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Abstract

We propose and analyze two mixed approaches for numerically solving the stationary Boussinesq
model describing heat driven flows. For the fluid equations, the velocity gradient and a Bernoulli
stress tensor are introduced as auxiliary unknowns. For the heat equation, we consider primal
and mixed-primal formulations; the latter, incorporating additionally the normal component of the
temperature gradient on the Dirichlet boundary. Both dual-mixed formulations exhibit the same
classical structure of the Navier—Stokes equations. We derive a priori estimates and the existence
of continuous and discrete solutions for the formulations. In addition, we prove the uniqueness
of solutions and optimal-order error estimates provided the data is sufficiently small. Numerical
experiments are given which back up the theoretical results and illustrate the robustness and
accuracy of both methods for a classic benchmark problem.

Key words: Mixed finite element methods, Boussinesq problem, mixed-primal formulation, dual-
mixed formulation, a priori estimates.
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1 Introduction

Natural convection, or heat driven flow problems, are described in the Boussinesq approximation
framework by the Navier-Stokes and advection-diffusion equations, nonlinearly coupled via buoyancy
forces and convective heat transfer. This model takes place in diverse situations arising in sciences
and engineering. Typical examples include convective hydrothermal systems, environmental processes,
thermal regulation of electronic devices, among others. In such applications, an accurate knowledge of
the flow patterns contributes to the improvement of configuration designs and operating conditions. In
light of this, several computational techniques have been proposed in order to predict the behavior of
the fluid as well as to quantify the inherent physical variables (see, e.g., [1I, 3} 5 6, [4] O] 10, 12, 191 20]
and the references therein).

One of the first finite element analyses for the Boussinesq problem is given in [I]. There, the model
is considered with non-homogeneous Dirichlet and mixed boundary conditions for the velocity and the
temperature, respectively. The authors propose a primal formulation and apply the topological degree
theory to state existence results of solutions. Their results show that employing finite element spaces
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with the same order for the velocity and the temperature leads to optimal-order convergence. The
analysis carried out in the aforementioned paper is later extended to a new mixed scheme developed
in [9], in which both the velocity gradient and the temperature gradient of the fluid are incorporated
as additional unknowns in the Boussinesq problem (with non—symmetric stress). There, the auxiliary
variables are approximated by the lowest order Raviart—Thomas elements, and the primary unknowns
are approximated by piecewise constants. Existence of solutions and convergence results are proven
near a nonsingular solution, and quasi-optimal error estimates are also derived. Moreover, the data
restriction to ensure uniqueness is more explicit than the primal method. However, that work does not
address the physically relevant non-homogeneous Dirichlet condition case for the temperature, where
more difficulties arise in the analysis (cf. [I, Section 2.5] and Section B.2]).

Primal methods for solving the generalized Boussinesq model, in which the viscosity and the thermal
conductivity of the fluid depend on the temperature, have been also developed [19, 20]. In [19]
divergence-conforming elements for the velocity, discontinuous elements for the pressure and Lagrange
elements for the temperature are considered. Meanwhile, in [20] a conforming scheme is proposed
involving the normal derivative of the temperature as an additional unknown on the boundary. Both
works provide existence results of solutions under small data assumptions, uniqueness of continuous
solutions under an additional regularity hypothesis, and optimal-order convergence of the discrete
problems; however uniqueness of discrete solutions is left as an open question.

Recently, two new augmented mixed finite element schemes have been developed for solving the
Boussinesq problem with Dirichlet boundary conditions [5] [6 [4]. The methods extend the methodol-
ogy in [2], where a modified pseudostress tensor is introduced as an auxiliary unknown, and redundant
stabilization terms are included in the variational formulation. These Galerkin schemes are conver-
gent for arbitrary finite element spaces, and in particular, converge with optimal order if the auxiliary
and primitive unknowns are approximated by Raviart-Thomas and Lagrange spaces, respectively.
Additionally, other variables of physical interest can be computed by simple postprocessing of the
discrete solution. However, the existence results are stated only under small data assumptions and for
feasible stabilization parameters; numerically, we have found that the choice of stabilization param-
eters has a significant influence on the solvability, the stability, and the robustness of the numerical
approximations.

The objective of this paper is to complement, to improve, and to contribute to the methodologies
used so far to solve the Boussinesq problem. We propose two schemes based on a dual-mixed method
developed in [I4], 15] for the Navier-Stokes equations, in which the stress and the velocity gradient of
the fluid are the primary unknowns of interest. Regarding the heat equation, we employ both primal
and mixed-primal variational formulations. The latter incorporates the normal component of the
temperature gradient on the Dirichlet boundary as an additional unknown. Both formulations exhibit
the same classical structure of the Navier-Stokes equations. Using a suitable extension operator of the
temperature Dirichlet data, we derive a priori estimates and establish existence of solutions for the
continuous problem without data constraints.

Finite element methods based on the dual-mixed formulations are then described. Here, the velocity
and the trace—free gradient are approximated by discontinuous piecewise polynomials, the stress is
approximated by the Raviart—Thomas finite element space, and the temperature is approximated by
the Lagrange finite element space. These discrete spaces are constructed over triangulations with a
macroelement structure to ensure that an inf-sup condition and a discrete Korn inequality is satisfied.
Similar to the continuous setting, we show that there exists a solution to the discrete problem. In
addition we show that solutions are unique and that the errors converge quasi—optimally provided the
data is sufficiently small.



1.1 Outline

The end of this section introduces some standard notations and function spaces. In Section [2] we state
the model problem, the assumptions of the data, and the strong form of the dual-mixed formula-
tion. We state the variational formulation of the continuous problem in Section Bl and derive a priori
estimates and existence results. In addition we show that if the data is sufficiently small, then the
solutions are unique. Section [4] gives the finite element method based on the dual-mixed approach.
Similar to the continuous setting, we show that there exists a solution to the discrete scheme, and if the
data is sufficiently small, solutions are unique. In Section [f] we introduce a mixed—primal formulation
for the heat equation and state the convergence results. Finally, numerical experiments are presented
in Section [l which back up the theoretical results.

1.2 Notation

Let @ C R" (n € {2,3}) be a bounded domain with polyhedral boundary I' with outward unit
normal n, and let I'p ,I'y C T be such that I'p N T'y = 0, Tp| # 0 and ' = I'p U I'y. We use
W#P(Q) (s > 0) to denote the set of all LP(€2) functions whose distributional derivatives up to order s

are in LP(Q2), and denote the corresponding norm and seminorm by || - [|s .0 and | - |5 5.0, respectively.
The special case p = 2 is denoted by H*(Q) := W*2(Q), and the norm and seminorm are given by
|- ls,0 =1 "llsz2,0 and |-|s0 = |- |spa, respectively. The case s = 1/2 on the domain I'p is defined as

”¢H1/2,FD = inf {WHLQ ©oYe HI(Q)z Ylrp = ¢}-

The pairing (-, -)p denotes the L? inner product over a subdomain D C (2 for scalar, vector, and tensor
functions; in the case D = Q the subscript is omitted. For a scalar function space M, we denote by
M = M"™ and M = M™*™ the corresponding vectorial and tensorial spaces, respectively. If M is a
vector—valued function space, then we set M = M"™. The norm || - ||, with no subscripts, will stand
for the natural norm of either an element or an operator in any product function space. A generic,
positive constant is denoted by C' which, unless labeled, is independent of any mesh parameters and
data parameters.

2 The model problem

We consider the stationary Boussinesq problem for describing the motion of fluid of natural convection
which is given by the following system of partial differential equations

—divA(Vu) + (u-V)u+Vp —pg = 0 in Q,
dive = 0 in Q, (2.1a)
—kAp +u-Vo = 0 in Q,
along with the boundary conditions

0
u=0 on I'), ¢ =¢p on I'p and 8—(’020 on I'y. (2.1b)
n
Here, A(Vu) := v(Vu + (Vu)') is the symmetric gradient of u, and the unknowns are the velocity
u, the pressure p, and the temperature ¢ of a fluid occupying the region 2. The given data is the

kinematic viscosity v > 0, the external force per unit mass g € L2(Q), the boundary temperature



¢p € H'/2(I'p), and the thermal conductivity & > 0. To simplify the presentation, it is assumed that
the viscosity and thermal conductivity are constant.

The formulation we consider introduces as auxiliary unknowns the gradient of the velocity G := Vu
and the Bernoulli stress tensor S given by

S = AG) — pI — % (u®@u). (2.2)

From the incompressibility condition, the first equation in (2.1al) becomes
1 .
§Gu —divS — pg = 0.
Moreover, by taking the deviatoric part and trace in ([2.2]) we find that

Sd:A(G)—%(u@)u)d n O and p:—%tr(25+u®u). (2.3)

In this way, the pressure is eliminated from the formulation and can be recovered later by a simple
postprocessing calculation through the second equation of (2.3). As a result, we consider the following
system of equations with unknowns G, S, u and ¢ :

G=Vu in Q, Sd:A(G)—l(u@)u)d in Q,

2
1
§Gu—divS—<pg:O in Q, —-kAp+u-Vp=0 in Q, (2.4)
9p
u=0 on I') p=¢p on Ip, 8_n:0 on I'y and tr(2S + u®@wu) =0.
Q

Note that the incompressibility condition of the fluid is implicitly present in the new constitutive
equation. The last statement in (2.4]) ensures that the pressure has zero mean.

3 The continuous formulation

3.1 The dual-mixed variational problem

We now proceed to derive a variational formulation for the problem ([2:4]). Let H(div;{2) denote the
space of square integrable matrix-valued functions with divergence (taken row-wise) in L*/3(€), and
the corresponding norm by || - H?ﬁv@ = |- ||(2)Q + ||div - Hg4/3 o - Then set

Hy(div; ) = {T € H(div; Q) : /Qtr(T) = 0},

so that the stress can be written as S = Sy + ¢l where Sy € Hy(div; Q) and

c = ﬁ/gtr(S) = —#M/Qtr(u@u). (3.1)

Since S¢ = S§ and div S = div .Sy, we rename Sy by S € Hy(div;2) from now on and observe that
the second and third equations of (2.4 remain unchanged. The incompressibility condition leads us
to look for the unknown G in the space

Li(Q) = {H € L*(Q) : tx(H) =0}.

4



Multiplying the first equation of (2.4) by a test function 7" € Hy(div;2), integrating by parts and
using the Dirichlet condition for u, we obtain

(G.T) + (u,divT) = 0 VT € Hoy(div; Q).

Additionally, since L2(Q) = L2.(Q) @ RI (see, e.g., [11]), we observe that the constitutive equation
can be written in the weak form as

(AG), H) — %(u@u,H) (S H) =0 VH € L2(Q). (3.2)
In turn, the equilibrium relation given by the third equation in (2.4 is
%(Gu,v) ~ (divS,v) — (pg.v) = 0 Yo € LYQ). (3.3)
For the temperature equation, we consider the closed subspace of H'(£2) defined as
HE, () = {v € HH@): ¥, =0}

Multiplying the fourth equation of (2.4 by a function ¢ € H%D (), integrate by parts, and applying
the Neumann boundary condition on I'y we get

k(Ve, Vi) + (u-Ve,9p) =0 Vi e Hp ().

The underlying formulation is then: Find ((G,u,),S) € (L2.(Q) x L4(Q) x HY{(Q)) x Hy(div; Q)
such that ¢|r, = ¢p and

(A@).H) — L(u®uH) — (S.H) = 0
%(Gu,v) — (diVS,’U) — ((’pg,v) = 0
(G, T) + (u,divT) = 0

K (Ve, Vi) + (u-V,0) = 0

for all ((H,v,9),T) € (L2,(Q) x L) x H%D (Q)) x Hy(div; ).
Similar to [I4, [15], we now introduce the following forms to illustrate that the problem (B.4)) exhibits
the same structure as the usual formulation of the Navier-Stokes equations.

Definition 3.1
1. a: (L2 (Q) x L4(Q) x HY(Q))? — R,
a((G,u,9), (H,v,¢)) = (AG), H) + £ (Ve, V). (3.5)
2. b : Hy(div; Q) x (L2.(Q) x L4(Q)) — R,
b(T, (G, u) = (G,T) + (u,divT). (3.6)
3. ¢ : (L3(Q) x LY(Q) x H'(Q))? — R,

[(Gw,v) — (Hw,u)| + (w-V,v).

DO | =

c((F,w, ¢), (G,u, @), (H,v,¢)) =



The variational problem (3.4) can be written in the dual-mixed form: Find ((G,u,¢),S) € (L2,(Q) x
LY(Q) x HY(Q)) x Hp(div; ) such that with ¢|r, = ¢p and

a((G,u, 9), (H,v,9)) + c((G,u,9), (G, u,¢),(H,v,9)) = b(S,(H,v)) = (pg,v),
b(T,(G,u)) = 0,
for all ((H,v,9),T) € (L2.(Q) x L4(Q) x H%D(Q)) x Hy(div; ).
To simplify the presentation we define H := Z x H%D(Q) , where Z is the kernel of b(-,-):
Z = {(H,v) cL2(Q) x LYQ): (H,T)+ (v,divI) =0 Te¢ Ho(div;Q)}. (3.8)
Since the solution (G, u) to [B.1) belongs to Z, we deduce that
(Gu)€Z = wucH)Q, G=Vu and divu = 0. (3.9)
We summarize some key properties of the forms in the next lemma.
Lemma 3.1 Let a(-,-), b(-,-), c(-,+,-) be the forms given in Definition B.1l
1. a(-,-) and b(-,) are continuous and a(-,-) is coercive on H, i.e., there exists Cyq > 0, such that
a((G,u, 9), (G,u,9) 2 Call(Giu,)|> V(G u,p) € H.

2. There exists 5 > 0, such that

b
Sup b5 (G w)) > B|S|laive VS € Ho(div;Q),
Gwerz@xii@) (Gl
(G,u)#0

3. ¢(-+ )t Hx H— (LE(Q) x LY(Q) x HILD (Q))/ is weakly continuous.

Proof. The continuity of the bilinear forms a(-,-) and b(-,-) follows from Cauchy-Schwarz inequality.
The coercivity of a(-,-) follows from the Korn inequality, the Poincare inequality, and the definition
of H, and the inf-sup condition is proven in [I4], 15, Lemma 2.4].

To show the weak continuity of c(-,-,-), let (G,u,¢) € H and {(Gpn,Un, ¢n)}n>1 C H such that
(Gpn,up, pn) = (G,u, ) in H. Then, it follows from (3.9) that

w,u, € HY(Q), G,=Vu, G=Vu and div(u,) = div(u) = 0, for each n,

and therefore w, — u (and ¢, — ¢) strongly in L*(Q) due to the Rellich-Kondrachov Theorem.
Using the definition of ¢(-,-,-), we find for all (H,v,1) € H that

c((Gns Un; on), (G, Un, on), (H,0,9)) = (G, u, 9), (G, u, 9), (H,v,¢)) (3.10)

= %[(Gnun,'v) — (Hun,un)] + (up - Vo, ) — %[(Gu,v) — (Hu,u)] — (u-Vp,)
= %[((Gn = Q)up,v) + (G(uy — u),v) + (H(u — uyp),un) + (Hu,u — uy,)]

- ((un - u) : VT/MPn) + (u : Vlb,(p - (Pn)
< %[(Gn -G, v@up) + [lu, — UH0,4,Q(HGHO,QH’UHOA,Q + [ H [lo.([|wlo,4.0 + HunHOA,Q))]

+ lun — ulloaallVelloollenllosn + lullosellViloalle — enllose — O0as n — oo,

which follows from the fact that {w,},>1 and {¢y},>1 are bounded sequences in their corresponding
spaces. Thus, c(-,-,-) is weakly continuous. O



3.2 Well-posedness

Observe that the problem (B.7) can be equivalently written as: Find ((G,u),p) € Z x H'(Q) with
¢|r, = ¢p and such that

a((G,u, ), (H,v,9)) + c((G,u, ), (G, u,9),(H,v,9)) = (pg,v) V(Hv¢)ecH, (3.11)

which follows straightforwardly from the properties of the forms stated in Lemma Bl In this way,
the solvability of our dual-mixed formulation is studied as follows. In Section B.2.1] below, we derive
a priori estimates for continuous solutions G, u and ¢ to the restricted problem (BII]). Next, in
Section [3.2.2, we employ a fixed point approach to establish existence and uniqueness results. Then,
the inf-sup condition of the bilinear form b(-,-) stated in the previous lemma will be applied to show
the existence of the tensor S.

3.2.1 A priori estimates
To derive estimates for solutions of ([B.I1]), we require the following technical result.

Lemma 3.2 Let © be a bounded domain in R™, n = 2 or n = 3, with Lipschitz continuous bound-
ary. Then for any 6 € (0,1), there exists an extension operator Es : HY?(T'p) — HY(Q) such that
1Es¢|lose < Coll¢lljory and ||Estllie < CO~|9ll1 /o1y, for all ¥ € HY2(Ip).

Proof. We employ arguments similar to in [I, Lemma 2.8] and [I7, Lemma 4.1].

Define the subdomain
Qs = {xeR: dist(x,T) < 56},

and let 85 € W1°() such that
0<Bs<1in Qs, Bs=0 in R\ Qs, and HV,B(g”OQQ < C57".

Let E : HY/2(Tp) — H'(Q) be an extension operator satisfying || Ey|1.o < Cllll 2, Y € HY2(T'p),
and set Fy5 := fBsF. We then have, by Holder’s inequality and a Sobolev embedding,

IEs 1§ 5.0 < 1BV 5.0n0, < Q621 BV 60 < COIEY|F o < 053H¢||?/2,I‘D'

This is the first inequality. By similar arguments we find

IVEs¥llo.o < C6~ 8| EY|o.anas + IVEY|o.0
< C6751Q| 3 B log.0 + IVEY oo < C [Pl 2y »

which gives the desired result. O

Theorem 3.3 Any solution (G, u, ) to B11) satisfies the a priori estimates

I(G,u)|| < Ci(ep,g) and el < Calep,g), (3.12)

where C1(¢p,g) = Cv=k~ ||} o0, 1915.0- and Ca(¢p,g) = Cv=*slepll} 51y llgllo -

Proof. Let o1 = Espp € H'(2) be an extension of ¢p with § > 0 to be determined (cf. Lemma [3.2),
and set g = p — 1 € H%D(Q). Replacing ¢ = o + ¢1 into (B.I1) yields

a((G,U,SDO),(Ha’UW)) +C((Gvu7900)7(G7u7900)7(H7v7¢)) = (900977)) + (901 g,’U)
— 6 (Vo1,VY) = (u-Vor,¥) V(H,v,9) € H.
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Decoupling the equations, taking (H,v,v) = (G, u,¢g), and using the skew-symmetric property of
c(+,+,), we obtain
k[Veollfa = —r(Ver, Vo) — (w-Ver,00) = —k(Ver, Vo) + (u- Vo, 1), '

where an integration—by—parts formula was used to derive the last equality. Next, applying Holder’s
inequality in the first equation of (8.13]) and two Sobolev embeddings, we find that

(AG),G) < llglloq (lvollose + letllose) lullose < Clgllog (llvollie + lleillie) 1Glog -

Therefore by Korn’s inequality and the estimate |[uljo 4.0 < C|G|lo.,
v[I(G )l < Cliglog (leollie + lerlie) - (3.14)

Likewise, from the second equation in (313, we bound the L2—norm of Vg by applying Holder’s
inequality and a Sobolev embedding;:

KIVeollso < w1Verlloa Veolloe + CliGloa IVeolon lerllose- (3.15)

Therefore, simplifying and applying the Poincaré inequality and Lemma 3.2, we obtain

leollie < C(llerllue + w7 lleplhyor, (G, w)ll). (3.16)

Thus, applying this estimate in (3.14]), we have

v[I(G,w)] < Cliglog (Ieillne + w71 lleplliars, (G w)]) -
Taking § > 0 such that
_ _ 1
Cr v lepllijar, lgloe = 3 (3.17)

then yields
(G, w)] < CvHgloglleille- (3.18)

Finally, we obtain the a priori estimate for ¢ by combining [BI7)-BI8) with (BI0):

lellhe < leollia + lleile (3.19)
< O(llerlle + w7 0 llepllzr, v llglloalleiline) < Cleilhe.
The desired estimate ([3.12) now follows from (3.I7)—([B.I9) and Lemma O

3.2.2 Existence of solutions

In this section we establish an existence result to the problem (BI1]) by using the standard Leray-
Schauder principle (cf. [I3, Theorem 11.3], [22, Theorem 6.A], [16],[18]). To this end, for (G,u, o) €
H, we define the linear functionals F; (¢ 4,py) : H — H' by

fl,(G,u,wo)((vav¢)) = _C((G7u7900)7(G’uﬂDO)v(H”U’w))
]:2,(G,u,goo)((H7 v, ¢)) = - (u : v<,01, Tl)) + ((100 g, ’U) ) (3'20)
F3((H,v,9)) = (p19,v) — £(Ve1, Vi),

for all (H,v,%) € H, where p1 = Espp € H(Q) with 6 > 0 given by (B.17).



Lemma 3.4 The functionals F; (G u,po) Satisfy

11, Gupo) I < Ca(w) [[(Gyws o)l 172, upo) i < Calep, 9) (G w, @0

(3.21)
and || Fsllw < Cs(¢p,g),

with C3(u) = Clullosg, Cilep,g) = Cmax{lgllog, v s *lepll} o r, 950}, and Cs(ep,g) =
Cv=ulenl} o pp llgllo.e (5 + llgllog)-

The proof of Lemma [3.4] is standard, relying only on Hoélder’s inequality, Sobolev embeddings and
Lemma 3.2} the proof is given in Appendix [Al

We consider the sequence of fixed point problems: Find (G, u, po) € H such that
(Gyu,99) = TA((G,u,¢pp)) foreach 7€]0,1], (3.22)

where the operator TA : H — H is defined for all (G,u,¢0) € H as TA((G,u, o)) = (G, @, %o)
and (G, u, pg) € H satisfies

a((é7a7 (1/50)7 (H,’U,l[))) = T(‘Fl,(G,u,gpo) + ]:2,(G,u,<po) +]:3) (H7,U71[)) V(Hvlv)w) € H. (323)

In this way, we realize that the problems ([B11) and [B.22) (with 7 = 1) are equivalent.

We observe that 74 is well-defined by virtue of Lax-Milgram Theorem (see e.g. [11, Theorem 1.1]),
since a(-, -) is continuous and coercive on H (see LemmaB.I)), and Fi (Gau,p0) + F2,(Gupo) +F3 € H'.

Lemma 3.5 The operator A given by [B.22) is compact. Moreover, the operator is locally Lipschitz
continuous:

”A((Ga u, 900)) - A((G/7u/7 906))” < CLIPH(G - G/7u - u/7 ®o — 906“7 (3'24)
with
Crip = CLip(G,u,u/, ¢), ¢p, g) = Ca_l{C(HGHo,ﬂ + ||lulloan + |u]oa0 + H‘PE)”OA,Q) + C4(<PD79)},

and Cy = Cmin{v, K} is the coercivity constant of the bilinear form a(:,-).

Proof. To prove the compactness property, consider (G, u, ¢o) € H and {(Gp, Un, ¢n)}n>1 C H such
that (Gp,un, on) — (G, u, o) in H. For clarity, we set U,, = (G, up,pn) € H, ¥ = (G, u, o) € H,
and R R R R

AT, = ¥, = (Gp,Upn,pn) and AY) = ¥ = (G,u,p).

Using the coercivity and linearity of a(-,-) and the definition ([8.23]) of A, we find that
[A(P,) — AD)|? = [|9, — T

a

=C,! {(]:1,% - fl,\l/)(\f’n ~0) + (Fo,w, — J-"g,q;)(\fln — \T/)} .

< Cula(l, - 0,0, - 0) = O a(P, U, — ¥) —a(3, T, - T)} (3:25)

Using the definition of F; and the weak continuity of c(,-,-) (see Lemma B.1])), we have that

(F1,w, —]:17\1,)(@” ~¥) — 0 as n — oo. (3.26)



On the other hand, using the definition of F» from (3.20), it follows that
(Fo,w, — Fou) (W —0) = Fog—w(Up — ) = (w —w) - Vo1, 30 — ) — ((¢n — 90)g, Uy — W)

< lun —ulloae [[Verlloo |8n = @lloae + llgllo.q llon = eollose [tn —uloso — 0.
(3.27)
and thus, according to ([3:26) and (3.:27) we deduce from (B.25) that

IA(Grs un, on)) — A((G u,00))| — 0 as n— o0,

and therefore {A((Gp, un, ¢n))tn>1 converges strongly to A((G,u, o)) in H; hence, A is compact.
To show Lipschitz continuity, we take ¥ = (G, u,¢o) € H, ¥ = (G, v/, ¢[) € H and denote

AW) = U =(G,a,3) and AW) =V =(G.@,3)).
Proceeding similarly as in ([8.25) we get
JA) = A2 = 8- ¥)2 < 7 (Fre = Frw)(@ =) + By w(@ -0}, (3.29)
From the estimate (3.10), we find
(Fio — Fro ) (¥ —0) = (¥, 0,V - V) + c(V, ¥, ¥ - V) (3.29)
< C(IGloa + lulloag + Iwloaa + lebloae ) I = /I - .

Next, applying the estimate ([3.2I]) we obtain
[Fop—w (¥ = )| < Culpp,g) |¥ - '[|¥ — ¥ (3.30)

The Lipschitz condition (3:24) now follows from (B:28) and the estimates (3.29)—(B.30). O
Next, we show that the solutions to ([8:23]) are uniformly bounded with respect to 7 € [0, 1].

Lemma 3.6 Any solution to B.22), with T € [0,1], satisfies the a priori estimate

(G, u)]| <CCilyp,g) and |wol1a < CCalyp,9), (3.31)

where C' > 0 is independent of T, and the constants C1(pp,g) and Cy(¢p,g) are given in Theorem
3. 3.

Proof. We proceed similarly as in Section B.2Il Suppose (G,u,9) = (Gr,ur, o) € H satisfies
B23) for a fixed 7 € [0,1]. Taking (H,v,v) = (G,u,pq), using the skew-symmetric property of
c(+,+,-) and decoupling, we find that

(A(G),G) = —7(pog,u) + 7(p19,u)
KIVeolga = —7r(Ver, Vo) + 7(u- Vi, ¢1).
Following the same arguments used in Theorem [B.3] we obtain
v[[(G,w)l < 7Cllglloe (llpolle + lleillie) < Cllgloa (lvolle + leilhie), (3.32)

as well as

leolle < 7C(IIVerlloe + #IGlloa leillose) < Clleille + & dllepllijar, (G w]),
(3.33)
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where § satisfies (B.17). Estimates ([8.32)—(3.33) are the same as ([B.14)—(3.16) in the proof of Theorem
B3l Therefore by applying the arguments in the proof verbatim, we obtain the estimates (3.31). O

Since solutions to ([B.22]) are uniformly bounded with respect to 7, and since the operator A is
compact, the existence of solutions follows from a direct application of the Leray-Schauder Principle.

Theorem 3.7 There exists a solution (G,u, ) to (3.11]).

Here, we emphasize that, in contrast to [5l, [0, 4], the previous result establishes existence of a
solution without a restriction on the data. Additionally, we are further able to establish conditions
under which the solution is unique. Indeed, if (G, u, ¢o), (G', 4/, ¢[) € H are both solutions to (3.11))
(equivalently, fixed points of A), then we have by Lemma and Theorem [3.3]

|A((G,u, o)) — A(G",u!, )|l = (G — G u—u', 00 — ¢p)|| < Cripl|(G — G, u — ', 00 — ¢l
with
Crip < CCﬁ{Q(@D,Q) + Ca(e¢p,g) + 04(90D,g)}- (3.34)

Therefore if the data is sufficiently small, we immediately deduce the following uniqueness result.

Theorem 3.8 Suppose that the data is small enough such that Crip < 1 (¢f. B34)). Then there
exists a unique solution (G,wu, ) to (B.11).

Note also that no additional regularity of the solution is required to establish our uniqueness result
(e.g. Theorem 2.3 in [19] and [20]).

We close the section stating the existence of the tensor S solution to problem (B.7). To this end,
given a solution (G, wu,¢) to [B1I), it follows from the inf-sup conditions (2)) and the continuity of
the forms (see Lemma B.I]) that there exists a unique S € Hy(div; Q) satisfying

b(S,(H,v)) = a((G,u, ¢), (H,v,9)) + c((G,u, 9), (G, u,9),(H,v,9)) - (¢g,v)
for all (H,v,%) € L2.(Q) x L*(Q) x H%D(Q). Moreover,

ISlaive < C(llal + llell 1[G w @) + llglo ) (G, 9.

4 The Galerkin scheme

In this section we describe the discrete setting of the formulation (3.7). We present a family of spaces
developed in [15] for the fluid unknowns satisfying a inf-sup/LBB compatibility condition as well as
the Korn/Poincaré inequality in two and three dimensions

4.1 The discrete setting and finite element spaces

Let T be a shape-regular triangulation of 2, made up of simplices K of diameter hx, and meshsize
h := maxge7, hx. For simplicity we assume that if K N OQ # (), then either |[9K NI'p| = 0 or
|0K NT'x| = 0. We denote by 7;” the corresponding barycentric refinement of a triangulation 7j, of Q,
for each h > 0, and for a given integer k > 0, we set

PUT) = {m € C@: mlx € Pu(K) VK €T},
P%isc(’];:‘) — {ph c L2(Q) : ph‘K € Pk(K) VK € 7;171}’
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as the spaces of continuous (Lagrange) and discontinuous piecewise polynomials of degree k on 7,7,
respectively. Similar to the notations described in the Section [I, the analogous vector spaces (resp.,
tensor spaces) with components in these spaces are denoted by Py (7;7) and P%s¢(T;") (resp., Px(T;7)
and P%s¢(T1)). The finite element subspaces approximating the unknowns G and u are given by

Hy = LE(Q) N PEe(Ty) and H} = PEES(T)), (4.1)

and the finite element space approximating the tensor S is the global Raviart—Thomas space of order
k:
Hy = {T), € Ho(div;Q) : " Tp|, € RT(K) VeeR" VK € T}, (4.2)

where RT(K) is the local Raviart—-Thomas space of order k, i.e.,
RT(K) = Py(K) ® Pp(K)x,

and Py (K') stands for the homogeneous space of piecewise polynomials of degree k.

For the temperature, we let Hf C H'(Q) denote the Lagrange space of degree < k 4 1 with respect
to 77, and set
Hir, = {¢n € H ¢ dnlp, = 0} (4.3)

to be the analogous space with homogeneous Dirichlet boundary conditions. We define ¢pj =
I;ngch]pD to be the approximate Dirichlet boundary data, where I;fz : HY(Q) — H} denotes the
Scott-Zhang interpolant of degree k + 1 [2I]. Hence, ¢p j belongs to the discrete trace space on I'p
given by
1/2
Hh/ (PD) = {wD,h S C(PD) : vah‘e S P;H_l(e) for all ee SED},

where & stands for the set of edges/faces on I'p.

The discrete problem is: Find ((Gp, un, ¢n), Sh) € (Hg x H x HY) x H,SL such that p|r, = ¢ps
and

a((Gn, un, on), (Hp,vn,vn)) + € ((Gh, wn, on), (Ghy wn, on), (Hp, v, ¥n))
—b(Sh, (Hn,vn)) = (png,vn) V(Hpvn,tn) € HY x Hy x HY [ (4.4)
b(Th, (Gh,up)) = 0 VT, € Hj,
where a(+, -) and b(-, ) are the bilinear forms defined by (3.5)) and (3.6), and the trilinear form ¢¥¥¥(-, -, -)

is given by

S ((F, wh, ¢n), (Ghy wny@n), (Hps v, 0n)) = = [(Grwn, vp) — (Hywp, up) |

5 [ Vin ) — (wi - Vo, )]

which comes from the discrete skew-symmetrization of the form c(-,-,-). More precisely, note that
the property (u - Vi, 1) = —(u - Vi), ¢) follows from integration by parts and the fact that w is
divergence-free in ). Nevertheless, elements in the discrete kernel

N —

(4.5)
_|_

Zn = { (Groun) € B < Y+ b(Th, (G un)) = (GaT) + (wn, divTy) = 0, VT, € Hy b, (46)

do not necessarily satisfy this property and hence c(-, -, -) is not skew-symmetric at discrete level (c.f.
B8)-(@33)). We circumvent this issue by observing that the nonlinear convective term associated to
the heat equation can also be written as

(wVi,0) = Hlu-Viu) — 3 (u-Vibo),
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for all w € H§(Q) with dive = 0 and for all p,v» € H'(Q). In particular, if we set 1 = ¢, then the
term at the right-hand side of the latter equality vanishes (regardless if w is divergence-free or not).
This explains why we employ ¢*¥¥(-,-,-) in our formulation (4.

We end this section by stating the following useful compatibility properties of the subspaces Hg,
Hj}' and Hf defined above. The proofs are found in [I4], 15, Lemma 3.3, Lemma 4.12].

Lemma 4.1 Let {(HY, H%,]I—]Ig)}h>0 be the family of finite element subspaces defined by (4.1])—(@.2]),
and let Zy, be the discrete kernel defined by (4.6]).

1. If (Gp,up) € Zy, and Gy, — G in L2(2), then u; — u in L2(Q).

2. There ezists a constant C > 0 independent of h such that |uplloso < C|Gy " |lon for all
(Gh, uh) c Zh

3. If k> (n—1) (n=2,3), then the finite element triple HY x HY* x Hy satisfies

b(Sh, (G, up))

sup > B Sullaiv,e VS, € Hj, (4.7)
(Ghyup)€HE xHY 1(Gh,un)|| h
(Gh,up)#0
1(GE up)|| < CHIG™ oo Y (Ghyun) € Zy, (4.8)

with constants 5*,C* > 0 depending only upon the aspect ratio of T,.

Remark 4.1 Set Hj, := Zj X HfFD (¢f. @) and ([AH)) and observe from Lemma [{.1] and the
Poincaré inequality that a(-,-) is coercive on Hy. In particular, there exists C;f = C'min{v,k} > 0,
independent of h, such that

a((Ghvuh7(10h)7(Gh7uh790h)) > O;H(Gh7uh790h)‘|2 \V/(thuhv(ph) € Hh‘

Remark 4.2 In reference [1J, [15], the estimate ||upllog.0 < C||Gy"|lo,q is proven provided the tri-
angulation is quasi—uniform. However, Lemma below and a discrete Sobolev inequality show that
this mesh restriction is not needed.

4.2 Preliminary results

Similar to the continuous case, we consider problem (44]) restricted to the kernel Zj. In particular,
we first study the problem: Find ((Gh,us), ¢n) € Zp, x Hf with ¢p|r, = ¢p,, such that

a((Ghsun, on)s (Hps vy n)) + ¥ (Ghyun, on), (Ghywn, on), (Hisvn, ) = (ongsvn)  (49)

for all (Hh,vh,¢h) € Hy,.

In advance, we point out that, due to the skew—symmetrization of the convective term, the solvability
analysis of the discrete problem does not immediately follow from the continuous one. For example,
it is easy to see that when proceeding as in Section B.2.] the discrete counterpart of the estimation

(B3I5) becomes

KIVeonlsa < ElIVernlloallVeolloo
+ C|Grlloo(IVeonlloe leinllose + IVernlloe lvonllose)
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where ; 3, is any discrete extension of ¢p 3, i.e., @1 € Hf and @1 4|r, = ¢p 4. Hence, it is observed
that the factor multiplying the L2—norm of G}, depends on the H!-norm of the discrete extension ¢y ,
not its L3—norm (as in the continuous case). This bound is due to estimating the term

(un - Vorn,pon) — (un - Vo, p1,n) (4.10)

which involves the gradient of ¢1 ;. Proceeding as in the continuous case would therefore lead us to
data constraints in order to derive a priori estimates and existence results for the discrete solution
(e.g. [19, 20]). Thus, in order to overcome this restriction and to establish results at discrete level
similar to the continuous one, we focus on the following goals:

1. To extend an analogous version of Lemma providing some stability properties of discrete
extensions.

2. To derive a suitable bound for (£.I0) in terms of some LP—norm of ¢ .

4.2.1 A Discrete Extension Operator

To define an appropriate discrete extension operator, we first state a well-known property of the
Scott—Zhang interpolant.

Lemma 4.2 ([21],Theorem 3.1 [8],Lemma 1.130) Let p and ¢ satisfy 1 < p < oo and £ > 1 if
p =1, and £ > 1/p otherwise. Then for all K € T, , for any non-negative integer m and 1 < q < oo,

|3

l
k—m+2—
1520l lmgr < CY hye P olepuw, Vv E WP (wk).
k=0

Here, wi stands for the set of elements in T, sharing at least one verter with K.

With Lemma we obtain a discrete version of Lemma that guarantees the existence of a
discrete extension operator with similar properties found in the continuous setting.

Lemma 4.3 For any § € (0,1) there exists an hs > 0 and an extension operator Ejj, : H'/?(I'p) — HY
such that, for h < hg,

IEsntpllose < Céllvnllijory, and |Esptpllie < C5 Yvplijary . (4.11)

where C' > 0 is independent of h. In particular,
1Esnepallose < Colleplhyzry.  and [|Espepallie < C5 Ylepllyzry, - (4.12)

Proof. Let Esp := I;fZE(;, where Es is the extension operator constructed in Lemma Then the
second estimate in (£I1]) follows from Lemmas and

1Esntlhe < CllEstlle < CO ]l /2y -

Likewise Lemmas and Holder’s inequality gives us

_n 1-2 1-n
| Esntpllos,x < C(hk® [|Estpllows +hy CllEstplliwg) < CI1EsUDlloswx + hx ° 1 Estp 1wy ) -
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Therefore by Lemma [3.2,

| Esppllosa < 0(5-1-hl_%5_4)||¢D||1/2,rD-

Hence for h sufficiently small we have [|Espipllosa < C6llvplli/2,r,-
To prove (I2) it suffices to show [|I7Z¢p|l1/ar, < CllYplli/ar,, for all ¢¥p € H'/2(T'p). To this

end, for a fixed ¢¥p € HY/2(I'p), let 1/)*,1Z* € HY(Q) satisfy

[¥pllijer, = inf {ll¢lie : & € H(Q), ¢ = ¥p} = [¢ulie,
1552 plli oy = inf {llgllhe : ¢ € HY(Q), ¢| = [;%Yp} = [ER[

By the stability properties stated in Lemma we have

117700 < C e

Since J*|FD = IEZ¢*|FD, it follows from the definition of J* that

I0dllie < CIEZ¢alie.

Thus,
1172 ¢nlhyj2rs = I19:lie < CIEZ e < Cledlie = Cllvplhyar, -

4.2.2 A weak continuity property of the discrete kernel

Recall that in the continuous setting, an element in the kernel (G,u) € Z satisfies u € H}(Q). A
discrete analogue of this property is now shown in the following lemma.

Lemma 4.4 There exists a positive constant C, independent of h, such that

IVl + Y b TwdlRe < ClGHlRa Y (Ghow) € Z, (4.13)
KeTy, e€&y

where & denotes the set of edges/faces of T, . Here, [-] is the jump operator given by
[v]]e =v™|, —v 7|, e=0K,NOK_,
[v]]e = v™|,, e= 0K, NoQ,

+

where v* = |k, , and Ky has a global labeling number smaller than K_.

Proof. Recall that any function T} in the global Raviart-Thomas space is uniquely determined on
each K € 7, by the conditions

/ Tp: S VS € Pr_1(K) and /Thn-'v Vv € Prle), e COK .
K

e

Moreover, a simple scaling argument shows that

ITwllg e < COMeer k(T3 + D ke lThmels.) VEeTy,
eCOK
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where II;_1 x is the L?—projection onto P;_1(K). Now, recall from (£8) that (Gp,up) € Zj, if and
only if
(Gh,Th) + (uh,divTh) =0 VT,e€ Hi,

or after integrating by parts,

(Gn.Th) — Y (Vun,Thox + >, [ Thn - [us] = 0. (4.14)
KeTr ecer V¢

Letting T}, satisfy
Thnele = ho ' [up]le € Pr(e) Ve € & and Op1.x(Th) =0 VK €T,
we find from (£I4]) and Cauchy-Schwarz inequality that
1/2
3 Il = (G T) < [Gilon IThlos < C|Ghllo( >on IEndlFe)
e€Er e€gy,

Thus,
o h uallfe < ClIGHIGg - (4.15)

e€sy

Likewise, taking now 7T} such that
Thne]e =0 Vec 52 and Hk—l,K(Th) = Hk_l,K(Vuh]K) VK ¢ 7;:,

yields

9 9 1/2
> IVunlls g = (Gr,Th) < [Ghllog 1 Thllog < CHGhHO,ﬂ< ) ”vuh”O,K> :
KeTr KeTr

and therefore

Yo IVullix < ClGulGa- (4.16)
KeTy
The estimate ([@I3) follows by combining (£I5) and (£I0). O

With the help of Lemma 4] we now provide a suitable upper bound for the nonlinear convective
expression (LI0) in terms of the L3—norm of ¢y .

Lemma 4.5 Set v, = @o.n+@1n, where gop € HfI‘D and @1, s a discrete extension of p . Then
for any (Gp,up) € Zy, there exists a positive constant C, independent of h, such that

| (wh - Vo1 eon) — (- Veoonein) | < ClGrllog leonllie leinllose- (4.17)
Proof. Integrating by parts we find

(un - Vo pon) = — Y (div(gonun), Vorn)x + Y ([un - nloon, e1n)e
KeTy eely

= —(un-Voon ern) — Y (div(us)gon o1 + > ([un - nleon e1n)e
KeT, eely
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and therefore,
(wn - Vorn, eon) — (un - Voo n p1n)
= —2(un - Voon ern) — Y (div(un) gon ern)x + > ([un - nleon e1a)e
KeT, e€&y

= J1 + Jo +J3.

Next, we proceed to estimate each term J; by applying Holder’s inequality, Sobolev embeddings, and
the Lemmas A.IH4.4l Thus,

|J1] < 2lunllosn Veonrlloe leinllose < ClGulloallvonlie lleinlose

and likewise

1/2
Bl < (X IVunl3a) " leonlose levalbsa < € lGloolivorlie levlose-
KeTy

Finally, we further use an inverse inequality to get

_ 1/2 1/6 1/3
sl < (0 htilenll3e) ™ (D helleonloe) (D2 hellernlifa)
el ce€r el
< CllGrllo.e lvonlire llernllosa-
Combining these upper bounds yields the estimate (4.17). O

4.3 A priori estimates
We now derive a priori estimates of solutions of (4.9).
Theorem 4.6 There exists an hs > 0 such that for h < hg, any solution (Gp, up, pp) to [@I) satisfies

1(Gh,un)|l < Ci(¢p,g) and ||l < C3(¢ep,g),

where C}(¢p,g) = CCi(¢p,g) > 0, C5(¢p,g) = CCa(pp,g), C > 0 is independent of h, and
Ci(¢p,g) and Cy(pp,g) are given in Theorem [3.3.

Proof. Let @15 = Espep,n € HY be the discrete extension of ¢p j, satisfying (@II)), and let oo p =
on — 1 € HY rp- Lhen problem (49) takes the equivalent form: Find (G, up, w0 ) € Hj, such that

a((Gh, un, vo.n), (Hp,vn, ¥n)) + (G, wn, o.n), (Ghywhy op)s (Hp, Op,¥R)) = (90 9, Vn)

1
+ (1,0 9,v0) + £(Vo1n, Vi) — 5[(’% N1 hsn) — (un - Von, o10)] ¥ (Hp,vp,vp) € Hy .

Similarly to the continuous case, to derive a priori estimates, we take (Hp, vy, ¢¥n) = (Gh, un, ©o,n)
decouple the equations and use the skew-symmetric property of the trilinear form to obtain

(A(GR),Gr) = (wong,un) + (P1,h g, un)
1 (4.18)
KIIVeorlsa = —k(Veoin, Voon) — 3 [(wn - Vo1 n,00n) = (wh - Voon,e1m)] -

17



In light of the discrete Korn inequality stated in Lemma Il we can apply the same arguments in
the proof of Theorem [3.3] to obtain

v[[(Gryun)ll < Cllglloa(lonlie + lernllie) - (4.19)

For the second equation in (£I8), we employ the estimate (£I7)) for the nonlinear convective term
provided by the Lemma [£F] to get

5| Veonrllta < gllenlle leonllie + ClGullog lleonlielleinlose -

Applying Poincaré inequality on the left—-hand side and Lemma on the right-hand side and sim-
plifying, we obtain

leonllie < C(llernllie + £~ dllenllijar, [(Ghyuwn)ll) - (4.20)

Note that the estimates (LI9)—(£20) are the same as ([B.I4)—(B.I06) in Theorem (up to an h—
independent multiplicative factor). Therefore by applying the same arguments in the proof of Theorem
B3] we obtain the desired estimates. O

4.4 'Well-posedness

Analogous to the continuous analysis, we observe that a solution (G, usn, o) € Hp to the problem
([43) equivalently satisfies the discrete fixed point equation

(wauhv(p(),h) = Ah((wauhv(pO,h))v

where ¢, = @on + ©1.h, 1.0 = Esnep,n is the discrete extension of ¢p satisfying the conditions in
Theorem 6] and Ay, ((Gh,un, o.n)) = (Gh,Up, Po ) is uniquely defined by the variational problem

a((Ghy@n, Gon)s (Hy s ¥n) = (FL (G nioon) T FoiGraumipon) T 75 ) (HusOnsn)

for all (Hp,vp,vn) € Hy,. Here, ]:1 (Gupo)’ .F;L’(G’uﬁpo) and .7-}? are the linear functionals defined by

FL Grnspon) (Husvn,¥n)) = <™ ((Gh, un, won), (Gh, wn, o.1), (Hp, vn, ¥n))
1 1
T3 G (Hnvnstn)) - = —5(un Vo n) + S(un - Vi, e1p) + (Vong vn),

‘F?{L((Hhuvhuwh)) = (QOLh g,'Uh) - H(vwl,huvwh) ’

for all (Hp,vp, ) € Hy. From the Holder Cauchy-Schwarz inequalities and Lemma 1] there holds

) C5 (un) (G wns wo.0) | | (Hps vn, )|l
2 (G an o) Ho 00 00l < Ci(p, @) Gy wn, o) | | (Hpy v, n)]
‘f?, (Hh7’vh7¢h)‘ S C§(¢D7g) H(Hh7 vh7¢h)” )

where C3(up) = Cllunllo.0, Ci(¢p,g) = CCus(ep,g), and C(¢p,g) = Cs5(¢p,g). Since the bilinear
form a(+,-) is uniformly continuous and coercive in Hy, Ay, is well-defined thanks to the Lax-Milgram
Theorem. Since Ay, is a compact operator, we trivially have the following existence result. Its proof
is identical to the proof of Theorem [3.71

IN

’f{i(thu'hﬁOO,h) (Hh7 Uh? wh ‘

A

Theorem 4.7 There exists a solution (Gp,wpn, ¢n) satisfying [E9) provided h < hy.
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Next, to establish a uniqueness result we study the continuity of A; by proceeding as in the con-
tinuous case. Take Wy := (Gp, up, o), ¥}, == (G}, u}, ¢, ,) € Hy, and denote

An((Ghyun, pon)) = (GhoGn, Gop) = Uy and  AR((Gh,wh, ) ) = (G, @), By ) = T, -
It follows, similarly to (3.:28]), by employing the definition of Ay, and the coercivity of a(-,-) that
1An(Wn) = AN = ([ @5 — T}
< Ci [(Fla, = Flog )@ =) + Fly (B -0}
Applying the same arguments to derive (3.29) and (3.30) we then obtain
1An(Wn) — AU = ([ @5 — T}

1 . PN
< —{c(IGuloa + lunloae + lulloas + b slloag) + Cilen. @) HIwn — w4 IE - .

S G
Therefore
[AR(W5) — A(TL)I < Crip[[(h — )],
with Cfyp = Cfp(Gh, un, wh, 94, ¢0, 9) = c%{ C(HGhHO,Q + lunlloge + [luglloao + H<,067h\|0,4,9> +
C’Z(@D,g)}. Now if (Gp,un, vn), (G}, u},, ¢},) € Hy, are two solutions to (A9) then
1(Gr — Gy un — uyy, 0o — o) || < Cip (G — Gy, un — wyy, 000 — 20,4l

and by Theorem

* C * * *
Crip < 5{01 (¢p,9) + C5(¢D,9) +C4(90D79)}- (4.21)

Thus, we arrive at the following uniqueness result.

Theorem 4.8 If the data is sufficiently small so that the constant Cfip satisfies Cip < 1, then
solutions to (£9) are unique.

Finally, such as in the continuous case, the existence of the discrete tensor S} follows from the
inf-sup condition given in Lemma 4]l Furthermore, we have that

ISllaiv.o < C(llall + e (G, o)l + lglloe ) 1(Gnswn on)] - (4.22)

4.5 A priori error analysis

In this section we proceed to derive error estimates for our numerical scheme. To this end, we recall
from Theorems and [4.6] that the following a priori estimates hold

| < Ci(¢p,9) and lellhe < Calep,g),
H(Ghauh)” S CT(‘PD;Q) and Hgohul,ﬂ S C;(QODug)7

19



Moreover, from the Theorems B.8 and (4.8, we have that if the data is sufficiently small so that if
Crip < 1 and Cfp < 1 (cf. B34) and ([.21])), then the solutions are unique. Therefore by setting

R := max { Ci(¢p,g),Ca(¢p,g) }, and  R*:= max{Ci(¢p,g9),C5(¢p,g9)},  (4.23)

it follows that
(G u, )] < R, and  [(Gh,un,¢n)l| < R". (4.24)

We state the convergence of our Galerkin scheme through the next result.

Theorem 4.9 Assume that the hypotheses of the Theorems B8 and A8 hold, and the data is suffi-

ciently small so that
1

(llgloa + B eIl) < 3. (4:25)

1

Ca
where C} is the coercivity constant of the bilinear form a(-,-) on Hj, x Hj, and R* is defined as in
[@23). Suppose further that the solution satisfies (G, u,¢),S) € (H*(2) x H*(Q) x H**1(Q)) x H(Q)
with div .S € H*(Q) for some s € (0,k + 1]. Then, the errors satisfy

(G, u, ), 5) = ((Ghsun, on), Sh)| < CR?, (4.26)

where the constant C > 0 depends on the data and high-order norms of the solution, but is independent
of h.

Proof. We extend in detail the proof of the a priori error estimate result for the dual-mixed formulation
of the Navier-Stokes equations given in [14., 15, Theorem 3.4]. In this way, by subtracting (4.4) from
B1) we obtain the following nonlinear error equation:

a((G — Gnyu — up, 0 — on), (Hp, v, Y1) — b(S — S, (Hp, vns¥n)) = ((9 — ¢n) g, vn)

(4.27)
CSkw((Gha Up, @h)) (Gh7 Up, Cph)v (Hh7 Vp, Tﬁh)) - C((G7 u, (10)7 (G7 u, (10)7 (Hhv Vp, Tﬁh)) .
Let (Gp,up, ¢p) € Z x Hy be arbitrary, where ¢p|r, = ¢p, and write
(E7e7e) 3:(G_Gh,u—’uh,90_90h) = (G_Gp,u_upaSD_@p)+(Gp_Gh,up—uha‘Pp_90h)
= (Ep,ep,ep) + (Ep,en,ep).
(4.28)

Note that e, = ¢, — 5 € Hf e and so (E},ep,ep) € H. Hence, using the coercivity of a(-,-) in H
and the equation (427) with (Hp,vp,¥p) = (Eh, €, en), we find that

C:zk ||(Eh7eh7eh)||2 < a((Eh,eh,Eh),(Eh,eh,Eh))

= a((Ep, ep, ep), (En,en,en)) + a((E,e,e), (En,en, en))

(4.29)
= a((Epvepv ep)v (Ehvehv eh)) + b(S — Sh, (Ehveh)) + ((90 - Sph)gyeh)
+ cSkw((Gh7 Up, Qoh)u (Gh7 Up, @h)? (Eh7 €p, eh)) - C((G, u, Qo)a (G7 u, (10)7 (Eh7 €p, eh)) .
Now, we proceed to bound each term of the right-hand side in (4.29]).
First, since (Ep,ep) € Zy, we have for any T}, € Hf that
b(S — Sk, (Ep,en)) = b(S =Ty, (Ep,en)) + b(T), — Sp, (Ep,ep)) (4.30)

< DS = Thllaiv.o [[(Ens en)ll -
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For the trilinear forms, observe that by adding and subtracting (G, up, @) in the second component
of ¢(+,+,+) and that this form is consistent with ¢¥¥(-, - -) on Z; thus,

CSkw((Ghv Up, @h)) (Giw Up, ‘;Dh)v (Ehv €h, eh)) - C((Gv u, 90)7 (Gv u, (10)’ (Eh’ €h, eh))
= CSkw((G7 u, (10)7 (G - Gh7 U — Up, P — (ph)v (Eh7 €h, Eh)) (431)
- cSkw((G - Gh7 U — Up, Y — gph)? (Gh7 Up, (ph)7 (Eh7 €p, eh)) .

Therefore by adding and subtracting (G, up,p) in the second component of the first term at the
right of the latter expression, and employing the skew-symmetric property of the trilinear form we
deduce that

CSkw((Ghv Up, (ph)v (Gh7 Up, ‘;Dh)v (Ehv €h, eh)) - C((Gv u, (10)’ (G’ u, 90)7 (Eh’ €h, eh))
= CSkW((G7 u, (10)7 (Ep7 ep7 ep)7 (Eh7 ep, eh)) + cSkw((E]N ep7 ep)7 (Gh7 Up, Qoh)7 (Eh7 ep, eh)) (432)
+ ¢ ((Ep, enen), (Gh, un, on), (En, en,ep)) -
Thus, applying (£30)-#32) to (#£29), bounding the resulting terms and simplifying yields
Ca l(Ensenyen)ll < llall [[(Ep, ep,ep)ll + IS = Thllaiv,e + llglloallepllie + llenlle)

e ( (1Gw )|+ G wns o)) (Eps s ep) |+ Gyt o)l 1By ensen)]) -

Hence, by manipulating terms, and using the bounds ([£.24]) we get

I(Ensensen)ll < Cot(llall + lglog + (R + B 1211) [ (Eps e, ep)ll + Cat Il 1S = Thllaiv,e
+C (lglo + R e ) [1(Ensen, en)l.

In this way, if the data is sufficiently small so that the hypothesis (£.25]) holds, then the last term on
the right can be absorbed into the left:

2 * SKwW
1Bnsense)ll < =={ (Iall + llgloa + (8 + B) ™) |(Eps eprep)| + [BIIS = Thllaiva }

It then follows from (€.28) that

12,0l < C(IBpep el + 1S = Thllaie)

SC{ inf G —Gpu—up, p— + inf S_Thd'Q}
(Gt ) EZp, xHY ¢ P ps P ‘Pp)” Theks I I iv,

< C{ inf |G — Hplloo+ inf [u—wvsllogo+ inf [o—tnlle+ inf [[S—Thaiv.e } ;
H,eHS v, €H}Y YUY Ty €y
(4.33)
where the last statement follows from the inf-sup condition.

Finally, we estimate the error for the stress tensor. To this end we have by the discrete inf-sup
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condition (), for arbitrary 7}, € Hy,

b(Th — Sh, (Hh, ’Uh))

BTy, — Shllaiv.e < sup
(Hy,vp,) €HS xHY |(Hp,vn)||
(Hhv,vh)7éo
< sup b(Th _ S’ (Hh’ vh)) + sup b(S — Sh7 (Hhv ’l)h))
> (Hh,vh)erxH;f ”(Hh,’Uh)H (Hh,’vh)EHfXH;f H(Hh7vh)|| (434)
(Hp,vn)#0 - S(H]js’vvh)é?
— Sy, v
< Ibll[|S ~ Thllaive +  sup ( 5 (Hn;vn))
(Hp,0p) EHE xHY [ (Hp,vn)|l
(Hh7vh)7éo

Using the error equation ([£27)) and the identity (£31]) we have
b(S - Sh7 (Hh,’l]h)) = a((G - Gh7u — Up, Y — gph)? (Hh7 Uhﬂ/’h)) - (((10 - Qoh)ga ’Uh)
- CSkW((Gh7 Up, (ph)a (Gh7 Up, Qoh)7 (Hh7 Vhp, ’l/}h)) + C((G, u, Qo)a (G7 u, Qo)a (Hh7 Vhp, ’l/}h))

< [l (G = G, w = wn, o = on)ll [[(Hp, vi, )| + [l = enllia lglloe lonlloq
+(R+ R (G — Gpu —un, ¢ — )|l €| | (Hp, vp)| -

(4.35)

Applying ([£35]) to bound the last term in (£34]) and then using the triangle inequality yields

15 = Sillaive < C (18- Thllaive + [(B.e,e)l) < C{ inf (S Tllaie + (B e,e)l} . (4.36)

Ty, eHy

Thus, ([@26) follows by combining ([A33), (£30) and standard approximation properties of the finite
element spaces. O

5 An alternative formulation

In this section we introduce and analyze an alternative formulation for the problem (Z4]) which differs
from ([B.4) on the treatment of the mixed boundary conditions for the temperature. More precisely,
along with the set of equations ([B:2)) and (B3] associated to the fluid, we consider a primal-mixed
formulation for the heat equation [5] [6].

5.1 The continuous problem and its well-posedness

Multiplying the fourth equation of (Z4) by a function ¢ € H(Q2), and after integrating by parts and
employing the Neumann boundary condition, we introduce the normal derivative of the temperature
A= —kVyp-n c H/?(I'p) as a new unknown on I'p, namely,

Kk (Ve, Vi) + (W), + (u-Ve,9) =0 Vo e H(Q),

where (-, )rp = (-,70(-)|r, )T, stands for the dual product between H='/2(T'p) and HY/2(I'p), and
Yolry, : H(Q) — HY2(I'p) is the trace operator o in H(Q2) restricted to I'p. The Dirichlet condition
is then weakly imposed as

(€ o)y = (& ¢p)ry YEEH V(D). (5.1)
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Hence, the underlying formulation is: Find ((G,u), S, (¢, A)) € (L2.(2) x L*(Q)) x Hy(div;Q) x
(HY(Q) x H-'/2(I'p)) such that

(AG), H) — %(u@u,H) C(SH) = 0

%(Gu,v) — (divS,v) — (pg,v) = 0
(G, T) + (u,divT) = 0 (5.2)
€ elrp = (& ¥p)mp

for all (H,v),T,(1,€)) € (L2.(Q) x LYQ)) x Hy(div;Q) x (H(Q) x H-Y2(I'p)).
Define the bilinear form b : (Ho(div; Q) x H-Y/2(I'p)) x (LZ.(Q) x L4(Q) x HY(Q)) — R,

B((T7§)7(Hav7w)) = (H7T) + ('UvdiVT) - <§77/}>FD7 (53)

whose kernel is H = Z x HF (Q), where Z is given by ([B8). With the same forms a(-,-) and
c(+,+, ) from Definition B, we see that problem (5.2)) is equivalent to: Find ((G,u,¢),(S,\)) €
(L2,(Q) x L4(Q) x HY(Q)) x (Hy(div; Q) x H-/2(T'p)) such that:

a((G,u,¢), (H,v,9)) + c((G,u,9),(G,u,p),(H,v,9)) — b((S,\),(H,v,%)) = (¢g,v)

b((Ta 5)7 (G7 u, 90)) = <§7 (PD>FD
(5.4)
for all ((H,v,v),(T,€)) € (L2.(Q) x LY(Q) x HY(Q)) x (Hy(div; Q) x H-Y2(I'p)).

Observe that the properties relative to the forms a(-,-) and c(:,-,-) stated in Lemma [3.1] hold.
Regarding the bilinear form b(-,-), note that it involves additionally the term (£, v)r, associated to
the Lagrange multiplier. Denote by R_j o : H~'/2(I'p) — HY2?(T'p) the usual Riesz operator
and by R* /2. its adjoint (which are bijective). Since

& rp = E@)rp)rs = (€ (R )2 © 200rs) (¥)) 172,00

and since the operator R*—1/2 rp © Yolrp : HY(Q) — H~'/2(I'p) is surjective, Lemma [B.1] implies

that B(, -) satisfies the inf-sup condition. Thus, there exists a positive constant 5 such that

o b((T.©). (H,v, 1))

(Howel2@xri@xui@ |09
(vavw)?éo

> BT, €| V(T,€) € Hy(div; Q) x H/2(I'p).

(5.5)

Note that the variational problem (5.4)) restricted to the kernel H reduces to problem (B11). Hence

the corresponding solvability analysis follows from Section In particular, from the Theorem [B.3]

we have the same a priori estimates stated there for G, u and ¢, and from Theorems [3.7] and [3.8]

existence of continuous solution is guaranteed with no constraint on data and the uniqueness follows

for small data assumption. In turn, the existence of the stress tensor S and the Lagrange multiplier
A is a consequence of the inf-sup condition (5.5]), and

IS N1 < (lall + el (G w9l + lgllos ) G u, o)l
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5.2 The discrete scheme

To discretize the primal-mixed formulation, we adopt the notations introduced in Section .}, and in

addition, consider an independent trlangulatlon {Fl, o, ... m} of I'p (consisting of straight segments
in R? or triangles in R3) and define h : glax }|F il Then with the same integer k > 0 employed
]E yeeey T

in the definitions ([@I])-(@2), we introduce the finite element subspace
H = {55 € L2(Tp): & _ Pi(T;) Vi€ {1,2 ,m}}. (5.6)

The discrete problem based on (5.4) is then: Find ((Gh,wn,¢n), (Sh, A7) € (HY x HY x HY) x
(Hy x H%) such that:

a((Ghuuhawh%(Hhavhuwh)) + CSkW((Gh,’U;h,(,Dh),(Gh,'U/h,QOh),(Hh,’vh,”l/}h))
_B((Sha)\ﬁ)a(Hha’Uhawh)) = (png,vn) Y (Hp,vp ) € HY x HY x HY

b((Th, &) (Ghy wn,0n)) = (&) ¥ (Th &) € HE x H2,
B (5.7)
where a(-,-) and ¢5¥(-,-) are the forms defined by (3.5) and (5], and b(,) is defined by (E.3)).
The first step to show that problem (5.7)) is well-posed is to verify that the finite element spaces are

compatible. This issue is addressed in the next result. The proof essentially follows from [I1), Lemma
4.7] and the inf-sup property (£71) in Lemma L]

Lemma 5.1 There exist Cy > 0 and B* > 0, independent of h and 71, such that for all h < Cy E,

there holds
<£E7 ¢h>FD

sup ————— 2 B* 16 11-1 2.1 V& € H2. (5.8)
wneny [Ynllie Rll=1/2Tp ; A
Yp7#0

Consequently,

b((Th, &), (Hp, v, 0n))
sup

(Hp,on,n)€EHE x HY xHE | (Hps v, ¥n) ||
(Hp,vp,%0)7#0

> B (T &)l Y (Hp &) € HY xHY,  (5.9)

with B* := min{ﬁ*,g*}.
We introduce the discrete kernel Z; given by
Tn = {zph EHY: (&, dn)rp =0 V& € H%}
Such as in [I1], Section 4.3], observe that §; = 1 belongs to H% and then
pC{ven@: (L, =0}={yen@: b =0}
I'p

Therefore, from the Poincaré inequality, we have that || - |1, o and | - |1 o are equivalent in Zj. In this
way, setting Hj, = Zj, X Zy, it is easy to see that this property along with Lemma 1] implies that the
bilinear form a(-, ) is coercive, that is,

a((Gh7uh7Q0h)7(Gh7uh7§0h)) 2 5:; ”(Ghuuh7()0h)|’2 V(Ghaufn(ph) € }ﬁlh. (510)
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Remark 5.1 The formulation (&4) involves an approximation of the boundary temperature whereas
problem (&) incorporates it via the discrete form of the corresponding weak imposition (5.1]). Because
of this difference, the analogous extension @1, to be used in the discrete analysis must be defined
differently (cf. Sections [{.3{{.4]). To this end, denote by Hzﬁ the orthogonal projection from HY

onto the kernel complement Zi-, and observe that the inf-sup condition (5.8) is equivalent to (see [11,
Lemma 2.1])

(& Mz ¥n)ry,
sup ——2-——
SEGH% |’€7L”—1/2,FD

&;,#0

> BTy dnlle Von €HY and Vh < Coh.

In particular, since (&, Ty on)ry = (& e0)ro < 16| 1oy lenllyarn ¥& € B, there holds

Mz enllio < 1/8")l¢plhjar, Yh < Coh.

As a result, applying Lemma [{.3 to Hz#ﬁhh“[) € HY2(I'p), and a trace inequality, we conclude that
for any § € (0,1) there exists an hs > 0 such that

1Es.1 (U7 nlrp) los.e < Cdlleplhyor, and [|Esn (g enlrs) e < G5 Hleplhyor, . (5.11)
for all h < {hs, C’oﬁ}. The discrete extension is then defined as o1 = Esp, (Hzﬁ gph‘FD).
We are in position to state the main result of this section.

Theorem 5.2 Let the discrete spaces Hg, H}, Hf, and Hf be defined as in Section d1], and H% be
defined by (5.G). Then, there exist an hs > 0 and at least one solution ((Gn,un,¢n), (Sn, Ay)) to (B1)
for all h < {hg,Coh}, satisfying

”(Gh7uh)H S 5;(@]379)7 Hgoh”l,Q S 6;(@]379)7 and

(5.12)
1w X < C(llall + eI Gy wns o)l + lgllo ) 1(Gnswn, o)l

where éf(go]),g) = CCi(¢p,g) >0, 55((,0]3,9) = CCs(¢p,g), C > 0 is independent of h and h, and
Ci(¢p,g) and Co(ep,g) are given in Theorem [3.3. Moreover, provided the data is small enough (cf.
GEID) -EI5) below) and (G u, ), (S, N)) € (HH(Q) x H¥(Q) x HSFL(Q)) x (H*(Q) x H™Y/23(I'p))
with div S € H*(Q) for some s € (0,k + 1], the errors satisfy

H((G7u790)7(57 )‘)) - ((Ghauh7¢h)7(sha)‘ﬁ))|’ < Ch® + C}vls (5'13)

where C' > 0 depends on the data and high-order norms of the solution, but is independent of h and h.

Proof. Observe that, thanks to the inf-sup condition (5.9), the coercivity result (5.I0) and Remark
B the same arguments used in Sections E2HZAH] hold by replacing Hf I Hj, and b(-,-) by Zy, Hy,

and b(-,-), respectively, and defining o1.h = Esp, (HZ# ¢n|rp) which satisfies the estimates (E.11)).

Next, the same fixed-point approach in Section £.4] shows the existence of solutions. The arguments
in this section (cf. (#2I) and Theorem [L8) also show the uniqueness of solutions provided the data
is sufficiently small so that the resulting Lipschitz continuity constant, denoted by Cfp, satisfies

— C —~ I~ I~
Ciw < = {Cilpp.9) + C(ep.9) + Cilepog)} < 1. (5.14)

a
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Likewise, the a priori estimate (5.12) for the tensor and the Lagrange multiplier as well as the cor-
responding existence result are a consequence of the inf-sup condition (£.9) (cf. (4.22))). Finally, the
error estimate (5.13]) is obtained by slightly modifying the proof of Theorem (4.9), with b(,-) in place
of b(-,-), and noting that the small data constraint (£.25]) takes the form

(5.15)

1( ~e 1 sk 1
= (llglloo + R CS“)S—
7 (19 fe) < &

with R* = max{C;(¢p,9). C(¢p,9)}-

6 Numerical results

In this section we present a two examples to support the theoretical results and to illustrate the
performance of our dual-mixed finite element schemes. The computations are performed on a set of
meshes 7," created as a barycenter refinement of uniform triangular meshes 7, (cf. Figure [Il) which
satisfy the macro—element structure required for the inf-sup/LBB compatibility condition at discrete
level (see Section [1]). We consider n = 2 and order of approximation k& = 1, and thus the finite
element spaces for the fluid unknowns in both formulations are given explicitly as

HY = Lg:(Q) N PI(Ty),  Hy = P{*(Ty),  Hj = Hy(div; Q) N RTy(7y).
For the heat equation unknowns, we consider the subspaces
HY = Py(T;), and  H} = P{*(T7 NTp),

where H% is only employed for the formulation involving the Lagrange multiplier. Similar to [5], we

take h as two times h, which comes from the restriction on the mesh sizes h < Ch when considering
the constant C' = 1/2. The numeric results confirm that this choice is suitable.
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Figure 1: Uniform mesh and its barycenter refinement with meshsize h = 1/3 of the square [—1,1]?.
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The individual errors are denoted by:

e(G) = ||G — Gilloa, e(u) = [[u—uploqn, e(S) =[S~ Sullaiv.a,

ep) = llp—¢nla,  e(A) = [A=Anllor, and  e(p) = [lp—prlog,

where || - (|30 = I - 5.0 + ldiv - [[§ o, p is the exact pressure of the fluid, and pj, is the recovered
discrete pressure suggested by the formulas given in the second equation of (2.3]) and (B.1]), namely,

2n
Moreover, it is easy to see that there exists C' > 0, independents of h, such that
P —pallog < C{HS — Shllo.o + llu —uplloo }

which says that the rate of convergence of the postprocessed discrete pressure is the same of S and w.
In turn, we let 7(-) be the experimental rate of convergence given by

o o oBE0/E0)
- log(h/h)

where h and h’ (resp. hoand B/ for A) denote two consecutive mesh sizes with errors e and e’.

1 1
pp=—— tr{25h +cpl + (up ® ’Uh)} , o with ¢y 1= —o—= / tr(up, @ up) .
2n|Q| Jo

Example 1. In our first example we illustrate the accuracy of our methods considering manufac-
tured non-homogeneous exact solutions. For the dual-mixed formulation we set = (0,1)%, and

27 sin(mxy ) cos(maa) + sin(mwzy ) sin(mza) >

o . 22439
w(z1,75) = sin(mzy)sin(mzz)e™ < —27sin(mwxy) cos(mxy) — 22 sin(mwz ) sin(7wzy)

p(z1, 1) = @9z} — 0.1 and o(x1,22) = (x1 — 1)2sin?(n(xg — 1)),

and for testing the alternative scheme we take = (—1,1)? and

ot -

p(x1, z2) = by sin(zy) and o(z1,12) = esin(z1)+sin(z2)

27 cos(mx) sin?(mxy ) sin(mzs)
—27 cos(mwy) sin(my ) sin?(rzy) )

In both cases, the Dirichlet data for the temperature ¢p, and the right-hand sides are constructed
with the corresponding manufactured exact solutions on the respective domains, and consider v = 1,
k=1, g = (1,0)*. In Table [l we present the convergence history of the computed solutions for both
schemes, and observe that the convergence rates are quadratic with respect to h and h; these results
are in agreement with Theorems and with k& = 1.

Example 2. The natural convection problem in a differentially heated cavity. In this
example we study the robustness of our dual-mixed method by solving a benchmark problem in natural
convection flows (see [7] and [12]). We consider 2 = (0,1)? and boundary conditions corresponding to
internal flow (no slip for the velocity) with the top and bottom insulated, and heating/cooling applied
to the left and right side. The external force field corresponding to the buoyancy term is given as
Rapg, where Ra is the Rayleigh number and the gravity g is assumed to act upward vertically, and
we take the physical parameters v = k = 1.

In figure 2l we display the approximations of the velocity (its magnitude and streamlines), the
temperature and pressure for several values of Ra € [1000,1000000], and in Figure Bl we present the
velocity vector field, streamlines and components for the highest values of Ra. It is observed that
the flow substantially changes as a result of the convective effects when Ra increases. In particular,
the fluid rises along the hot side and comes down along the cold wall, a secondary flow arises at a
Rayleigh number between 10* and 10°, and boundary layers appears near the vertical walls due to the
isothermal deformation.
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Figure 2: Example 2: Velocity streamlines (left), temperature (center) and pressure (right) profiles of
the natural convection problem with Ra = 100 x 10" (n-th row).
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Dual-mixed scheme

0.5000 4.8642 - 03243 - 12.872 - 24383 - 0.0973 -

0.2500 1.9831 1.2944 0.1134 1.5166 4.9201 1.3875 0.8999 1.4380 0.0357 1.4449
0.1250 0.7171 1.4675 0.0342 1.7294 1.6859 1.5452 0.3210 1.4870 0.0112 1.6762
0.0625 0.2173 1.7224 0.0094 1.8585 0.4934 1.7726 0.0965 1.7337 0.0032 1.8263
0.03125 0.0598 1.8625 0.0025 1.9232 0.1328 1.8938 0.0264 1.8685 0.0008 1.9109

Scheme with Lagrange multiplier

0.5000 2.6116 - 0.6632 - 44.1841 - 2.143v - 0.3007 - 0.7252 -

0.2500 1.8680 0.4834 0.1325 2.3239 9.0464 2.2881 1.1550 0.8921 0.0577 2.3818 0.1093 2.7304
0.1250 0.5302 1.8168 0.0326 2.0238 2.3195 1.9635 0.3414 1.7583 0.0139 2.0504 0.0279 1.9708
0.0833 0.2406 1.9487 0.0144 2.0152 1.0367 1.9862 0.1575 1.9085 0.0061 2.0288 0.0127 1.9341
0.0625 0.1363 1.9752 0.0081 2.0084 0.5843 1.9929 0.0898 1.9509 0.0034 2.0066 0.0073 1.9823
0.0417 0.0609 1.9866 0.0036 2.0037 0.2601 1.9955 0.0404 1.9732 0.0015 2.0057 0.0033 1.9934

Table 1: EXAMPLE 1: mesh sizes, errors and rates of convergence for the dual-mixed approximations
of the Boussinesq equations.
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Proof of Lemma 3.4

From the definition of c(-, -, -), Holder’s inequality, Sobolev embeddings and the Poincaré and Cauchy-
Schwarz inequalities we have that

FrGag(Hr0,8)) = 3[(Go@w) — (wow H)] + (u- Vo,v)

< ||u\|o,3,Q<HGH0,Q [vllosa + llullosallHloa + [Veoloa H?ﬁllo,w)
< Cllulloga (G, w, eo) | [[(H, v,9)]|.

Similarly, we find that

Fo,(Gupo) (H, 0,9)) < C<\|u||o,3,9 IVerlloell¢llose + llgloa lleollosa H’vHo,4,Q>7
< Cmax{ligllo.o, 1o} (G, w, wo)lll|(H, v, ¢)],

then applying Lemma to bound the H'-norm of the extension ¢ with § given by (BI7), and
defining Ci(¢p.g) == Cmax{[lglon. =5 |nll 1, gl o} we get

|f2,(G,u,<po)((H7U7w))‘ < C4(ch,g) H(G,’u,(po)” H(Hﬂ?,w)ﬂ :

Likewise, with C5(¢p,g) := CV_4"1_4”90DH51)/2,FD lgllo.o (s + llglloq), we observe that

| Fs((H,v,))| < C(”Q”QQ leillellvlose + & |Veilloo HV”L/JHQQ> < Cs(¢p,9) || (H,v,v) .
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