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AN A PRIORI ERROR ANALYSIS OF AN HDG METHOD FOR AN EDDY
CURRENT PROBLEM

ROMMEL BUSTINZA, BIBIANA LOPEZ-RODRIGUEZ, AND MAURICIO OSORIO

ABSTRACT. This paper concerns itself with the development of an a priori error analysis of an eddy
current problem when applying the well known Hybridizable discontinuous Galerkin (HDG) method. Up
to the authors knowledge, this kind of theoretical result has not been proved for this kind of problems. We
consider non trivial domains and heterogeneous media which contain conductor and insulating materials.
When dealing with these domains, it is necessary to impose the divergence-free condition explicitly in
the insulator, what is done by means of a suitable Lagrange multiplier in that material. In the end, we
deduce an equivalent HDG formulation that includes as unknowns the tangential and normal trace of a
vector field. This represents a reduction in the degrees of freedom when compares with the standard DG
methods. For this scheme we conduct a consistency and local conservative analysis as well as its unique
solvability. After that, we introduce suitable projection operators that help us to deduce the expected
a priori error estimate, which provides estimated rates of convergence when additional regularity on the
exact solution is assumed.

1. INTRODUCTION

The eddy current problem is obtained from the Maxwell equations disregarding the electric displace-
ment currents in the Ampére-Maxwell law. This simplification of the equations is reasonable when the
magnitude of the displacement currents is negligible compared to the other terms of the equation (see,
for instance Chapter 15 in [7] or Chapter 1 in [3]). Our goal is to study the time-harmonic eddy current
problem defined in a three-dimensional domain including conducting and dielectric materials. This model
arises in applications where the problem is posed in a bounded domain and it is necessary to link the
electromagnetic fields with the current source, given as a volume current, in a conducting region.

For proposing a numerical solution of the eddy current problem, two fundamental aspects should keep
in mind. The first one is the need to impose a divergence-free condition to one of the electromagnetic
variables in the dielectric part of the domain and the second one is that, depending on the electromagnetic
properties of the coefficients in each material, discontinuities could be generated in the electromagnetic
variables. The first aspect has been studied by continuous Galerkin methods by introducing a Lagrange
multiplier or a scalar potential in the dielectric, see [1] with volumetric current source and [2,5,6,14] for
different power sources. Regarding the second aspect, discontinuous Galerkin methods (DG) have been
considered in recent years to deal with the discontinuity of the approximate solution, see [17]. However
the DG methods have a disadvantage compared to continuous methods: the number of degrees of freedom
is larger.

In this paper, we propose and analyse a hybridizable discontinuous Galerkin (HDG) method for the
time-harmonic eddy current problem. Hybridizable discontinuous Galerkin methods appear in 2010 as
a new kind of discontinuous Galerkin (DG) method that allows to find the approximate solution by
solving an equivalent system of equations associated to the skeleton of the partition of the domain.
This makes the scheme to be competitive with the standard continuous Galerkin methods, for example.
In [16] the authors introduce an HDG method under the assumption that the domain contains only
dielectric material (conductivity is zero). They show experimentally that the method is convergent with
the expected convergence rates; however a theoretical error analysis is missing. The current paper aims
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to introduce a more general analysis to the model when conducting and dielectric materials are introduce
in the domain. To this end, we introduce a Lagrange multiplier to impose the divergence-free condition
in the dielectric domain. As far as we know, there are a few papers dealing with HDG formulations for
either eddy current or Maxwell problems (see [16] and [15]) and none of them present a complete error
analysis.

The HDG method initially proposed here, has as unknowns the variables related to the magnetic
and electric field across the entire domain, the Lagrange multiplier in the dielectric domain and two
variables defined only on the skeleton (associated to the tangential and normal trace of the electric
field). By imposing the local conservative condition the method reduces to solving a system defined
only on the skeleton, thus obtaining a complete method that preserves the discontinuities due to the
different electromagnetic properties of the materials and the divergence-free condition in the dielectric,
thus reducing the number of unknowns compared with standard DG methods.

Here, we propose an HDG formulation based on the normal and tangential trace of vector field. We
show consistency and local conservative results, then prove that this formulation is well-posed and obtain
error estimates. To this end, we introduce suitable projection operators and under additional assumptions
on the regularity of the exact solution we obtain theoretical rates of convergence.

The outline of the paper is as follows: in Section 2 we introduce the time-harmonic eddy current model
and approximations spaces. Then, in Section 3, we propose and analyze our HDG formulation to show
it has a unique solution and the scheme is locally conservative and consistent. The hybridization of the
scheme, that leads to a linear system defined on the skeleton, is introduced in Section 4.. Finally, in
Section 5, we establish the a priori error analysis that is the main contribution of this paper.

2. PROBLEM STATEMENT

2.1. Eddy current problem. Maxwell’s equations are used to describe electromagnetic phenomena.
The eddy current model results by disregarding the effect of electric displacement in the Ampere-Maxwell
law, and assuming that all fields involved are sinusoidal in time. This yields the model problem:

VxH = ocE+ J° in Q,
(2.1) iwuH +VxE = 0 in Q,
V~(€E) — 0 in S)]D7

where E denotes the intensity of electric field, H the intensity of magnetic field, w the angular frequency,
and J? the density of current, which is assumed to be divergence-free. We have to take also into account
the electromagnetic coefficients: magnetic permeability u, electric permittivity € and electric conductivity
o. We remark that ¢ denotes the imaginary unit. About the domain €2, we assume that it is bounded,
simple connected, and consists on two parts: ¢ and Qp, with Q¢ representing the conductor domain
while Qp denotes the dielectric one (cf. Figure 1). The boundary of 2, named I, is supposed to
be connected and Lipschitz-continuous. I'y denotes the interface between the conductor and dielectric
domains. We point out that the electromagnetic coefficients depend on the material. In particular, o is
positive in conductor material and vanishes in the dielectric one. The electric permittivity is assumed to
be positive and continuous in each subdomain, as well as the magnetic permeability.

FIGURE 1. Domain € for problem (2.1)
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We introduce now the unknowns: w = E, z = =1V x u. Then, system (2.1) can be rewritten as the
first order system

pz—Vxu = 0 in Q,
Vxztiwou—eVplg = —iwld® in Q,
V-(euw) = ¢ in QOp,
2.2
(2.2) (eulg, -no,l>FO = 0,
nxu = g on I'|
p =0 on I'.

Here, n and ny denote the outward normal unit vector to I" and Ty, disjoint components of 0Qp.

Throughout this paper, when < is used, it means that the inequality holds with, eventually, an
omitted constant factor that does not depend either on the mesh size or the electromagnetic coeflicientes
or stabilization parameters. Also, we will use standard notation for Sobolev spaces and norms. We will
use the well known Hilbert spaces H(curl; ), H(div; ), etc. (see, for instance, [4]). Let us emphasize
the following spaces

Hr(curl;Qp) := {G € H(curl;Qp) : Gxn=0onT},
Hr, (div?; Qp) := {F € H(div; Qp|) : diveF =0 in Qp, eF -n =0 on Iy} .

2.2. Mesh and approximation spaces. We let now 7} be a shape-regular simplicial triangulation of

), where h also denotes the mesh size of triangulation. Next, we set 9T;, := {0K : K € Ty} and define
&L and 82’1 as the set of interior faces F' induced by 7T, lying in Q and Qp, respectively. By &, we
denote the set of all faces induced by 7. In addition, we define 7;1D and 7;? as the triangulations of Qp
and Qc, induced by Ty, and by £P and E£C their corresponding sets of all faces induced by T,° and 7,C,
respectively. As usual, given K € Ty, n denotes the outward normal unit vector to JK.

Now, let z be a function living in [H'/2(73,)]?, and let F a face in 9T}, shared by two adjacent elements
K+t and K~ in T, that is F = 0KT N0K~. By 2% we set the trace of z on F from the interior of K,
while n™ and n~ denote the outward unit normal vectors to K+ and K —, respectively. Then, the jumps
[-] are defined as follows. When F' is an interior face, we set

[neoz]=ntozt + n 02z,
while when F' is a boundary face, we define
[nOz]=n06z,

with n being, in this case, the outward unit normal to I'. Here, ® is either - or x. We recall the definitions

of 2!, the tangential component of z, as well as of 2™, the normal component of z:
Zli=nx(zxn), 2":=(z-n)n.

We point out that the trace of z on K, can be decomposed as z = 2! + 2".
We introduce the following approximation spaces

Py = {g € L*(T") : alx € Pr(K) VK € T},
Vi, = {v e [LAT)]": vlx € Pe(K)P VK € Ti},
Pr:={¢geP,: ¢=0 on T},
M = {5 e 2] Be PP, (B-n)rp=0 YF e 5h} :
Mi(g):— {BEM) i nxB—Tg on T}

pi={ve [P ED)]) s veBuP, (yxm)lp =0 VFeEP},
M3 (0) i= {7 € Mf,,: (y-mo)lr =0 VFeg}.

Hereafter, given S of positive measure, P, (.S) denotes the space of complex-valued polynomials of degree
at most k£ > 0 on S. Moreover, Ilg corresponds to the L2—projection of g onto M . We remark that M,
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M7} resp.) consists of vector-valued functions whose normal (tangential resp.) component is zero on any
h
face F € &, (F € E,?’I resp.). The inner products to be considered here are
d

(@p)7 = Y (@PK, (w)g =) (vj,w)7,

KeTh j=1

d
(@por, = > {(@pPox, (Wwor =3 (vj,w;)er, ,
KeTn j=1

where (¢,p)p = / qp, with p denoting the conjugate complex operator when applies to p.
D

3. HDG FORMULATION

In this section we apply the well known HDG method to deduce a discrete variational formulation.
Then, we look for (zp, un, on, ah, a}) € Vi, x Vi, x P} x M x M7(0), solution of the discrete scheme:

(3.1) (pzn, )7, — (un, V X 7)1 — (Gh,» xn)or, = 0,
(2, V X 0) 7, + (24,0 X m)o7;, +iw (oup,v)7, + (9n, V- (ev)) 70
(3.2) —(Pn,€v-m)grp = (J,v)7,
(3.3) (ens p)ro + (€un, Vp)ro — (Up - n,ep)grp = 0,
(3-4) (nxaj,mr = (g,mr,
(3.5) (nxzj,mMorr = 0,
(3.6) (Pn, €€ -n)gro = 0,
for all (r,v,p,m, &) € Vi, x V), x PL' x M x M7(0), where J := —iw J*. The numerical fluxes 2!, and

@pr, are defined by

nxz, =nxz, +nu, —al),

(3.7) R N o
n = pn — Tn(up —up) -n
with
_ on &%y T,
(3.8) Gn=g" "
Lph—)\<6uh|QD ~no,1>Fo on TYy.

Here, A is a positive constant, and 74 and 7, are stabilization parameters, to be defined later.
One important feature of this discrete formulation is given next.
Lemma 3.1. The HDG scheme defined by (3.1)-(3.6) is locally conservative and consistent.
Proof. First we observe that (3.5) implies that [n x 2/] =0 on £L. By (3.7), we have
0=[nx 2z} + 7(u}, —aj,)]
= [nx 23] + [ (uy, — @})]
= [n x 23] + 7, (), — ap) "+ 7 (u), — @)
= [nx 2]+ 7t (uf, =@ ) + 7 (uh, @, ).
Hence (since numerical fluxes are single-valued)
YRS B L N T
Tt +7 T+ T
Substituting this into (3.7) we obtain
+ .t — ot
Zi =z +m <u§, 7_t_~_i7_t_[n>< 2] - w> X 1
=zl + # (T;_uz trul —[nox 2] — il — Tt_u’{) X 1.
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Thus,
+
~¢t T Tt _
(39) Z, = Zp +ﬁ(7—t Uh [[nxzh]]—Tt uh)xn+
T+ T
(3.10) 5=z = (il — [ ] -l ) <o
T + Ty
Now,
" B -
[[nxz,ﬁ]]xn"':(n"’xzz +n sz)anr
:n+><(zt xn+)+n x(z}fxn*)
+ _ .
=zt (nt nt)—nt (n+ 2t )+z; (n~-nt) —n* (n z,g)
¢
=Zh T Zh s
_ + _ - -
[nxzi]xn :<n+><z}§ +n xz}i)xn
+ _ _ - .
:n+><(zfl X mn )+n x(zfl xn)
=zl (nt n)—n (nt-2 )42 (nonT)—n (n -z
=z, (nTn n (n" -z z, (n”-n n (n” -z
t+ t~
:_Zh +Zh .
Likewise
tt + — (7t + + + — (ut + . )t + — oyt +
u, xnt =(n"x (uf xnt)) xnt = (uf — (nT - uwf)nT) xnt =u xnt,
u’,t; XN~ =—-u, Xn .
Substituting into (3.9) and (3.10) we get
+
gt + T _ o _ T, + -
ZZ :Z;L +%(Tt u;XnJrJth uh Xn )7%(22 722)
T + T T + T

tt _— t o+ -+
zZ, Ty + 2 T T, T, _ _
h 't ht+ t Tt (u;xn++uh><n)

Tt+ +7 T;L +7
tt _— tT o+ -+
Zy T, tzp T Tt Ty
=k L “ht g (Jun x n])
Ty + Ty Tt + 7
— + —
ot~ - Tt Ty - - Tt
ZZ :Zi{ +ﬁ(uhxn +uzxn+)—ﬁ(22 —Zz)
T T Ty Ty
+ — 7t -+
T 2, T oz Tt T
- ¥ — + ([[uh X n]])
Ty T T Tt +7
Therefore we have N
+t— -t -+
St — T 2, +t T 2z Tt T ([[Uh « n]])
Zp = —
Tt++7—t Tt +7

Now, since (eppn, €>87*;D = 0 and € is continuous in p, we have [ppn] = 0 on 52’1. Then, using the
fact that uj - n =), - n, we get
0= [(¢n — mn(up — up) -n)n]

= [(on = mn(un — up) - n)n]

= [enn] — [(7n(wn — uh) n)n|

= [enn] - (r, ant ,n+> nt— (T;(u; @) .n,) .
= Toun] =7 (ui n*) nt - (w ) n 4 (@) -n*) w e (@7 n )
= lpnn] = 7f (w -n)n® — 7 (w07 )n” +nlal A
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Thus

+,,n" —pn

~n _ Tn uy, + Tn Up _ 1 [[ ﬂ
Up = F = T — _— 1PN
Tn + Tn Tn +E€ Tn

Replacing in (3.7), we have

Tn
— —lpnn]-n.

+,,nT —yn

T, Uy, +T,u
gph:gph—fn(uz—uﬁ)~n:@h—m(uh-n— o = -n)— -
Tn

T+ Ta + T
Therefore
o " +
T N ey S i ) + Tn +
On =¢n —Ta (up m"— . — —"—[pnn] -n".
h 4 n( h TTJLr‘i"Tn TVJLF‘FTn[[ ]]
Since [ppn] -nt =pint -nt+ o, n" -0t =¢f — ¢, we deduce
+, - -+ +. - +, - -+ +,—
N T, T, T, Th T, _ T, +©, T ThT,
o = P - Prln _ " (u, n” +uf -nt) = Ph o Prln _ L [up - n] .
Tn + Tn Tn +Tn Tn + Tn Tn + Tn
Similarly, noticing that [¢sn] - n~ = —¢} + ¢, we can check that
N LT Ty T PR R T
G = FhD oI T (g nT o) = PRI DBy, ],
Tn + Tn Tn + Tn ™m +Tn Tn + Tn
and thus,
-+ + - —r+
. ©nTn 0, T, T, T,
On = hTJLr ﬁn_ +n n,[[uh'n]]~
Tn +Tn Tn + Tn
Therefore, the numerical fluxes of the HDG scheme are locally conservative. It is not difficult to check
that the exact solution satisfies the HDG formulation (3.1) -(3.6), so the scheme is also consistent.  [J

Next result establishes the unique solvability of discrete linear system.

Theorem 3.2. The solution (zp,wn, pn, @h, al) € Vi, x Vi x PY x ML x M?(0) of problem (3.1)-(3.6)
erists and is unique.

Proof. Let us consider the homogeneous problem associate to problem (3.1)—(3.6) and take r := zj, , v :=
up, pi=p, n:=—u,, £:=u} in equations (3.1), (3.2), (3.3), (3.5) and (3.6), respectively. We have

(3.11) (wzn, zn)7, — (Un, V X zp)7, — (Uh, 20 x n)ay, = 0,
(V X up, z1) 7, + (un X 1, 23 )o7, —iw (0up, up) 7, + (V- (eun), on) 7o

(3.12) —(eun-n,on)orp = 0,

(3.13) (bnyn) o + (eun, Vor)ro — (eup - n,op)oro = 0,

(3.14) —(nx 2, dp)orr = 0,

(3.15) (etp -n, Br)orp = 0.

Also from equation (3.4), we deduce n x @} = 0 on I'. This fact, together with (3.14), help us to ensure
that

(316) <’l/l\,z,2;t X TL>37'}L = —<TI, X Ez,ﬁ;)afrh =0.
Adding (3.11) — (3.15), we get

(Lzn, 20) 7, + [(V X wn, z0) 75, — (un, V X 20)7,] = (@, 21 X m)ar, + (un X, Z}) o,
(3.17) —iw (oup, up)7;, + [(V - (eun), on) o + (€ U}L,V%)T}P} + (on, n) 7o

— <6’I/jz ‘n, g0h>BThD — <€uh ‘n, $h>87’}}3 — <’I’L X 2}2,’&2>37—h\1—* + <€’l/l\,z n, @h>87—hD =0.
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Then, taking into account (3.16) and the identities
(V X wn, 2) 7, — (wn, V X 20)7, = (u),, 2, X n)or ,
(V- (eun), on) 1o + (€un, Vou) o = (€un - 1, n) o0 5
(un x 0, Z})om, = —(uj, 2, X n)or; ,
(3.17) reduces to
[(Nzhazh)ﬁ + (6, pn) P —iw (Uuhauh)Th} + (up, — ups (21, — 21,) X n)or,
+(e (upy —up) - n, 00 — Pn)orr = 0.
Now, using the definition of the numerical traces (cf. (3.7)-(3.8)), we obtain
[(ﬂzh’zh)Th + (pn, on)7p —iw (Uuh,“h)Th} + (uj, — uy, 7 (ug, — U)o,

+He (up, — @) - n, 7 (ug, — Th) - n)pro + Aleulag 10, Dr, |

— Meuylap - 1o, Lr, (€ u?f;leD “no, 1)1, =0,
and, since uj € M} (0), we deduce

(3.18) (n2zn, 20) 75, + (Ons pn) e — iw (Gup, un)7, | + (uf — @, 7 (uf, — 4y))or,

+ (e (up —ay) - m, 7 (uy — 43) - m)pro + Al{eus -, Dp, | = 0.

Hence, it follows from (3.18)

(3.19) zp,=0 in 7,
(3.20) on =0 in .2,
(3.21) b =l in 0T}, ,
(3.22) ay - n=ul-n ind7T>,
(3.23) (euplay - M0, 1)1, =0,

(3.24) up =0 in 7,°.

Equations (3.21) and (3.22) imply that w;, € H(curl; Q) and up|q, € H(div;Qp). Thus, using (3.23),
(3.1), (3.3) and (3.4), we can conclude that up|q, € Hr(curl’; Qp)NHr, (div?; Qp), and therefore uj, = 0
also in T,;P (see Theorem 8.4 in [13]). This concludes the proof. O

4. HYBRIDIZATION

One of the advantages of the HDG method is the fact that it is enough to solve a suitable and
equivalent linear system whose degrees of freedom are defined on the skeleton of the mesh. Then, the
global unknowns are recovered in a non expensive post process. This is not the exception here, as we
describe next.

We notice that equations (3.1), (3.2) and (3.3) can be written as

(4.1) (wzn, )k — (up,V xr)= (@, rxn)ox,
(zn, V x v)g — {2}, X n,v)ox + (Tiul, v)orx +iw(oun,v)k
(4.2) —(Pn, €V M)ornore + (T UL M, €V - M) grngrD = (Tn Wy~ M, €V - M) sRno7D
+(re . v)ok + (J,v)k
(4.3) (on, P) TP + (€Un, V) gD = (€U} - M, p)ornaTP |
(4.4) onlp=0 VF=0KnNT,

for all (r,v,p) € [Pr(K)]? x [Pr(K)]® x Px(K) with p = 0 on any face F = 0K N T, for any K € Tp,.
Therefore, if (ﬁ}z, uy, J) is given, we can compute (2p, Un, @) in an element-by-element fashion by solving
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(4.1)-(4.4) for each K € T;. This allows us to introduce the local solver £ defined by L(u},u},J) :=
(2zh, wh, @n) . Then, given (n,€&) € M x M}, we set

(z;LIa u’Za QD}TII) = ‘C(n7 07 0) 9
(4.5) (25,5, 45) = £(0,€,0),
(z;{,u‘h],goi) = £(0,0,J).

Remark 4.1. The solvability of (4.1)-(4.4) follows similar arguments than the ones applied in the proof
of Theorem 3.2.

Now, taking into account the decomposition (4.5) in (3.5)—(3.6), we deduce the following result.
Lemma 4.2. Let (zp, un, pn, uh,uy) be the solution of the HDG scheme (3.1) — (3.6). We have that
zn = 22 + 20 + 2],

uh:u%—kuZ—kug,

on = O + o)+ or
~t

uh == a7 ﬁh == 6,
where (a, 8) € Mt (g) x M7 (0) is the solution of

an(a, B) + b, (6,8) =1n(B) VB e M;(0),
o )

(4.6) dn(o,y) +en(8,7) = fuly) Vv € M;(0).

Here, the forms as well as the functionals in (4.6) are given, for any n,B € M and &, v € M}, by

an(n.B) = (=)' xn.B)  — (n (i) =n).8) .
bu(6.8) = <(z,§)t x n,ﬁ> - <n (uﬁ)t,ﬁ> :

OTh 9Th

[ e _ ¢ _g\". .
cn(&7) = (Phevm) = (T (U —€) ~meyon
h

)

o1y’

dh(n;')’) = <SOZ’E’Y : n>aThD - <Tn (uZ)n ‘N, e - n>37'hD )

h(B):=— <(z;,7)t X n,ﬁ>a7_h + <Tt (ug)t ,ﬁ> ,

OTh

fuly) = = (@ oey )y + (o ()" micyom)
R aT;:

Next results give us some information on the structure of the associated matrix system to (4.6).

Lemma 4.3. For allm, 3 € M}, and &, v € M} there hold
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t t ﬂ [-}
<(ZZ’) Xn — 7 ((UZ) - n) ,B>m = (uzfﬁ’,zh)n + (@Z,@h),rh

+iw (au",uﬂ)
o)

h

(4.7) A (euflap +mo, 1), {euf |y ~mo,1)
+ <n () —n). (uf) - ﬂ>
(o e ()" ),

(1) ((#5) xm = (u8) ) = (memeufin) o+ (cenf) .

(4.9) —<(z,‘{)t Xn — T (ug)t,ﬁ>m_h = (J,uf)Th - 2iw (Jug,uf>7_h )

[¢]

h h
t
+ <n (wf) ,<uz>t>
oTP

(410) + A <€u§z |QD - Mo, 1>F0 <€’U,Z |QD - Mo, 1>F0
€ ) , Y. >
+ <Tn, (uh 5 n,e (uh 7) n aT,P )
(a1 (e = @) ey n) = ()

h

Proof. The strategy here is very similar to the one applied in [16]. To make the paper self-contained, we
first write down the local system that defines £(n, 0,0):

(4.12) (MZ;Z, r)k — (uy, VX r)g = (0,7 X n)oxk ,
(zh,vaK7<(z;’ xn,v> +<7’t uh , > +iw(ocu),v)k

(413) ((ph’ (G’U))KHT}? - < — Tn (uh) ‘N, ev - n>0K087_hD = <Tt n, v>3K )
(414) (@Zﬁp)KﬂT,P + (6 u’Za vp)KﬂT}P = 07
(4.15) oMNp=0 VF=0KNT.

Proof of (4.7): Now, considering 3 instead of  in (4.12), then testing it with r := 2;!, we find that
its conjugate is written as

(4.16) (uzg,zf)K — (V X zﬁ,uf)K = (2! xn,B)

Similarly, after replacing 3 instead of  in (4.14), taking p := ¢! and conjugating the resulting expression,
we have

n B n B8 _
(4.17) (goh,gah)Km? + (Vgoh,euh)Km_hD —0

Next, we evaluate (4.13) for v := ug , and add equations (4.16) and (4.17). After replacing @} (defined
as in (3.8) but with the superscript 1) and suitable simplifications, we establish (4.7).
Proof of (4.8): First, we notice that the conjugate of (4.12), after taking B as i and r := z,ﬁl, is

£ B £ B _ 3
(4.18) (pzh,zh)K — (V X zh,uh)K = <zh X n,B>6K
Now, taking r := zf in the first equation that induces £(0, €, 0), we have

41 ( £ 5) —(E,V ") —0.
(4.19) B2y ) up, VX zy )
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Next, the conjugate of (4.13), after taking 8 as n and v := ufl, is

(V x ui,zf);{ - <u£7 (zf)t X n> + <’Tt (u%)t, (uf)t>aK - iw(ouﬁ,ug)K

(4.20) +(V-(eu§),gp’g)KmThp - <eu§~n,gb§ — T (uf) -n>8KQ6T}? = (n Ui;@az«

OK

Analogously, taking v := ug in the second equation that defines £(0, &, 0), we have
t t
(ZE,VXUQ)K—<(ZE> xn,uf> +<Tt <ui> 7u5> + iw(aui,uf)K
0K 0K

(4.21) +(§0§,V'(€U§))KQ7’IP - <¢% — Tn (uﬁ) -n,euf-fn g

>8(KﬁThD)
In addition, the conjugate of (4.14), after taking 3 as n and p := gpfb, is

(4.22) (e W) + (€ Ve ) arp = 0,

while taking p = cpf in the third equation that defines £(0, &, 0), gives

(4.23) (@5 o) ke + (€U, VR ) kagn = 0.
Then, (4.8) is obtained after simplifying (4.18)-(4.19)-(4.20)+(4.21)+(4.22)-(4.23), and summing up K €
Th.

Proof of (4.9): We need the do the following operations: Conjugating (4.12), for  := B and r := 27,
we have

t
(4.24) (uz,{,zf);( —(V x z;{,uf)K = <(z;{) X n,,B>BK .
Next, evaluating the first equation that defines £(0,0,J), for r := zf , we obtain
(4.25) (uzi,zf)K—(,ui,szf)K =0.

Now, the conjugate of (4.13), for n := 8 and v := uj, we deduce

(V x ui,zf)K - <ui, (zf)t X 'n> + <Tt (ui)t, (uf)t> - iw(oui,uf);{
oK

(4.26) —&-(V-(eui),wf)KnThp — <eui-n,¢7§ - T (u',?) -n>6(KﬁT}P) = (ruj,B)ox -

oK

Similarly, taking v := ug in second equation that defines £(0,0, J), we derive

t t .
LV xu)e = (&) xnufl) 4 (n (@) ufl)  +iwleu]uf)x

(4.27) + (el V- cuf ey = (@1 = 10 (ui)" mcuf) - m (,uf)xc

>8(Km7’hD)

The conjugate of (4.14), for g := B and p := ¢y, is

J B J B
(4.28) (@h’@h>KmThD + (Vgoh,euh)KnThD =0,
and third equation that defines £(0,0, J), for p := gpf, reduces to

J B J B _
(4.29) (@h’@h)KmThD + (Guhvvﬁﬁh)[mnp =0,

Then, after simplifying (4.25)-(4.24)4(4.26)-(4.27)-(4.28)4(4.29), and summing up K € 7, we conclude
(4.9).

= (W€ -m,eu, -n)ox .
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Proof of (4.10): Taking v := u} in the second equation in £(0,&,0), we deduce

3 v Yy 3 ¢ Y 3 g Y
(25, V xXu)) g zp ) xn,u, +(7 (u;) ,u)
oK oK

tiw(ouf, ul)x + (65 V- (cud)) ko — (8 eul n)

OKNOT,P
e\" _ 3
b () ey~ —(r (6) ),
Next, the conjugate of third equation in £(0,&,0), after taking v as &€ and p := w%, is
(4.31) (25 o) e + (Ve eul) grgo = <<p§,€7-n>a(KmD) :

We also consider the conjugate of first equation that defines £(0,&,0), after taking v as &€ and 7 := zﬁ:
(4.32) (zs, 2k — (Vx 28 ul)g = 0.

After simplifying (4.30)+(4.31)+(4.32) and summing up K € 7,7, we deduce (4.10).
Proof of (4.11): First, the conjugate of (4.14), for n :=« and p := ¢;, we have

(433) ((ng @Z)KﬂThD + (Vg&# EUZ)KﬁThD = <@gv €7 - n>8(K|’TTh{D) .
Evaluating third equation that defines £(0,0,J), for p := ¢, we derive

(4.34) (ns e knre + (i, Vel ) knrp = 0.

The conjugate of (4.13), for n := v and v := uy, is

t t t
(Vw5 = (ul, () xm) 4+ (m (i)' @)')
(4.35) —iw(ouj,u))x + (V- (cujl), Pn)KnTP
— (euy - n’¢Z>B(KﬂThD) + <Tn (uf)" -n,e (u))" - n>8(KﬂT,P) = (mn ()" mev-m)ok.
Similarly, taking v := «} in second equation that defines £(0,0,J), we derive
(2], V xu))kx — <(z;{)t X n,uz>a + <Tt (ug)t
K

Juy
(4.36) + (i, V- (eu)) gnrp — <¢,{ — 7 (uir) -n,eu‘,ﬁn}am?) = (J,u))k -

: J
>8K + iw(oup,u) )k

Now, conjugating (4.12), for n := v and r := z;, results

(4.37) (nzi, 2 )k — (Vx 2z, ul)x =0,
while first equation in £(0,0,J), when r := 2, gives

(438) (M z}{7zZ)K - (ui7v X ZZ)K = 0.

Finally, after simplifying (4.34)-(4.33)+(4.35)-(4.36)-(4.37)+(4.38), and summing up K € T,”,. we obtain
(4.11). 0

As a consequence of Lemmata 4.2 and 4.3, we conclude the following result that gives some knowledge
on the structure of system (4.6).

Lemma 4.4. (a,0) € M} (g) x M} (0) satisfies the following system

ah(avﬁ>+bh(6w@) :lh<ﬂ) VﬁGMZ(O),

(4.39) E—
bh("ha)—i_ch(d?’Y) :fh("/) vy EM;LL(O)7
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where the forms and functionals are given, for allm, B3 € M} and &, v € M}, by

a9 i= (03 2) 4 (eel) 4 i (i) o (o ) e () ),
h

h
t
X el oD, (cuflng moit) o+ (n (@) =) () - 5)
0

OTh

n(e8)i= (€ mculon) o (c6nof)

Ty, oT,?

¢ t
w6 i= (usfia7) L, + (ehoet) , + (7 () @d))
T T TP

)

Ih(B) = (J,uf)T — 2iw (oui,uf) ,
ful) = (T 7)o

Remark 4.5. We notice that the complex-valued matrix of discrete system (4.39) is symmetric but not
hermitian. This is due to the presence of a term that contains the imaginary unit 7 as a factor in the
sesquilinear form aj. We point out that the unknowns in this system are defined only on the skeleton
of T, and then it should be less expensive to solve than the original HDG scheme (3.1)-(3.6). Once
(4.39) is solved, we recover the global unknowns by solving (4.5), which again represents an inexpensive
post-process.

5. A PRIORI ERROR ANALYSIS

5.1. Projection operators. We begin this section by introducing the projector operators for z, u and
, that help us to obtain a priori error estimates of the method. This definition will depend on whether
the element is taken from 7710 or T,°. Moreover, when we are on 7,°, we distinguish the operators defined
on K € ThD that have at least one face lying on I' and that have none. It is important to remark that
the operators we consider here have been presented and studied in [11], [12].

We start by introducing Iy z € V}, as the standard piecewise orthogonal L2-projection of z onto Vj,.
This means that on each K € Tp,:

(51) (Hvz,T)K = (Z,T)K Vr e []P)k(K)]?’

Now, since ¢ is defined only on the dielectric domain, we set IIyyu € V}, in the conductor domain as in
Section 6 in [12]:

Oy u,v), = (u,v)x Vo e [Pr_1(K)]?,
(5.2) VK € T,C

Myu-n,v-n)y, = (u-n,v-n)ox Vo e [PH(K)?,
where P (K) :={p € Pr(K) : (p,q)x = 0 VqeP,_1(K)}.

Concerning the dielectric region, we first propose a suitable decomposition of 7;LD. To this aim, we set
AP :={K € T;? : |0K NT|ga-1 > 0}, and B® := T,°\ AP . Then, we define (ITy u,Ilpyp) as follows:

(Hvu,v)K = (u,v)K Vv e [Pk_l(K)]g,

(5.3) VK € B : { (Ilpp, )k = (p,9)x Vi € Pr_1(K),

(Ipp — 1 yvu-n,n)p = (¢—mu-n,npr VnePy(F) VFeciK,
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and
My u,v)k = (u,v)x Vo e [Pr_1(K)]?,

R (tnllyu-n,v-n),y, = (,u-n,v-n)sx Yo e Ppr(K)]3,
(54) VKeA”:
(e, ) = (0 ¥)K Vi € Ppy(K),

e, n) g, = (P Ry Vn € Pp(Fy), Fo = OKNT.

We point out that since ¢ = 0 on T, its projection IIpy also vanishes on I'. 'We notice that in BP we
define (TIly-u, pyp) as in [11], while in AP, we follow the description given in Section 6 in [12] to define
(Hvu, H]pgo)

In what follows, we resume the approximation properties of the introduced projector operators, ac-
cording to the region where they are defined.

Lemma 5.1. Considering Ilyu given by (5.2), and I, € [0,k], then for any K € 77LC there hold
(a) (v —u)-nloe S 02 ulpe Viwe B ()P,
() IMvu —ul, S A" |l 41,0 Vu e [HTH(E)P,
(©) My —ullye < W ulan e Yue [l P

Proof. They are consequences of Propositions 6.2 and 6.3 in [12]. O

Lemma 5.2. Assume that 7,|ox > 0, for any K € AP. Then, for I, , l, € [0,k], the operators Iy, and
IIp defined in (5.4), satisfy

(@) [(Myvu—u)-nlye < BT lule g Vo e [ (K],
() IMyvu —ullye S T2 (uliyri e Vu e [He T (K)P,

~

)
(©) IMyu —ulle S At juli,1ix Vu e [HeT(K)P,
@) Tep — ollyxe S B2 el s1x Vo € HetY(K),
() ey — ¢l S ™ elis10 Vo € HetH(K).

Proof. (a)-(c) are deduced from Propositions 6.2 and 6.3 in [12], while for (d)-(e) we refer to the proof of
Proposition 2.1-(vii) in [10]. O

Lemma 5.3. Suppose that 1,|ox > 0, for any K € BP. Then, for l,,, L, € [0, k], the operators Ily and
Ip defined in (5.3), satisfy

(@) Mg — ¢l S B olisx Vo e He(K),
lo+1
() My —ulle < Bt july, 15 + ﬁ i1, V€ [He T (K)P,
n)K
() [Myu—ulyp S hE™? [uli i1 Vue [HH (KR
Here (1,) := min 7, ok -

Proof. These results correspond to Theorem 2.1 in [9] (see also Theorem 2.1 in [11]). O

Lemma 5.4. Given l, € [0, k], there hold on any K € Ty,
(a) IMyz -zl S Rt zlx Yz e [H=(Th)?,

W2 2l Vze [H=(Th)P.

Proof. We refer to [8]. O

(b) Myvz =zl S

~
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5.2. Error estimates. The idea here is to bound the errors involving the discrete solution and its
corresponding projection. Then, the a priori error estimate is derived by applying triangle inequality. To
this end, we first introduce the following notations, which we call the projection errors:

=t

— Up t =t z
ey = Ilpp — @y, e, = Ppu’ — uy, e; = Ilyz — zp,
ap n ~n u o,
e," = Pupoyu” — uy, e, = Ilyu — up,

where Pth and PM;"{(O) denote the L2 —projection onto M and M (0), respectively. Now, we relate these
projection errors in the next result.

Lemma 5.5. Let (z,u, ) and (zp, un, on, Ut , uy) be the solutions of (2.2) and (3.1)-(3.6), respectively.
hy Up,

PSR
Then, the projection errors ef, ey, e, e," e, " satisfy

(5.5) (nef,m)m — (e, V x )y, = (ept,rxm) =0,
9Th

~t
(ef,V xv)+ <n X (e}zl)t +7 ((e};)t . e;‘h) ’v>aT, +iw(oey,v)T,

h

n

+(ef, V- (ev)) o — <ef + 7 (ezﬁ _ (e};)") ‘n,ev - n>aTD
h

+ A <66#‘QD "Ny, 1>F0 <€v|QD * 1o, 1>F0

(5.6) = <Tt ((Hvu)t + PMzut> ,v> v (o (yu—w),v);,

OTh

= Ty — o, €v - (7o ()" = Py oyu”) - myev-n )
Z (pp — @, ev -n) gy + Z Tn (| (Iyu) M (0) U n, ev naK

KeBD KeADP
FoedKNT'

+Xe (Myu) |ap - 1o, 1, (€v]ap, - no, L, + (0 x (Ilvz — 2),v) 57,
(5.7) (€} p)ro + (celt, V) — <eeZ’L ~n,p>aTD = (e — ¢, p) 70
h
(5.8) <n X 6?‘,77>F =0,
,at
(9 (nx(eD) 4 (e —e))m),

<e;‘17 + T (e;‘h — e’,f) -, €€ - n>8TD =X (ee}]qp - Mo, 1>F0 (€€ - my, 1>F0
h

= <—n x (Myz—2z)+7(u— HVu)t , n>6T w’
h

(5.10) = (IIpp — p, € -n)gar — (T (Lyu —u) -n,e& - n)y40

~Me (Iyu) |ap, - 1o, L)r, (€€ - 1o, Lr,
for all (r,v,p,m, &) € Vi, x Vi, x PL x Mt x M7 (0).
Proof. First, we derive from (3.1):
(n vz —ep),r)yr — (Ivu — e,V xr)y — <PMzu’;l - e;:‘;h,r X n>67_h = 0.
Then, we have

t

(nef )7, — (€. V x )y = (e rxn) = (ullyz.m)p;
h
— (Iyw,V x )y, — <PM§ uh,r x n>aT
' 3
=(pvz—-2z),r)g

+ {(,uz,r)Th — (u,Vx 1), — (ul,r x n>8Th} ,
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and (5.5) is deduced, after applying the consistency of the scheme and the fact that ITy 2 is the L2—projection
of z onto V4. (5.6)—(5.10) are established by similar arguments. We omit further details. O

Next result establishes an important inequality that helps us to conclude on the convergence of the
method.

~t ~n
: . z u ® Uy, Up, ;
Theorem 5.6. The projection errors €f, ey, e}, e,”, and e, satisfy

Hu1/2 z

2 1/2 u 2 w2 u 2 172 ( u uy 2
Lot zer]| e le + A leeklan - mo. 1), [P+ || ae) V2 (el — ) m

oTP
2
~t\ 1
1/2 [ w ul
T (eh—eh

2 2
+ ngal/Q (Hvu—u)H Hvu—u)H
T Th OTh
)12 2 1y
(5.11) + H ern) " (Myu —u) nH + H €T, (TIpyp — <p)H
HAD
+/\} (TMyu — ulqy) - 1o, 1 r | —I—Hrt nx(HVz—z H()T )
h

Proof. After reducing (5.5) + (5.6 , for 7 :=e?, v:=e¥, and p := e, we obtain
h h h

+
~t\ T
2R, + (nx efef) < (et ) et} o+l el + el
T )

,l/l\ln /\'Vl 2
- <ef,eehh -n>8TD - < (eh —e}l‘) -m,eey -n>6TD + A [{eefap ~n0,1)F0|
h h
(5.12)
=iw (O’ (HVU - u) 7e;f)'7'h + (e}fa HP(p - (p)T’P + <’I’l X (HVZ - 2,’) 7e%>87’h

- <7't (Myu — u)t 7e}L‘>7_ — (llpp — p, €€ - n)aThD + (1 Iy u —u) -n,eep -n)y o
h

+ Me(llvu — u)lo, - 1o, L, (€€ftlap 10, L)y, -

=t =t =t
We notice that (5.8) implies e, = 0 on I’ (take for example 1 := n X ezh). Then, taking n := e, " and

£ = egx in (5.9) and (5.10) respectively, and summing the resulting relations with (5.12), we have (after
some simplifications)

~t\ T ~t\t
liat/2e5 13, + < (er—eit) . (ex—ent) > +iwl o2 |3, + ef I3
aTh "
@ @ u ?
+<7‘n (eh — eh) M€ (eh —eh) 'n>8TD + A ‘(eeh|QD -n0,1>ro‘
h

= iw (0 (hyu —w), ). + (ef,Tep — @) o <Tt (Myu—u) e — e;;h>

—u)- u_ Uiy, — [T
+<Tn(Hvu u)-n,e(e; —e,") n>aAD+<Hp<p <p,e(eh eh> n>aAD

+ Ae(lyvu — u)lay - no, Ly, (€€jtlap - 1o, L + <n x (lyz —z),ep — e;f">a7_h .

Next, taking into account the property i(|Re(w)| + [Im(w)|) < |w|,Vw € C, and a discrete version of
Cauchy-Schwarz inequality, (5.11) is obtained. We omit further details. |

As by product, we derive the following result.
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Theorem 5.7. Assuming that the evact solution of (2.2), (z,u,¢) € [H=TY(Ty)]? x [H=T1(T,))? x
HY (TP, Ly, Ly, 1y € [0, K], there holds

=

2 2 2
- +w H01/2 e}fHTh + ||ef||3_hD + A ‘<ee}f|?2D 'n0’1>1‘0‘ +

PN
1/2 v
Tt/ (e}f — ezh)
9Th

n 2 1
1/2 g I 2(lp+1
—|—H(Tn €) / (e}f —e:h) .nHaTD < E ((7—)* ) p20=+1/2) |Z|122+1,K + § : hK(w )|90|l2¢+1,K
h KeTy, YK KeBD

maxpg € m
+ Z (hK + G )I: ) hi{(l¢+1/2) |90‘l2¢+17K + Z (w (m}gxa) hrx + (Tn)K) p2Uu+1/2) \u|12u+1,K
KEAP K KeTC

m m 2(lu+1/2 m 2(ly+1/2
+ Z ((Tt)K + (m}%{xxe) (Tn)K) hK( +/ )|U\12u+1,K + Z ((Tt)K + A (m}%{xxe) hk) h‘K( o )|u|12u+1,K~
KeAP KeBP

Here, given K € Ty, we have (1,)% = maxT,|or, (1)} = max7ox, (Tn)yx = mint,|orx, and

(Tt);( = min 7¢|oK -

Proof. Tt follows straightforwardly by using triangle inequalities, applying Theorem 5.6 and some approx-
imation properties (cf. Lemmata 5.1-5.4). We omit further details. O

Now, in order to deduce an error estimate for the numerical fluxes, we introduce the norm || - ||, 70
given by \|9||i77}? =Y kerp hi ||0]|2; for any function 6 € L2(0T,P) := [xerp L2(0K). The definition

of |[0]], ¢, when 6 € [L2(0T,C)]3, is given in analogous way. So, we derive the following results.

Theorem 5.8. Under the same assumptions in Theorem 5.7, there hold

2 hx Lo [ ar 2 9
e S 2 e e (€~ e) o+ ekl
h KeTP K

h

at 112 hK al t 2 2
b) e, o = X2 e 02 (et = cer)) |, + Nkl
IS KEEC t)K
Proof. Just apply triangle inequality and Theorem 5.7. We omit further details. O

Finally, we conclude the main result of this paper.

Theorem 5.9. Under the same assumptions in Theorem 5.7, we have that

1 Uy /
|z — zhHo,Q =O(h Jr1/2)7 ‘ e;f’ 'thth =O(h +1/2),
/20, _ 0412 aj, _ 041/2
- s - 00 i, =t

lo = enllo o = O(RFH2).

where £ = min{l,, ly,1,}, provided 7, and 7', as well as 7, and 7, remain of order one on OT,° and
0Ty, respectively.

These results show that we achieve rates of convergence for the method, but without applying any
duality argument. In addition, since o vanishes on {)p, the current analysis is not able to find an a priori
error estimate for the error of uy in the dielectric domain. Nevertheless, in practice, this knowledge is
not so useful.

6. CONCLUDING REMARKS

Using a simple strategy, we have been able to develop an a priori error analysis of an HDG method for
an eddy current problem. We point out that, as far as we know, this kind of analysis has not been done
before. We observe that under enough regularity of the exact solution, the error of the method behaves
as (’)(h’“‘l/ 2), where k > 0. Moreover, the same analysis does not let us prove super-convergence for the
error of involved numerical fluxes. The introduction of adjoint problem and use of dual arguments do not
help us in this matter. It remains open, then, if this rate of convergence is indeed the best it could be,
or it can be improved, for example, by defining another suitable projection operators. Some numerical
examples could be helpful also in this direction. These would be the subject of future work.
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