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We present an a posteriori estimator of the error in the L2-norm for the numerical approximation of the
Maxwell’s eigenvalue problem by means of Nédélec finite elements. Our analysis is based on a Helmholtz
decomposition of the error and on a superconvergence result between the L2-orthogonal projection of the
exact eigenfunction onto the curl of the Nédélec finite element space and the eigenfunction approxima-
tion. Reliability of the a posteriori error estimator is proved up to higher order terms and local efficiency
of the error indicators is shown by using a standard bubble functions technique. The behavior of the a
posteriori error estimator is illustrated on a numerical test.
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1. Introduction

One of the most classical problems in electromagnetism is the so called cavity problem for Maxwell’s
equations, which corresponds to computing the resonant frequencies of a bounded perfectly conducting
cavity. This amounts to solving the eigenvalue problem for the Maxwell’s system. Although there has
been an intense research in this area, to the best of authors’ knowledge, no results on a posteriori error
estimation of Maxwell’s eigenvalue problem are available in the literature.

A posteriori error estimation for various problems involving Maxwell’s equations has been subject
of several papers. Residual-based a posteriori error analyses have been done for an electromagnetic
scattering problem in Monk (1998) and for an eddy current problem in Beck ef al. (2000); in both
cases, smooth coefficients and sufficiently regular domains have been considered. Generalizations to
piecewise constant coefficients and to Lipschitz domains have been done in Nicaise & Creusé (2003)
and Schoberl (2008), respectively. Estimates robust with respect to the coefficients of the equations
have been obtained in Cochez-Dhondt & Nicaise (2007). The hp-version has been considered in Biirg
(2011, 2012), where bounds with explicit dependence on the polynomial degree have been derived. Fur-
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ther, convergence of an hp-adaptive strategy based on these estimates has been studied in Biirg (2013).
Residual-based a posteriori error estimates have been also obtained for the A — ¢ and the T /Q magne-
todynamic harmonic formulations in Creusé et al. (2012) and Creusé et al. (2013), respectively, and for
the time-harmonic Maxwell’s equations with strong singularities in Chen et al. (2007). Functional-type
error estimates for the time-harmonic Maxwell’s equations have been derived in Repin (2007) and Han-
nukainen (2008). A drawback of this approach is that it requires to solve a global auxiliary problem.
By contrast, equilibrated fluxes-based a posteriori error estimates requiring to solve only local problems
have been analyzed in Braess & Schoberl (2008). Furthermore, implicit error estimates have been de-
rived in Harutyunyan et al. (2008) and a Zienkiewicz—Zhu error estimator based on a patch recovery has
been introduced in Nicaise (2005).

On the other hand, a posteriori error estimation for different spectral problems has been subject of
several papers, too. Among the first ones, we mention Verfiirth (1994); Larson (2000); Duran et al.
(2003) for the standard finite element approximation of second-order elliptic eigenvalue problems. We
also mention Garau et al. (2009) and Giani & Graham (2009), where adaptive schemes based on this
estimators have been proved to converge.

In its turn, the first paper dealing with a posteriori error estimates for a mixed formulation of an
eigenvalue problem seems to be Durén et al. (1999), where Raviart-Thomas finite elements are used for
the discretization of the spectral problem for the Laplace operator. The analysis in this reference makes
use of a Helmholtz decomposition of the error, as is typical in the a posteriori error analysis of mixed
problems. It also uses a superconvergent approximation of the primal variable, which is constructed by
exploiting the equivalency between the lowest-order Raviart-Thomas mixed discretization and a non-
conforming method for the primal problem based on the Crouzeix—Raviart space enriched by bubble
functions. This approach has been extended to fluid-structure vibration problems in Alonso ef al. (2001,
2004). However, in spite of many existing analogies, a direct extension of these ideas to Maxwell’s
eigenvalue problem does not seem feasible, because no element that could play the role of Crouzeix—
Raviart’s in Durén et al. (1999) is known.

An alternative analysis which avoids the relation between Raviart-Thomas and Crouzeix—Raviart
elements has been more recently explored in (Boffi et al., 2012, Section 6.4.2). The results from this
reference are based on a superconvergence result from Gardini (2009). A similar result is obtained in
Lin & Xie (2012) for more general second-order elliptic eigenvalue problems and mixed finite element
methods. In both cases, an interpolation coming from the commuting diagram applied to the primal
variable comes to play a role in order to prove superconvergence with respect to the eigenfunction
approximation. An a posteriori error estimator based on this result has been proposed in Jia et al.
(2013). More recently, a similar analysis has been used to conclude convergence of an adaptive scheme
in Boffi et al. (2015).

We derive in this paper a posteriori error estimates of the error in the L?-norm for the Maxwell’s
eigenvalue problem discretized by Nédélec elements (see Boffi et al. (1999); Boffi (2000); Caorsi et al.
(2000); Monk & Demkowicz (2001) for the a priori analysis). With this end, we adapt the results from
Durén et al. (1999); Boffi ef al. (2012); Lin & Xie (2012); Jia et al. (2013). However, our approach
use neither an alternative discretization (as in Durdn ez al. (1999)) nor an interpolation coming from the
commuting diagram (as in the other references) for obtaining a superconvergence approximation of the
primal variable. Instead, we use a superconvergence result between the L?-orthogonal projection of the
eigenfunction onto the curl of the Nédélec finite element space and the eigenfunction approximation.

The structure of the paper is the following. We introduce primal and mixed weak formulations of
the Maxwell’s eigenvalue problem and their corresponding finite element discretizations in Section 2.
The superconvergence result is established in Section 3. A posteriori error estimates in the L2-norm are
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derived and reliability and local efficiency of the error indicators are proved in Section 4. The paper is
concluded with Section 5, where the behavior of the derived estimates is illustrated on a numerical test.

2. Continuous and discrete problems

In this section we introduce continuous and discrete variational formulations of the problem under in-
terest.

2.1 Preliminaries

Let Q C R? be a domain with polyhedral Lipschitz boundary €. For the sake of simplicity, we assume
that £ is non-convex and simply-connected and that its boundary is connected. Let n be the unit outward
normal to 0Q.

We use standard notation for Lebesgue and Sobolev spaces. Specifically, for a given domain M C R?,
L2(M) denotes the space of square-integrable functions and, for + € N, H'(M) denotes the space of
functions having square-integrable weak derivatives up to the ¢-th order. For ¢t ¢ N (r > 0), H' (M)
denotes the standard fractional Sobolev space. For any # > 0, [|-||, ;, denotes the norm of the Sobolev
space H'(M). We recall that for any ¢ > 0 the inclusion H (M) < L?(M) is compact. We also denote
L*(M) := [L*(M)]? and H(M) := [H'(M)]*. Further, (-,-),, denotes the inner product in L?(M) or
L?(M) and |- ,, the induced norm. Analogously, (-,-),,, denotes the (d — 1)-dimensional L2(dM)
inner product; the same notation is applied in the vector case. We will omit subscript M in case M = Q.

We denote by C a generic positive constant, not necessarily the same at each occurrence, but always
independent of the mesh refinement parameter 2 which will be introduced in the next subsection.

We recall the definition of some classical spaces that will be used in the sequel:

H)(Q):={veH (Q): v=0 ondQ};

H(div,Q) := {ve L*(Q): divv e L*(Q)};
(

)

Hy(div, Q) := {v € H(div,Q2): v-n=0 on dQ};
H(div’, Q) := {v € H(div, Q) : divv =0 in Q};
Ho(div’, Q) := Hy(div, Q) NH(div’, Q);
H(curl, Q) := {v € L*(Q): curlv e L*(Q)};

Ho(curl, Q) :={veH(curl,LQ): vxn=0 ondQ};
H(curl’, Q) := {v € H(curl, Q) : curlv=0 in Q};

Hy(curl®, Q) := Hy(curl, Q) NH(curl’, Q);

H'(curl, Q) :={ve H(Q): curlve H'(Q)} (1>0).

Spaces H(div, ) and H(curl, 2) endowed with the norms defined by
2 2 2 2 2 2
Vil := [vllp +[[divllg — and vy = [[vIlo + [[eurlv]g,

respectively, are Hilbert spaces. In turn, Hy(div, ), H(div’,Q) and Hp(div’,Q) are closed sub-
spaces of H(div,Q). In its turn, Hy(curl, 2), H(curl’, Q) and Hy(curl’, Q) are closed subspaces
of H(curl, Q).
We also denote
A = curl(Hy(curl, Q))
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endowed with the L?(£)-norm. Notice that .# = Hy (diVO7 Q) (see Amrouche et al. (1998)), which is
a Hilbert space.
In the paper we will repeatedly use the following embedding theorem.

THEOREM 2.1 There exists t € (%, 1) such that the following inclusions are continuous:

Ho(curl, Q) NH(div, Q)

H(curl, @) NHo(div, Q) } — H(2).

Moreover, there exists C > 0 such that
[v[l, < C(||lcurlv|[y + [divv|y)

for all v € Hy(curl, ) NH(div, Q) or v € H(curl, Q) NHy(div, Q).

Proof. The inclusions in H' () with t > 1/2 can be found in (Amrouche er al., 1998, Proposition 3.7),
for instance; the constraint + < 1 comes from the fact that Q is not convex. The estimate follows
from (Amrouche et al., 1998, Corollary 3.16) and the simple connectedness of Q for v € H(curl, 2)N
Hy(div, Q) and from (Amrouche et al., 1998, Corollary 3.19) and the fact that dQ is connected for
v € Hy(curl, Q) NH(div, Q). O

2.2 Continuous problem

In a homogeneous and isotropic medium, by setting all the physical constants to 1, the Maxwell’s eigen-
value problem reduces to finding A € R and u: Q — R>, u # 0, satisfying

curl(curlu) = Au in Q,
divu=0 in Q,
uxn=0 ondQ.
We will consider two formulations of this problem, one primal and the other mixed. In order to make

the numerical approximation easier, the former usually drops the divergence free constraint. Then, the
primal formulation reads as follows.

Problem 2.2 Find (A,u) € R x Hy(curl,Q), u # 0, such that
(curlu,curlv) = A (u,v) Vv € Hy(curl, Q).

The eigenvalues of this problem consist of A = 0 with eigenspace Hp(curl’, Q) = V(H}(2)) and a
sequence of positive real numbers {A, },_; which satisfy A, — co.
For A # 0, by introducing ¢ := (curlu) /A € .#, we are led to the following mixed formulation.

Problem 2.3 Find (A,u,06) € R x Hy(curl,Q) x .#, (u,0) # 0, such that

(u,v) — (curlv,6) =0 Vv € Hy(curl, 2), (2.1a)
— (curlu, ) = —A(0,7) Vte A. (2.1b)

The spectra of Problems 2.2 and 2.3 are identical, except for A = 0 which is not an eigenvalue of the
latter. More precisely, both problems are equivalent for A # 0 in the following sense:
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e if (A,u) is an eigenpair of Problem 2.2 with A # 0, then (A, u, % curlu) is a solution of Prob-
lem 2.3;

e if (A,u,0) is a solution of Problem 2.3, then (A,u) is a solution of Problem 2.2 and ¢ =

% (curlu).

For the purpose of subsequent analysis, we define the solution operators
T: #— A and S: A — Hy(curl, Q)
as follows: given g € .#, (Sg,Tg) € Hy(curl, Q) x .# is the solution of
(Sg,v) — (curlv,Tg) =0 Vv € Hy(curl, 2), (2.2a)
— (curl(Sg),7) = —(g,7) Vte /. (2.2b)
LEMMA 2.1 Equations (2.2) yield a well-posed problem.

Proof. We define a(u,v) := (u,v) for u,v € Hy(curl, Q) and b(v, 7) := (curlv, 7) for v € Hy(curl, 22)
and T € .#. According to the classical theory for mixed finite element methods (see, e.g., Boffi et al.
(2013)), it is enough to prove the ellipticity of a in the kernel of b and the inf-sup condition for b for the
problem to be well-posed.

The kernel of b has the form

H :={veHy(curl,Q): (t,curlv) =0 V7 € .4} = Hy(curl’, Q),
so that the ellipticity of a in the kernel of b follows immediately:
2 2
aw,v) = |vllg=vlean  VveHL.

On the other hand, let T € .# be arbitrary but fixed. Since .# = Hy(div’,Q), due to (Amrouche
et al., 1998, Therorem 3.17), there exists a vector potential vy € Hy(curl, Q)N H(divO,Q) of T, such
that curlvy = 7 and ||vz|| oy < C||T||o (see (Amrouche ef al., 1998, Corollary 3.19)). Consequently, by
taking v := vz in the supremum below, we obtain

T,curlv T||? 1
sup ( ) ) > ” ”0 > - HTHO
veH( (curl,Q) ”churl ||V1; | ‘ curl c

Since T € .# has been chosen arbitrarily, we derive the inf-sup condition for b, which together with the
ellipticity of a in the kernel of b allow us to conclude that the mixed formulation (2.2) is well-posed. [J

In the following lemma we derive some additional regularity for Sg and T g, which will yield addi-
tional regularity for the solutions of the eigenvalue problem as well.

LEMMA 2.2 Forall g € .#, Sg = curl(Tg). Moreover, T g and Sg both belong to H' (Q) with € (},1)
as in Theorem 2.1 and
ISgll,+ITgll, <Cligllo-

Proof. The equality Sg = curl(T'g) follows from (2.2a) by taking v € 2()3. Then, Tg € H(curl, )N
Hy(div’, Q) — H () with 1/2 < < 1 (cf. Theorem 2.1) and

ITgll, < Cllcurl(Tg)ll, = C|Sglly < Cllgllo>
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where the last inequality holds because of the well-posedness proved in Lemma 2.1. On the other hand,
since Sg = curl(Tg), Sg € H(div’, ) NHp(curl, Q) — H'(2) (cf. Theorem 2.1, again) and

1Sgll, < C1S8lleun < Cllgllo
once more because of Lemma 2.1. Thus, we conclude the proof. O
COROLLARY 2.1 Let (A,u,0) be a solution of Problem 2.3. Then,
u=curloc and curlu=Ac inQ. (2.3)
Moreover, u, 6 € H' (curl, ) and
ull, + l[eurlu, + [0, +[lcurl o], < Cllo]]y

with 1/2 <t < 1 as in Theorem 2.1.

Proof.  Since u = S(Ao) and 6 = T(A0), due to the previous lemma, u = curl6. Moreover,
since curlu — A0 € .#, equation (2.1b) implies that curlu = A 6. The rest of the results follow from
Lemma 2.2. 0

2.3 Finite element spaces

We set up the notation for introducing finite element approximations of Problems 2.2 and 2.3. We
consider a regular family {.7, } of partitions of the closure of © into a finite number of tetrahedra K. As
usual, & := maxge g, hg, where hg denotes the diameter of S, for any § C . We denote by Py(K) the
space of polynomials of degree at most k on K and by P, (K) the subspace of homogeneous polynomials
of degree k.

We consider the Nédélec space of order k,

NOQ) = {vh € Hylcurl, ) : wilx € [P(K)] @x x [P(K)) VK € 9,,}
the Raviart-Thomas space of order &,
RTV(Q) = {vh € Ho(div, Q) : vk € [Pe(K)) @By (K) VK € 9;1}
the Lagrangian finite element space of order &,
2(Q) = {vi €€ (Q): vilx €PL(K) VK € Fand v, =00ndR} C H)(Q),

and the curl of the Nédélec space
M, = curl(AN(Q)).

We will use different interpolants on each of these discrete spaces. In Hy(curl, Q) we will use the
Nédélec interpolant,
I : H (curl, Q) NHy(curl, Q) — A4 P(Q),

which is well-defined provided ¢ > 1/2. In such a case, we have the following interpolation error
estimate (see (Monk, 2003, Theorem 5.41(1))):

19— 75V < CHP™E (lv], + eurly])). (24)
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The Nédélec interpolant is also well-defined for v € H'(Q) with 1/2 < ¢ < 1, whenever curlv €
AT Y(R). In such a case, curl(.#xv) = curlv and we have the following error estimate (see (Monk,
2003, Theorem 5.41(2))):

[v—2xv|lo < C (7' ||v], + k| carlv]]y) . (2.5)
In Hy(div, Q) we will use the Raviart-Thomas interpolant,
Fr: H(Q)NHy(div,Q) — ZT(Q),

which is well-defined provided 7 > 0. In case t > 1/2, the following error estimate holds true (see
(Monk, 2003, Theorem 5.25)):

[v— FrVly < CRMMEE T |y, (2.6)
Moreover, it is well-known that for v € H ()
divi=0 = div(Sry) =0 2.7)
and, for v € H' (curl, Q),
curl(#\v) = SR (curlv); (2.8)

therefore, /g (curlv) € ..
The following result will be used in the sequel.

LEMMA 2.3 For 2 simply connected,
curl(AN)(R)) =27 (Q)NH(diV’, Q).

Moreover, there exists C > 0 (independent of /) such that, for all T, € 2.7 )(2) NH(div’, 2), there
exists v, € :/V,?(Q) that satisfies curlv, = 7, and

Vil eurt < C 1 Tnllo -

Proof.  The inclusion curl(.4)(R)) € Z7)(2) NH(div’, Q) is well-known (see (Monk, 2003,
Lemma 5.40)). To prove the other inclusion, let T, € 2.7 (£2) NH(div’, 2). Since £ is simply con-
nected, there exists v € Hy(curl, Q) ﬂH(diVO,.Q) such that 7, = curly in Q (see (Amrouche et al.,
1998, Theorem 3.17)). Then, there exists t € (%,1) such that v € H'(Q) (cf. Theorem 2.1) and
curlv € Z.7 ) (22). Hence, as mentioned above, its Nédélec interpolant .# v € A7) (Q) is well-defined,
curl(.#n\v) = curly = 7, in Q and (2.5) holds true. Therefore, 7, € curl(.# [ (£2)). Moreover, as a
consequence of (2.5) we have that

[2xvllo < [Vl +C (A V], + hleurdv]ly) < Clleurlv]ly = C|lzall,,

where we have used Theorem 2.1 for the last inequality. Thus, since curl(.#Nv) = T;, we conclude the
proof by taking v;, := .#\v. O

2.4 Discrete problem

The finite element approximation of the primal formulation in Problem 2.2 reads as follows.
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Problem 2.4 Find (A4, uy,) € R x A4 )(2), w;, # 0, such that
(curluy,curlvy) = Ay, (uy,v,) Vv, € /V,?(.Q).

The eigenvalues of this problem consist of A, = 0 with corresponding eigenspace V(.Z(Q)) and
Xn>0,n=1,....dim(A () —dim(L(Q)) + 1.
In turn, the finite element approximation of the mixed formulation in Problem 2.3 is the following.

Problem 2.5 Find (A, up,05) € R x JVS(Q) x My, such that (u;,6;) # 0 and
(up,vp) — (curlv,, 6,) =0 Yy, € /V,?(.Q), (2.9a)
—(curluh,‘ch) =N (O'h,’l,'h) VT, € M. (2.9b)

Problems 2.4 and 2.5 are equivalent for A; # 0 in the same sense as described for the corresponding
continuous problems. In particular, notice that if (A, u;,06,) € R x A 2 (Q) x A, is a solution of
Problem 2.5, then

(curluh—lhah,rh)zo VT, € M}

and, since clearly curlu;, € .#, we have that
curlu, = 1,0, (2.10)
Further, we define the discrete solution operators
Ty,: H — M, C N and S ///—></V,?(Q)CH0(curl,Q)
as follows: given g € ./, (S,8,T18) € N )(Q) x .4, is the solution of
(S,g,vy) — (curlv,, T;g) =0 Y, € /V,?(.Q), (2.11a)
— (curl(S,8),t,) = — (g, Th) VT, € M. (2.11b)

LEMMA 2.4 Equations (2.11) yield a well-posed problem and ||T|| and ||S,|| are bounded uniformly
in h.

Proof. The discrete kernel of b takes the form
Hpi={v e /)(Q): (Th,eurlv,) =0 Vg, € curl(A ()} = A (Q)NH(curl’, Q) C &

and the ellipticity of a in J# has been proved in Lemma 2.1. The discrete inf-sup condition follows

immediately from Lemma 2.3 with a constant independent of 4. Thus the proof follows from these two

conditions and the classical theory for mixed finite element methods (see, e.g., Boffi et al. (2013)). U
In what follows we will establish convergence properties for S, and T'j,.

LEMMA 2.5 If g € .4/ NH'(Q) with 7 € (},1) as in Theorem 2.1, then
”(S_Sh)churl + H(T - Th)gHO < CH' ||gHt :

Proof. Letg e # NH'(Q) withr € (%, 1) as in Theorem 2.1. By virtue of Lemmas 2.1 and 2.4, from
the classical approximation theory for mixed finite elements (see, e.g., Boffi et al. (2013)) we have that

||Sg_shg||curl+||Tg_Tth0 <C inf HSg—Vthurl+ inf HTg—ThHO : (2.12)
e Q) ThEM )

vy h
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Notice that, for g € .4, due to (2.2b), curl(Sg) = g. Hence, the assumed additional regularity, g €
H' (Q), together with the fact that Sg € H' () (cf. Lemma 2.2) yield that the Nédélec interpolant of Sg
is well-defined. Thus, we can take vj, := .#N(Sg) in (2.12) and using (2.4) and Lemma 2.2, we obtain

158 = 7N(58)llcur < CH' (IS8, + lI&ll,) < CH'|lgll, -

On the other hand, because of Lemma 2.2, Tg € H(Q). Thus, since Tg € .# C Hy(div®,Q), (2.7)
implies that div(.#r(Tg)) =0 in . Therefore, SRr(Tg) € .#} (see Lemma 2.3) and we can take
T, ;= Rr(Tg) in (2.12). Using (2.6) and Lemma 2.2 again, we obtain

ITg—7=(Tg)lly < CH[|Tgll, < CH [lgllo-

We conclude the proof by combining the above estimates. U
It is also possible to prove a similar approximation property for S, and T, when the right-hand side
g lies in the discrete space .#/;,. In fact, we have the following result.

LEMMA 2.6 If g € .4}, then

18— S1) &llcun + (T —T1) &llo < Ch'[Igllg
with ¢ € (%, 1) such that Theorem 2.1 holds true.

Proof.  The proof runs almost identical to that of Lemma 2.5. The only difference is that, now,
curl(Sg) = g € .4, which does not lie necessarily in H' (). However, as claimed above, .#N(Sg) is
also well-defined and (2.5) holds true, namely,

1Sg — 7N (88)llg < C (K| Sgl|, +h|lcurl(Sg)l,) < Ch'[|glly,

where the last inequality is a consequence of Lemma 2.2. Since according to (2.8) we have that
curl(Sg) — curl(.#N(Sg)) = curl(Sg) — r(curl(Sg)) = g — #rg = 0, we conclude the proof by
taking v;, := #N(Sg) and 7y, := Fr(Tg) as in the proof of Lemma 2.5. O

3. A superconvergence result

The aim of this section is to obtain a superconvergence result which will be central for the a posteriori
error analysis that will be developed in the following section. With this aim, we will adapt some results
from Lin & Xie (2012) to our case.

First, we recall some a priori approximation results. From now on, we fix ¢ € (%, 1) as in Theo-
rem 2.1. Moreover, for the sake of simplicity, we will focus our attention on approximating a simple
eigenvalue. Therefore, let A be a fixed eigenvalue of Problem 2.3 with multiplicity one. Let (u,0) be
an associated eigenfunction which we normalize by taking |6/, = 1. As shown in Boffi (2000), there
exists a simple eigenvalue A;, of Problem 2.5 that converges to A as h goes to zero. Moreover, there
exists an associated eigenfunction (uy,, 6,), which we can take also normalized by ||6 ||, = 1, such that
the following a priori error estimates holds true.

THEOREM 3.1 There hold:

-ml<cint (fu— vl + e - wlE) <, 3.0
V/,E-/VB(Q),T/,E.////I
lo—oully<C inf (Il = vhllwns + 16 = Tallo) < CH'. (32)

ViEN D(Q), ThEM ),
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Proof.  The estimates of |4 —A;| and |6 — 6|, by the respective infima can be found in (Boffi,

2000, Theorem 2). The remaining bounds follow from (2.4) by taking v, := & nu € A }? (), from

(2.6) by taking 7, := IR0 € A}, (cf. (2.7)), from Corollary 2.1 and from the normalization constraint

lollo=1. 0
Our next step is to define the standard L? (Q)-orthogonal projector

P,: H— A,
and establish its approximation properties.

LEMMA 3.1 Forall T € .Z NH' (Q),
I —Putlly < CH' ||z -

Proof.  Since T € .4 = Ho(divo,.Q), according to (Amrouche et al., 1998, Theorem 3.17), there
exists v € Hy(curl, 2) NH(div’, Q) such that T = curlv and ||v||,q < C||%||, (see (Amrouche et al.,
1998, Corollary 3.19)). Since Hy(curl, Q) NH(div’, 2) < H'(R) (cf. Theorem 2.1), v € H' () and
[IVll, < C|IV]lean < Cl7]lg- Moreover, since curlv = T € H'(2), we have that v € H' (curl, 2) with
|[v||, + llcurlv||, < C||T|,,. On the other hand, since P}, is the L?(£2)-orthogonal projector onto .4, and
curl(SNv) € A,

7~ Pylly < lleurly —curl(Fxv)lly < CH (]|, + leurtv],) < CI || .

where we have used (2.4). Il
In the forthcoming analysis we will also use the mixed finite element approximation (i,,6) €
N (Q) x M}, of an eigenfunction (u,6) of Problem 2.3 defined by

(@, vp) — (curlv,, 6,) =0 Yy, € ,/V,?(Q), (3.3a)
— (curlay,, t,) = -1 (0,1)) YT, € M. (3.3b)

Notice that it;, = S;(A0) and 6, = T;(A06), whereas u = S(A0) and 6 = T(A6). Hence, it follows
from Lemma 2.5 that

= ]| ers + 16— G1llo < CH' (|, < CH' |0 ], (3.4)

the last inequality because of Corollary 2.1.
Our next step is to prove a superconvergence approximation property between 6, and P;,0.

LEMMA 3.2 There holds
Hé‘h *PhO'HO < Cth.

Proof. Letusset ry:=(6,—P,0)/|6,—Py0||, € 4. Leti:=Sr, and 6 := Try, so that (it,6) €
Ho(curl, Q) x .# and

(@1,v) — (curlv,6) =0 Vv € Hy(curl, Q2), (3.5a)
— (curlit, t) = — (rp, T) vteA. (3.5b)
Also, let @, := Syry, and 6, := T ry, so that (#,,6,) € JV,?(Q) x M1, and

(@, vp) — (curlvy,, 6,) =0 Vv, € JV,?(Q), (3.6a)
— (Clll'lflh, ’L'h) = — (rh, Th) VT, € My (3.6b)
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Then, from Lemma 2.6, we have that
16— g s + 16— Billy < CH Iy < . (3.7)

Now, by using the definition of ry, taking T, := 6, — P;,0 in (3.6b), and using the fact that Py, is the
L?(Q)-orthogonal projection onto .#},, we write

|6 —Pyoll, = (61— Pyo,r,) = (curlit,, 6, — P,0) = (curlit,, 6, — o).
Taking vy, := iy, in (3.3a) and v := i1, in (2.1a) and adding and subtracting (&, — u, it) yield
(curlity,, 6, — 0) = (iy, —w, iy, — it) + (@), — w,t).

Further, taking v := i1, — u in (3.5a) and adding and subtracting (G, curl(it, — u)) lead to

(ty, — u,it) = (6 — 6y, curl(ity, —u)) + (6, curl(, —u)).
Moreover, by using T;, := 6, in (3.3b) and 7 := &}, in (2.1b), we obtain

(6, curl(iy, —u)) =0.

Therefore, from all these equations we derive

64— Puo ||y = (it — u,ity, — t) + (6 — &, curl (i, —u)).

Thus, we conclude the proof by combining the equation above, the error estimates (3.4) and (3.7) and
the normalization constraint |G|, = 1. O
Now, we prove a superconvergence approximation property between 6 and o7,.

LEMMA 3.3 If & is small enough, then
||6'h — 6/1”0 < Chzt.

Proof. The proof we provide follows that of (Lin & Xie, 2012, Theorem 3.2). Let us first state some
relations that follow from (2.2), (2.11), and (3.3):

A,TO':O', ﬂ,hThO'h:O'h and )LThO':CA)'h‘
According to this, the following equalities hold:

(I-AT)(6,—01) = (MTp—AT) (64— 04) + 64— 04— 4 T1(6,—0) — AT (6 —0y)
= (MT)—AT) (64— 64)+ (A —4,) T 6 — 2,T4(64—0). (3.8)

Let us set ), := 6, — 6, — (6, — 0}, 0) 6. Due to normalization (||G||, = 1) there holds (8,,0) =
0. Because of the fact that A is a simple eigenvalue, its eigenspace is spanned by . Since T : . # —
A is self-adjoint, the orthogonal complement of ¢ is an invariant subspace for T and A does not
belong to the spectrum of T'| 1 , : 6+# — 6-#_ Therefore, (I —AT) : 6+# — 6" is invertible

and its inverse is bounded. Consequently, since 8, € 6+, there exists C > 0 such that |8, <
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C|[(I—AT)d,l|,- Moreover, since (I —AT)o = 0, we have that ||8,]|, < C||(I—AT) (61— 04)|o-
Then, by using (3.8), we arrive at

[8nllo S CUIAT R —AT1) (61— 64)llg + (AT —AT) (64— 641)llo
+A =2 [ITh0llg + 2 ITh(61 — 0)]lo) - (3.9
We will estimate all terms on the right-hand side above in the same way as in (Lin & Xie, 2012,
Theorem 3.2.(3.27)), except for the last one. With the aid of (3.1) and using the facts that ||T ||, < C
(cf. Lemma 2.4) and | 6|, = 1, we have

[(AT = AT3) (61— 64) g < CH | T1(64 — 64)llg < CH* || 64— Glly (3.10)

and
A — M| | Tho ||y < CHY, (3.11)

whereas from Lemma 2.6 with g := 6, — 0, we derive
(AT, —AT) (6, —04)||g < CAR | T (64— 04)||, < CAK |64 — 64|, - (3.12)
The last term in (3.9) can be handled as follows. We add and subtract T',(P,0) and obtain
M| Tw(6n—0)llg < Ml Th(64 = PrO)llg+ An | Th(Pro — &)l -
For the first term on the right-hand side above, Lemma 3.2 leads to
M |ITh(64 — Pyo)||y < CH.

On the other hand, to evaluate the last term we use the definition of T'j, and observe that T,(P,0 — 0) =
0, because the right-hand side of (2.11) vanishes for g = P,6 — &. Therefore, we have proved that

M || Th(65— )|y < CH*. (3.13)
Now, by using the definition of 8, we have that
164 = 0nllo < 18llo + (64— G4, 0) O] - (3.14)
Thus, there remains to estimate
164 —0n,0) 0, =[(61—0,0)| <[(6,—0,0)|+|(6—0,,0)|. (3.15)

Since ||6||y = ||o4]lo = 1, by using (3.2) we have that
1 2 2
|(O‘—O‘h,0‘)|=§||0‘—0‘h\|0<Ch (3.16)

and we are left with the estimation of |(6), — 6, 0)|. By taking g := 6, — © as a test function in (2.1b)
and T := @i, —u in (2.1a), we write

A(0,6,,—0) = (curlu,6,—0c)+ (curl(ity —u),6) — (u,it, —u). (3.17)
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Furthermore, by using i, as test function in (2.1a) and (3.3a), we have that (i, &t;, — u) — (curli,, 6, —
o) = 0, whereas, by taking 6, as test function in (2.1b) and (3.3b), we have that (curl(@;, —u), 6,) =0.
Thus, from the last three equations and making use of the error estimate (3.4), we arrive at

A (6,6, —0) = (curl(u—iy,),6;, — )+ (curl(it, — u), 6 — &) — (u— iy, ity —u) <Ch¥. (3.18)
Finally, putting together (3.14), (3.9)—(3.13), and (3.15)—(3.18) leads to
164 Gully < C (1 + Ak |81~ G4]o)
Therefore, for 4 small enough we conclude that
164 — onlly < CH

and we end the proof. ([
Now we are in a position to derive as an immediate consequence of Lemmas 3.2 and 3.3, the super-
convergence result that will be used in the following section.

COROLLARY 3.1 For & small enough,

||Ph0'— GhHO < Ch2t.

4. A posteriori error estimate

In this section we derive an a posteriori error estimate in the L?-norm of the error between the eigen-
function u and its approximation u;,. With this end, we apply the Helmholtz decomposition of the error
as follows:

e, :=u—u,=Vo+curl

where a € H)(Q) is the solution of the following problem:
(Vo Vy) = (en,Vy) Yy €Hy(Q).

Therefore, div(e, — Vo) = 0 in Q and, hence, there exists B € H(curl, Q) NHp(div’, Q) such that
curl B = e, — Va (see (Amrouche et al., 1998, Theorem 3.12)). Moreover, ||B ||, < Cller — Val|, <
Cllex|l, (see (Amrouche et al., 1998, Corollary 3.16)). Using this decomposition, we split the L?(€2)-
norm of the error e, into two terms,

||ehH(2) = (ep, Vo) + (e, curl B),

which will be estimated separately.
For each K € .7}, we define the (local) error indicator

h
Nk = hy [divu | x + ) a [ - nr] 1l »
FeZ)l: FCOK

where .7, hI is the set of all tetrahedra faces lying in the interior of 2, ny is a unit vector normal to F' and
[-1F denotes the jump across F. We also define the (global) error estimator

1

2

n:{ Y m%} ~
Keg),
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LEMMA 4.1 There holds
(en,Va) <Cn|Vally.

Proof. Let Jc : H)(2) — £0(R2) denote a Clément interpolant preserving the vanishing values on
the boundary (see Clément (1975)). Since Zca € £ (), it is easy to check that V(Sca) € A )(Q).
Then, taking T, := V(.#ca) in (2.9a), we have that (u;,,V(.ca)) = 0. Moreover, we have from (2.1a)
that (u,Va) = 0, too. Using these observations, Green’s theorem and Cauchy—Schwarz inequality, we
write

(en,Var) = — (up,Var) = — (w, V(e — Fea)) = Y {(divuy, 00— Fcot) e — (uy - ng, o0 — Fco) y }
Ke),

. 1
< Y ldivaglglla—Seallg+ ¥ S lllunnelpllpllo—Scally o,
Keg) FeF ) Fcok

where ng denotes the unit outer normal to K.
We recall the following approximation properties of the Clément interpolant (see Clément (1975)):

1
lo—Fcallp <Chillely o, and [l —SIca|x < Chi ||atl]; 4 »

where wg :=J{K' € J,: K'NS#0}, for S =F or S = K. Using these estimates, Cauchy-Schwarz
inequality and Friedrich’s inequality, we obtain

(en,Va) <C Y nxllal o <Cnllal, <CnlVall,
Ke ),

which allows us to conclude the proof. d

LEMMA 4.2 There holds
(ep,curl B) < Ch* ||es |, -

Proof. Due to the fact that e, € Hy(curl, Q), by using Green’s theorem, (2.3) and (2.10) and adding
and subtracting A, (6 — P,0, B), we obtain

(en,curl B) = (curle,, B) = (A —4) 0,B) + A, (6 — Pr,o, B) + Ay, (P10 — 04, B).

Since B € H(curl,2) NHy(div®,Q), by virtue of Theorem 2.1, we have that B € .# NH(2) and
IBll, < CllcurlBl|, < Cllen|ly- Then, since o € .# NH' () (cf. Corollary 2.1) as well, we apply
Lemma 3.1 and Corollary 2.1 again to write

(6 —P,6,B) = (6 —Pyo,B—PyB) <Ch||ol|, B, < Ch* ||o]ollenll,-

Using this estimate together with (3.1), Corollary 3.1 and the facts that |G|, = 1 and || B||, < C||ex]|,.
we conclude that
(en,curl B) < Ch* |ley|, -

O
As an immediate consequence of Lemmas 4.1 and 4.2, we obtain a reliability estimate up to an
O (h*)-term.
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THEOREM 4.1 Let ej, := u—uy;,. Then
lenlly < C (n+h*).

REMARK 4.1 The term & (h*) in the theorem above can be seen as a ‘higher-order term’. This is strictly
the case when lowest-order Nédélec elements (k = 0) are used for the discretization. In fact, in such a
case, ||ep|| could be at most & (h), provided the eigenfunction u were smooth enough (u € H' (curl, Q2)).
Otherwise, ||, |, is @'(h) with 1/2 <t < 1. In both cases, the term &'(h*) is asymptotically negligible
with respect to ej,. For higher-order Nédélec elements, the term &'(h*) is asymptotically negligible
only when the eigenfunction is singular (u ¢ H* (curl, 2)), as often happens in non-convex polyhedral
domains.

4.1 Local efficiency of the estimators
In this section we show that the indicators Mg provide a lower bound of the error e, in a vicinity of K.

THEOREM 4.2 There exists C > 0 such that, for any K € .7,
hi || divalo x < Cllenllo x 4.1)

and, for any inner face F € 35,11,

1
hi 1w -ne]pllor < Cllenllo., - (4.2)
where @r denotes the union of the two tetrahedra sharing the face . Consequently,
Nk < Cllenl g

where @k is the union of the tetrahedra sharing a face with K.

Proof. Letbg € H(l)(Q) be the standard quartic bubble function on K which attains the value one at the
barycenter of K extended by zero to the whole Q. Let us set ¢k := (divuy,) bx € H}(L). By equivalence
of norms on finite-dimensional spaces and using that divu# = 0 in 2 and Green’s theorem, we have that

C [divanl[5 x < (divun, k) = (diven, @x)x = — (en, Vox ) -
Now, by using Cauchy—Schwarz inequality, an inverse inequality and scaling arguments, we obtain
(en Vor)x < llenllo.x (I1V(ivan) o 1k + vl V0 ) < Chic" vl llenllog -

Thus, (4.1) follows by combining these two inequalities.
In order to prove (4.2), we observe that by applying Green’s theorem and the fact that divae =0 in
Q, we have for all y € H}(Q)

(eh7VY)Q - (“h,VY)Q = Z {(divuha’}/)K - (uh 'nK7Y)8K}
Keg),

= ¥ {@vine—y L (el 3)

KeF, FeF)l Fcok
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Let us fix F € .7} and set Jp := [uy, ng]p € Pri1(F). Let Ji be the extension of Jr to @p such
that, for each of the two tetrahedra K sharing F, J;|, € Px41(K) is constant in the direction from the
barycenter of F to the opposite vertex of K. Further, let by € H(l)(a)p) be the piecewise cubic bubble
function which attains the value one at the barycenter of F. Taking y:= Jpbr € H(l)((l)p) in (4.3), we
have

(en, VY, = ([diviun, V) g, — (JFV)E -

Therefore, using an inverse inequality and Cauchy—Schwarz inequality, we obtain
2 .
CllFllor < U Jrbr)p = (Jr,Y)p < |divaglg o, V10,0, T lenllo g VY1005 4.4
Now, straightforward computations allow us to check that, for each of the two tetrahedra K sharing F,
VElIox < Chr 17F - 4.5)

Hence,
1
17lo.0p = IVEOFll0.6p < VEll0.0p < Chi IFllop -

On the other hand, a scaling argument, an inverse inequality and (4.5) yield
IV¥llo.ap = IVUEDF)0.6p < I(VIE) bF 0.6 + ITEVEF 0,0
_1
<IVIilo.ap + IV0F e iy VN0, < ChE" 15 llo o < Chi? 1 -

By substituting the last two inequalities into (4.4), we obtain

o _1
el < € (vl o + 1 el ) 19l -
Finally, (4.2) follows from this inequality and (4.1). O

5. Numerical test

In this section, we illustrate the behavior of the proposed error indicators on a particular test problem.
We have discretized Problem 2.2 by using lowest-order edge elements on tetrahedral meshes and
solved the resulting algebraic eigenvalue problem using the Matlab routine eigs, that is based on
the ARPACK package (Lehoucq er al. (1998)). Meshes have been created with the tetrahedral mesh
generator TetGen (Si (2015)).
Notice that since the lowest-order edge elements have zero divergence on each element K, only the
jumps in the normal components of the computed eigenfunction contribute to the error indicators:

hp 2
7712( = Z TH[[WL'”F]]FH().F~
FeFl: Fcok

We have chosen a domain with a reentrant corner in order to have singular eigenfunctions which
may take advantage of solving the discrete problem with adaptively refined meshes. In particular, we
have taken a so called Fichera domain: Q :=(0,0.8) x (0,1) x (0,1.2)\(0,0.4) x (0,0.5) x (0,0.6)
(see Figure 1).
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FIG. 1. Domain with the initial mesh.

The goal of this test was to compute the eigenpair corresponding to the smallest positive eigenvalue.
The exact eigenpairs of this problem are not known. Because of this, first, we have computed them
with highly refined structured ‘uniform’ meshes, which allowed us to obtain by extrapolation a very
accurate approximation of the corresponding eigenvalue. These ‘uniform’ meshes have been obtained
by subdividing the domain in equal hexahedra, each of them subdivided into six tetrahedra. By so
doing, we have obtained A = 12.92 as an approximate value of the smallest positive eigenvalue with
four correct significant digits. This A was taken as the ‘exact’ eigenvalue.

Then, we have applied an adaptive scheme driven by the error indicators ngx. We have started
the computations with the unstructured mesh consisting of 578 elements shown in Figure 1 and have
proceeded with the adaptive refinement process.

Figure 2 displays a log-log plot of the errors between the computed approximations of the smallest
positive eigenvalue and the ‘exact’ one, versus the number of elements N of the meshes. The figure
shows the results obtained with ‘uniform’ meshes and with adaptively refined meshes.

The very accurate agreement between the eigenvalues computed with ‘uniform’ meshes and the line
obtained by a least square fitting of them is a clear indication of the reliability of the value taken as
‘exact’. The slope of the line is —0.44, which indicates that the errors of the eigenvalue computed with
these ‘uniform” meshes satisfy |4 — ;| &~ CN~%% = Ch? with t = 0.66.

It can be clearly seen from this figure that the eigenvalues computed with the adaptively refined
meshes converge to the ‘exact’ one with a higher order of convergence than those computed with the
‘uniform’ meshes. Moreover, for similar number of elements N, the former are significantly smaller
than the latter, which shows a neat advantage of using such and adaptive procedure. The figure also
includes a dashed line with slope —2/3, which corresponds to the optimal order of convergence for the
used lowest-order edge elements. The slope of the line obtained by a least squares fitting of the values
computed with the adaptive scheme is a bit steeper: —0.79.
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FIG. 2. Error curves for the smallest positive eigenvalue of the Maxwell’s equations on the Fichera domain computed with
‘uniform’ and adaptively refined meshes: log-log plots of the respective errors versus the number of elements.

Acknowledgements and Funding

First author gratefully acknowledges the hospitality of University of Concepcién (Departamento de
Ingenieria Matemitica and CI?MA) during his visit on January 2016. First and second authors were
partially supported by PRIN/MIUR, by GNCS/INDAM and by IMATI/CNR. Third author was partially
supported by BASAL project CMM, Universidad de Chile (Chile) and by Anillo ANANUM, ACT1118,
CONICYT (Chile). Fourth author was supported by a Fondecyt Postdoctoral Grant no. 3150047 and by
Anillo ANANUM, ACT1118, CONICYT (Chile).

REFERENCES

ALONSO, A., DELLO RUSSO, A., PADRA, C. & RODRIGUEZ, R. (2001) A posteriori error estimates and a local
refinement strategy for a finite element method to solve structural-acoustic vibration problems. Adv. Comput.
Math., 15, 25-59 (2002).

ALONSO, A., DELLO RUSSO, A., PADRA, C. & RODRIGUEZ, R. (2004) Accurate pressure post-process of a
finite element method for elastoacoustics. Numer. Math., 98, 389-425.

AMROUCHE, C., BERNARDI, C., DAUGE, M. & GIRAULT, V. (1998) Vector potentials in three-dimensional
non-smooth domains. Math. Methods Appl. Sci., 21, 823-864.

BECK, R., HIPTMAIR, R., HOPPE, R. H. W. & WOHLMUTH, B. (2000) Residual based a posteriori error estima-
tors for eddy current computation. M2AN Math. Model. Numer. Anal., 34, 159—-182.

BOFFI, D., FERNANDES, P., GASTALDI, L. & PERUGIA, 1. (1999) Computational models of electromagnetic
resonators: analysis of edge element approximation. SIAM J. Numer. Anal., 36, 1264—1290.



A POSTERIORI ERROR ESTIMATION FOR THE MAXWELL’'S EIGENVALUE PROBLEM 19 of 19

BOFFI, D. (2000) Fortin operator and discrete compactness for edge elements. Numer. Math., 87, 229-246.

BOFFI, D., GARDINI, F. & GASTALDI, L. (2012) Some remarks on eigenvalue approximation by finite elements.
Frontiers in Numerical Analysis—Durham 2010. Lect. Notes Comput. Sci. Eng., vol. 85. Springer,
Heidelberg, pp. 1-77.

BOFFI, D., BREZZI, F. & FORTIN, M. (2013) Mixed Finite Element Methods and Applications. Springer Series in
Computational Mathematics, vol. 44. Springer, Heidelberg, pp. xiv+685.

BorrF1, D., GALLISTL, D., GARDINI, F. & GASTALDI, L. (2015) Optimal convergence of adaptive fem for
eigenvalue clusters in mixed form. Submitted.

BRAESS, D. & SCHOBERL, J. (2008) Equilibrated residual error estimator for edge elements. Math. Comp., 77,
651-672.

BURG, M. (2011) An hp-efficient residual-based a posteriori error estimator for Maxwell’s equations. Proc. Appl.
Math. Mech., 11, 869-870.

BURG, M. (2012) A residual-based a posteriori error estimator for the hp-finite element method for Maxwell’s
equations. Appl. Numer. Math., 62, 922-940.

BURG, M. (2013) Convergence of an automatic ip-adaptive finite element strategy for Maxwell’s equations. Appl.
Numer. Math., 72, 188-204.

CAORSI, S., FERNANDES, P. & RAFFETTO, M. (2000) On the convergence of Galerkin finite element approxima-
tions of electromagnetic eigenproblems. SIAM J. Numer. Anal., 38, 580-607.

CHEN, Z., WANG, L. & ZHENG, W. (2007) An adaptive multilevel method for time-harmonic Maxwell equations
with singularities. SIAM J. Sci. Comput., 29, 118-138.

CLEMENT, P. (1975) Approximation by finite element functions using local regularization. Rev. Frangaise
Automat. Informat. Recherche Opérationnelle Sér. RAIRO Analyse Numérique, 9, 77-84.

COCHEZ-DHONDT, S. & NICAISE, S. (2007) Robust a posteriori error estimation for the Maxwell equations.
Comput. Methods Appl. Mech. Engrg., 196, 2583-2595.

CREUSE, E., NICAISE, S., TANG, Z., LE MENACH, Y., NEMITZ, N. & PIRIOU, F. (2012) Residual-based a
posteriori estimators for the A — ¢ magnetodynamic harmonic formulation of the Maxwell system. Math.
Models Methods Appl. Sci., 22. 1150028, 30 pages.

CREUSE, E., NICAISE, S., TANG, Z., LE MENACH, Y., NEMITZ, N. & PIRIOU, F. (2013) Residual-based a
posteriori estimators for the T/ magnetodynamic harmonic formulation of the Maxwell system. Int. J.
Numer. Anal. Model., 10, 411-429.

DURAN, R. G., GASTALDI, L. & PADRA, C. (1999) A posteriori error estimators for mixed approximations of
eigenvalue problems. Math. Models Methods Appl. Sci., 9, 1165-1178.

DURAN, R. G., PADRA, C. & RODRIGUEZ, R. (2003) A posteriori error estimates for the finite element approxi-
mation of eigenvalue problems. Math. Models Methods Appl. Sci., 13, 1219-1229.

GARAU, E. M., MORIN, P. & ZuPppA, C. (2009) Convergence of adaptive finite element methods for eigenvalue
problems. Math. Models Methods Appl. Sci., 19, 721-747.

GARDINI, F. (2009) Mixed approximation of eigenvalue problems: a superconvergence result. M2AN Math.
Model. Numer. Anal., 43, 853-865.

GIANI, S. & GRAHAM, I. G. (2009) A convergent adaptive method for elliptic eigenvalue problems. SIAM J.
Numer. Anal., 47, 1067-1091.

HANNUKAINEN, A. (2008) Functional type a posteriori error estimates for maxwells equations. Numerical
Mathematics and Advanced Applications (K. Kunisch, G. Of & O. Steinbach eds). Springer Berlin Heidelberg,
pp- 41-48.

HARUTYUNYAN, D., 1zSAK, F., VAN DER VEGT, J. J. W. & BOTCHEV, M. A. (2008) Adaptive finite element
techniques for the Maxwell equations using implicit a posteriori error estimates. Comput. Methods Appl.
Mech. Engrg., 197, 1620-1638.

JiA, S., CHEN, H. & XIE, H. (2013) A posteriori error estimator for eigenvalue problems by mixed finite element
method. Sci. China Math., 56, 887-900.



20 of 19 D. BOFFI, ET AL.

LARSON, M. G. (2000) A posteriori and a priori error analysis for finite element approximations of self-adjoint
elliptic eigenvalue problems. SIAM J. Numer. Anal., 38, 608—625 (electronic).

LEHOUCQ, R. B., SORENSEN, D. C. & YANG, C. (1998) ARPACK Users’ Guide. Philadelphia, PA: Society for
Industrial and Applied Mathematics (SIAM), pp. xvi+142.

LIN, Q. & XIE, H. (2012) A superconvergence result for mixed finite element approximations of the eigenvalue
problem. ESAIM Math. Model. Numer. Anal., 46, 797-812.

MONK, P. (1998) A posteriori error indicators for Maxwell’s equations. J. Comput. Appl. Math., 100, 173-190.

MONK, P. (2003) Finite Element Methods for Maxwell’s Equations. Numerical Mathematics and Scientific
Computation. Oxford University Press, New York, pp. xiv+450.

MONK, P. & DEMKOWICZ, L. (2001) Discrete compactness and the approximation of Maxwell’s equations in R3.
Math. Comp., 70, 507-523.

NICAISE, S. (2005) On Zienkiewicz-Zhu error estimators for Maxwell’s equations. C. R. Math. Acad. Sci. Paris,
340, 697-702.

NICAISE, S. & CREUSE, E. (2003) A posteriori error estimation for the heterogeneous Maxwell equations on
isotropic and anisotropic meshes. Calcolo, 40, 249-271.

REPIN, S. (2007) Functional a posteriori estimates for Maxwell’s equation. J. Math. Sci. (N. Y.), 142, 1821-1827.

SCHOBERL, J. (2008) A posteriori error estimates for Maxwell equations. Math. Comp., 77, 633-649.

S1, H. (2015) TetGen, a Delaunay-based quality tetrahedral mesh generator. ACM Trans. Math. Software, 41, Art.
11, 36.

VERFURTH, R. (1994) A posteriori error estimates for nonlinear problems. Finite element discretizations of elliptic
equations. Math. Comp., 62, 445-475.



Centro de Investigacidn en Ingenieria Matematica (CI'MA)

2015-34

2015-35

2015-36

2015-37

2015-38

2015-39

2015-40

2015-41

2015-42

2015-43

2015-44

2016-01

PRE-PUBLICACIONES 2015 - 2016

ANDREA BARTH, RAIMUND BURGER, ILJA KROKER, CHRISTIAN ROHDE: A hybrid
stochastic Galerkin method for uncertainty quantification applied to a conservation law
modelling a clarifier-thickener unit with several ramdom sources

RAIMUND BURGER, JULIO CAREAGA, STEFAN DIEHL, CAMILO MEJIAS, INGMAR
NOPENS, PETER VANROLLEGHEM: A reduced model and simulations of reactive set-
tling of activated sludge

CELSO R. B. CABRAL, Luis M. CASTRO, VicTOR H. LACHOS, LARISSA A. MATOS:
Multivariate measurement error models based on student-t distribution under censored
TeSPONSES

Luis M. CASTRO, VicTOR H. LACHOS, LARISSA A. MATOS: Censored mized-effects
models for irregularly observed repeated measures with applications to HIV wviral loads
CARLOS GARCIA, GABRIEL N. GATICA, SALIM MEDDAHI: A new mized finite ele-
ment method for elastodynamics with weak symmetry

SERGIO CAUCAO, GABRIEL N. GATICA, RICARDO OYARZUA, IVANA SEBESTOVA:
A fully-mized finite element method for the Navier-Stokes/Darcy coupled problem with
nonlinear viscosity

GUILLAUME CHIAVASSA, MARIA CARMEN MARTi, PEP MULET: Hybrid WENO
schemes for polydisperse sedimentation models

RICARDO OYARZUA, RICARDO RUIZ-BAIER: Locking-free finite element methods for
poroelasticity

LEONARDO E. FIGUEROA: Orthogonal polynomial projection error measured in Sobolev
norms in the unit disk

JuaN C. JIMENEZ, CARLOS M. MORA, MONICA SELVA: A weak local linearization
scheme for stochastic differential equations with multiplicative noise

LOURENCO BEIRAO-DA-VEIGA, DAVID MORA, GONZALO RIVERA, RODOLFO RO-
DRIGUEZ: A wirtual element method for the acoustic vibration problem

DANIELE BOFFI, LuciA GASTALDI, RODOLFO RODRIGUEZ, IVANA SEBESTOVA:
Residual-based a posteriori error estimation for the Mazxwell eigenvalue problem

Para obtener copias de las Pre-Publicaciones, escribir o llamar a: DIRECTOR, CENTRO DE
INVESTIGACION EN INGENIERfA MATEMATICA, UNIVERSIDAD DE CONCEPCION, CASILLA
160-C, CONCEPCION, CHILE, TEL.: 41-2661324, o bien, visitar la pagina web del centro:
http://www.ci2ma.udec.cl



CENTRO DE INVESTIGACION EN
INGENIERfA MATEMATICA (CI2MA)
Universidad de Concepcién

Casilla 160-C, Concepcién, Chile
Tel.: 56-41-2661324 /2661554 /2661316
http://www.ci2ma.udec.cl




