the fluid
indexed by j = 0. The model is based on the continuity and linear momentum balance equations for the
N solid species and the fluid. The continuity equations are given by

9(pjds) +V - (pjdjv;) =0, j=0,...,N. (2.1)
Since all densities p; are constant, we may divide the j-th equation in (2.1) by p;, obtaining
D6 +V - (6j05) =0, j=0,...,N. (2.2)

(Here and in the remainder of the paper, partial derivatives of indezed quantities are always understood in
the sense d;; = 0¢(¢;), etc.) Let ® := (¢, ...,on)T. We define the density of the mixture

p = p(®) := pogo + p1d1 + -+ pNoN. (2.3)
Then summing all equations in (2.1 yields that the mass average velocity of the mixture

LN ) N N
vi= (o) == o, = - [(P - Zﬂj¢j>vo + Zpk¢kvk] ;
P =0 =1 k=1

p

which satisfies the global mass balance of the mixture

Op+ V- (pv) =0. (2.4)

Defining the slip velocities u; := v; — vg and \; := p;¢;/p for i = 1,..., N, we derive the identity
jv; = ¢j(u; +v— (Mur + -+ Ayuy)), j=1,...,N; (2.5)

hence the solids mass balance equations in can be rewritten in terms of v and wy,...,uy as

8t¢j +V (d)j(’u]‘ +v— ()\1’1141 + +)\NUN))) = 0, j: ].,N
Summing all these equations we recover, again, the mass balance of the mixture.
2.2. Linear momentum balances. The respective momentum balance equations for the NV solids species
and the fluid are given by
0u(pjdjv) +V - (pjdjv; ©v;) =V -Tj+ pjdsb+mi +m3, j=1,... N, (2.6)
di(podovo) + V - (podovo @ vo) = V - T + popob — (mf + -+ + mly). (2.7)
Here T'; denotes the stress tensor of the particle species j, j = 1,..., N, T that of the fluid, b; is the
body force, mf and m;,; are the interaction forces per unit volume between solid species j and the fluid and
between the solid species j and 4, respectively, and mj = m}; + --- + mj is the particle-particle interaction

terms of species j. In light of considerable experimental and theoretical justification [8], the quantities m;
are neglected at the very low Reynolds numbers considered here.

Summing all equations in (2.6)) plus (2.7 and setting T = Z;V:o T; yields

N N

O (Z Pj¢jvj> +V- (Z Pidjv; @ vj) =V-T+pb.
j=0 j=0

Defining the diffusion velocities u? :=wv; —vfor 7 =0,..., N, we may rewrite the above expression as

N
O(pv) + V- (pr®@v)=V" (T - ijqﬁju;i ®u?> + pb.

§=0
Finally, the linear momentum balance equation for the mixture is given by
9(pv) +V - (pr ® v) =V - T + pb,

where ¥ :=T — Z;V:o pj(bju‘; ® u? denotes the stress tensor of the mixture. (This reduces to ¥ = T if the
fluid and solid velocities are the same.)
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We assume here that the stress tensor of the solid phases can be written as T; = —p;I + T?, where
p; = (6j/9)(¢p + 0e(¢)) is the pressure of phase j for j = 1,...,N. The index j = 0 represents the stress
tensor for the fluid with pg = (1 — ¢)p and the total concentration of particles ¢ = Zjvzl ¢; and Tg and T;E
are the viscous stress tensors of the fluid and solid phases respectively, and o, is the effective solid stress.

The interaction solid-fluid force per unit volume is given by mg = a;(D)u; + 5;(P)Ve;, where ¢ is the
resistance coefficient for the transfer of momentum between the fluid and solid phase species j. Following (3]
we have that 1(®) = --- = fn(®) = p. Introducing the continuity equation in the momentum
equations and assuming that gravity is the only body force, i.e., b = gk where k is the downward-
pointing unit vector, we obtain the linear momentum balances in the following form:

pi¢;Dw; =V - T? —¢;Vp —pjoigk + aj(®)u; + mj — V(ngc(qﬁ)), j=1,...,N, (2.8)

1
poDivg = —Vp+ ﬂv . TE + pogk — (ajur + - + anun), (2.9)

where we use the standard notation Dyv = 0;v + (v - V)w.

2.3. Explicit formula for the slip velocities u;. An explicit expression for the slip velocities u; is derived
in [§] by a dimensional analysis applied to the linear momentum equations for the solid species and the fluid,
(2.8) and (2.9)), respectively. This procedure yields the explicit form

®; ( . oe(9) (qu) 1-¢ .
u; =g pi—p Pk + VI ——Voo(¢)), 7=1,...,N, 2.10
1=\ ot e, Y o g o) (2.10
where we introduce the reduced densities p; := p; — pr, i = 1,..., N and the vector p := (p1,...,pn)" .

Following [8,128,[30] we choose ¢;/c;(®) = —d3V (¢)/18ur, where pg is the viscosity of the fluid, and the
function V(¢), known as hindered settling factor, that is supposed to satisfy V(¢) > 0 and V'(¢) < 0 for
0 < ¢ < dmax- A common choice of this function is the Richardson-Zaki [35] expression

(= ¢)"rz=2  for ¢ < 1,
V((Z5) = {0 for 61, nRrz > 2. (211)

Since we are interested in modelling only the sedimentation process we will not consider effects of sediment
compressibility, so we assume that the effective solid stress o, is equal to 0. Therefore the final form of the
slip velocities is given by

uj = ud;V(g)(p; —p @)k, j=1,...,N, (2.12)

where we introduce the parameters p := —gd?/(18u¢) and §; :=d?/d3,i=1,...,N.
Inserting (2.12) into (2.5) we get
pjv; = [ (®)k+ v forj=1,...,N,

where we define the functions

N
FU®@) = g0 = ¢uV (9) <5j(ﬂj =P ®) = > Nedi(pr — ﬁT‘I’)>, j=1....N. (2.13)
k=1
Finally, the continuity and momentum equations for the solids can be written as
Odj + V- (¢jv+ f}1(®)k) =0, j=1,...,N, (2.14)
pi(0(dv;) + V - (jv; ©v;)) =V - T§ — ¢;Vp — pjdjgk + a;(®)u;, j=1,...,N. (2.15)

We remark here that the vertical velocities of particles expressed as combination of the vertical average
velocity of the mixture w = Awo + - - - + Aywy and the fluxes fJM(<I>) satisfy

pidjwi = pidjw + pi f1 (@), (2.16)
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F1GURE 1. Sketch of the multilayer approach

moreover we have the identity

N 1 N
D o Nwy = (1= X)w+=> " p;f}!
=1 P

that can be rearranged as

N
1
)\o’u)o = )\Ow —_ — Zpﬂf]M
P

The above equation we may define a similar relation as (2.16|) for the vertical velocity of the fluid

N
PoPowo = podow — ijf]M(‘I))-
Jj=1

2.4. Final form of the model equations. The final form of the model is given by the mass conservation
and linear momentum balance equations for the solids species after introducing (2.10)) into (2.15)), and it can
be written as

9e(pjdi) +V - (pjdjv;) =0, j=1,...,N, (2.17)
pi(0i(jv;) + V- (¢jv; ® ;) =V Ty — ¢;Vp—djpgk, j=1,...,N. (2.18)

where
$jv; = ¢jv + [Pk, (2.19)

and if we sum up from 0 to N the equations (2.18]) we have

N N
) (Z Pj¢j”j> +V- (Z PjPivj © Uj) =V T —pgk, (2.20)
=0 =0

with T =Y (T; = —pI + T".
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3. A MULTILAYER APPROACH

3.1. Layers, interfaces, and boundaries. We shall consider a d-dimensional space (d = 2, 3). For a given
final time T > 0 and each time ¢ € [0,T] we denote by Qr(t) the fluid domain and by Ir(t) its projection
onto the horizontal plane. In order to introduce a multilayer system, the fluid domain is divided along the
vertical direction into M € N* pre-set layers of thickness h,,(t, ) with M + 1 interfaces

LCoyi/2(t) = {(:c,z) eR?: 2= Zag1,2(t, ), T € Ip(t)}, a=0,1,....,.M

(see Figure . We assume that the interfaces 'yt 1/2(t) are smooth, concretely at least of class C" in time
and space. We denote by zp = z1/2 and zs = 2p741/2 the equations of the bottom and the free surface
interfaces I'(t) and I's(¢), respectively. The thickness of layer « at time ¢ and horizontal position x is

he = ha(t,il?) = Z(x+1/2(tvw) - Za—l/Q(t,w)v a=1,...,M,

such that zo11/2 = 2B + h1 + -+ + hq for @ = 1,..., M. Then the height of the fluid is h := 25 — 2B =
hl +.--+h M-

The boundary 9Qr(t) of Qr(t) can be represented as 9Qr(t) = T'p(t) U Ts(t) U O(t), where O(t) is
the inflow/outflow boundary which we assume here to be vertical. The fluid domain is split as Qg (t) =
UM Q. (t), where we define the layers and their boundaries as

Qu(t) = {(w,z) cx e Ip(t) and zo_q1)2 < 2 < Za+1/2}7
such that
aQa(t) = Pa—l/Q(t) @] Fa+1/2(t) U @a(t), Ga(t) = {(CE,Z) X c 8.[F(t) and Zoz—l/? <z < Za+1/2}.

Hence the inflow/outflow boundary is split as ©(t) = UM_,0,(¢).

3.2. Notation. Based in part on the definition of layers above, we introduce the following notation:

(i) For two tensors a and b of sizes (n,m) and (n, p) respectively, we shall denote by (a; b) the tensor
of size (n, m + p) which is the concatenation of a and b in this order.
(ii) For @ = (21,...,24-1) and the differential operator V = (04,,...,04,_,,0), we define

V= (05V) = (04,02, 00y_,,02)y Va:i=(0us-- 0, )
(iii) For « =0,1,..., M and for a function f, we set
f(;+1/2 = (f

If f is continuous across 'y 1 1/2(t), we simply set fo11/2 1= f|1‘a+1/2(t). ‘We shall also use the notation

QL,(t))’Fa+1/2(t)’ f;+1/2 = (f|9a+1(t))|l“a+1/2(t)'

- 1
- + -
Jat1/2 = §(fa+1/2 + fa+1/2)'

(iv) We denote by 1,1/, the spatial unit normal vector to the interface I'q (¢) outward to the layer 2, (t)
for a given time ¢, that is

1

Mat1/2 = 1+ |Vez +1/2|2<va0er1/2’_1)T7
T~

Furthermore, n; 1/ denotes the (space-time) unit normal vector I',(t) pointing to Q4(%), i.e.,

a=0,...,M.

1 T
T at1/2 = (0¢tza+1/2, Vazati2, —1)",
/ V14 Vaezati2l? + (0iza—1/2)? /2 Te /
(v) Let @ € {1,...,M — 1}, and assume that y is a scalar, vectorial, or tensorial quantity defined in
Qa(t) and Q4 41(t), such that the one-sided limits of y on either side of Iy /2(t), that is

a=0,..., M.

+ — : - L .
yt,a+1/2 T Z_’Llalguz y(w, 2, t)7 yt7a+1/2 = Z—’Llal«rguz y(a:, Z, t),

z>za+1/2 z<za+1/2
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are well defined. Then we denote by [y]; 4172 the jump of y across I'y1/2(t), that is,

_ -
[W]tat1/2 = Yt,a41/2 ~ Yt,ar1/2°

If y does not depend on z within each of the layers Q,(¢) and Q,1(t), then this implies

[[y]]t,a+1/2 = (y|Qa+1(t) - y|Qa(t)) Cogr/2(t)’ (3~1)

Remark 3.1. If we add the time variable as one more dimension, then the corresponding domain Qr is
actually given by Qr = {(t,z,2) : t € (0,T], (x, z) € Qp(t)} with 0Ny = Ar UALUAs, where Ap = {(¢, 2, 2) :
te (0,7),(x,2) € 00r(t)}, Av = {0} x Qr(0), and Ay = {T} x Qp(T). Since we integrate over Qp(t), we
retain here the boundary Ar for the computations even if it means cancelling the tests functions over the
boundaries A1 and As.

3.3. Weak solution with discontinuities. Let us recall the conditions to be satisfied by a piecewise

smooth weak solution (v1,...,vN,¢1,...,¢n,p) of (2.17)—(2.20), where v; is defined by (2.19).

Definition 3.1. Assume that the velocities vy, ...,vy, the pressure p and the volume fractions ¢1,..., N
are smooth in each Qu(t), but possibly discontinuous across the predetermined hypersurfaces T'oyq/2(t) for
a=1,...,M —1. Then

y:=(v1,...,98,01,...,0N,D) : Qr > (t,x,2) = y(t,z,2) € RV x RV xR
is a weak solution of (2.17)—(2.20) if the following conditions hold:
(i) The function y is a standard weak solution of (2.17)—(2.20) in each layer Q,(t), a =1,..., M.
(ii) For each « = 1,...,M — 1 and t € (0,T), the following normal flux jump conditions across the
interface U1 1/2(t) are satisfied: for the conservation of mass equations,
|[(pj¢j;pj¢jvj)]] tatije Mhatl/z = 0 foralj=1,...,N, (3.2)
and for the momentum conservation law corresponding to equation (2.20)),

N N
H(Z PmPmVm; Z PmPmVm @ Uy — T)ﬂ N at1/2 = 0, (3.3)
t,a+1/2

m=0 m=0
where
T = —pI +T" (3.4)
1s the stress tensor of the mixture.

In order to develop the multilayer model, we assume the layers thicknesses small enough to neglect the
dependence of the horizontal velocities, the concentrations and the pressure on the vertical variable inside
each layer. Moreover, we assume that the vertical velocity is piecewise linear in z, and possibly discontinuous.
Concretely, for all @ = 1,...,M and j = 0,...,N we set vjlo, ) = Vja = (Ua, W) o), dja = djla. @)
and for all @ = 1,..., M, po := pla, ), Where Uy, ¢jaWja = GjaWa + f}\f[a, and ¢; ., respectively, stand for
the horizontal and vertical velocities and volumetric concentration of the species j on layer a. Let us also
denote the averaged velocity of each layer by

N
w1
v ;ij¢j,a'vj,a = (W, wa), a=1,..., M,
j=0

(where we choose an upper index for « to avoid confusion with the lower index j), and assume that
Oua =0, 0,¢,0=0, O,wy=dju(t,x), 0, ]1‘\,/[(1 =eq(t, ) 0.pa(t,x) = gol(t, ) (3.5)

for some smooth functions d; (¢, ), e« (t, ) and go (¢, ®). That is, we suppose that the horizontal velocity u,
and the concentration of each of the species ¢; o do not depend on z inside each layer, and that w; . and p,
are linear in z inside each layer.
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There is no hope for such a particular set ((wa,w1,6)T,. .., (UasWN )T, Plas- - ON.asPa) to be a
solution of the complete equations in the layer ,(¢). Instead, we shall consider a reduced weak for-
mulation with particular test functions, that we describe in the following sections. Let us also denote

Do = (P0.0s P10y -+ PN,a) ' and
Pa = P0Po,a + P1P1,a +* + PNON a- (3.6)
3.4. Mass conservation jump conditions. In what follows we analyze the jump conditions and
, where we recall that implies that
ul ) =ug,, ,te) =uat,a), and ¢, u(tx) =0, H(t ) =dja(t ), (3.7)

so that the jumps [u]; o11/2 and [@;]¢,a41/2, 7 = 1,..., N, are indeed given by (3.1]). The mass conservation
jump conditions (3.2 are then satisfied provided that

Gjat1/2 =G} oi1/s =Gl =01 N, (3.8)
where we define for j =0,1,..., N

G;:a+1/2 = pj¢j,a+1 (atza+1/2 + Uqt1 - vmza+1/2 - w;:a_'_l/g)a (3 9)
G;a+1/2 = pjdja (8tza+1/2 + Uy - v:13'73135-',-1/2 - wj_,a+1/2)~

(We remark that G o412 is the normal mass flux for species j at the interface I'y11/2(t).) Taking into
account the structure of the vertical velocity, let us denote

+ + + +
Wi at1/2 = War1/2 + fj,a+1/2/¢j,a+1/2' (3.10)

where ffa 1/ must satisfy

N N

+ _ - —
Zpifj,a+1/2 = ijfj,a+1/2 =0.
=0 =0

It is now clear, adding up in j, that

N
Ga+1/2 = G07+1/2 = G;+1/2, where Ga+1/2 = Z Gj,a+1/27 (311)

=0
and

Gl—+1/2 = Pa+1 (atzoc-ﬁ-l/2 + Uat1 - Vazatiz — w:+1/2)’ (3.12)
G;+1/2 = Pa (at2a+1/2 + Uq sza—i-l/Q - w;+1/2)7

which corresponds to the jump condition for (2.4). (The quantity G /2 will be referred to as total normal
mass flux across the interface I'y 11 /2(t).) Then, from (3.9), (3.10) and (3.12) we obtain

+ _ Pi%iat + - _ Pi%ia -
jat1/2 = THGQH/? = Piljasye Glasie = D Gat1/2 = Pifjat1/2
and these two equations allow us to obtain
Gj,a+1/2 = Qf;j,a+1/2Ga+1/2 - pjfj,a+1/27 (3-13)
where we define the averages
7 L (pj¢jatr | Pija 5 1 - ,
Pjat1/2 = 3 ( jﬁj+1 + ]ﬁj v Jiat1e = i(f;aJrl/z-i-fj?aJrl/Q), j=0,...,N. (3.14)

Let us also remark that condition (3.8)) can be written as

+ Pja+1 _ Pia
fj,a+1/2 fj,a+1/2 = Ga+1/2 ( F D ) . (3.15)
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Then, from previous equations we obtain

Gat1/2 <¢j,a+1 _ %)

+ 3
- = f; +
f]:a+1/2 f]va+1/2 2 ﬁa+1 ﬁa

3.5. Momentum conservation jump conditions. The momentum jump condition (3.3) is rewritten as

N

[[T]]t,a+1/2 . (sza+1/23 _1)T = I[(p]¢ijapj¢jv] & UJ)]I t,a+1/2 ' (atza-‘rl/Qv sza—i—l/?? _1)T' (316)
7=0

Moreover, using (3.8]), we have
|[(pj¢jvj; pj¢jvj ® vj)]lt,a—i-l/2 : (atza-i-l/% vmza+1/27 *1)T = Gj,oz+1/2 ij]]t,a+1/23 7=0,1,..., N,
Inserting this into (3.16]) we get

N

[Tliat1/2 - (Vazatisz, —1)7T ZGj,a+1/2[[vj]]ta+l/2
7=0

As a consequence, condition (3.3) can be written as

N
T o . G, Vilia . 3.17
[[ ]]t, +1/2  Ma+1/2 = T \V Za+1/2|2 Z Js +1/2[[ J]]t +1/2 ( )
For a =1,...,N — 1, and consistently with (3.4)), the total stress is decomposed as
+ E,+
Ta+1/2 = _pa+1/2I + Ta+1/2a (318)

where p,41/2 is the kinematic pressure and T 5 are the limit approximations of T at Faq1/2- This

a—i—l/
means that T must satisfy

a+1/2

N
B + E,—
[T ]]t,a+1/2 “Nati1/2 = (Ta+1/2 Ta+1/2) “MNati1/2 = T+ ‘V Za+1/2‘2 Z Gj a+1/2[[’v]ﬂt at1/2; (3.19)
where G ,11/2 is defined by (3.13). Moreover, by consistency, T" ’+1 /2 should satisfy
) FE
1 E,+ Th,a+1/2 Tmz,a+1/2
§(Ta+1/2 + Ta+1/2) = Ta+1/2 ( ~n )T FE ; (3.20)
zz,a+1/2 zz,a+1/2
where Ta+1/2 is an approximation of T™ ITwy1/2s to be defined and Th at1/27 TEZ at1/20 and Tzz at1/2

denote the horizontal, mixed, and vertical components of TE at1/27 respectively. Concretely, if we utilize the
expression for a viscous-linear fluid,

TF = T%(v) = uD(v) = £ (Vv + (Vo)"),

where D(v) = (1/2)(Vv+ (Vv)7) is the infinitesimal rate of strain, then we define Ta+1/2 = ,uﬁaH/Q, with
1, 1, . !
- Dy (u’h at1/2 T Uy, a+1/2) Va 3 (wa+1/2 + wa+1/2) + Qnat1/2
Da+1/2 = 1
Ve (2 (w;rﬂ/z + wa+1/2)> + (Qnas1/2)" 2Qv,a11/2

where Q41/2 = Qu)lr,,,,, and Q = (Qy,; Q,)7T satisfies the equation @ — d,v = 0. To approximate @,
solution of this equation, we approximate v by w, that is a linear interpolation in z, such that

7

u|2:%(2a—1/2+2a+1/2) = Ua-
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Finally, we can solve the system defined by (3.19) and the equation resulting by multiplying scalarly ((3.20)
by the vector n, /. This way, we obtain the expression of T )2 that satisfies the jump condition and
the consistency condition on the interface. We can solve it easily and we obtain

N
Ta+1/2 Nat1/2 = T5+1/2 MNat1/2 T 3 ﬁ V. Za+1/2|2 Z Gjar1/2[Vi]t.ar1/2- (3.21)

3.6. Vertical velocity of the solid particles. First, we select o € {1,..., M}, and integrate vertically
the mass balance equations (2.17) over (z4—1/2,2) for 2 € (2a—1/2, 2a41/2). This yields

/ (De(pjd;) + V- (pjdjv;))d¢ =0, j=1,...,N.

Za—1/2

Under the assumptions (3.5 and recalling that v; = v+ ij (®)/9jk = (u,w;) and w; = w+ ij(CD)/@, we
obtain

3(pjs.a)(z = za—172) + Va  (pjdjatta)(z = 2a—1/2) + pjdja(Wjalt,®,2) —w), | 5) = 0.

This equation implies that the vertical velocity w; o is given by

1 ,
wj,a(tvwvz) = w;fa71/2 0; ¢ (at(pj¢j a) + Vg (pj¢j,aua))(z_za—1/2)7 j=1,...,N. (3'22)
' Pj,ex
In addition, from the condition at the interfaces, we obtain the quantities
1

+

Wiy s = ——((Pj%j0 = PiPja-1)0t2a-1/2
Pi®j.a

+ (pj¢j,aua - pj¢j,a—1ua—1) : vmza—l/Q + qusj,a—lw;a_l/g)a

where
ho—
- +
w = w’ _—
—1/2 ,a—3/2
7, / 7, / pj¢ja 1

Using the horizontal velocities specified by the model, the averaged vertical velocities in the layers are
computed sucessively from below to above as follows, where j = 0,..., N. Flrst the quantity w 12
determined from the given mass transfer G; /2, through the bottom condltlon at the bottom by

(9:(pj¢j.a-1) + Va - (pjdja-1Ua-1))-

+
wjl/Q—atzB—l—UyszB— .
: Pi®ia

Then, fora =1,...,N and z € (za_l/g,za_,_l/g), we set

—wt
Wit @, 2) =w/, 4, — ¢
PiPj.c

h
w. :er _70[8 '(b’oc +vm '(b'aua y
J.a+1/2 a—1/2 pjd)j,a( t(pj VB ) (p] s ))
1

m ((pjdja+1 — PjPja)OiZati)e

(0:(pjdja) + Va - (pjdjata))(z — Za—1/2)

+ —
Wi at1/2 =
+ (pj¢j,a+1ua+l - pj¢j,aua) : sza+1/2 + pj¢j,aw;a+1/2)-
3.7. Vertical velocity of the mixture. The vertical velocity of the mixture inside 2, is obtained summing

from 0 to N the vertical velocity of the species inside this layer, which is given by (3.22)). This yields

N

N
ij@-,awj’a(t,x, z) = Z (Pjﬁbj,aw;fafl/z — (0(pjdja) + Va - (pj¢j.atta))(z — Za—1/2))' (3.23)
=0

=0
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This equality implies that
1
Wo(t, @, 2) = wi——l/2 N F(atﬁa + Vg - (ﬁaua))(z - Za71/2)7

and using the mass jump condition (3.12]), we obtain

1. _ _ _ -
w2—1/2 :;((pa - Pa—1)3t2a+1/2 + (paua - pa—lua—l) : vwza+1/2 + pa—lwa_1/2)7
o

where
_ ha—1 _ _
Wo—1/2 = w:—3/2 - ﬁ(at(ﬁ’a—l) + Vg - (Pa—lua—l))~
o
Then the vertical velocities of mixture in the layers can be computed successively from below to above as
follows. The quantity w;r/Q is determined, from the given mass transference G5, through the condition

(3-8) at the bottom by

Gi2
“’1+/2 = 0i2B + U1 - Vg2zp — 2
1
Then, for « =1,..., N and z € (24—1/2, Za+1/2), We calculate successively

1
wo(t,x,2) = w;—_l/z - ?(@ﬁa + Vg - (ﬁaua))(z - Za71/2)a

_ h _ _
Wat1/2 = w:—1/2 - pi(atpa + Vg - (pocuoc))>
1 _ _ _ _ _
w;r+1/2 = m((pa-&-l — Pa)0tzat1/2 + (PatiUat1 — Palla) - VaZayi/2 + Pawa+1/2)-

4. A PARTICULAR WEAK SOLUTION WITH HYDROSTATIC PRESSURE

The assumption of a hydrostatic pressure means that

M
poc(ta , Z) = pa+1/2(ta .’1}) + f_)ocg(za+l/2 - Z)a where pa+l/2(t’ ZC) = ps(tv :13) +g Z ﬁﬂhﬂ(tv .’1}) (41)
B=a+1
Here, the component p,1/2 is the kinematic pressure at I'y11/2(t) and ps denotes the pressure at the free
surface. Then, the unknowns of the systems are the layer depths and the horizontal velocities.

Since v;,, is a weak solution of (2.17)—(2.20)) in Qq(t), where v; defined by (2.19)), let us begin by consider-
ing the weak formulation of this system in Q,(t) for @ = 1,..., N. Assume that v, € L2(0,T; H'(24(t))%),
Orvy € L2(0,T; L2(Q4(1)4) and p, € L2(0,T; L2(Q4(t))). Then a weak solution of the original equations in
Q. (t) should satisfy for all p € L?(Q,(t)) and for all ¥ € H'(Q,(¢))¢ with 9|ar, = 0 the identities

/ (Odja + V- (9),avja))pd =0,
Qa(t)

/ ( pjatwj,avja))ﬂdm / (
Qa(t) =0 Qa(t)

+/ TE:Vﬁde/ pV~19dQ+/ (T711/29)  May1jpdl
Qq (t) Qa(t) Tot1/2(t)

N N

iV - (¢),aVja ® Uj,a)) -9 dQ
0

Jj=

_/ (T3 1/39)  Na1p2dl = —/ 9pok -9 dQ.
Fo_1/2(t) Qa (t)

We counsider velocity-pressure pairs with the structure given by (3.5 that satisfy the previous system with
particular weak solutions that satisfy (4.2)) for test functions such that 9, = 0 and

W(t,x,2) = (In(t, ), (z — 26)V(t,2)) ", (4.3)
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where ¥y, and V are smooth functions that do no depend on z. Now following a similar approach as in [24],
after some straightforward calculations (see Appendix B) we get the mass conservation law

at(pj¢],aha)+vm (pj¢j,ahotu0¢) :Gj,a+1/2 _Gj,afl/Qa .7 :0717"'7N7 a:0,...,M, (44)
where G ,11/2 is defined by (3.13). We remark that taking into account (3.6]), we get
at(ﬁaha)+vw ' (pahocuoc) :Ga+1/2 _Ga71/27 a=0,...,M. (45)

The balance of momentum equations now take the form

Za+1/2
Ot (Pahata) + Ve - (Pahatta @ uq) + / Vapadz — Vg - (hoTE)

Za—1/2
D T FE FE T _ E
+ (Th,a—&-l/?(VwZOtJrl/Q) - T:cz,a+1/2) - (Th,a—1/2(vfﬂza*1/2) - Tmz,a—1/2) (46)
G Go_
_ a+1/2 (uqul + ua) _ Ya 1/2 (uQ + Ua71)~
2 2
Introducing the notation
M h a—1 h
Pai=ps+g Z ﬁﬁhﬁ+gﬁa?av ga::ZB_FZhﬂ_F?Q’
B=a+1 B=1
we obtain the following system for a = 1,..., M:

at(pj¢j,aha) + Vm . (pj¢j,ahaua) = Gj,a+1/2 - Gj,a—1/2> .7 = Oa ceey Na
at(ﬁahaua) + Vg - (ﬁahaua ® ua) + ha(vmﬁa + gﬁavmga)

- VCC . (hOéTE) + (Tg,a+l/2(vmza+1/2)T - TEZ,OH-I/Q) - (TE7Q—1/2(VWZQ*1/2)T - TEZ7Q—1/2) (47)

Ga—1/2
- 2 (uaJrl +ua) - 2

where CI:'E at1/2 and TEZ a-t1/2 are defined by (13.20).

Gay1/2

(ua + uafl)a

5. CLOSURE AND REFORMULATION OF THE MODEL

5.1. Closure of the model in one horizontal space dimension. For the sake of simplicity, we assume
that from here on that the extra (viscous) stress tensor T™ equals zero, and we limit the treatment to
one horizontal space dimension. In the sequel, we shall denote the horizontal velocities u, merely by ue,
as well as replace by x, etc. We define layers whose thickness h,, is proportional to the total height h,
i.e. we assume that h, = l,h for @« = 1,..., M, where with [y,...,l); are positive constants satisfying
Iy + -+ 1y = 1. Furthermore, we define r;, = pjp;h for « = 1,...,M and j = 0,...,N, and
Go = pahug for a« =1,..., M. Note that system consists of M (N + 2) scalar equations for the same
number of unknowns, namely {h, {¢a, {7 } 321 }251, {Gui1/2} 5"}, Finally, we define

N N
Mg = pah = er,a = poh + Z urj@. (5.1)
=0 = Pi

Then, instead of writing (£.7) in terms of {{r; o} o}AL,, we utilize {mq, {rja}i_,}AL;. Moreover, from
(5.1) we can recover the height of the fluid column as

N
1 Pi — Po
h: e ma — 7‘7 T-a . 5.2
p0< ;21: P ) (5.2)
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Consequently, by taking into account the definition (3.13) of G 441/2, We can write the system (4.7)) for
a=1,...,M as follows:

1
Oymeg + 0rqa = T(Ga+1/2 —Go_1)2), (5.3)

Tj,ada 1 - 7
04750 + a:v( Jm ) = T(¢j,a+1/2Go¢+1/2 - ¢j,a71/2Ga71/2)

j=1,...,N, (5.4)

p' ~ ~
- fj(fj,aﬂ/z - fj,a71/2)7

2 M M
9o g Z Z
8tqa + ax (ma + h(ps + ilama +9 lgm5>> = (ps +g lgmg) amh

B=a+1 B=a+1 (55)

1, _
— gMmaOzzy — gMaLo—10:h + f(ua+1/2Ga+1/2 - ua—1/2Ga—1/2)7

where we define
~ L 1 da+1 qo
Uat1/2 = 2 (ma+1 + M
and note that qgj’aﬂ/% defined by ([3.14)), can be written as
7 1/(r; a+1 Tja
Gjat1/2 = 3 <H + J)- (5.6)

ma+1 Mea

5.2. Recovery of primitive variables. Finally, we can deduce the definition of G,/, from previous
equations, in terms of the other unknowns of the problem. What implies that we can consider a reduced
system with M (N + 1) + 1 equations. The system can be defined by the M N equations , the M
equations (5.5) and the sum of the M equations . This last equation can be written as

M M M
Oy + Oy (Z lﬁ(]ﬁ) = GM+1/2 - Gl/g, where m := hz pplg = Z lgmg. (5.7)
B=1 B=1 B=1

Then, once the total mass fluxes Goy1/2, @ = 1,..., M — 1 are specified (see Section |5.3)), the unknowns of

the system defined by equations (5.4), (5.5) and (5.7) are {m, {qq, {rj@}é\':l}éw:l}. From these unknowns we
can recover primitive variables as follows:

1 M N o
he (e st ),
Po Pj

B=1j=1
N M N
me = poh + Z?‘j,a bi _' Po _ m+ Z Z(Tjﬂ — Tj,g)lgipj _. po,
j=1 Pi B=1j=1 Pi
Pa = Mu/h, (5.8)

U = Q(x/ma~

5.3. Explicit formula of the total interlayer mass fluxes. For the case of a single density of all phases
the definition of G112 can be easily deduced, as is shown in [2]. On the other hand, for a multilayer model
with variable density proposed in [5] the computation of G112 is done numerically as the solution of a
non-linear implicit system. In this subsection we show that although the model proposed in this paper can
be seen as a multilayer model with variable density akin to that of [5], we can deduce an explicit definition
of G412 in terms of the other unknowns of the problem. To this end, for a fixed layer o we consider the
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sums of the equations (5.3)) from layer 1 to layer a and from layer + 1 to layer M, respectively. This yields
the equations

«@ a+1
Z lﬂ(atmﬁ + 3:‘16) = Ga+1/2 - G1/2, Z l'y(atm'y + aﬂch) = GM+1/2 - Ga+1/2-
B=1 ~y=1

By using (5.1) we can write m,, in terms of h and r;,. Then the above equations can be rewritten as

Lo 0:(poh) + Z Zlﬁaﬂ’g B 4 Z l02qs = Gay1/2 — G2, (5.9)
=1j=1 ﬂ*l

(1 = La)0t(poh) + Z Zl 8t7"m —0 Z 1020y = Gary172 — Gagiyz (5.10)
y=a+1 j=1 y=a+1

Now we can combine previous equations to eliminate the dependence on 9;(poh). We subtract equation ([5.9)
multiplied by (1 — L,,) from equation ([5.10) multiplied by L. As a result we obtain

ZZlﬂaﬂ‘JB L Z Zl 8{1"]».{

pB=1j=1 = a+1] 1
= Goyrjp— (1 - Z 130205 + Lo Z 1,026y — (1 — Lo)G1j2 — LaG i o-
y=a+1

Utilizing (5.4) to substitute d;r; 3 and 0;r; - in the previous equation we get

¢],a+1/2>

« M N
— La) Z lﬂ( 248 — Z@ 7']7[3U5)p 0; > Z < xqy — Zaw(rj,»yu’y)p] p] po)
B=1 ! =a+

j=1 j=1

N
(Gatiy2 = (1= La)Grj2 — LaGhri12) ( Z

N

- Z(fj,ourlﬂ -(1- La)fj,l/Q - Lafj,MH/z)(pj — po).

j=1

Moreover, in view the definition of éj’aﬂ /2 given by (3.14)) or , the number that multiplies G412 is
always positive. In fact, we obtain

N L( p p Po(Pat1 + pa)
1-) = Oq?wlz—(o +0>— rat” 7 el (5.11)
; Pj dectl/ 2 Pa+1 Pa 2papa+1
Furthermore, we can use that
N N .
ijfj,aJrl/Q =0& ijfj,a+1/2 = —pofo,a+1/2: (5.12)
§=0 j=1

Introducing (5.11)), (5.12)), and the fact that flj"l/z = fj’M+1/2 =0, we get the equality
Gat1/2= (1= La)Gija+ LaGrrgi)2

e} N
2Papa o
 —Pabetl <(1 —La) ) s (89:% = 0u(r 5us) p_p0>
8 J

Po(Pat1 + Pa) = =

P Po
— Lo Z lv( oGy — Za () Jpj >+p02f7@+1/2>
j=1

7=0

(5.13)
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Finally, if we introduce the notation

N M

Pj — Po >

Rg =dqpg — ZT’jguB J ] 5 R:= Z ZQRQ,
i=1 P =1

j
we can compute the following difference for the transfer terms, which allows us to define them recursively:
_ _ _ _ N
Po(Pa+1+ P Po(Pa + Pa—1 _ ~ .
MGaﬂ/z - MGa—uz =100:(Roa — R) + po Z(fj,a+l/2 = fia-1y2)-  (5.14)
PaPa+1 PaPa—1 =0
6. NUMERICAL SCHEMES

6.1. First-order system of balance equations. In this section we present a numerical scheme to solve
the full system composed by (5.4), (5.5) and (5.7). If we denote the vector of unknowns as

— T
w = (m7q1)'"7qM7T1,17"'7TN,1)"'7T1,Oé7'"7TN,OH"')T].,M7"'7TN7M) ) (61)

the system can be written as ([L.1)) in terms of a conservative flux and source terms containing non-conservative
products. The flux function F(w) and the source terms S(w, d,w) and G(w, d, w) are vectors of dimension
M(N + 1) + 1, defined respectively as follows:

Yol LgFme 0 0
Fa s g1
r,1
F(w) = Fr! , S(w,0,w) = 0], G(w,d,w) = g
]:-7:’M O g’r‘,M

The components of these vectors are defined in what follows. The first component of F(w) is defined via
Fme =g, for a =1,..., M; moreover, F? = (Fu ... Fi)T where Fil = ¢2/m, fora=1,...,M and

T«

Fro .= do , a=1...,M.

Mq

TN,a

The components of 8 = (s1,...,sx7)T defining the vector S are given by

! M M
o 2 o _ _ _ _
Sq 1= gMaOy(2p + h) + gh <<2 + ﬁ;llg> Ozpa + Oy (B_Zﬂlg(pg - pa)>>, a=1,...,M,

where h and p,, are computed as described in (5.2) and (5.8)), respectively. Finally, the sub-vectors of G are
defined by G¢ = (G%, ..., G )T with Gl = (tat1/2Gat1/2 = Ua—1/2Ga—1/2)/la for a =1,..., M and

Pl(fl,a+1/2 - fl,a—1/2)

r,Q 1 T T
G = T Ga+1/2q)a+1/2 - Ga—l/Q(I)a—l/Q - : , oa=1,... M,

PN(fN,a+1/2 - fN,a—l/Q)

where ®oy1/2 = (1,041/2,-- > ONat1/2)-
Since we will use the flux function of the unknowns m, to compute the flux function for the unknown m,
we also consider the part of the source term related to the unknowns m,, which is defined by

Gme = (Gag1y2 — Ga—172)/la, a=1,..., M.

(see (5.3). At this point we introduce the following notation which will be used later. We denote

. Frme 0 gme
O N R (A
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Note that using this notation, from the definition of the global system we obtain

atwa+8x-¢a(wa)zsa+ga, a=1,...,M.

6.2. Path-conservative method. We consider an HLL-path-conservative method where we set the path
as segments (PVM-1U method, see [16]). Nevertheless, in what follows we describe the definition of the
method in a form that allows us to avoid the computation of the matrix transport of the system. Moreover,
this formulation takes into account that the flux associated with the unknown m can be written as the
average of the fluxes associated with m,. We discretize the spatial domain into cells C; := [x;_1/2, Ti11/2] of
width Az centered at z; = (i —1/2)Ax, i € Z, and discretize time via t, = nAt, n € Ng. We denote by wy,
the approximate value of w(x,t,) for layer a; similar notation is used for other quantities.
The HLL-PVM-1U method is defined by the following two coefficients,

ag,i+1/2 = (Sﬁ,i+1/2|5ﬂi+1/2| - 53,i+1/2‘5§7i+1/2|)/( ;L{,i+1/2 - Sﬁi+1/2)a
0‘711,”1/2 = (‘Sﬁ,i+1/2| - |S£L,i+1/2|)/(5i?{,i+1/2 - Sﬁ,i+1/2)~

Here the characteristic velocities St ; /2 and Sp} are global approximations (they are the same for each

i+1/2
layer) of the minimum and maximum wave speed. Taking into account Theorem |A.1| (see Apendix we

set the following definition of 57, » and Sg ;.4 /5,
SE,i+1/2 = ﬂ?4—1/2 - ‘I’?+1/2a Sﬁ,i+1/2 = a?—&-l/Z + q’?+1/2a (6.3)
where
XM
Uy )y = i D Uiy
B=1
M n M 1/2
2M — 1 ghi+1/2 1
or = 2 uy —ul 24 + — 28 —1)p} ,
i+1/2 2M(2M — 1) ( 5221( +1/2 +1/2) 00 Po M 6221( 5] ),057 +1/2
where M is the number of layers. The HLL-PVM-1U method proposed can be written as
n+1 n At n n n n
wa,i = woc,i — E (Ta,i+1/2 — Toc,i—l/2) + AtSa,i + Atgaﬂ;,

where here the numerical flux is given by ]:-"’i+1/2 = (Fhe Fleon

)T
« i+1/27 i4+1/2

)

~n 1 n n 1 n n n n n
Foit1)2 = 3 (]:a (wa,z‘+1) + Fa (U’m)) 3 (%,i+1/2 (wa,i+1 —wy,; +Chi12t Sa,i+1/2)

+af 119 (]:a(wZ,z‘H) —Fa (wgl) + SZ,i+1/2))a
where

=N =n
Pai+1 T Pai

Pojitr T Payi( 1 0
n Z; Zi n __ n n n _
Clitiyy= D) . (zit1 ) v Sai= §(Sa,i+1/2 + Sa,i—l/Q)’ Soiti2 =49 <327i+1/2> ’

M
n 1 n n n n 2,n 2.n la _n —n
Sait1/2 = 5 ((mi—H +m ) (i —ni') + (bl + Ry )(2 + Z lg | (Paiv1 — Pai)
B=a+1

M
+ (hi1 +R7) Z lﬁ((ﬁ%,m = Poiv1)his — (BB — ﬁzz)h?))

B=a+1
gmavn
gg,i = (glqmn .
i

and
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Me,N
%

To compute G and GI*" we approximate the transfer term G, /2 by setting

1

at1/2, 1= 3 (GZ+1/2,1+1/2 + GZ+1/2,¢—1/2)7

where G, /2,i41/2 is an approximation at = x;, /5. By using the recursivity equality (5.14), we approx-
imate the transfer term by

Pat1t Pa Pat+ Pa—1 ! 5 5
Po C;n lﬁna at1/2,i41/2 = PO znﬁnal a—1/2i+1/2 T Ai(fr( tit1 — Ri1 — Ry + RY)
a+1Fa alla—

N
+ Z(fﬁa+1/2,i+1/2 - fﬁa—l/?,i—&-l/?) (pj — Po),
j=1
with

(ﬁg,i-i-l +ﬁg,i)7 a=1,...,M;

o=

— N

fﬁa+1/2,i+1/2 = §(f7a+1/2,i+1 + f7a+1/2,i)a a=1,....M, j=1,...,N,

where fj”a +1/2,0 is the numerical approximation of the vertical flux fj,a—s-l /2 given by

, 1 E.1
j,LaJrl/Q = §(¢j,aU§‘\/ILB(‘I’a) + ¢j,a+1U?ALB(‘I’a+1)) - 2+ (¢j,a+1 - ¢j,a)

¢ Re'
- JT|U;‘VILB((I)04+1) - U;‘\/ILB(q)a” Sgn(¢j,a+l - ¢j,a)a

based on [14, Scheme 8] and where ®,, := (¢1.4,- -, dn.a)T and E, := max,;—1__n |[0}B(D, )], where v;\/ILB

is the hindered settling velocity given by (2.13). Then we have ’
gt = (GZ+1/2¢ - GZ—1/2,i)/lOM
g;za,n = (ﬂg+1/2,iGZ+1/2,i - azfl/Q,iszl/Q,i)/lm
an o 1<“Z+1,i+1 + Ugy i1 n Upyt1, T ng)
a+1/2,i 2 2 2
Moreover, since the solid concentrations are passive scalars in the system, i.e. F7i~ = (rjo/mq)F ™, we

use the following upwinding formula to compute the numerical flux relative to r7 ,:

Mo N i TMa,n
{(r}{w /mil F if F1975 > 0,

‘FT’J',Q,’I’L

i+1/2 ~ j=1,...,N.

n n Ma,N s
(7’j’a,i+1/Trzoé’iJrl)]-"iJrl/2 otherwise,

Finally, the numerical scheme to approximate the unknowns of the problem is defined as follows:

M
S U o
B=1

i Mi = Ay it1/20
At - ~ At
+1 _ s s s
271‘ - qz,i - Ax (-7'—?4_17;2 - ]:3—17;2) + 7(52,14-1/2 + 52,1‘—1/2) + Atgf n;
At , . . .
+1 _ Tjanm Tjanm Tjam
G = Tai — Ax (]:ijrl/Z - ‘7_—1‘11/2) + AtG; ",
with
) 1 - - Pi sz A
Ti,a J
g’ = f(¢?,a+1/2,iGZ+1/2,¢ - ¢;},a71/2,iG271/2,i) - T(f;?aﬂ/uﬂ/z - f£a71/27i+1/2)7
(e} (e}
qgn 1 (1 (Tﬁa+1,i+1 4 T;'l,a,i-i-l) N }(T?,aﬂ,i N r?@ﬁ))
at1/2,i — .
potl/2i 9\ 2 Myi1it1 Moy it 2\mg iy Mg,
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7. NUMERICAL TESTS

7.1. Preliminaries. In all tests we use the global constants g = 9.8 m/s? (acceleration of gravity), ¢max =
0.68 ((nominal) maximal total solids concentration), and employ the Richardson-Zaki hindered settling factor
with ngz = 4.7. The viscosity and density of the pure fluid are y1g = 0.02416 Pas and pg = 1208 kg/m?,
respectively. In all tests the particles are assumed to have the same density p; = -+ = py = 2790 kg/m3.
These parameters correspond to an experiment by Schneider et al. [37].

We limit the computation of numerical solutions to one case of zero horizontal but one vertical direction
(Test 1), and two cases of one horizontal and one vertical direction (Tests 2 and 3). In the latter two cases,
the (horizontal) x-interval [0, L] is subdivided into C subintervals [2;_1 /2, Z;41/2] = [(i —1)Ax, iAx] of length
Ax = L/C, centered at x; = (i —1/2)Ax, i =1,...,C. In what follows, we use the following CFL condition
to determine At in each iteration:

% 12 a<X maX{|S’R 1+1/2‘ ‘SL Z+1/2|} = CFL

where Sg ;11/2 and Sy, ;41/2 are the bounds of the eigenvalues defined in and CFL = 0.5. Furthermore,
for Test 3 we compute an approximate L' error at a fixed end time t = to,q of a scalar component g; of the
numerical solution by means of a reference solution based on a number of Cie¢ cells. Precisely, let us denote
by {gi(tend)} -, and {gmf( end) }i re‘ the numerical solution at time te¢nq calculated with C and Cie cells,
respectively, where we assume that v := Chet/C € N. Then we compute the projected reference solution

{gref( end)}iczl using
3 (tena) ng Dik(tena), i=1,...,C.

Finally we define the approximate L' error of the numerical solution {gi(tend)}f’;l at time ¢t = tenq as

Q

eC,Cuf end Z ref end z(tend)|- (71)

7.2. Test 1: one-dimensional vertical sedimentation. In the first numerical test we consider N = 3
solid species dispersed in a viscous fluid. The solid particle diameters are d; = 4.96 x 107*m, dy =
3.25 x 107" m and d3 = 1.0 x 10~ * m.

We consider a vertical domain of height 2 = 0.3m discretized into M = 50 layers (z; nodes), with initial
solid concentrations ¢1(t = 0) = 0.1, ¢2(t = 0) = 0.05 and ¢3(t = 0) = 0.09 constant in all the domain.
Figure [2] displays simulated concentration profiles at different times. Comparing the simulated behaviour
of the modified MLB model (defined by (2.13)) with that of the original MLB model (that is recovered if
weset Ay =---=Ay =1in )7 we can see that the modified MLB velocities predict that the solid
particles settle slightly more slowly than when the classical MLB velocities are used. That said, we remark
that the 1D vertical modified MLLB model coincides with the proposed multilayer approximation only if the
transfer term G412 is set to zero. In other words, if we block the transfer of mass term across the interface
in the multilayer approach, we recover the classical one-dimensional numerical method for polydisperse
sedimentation |14] but with the new MLB velocity.

The 1D vertical model corresponds to solving the following system of ODEs that represent a semi-
discretization of the spatio-temporal model:

1 .
8t¢j,a:_ﬁ(flj,a-&-l/?_fﬁa—l/Q)a .]:17"'5Na azla"'va

where f; o1/ is the numerical approximation of the vertical flux function f; = ¢jv§\4LB.
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FI1GURE 2. Test 1: Concentrations of the solid species with respect the normalized height
at times ¢t = 0, 10, 50, 150, 500, and 1000s.

The mass transfer is not equal to zero in this new multilayer model even though the horizontal velocities
are equal zero. In this case, from the definition (5.13) of G 1,2 we deduce the transfer term

N

Gat1/2 = po Z fj,a+1/2-
j=0
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Since within the classical MLB model, the average velocity does not take into account the densities of the
particles, it can be deduced that

N ~
> Fiatr2=0.
5=0

Then G412 = 0. With the proposed modification of MLB model, G41/2 # 0 because this term takes into
account the exact mass conservation, which implies that

N

ijfj,a+l/2 = 0.

j=0
As a consequence, the proposed model is able to reproduce a vertical velocity of the fluid generated by the
vertical movement of the solid particles. However, the three models predict fairly similar sedimentation
behaviour of the three models. The larger species settle faster than those with smaller size, and the smaller
particles float (that is, move upward) when the biggest particles settle. This behavior is expected. At
t = 500s the solution is almost stationary. In Figure [2] a very small variation in the concentration of the
smallest particles can be observed if we compare the figures corresponding to ¢t = 500 and ¢ = 1000s.

7.3. Test 2: sedimentation with imposed velocity. In this numerical test we simulate bidisperse sedi-
mentation in a horizontal channel, with an inclined bottom, of length L = 1 m. Here and in Test 3 we use
C' = 150 subintervals and M = 10 layers in the horizontal and vertical discretization, respectively, and in
both tests we use N = 2 solids species of diameters d; = 4.96 x 10~*m and dy = 1.25 x 10~% m, respectively
(these are the original particle sizes used in [37]). The bottom elevation is given by zp(z) = —0.1z + 0.1m
for « € [0, L]. We here assume the initial condition

$1,0(0,2) =0, ¢24(0,2) =0 un(0,2z)=0 foralla=1,...,M, for all z € [0, L],

and for the height h(t = 0) = 0.3 — zg. Furthermore, as boundary condition we impose at = 0 a linear
horizontal velocity u(z)|z—o = 0.133z + 0.128 m/s, whose average value is 0.15m/s. A uniform distribution
of the sediment concentrations is set at the left boundary, i.e.,

1A 1A
1,ale=0 = i ;ﬂ ?1,8)2=0,  P2,ale=0 = i ;ﬂ G2, pjz=0 foralla=1,...., M

with Zg/le $1,8|2—0 = 0.05 and 224:1 ¢2,8z=0 = 0.025. At the right boundary a homogeneous Neumann
condition is imposed.

Here, we are interested in seeing how the particles, besides settling due to the force of gravity, are
transported horizontally when horizontal velocities are imposed on the left boundary. In Test 1 we have seen
that some particles, depending on their size, move downward or upward, and the bigger particles settler faster
than smaller particles (in the same environment). The difference here is that we impose linear horizontal
velocities by layers and fixed concentrations over the left boundary and we want to see the behavior of the
particles (horizontal movement, sedimentation and suspension of some particles). In Figures [3[ and |4 for the
first species we can see both phenomena, namely settling and horizontal transport of the particles due to
the imposed horizontal velocity at the fluid. We see for example in Figures [4] (a) and (c¢) and more clearly
in Figure [4] (e) and correspondingly Figures 3| (a), (c) and (e) that the particles of bigger size are deposited
rapidly over the bottom, furthermore we see how the concentration goes from initial condition (¢1,, = 0)
to high concentration in the first layer, decreasing from the bottom to the free surface. In all the domain
the concentration in the first layer always is greater than in the upper layers, due to the size of species 1.
Furthermore this behavior its present at all times from ¢ = 0 to t = 100s.

If we make reference to the applications (water recovery for example), we can say that in the free surface
close to the right boundary we obtain fluid free of particles of species 1 but yet with particles of species 2
at smaller concentration, as we see in Figures [3| and [4] in lines of concentration by layers and concentration
by color, respectively. On the other hand, we can observe the horizontal movement of both solid species
from the left to the right boundary, see Figures [3] and [l Clearly, the concentration of each solid species
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FIGURE 3. Test 2: Concentration of solid species ¢1, ¢2 by layer.

®1,o and ¢ , increases fromm zero to positive values in all layers. The behaviour of the smaller particles is
more difficult to predict due to the suspension phenomena that to appear when the bigger particles settle
faster. For this reason, we can see how the concentration of these particles decreases more slowly than that
of species 1. The particles of species 2 are in suspension for more time, in other words the sedimentation
process for this species is slower. We can see in Figures [4] (b) and (d) for times ¢ = 0,5,10,15s that the
concentration of the upper layers begins to increase in the middle of the domain, this means that in this
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FIGURE 4. Test 2: Concentration of solid species ¢1, ¢ by colors, n(x) = zp(z) + h(z) m.

place the particles of species 2 are clearly in suspension near to the free surface. In the following times, in
Figures [4] (¢) and (f) we see that some particles begin to settle and the concentration in the second layer
increases. We note here that the concentrations in the first layer for species 2 is small because the larger
particles have occupied the space, as we have also seen in Figures [2| (e) and (f) in Test 1. In Figure |5| the
evolution of the velocity of the fluid is presented, where we have colored the magnitude of the velocity field.

Finally, to see the influence of the velocity magnitude imposed as boundary conditions we have considered
the following values: v = 0.10, 0.15, 0.20, 0.25, 0.30m/s respectively, constant in all layers as boundary
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FIGURE 5. Test 2: Magnitude of the velocity field % and free surface, n(z) = zg(x) + h(z) m.

TABLE 1. Test 3: approximate L' errors for (top) 1 4, (middle) r2, and (bottom) 7 and
Ga, in each case for a = 2,4,6,8, 10.

C | LY error r1 o | L' error ry 4 | L' error 716 | L' error ry g | L error 71 19
40 7.33e-04 8.93e-05 1.18e-04 7.71e-05 6.76e-05
80 5.45e-04 6.13e-05 8.50e-05 6.56e-05 4.99e-05
160 3.89e-04 4.24e-05 5.87e-05 5.37e-05 3.51e-05
320 2.44e-04 2.73e-05 3.87e-05 3.92e-05 2.35e-05
C | LY error roo | L error ro 4 | L' error 796 | L' error rag | Lt error 74 19
40 3.73e-04 4.53e-05 5.94e-05 5.01e-05 3.79e-05
80 2.78e-04 3.12e-05 4.26e-05 3.98e-05 3.03e-05
160 1.98e-04 2.16e-05 2.94e-05 3.15e-05 2.22e-05
320 1.24e-04 1.39e-05 1.94e-05 2.25e-05 1.53e-05

C | L' error m | L error ¢ | L' error q4 | L' error g¢ | L! error gs | L error qi9
40 1.27e-04 8.90e-04 3.86e-04 4.80e-04 6.18e-04 3.73e-04
80 3.72e-05 7.42e-04 2.76e-04 3.55e-04 4.65e-04 2.46e-04
160 1.34e-05 5.47e-04 1.81e-04 2.42e-04 3.18e-04 1.47e-04
320 6.92e-06 3.44e-04 1.10e-04 1.51e-04 2.00e-04 8.02e-05

condition in the left and we have kept the same initial condition and we have simulated the sedimentation
process with the same diameters and solid densities for the particles. In Figure[6] for simplicity we only show
concentrations for species 1 at time ¢t = 100s for the different horizontal velocities. We can see how for a
bigger velocity the concentration of species 1 increases in the first layer due to a higher velocity, greater flow



FIGURE 6. Test 2: Concentration for different constant velocities imposed in the left bound-
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and therefore there is a higher influx of particles, which accumulate rapidly at the bottom of the domain. In
Figure |§| (f) we see the difference in the concentration of species 1 in the first layer for different horizontal

velocities.
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FIGURE 7. Test 3: Concentration of ¢; and ¢o by color in a domain with a bump, n(z) =
zp(z) + h(x) m.

7.4. Test 3: sedimentation in a domain with a bump. In this numerical test we simulate bidisperse
sedimentation process over a horizontal channel with a bump of length L = 1m. We use N = 2 solids
species dispersed in a viscous fluid; the particle sizes and densities are the same as in Test 2. The bottom
elevation is given by zp(z) = 0.2exp(—40(x — 0.5)?)m for = € [0, L], the initial condition for the height is
h(t = 0) = 0.3 — zp, and for the concentration of each species

M M
1 1
P10 = Vi ﬁ§_1¢1,ﬁ(07x), $2,0 = i ﬁ§_1¢2,g(0,x), ua(0,7) =0 foralla=1,...,M and all z € [0, L],
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(a) Sum of the solid concentrations, t = 0s (b) Sum of the solid concentrations, ¢t = 20s

T oT
33901 03 23901

~254e-01 7]
F 0.2

E 1.70e-01

E8.4Se-02
0.00e+00 I | ‘ 1 |

\
0.1 02 03 04 05 06 07 08 09 0.1 02 03 04 05 06 07 08 09

(d) Sum of the solid concentrations, ¢t = 100s

=2.54e-01

E1.70e-01

0.1 E

E8A489-02

0.00e+00

(c) Sum of the solid concentrations, t = 50s

T T
o300t 03 839001

~2.546-01

E1.70e-01

—2.54e-01 7]
r 0.2

E1.70e-o1
0.1 F

E8.48e-02 E8.48e-02
f s & goe.00
05 06 07 08 09 0.1 02 03 04 05 06 07 08 09
(f) Sum of the solid concentrations, ¢ = 1000s

0.00e+00

(e) Sum of the solid concentrations, t = 500s

E3.39e-01 0.3 E3.39e-01

—2.54e-01 1
r 0.2

E 1.70e-01

EsAse-oz
# 0.006+00
01 02 03 04 05 06 07 08 09

@ [m] - z[m]

=2.54e-01

E1.70e-o1

E8.489-02
F 0.00e+00

FIGURE 8. Test 3: Concentration by color by ¢ = ¢1 + ¢2, n(z) = zp(z) + h(x) m.

with 224:1 ¢1.5(0,2) = 0.05, 215\/[:1 ¢2,5(0,2) = 0.025. The sediment concentrations are vertically uniformly
distributed at each point z. As boundary condition we impose a closed basin.

In Figure [7] we present the simulated concentrations of species 1 (¢1) to the right and species 2 (¢2)
to the left. We can see the behavior of the particles of the different species when there is a bump in the
domain. The bigger particles are deposited rapidly over the bottom, in this case to both sides of the bump,
where we can find high concentration of species 1, as we can see in Figures[7] (a), (c), (e), (g) and (i). The
smaller particles initially remain in suspension, but at larger simulated times these particles begin to settle
and occupy where the concentration of species 1 is small (see Figures [7] (f), (h) and (j)). To see the global
behavior of all particles dispersed in the fluid we display in Figure [§] the sum of the concentrations of the all
species and we can see how these are deposited in the bottom on both side of the bump and also as some
particles of species 2 are kept in suspension. In Figure [9] and Figure we show the velocity field of the
fluid and its magnitude respectively, which is a consequence of the particles movement, and we can see how
recirculations appear to both sides of the bump. In the first times high velocities appear avoiding that some
particles settle rapidly. We see in Figures El (c) and El (c) how some particles are in suspension because they
are inside of an eddy. At larger times the velocity decreases and the particles settle.

Finally in Table [I| we show the numerical error computed with at time ¢ = 1s using a reference
solution with Cef = 5120. Only the error of some numerical solution are presented due to the big quantities
of them.

8. CONCLUSIONS

We have formulated a multilayer shallow water model framework for polydispere sedimentation that can
be used for simulations in industrial applications such as clarification tanks, wastewater treatment, and
thickeners in the mining industry, but which is especially suitable for the description of natural geophysical
process such as sediment transport and polydisperse sedimentation in rivers and estuaries. This model
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(a) Velocity field 4, t = 0s
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FIGURE 9. Test 3: Velocity field @ over concentration ¢1, n(x) = zp(z) + h(z).

provides the velocity field of the mixture, the concentrations of the each solid species, and the evolution of
the free surface. We recall that the description of the movement of the mixture in terms of the mass-average
velocity v has the advantage that the mass and linear momentum balance of the mixture is recovered. This
contrasts with earlier treatments that are based on the volume-average velocity that is divergence
free, and therefore constant in one space dimension. The latter property is an advantage especially for the
description of unit operations with controllable volume flow rates, but it does not allow for a straightforward
derivation of the momentum balance of the mixture .

Clearly, the model framework outlined in Sections [2] to [4] is more general than the cases treated in
the numerical tests. We are currently implementing an extension of the scheme to two horizontal space
dimensions, and will include viscous and compression terms. These results will be presented in separate
work. On the other hand, still within the reduced horizontally one-dimensional setting of the present work,
there is interest in simulating further scenarios such as gravity currents akin to those studied in .
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APPENDIX A. A BOUND OF THE CHARACTERISTIC VELOCITIES

In order to find a bound of the characteristic velocities of the proposed multilayer model (5.3)—(5.5)), we

rewrite the model in the form Oy + A(w)0,w = b with
w = (mh"',mMav(h»"'aquT.l,la"'7TN,1a"'alrl,M)"'aTN,M)T'

An explicit bound of the minimum and maximum eigenvalues of A in dependence of the all horizontal
velocities and all densities by layer is provided in the following theorem.

Theorem A.1. If )\, fork=1,...,2M + NM denote the eigenvalues of A and these are real, then
u—V <A <u+¥ forallk=1,...,2M + NM, (A1)

where

1 M
U= MZU[-},
p=1
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M is the number of the layers, N is the number of solid particle species and the quantity ¥ is defined as

oM —1( Y 1 & 2
. — — 2 —1 _ =
¥ = o (2 ;:1(“ —u;)” + ghpg (po + i ;:1(26 1)p5>> )

Since \/(2M —1)/(2M) < 1, another bound can be defined by considering only the second factor of .
To prove Theorem it is sufficient to apply the result presented in [32] to the characteristic polynomial
of matrix ,A. This result states that if all the roots = of a polynomial of degree n, that is, solutions x of

™ + an_12" P+ ... 4+ a9 =0,

are real, then they lie in the range bounded by

Qp—1 a721—1 2an—2 Yz
- e N e .
Nay, n2a2  n(n—1a,

APPENDIX B. A PARTICULAR WEAK SOLUTION WITH HYDROSTATIC PRESSURE: DEDUCTION OF
EQUATIONS

We detail here the calculations needed to obtain the system (4.7)), starting with the equations of mass
conservation. We choose a scalar test function ¢ = (¢, ) that is independent of z. Then, in general for a
weak solution v; the mass conservation equation (2.17) yields for all &« =0,...,M and j =0,1,...,N:

0= / (Or(pj7) + Va - (p70;))0
Q

ot

:/1 " s@(t,w)(/ °‘+1/2(8t(pj¢j)+vm-(Pj¢ju)+8z(pj¢jwj))dz>dx

Za—1/2
Zat1/2 ZFa+1/2
= / (p(t, CB) <6t </ pj(bj dZ) + vm . (/ (pJQS]’U,) dZ) — pj¢j7a8tza+1/2
Ir(t) Za—1/2 Za—1/2

- pj¢j,au;+1/2 : vwzoz+1/2 + pj¢j,aw;a+1/2 + Pj¢j,aatzo¢—l/2
+pjdjaul -V —pidjaws d
PiPjaty 172" Vafa—1/2 = PjPjaW; o 19 | AT

Moreover, noticing that d;ha = Otzq41/2 — Otza—1/2, We obtain that for all ¢(t,.) € L2?(Ir(t)),

0= / o(t, ) (0:(pjdjaha) + Va - (pijahaa) = pjdjadtzat1/2 = PiGiatyyy s Vatati/2
Ir (t) (B.1)

T 0iP5.0Wj 0172+ PiPialtZa—1/2 + Pj?bj»aujy_—l/z Vaza-1/2 — pj@bj,aw;:a—lﬂ) dz.

Introducing u, with assumptions (3.5 in the equation (B.1)), and taking into account (3.8)) and (3.9), we
obtain the mass conservation laws (4.4):

8t(pj¢j,ozha) + Vcc . (pj¢j7ahozua) = Gj,a+1/2 - Gj,afl/Q- (BQ)

As for the momentum balance equations, we consider test functions ¥ € H'(Q,) that satisfy . The
weak formulation follows taking into account the structure of v, integrating with respect to
the variable z and identifying each of the two components of the vector test functions. However, due to the
hydrostatic pressure framework the equations that correspond to the vertical component can be omitted. This
is equivalent to identifying the weak formulation for test functions in the form (d9y,,0)T, with 9, = 9 (¢, x)
independently of z, with ¥y|sr, = 0. Then, from and using these test functions, we obtain for the
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horizontal momentum conservation equation

N N
/ <Z PO (dj.ata) - 19h> dQ + / <Z piVa - ¢’J alla ® ua) ﬁh) dQ
Qa (t) Qa(t)

Jj=0 J
/ (Z 0:(¢),aWjala) - ﬂh) dQ + / h ot VapdQ — / Pa Vg - Oy dS)
Qa (1) Qa(t) Qq(t)
" / (T;+1/2(’9ha 0)") Motz dl — / (T 1/2(%n, 0)%) M1/ dl =0
Toq1/2(t) To_1/2(t)
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(B.3)

for all « = 1,..., M, where TEQ = T} (v,). Taking into account the definition of Q,(t) in Section and

the assumption on the independence of z of u,, and ¥y, and writing (B.3|) as Z1 +- - -+Z7 = 0, where 7, . ..

stand for each of the signed integrals in the left-hand side of (B.3)), we obtain

Zot1/2
= [ ([ oo@au) tnde )z = [ hdi(pl@a)un) - 9
Ir Za—1/2 Ir

I :/ haVyg - (p(@a)ua ® ua) -y de,
Ip
Za+1/2
I3 = Z/ / ;i0:(¢j,aWj,0%a) ﬁhdde*Z/ p]¢]a (P ]a 1/2)“(1 Y dz,
Za—1/2

Za41/2
Ty :/ (/ g, Vzﬂhdz>dw:/ haTE i VeOnde = — [ V- (haTL,) - O de,
I Za—1/2 7 I ’ I '

Zat1/2 Zat1/2
I5:7/ (/ padz)Voﬁhdw/ 19h~Vm</ padz)d:c
Iv Za—1/2 Ir Za—1/2

Zat1/2
= / Iy, - (/ Vapa dz + pat1/2Vazati)2 —Pa1/2Vw2a1/2>dSC

Ir Za—1/2
Za+1/2 T
=/ O - (/ VaDa dz)da:—f—/ Pat1/2(00,0)" N1/ 1+ [Vazariyo|? de
Ir Za—1/2 Ir

- / Pa—1/2(00,0)" - 01 )2/ 1+ [Vaza1y2|? do =: Tsa + s, + Ise,
I

F

IGZ/I( a+l/2(,'9h’ ) ) na+1/2\/1—|—|vmza+1/2|2dw,
F

and where Z7 is handled analogously to Zg. Moreover, by (3.18)), we can simplify

7I7

Zs + Lsp, :/1 ( a+1/2(0h7 0) )'(szaﬂ/zv—Uwa:/ (TE;H/Q(V Za+1/2) Tac; a+1/2) Y de.

F

Furthermore, since T is a symmetric matrix, we have that

a+1/2

(Ta+1/2('9h70)T) ) (vmzaﬁ-l/?v*l)T = (Ta+1/2(v Za+1/27*1) ) (ﬁh’O)T'
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The sum Z7 + Zs. can be simplified in a similar way. Then the weak formulation (B.3|), corresponding to the
horizontal momentum equation for this set of test functions, can be written as follows:

N
/] '0h . (haat<p(q)a)ua) + havm . (p(q)oc)uoc & ua) + ij(bj,a(w;aJrl/z - w;‘tafl/g)ua
F 7=0
Fat1/2 E E,— T E,—
—|—/ Vmpa dz — Vw . (haTh) + (Th:a+1/2(vmza+l/2) - Tm;,a+1/2) (B4)

Za—1/2

E,+ T E,+ .
- (Th7a—1/2(v‘ﬂza*1/2) - Tm7a_1/2)>da: =0, YV Iy,.

Taking into account (3.21]) we deduce

N Za41/2
haOi (p(Pa)ta) + haVa - (p(Pa)ta @ us) + Z PP (w;aﬂ/2 - wj,a—lm)ua + / Vapo dz

§=0 Za-1/2
Ve (haT8) + (FEara(Vararsn) = Thegiryo) = (Fhacp(Vazasp) = Toeeys) B9
= PO ) O ),
Using evaluated at z = z,41/2 and multiplied by u., we may write in the form
hap(®4)0kta + hap(Po)ue - Vet + /ZQH/2 Vapadz — Vg - (haTE)
Za—1/2
+ (TE,a+1/2(sza+l/2)T - ng,a+1/2) - (Tg,a—l/z(vwzaflﬂ)rr - ng,a—1/2) (B'G)
_ Ga;1/2 (thos1 — ) + Ga;/z (2o — 1),

On the other hand, combining the equation with (4.5) multiplied by u,, we obtain the evolution
equation for the momentum (4.6)):

Za+1/2
i (p(Pa)hatta) + Vg - (hap(Pa)ta @ uy) +/ VaPadz — Vg - (haTE)

Za—1/2
+ (TE,a+1/2(V:c2a+1/2)T - ng,aﬂ/z) - (Tg,a—l/Q(vwza—lﬂ)T - T:Ez,a—l/Q) (B.7)

G,
- ;1/2 (Wat1 + Ua) —

where, by (4.1]), we obtain

Za+1/2 M ha e ha
/ Vzpa dz = ha (vw (pS +9 Z p(®p)hs + gp(q)a)2> + 9p(®a)Va (Zb + Z hy + 5 (B.5)
B=1 ’

Za—1/2 B=a+1
= ha (vmﬁa + gp(q)a)vmia)~
Finally, introducing (B.8) in equation (B.7) and adding the equations (B.2|) we obtain the system (4.7]).
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