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Abstract

For a graph G, let C be the set of conjunctive networks with interaction graph G,
and let H be the set of graphs obtained from G by contracting some edges. Let fix(f)
be the number of fixed points in a network f € C, and let mis(H) be the number of
maximal independent sets in H € H. Our main result is

m(QG)
3
. < . < < (3 .
mis(G) < %gimls(H) < r]rclgé(ﬁx(f) < (2> mis(G)

where m(G) is the maximum size of a matching M of G such that every edge of M is
contained in an induced copy of Cy that contains no other edge of M. Thus if G has no
induced Cy then maxpey mis(H) = maxyec fix(f) = mis(G), and this contrasts with
following complexity result: It is coNP-hard to decide if maxcc fix(G) = mis(G) or if
maxgey mis(H) = mis(G), even if G has a unique induced copy of Cy.

Keywords: Boolean network, fixed point, maximal independent set, edge contraction.

*CI?MA and Departamento de Ingenierfa Matemética, Universidad de Concepcién, Av. Esteban Iturra
s/n, Casilla 160-C, Concepcién, Chile. Email: jaracena@dim.uchile.cl
tPartially supported by FONDECYT project 1151265, BASAL project CMM, Universidad de Chile and
by Centro de Investigacién en Ingenierfa Matemética (CI?MA), Universidad de Concepcién.
HLaboratoire I3S, UMR CNRS 7271 & Université de Nice-Sophia Antipolis, France. Email:
richard@unice.fr
§Corresponding author.
YPartially supported by CNRS project PICS06718 and University of Nice-Sophia Antipolis.
IDepartment of Computer Sciences and CI2MA, University of Concepcién, Edmundo Larenas 215, Piso 3,
Concepcidn, Chile. Email: 1ilisalinas@udec.cl
**Partially supported by FONDECYT project 1151265.



1 Introduction

This paper is at the frontier between Graph Theory and Boolean Network Theory. A
Boolean network with n components is a discrete dynamical system usually defined to be
a map

f:{0,1}" — {0,1}", x=(r1,...,2n) = f(x) = (fi(x),..., folx)).

The interaction graph of f is the digraph G on [n] = {1,...,n} that contains an arc from j
to ¢ if f; depends on z;. Given a family F of Boolean networks and a family G of digraphs,
we denote by fix(G, F) the maximum number of fixed points among all the networks in F
with an interaction graph in G. Here, we are mainly interested in conjunctive networks, that
is, networks f such that each component f; is a conjunction of positive or negative literals.
The set of all Boolean networks is denoted F, and the set of all conjunctive networks is
denoted C. The number of maximal independent set in G is denoted mis(G), and if G is a
set of digraphs, then mis(G) = maxgeg mis(G).

Boolean networks have many applications. They are classical model for the dynamics
of gene networks [14} [I8], 19, 3], neural networks [15 1T, [6, [7], social interactions [16} 9]
and more [20}[§]. From a theoretical point of view, the quantity fix(G, ) has deserved a lot
of attention in different contexts, mostly in computational biology [3l 2, 1] and Information
Theory [17, [5]. In computational biology, the motivation comes from the fact that fixed
points have often a biological meaning and that the first reliable information on gene
networks are often represented under the form of interaction graphs. Furthermore, gene
networks controlling differentiation process are known to produce multiple stable states, so
that upper bound on fix(G, F) are particularly relevant. In information theory, the study
of fix(G, F) is strongly related to the network coding solvability problem [17, 5], and here
again upper-bound are of special interest. It is then not so surprising that the following
fundamental bound has been established independently in both contexts [3] 2} [17]:

fix(G,F) < 274,

Here 7(G) is the cycle transversal number of G, that is, the minimum number of vertices
whose deletion leaves the graph acyclic. To go further, different tools have been used. For
instance, Riis and Gadouleau proved the following approximation [B]: If G is a digraph
with n vertices and G is the set of subgraphs of G then

mn n
s S A —6(G) +1) < fix(G.F) < A(n, 9(G)) < —a
o () o ()

where §(G) is the minimal in-degree of G, g(G) is the directed girth of G (minimal length of
a directed cycle), and A(n,d) is the maximum cardinality of a binary code of length n with
minimal Hamming distance d. This quantity A(n,d) has been extensively studied, and the



first and last inequalities are classic results in Information Theory, known as the Gilbert
and sphere-packing bound. Beside, using graph transformation techniques, we recently
prove in [I] the following equality, where the right hand side is a well known quantity in
graph theory [4, [10]: If G is the set of all loop-less connected digraphs with n vertices then

fix(G,C) = mis(G). (1)

In this paper, we study the quantity fix(G,C), pushing further the connexion with
maximal independent sets. Our main results, the following, concerns (undirected) graphs,
which are seen as loop-less symmetric digraphs. We denote by Cj the (undirected) cycle
of length k.

Theorem 1. For every graph G,
3 m(QG)
mis(G) < fix(G,C) < <2> mis(Q)

where m(G) is the mazximum size of a matching M of G such that every edge of M is
contained in an induced copy of C4 that contains no other edge of M.

Before discuss briefly this theorem, let us note that it can be restated in purely graph
theoretical terms. Let H(G) the set of graphs obtained from G by contracting some edges.
For every connected subgraph C of G, let G/C be the graph obtained by contracting C' into
a single vertex ¢ and by adding an edge between ¢ and a new vertex ¢’. Let H'(G) be the
set of graphs that can be obtained from G by repeating such an operation (by convention
G is a member of H(G) and H'(G)). We will prove the following equality.

Theorem 2. For every graph G, mis(H'(G)) = fix(G, C).

Furthermore, since every graph H in H(G) can be obtained from a graph H' in H'(G)
by removing some pending vertices, and since H is then an induced subgraph of H', we
have mis(H) < mis(H'), and as a consequence mis(H(G)) < mis(H'(G)). Putting things
together, we then obtain the following graph theoretical version of our main result:

m(G)
mis(G) < mis(H(G)) < mis(H/(G)) < (;’) mis(G).

The upper bound on mis(H'(G)), which is the non trivial part, is reached for the disjoint
union of Cy. Suppose indeed that G is the disjoint union of k copies of Cy. Then m(G) =k
and mis(G) = mis(Cy)* = 2¥ thus the upper bound is 3*. Now, let H be the disjoint union
of k copies of C3. Then H € H(G) and mis(H) = mis(C3)* = 3¥. Thus mis(H(G)) reaches
the bound, and this forces mis(H'(G)) to reach the bound.

Obviously, if G has no induced Cy4 then m(G) = 0 and we obtain the following corollary
(which trivializes for the class of graphs without induced copy of Cy).



Corollary 1. For every graph G without induced copy of Cy,
mis(H(G)) = fix(G, C) = mis(G).
This contrasts with the following complexity result.

Theorem 3. Given an graph G, it is coNP-hard to decide if fix(G,C) = mis(G) or if
mis(H(G)) = mis(G), even if G has a unique induced copy of Cy.

The paper is organized as follows. In Section[2]we define with more precision the notions
involved in the mentioned results. Then we prove Theorems and [3]in Sections and
respectively.

2 Preliminaries

The vertex set of a digraph G is denoted V = V(G) and its arc set is denoted £ = E(G).
An arc from a vertex u to v is denoted uv. An arc vv is a loop. The in-neighbor of a vertex
v is denoted Ng(v), and if U is a set of vertices then Ng(U) = J,cy Na(v). We say that
G is symmetric if wv € E for every vu € E. The strongly connected components of G are
seen as set of vertices, and a component C' is trivial if it contains an unique vertex. We
see (undirected) graphs as loop-less symmetric digraphs. The set of maximal independent
sets of G is denoted Mis(G) and mis(G) = |[Mis(G)|. The subgraph of G induced by a set
of vertices U is denoted G[U], and G — U denotes the subgraph induced by V' — U.

A signed digraph G, is a digraph G together with an arc-labeling function o that gives
a positive or negative sign to each arc of G. Such a labeling is called a repartition of signs
in G. We denote by G (resp. G ) the spanning subgraph of G containing all the positive
(resp. negative) arcs of G,. We denote by Gy— (resp. G,—_) the signed digraph G, where
o = cst = 4 (resp. o = cst = —). This constant labeling is referred as the full positive
(resp. negative) repartition. If U C V, then G,[U] = G[U]y,, and G5 — U = Go[V —U].
We say that G, is a simple signed graph if G is a graph and o is symmetrical, that is,
o(uv) = o(vu) for all uv € E. Equivalently, G, is a simple signed graph if G, G* and
G~ are graphs (see an illustration in Figure . In a simple signed graph, directions do
not matter, and we thus speak about positive and negative edges, instead of positive and
negative arcs.

A Boolean network on a finite set V is a function

i {07 I}V - {07 1}V7 T = (x'u)veV = f(x) = (fv(x))ve\/

Thus each component f, is a Boolean function from {0,1}" to {0,1} (often called local
update function). The interaction graph of f is the digraph G on V such that for all
u,v € V there is an wv if and only if f, depends on z,, that is, there is z,y € {0, l}V that
only differs in x, # y, such that f,(z) # f,(y). We say that f is a conjunctive network



The corresponding The corresponding
graph G graph G~

A simple signed The corresponding The corresponding
graph G' ~ G graph G'* graph G'~

Another representa- Another representa- Another representa-
tion of G’ tion of G't tion of G'~

Figure 1: Example of signed graph and simple signed graph. Dashed arcs are positive and
solid arcs are negative.



if, for all v € V, f,, is a conjunction of positive and negative literals. If f is a conjunctive
network, then the signed interaction graph of f is the signed digraph G, where G is the
interaction graph of f, and where for all arc uv we have o(uv) = + if z,, is a positive literal
of f, and o(uv) = — if T is a negative literal of f,. Conversely, given any signed digraph
G, there is clearly a unique conjunctive network whose signed interaction graph is G,
namely the conjunctive network f&° defined by

YoeV, Vze{0,1}V, [ (x) = H Ty H 1 — 4.

uENG;_ (v) uENG; (v)

We denote by Fix(G,) the set of fixed points of f& and by fix(G,) the number of fixed
points in f. Now, recall that the quantity we want to study is fix(G,C), defined in
the introduction to be the maximum number of fixed points among all the conjunctive
networks with interaction graph G. Since G, — fC is a bijection between the signed
versions of G and the conjunctive networks with interaction graph G, we have

fix(G,C) = max fix(G,).
o:E—{+,—}

We will often see a fixed point as the characteristic function of a subset of V. For that
we set 1(z) = {v € V |z, = 1}, and we say that a subset S C V is a fized set of G, if
S = 1(z) for some fixed point x € Fix(G,). By abuse of notation, the set of fixed sets of
G, is also denoted Fix(Gy). Thus, for all S C V', we have S € Fix(G,) if and only if for
all v € V we have

veES <= Ng-(v)NS=0and Ng:(v) C8S. (2)

For the full-negative repartition o = cst = — we have G,__ = G and G}__ = () thus the
equivalence becomes: v € S if and only if Ng(v) NS = (. If G is a graph, this is precisely
the definition of a maximal independent set. Thus we have the following basic relation
between fixed sets and maximal independent sets, already exhibited in [IJ.

Proposition 1. For every graph G we have Fix(G,=_) = Mis(G).

We immediately obtain
mis(G) < fix(G,C) (3)

and thus only the upper bound in Theorem (1| has to be prove.

Another important observation is that for every signed digraph G,, if C is a strongly
connected component of G}, then for all S € Fix(G,) we have either CNS =0 or C C S.
As a consequence, if G} is strongly connected and S € Fix(G,) then either S = () or
S = V. Thus G, has at most two fixed sets: ) and V. Clearly, V is a fixed set if and only
if G, has no negative arcs, and () is a fixed set in any case. We have thus the following
proposition.



Proposition 2. For every signed digraph G, such that G is strongly connected, we have
Fix(Gy) = {0,V} if 0 = cst = + is the full positive labeling, and Fix(G,) = {0} otherwise.

Remark about notations. In the following, we mainly consider signed digraphs. In order
to simplify notations, given a signed digraph G = H,, we set GT = H} and G~ = H, .
Hence, if we consider a signed digraph G, the underlying repartition of sign is given by the
two spanning subgraphs G and G~. Furthermore, all concepts that do not involve sign
are applied on G or its underlying unsigned digraph H indifferently. For instance, we write
mis(G) or mis(H ) indifferently.

3 Proof of Theorem [1]

As said above, we only have to prove the upper-bound. For a graph G, let m/(G) be
the maximum size of a matching M of G such that every edge uv of M is contained in
an induced copy of Cy in which u and v are the only vertices adjacent to an edge of M.
Clearly, we have m/(G) < m(G), and the upper bound that we will prove, the following, is
thus slightly stronger than that of Theorem

Theorem 4. For every signed graph G,

3 m'(G)
fix(G) < <2> mis(G).

The proof is based on the following three lemmas, which are proved in Sections
and [3.3] respectively.

Lemma 1. For every signed graph G there exists a simple signed graph G’ obtained from
G by changing the repartition of signs such that fix(G) < fix(G").

Lemma 2. For every simple signed graph G there exists a simple signed graph G' obtained
from G by changing the repartition of sign such that fix(G) < fix(G') and such that the set
of positive edges of G' is a matching.

Lemma 3. Let G be a simple signed graph whose set of positive edges is a matching. Let
G’ be the simple signed graph obtained from G by making negative a positive edge ab. If G
has an induced copy of Cy containing a and b and no other vertices adjacent to a positive
edge, then fix(G) < (3/2) fix(G') and otherwise fix(G) < fix(G").

Proof of Theorem[]), assuming Lemmas |1}, [4 and[3. Let G be a signed graph. The follow-
ing three previous lemmas show that we can change the repartition of sign in GG in order to
obtain a simple signed graph G with the following properties: fix(G) < fix(Gp); the set of
positive edges of G forms a matching, say {ei,...,en}; and each positive edge ey belongs



to an induced copy of Cy in which the only vertices adjacent to a positive edge are the two
vertices of eg. Thus, by the definition of m/(G), we have

m < m/(Q). (4)

Now, for 0 < k < m, let Ggy1 be the simple signed graph obtained from Gj by making
negative the positive edge exy1. By Lemma (3| we have fix(Gy) < (3/2) fix(Gg+1). Thus

fix(G) < fix(Go) < (3/2)™ fix(Gny). (5)

Furthermore, since G, has only negative edges, by Proposition [I} we have fix(G,,) =
mis(Gy,) = mis(G), and with and we obtain the theorem. O

3.1 Proof of Lemma [1| (symmetrization of signs)

Lemma 4. Let G be a signed symmetric digraph, and let v be a vertex of G. Let A(v) be
the set of arcs uv such that uwv and vu have different signs, and suppose that A(v) contains
at least one positive arc. Let G' be the signed graph obtained from G by changing the sign
of each arc in A(v). Then fix(G') > fix(G).

G/

Figure 2: Example of transformation of the graph G as described in Lemma

Proof. Let f and f’ be the conjunctive networks associated with G and G’ respectively
(see example of transformation in Lemma [4)). For each = € Fix(G), let 2’ be defined by

r, = fi(x) and !, =m, for all u # v.

We will prove that  — 2’ is an injection from Fix(G) to Fix(G’). To prove that z — 2’ is
an injection, it is sufficient to prove that

Vz € Fix(G), xy = 0.



Let = € Fix(G) and let uv be a positive arc of A(v). If x, =1 = f,(x) then x,, = 1 and
since vu is negative, we have f,(z) = 0 # x,, a contradiction.

Now, let us prove that 2’ € Fix(G’). Suppose, by contradiction, that f'(z') # «’. Since
G’ has no loop on v we have z, = f/(z) = f/(2') thus there exists u # v such that

fu@’) = fi(a’) # 2, = 20 = fu(®).

Thus x # 2’. It means that z, = 0 and z/, = 1 = f/(z), and that vu is an arc of G.
Suppose first that vu is positive. Since x, = 0 we have f,(z) = 0 thus z,, = 0, and since
fl(xz) =1 we deduce that uv is a negative arc of G’. So uv and vu have different signs in
G’, a contradiction. Suppose now that vu is negative. Since z) = 1 we have f,(2') =0
thus x,, = 1, and since f,(z) = 1 we deduce that uv is a positive arc of G’. Thus uv and
vu have different signs in G’, a contradiction. So 2’ € Fix(G"). O

Proof of Lemma(ll Suppose that G is a signed graph which is not simple. Then it contains
at least one asymmetry of signs, that is, an arc wv such that wv and vu have not the
same sign. If uv is positive then, by changing the sign of the arcs in A(v), we obtained
a signed graph G’ with strictly less asymmetries of signs and, by the previous lemma,
fix(G) < fix(G'). Otherwise, vu is positive and thus, by changing the sign of the arcs
in A(u), we also strictly decrease the number of asymmetries of signs without decreasing
the number of fixed points. Obviously, we can apply this transformation until to have no
asymmetry of signs. This proves Lemma O

3.2 Proof of Lemma 2| (reduction of positive components)

Let G be a simple signed graph with vertex set V. In this section, we prove that we can
change the repartition of signs, without decreasing the number of fixed sets, until to obtain
a simple signed graph G’ in which positive edges forms a matching.

For that we will introduced decomposition properties, also used to prove Lemma
Actually, if U C V is such that G has no positive edge between U and V — U, then a lot
of things on Fix(G) can be understand from fix(G[U]) and the fixed set of the induced
subgraphs of G — U. In particular, under the condition that there is no positive edge
between U and V — U, we will prove that if S € Fix(G[U]) and S’ € Fix(G[U']), where
U’ is some subset of V' — U that only depends on U and S, then SU S’ € Fix(G). This
very useful decomposition properties, essential for the rest of the proof, is based on the
following definitions.

For all U C V', we denote by Ng(U) the union of Ng(U) and the connected components
C of G such that Ng(U)NC # (. In other words, Ng(U) is the union of Ng(U) and the
set of vertices reachable from Ng(U) with a path that contains only positive edges. Note
that for all U C V, G has no positive edges between Ng(U) and V — Ng(U). We can see
an illustration of Ng(U) and Ng(U) in Figure



Figure 3: Example of the sets Ng(U) and Ng(U).

We are now in position to introduce our decomposition tool. For all U C V we set
Fix(G,U) ={SUS’'|S € Fix(G[U]), S’ € Fix(G — U — Ng(9))}
and fix(G,U) = |Fix(G,U)|.

Example 1. Here is an example where G[U| contains 2 fized sets, S and So:

|
- FMGWD=EAED:ﬁtM£ﬂ}
S 5
U

The induced subgraph G — U — Ng(S1) has two fized sets, S11 and Sia:

G- U~ Ng(S))

ﬁmG—U—Nd&D:ﬁﬂUZ{T,$}
St Si2
U

10



The induced subgraph G — U — Ng(S2) has also two fized sets, Sa1 and Saa:

— )G —=U — Ng(S2)
I Ng(S2)
Fix(G — U — Ng(S2)) = Fix(| ={ m_
v Sa1 522

Thus Fix(G,U) contains the following 4 sets:

g' @ ,

S1US11 S1US12 S2U321 SaUS22

These 4 sets are all fized sets, since

T

Lemma 5. If U CV and G has no positive edge between U and V — U then

Fix(G,U) C Fix(G).

Proof. Let S € Fix(G[U]). Let U' = V(G) —U — Ng(S) and let S’ € Fix(G[U']). We want
to prove that S U S’ € Fix(G). Let f, fU and fU" be the conjunctive networks of G, G[U]
and G[U'], respectively. Let = € {0,1}V be such that 1(z) = S U S’ and let us prove that
z is a fixed point of f. Note that x| is a fixed point of fY and x|y is a fixed point of v,

Suppose first that x,, = 0. There are three possibilities. First, if v € U then f,(z) <
S (@) = 2y = 0 thus fy(z) = 0. Second, if v € U’ then f,(z) < fg/(mwx) =z, = 0 thus
fuo(xz) = 0. Finally, suppose that v € Ng(S) — U. If there is an edge uv with u € S then
x, = 1 and since there is no positive edge between U and V — U, this edge is negative thus
fo(z) = 0. Otherwise, by definition of Ng(S), v belongs to a non-trivial component C' of
Gt such that C C Ng(S). Since G has no positive edge between U and V — U we have
CNU =0, thus C C Ng(S) —U. Thus G has positive edge uv with u € Ng(S) — U. So
2, = 0 and we deduce that f,(z) = 0. Hence, in every case, f,(z) =0 = z,.

Suppose now that x, = 1 and v € S. If f,(z) = 0 then G has a positive edge uv
with x, = 0 or a negative edge wv with =, = 1. If uw € U then quj(m‘U) =0# x,, a

11



contradiction. Thus u ¢ U and we deduce from the condition of the statement that uv is
a negative edge with z, = 1. Thus v € S’ C U’ and we have a contradiction with the fact
that u € Ng(v) C Ng(S). Therefore f,(z) =1 = x,.

Suppose finally that z, = 1 and v € S’. If f,(z) = 0 then G has a positive edge uv
with x,, = 0 or a negative edge uv with x, = 1. If u € U’ then fg/(ww/) =0 # 2y, a
contradiction. Thus v € U’. Since there is no positive edge between U and V — U, and
no positive edge between N (S) and V — Ng(S), we deduce that there is no positive edge
between U’ and V — U’. Thus wv is a negative edge with x, = 1. Hence, u € S C U and
we deduce that v € Ng(u) € Ng(S), a contradiction. Thus f,(z) =1 = x,. O

The following is an immediate consequence.

Lemma 6. If U CV and G has no positive edge between U and V — U then
fix(G[U]) < fix(G,U) < fix(G)

Remark 1. We deduce that fix(G) > 1 for every simple signed graph G. Indeed, if G has
no positive edge then fix(G) = mis(G) > 1. Otherwise, G* has a connected component C,
and by Lemma 6] and Proposition [ we have fix(G) > fix(G[U]) > 1.

We now prove a lemma with that gives a stronger conclusion under stronger conditions.

Lemma 7. IfU CV, if G has no positive edge between U and V — U, and if every vertex
i U is adjacent to a positive edge, then

Fix(G,U) = Fix(G).

Proof. By Lemma [5| it is sufficient to prove that Fix(G) C Fix(G,U). Let f be the
conjunctive network of GG, and let x be a fixed point of f. Let

S=1(z)NU, U'=V-U-Ng(S), S =1(z)nU".

Let fU and fU” be the conjunctive networks of G[U] and G[U'].

Let v € U. Since v is adjacent to a positive edge and since G has no positive edge
between U and V — U, we deduce that G[U]| has a positive edge wv. If z, = 0 then
2, = 0 and we deduce that fY(zy) = 0= z,. If 2, = 1 then fy(z) =1 < fJ(xy) thus
fg(:rw) =1 = x,. Hence, we have proved that x|y is a fixed point of fY, that is,

S € Fix(G[U]). (6)

Let v € Ng(S) — U and let us proved that x, = 0. By the definition of Ng(S), v
belongs to a component C' of GT such that C N Ng(S) # 0 and C C Ng(S). Actually,
C C Ng(S) — U since otherwise G has a positive edge between U and V — U. Thus
there exists a path u,wq,wo, ..., wg,v with v € S and wy, ws, ..., wk,v € C. Since uw; is

12



negative and z,, = 1 we have fy, (z) = 0 thus z,,, = 0 and we deduce from Proposition
that x, = 0. Thus we have 1(z) N (Ng(S) — U) = (). In other words,

1(z)=SUS. (7)

Let v € U’'. Suppose that z, = 0 = f,(x), and suppose, for a contradiction that
fg/ (x|U/) = 1. Since there is no positive edge between U and V — U, and no positive edge
between N (S) and V — Ng(S), we deduce that there is no positive edge between U’ and
V —U’. Thus there exists a negative edge uv with u € V—U’ and 21 = 1. But then u € S,
thus v € Ng(S), a contradiction. Consequently, fU’ (z17) = 0 = z,. Now, if z, = 1 then
folx)=1< féjl(xwl) thus fU’ (z17) = 1 = 2. Hence, we have proved that x| is a fixed
point of fU, that is,

S" € Fix(G — U — Ng(9)). (8)

According to (6), (7) and (8)), we have 1(z) € Fix(G,U). O

In the following, if S is a subset of V' and S is a subset of the power set of V', then

SuS={Sus|s €S}

Lemma 8. Let C be is a non-trivial connected component of G*. If G|C] has no negative
edge then

Fix(G) = Fix(G — C) U (C UFix(G — Ng(0)))
and otherwise

Fix(G) = Fix(G — C).

Proof. If G[C] has no negative edge then by Proposition 2l we have Fix(G[C]) = {0,C}
and from Lemma [ we deduce that

Fix(G) = Fix(G, C)
= {SUS|Se{h,C}, S eFix(G-C—Ng9))}
={pus'|S € Fix(G-C)}u{CuUS'|S € Fix(G — Ng(C))}
= Fix(G — C) U (C UFix(G — Ng(0))).

If G[C] has a negative edge then by Proposition [2] we have Fix(G[C]) = {0} and proceeding
as above we get Fix(G) = Fix(G — C). O

The proof of Lemma[2]is a straightforward application of the above decomposition tools.

Proof of Lemma[Z Suppose that Gt has a non-trivial component C such that G[C] has
only positive edges. Let ab be one of these edges, and let G’ be the signed graph obtained
from G by making negative each edge of G[C] excepted ab. To prove that lemma, it is
clearly sufficient to prove that fix(G'") > fix(G) (because then, the process of reduction of

13



positive components into a single positive edges can be repeated until that each positive
component G reduces to a single sportive edge). According to Lemma [8 we have

fix(G) < fix(G — C) + fix(G — Ng/(C)) 9)
and
fix(G") = fix(G' — {a,b}) + fix(G' — Ner({a, b})). (10)
Since G — C = G' — C and {a,b} C C, G — C is an induced subgraph of G’ — {a,b}, thus
according to Lemma [6] we have

fix(G — ) < fix(G' — {a,b}). (11)

Since {a,b} C C and since each positive edge of G’ is a positive edge of G, we have
Na({a,b}) € Ng(C). Since G — C = G' — C we deduce that G — Ng(C) is an induced
subgraph of G’ — N ({a,b}). Thus according to Lemma [6] we have

fix(G — Ng(C) < fix(G' — Ng:({a, b})). (12)
The lemma follows from @, , and . O

3.3 Proof of Lemma (3| (suppression of positive edges)

In all this section, G is a simple signed graph with vertex set V' in which the set of positive
edges is a matching. Let G’ be any simple signed graph obtained from G by making negative
a positive edge e. In this section, we study the variation of the number of fixed sets under
this transformation. We will prove that if G has no induced copy of Cy that contains e and
no other positive edge, then fix(G) < fix(G’), and in any case fix(G) < (3/4) fix(G’). The
control of the variation of fixed sets is a little bit technical. This is why we decompose the
proof in several steps. We first assume that (i) there is a unique positive edge in G and
that (ii) this positive edge is in the neighborhood of each vertex (cf. Lemma [J). Then,
thanks to an additional decomposition property (cf. Lemma , we suppress condition
(ii). We finally suppress condition (i) to get the general statement (cf. Lemma [L1]).

Lemma 9. Suppose that G has a unique positive edge, say ab, and V = Ng(a) U Ng(b).
Let G’ be the simple signed graph obtained from G by making ab negative. Then

fix(G) < fix(G') + 1,
and if G has no induced copy of Cy containing ab, then

fix(G) < fix(G).
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Figure 4: Example of transformation in Lemma [9

Proof. According to Lemma [§ we have
Fix(G) = Fix(G — {a, b}) U ({a, b} U Fix(G — Ng({a,b}))

Since V = Ng({a,b}) C Ng({a,b}), G—Ng({a,b}) is empty, and since G — {a, b} has only
negative edges we deduce that

fix(G) = mis(G — {a, b}) + 1. (13)
Also, since G’ has only negative edges (see Figure [4)) we have,
fix(G') = mis(G). (14)

Let A = Ng(a) — Ng(b), B = Ng(b) — Ng(a) and C = Ng(a) N Ng(b) (see Figure[5). Note
that G has an induced copy of Cy containing ab if and only if there is an edge between A
and B. We consider four cases.

Figure 5: Example of sets A, B and C described in proof of Lemma [9}

1. Suppose that A # () and B # ). Let S be a maximal independent set of G —{a,b}. If
S intersects C, or S intersects both A and B, then ¢ and b have at least one neighbor
in S, thus S is a maximal independent set of G. Otherwise it is easy to check that
either S intersects A and S U {b} is a maximal independent set of G, or S intersects
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B and S U {a} is a maximal independent set of G. Consequently, the following map
is an injection from Mis(G — {a,b}) to Mis(G):

S fSNC#D or (SNA#Qand SNB#0) (i)
S ¢ Su{b) ifSNC=0 and (SNA#Pand SNB=0) (i)
Sufa} fSNC=0 and (SNA=0and SN B #0D) (141)

Thus mis(G — {a,b}) < mis(G) and we deduce from and that fix(G) <
fix(G') + 1. Furthermore, if G has no induced copy of Cj containing ab, then
there is no edge between A and B, and thus cases (ii) and (ii7) are not possi-
ble. Thus Mis(G — {a,b}) C Mis(G) and since G has at least one maximal in-
dependent set containing a and one maximal independent set containing b, we de-
duce that mis(G — {a,b}) < mis(G) — 2 (see Figure [6]). Using and we get
fix(G) < fix(G') (see Figure [6)).

Fix(G) = Mis(G — {a,b}) U {a, b} Mis(G — {a,b}) C Fix(G")
{{a} U S|S € Mis(G|B]} C Fix(G")
{{b} US|S € Mis(G|[A]} C Fix(G")

Figure 6: Relationships between the set of fixed points and maximal independent sets as
described in proof of Lemma [9]

2. Suppose that A # () and B = (). Let S be a maximal independent set of G — {a, b}.
If S intersects C then S is clearly a maximal independent set of G. Otherwise, S
intersects A and SU{b} is then a maximal independent set of G. Thus, the following
map is an injection from Mis(G — {a, b}) to Mis(G):

S ifSNC#0
S { SuU{b} otherwise

Since G has at least one maximal independent set containing a, we deduce that
mis(G — {a,b}) < mis(G) — 1. Using and we get fix(G) < fix(G') (see
Figure .

3. Suppose that A = () and B # (. We prove as in case 2 that fix(G) < fix(G’).
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C

Fix(G) = Mis(G — {a,b}) U {a, b} Fix(G') = {{a}} U {5]S € mis(G — {a,b}), SN W # ()}
U{S U {b}|S € mis(G — {a,b}),SNC =0}

Figure 7: Set of fixed points as described in Lemma [9] when A = () or B = 0.

4. Suppose that A = () and B = (). If C = () then G reduces to a single positive edge and
G’ reduced to a single negative edge and thus fix(G) = fix(G’) = 2 (see Figure [§).

G G’
O ===————— b _ 4 ——
Fix(G) = {{a.b},0} Fix(@) = {{a}, {0}}

Figure 8: Set of fixed points as described in Lemma [9 when A = (), B = () and C = (.

So suppose that C' # (). Then G — {a,b} = G[C] and it is clear that Mis(G —
{a,b}) C Mis(G). As in the first case, since G has at least one maximal independent
set containing a and one maximal independent set containing b, we deduce that

mis(G — {a,b}) < mis(G) — 2. Using and we get fix(G) < fix(G') (see

Figure E[)
G G’
() ==———— b a
V V
C C
Fix(G) = Mis(G — {a,b}) U {{a,}} Fix(G') = Mis(G — {a,b}) U {{a}} U {{b}}

Figure 9: Set of fixed points as described in Lemma [0 when A = (), B = () and C # 0.

O
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The next decomposition property is a rather technical step which will allows us to
suppress the condition V' = Ng(a) U Ng(b) from the previous proposition.

Lemma 10. Suppose that G has a positive edge ab such that a and b are not adjacent to
other positive edges. Let X be the set of vertices containing a, b and all the vertices of
Ng(a) U Ng(b) adjacent to only negative edges. Let G' be the simple signed graph obtained
from G by making ab negative. If U =V — X then

fix(Q) — fix(G,U) < fix(G') — fix(G', U).

Proof. Let x € Fix(G) — Fix(G,U). Let S = 1(z) NU and U’ =V — U — Ng(S). Since
1(z) and Ng(S) — S are disjointed, we have 1(z) = SU S’ with S’ = 1(z) NU’. Let f, fV
and fU" be the conjunctive networks of G, G[U] and G[U'] respectively.

Claim 1. S ¢ Fix(G[U]).

Proof of Claim. Since S U S’ ¢ Fix(G,U), it is sufficient to prove that S’ € Fix(G[U']),
which is equivalent to prove that x; is a fixed point of fU'. Let v € U'. Since f,(z) <
fv (zg7) if 2, = 1 then fY(x) = 1. So suppose that z,, = 0. Then G has a negative edge
uv with x, = 1 or a positive edge uv with x,, = 0. Suppose first that G has a negative
edge uv with z,, = 1. If u € S then v € Ng(S) and this is not possible since v € U’. Thus
u € S" C U and we deduce that qu]l(:c‘U/) = (0. Suppose now that G has a positive edge
uv with x, = 0. Since there is no positive edge between U and V — U and no positive
edge between Ng(S) and V — Ng(S), there is no positive edges between U’ and V — U’.
Therefore u € U’ and we deduce that fU' (z17) = 0. Thus in every case v (z)1r) = @y
and this proves the claim. 0

Claim 2. If S’ = {a, b} then S € Fix(G[U]).

Proof of Claim. Suppose that S" = {a,b}. Let v € U. Since fy(z) < fV(zp), if z, =1
then fU(x) = 1. So suppose that z, = 0. We consider two cases. Suppose first that v is
adjacent to a positive edge, say uv. Since z, = 0 we have f,(z) = 0 = x,, and since G has
no positive edge between U and V' — U, we have u € U and we deduce that ff(:ﬂw) =0.
Now, suppose that v is not adjacent to a positive edge. Then G has a negative edge uv
with 2, = 1. If u € S’ = {a,b} then v € X since v is adjacent to no positive edge, a
contradiction. Therefore u € S C U and we deduce that fY(z;;) = 0. Thus fY (z) =
in every case, and this proves the claim. O

Claim 3. SU S’ € Fix(G — {a,b}).

Proof of Claim. Since every vertex in U’ — {a, b} is adjacent to a or b by a negative edge,
if {a,b} C S’ then S" = {a, b}, which is not possible by Claims 1 and 2. We deduce that S
and {a, b} are disjoint. By Lemma [8| we have

SU S € Fix(G) = Fix(G — {a,b}) U ({a, b} UFix(G — Ng({a,b}))).
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and the claim follows. o
We are now in position to prove the lemma. We have already proved that
Fix(G) — Fix(G,U) C Fix(G — {a, b}). (15)
Since G’ — {a,b} = G — {a,b} we have
Fix(G',V — {a,b}) = {SU S| S € Fix(G — {a,b}), S’ € Fix(G'[{a,b}] — Ne'(9))}. (16)

By Lemma [5| we have Fix(G',V — {a,b}) C Fix(G’), and we deduce from and
that there exists a maps z — 2’ from Fix(G) — Fix(G,U) to Fix(G’) such that

1(z) C 1(2') C 1(x) U {a,b}.

Thus x — 2’ is an injection and by Claim 1, we have

1(z')NU = 1(z) NU ¢ Fix(G[U]) = Fix(G'[U)).
So 2/ ¢ Fix(G',U) and we deduce that x — 2’ is an injection from Fix(G) — Fix(G,U) to
Fix(G') — Fix(G',U). Thus |Fix(G) — Fix(G,U)| < |Fix(G’) — Fix(G’,U)|. By Lemma
we have Fix(G,U) C Fix(G) and Fix(G’,U) C Fix(G’) and the lemma follows. O

Figure [10]is an example illustrating the previous lemma.

v |C

[\ /]NG(C)*C Gd — [\ /]NG(C%C ¢
g =

== == o DAGRDAS
Fix(G.U) = {%ﬂ M}’i;,%’gﬁ;.@} ey {:M %{: iMS AML}

o—d—e o—le'—s

Figure 10: Illustrative example of Lemma

We are now in position to conclude the proof with the following quantitative version of
Lemma [3
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Lemma 11 (Quantitative version of Lemma. Suppose that G has a positive edge ab such
that a and b are adjacent to no other positive edge. Let X be the set of vertices containing
a, b and all the vertices of Ng(a) U Ng(b) adjacent to only negative edges. Let § be the set
of S € Fix(G — X)) such that G[X]| — Ng(S) has an induced copy of Cy containing ab. Let
G’ be the simple signed graph obtained from G by making ab negative. Then

fix(G) < fix(G') + Q| < gﬁX(G/).

Remark 2. If fix(G) > fix(G') then Q is not empty and we deduce that G[X] has an
induced copy C of Cy containing ab. By the definition of X, a and b are the only vertices
of C adjacent to a positive edge. This is why this lemma implies Lemma[3,

Proof of Lemma(11l Let U =V — X and for every S € Fix(G[U]), let Gg = G[X] —Ng(S)
and G’y = G'[X] — Ng/(S). Since G[U] = G'[U] we have

Fix(G,U) = {SuUS'|S € Fix(G[U]), S’ € Fix(Gs)}
Fix(G',U) = {SUS'|S € Fix(G[U]), S’ € Fix(G%)}.
Thus
fix(G,U) - fix(G',U) = Y fix(Gs) — fix(G),
SeFix(G[U))

For every S € Fix(G[U]) we have X N Ng(S) = X NN (S) thus G is obtained from Gg
by making ab negative. Thus according to Lemma [9] we have

VANVAY

VS e Q, fix(Gg) — fix(G) <1
's) <.

VS ¢ Q, fix(Gg) — fix(GY)

Thus
ﬁX(G7 U) - ﬁX(G/> U) < ‘Q|a

and using Lemma [I0] we obtain
fix(G) — fix(G') < fix(G,U) — fix(G',U) < |9|.

Furthermore, for every S € €2, G’ has only negative edges, and contains ab. Thus it has a
maximal independent set containing a, say S,, and a maximal independent set containing
b, say Sp. Then SU S, and S U Sy are distinct elements of Fix(G',U). We deduce that
2|Q| < fix(G',U) < fix(G"), and the proposition follows. O
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4 Proof of Theorem (2|

Let G be a simple signed graph with vertex V and edge set E. Let C be a set of vertices
such that G[C] is connected and |C| > 2. We denote by G/C the simple signed graph
obtained from G by contracting C' into a single vertex ¢, and by adding a negative edge cc’.
Formally: the vertex set of G/C is V. = (V — C) U {e¢, '} where ¢ and ¢’ are new vertices;
the edge set is ({v(v)v(u) |uv € E} —{cc})U{cc'}, where v is the function that maps every
vertex in V — C to itself, and every vertex in C' to the new vertex ¢; an edge uv of G/C' is
negative if u = ¢ or v = ¢ and it has the same sign as in G otherwise.

Lemma 12. If C is a non-trivial connected component of G then
fix(G) < fix(G/C),
and the upper bound is reached if G[C] has no negative edge.

Proof. Let
S.={S e Fix(G/C)|c e S}

Sz ={S e Fix(G/C)|c & S}.

Since c is adjacent to only negative edges, we have
Se ={c} UFix((G/C) — ¢ = Ngjc(c)).
and since there are only negative edges between C' and V' — C we have
(G/C) —c—Ngjc(c) = G—Ng(O).

Thus
|Se| = fix(G — Ng(C)).

Now, since ¢’ has ¢ as unique neighbor, and since c¢c’ is negative, we have
S: ={S e Fix(G/C)|d € S} = {¢} UFix(G/C — {c,}).

Since G/C — {¢,d} = G — C we deduce that

|Sz| = fix(G — C).
Thus
fix(G — C) + fix(G — Ng(G)) = |Se| + |S¢| = fix(G/C)
and the lemma is then an obvious application of Lemma O
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Proof of Theorem[3 Let G be an unsigned graph, and let o be a repartition of signs in G
such that fix(G,) = fix(G, C) and such that the number of positive edges in G, is minimal
for this property. According to Lemmas[l] and [2] G, is a simple signed graph in which the
positive edges form a matching, say uqv1,...,upvs. Let H = G, and for 1 < £ < k, let
H' = H=/{uy, v}, By Lemmawe have

fix(G, C) = fix(Gy) = fix(H®) = fix(H') = - - - = fix(H")

and since Hj, has no positive edges, fix(H*) = mis(H¥). Since the underlying unsigned
graph of Hy, is a member of H'(G) this proves that

fix(G,C) = mis(H®) < mis(H(G)).

Now, let H € H'(G) such that mis(H) = mis(H'(G)). Then there exists disjoint subsets
of vertices C1, ..., C} and a sequence of graphs H, . .., H, with H* = G and H* = H such
that He_l[C’g] is connected and H? = Hg_l/Cg forall1 < /¢ <k. Forl</{<k, letoybe
the repartition of signs in H* such that o,(uv) is positive if and only if u,v € C, for some
{ < p < k. In this way we have Hﬁz = Hﬁ;_ll/Cg for 1 < /¢ <k, and by Lemmawe have

fix(Go,) = fix(HY, ) = fix(H,, ) = - -+ = fix(H})).
Since H, (’;k has only negative edges, we deduce that

fix(G,C) > fix(Gy,) = mis(H*) = mis(H) = mis(H'(G)).

5 Proof of Theorem [3

Let us begin with an easy complexity result, proved with a straightforward reduction to
SAT similar to the one introduced in [12].

Proposition 3. Given a graph G and a subset U of its vertices, it is NP-hard to decide if
G has a maximal independent set disjoint from U.

Proof. Let ¢ be a CNF-formula with variables z1,...,z, and clauses C1,...,C. Let G
be the graph defined as follows. The vertices of G are the positive literals z1, ..., z,, the
negative literals 1,...,T,, and the clause C,...,C;. The edges are defined as follows:
there is an edge connecting any two contradict literal z; and Z;, and each clause Cj is
adjacent to all literals it contains. It is then clear that ¢ is satisfiable if and only if G has
a maximal independent set disjoint from the set of clauses. O

According to this proposition, the following lemma is a good step for proving Theorem 3]
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Lemma 13. Let G be a graph and let U a non-empty subset of vertices. Let G be the graph
obtained from G by adding four additional vertices a,b, c,d, the edges ab, be, cd, da, and
an edge av for every vertex v € U. Suppose that G has a unique induced copy of Cy, the
one induced by {a,b,c,d}. Then the following are equivalent:

1. fix(G,C) = mis(G),
2. mis(H(G)) = mis(G),
3. G has no maximal independent set disjoint from U.

Proof. We first need the following claim.
Claim 1. We have

mis(G) < 2mis(G) 4+ mis(G — U)
and the bound is reached if and only if G has a mazximal independent set disjoint from U.

Proof of Claim. Let )
M:; ={S € Mis((}) lc ¢ S}
Meq={S € Mis(G)[c € 5, a € 5}
Mg={S € Mis(G)|c€ S, a¢ S}
Clearly, these three sets form a partition of Mis(G), and it is easy to see that
Mz ={b,d} UMis(G)
Mo ={c,a} UMis(G —U)
Mg ={c}U{S e Mis(G)| SNU # 0}
So |Mz| = mis(G) and | M| = mis(G — U) and | M| < mis(G). Since |Mez| = mis(G) if
and only if G has no maximal independent set disjoint from U, the claim is proved. O

Now, let Ggp be the simple signed graph obtained from G by labeling ab with a positive
sign and all the other edges by a negative sign. Let Gy, G¢q and G4, be defined similarly.

Claim 2. We have
fix(Gap) = fix(Goe) = fix(Goq) = fix(Gaa) = 2mis(G) + mis(G — V).
Proof of Claim. Since Gygp as ab has unique positive edge, we deduce from Lemma 8] that
- Gy =G —{a,b
fix(Ggp) = mis(G1) + mis(Ga) with P ta,b}
Gy = G — Ng({a,b}).

Since G is the disjoint union of the edge ¢d and G, we have mis(G1) = 2mis(G). Fur-

thermore, since Nx({a,b}) = {a,b,c,d} UU, we have G2 = G — U. So mis(Gap) =
2mis(G) + mis(G — U), and by symmetry mis(Ggq) = mis(Ggp).
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Similarly, since Gy, has be as unique positive edge, we deduce from Lemma [8 that

fix(Gpe) = mis(G1) + mis(Ga)  with { G1= (f — e

GQ =G - Né({b, C})
In G4, d has a as unique neighbor. Thus, the number of maximal independent sets of G
containing d is mis(G; — {a,d}) = mis(G); and the number of maximal independent sets
of G1 not containing d is equal to the number of maximal independent sets containing
a, which is mis(G1 —a — U — d) = mis(G — U). Since Ng({b,c}) = {a,b,c,d}, we have
Go = G—U thus mis(Gy.) = 2mis(G)+mis(G—U). By symmetry mis(Gq) = mis(Gp.). o

Let o be a repartition of sign in G such that fix(G,) = fix(G,C), and such that the
number of positive edges in G, is minimal for this property. If fix(Gy) = mis(G) then
fix(Ggp) < mis(G) and we deduce from Claimsandthat G has no maximal independent
set disjoint from U. Otherwise, fix(G,) > mis(G) and since G has a unique induced copy of
C4 and we deduce from Lemmas [3| that G, has a unique positive edge e € {ab,be, cd, da}.

Thus by Claim [2] we have

mis(G) < fix(Gy) = 2mis(G) + mis(G — U)

and we deduce from Claim [I| that G has a maximal independent set disjoint from U. This
shows the equivalence between the point 1 and 3 in the statement.

To conclude the proof, it is sufficient to show that mis(H(G)) = fix(G,). By Theorem
we have

mis(H(G)) < mis(H'(G)) = fix(Gy)

so we only need to prove that

mis(H(G)) > fix(Gy).

If fix(Gy) = mis(G) then fix(G,) < mis(H(G)) since G € H(G). Otherwise, fix(G,) >
mis(G) and as above we deduce that G, has a unique positive edge e € {ab, b, cd, da}. Let
H, be the graph obtained from G by contracting e, and let H! = G/e be obtain from G
by contracting e into a single vertex ¢, and by adding an edge c¢c’. It is easy to check that
in every case we have mis(H,) = mis(H/), and by Lemma |12 we have mis(H[) = fix(Gy).

Since H, € H(G) we deduce that mis(H(G)) > fix(Gy). O

According to Lemma to prove Theorem [3] it is sufficient to prove the following
strengthening of Proposition [3]

Lemma 14. Let G be a graph and let U be a non-empty subset of its vertices. Let G
be obtained from G and U as in Lemma . It is NP-hard to decide if G has a mazximal
independent set disjoint from U, even if G has an unique induced copy of Cy.
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Proof. We follow the proof of Proposition [3] using however a slightly more involved ar-
guments. Let ¢ be a CNF-formula with variables z1,...,x, and clauses C1,...,Cy. Let
G(¢) be the graph defined as follows: the vertex set is the union of the following sets

X ={x1,..., 25}
X ={71,...,7}
X:{ylv"')yn}
Y:{Ea’%}
L=A{L1,...,L,}
L—{L.....Ly}
C={Cy,...,Cy}.

The edge set is defined by: for all 1 < i < n, 2, T i, xiLi, T;Li, y;Li, and 3;L; are
edges; for all 1 <i < j <k, C;Cj is an edge; forall 1 <7 <nand 1 <j <k, L;C; is an
edge; forall 1 <i<mand 1< j <k, z;C;is an edge if z; is a positive literal of the clause
Cj; and finally, for all 1 <i < n and 1 < j <k, 7;C; is an edge if 7; is a negative literal
of the clause C; (see an illustration of G(¢) in Figure [L1)). We set

U=CULUL.
- [C Lo I} ]
G(9) 7/L2\y2 IR ) 2
Y2 \ L1. \/ l
—_Y1 \ T2 Yn =— 2 —~ 1 —
L1 \ T3 V2 / Ln l2 l3 L1
! T Ly Tn \ 2o , ‘ L
Ui / \ yn . ! \\ 7
=L Ln—g ”,'_/02 Ck\—\‘lil
2
Ly : %
1 I
3 —0C3 Cy :
C clique l2l3 7 7\ / | \\L'
of clauses ook g

Figure 11: Tllustration of G(¢).

Claim 1. ¢ is satisfiable if and only if there exists S € Mis(G) such that SNU = (.

Proof of Claim. Suppose that S € Mis(G) and SNU = (). Consider the assignment defined
by z; = 11is z; € S and z; = 0 otherwise. Let C; be any clause of ¢. Since SNU = 0,
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there exists 1 <14 < n such that z;C; is an edge with x; € S, or such that 7;C; is an edge
with 7; € S. If 2;C; is an edge with z; € S then z; is a positive literal of the clause C; and
x; = 1 thus the clause C; is made true by the assignment. Suppose now that z;C; is an
edge with 7; € S. Then 7; ¢ S and since L; has a neighbor in S, we deduce that y; € S,
and consequently, z; € S. Thus x; = 0, and since Z;C) is an edge, Z; is a negative literal of
Cj, and thus C; is made true by the assignment. Hence, every clauses is made true, thus
¢ is satisfiable.
Suppose now that there exists a assignment that makes ¢ true, and let

S=A{z;,mi|lwi=1, 1 <i<n}U{T,y|z; =0, 1 <i<n}

Then S is an independent set disjoint from U, and it is maximal if every vertex in U has
a neighbor in S. For 1 < ¢ < n, since either x; or Z; is in .5, the vertex L; has a neighbor
in S, and since either y; or 7; is in S, the vertex L; has also a neighbor in S. Now let C;
be any clause of ¢. Since C; is made true by the assignment, it contains a positive literal
x; with x; = 1 or a negative literal 7; with x; = 0. In the first case, x; € S and x;C} is an
edge, and in the second case, T; € S and 7;C} is an edge. Thus S € Mis(G). a]

Claim 2. G has no induced copy of Cy.

Proof of Claim. Suppose, for a contradiction, that G has an induced copy of C4 with
vertices W = {v1,ve,v3,v4} given in the order. If v; = L; for some 1 < i < n, then
{vo,v4} = {y;, ¥} and since L; is the unique common neighbor of y; and ¥;, there is a
contradiction. We deduce that W N L = (). Since {:UI,E} is the neighborhood of y; we
deduce that W NY =0, and similarly, W NY = (). Hence,

Wn{YuYuz)=0.

Suppose now that vy = L; for some 1 < 7 < n. If vg = C} for some 1 < j < k then
v3 € X UX UCU L and we deduce that v3 € X U X since otherwise vjvz is an edge.
So vg € CU L and we deduce that vovy is an edge, a contradiction. Thus ve € {z;, 7;}.
Suppose that va = x;, the other case being similar. Then vs € C U {y;}, and thus vz € C,
so vvs is an edge, a contradiction. We deduce that v; € £, and thus U N L = (. Thus
W C XUXUC. Since X UY is an independent set, and since G[C] is complete, we easily
obtain a contradiction. O

Let G be obtained from G and U as in Lemma [13]
Claim 3. G has a unique induced copy of Cy, the one induced by {a,b,c,d}.

Proof of Claim. Suppose for a contradiction that G has an induced copy of C; with vertices
W = {v1,v2,v3,v4} given in the order, and suppose that W # {a,b, ¢,d}. Since G has no
induced copy of C4, we deduce that W N {a,b,c,d} = {a}. Suppose, without loss of
generality, that a = v;. Then v9,v4 € U, and since two distinct vertices in £ U £ have
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no common neighbor in G, we deduce that ve,v4 € C. But then vgv, is an edge of C~¥, a

contradiction. o
O
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