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A posteriori error analysis for a sedimentation-consolidation system*

MARIO ALVAREZ'T GABRIEL N. GATicaA? RICARDO Ruiz-BAIERS

Abstract

In this paper we develop the a posteriori error analysis of an augmented mixed—primal finite el-
ement method for the 2D and 3D versions of a stationary flow and transport coupled system,
typically encountered in sedimentation-consolidation processes. The governing equations consist in
the Brinkman problem with concentration-dependent viscosity, written in terms of Cauchy pseudo-
stresses and bulk velocity of the mixture; coupled with a nonlinear advection — nonlinear diffusion
equation describing the transport of the solids volume fraction. The solvability of the continuous
mixed—primal formulation along with a priori error estimates for a finite element scheme using
Raviart-Thomas spaces of order k for the stress approximation, and continuous piecewise polyno-
mials of degree < k + 1 for both velocity and concentration, have been recently established in [M.
Alvarez et al., M3AS: Math. Models Methods Appl. Sci. 26 (5) (2016) 867-900]. In this work we
derive two efficient and reliable residual-based a posteriori error estimators for that scheme. For the
first estimator we make use of suitable ellipticity and inf-sup conditions together with a Helmholtz
decomposition and the local approximation properties of the Clément interpolant and Raviart-
Thomas operator to show its reliability, whereas the efficiency follows from inverse inequalities and
localization arguments based on triangle-bubble and edge-bubble functions. Next, we analyze an
alternative error estimator, whose reliability can be proved without resorting to Helmholtz decom-
positions. Finally, we provide some numerical results confirming the reliability and efficiency of
the estimators and illustrating the good performance of the associated adaptive algorithm for the
augmented mixed-primal finite element method.

Key words: Brinkman-transport coupling, nonlinear advection-diffusion, augmented mixed—primal
formulation, sedimentation-consolidation process, finite element methods, a posteriori error analysis
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1 Introduction

We have recently analyzed in [3], the solvability of a strongly coupled flow and transport system
typically encountered in continuum-based models of sedimentation-consolidation processes. More
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precisely, the steady-state regime of a solid-liquid suspension immersed in a viscous fluid within a
permeable medium is considered in [3], and the governing equations consist in the Brinkman problem
with variable viscosity coupled with a nonlinear advection — nonlinear diffusion equation describing
the transport model. An augmented variational formulation is then proposed there with main un-
knowns given by the Cauchy pseudo-stress and bulk velocity of the mixture, and the solids volume
fraction, which are sought in H(div; Q), H!(Q), and H!(Q), respectively. Fixed point arguments, cer-
tain regularity assumptions, and some classical results concerning variational problems and Sobolev
spaces are combined to establish the solvability of the continuous and discrete coupled formulations.
Consequently, the rows of the Cauchy stress tensor were approximated with Raviart-Thomas elements
of order k, whereas the velocity and solids concentration were discretized with continuous piecewise
polynomials of degree < k4 1. Suitable Strang-type estimates are employed to derive optimal a priori
error estimates for the Galerkin solution.

The purpose of this work is to provide reliable and efficient residual-based a posteriori error esti-
mators for the steady sedimentation-consolidation system studied in [3]. Estimators of this kind are
frequently employed to guide adaptive mesh refinement in order to guarantee an adequate convergence
behavior of the Galerkin approximations, even under the eventual presence of singularities. The global
estimator 1 depends on local estimators 7y defined on each element T of a given mesh 7. Then, 1
is said to be efficient (resp. reliable) if there exists a constant Cegs > 0 (resp. Cre1 > 0), independent
of meshsizes, such that

Cets m + hoot. < |lerror|| < Cre1m + h.o.t.,

where h.o.t. is a generic expression denoting one or several terms of higher order. Up to the authors
knowledge, a number of a posteriori error estimators specifically targeted for non-viscous flow (e.g,
Darcy) with transport problems are available in the literature [7, 15, 26, 32, 35]. However, only [3, 27]
and [1] are devoted to the a posteriori error analysis for coupled viscous flow-transport problems.
In particular, we derive in [1], two efficient and reliable residual-based a posteriori error estimators
for an augmented mixed—primal finite element approximation of a stationary viscous flow and trans-
port problem, which serves as a prototype model for sedimentation-consolidation processes and other
phenomena where the transport of species concentration within a viscous fluid is of interest.

In this paper, as well as in [1], we make use of ellipticity and inf-sup conditions together with a
Helmholtz decomposition, local approximation properties of the Clément interpolant and Raviart-
Thomas operator, and known estimates from [6], [17], [21], [23] and [24], to prove the reliability of
a residual-based estimator. Then, inverse inequalities, the localization technique based on triangle-
bubble and edge-bubble functions imply the efficiency of the estimator. Alternatively, we deduce a
second reliable and efficient residual-based a posteriori error estimator, where the Helmholtz decom-
position is not employed in the corresponding proof of reliability. The rest of this paper is organized
as follows. In Section 2, we first recall from [3] the model problem and a corresponding augmented
mixed-primal formulation as well as the associated Galerkin scheme. In Section 3, we derive a reliable
and efficient residual-based a posteriori error estimator for our Galerkin scheme. A second estimator
is introduced and analyzed in Section 4. Next, the analysis and results from Section 3 and 4 are extend
to the three-dimensional case in Section 5. Finally, in Section 6, our theoretical results are illustrated
via some numerical examples, highlighting also the good performance of the scheme and properties of
the proposed error indicators.

2 The sedimentation-consolidation system

Let us denote by 2 C R”, n = 2,3 a given bounded domain with polyhedral boundary I' = I'n U Ty,
with I'pNI'y = 0 and [I'p|, |I'n| > 0, and denote by v the outward unit normal vector on I'. Standard



notation will be adopted for Lebesgue spaces LP({2) and Sobolev spaces H*((2) with norm ||-||, , and
seminorm | - [sq. In particular, H/2(T") is the space of traces of functions of H*(€2) and H~/2(T)
denotes its dual. By M, M we will denote the corresponding vectorial and tensorial counterparts of
the generic scalar functional space M. We recall that the space

H(div; Q) := {r € L*(Q): divT € L*(Q)},
equipped with the usual norm
HTH?liv;Q = ||7'H(2),Q + [|div THS,Q

is a Hilbert space. As usual, I stands for the identity tensor in R™*™ and |- | denotes both the
Euclidean norm in R™ and the Frobenius norm in R™*".

2.1 The governing equations

The following model describes the steady state of the sedimentation-consolidation process consisting
on the transport and suspension of a solid phase into an immiscible fluid contained in a vessel Q (cf.
[3]). The flow patterns are influenced by gravity and by the local fluctuations of the solids volume
fraction. After elimination of the fluid pressure (cf. [3]), the process is governed by the following
system of partial differential equations:

1

—04=Vu, K'lu—dive=fé, divu=0 in Q,
(9 (2.1)

o =19(¢) Vo — ¢u — fix(d)k, Bo—dive =g in Q,
along with the following boundary conditions:

u=up on I'p, ov =0 on Iy,
(2.2)
¢ =¢p on I'p, and o-v =0 on Iy,

where (-)? denotes the deviatoric operator. The sought quantities are the Cauchy fluid pseudo-stress o,
the average velocity of the mixture u, and the volumetric fraction of the solids (in short, concentration)
¢. In this context, the parameter [ is a positive constant representing the porosity of the medium,

and the permeability tensor K € C(2) := [C(Q2)]™*"™ and its inverse are symmetric and uniformly
positive definite, which means that there exists ag > 0 such that

K Y x)v > ak|v]* Vv eR" Vx e

Here, we assume that the kinematic effective viscosity, u; the one-directional Kynch batch flux density
function describing hindered settling, fii; and the diffusion or sediment compressibility, ¢}; are nonlin-
ear scalar functions of the concentration ¢. In turn, k is a vector pointing in the direction of gravity
and f € L>(Q), up € H/2(I'p), g € L3(Q) are given functions. For sake of the subsequent analysis,
the Dirichlet datum for the concentration will be assumed homogeneous ¢p = 0; ¥ is assumed of class
C'; and we suppose that there exist positive constants pi1, p2, v1, Y2, 91, U2, L,, Ly, and Ly, such
that for each s, t € R there holds

p1 < p(s) Spz, m < fk(s) <y, 9 < O0(s) < Yo, (2.3)

1(s) = )| < Luls—tl, W) =0@)| < Lyls—tl, and |fuls) = fu(t) < Lyls—tl. (2.4)



2.2 The augmented mixed—primal formulation

The homogeneous Neumann and Dirichlet boundary conditions for o on I'y and ¢ on I'p (second and
third relations of (2.2), respectively) suggest the introduction of the following functional spaces

Hy (div; Q) := {T € H(div;Q?): 7v=0 on FN},
HL. () ::{zpeHl(Q): $=0 on FD}.

Consequently, an augmented mixed-primal formulation for our original coupled problem (2.1) reads
as follows: Find (o, u,¢) € Hy(div; Q) x HY(Q2) x H%D (©) such that

Fy(t,v) Y(7,v) € Hy(div; Q) x H'(Q),

&
<
)
£
R
=

!

L (2.5)
Au(d,¥) = Go(v) V¢ € Hp (Q),
where
= L od: 74 uw-divr — v-dive “lu v
By((o,u), (T,v)) = /Q O + /Q d /Q d + /QK (2.6)

1
+ m/ (Vu—ad> Vv — HQ/K_lll,'diVT + Hz/diva-divr,
Q 1(¢) Q Q

Fy(r,v) == (v, up)r, + /Q fo-v — o /Q fo - divr,
Autorv) = |

Q

9B V- Vi — /ww 4 /ﬂw Vo, € HA (). (27)
Q Q
Gy(t) = /Q foc() k- T + /Q g0 Vo eH: (@),

and k1, kg are positive parameters satisfying x1 € <0, %) and kg € <0, Tﬁ%{jl), with 6 € (0,2u1)

and & € (0, W) Further details yielding the weak formulation (2.5), along with its fixed-point

based solvability analysis can be found in [3, Section 3.

2.3 The augmented mixed—primal finite element method

We denote by 7;, a regular partition of Q into triangles 7' (resp. tetrahedra T in R?) of diameter hr,
and meshsize h := max {hT T e ﬁ} In addition, given an integer k > 0, Py (7") denotes the space

of polynomial functions on T' of degree < k, and we define the corresponding local Raviart-Thomas
space of order k as RTy(T) := Py(T) & Pi(T)x, where, according to the notations described in
Section 1, Pi(T) = [Px(T)]", and & € R™. Then, the Galerkin scheme associated to (2.5), corresponds
to: Find (o, up, ) € HY x HY x HJ such that

B¢>h((‘7h7uh>v (Th,vn)) = F¢h(Th’vh) V(Th,vn) € Hg x Hj,

(2.8)
A, (On, ) = /§2fbk(¢h)k‘v¢h + /ngh Vb, € HY

where the involved finite element spaces are defined as

HY = {Th € Hy(div;Q): ctrplr € RTH(T) Ve eR", VT e Th},



HY = {vhec@); vnlr € Pros (T) VTeTh},

Hy = {vn € CONEL Q) ilr € Prpa(T) YT €T}

The solvability analysis and a priori error estimates for (2.8) have been derived in [3, Section 5].

3 A residual-based a posteriori error estimator

In this section we introduce a reliable and efficient residual-based a posteriori error estimator for the
Galerkin scheme (2.8). In particular, as well as in [1], a Helmholtz decomposition will be employed in
the corresponding proof of reliability. Even if this analysis will be restricted to the two-dimensional
case using the discrete spaces from Section 2.3, an extension to the 3D case will be addressed in detail
in Section 5, below.

Given a suitably chosen r > 0 (see [3] for details), we define the balls

W.={¢ € H%D(Q) ol <} oand Wy = {¢y € Hi © lénlhia <}, (3.1)

and throughout the rest of the paper we let (o, u, ¢) € Hy(div;Q) x HY(Q) x HILD(Q) with ¢ € W

and (op, un, ¢p) € HY x HYf x Hfi with ¢, € W}, be the solutions of the continuous and discrete
formulations (2.5) and (2.8), respectively. In addition, we set

H = Hy(div.Q) x H'Q),  [(r,0)li == [7llawe + [olia V(rv) € H,

and recall from [3, Theorems 3.13 and 4.7] that the following a priori estimates hold

I, w)lin < Cs { Junlijory + I9llio I fla}
l@nunlln < Cs {lupllizr, + Iénlie | flol),

where Cg is a positive constant independent of ¢ and ¢y.

3.1 The local error indicator

Given T' € T, we let &,(T) be the set of its edges, and let &, be the set of all edges of the triangulation
Tr. Then we write &, = E,(2) U EL(I'p) U En(I'n), where E,(2) :=={e € &, 1 e C O}, E(Ip) :={e €
Eh e CI'p} and &,(Tx) := {e € &, : e C I'n}. Also, for each edge e € &, we fix a unit normal
vector v, := (v1,12)%, and let s, := (—w,11)* be the corresponding fixed unit tangential vector along
e. Then, given e € £,(Q) and v € L?(2) such that v|; € C(T) on each T € Ty, we let [v - v.] be the
corresponding jump across e, that is, [v - v.] := (v|p — v|7)|c - Ve, where T and T" are the triangles
of Tj, having e as a common edge. Similarly, given a tensor field T € L.2(Q) such that 7|7 € C(T") on
each T' € Ty, we let [7sc] be the corresponding jump across e, that is, [7s.] := (7|7 — 7|77)|e Se- If
no confusion arises, we will simple write s and v instead s, and v., respectively.

Moreover, given scalar, vector, and tensor valued fields v, ¢ := (¢1, p2) and T := (7;;), respectively,
we denote

2 t Orig _ Oti1
curl(v) :=< % ) curl(p) = ( curl(er) ) and curl(r) = ( g )

T 0z Curl(SOQ) oz Oxzo



Then we let o := o)V — dnun — fox(dn)k and define for each T' € Ty, a local error indicator
as follows
1 2
= fon — (K~ wn = divanlfy + [Vun — Lot

M(¢h) + h‘% ”g - (B¢h - diV&h)”%,T

0,T

2 2

1 1
+ h% ||curl { o’%} + Z he |[ o sﬂ
p(bn) 0T ceg,(T)NER(Q) 1(bn) 0,e

+ > hellon-vellls. + > he llon - vl[G

e€EL(T)NEL () e€&n(T)NER(TN)

du 1 2
+ > lw—wlie+ > he||5 — o0
dS M(¢h) 0.e
e€&L(T)NER(ID) e€&n(T)NER(I'D) '

(3.2)

d
We remark that the last term defining 62 requires that %’ € L*(e) for each e € &,(T'p). This is
S le
fixed by assuming from now on that up € H}(I'p). In turn, it is not difficult to see that each term

defining 9% has a residual character, and hence, proceeding as usual, a global residual error estimator

can be defined as
1/2

0:=S > 0%, . (3.3)

TeT,

3.2 Reliability

Throughout the rest of the paper we assume that I'y is contained in the boundary of a convex extension
of Q, that is, there exists a convex domain B such that @ C B and 'y C 9B (see, e.g. [20, Theorem
3.2 and Figure 3.1]). Furthermore, according to the regularity estimate given in [3, eq. (3.24)], we
also suppose from now on that g € H(Q) for some 6 € (0,1). Then the main result of this section is
stated as follows.

Theorem 3.1 Assume that  is a connected domain and that up, I'n, and g are as stated above. In
addition, assume that the data k, g, ¥, up, and f are sufficiently small so that there holds

1
Culk| + Csllgllso + CeV2 + C7 |luplli /245, + Cs Ifllce < 5 (3.4)

2 )
where the involved constants are made precise in (3.12), below. Then, there exists a constant Crey > 0,

which depends only on the model parameters, on ||[uplli o151y, [|fllcc,q, and possibly other constants,
but all independent of h, such that

16 = nlla + (o, u) = (on,un)la < Cra 6. (3-5)

A couple of preliminary estimates aiming to prove (3.5) are given in the following two subsections.

3.2.1 A preliminary estimate for ||(o,u)— (o, up)|lg

In order to simplify the subsequent writing, we introduce in advance the following constants

1 IR L.(1 2\1/2
Coi= gy Cr = 2G0CsCo @(ﬂ’ﬁfl), Cy :=Co(L+:3)2 + 701, (3.6)
1

6



where Cs(r) and Cs, Cjs are defined in [3, eq. (3.23) ] and [3, Lemma 3.6 and Theorem 3.10],
respectively.

Lemma 3.2 Let 63 := Z Qg,T, where for each T € Ty, we set
T€Th

_ . 1 2
0 fon — (K-'un — diven) 2y + ”V“h _ L e

(bn) ' 3.7)

0,T

Then there exists C > 0, depending on Cy, k1, such that

(@, w)~(onunlln < C{Bo+IEnlliyaivay | +{C1 lunljzary +Ca | Fl0} lo—dnlia, (3.8)

where Cy and Cy are given by (3.6), and the functional Ej, € Hy(div, Q) is defined by

En(¢) == (Cv,up)ry, — /S)H(;h)a;il ¢ — /Quh'diVC
(3.9)
— Ko /Q(fqﬁh — (K 'uy, — divey))-div¢e V¢ € Hy(div, Q).
In addition, there holds
En(Ch) =0 V¢, € Hf. (3.10)

Proof. Even though the present bilinear form By (¢f. (2.6)) and the corresponding one from [/,
eq. (2.9)] differ in a couple of linear terms, the present proof is almost verbatim as [/, Lemma 3.2],
particularly concerning the application of the H-ellipticity (see [3, Lemma 3.3]) of By to the error
(o,u) — (oh,up), and the estimates for |By, (-, (¢, w)) — By( -, ({,w))| and |Fy(¢, w) — Fy, ({, w)],
and hence further details are omitted. O

Observe, according to (3.10), that for each ¢ € Hy(div,{2) we can write

En(€) = En(¢—¢p) V¢, € HY ,

and hence the upper bound of || Ep ||m, (div,0) to be derived below (see Section 3.2.3) will employ the
foregoing expression with a suitable choice of {; € HY .

We end this section with an alternative expression for the functional E}, which will be used later on
in Section 3.2.4 to obtain a partial estimate for ©, and then in Section 4 to derive a second a posteriori
error estimator. In fact, integrating by parts the expression / uyp, - div(, and using the homogeneous

Q
Neumann boundary condition on I'y, we find that Ej can be rewritten as

En(€) == (Cv,up — up)ry, + /Q (Vuh - M(;%)U%) ¢

(3.11)
— K2 /Q(f¢h — (K_luh — diVO’h)) -div¢ V¢ e HN(diV,Q) .

3.2.2 A preliminary estimate for |¢ — ¢p/1,0

In contrast with [4, Section 3.2.2], in this section we establish an estimate for the error |¢ — ¢u|1.0
by employing the ellipticity of the bilinear form Ay, [3, eq. (3.13)]. The reason of the latter is due
to fact that the Gateaux derivative of the nonlinear induced operator by the form A, (c¢f. (2.7)) is




not elliptic as it was in [1], and hence we can not apply [/, Lemma 3.4] to derive the corresponding
preliminary bound. In light of the above, we now set the following constants

& Lo LyC5CsC5(r), Cu:= C(Ly + C37[QY/?), C5:= CCs, (3.12)

Cs :=2C, C;:=rc(Q)CC, Cs:=rcQ)CCy Cy:=rcQ)C,

where ag(r), Cs, Cs and C are the constants provided by [3, eq. (3.24)], [3, Lemma 3.7, Theorem
3.10], and Lemma 3.2, respectively.

Lemma 3.3 Assume that the data k, g, ¥, up, and f are sufficiently small so that there holds
1

Cylk| + Csllgllso + CeV2 + C7 |lupllij24s,r, + Cs | fllocn < 3 (3.13)
Then, there exists C > 0, depending on C and Cy (cf. (3.12)), such that
6= nllia < € {60 + | Bullmyaiv.oy + 1Bl @y} (3.14)

where 0y and Ey, are given in the statement of Lemma 3.2 and (3.9), respectively, and E), € H%D Q)
is defined for each ) € HILD(Q) by

Ep(v) = /Q(g — Bén)p — /9{79(¢h)v¢h — opup — fbk(¢h)k} V. (3.15)

In addition, there holds N
En(dn) =0 Vi, € HY . (3.16)

Proof. We begin by recalling, from [3, Lemma 3.4], that the bilinear form

Apul /19 YV -V — /cpu Vw—I—/Bcpw V¢¢6HFD( ), (3.17)
is H%D (Q)-elliptic with constant o := 219—012, from which we deduce the following global inf-sup condition
P
~ Ad> (¢, ) 1
alellie < sup - Vo € Hp ().
veHl (@) kul,ﬂ o (3.18)
w0
Next, applying (3.18) to the Galerkin error ¢ := ¢ — ¢, we find that
. Apu(d,9) — Apu(Pn, ¥)
went (@) 1 :

Y0

Now, using the fact that Ay . (¢,1) = Au(, ) = Gy(v), and adding and subtracting suitable terms,
it follows that

A u(, )= Apu(Dn, V) = Gy(¢) =Gy, (V) + Gy, () = Awy, (D, ) + Ay, (D1, ) — Ag u(Ph, ) - (3.20)
In turn, using the definition of A, (c¢f. (2.7)) and Ay, (cf (3.17)), we find that

A (61, 80) — Ag(bn, ) = / (9(6) — 9(én)) V(6 — bn) - Vo)

/ b (u— ) - Vi — / o) V- Vi, .

8



from which, employing the upper bound of ¥ (¢f. (2.3)), (3.1), and proceeding as in [3, eq. (5.13)-
(5.14)] on the third term to the right hand side of (3.21), we arrive at

A (60 9) = A0 0)] < {202 + C3 (121202 1k] + lglse) } llé = o

+ re@)flu—unlholPhe-

Thus, applying the estimate for |G4(¢) — G, (¢)| (see [3, eq. (5.12)]) and estimate (3.22), we obtain
from (3.19) and (3.20) that

16 — dnlla < C|Gy, — Au, (6h, M @y

+{Culkl + Csllglsn+Cova b 6= dnla + re(@) Cllu— unlio.

lLa YL
(3.22)

Then, bounding ||u — upl|1,0 by the error estimate provided by (3.8) (¢f. Lemma 3.2), and employing
(3.13), we deduce that

¢ — dnllia < 25{||G¢h - Auh(ﬁbh,')HH%D(Q)/ + Gy (90 + HEhHHN(div,Q)’) }, (3.23)
where, bearing in mind (3.15), there holds
G¢h - Auh(¢h7') = Eha

and hence (3.23) yields (3.14). Finally, using the fact that Gy, (¥n) — Aw, (¢n,¥n) =0 Vi, € H;’:, we
obtain (3.16) and the proof concludes. O

We observe here that the upper bound in the assumption (3.13) could have been taken as any
constant in (0,1). We have chosen % for simplicity and also in order to minimize the resulting constant

C in (3.14). Furthermore, it is important to remark, according to (3.16), that for each ¢ € H%D(Q)
there holds Ej(¢) = En(¢¥ — ) Vb € Hfz, and therefore HEh||H1L (oy Will be estimated below
D

(see Subsection 3.2.3) by employing the foregoing expression with a suitable choice of ¥y, € Hi

3.2.3 A preliminary estimate for the total error

We now combine the inequalities provided by Lemmas 3.2 and 3.3 to derive a first estimate for the
total error ||¢ — ¢pll1,0 + ||(o, 1) — (oh, up)|| g To this end, we now introduce the constants

Clup, £) = C{C1 [ulpsery + C2llflg + 1} and clup, f) = C + Clup, ),
where C and C are provided by Lemmas 3.2 and 3.3, respectively, and Cy and Cy are given by (3.6).
Theorem 3.4 Assume that

1
Calkl + Csllgllse + Ce U2 + Crllupllizisry + Cs [ fllcn < 5

Then there holds
lo—nllio + (o, w)—(on,un)llm < Clup, f) ||E’hHH%D(Q)f + c(up, f) {90+HEh||HN(div,ﬂ)'}- (3.24)

Proof. The estimate (3.24) is obtained by replacing the upper bound for ||¢ — ¢p|/1,0, given by (3.14),
into the second term on the right hand side of (3.8), and then adding the result to the right hand side
of (3.14). O

Having established the upper bound (3.24), and in order to obtain an explicit estimate for the total
error, we turn to the derivation of suitable upper bounds for ||EhHH% (@) and I En | (div,0) -
D

9



3.2.4 Upper bounds for HEhHH}D(Q)/ and || Ep s, (aiv,0)

We begin by recalling the Clément interpolation operator Zp, : HY(Q) — X}, (cf. [14]), where
Xp, = {v, € C(Q) :vp|r € PL(T) VT € T}
The following result states the local approximation properties of Zj, (for a proof, see [11]).
Lemma 3.5 There exist constants c1,ca > 0, independent of h, such that for allv € H'(Q) there hold

lo = Zn(v)

or < cihrlvlyay VT €T,

and
lo = Zo@)loe < zh2[oliae Ve € En

where A(T') and A(e) are the union of all elements intersecting with T and e, respectively.

We now recall the definition of the concentration flux

o = on)Von — dpup — fix(on)k. (3.25)

Then, the following lemma provides an upper bound for ||Eh”H% Q-
D

Lemma 3.6 Let 71° := Z %, where for each T € T}, we set
T€ETh

0 = hyllg — (Bon —diven)llgr + > hellon-velllge + > hellon - v, -
e€EL(T)NER(R) €&, (T)NEL(TN)

Then there exists ¢ > 0, independent of h, such that

HEhHH§ @/ = ¢n. (3.26)
D

Proof. Tt corresponds to a slight modification in the proof of [/, Lemma 3.8]. O

Our next goal is to provide an upper bound for || Ep||m, (aiv,0) (¢f. (3.9)), which, being less straight-
forward than Lemma 3.6, requires several preliminary results. To this end, we start by introducing
the space

Hp () = {t,oeHl(Q): ¢ =0 on FN},

and establishing a suitable Helmholtz decomposition of our space Hy (div, ().

Lemma 3.7 Assume that 2 is a connected domain and that 'y is contained in the boundary of a
convex extension of Q. Then, for each ¢ € Hy(div,Q), there exist T € H'(Q) and x € H%N(Q) such
that

¢=7+eul(x) in 9 (3.27)

and

Il + Ixllue < Cl¢]ldiv.a, (3.28)

with a positive constant C' independent of C.
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Proof. See [1, Lemma 3.9].

We continue our analysis by introducing the following finite element subspace of Hr (2)
Xpy = {Lph cC@): @ylrePi(T) YT eTh, @, =0on PN},

and considering, analogously as before, the Clément interpolation operator Zy n : Hry(Q) — X, n.

In addition, we let II, : H'(2) — HY be the Raviart-Thomas interpolation operator (see [9],[29]),
which, according to its characterization properties (see e.g. [19, Section 3.4.1]), verifies
div(Il, (7)) = Pu(dive) V7 e HY(Q), (3.29)

where Py, : L2(Q) — Qy, is the L?(2)-orthogonal projector and
Qn={veL®(Q): v|lrePL(T) VTEeT,}.
Further approximation properties of IIj, are summarized as follows (see [19, Lemmas 3.16 and 3.18]).

Lemma 3.8 There exist c3,cq > 0, independent of h, such that for all T € H'(Q) there holds

|7 —In(T)llor < eshr||Tlhre VT €T,

and
|7~ () vloe < exh [7im Ve e E(Q)UE(TD).

where T, is a triangle of T, containing the edge e on its boundary.

Next, given ¢ € Hy(div,) and its Helmholtz decomposition (3.27), we define x;, = Zp n(X),
and set
¢y, = Ii(7) + curl(x,) € HyY (3.30)

as its associated discrete Helmholtz decomposition. Then, from (3.27) and (3.30), it follows that
C—=Cp =7 — In(r) + curl(x — xy) -
Therefore, according to (3.9) and (3.10), we deduce that
En(€) = En(¢ —¢p) = En(r —1In(7)) + En(curl(x —xu)) - (3.31)

Notice from (3.31) that, in order to estimate || Ep||m, (aiv,0), it only remains to bound |Ep, (1 — I (7))|
and |Ep(curl(x — x3))| in terms of a multiple of ||{||giv,o, which is done in the rest of the present
Section 3.2.4. To this end, we now recall from [16] the following integration by parts formula on the
boundary.

Lemma 3.9 There holds
do

LUTIX v, ¢> = _<£7 X> vXa d) € HI(Q) (332)
Proof. Tt follows from suitable applications of the Green formulae provided in [25, Chapter I, eq.
(2.17) and Theorem 2.11]. O
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Lemma 3.10 Let 67 := Z HiT, where for each T' € T;, we set

TeT)
) , 1 2 Z 1 2
01 == hy curl{ o",il} + he HH a%sﬂ
1(dn) 0T ccg, (T)NER(Q) 11(¢n) 0,e
duD 1 4 2
+ he || — — o} s

- 2 ds  p(on) "o,

e h(T)ﬂgh(FD) ’
Then there exists ¢ > 0, independent of h, such that

|En(curl(x — xp)| < c01([¢|laiv,o- (3.33)
Proof. See [1, Lemma 3.11]. O

Lemma 3.11 Let 63 := Z 9%1, where for each T' € T), we set

TeTh
2 2 1 d 2 -1 : 2 2
O3 = hy||Vup — (@ )Uh + [ fon — (K up — divey)|lgr + Z he [[up —upl[g e -
pien) oz e€En(T)NER(TD)
Then there exists ¢ > 0, independent of h, such that
| En (T — Ha(7))] < cO2][Cllaive- (3.34)

Proof. Using the alternative definition of the functional Ej, (cf. (3.11)), applying the identity (3.29),
and denoting by Z a generic identity operator, we find that
1
En(t —1Ix(7)) = ((tr —Uxp(7)) v,up —up)r, + / <Vuh — 70'2> s (T —1p(7))
0 1(on)

(3.35)
— Ko /(f¢h — (K 'uy, — divey)) - (Z — Pp)(divr).
Q

Next, the first two terms on the right hand side of (3.35) are simply bounded by applying the Cauchy-
Schwarz in L?(I'p) and L?(Q2), and then employing the approximation properties of II;, provided by
Lemma 3.8. In turn, for the corresponding third term, it suffices to see, thanks to the Cauchy-Schwarz
inequality and the stability estimate (3.28), that

‘/Q(fﬁbh — (K 'y, — divey)) - (T — Py)(divT))
< lfon — (K 'uy, — divey)llog ldiv oo < [[fon — (K 'uy — diven)loo ¢ llaiv.e
which ends the proof. O

By virtue of Lemmas 3.10 and 3.11 we deduce the following upper bound for || Ej |5, (div,0) -

Lemma 3.12 There exists ¢ > 0, independent of h, such that

| Enllpy @iv,0y < 6{01 + 02}.

12



Proof. 1t follows straightforwardly from (3.31) and the upper bounds (3.33) and (3.34). O

At this point we remark that the terms h2.||Vuy, — o-hHOT and he|lup — uh||(2)7e, which appear

u(¢h)
in the definition of 927T (¢f. Lemma 3.11), are dominated by ||Vuy — u(%)ahH%,T and |lup — uh||(2)’67
respectively, which form part of 9(2)7T (cf- (3.7)). Therefore, the reliability estimate (3.5) (¢f. Theorem
3.1) is a direct consequence of Theorem 3.4, the definition of 6y (¢f. Lemma 3.2), and Lemmas 3.6,
3.10, 3.11, and 3.12.

We close this section by mentioning that the assumption (3.4) on the data ¢, k, g, up, and f,
which, as shown throughout the foregoing analysis, is a key estimate to derive (3.5), is, unfortunately,
unverifiable in practice. In fact, while the data are certainly known in advance, the constants Cy, Cf,
Cs, C7, Cg involved in that condition (¢f. (3.12)), which in turn are expressed in terms of the previous
constants C7 and Cy (cf. (3.6)), depend all on boundedness and regularity constants of operators, as
well as on parameters, some of which are not explicitly calculable, and hence it is not possible to check
whether (3.4) is indeed satisfied or not. This is, however, a quite common fact arising in the analysis
of many nonlinear problems, and only in very particular cases (usually related to simple geometries
of the domain) it could eventually be circumvented.

3.3 Efficiency

The main result of this section is stated as follows.

Theorem 3.13 Assume that Vo € L4(Q). Then, there exists a constant Cers > 0, which depends
only on parameters, | K|, K|, luplli/2rps [ fllocs IVOllLa) and other constants, all them
independent of h, such that

_ . 1 1
Cess 0 < | (c—0on)lon + H !

1) " ulon) "

where h.o.t. stands for one or several terms of higher order. Moreover, under the assumption that
o € L4Q), there exists a constant Cess > 0, which depends only on parameters, | K ||, |k,
lunlli/2,rps 1fllcos lollLa), IVOllLaq) and other constants, all them independent of h, such that

+ h.o.t. (3.36)
0,0

Cets 0 < [0 — Onll1,0 + [[(o,u) — (oh, up)||ly + ho.t. (3.37)

In the subsequent analysis, such as in [1], we assume for simplicity that the nonlinear functions p,

9, and fi, are such that Hon), fox(on), and hence o, as well, are all piecewise polynomials.

1
1(dn)’
In addition, we assume that the data up and ¢ are piecewise polynomials. Otherwise, and if p=!, ¥,
Jok, up, and g are sufficiently smooth, higher order terms given by the errors arising from suitable
polynomial approximations of these expressions and functions would appear in (3.36) and (3.37) (cf.
Theorem 3.13), which explains the eventual h.o.t. in these expressions. In this regard, and similarly
as observed in [1], we remark that (3.36) constitutes a quasi-efficiency estimate for the global residual
error estimator @ (cf. (3.3)). Indeed, the fact that the expression appearing on the right hand side of
(3.36) is not exactly the error, but part of it plus the nonlinear term given by || me) o — o ¢h)
explains the quasi-efficiency concept employed here. Nevertheless, we show at the end of this sectlon
that, under the assumption that o € L*4(Q),
thus yielding the efficiency estimate given by (3.37).

In order to prove (3.36) and (3.37), in the rest of this section we derive suitable upper bounds for
the ten terms defining the local error indicator 02 (cf. (3.2)). We begin by observing, thanks to the
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fact that f¢ = K 'u — dive in ©, that there holds

Ifon — (K~ up — diven) |57 < 2[1F1%.0ll¢ — énlldr

Lo ) ) (3.38)
+ 4K [[w —unllor + 4lldivie — on)or-

On the other hand, using that Vu = ﬁad in Q, u = up on I'p, and proceeding as in [/, Section
3.3], we deduce that

2 2

1 1 1
Vu, — ——o¢ < 2||Vu — Vuy||2 - + 2“ ol — ol 3.39
H (o) oz = 21 lor + 2|07 ~ aem oy &
and
Z lup — unll§. < §llu—wunliq, (3.40)
ec&h(I'p)

where ¢ is the norm of the trace operator in H!((2).

The efficiency estimates for the remaining seven terms given in (3.3), are provided next. To this
end, we proceed as in [11] and [12] (see also [18]), and apply the localization technique (see [31])
based on triangle-bubble and edge-bubble functions, together with extension operators, and inverse
inequalities. Therefore, we now introduce further notations and preliminary results. In fact, given
T € Ty, and e € &, (T), we let ¥r and 1. be the usual triangle-bubble and edge-bubble functions,
respectively (see [34, egs. (1.4) and (1.6)]), which satisfy:

i) Y7 € P3(T), supp(yr) €T, ¢pr =00n 9T, and 0 < ¢ < 1in T.

i) Ye|lr € Po(T), supp(Ve) C we :=U{T" € Ty, s e € En(T)}, e = 0 on 9T \{e}, and 0 < ¢, < 1 in

We.-

We also know from [33] that, given £ € NU {0}, there exists an extension operator L : C(e) — C(T)
that satisfies L(p) € Pi(T) and L(p)le =p Vp € Pr(e). A corresponding vectorial version of L, that
is the component-wise application of L, is denoted by L. Additional properties of ¥, . and L are
collected in the following Lemma.

Lemma 3.14 Given k € NU{0}, there exist positive constants ci,ca, c3, and cq, depending only on k
and the shape regularity of the triangulations (minimum angle condition), such that for each T € Ty,
and e € E,(T), there hold

1/2
lWraldr < laliz < el dlr  Vae P(T),

e L) 3 < lplae < c2ll0d?plde Vo€ Prle), (3.41)
cshe|pllde < IW2LOIBr < cahellplls. VP € Pile).

A

Proof. See [33, Lemma 4.1]. O

The following inverse estimate is also required.

Lemma 3.15 Let l,m € NU{0} such thatl < m. Then, there exists ¢ > 0, depending only on k,l,m
and the shape reqularity of the triangulations, such that for each T € Ty, there holds

glmr < ch™lair  Vaq € Pu(T). (3.42)
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Proof. See [13, Theorem 3.2.6]. O

In turn, the following lemma, whose proof make use of lemmas 3.14 and 3.15, will be required for
the terms involving the curl operator and the tangential jumps across the edges of Tj,.

Lemma 3.16 Let p, € L2(Q) be a piecewise polynomial of degree k > 0 on each T € T,. In addition,
let p € L2(Q2) be such that curl(p) =0 on each T € Tj,. Then, there exist ¢, ¢ > 0, independent of h,
such that

leurl(p)llor < chz'llp—pullor VT €T,

and

Ilenselloe < ¢h 2 llp = pullow. Ve € é&n.
Proof. For the first estimate we refer to [11, Lemma 4.3], whereas the second one follows from a slight
modification of the proof of [11, Lemma 4.4]. Further details are omitted. O

We now apply Lemma 3.16 to obtain upper bounds for two other terms defining 9%.

Lemma 3.17 There exist ¢1,c¢o > 0, independent of h such that

2 2

1 1 1
h? curl{ o-d} < ||—=0of - of VT € Th,
T 1(on) " 0,T 1(9) 11(on) " 0,T
1 ﬂ SN S A B
oy, s < c||l——=0° — o Ve e E(Q).
‘ Hu(céh) "o w(@)  pu(én) "o,
. 1 4 1 _d _
Proof. 1t suffices to apply Lemma 3.16 to p;, := 2o Th and p = 0 = Vu. (]
Lemma 3.18 There exists ¢z > 0, independent of h, such that
dup O | [ TP B [
—_— — of s < ¢3 o — o Vee&(Tp).
Nas ~ el = @~ uton |
Proof. We proceed similarly as in the proof of [23, Lemma 4.15], by replacing g, I', and ia% in [23]
by up, I'p, and @0%, respectively. O

We now aim to provide upper bounds for the three terms completing the definition of the local error
indicator 9% (¢f. (3.2)). This requires, however, the preliminary result given by the following a priori
estimate for the error || — E'hHg,T.

Lemma 3.19 There exists C' > 0, depending on U2, Ly (cf. (2.3), (2.4)), and |k|, such that

lo—anl§r < C{lo—a¢nl o+ 1(0(8)—9(6n)) VIS 7} - (3.43)

T+ lul@o—on)ll§r + llon(u—up)

Proof. Employing the definitions of & (¢f. (2.1)) and o, (cf. (3.25)), applying the triangle inequality,
and using the Lipschitz continuity assumption on fix (c¢f. (2.4)), but restricted to each T' € T}, instead
of 2, we obtain that

lo —&nlgr < 2 {Ilﬁ(aﬁ)w — () Venllor + 2 L3k 16— onlir
(3.44)

T d (o — o)l + 4 llén(u— uhmaT} .
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In turn, applying Cauchy-Schwarz’s inequality and the upper bound for ¢ (¢f. (3.13)), we deduce that

[9(6)Vé = 0(6n)Vonllsr < 21(9(8) = 9(6n)Vellir + 295V = Venllir- (3.45)
In this way, (3.44) and (3.45) imply (3.43), which finalizes the proof. O

We consider important to remark here that, due to the dependence on ¢ (instead of |V¢| as in [1])
of the diffusivity 1, the first term of our nonlinear operator A, is not necessarily Lipschitz-continuous
(as it was the case for the corresponding nonlinear operator in [4, eq. (2.11)]) and hence, in contrast
with [4, Lemma 3.19], now the term ||(9(¢) — 9(¢n))V¢||2 7 appears in the estimate (3.43) of Lemma
3.19. The treatment of such additional term will be postpbned to Lemma 3.23.

We now establish the aforementioned efficiency estimates, split into three separate results.

Lemma 3.20 There exists ¢4 > 0, which depends only on V2, L¢, B (cf. (2.3), (2.4), (2.1)), |k|, and
other constants, all them independent of h, such that

W2l — (Bén — diven) 2y < & {rw ol + (6 — )2y
(3.46)

+lln(w —wn)llgr + [(9(8) — I(dn)) Ve

2r + K26 - ¢h|r%,T}.

Proof. 1t is an adaptation of the proof of [1, Lemma 3.22]. Indeed, given T € T}, using the properties
(3.41), the fact that ¢ — dive = g in 2, and integrating by parts, we deduce that

lg — (Bén — divar)|Z s < e llvy!® (9 — (Bén — divay)) |2 r
= —c / V(¢r (g — (Bén —divey)) - (6 — o) + a1 B / Yr (g — (Bén —diveay)) (¢ — on).
T T

Then, the Cauchy-Schwarz inequality, the inverse estimate (3.42), the fact that 0 < ¢y < 1, and the
triangle inequality imply that

lg — (Bén — diven)llsr < cre hp'llg — (Bén — divan)llor 16 — anllor

+ capllg— (Bon —divoy)

o7 1o — énllor,

which gives
hrllg = (Bon — diven)lor < C {115 = Gnllor + hrllo - onllor .

The foregoing inequality together with (3.43) imply (3.46), and thus the proof is completed. O

Lemma 3.21 There exists ¢s > 0, which depends only on U2, Ly, B (cf. (2.3), (2.4), (2.1)), |k|, and
other constants, all them independent of h, such that for each e € E,(SY) there holds

he |[60 - velllge <@ ) {Ilcb— onlliz + lule — o) l3r + llon(u —wn)llf s

TCwe
+ 100 - Tl + 1516 - anlir
where we 18 the union of the two triangles in T, having e as an edge.

Proof. See [1, Lemma 3.21]. O
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Lemma 3.22 There exists ¢g > 0, which depends only on Vo, L¢, B (cf. (2.3), (2.4), (2.1)), |k|, and
other constants, all them independent of h, such that for each e € E,(I'N) there holds

hellEn - vIE. < & {u¢ ol + b — oI2r + lén(u— un)2
©I0) — ISVl + b 16— ¢h\\%,T} ,

where T is the triangle of Ty, having e as an edge.

Proof. See [1, Lemma 3.22]. O

In order to complete the proof of global efficiency given by (3.36), it only remains to estimate

properly the three terms: |u(¢ — qﬁh)HaT, llon(uw — “h)”g,T and [[(¥(¢) — ﬁ(éh))VgéHaT, appearing
in the upper bounds provided by the last four lemmas, which is indeed the purpose of the following
lemma.

Lemma 3.23 There exist positive constants ¢y, cs, independent of h, such that

Yo lu@—enlsr < cléo—dnlia and Y lonlu—un)lsr < Gllu—unlfa, (347

TeT), TeTh

where ¢z depends on [|upl|i /21y, || Flloc andr (cf. (3.1)), and cs depends onr. In addition, assuming
V¢ € LA(Q), there exists a positive constant ¢y, independent of h, such that

> W on))Volir < G llo—enlliq, (3.48)

TeT
where ¢y depends on Ly (cf. (2.4)) and ||V¢lra(q)-

Proof. The estimates given in (3.47) were established in [1, eq. (3.71)-(3.72)]. On the other hand,
using the Lipschitz continuity assumption on ¥ (¢f. (2.4)), but restricted to each triangle T' € T
instead of €2, employing Cauchy-Schwarz’s inequality and the compactness (and hence continuity) of

the injection 4 : H'(Q) — L*(Q) (cf. [I, Theorem 6.3], [28, Theorem 1.3.5]), we deduce that
S N@(@) = (@) Vollor < D Lillé — dnllfamy IVElTar
TETh TET,,

< Lo — dnllfay VSl < llé— onlliq,

where ¢9 depends only on [|i[|, Ly, and ||[V¢||rs(q), which gives (3.48) and finishes the proof. O

By virtue of the estimates (3.38), (3.39), (3.40), Lemmas 3.17, 3.18, 3.20, 3.21, and 3.22, and the
final estimates given by (3.47) and (3.48), we deduce (3.36). Finally, assuming now that o € L4(Q)
and proceeding as at the end of the proof of [1, Theorem 3.13|, we find that

1 1
o o}

H wo)  ulen)

where C is a positive constant, independent of h, that depends only on pu; (cf. (2.3)), L, (cf. (2.4))
and o ||ps(q)- In this way, combining (3.49) and (3.36), we arrive at (3.37), which completes the proof
of Theorem 3.13.

< O{HU—ahuo,a ; ||¢—¢h||1,9}, (3.49)
0
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4 A second residual-based a posteriori error estimator

In this section we derive another a posteriori error estimator for our augmented mixed-primal finite
element scheme (2.8), with the same discrete spaces introduced in the Section 2.3. In turn, the
reliability of our new estimator can be proved without resorting to Helmholtz decompositions. More
precisely, this second estimator arises simply employing the alternative definition of the functional
Ey, (cf. (3.11)) and bounding || Ep |5, (aiv,0) in the preliminary estimate for the total error given by
(3.24) (cf. Theorem 3.4). Then, with the same notations and discrete spaces introduced in Sections 2
and 3, we now set for each T" € T}, the local error indicator

2

"y _ . 1 .
%= lfon — (K~wn = divonlBr + |[Vun =~ 41y = (500 - dvan)lis
1(n) 0,T
+ > helllon-velllge + Yoo helon-vige + > lup — wnlff.e .
eEgh(T)ﬁgh(Q) eegh(T)ﬂgh(FN) eegh(T)ﬂgh(FD)
(4.1)
and define the following global residual error estimator
~9 ~
0" == Y 07 + Jup—unlljor, - (4.2)

TeTh

_ Throughout the rest of this section, we establish quasi-local reliability and efficiency for the estimator
0. The name quasi-local refers here to the fact that the last term defining 8 can not be decomposed
into local quantities associated to each triangle T € T, (unless it is either conveniently bounded or
previously modified, as we will see below).

Theorem 4.1 Assume that the data k, g, 9, up, and f are sufficiently small so that there holds

1
Calkl + Csllglse + Ce V2 + Crlluplhyzisry + Csllfllcn < 3
where Cy, Cs, Cg, C7 and Cg are the constants given in (3.12). Then, there exists a constant érel > 0,
which depends only on ||uplli /245, || fllco and other constants, all them independent of h, such
that

~ =2
l¢ = onlia + (o u) = (@nup)lf < Craa 8. (4.3)

Proof. Using the alternative definition of the functional Ej (¢f. (3.11)), and then applying the
Cauchy-Schwarz inequality, we deduce that
1
|Bullisgaivay < C{lup = willior, + [Vun = ——of

1(én) Ho,g (4.4)

+ |fon — (K 'uy — diVUh)Ho,Q},

where C is a positive constant independent of h. Then, replacing (4.4) back into (3.24) (c¢f. Theorem
3.4), and employing again the upper bound for HEhHH; (y (cf. Lemma 3.6), and the definition of 6
D

(¢f. Lemma 3.2), we obtain (4.3) and finish the proof. O

Theorem 4.2 Assume that V¢ € L4(Q). Then, there ewists a constant C:e > 0, which depends
only on parameters, |K Y, |k, luplli/2,rps [[Fllcs [[VAllLaq), and other constants, all them
independent of h, such that

L 4 LGP

~2
Cre 0 < |lo—nll?q + |lu—up|?q + ||divie —op)|]2q + H o — o + h.o.t. (4.5
£1 | 110+ |l 11,0 + [[div( )Mo e (o) o (4.5)
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where h.o.t. stands for one or several terms of higher order. Moreover, assuming o € L4(Q2), there
exists a constant Cegs > 0, which depends only on parameters, | Koo, |k, luplli/2,rys [1flloo;
IVollLiy, ollia), and other constants, all them independent of h, such that

~ =2
Cetr 0 < |0 —dnliq + (o,u) — (on,un)|F + hot. (4.6)

Proof. We proceed as in the proof of [4, Theorem 4.2]. In fact, thanks to the trace theorem in H'(£2),
there exists ¢ > 0, depending on I'p and €2, such that

|up —UhH%/z,rD < CH'U'_UhH%,Q’

Next, the estimates (4.5) and (4.6) are obtained by applying the same arguments employed in the
proof of Theorem 3.13 (¢f. Section 3.3), and hence we omit further details. O

We point out here that, in order to use the indicator @ (¢f. (4.2)) in an adaptive algorithm that
solves (2.8), we need to estimate the expression ||up — up||? /o1y, through local terms. To this end, as

well as in [1], we now employ an interpolation argument and replace the aforementioned expression
by a suitable upper bound, which yields a reliable and fully local a posteriori error estimate.

Theorem 4.3 Assume that the data k, g, 9, up, and f are sufficiently small so that there holds

1
Calkl + Csllglse + CeV2 + Crlluplhyzisry + Csllflcn < 3
~2
where Cy, C5, Cg, C7 and Cs are the constants given in (3.12) In turn, let @ = Z 5%, where for
TeT
each T € Ty, we set

2

_ . 1 .
07 = |Ifon — (K 'uy — diven)|3r + Hwh = ——oh||  +hrllg = (Bén — diven)gr
11(dn) 0,T
+ Y helllon-velllge + Yoo helon-vige + > lun — .
eEgh(T)ﬁgh(Q) eesh(T)ﬂSh(FN) eegh(T)ﬂfh(FD)

Then, there exists a constant Crer > 0, which depends only on parameters, ||upll /2151y, [|fllec,o and
other constants, all them independent of h, such that

~ 2
lp— dnlli o + (o, u) = (on,un)llfr < Crer 6.

Proof. The proof reduces to bound the term ||up —wup||;/2,r,- To this end, it suffices to apply the fact
that H'/2(I'p) is the interpolation space with index 1/2 between H'(I'p) and L?(I'p), and proceed as
in [, Theorem 4.3]. O

5 Residual-based a posteriori error estimators: The 3D case

In this section we extend the results from Sections 3 and 4 to the three-dimensional version of (2.8).
Analogously, as in Section 3, given a tetrahedron T' € Ty, we let E,(T') be the set of its faces, and
let &, be the set of all faces of the triangulation 7,. Then, we write &, = &,(Q) U EL(T"), where
En(Q) i={e €& e CQfand E(T) = {e € &, : e C T'}. Also, for each face e € &, we fix a
unit normal v, to e, so that given 7 € L2(Q) such that 7|7 € C(T) on each T € Ty, and given
e € &,(Q), we let [T x ve] be the corresponding jump of the tangential traces across e, that is
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[T xve] := (7|r — T|717)|e X Ve, where T and T" are the elements of 7, having e as a common face. In
what follows, when no confusion arises, we simple write v instead of v..

Now, we recall that the curl of a 3D vector v := (v1, v, v3) is the 3D vector

curl(v) = V x v e |20 Ovz Ovi Ovs Ovz Ou
b N T 3.7}2 8.1‘37 833‘3 61‘1’ a.xl 6$2 ’

and that, given a tensor function 7 := (7;;)3x3, the operator curl denotes curl acting along each row
of 7, and 7 X v is a tensor whose rows are the tangential components of each row of 7, that is,

curl(nl, T192, 7’13) (7—117 T12, 7—13) XV
curl(t) := curl(7o1, 72, 723) |, and T Xv := (721, T22, T23) X V
Curl(Tgl, 732, 7’33) (7—317 732, 7—33) X v

We now set for each T' € Tj, the local a posteriori error indicator 9% as follows

_ . 1 ? L
= fon — (K~wn = divolBr + [Vun = ot 41y - (800 - dvan)lBs
1(dn) 0,7
e { Lol 0y ! 2
+ hy curl{ o’%} + he |[ of % I/ﬂ
1(n) 0T ceg,(T)NER(Q) 1(on) 0,e

+ > hellon-vellls. + > he llon - vl[G,

e€&L(T)NEL(Q) e€&R(T)NER(TN)

1 2

+ Z |lup — uhH(Q),e + Z he [|[Vup x v — © )0'% xv|

e€&R(T)NER(ID) e€&n (T)NER(I'D) E\Ph O.e

(5.1)

whereas 5% stays exactly as in (4.1). In this way, the corresponding global a posteriori error estimators
are defined as (3.3) and (4.2), that is

~92 ~
02 = Z 9% and 6 = Z 9% + [Jup _uh”%/Q,FD‘
TET;, T€Tn

We now establish the analogue of Theorems 3.1 and 4.1, respectively.

Theorem 5.1 (Reliability of ) Assume that Q is a connected domain and that I'x is the boundary
of a convex extension of Q). In addition, assume that the data k, g, ¥, up, and f are sufficiently small
so that there holds

1
Calkl + Csllglse + Ce V2 + Crlluplhyzisry + Csllfllcn < 3

where Cy, C5, Cg, C7r and Cg are the constants given below in (3.12). Then, there exists a constant

Cre1 > 0, which depends only on parameters, ||uplli/o4srp, [|fllco, and other constants, all them
independent of h, such that

lo —dnllio + |l(o,u) = (o, up)|lgr < Crer 6.
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The proof of Theorem 5.1 follows from a very similar analysis to the Section 3.2, except in a few
points to be described throughout the following discussion. Indeed, we first need to use a 3D version
of the stable Helmholtz decomposition, provided by Lemma 3.7, which was established recently in
[20, Theorem 3.2]. We remark that the proof of [20, Theorem 3.2] makes use of several estimates
available in [2] and combines similar arguments to those from the proofs of [20, Theorem 3.1] and
[1, Lemma 3.9]. Then, the associated discrete Helmholtz decomposition and the functional Ej are
set and rewritten exactly as in (3.30) and (3.31), respectively. Secondly, in order to derive the upper
bound to || Ep |, (div,), We need to employ the 3D analogue of the integration by parts formula on
the boundary given by (3.32) (¢f. Lemma 3.9). In fact, by employing the identities from [25, Chapter
I, eq. (2.17) and Theorem 2.11], we find that in the 3D case, there holds

(curlxv,¢) = —(Vo xv,x) VxeH(Q), VéeH (Q) (5.2)

On the other hand, the integration by parts formula on each tetrahedron T € 7, which is employed
in the proof of the 3D analogue of Lemma 3.10 (see also |1, Lemma 3.11]), becomes (cf. [25, Chapter
I, Theorem 2.11])

/ curl 7 : x — / T:curlx = (T xv,X)or V71 € H(curl; Q?), Vx € HY(Q), (5.3)
T T

where (-, o7 is the duality pairing between H~/2(T) and HY?(T), and, as usual, H(curl; Q) corre-
sponds to the space of tensors in L?(£2) whose curl belongs to L2(€2). Notice that the identities (5.2)
1 1

0% xvand Vup x v — ———0% x v in the

1(on)

and (5.3) explain the appearing of the expressions

3D definition of € (cf. (5.1)).

(bn)

Theorem 5.2 (Reliability of 5) Assume that the data k, g, ¢, up, and f are sufficiently small so
that there holds

1
Calkl + Csllgllse + Ce U2 + Crllupllizisry + Cslfllcn < 3,
where Cy, Cs, Cg, C7 and Cg are the constants given in (3.12). Then, there exists a constant érel > 0,
which depends only on ||upll1/24srp, || fllec.a and other constants, all them independent of h, such
that

~ =2
o — dnlia + (o, u) = (onun)lf < Crea 6.
The proof of Theorem 5.2 proceeds similarly as in the proof of Theorem 4.1. In fact, notice that
the upper bounds for HEhHH% @y and [|Epllmy(giv,0y given by (3.26) (¢f. Lemma 3.6) and (4.4)
D

(¢f. Theorem 4.1), respectively, are also valid in 3D and hence the corresponding reliability of 0 is
obtained.

We end this section by remarking that the efficiency of the estimators 8 and 0 follows as in Section
3.3 and Theorem 4.2, respectively. In particular, we remark that the 3D version of estimates provided
in Lemmas 3.16, 3.17, and 3.18 can be derived from [22, Lemmas 4.9, 4.10, 4.11 and 4.13].

6 Numerical tests
This section serves to illustrate the properties of the estimators introduced in Sections 3-5. Fixed point

iterations were used for the linearization of the coupled mixed-primal scheme, and a residual tolerance
of le-7 was prescribed for the termination of the Picard algorithm. All linear solves are performed
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with the unsymmetric multifrontal direct solver UMFPACK. In addition, all tests in this Section use
a classical adaptive mesh refinement procedure based on the equi-distribution of the error indicators,
where the diameter of each element in the new adapted mesh (contained in a generic element K on
the initial coarse mesh) is proportional to the diameter of the initial element times the ratio %’ where
7, is the mean value of a given indicator 1 over the initial mesh (cf. [33]).

Example 1: accuracy assessment. Our first example focuses on the case where, under uniform
mesh refinement, the convergence rates are affected by the singularities of the exact solutions. A non-
convex domain 2 := (0,1)%\[0, 1]? is considered, and its boundary 9 is split into I'y := (1,0) x {0}
and I'p := 0Q\I'n. We construct a sequence of nested unstructured triangulations, where measured
errors and experimental convergence rates will be computed as usual

e(0) = |lo —onlaive. (@) = lo—dnllia, e(w) = lu—uplla, r(-) = —2log(e(-)/e(-)) log(N/N)]~*,

with e and é denoting errors produced on two consecutive meshes representing N and N degrees of
freedom, respectively. In addition, the total error, the modified error suggested by (3.36) and (4.5),
and the effectivity and quasi-effectivity indexes associated to a given global estimator 1 are defined,
respectively, as

e = {[e(a)? + [e(w)]® + (@))%, ett(n) = 5
ol ol |12 V2 m
n= {[ewn? L @) + [dive — divosg + HM(@ - b OQ} - st = 2

An exact solution to (2.1) is given as follows

P(z1,22) = maira(l — x9) (21 — 1/2)% (23 — 1/2)? + b,

B VPN LT S Vs
)) , o(x1,m2) = p(d)u [/‘(d’) 01 | (w2 — 1) (@2 — az)

sin(mxy ) cos(mza)
— cos(mxq ) sin(mxy

I,

(6.1)

where K~' = K7'I, k = (0,—1)%, pu(¢) = (1 —ag) ™2, fix(¢) = ag(1 — ag)?, ¥(¢) = ¢ + (1 — ag)?,
and the source terms are

u(z1,22) = (

f(z1,22) = ¢ (K 'u—dive), g(z1,22) = Bo — div(I($)Ve) + u- Vo + fi(d)k - Vo.

Notice that the only difference with respect to (2.1) is a non-homogeneous concentration flux o-v = s
imposed on I'y, where s is manufactured according to (6.1). Therefore, the relevant term in the a
posteriori error estimators will be replaced by

Z heH&h’V_SHg,e?

e€&R (T)NER(I'N)

whose estimation from below and above follows in a straightforward way. The model parameters
specifying (6.1) correspond to m = 200, b = 0.008, a = 0.35, K = 0.01, g = 0.35, and a; = —0.05,
as = 1.1. Notice that the pressure defining the isotropic part of the stress in (6.1) exhibits a singularity
near the upper right corner of the domain, at (a;,az2) (see Fig. 6.3). As a consequence, optimal
convergence for the stress is no longer evidenced under uniform mesh refinement (see first rows of
Table 1). In turn, if an adaptive mesh refinement step (employing the residual error indicators
and @) is applied, optimal convergence can be restored, as shown in the last two blocks of Table 1.
Approximated solutions obtained after six adaptation steps are collected in Figure 6.1, and a few
adapted meshes produced using the two indicators are depicted in Figure 6.2. It is observed that the

22



Dof. h e(o) r(o) e(u) r(u) e(®) r(op) ip e m eff(f) qeff(0) eff(0) qeff(0)

Augmented RTy — P; — Py scheme with quasi-uniform refinement

105 0.53 140.06 - 340 - 143 - 12 140.10 13942 1.11 1.10 1.10 1.10
192 0.49 225.45 -6.44 8.81 -12.90 1.35 0.80 16 225.63 222.53 0.55 0.55 0.55 0.55
492 0.30 139.34 0.97 3.36 1.95 0.87 0.88 14 139.38 138.77 1.07 1.07 1.07 1.07
1488 0.16 74.51 1.01 0.82 2.27 047 098 12 74.52 7436 0.92 0.92 0.92 0.92
4902 0.09 44.05 0.88 0.28 1.77 0.26 0.98 13 44.05 43.98 0.96 0.96 0.96 0.95
17800 0.04 21.46 1.05 0.12 1.25 0.14 0.88 13 21.46 21.43 0.98 0.98 0.98 0.98
67800 0.02 11.47 1.14 0.05 1.36 0.07 1.33 14 11.48 11.46 1.00 1.00 0.99 0.99

Augmented RTy — P; — P; scheme with adaptive refinement according to 6

64 0.61 203.22 - 893 -~ 140 -~ 16 203.42 197.77 0.49 0.48 = =
171 0.35 138.78 0.77 3.07 2.17 1.18 0.34 16 138.82 138.09 1.24 1.23 = =
303 0.33 99.71 1.15 1.98 152 1.10 0.26 14 99.74 99.37 0.95 0.94 = =
499 0.30 68.36 1.51 1.27 1.v8 1.09 0.03 13 68.38 68.07 1.0 1.05 = =
1014 0.21 39.04 1.58 0.78 1.35 0.85 0.69 13 39.06 38.83 1.17 1.17 = =
3763 0.10 16.51 1.31 0.26 1.66 0.37 1.26 13 16.52 16.45 1.07 1.07 = =

14690 0.06 7.81 1.09 0.11 1.27 0.17v 1.07 13 7.81 7.79 1.03 1.03 = =

Augmented RTy — P; — Py scheme with adaptive refinement according to 0

64 0.61 203.22 - 893 - 140 - 16 203.42 197.77 - = 0.49 0.47
171 0.35 138.78 0.77 3.07 2.17 1.18 0.34 16 138.82 138.09 - = 1.24 1.23
303 0.33 99.63 1.15 1.97 154 1.10 0.26 14 99.66 99.29 = = 0.95 0.94
535 0.28 71.12 1.18 141 1.18 1.08 0.04 13 71.14 70.61 = = 1.06 1.05
1145 0.21 37.86 1.65 0.60 2.24 0.80 0.79 13 37.88 37.64 = = 1.08 1.08
4270 0.10 16.93 1.22 0.24 1.35 0.38 1.11 13 16.94 16.88 = = 1.05 1.05

16790 0.05 8.28 1.04 0.10 1.25 0.18 1.10 13 8.28 8.26 = = 1.02 1.01

Table 1: Test 1: convergence history, Picard iteration count, error e and quasi-error m, effectivity and
quasi-effectivity indexes for the approximation of the coupled Brinkman-transport problem, under
quasi-uniform, and adaptive refinement according to the indicators introduced in Sections 3 and 4.

agglomeration of points follows the regions of high concentration gradients occurring near I'y, as well
as the sharp pressure profile localized at (a1, az).

Example 2: sedimentation below downward-facing inclined walls. This test illustrates the
properties of the second estimator (4.2) in a 2D setting, where we simulate the sedimentation of a
mixture within an heterogeneous porous medium. The domain consists of an isosceles trapeze of height
3, maximal width 2.82, and walls having an angle of inclination of 4/97 with respect to the horizontal
axis. The permeability of the medium is constant K, except for 20 randomly placed spots (consisting
of disks with radii 2.5e-3) of much lower permeability K;. Viscosity, hindering sedimentation, and
compaction coefficients (all concentration-dependent) are respectively specified as

M(¢) = :u'O(l - ¢/¢max>_m’ fbk(¢) = UOO¢<1 - ¢/¢max)n27 19<¢)

ooQ

INE

where the adimensional model parameters and remaining constants assume the values pg =2.5e-4,

¢ fok + oo,  (6.2)
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Figure 6.1: Test 1: approximate solutions obtained with the lowest order method, after six steps of
adaptive mesh refinement following the second indicator 8. Concentration, velocity components, and
stress components are depicted.

09 = 5.5e-4, G =981, a =5, § =025 n=2, ¢, = 0.07, ¢max = 0.95, Ky = 10, K1 = 0.01, k =
0, -7, f = (0,-1/2)T, us = 2.5e-3, Ap = 1562. From the physical bounds of the concentration
we find 1 = po and ps = 5pq, yielding the following stabilization coefficients k; = 1/5u3 = 5e-5,
ak = 0.1, 6 = 4.88¢-3, Ky = 2.38e-6.

A pseudo time-advancing algorithm is employed to capture the transient nature of the phenomenon
(this can be achieved by setting g = S¢*, where ¢* is the concentration distribution at the previous
pseudo timestep). The initial guess for the concentration is a high concentration ¢ = 0.75 on the top
of the domain and a random perturbation of amplitude 0.05 around ¢ = 0.15. We assume that the
vessel is open on the top and closed elsewhere on 0f2, so that a clear fluid ¢ = ¢. and zero normal
stresses ov = 0 are prescribed on top, whereas on the remainder of the boundary we set zero fluxes
o - v = 0 and no-slip conditions u = 0.

The adaptive algorithm applies mesh refinement according to the second a posteriori error indicator
(4.2), and it is invoked at the end of each pseudo-time step. We point out that due to the roughness
of the permeability for coarser meshes, a continuation technique is applied on the viscosity scaling pg
(using fip = 8o as initial guess, and halving it until reaching pg). A set of snapshots of the numerical
solution obtained after ten pseudo-time steps are displayed in Figure 6.4. Apart from the main flow
features expected in the pure-fluid case (acceleration of the deposition near the inclined walls, as
discussed in [31] and simulated in [30]), we also observe tortuous concentration and velocity patterns
produced by a combination of tight flow-transport coupling, the highly heterogeneous coefficients, and
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Figure 6.2: Test 1: from left to right, four snapshots of successively refined meshes according to the
indicators @ and @ (top and bottom panels, respectively).
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Figure 6.3: Test 1: approximate postprocessed pressure and adapted mesh near (a1,a2), after six
refinement steps following the second estimator 6.

the random initial distribution. The velocity plots (second row) indicate that the flow tends to avoid
the regions of low permeability, and recirculation zones are formed near the transition from clear to
high-concentration mixture. In addition, the concentration plots (panels in the first row) suggest that
solid particles remain attached to the low-permeability spots and reverse plumes are formed. We also
show a sequence of refined meshes after two, four, and six steps (see Figure 6.5), where it is seen that
the a posteriori error indicator yields more refinement near the high gradients of concentration and
the aforementioned recirculation zones. As these irregularities spread throughout large portions of

the domain, a substantial gain in computational cost with respect to a uniformly refined mesh is not
expected.
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Figure 6.4: Test 2: approximate solutions at 3 (left), 6 (middle) and 12 (right) pseudo-time steps. A
lowest order method and mesh adaptive refinement guided by (4.2) were used.

Example 3: sedimentation in a clarifier-thickener unit. We close this section with a numerical
test that illustrates the performance of the proposed numerical scheme and the first a posteriori error
indicator (5.1) on a 3D computation. The example reproduces the steady-state of a sedimentation-
consolidation process in a clarifier-thickener unit. Model parameters and domain configuration are
adapted from those in [5, Example 3], but here the device has a radial length of 14.6 m and a total
height of 7.6 m. It features a feed inlet 'y, consisting of an horizontal disk of radius 1.5 m, an underflow
outlet for the discharge of sediment I'gy (an horizontal disk of smaller radius 0.5 m), and a peripheral
overflow annular region I',q (see a sketch in the top left panel of Figure 6.6). A suspension is fed
through T'y, with velocity v = uiy, = (0,0, —U3yin)T and having a concentration of ¢ = ¢;,. At the
outlet I'oyy we set u = uout = (0,0, —ug,out)T; at the overflow annulus we impose zero normal pseudo-
stresses; and on the remainder of 02 we put no slip boundary data for the velocity and zero-flux
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Figure 6.5: Test 2: adapted meshes at 2, 4, and 6 steps, generated following the second estimator
(4.2).

conditions for the concentration.

The concentration-dependent coefficients are defined as in (6.2), and the remaining parameters are
chosen as in Example 2, except for usin =1.25e-2, u3 ouy =1.25€-3, ¢ = 0.1, use =2.2e-3, ¢in = 0.08,
op =b.5e-2, and § =le-3. Again, the bounds for the concentration imply that the stabilization
parameters assume the following values k1 = 0.256, ko = 0.25.

The proposed primal-mixed method is used to generate the approximate solutions depicted in
Figure 6.6 (where we show only half of the domain, for visualization purposes). As in [5, 10], we
can observe that the mixture concentrates near the outlet boundary I'oyi. The velocity arrows show
recirculating patterns, and a very small underflow. In contrast with Example 2, here the Picard
iterations until convergence are embedded inside the adaptive refinement loop, consisting of solving,
estimating, marking and refining using the error equi-distribution strategy mentioned above. The
plots in Figure 6.7 show a sequence of three adapted meshes, forming a clustering of elements near
the zones of high concentration gradients (connecting inflow and underflow boundaries), where also
the velocity and postprocessed pressure profiles are more pronounced.
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