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Abstract

We construct sets of basis functions of the space of divergence-free finite ele-
ments of Raviart—Thomas type in a general topological domain. Two different
methods are presented: one using a suitable selection of the curls of Nédélec
finite elements, the other based on an efficient algebraic procedure. The first
approach looks to be more useful for numerical approximation, as the basis
functions have a localized support.

1. Introduction

The Hilbert space H(div;Q) = {v € (L?(2))%| divv € L?(2)} furnishes a
natural framework for the variational formulation of several elliptic problems.
A couple of examples are the Darcy problem
u+KVp=g (1)
divu=0,

or the saddle point formulation of the second order problem div(AVp) = f,
which is given by
u—AVp=0
{ divu = f. @)

Note that (2) can be expressed in the form (1) by finding an auxiliary unknown
uy such that divuy = f, and then solving for w = u—uy. Let us focus on (1),
and, for the sake of exposition, assume that the boundary condition is given by
p =0 on 0f.

An integration by parts leads to the standard mixed variational formulation

JoEKtuv— [opdive= [, K'g v (3)
Joadiva=0,

where u,v € H(div; Q) and p,q € L%(Q).
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However, it is worth noting that an even simpler variational formulation is

given by
/K*lu-v:/frlg-v, (4)
Q Q

where u, v € H(div; Q) = {v € H(div;Q) | divv =0 in Q}.

The numerical approximation by the finite element method of problems like
(3) is a well-known option (see, e.g., Bofli, Brezzi and Fortin [1]). Instead, the
numerical approximation of problem (4) has not been frequently considered, as
a conforming approximation of H°(div; ) presents some difficulties, essentially
related to the divergence-free constraint.

The delicate point is in fact the construction of a basis for the space of
divergence-free finite elements; in the three-dimensional case, to our knowl-
edge this has been done by Hecht [2], Dubois [3] and Scheichl [4] for a simply-
connected domain with a non-connected boundary, and by Rapetti, Dubois and
Bossavit [5] for a k-fold torus; see also some related results by Gustafson and
Hartman [6], [7] concerned with hydrodynamics problems.

Due to the importance of topological issues in many problems of mathemat-
ical physics (e.g., in fluid dynamics, or in electromagnetism) in this paper we
present two simple and explicit constructions of a basis for divergence-free finite
elements in a domain with an arbitrary topology. The first construction per-
forms an accurate selection of the curls of the Nédélec finite elements, based on
an algorithm proposed by Hiptmair and Ostrowski [8] (and extended by Alonso
Rodriguez et al. [9]) which furnishes a suitable basis of the first homology group
H1(2,Z) of Q. The second construction is grounded on a more direct algebraic
procedure, which however leads to basis functions with non-localized support.

Having available a set of finite element basis functions can furnish an efficient
tool for the numerical approximation of (1) or (2), or else of other boundary
value problems, for instance the curl-div system

curlu=1J
divu=g (5)
uxv=a (or u-v=>o),

which, after having determined a vector field u* such that divu* = g, can be
formulated in the space H(div;). This will be the subject of a forthcoming

paper.

2. Notation and preliminary results

Let © be a bounded polyhedral domain of R3 with Lipschitz boundary and let
(0Q)g, . .., (0Q), be the connected components of 02, (99)o being the external
one. Consider a tetrahedral triangulation 7;, = (V, E, F,T) of Q. Here V is the
set of vertices, F the set of edges, F' the set of faces and T the set of tetrahedra
of Tp,.

We consider the following spaces of finite elements (for a complete presenta-
tion, see Monk [10]). The space Ly, of continuous piecewise-linear finite elements:



its dimension is n,,, the number of vertices in 7,. The space Ny, of Nédélec edge
elements of degree 1: its dimension is m., the number of edges in 7. The
space RT}, of Raviart-Thomas finite elements of degree 1; its dimension is ny,
the number of faces in 7j,. The space PC}, of piecewise-constant elements; its
dimension is n;, the number of tetrahedra in 7j.

It is well-known that L, C HY(Q) = {¢ € L*(Q)| grad¢ € (L?(Q2))3},
Ny, C H(eurl; Q) = {v € (L*(Q))?| curlv € (L*(Q))*}, RT), C H(div;Q) and
PCy, C L*(). Moreover grad Ly, C Ny, curl N, C RT},, and div RT), C PC,.
Let us consider a basis of Ny, {wp 1,... W, }, such that fej Wy - T =0, ; for

1 <i,j < ne, and a basis of RT}, {rn1,...Thn,}, such that ffk Ty -V =0k
for 1 <k, 1 <mny.

Fix a total ordering vy, ..., v,, of the elements of V. This induces an ori-
entation on the elements of E/ and F': if the end points of e; are v, and v, for
some a,b € {1,...,n,} with a < b, then the oriented edge e; will be denoted
by [va, vp], with unit tangent vector T = |33§:5§|; moreover, if the face fi has
vertices v,, vp and v, with a < b < ¢, the oriented face f will be denoted by
[Va, Vb, ve] and its unit normal vector v = m% is obtained by the
right hand rule.

We finally need to introduce a set of 1-cycles in 7T}, that are representatives
of a basis of the first homology group H1(f2,Z) (whose rank will be denoted
by g¢): in other words, it is a maximal set of non-bounding 1-cycles in 7. An
explicit and efficient construction of these 1-cycles is presented in Hiptmair and
Ostrowski [8]; we denote them by {o,}?_;. For a more detailed presentation
of the homological concepts that are useful in the numerical approximation
of PDEs, see, e.g., Bossavit [11], Hiptmair [12], Gross and Kotiuga [13]; see
also Benedetti, Frigerio and Ghiloni [14], Alonso Rodriguez et al. [9], Alonso
Rodriguez et al. [15].

3. Construction of a basis of H°(div; ) N RT},

For constructing a basis of H%(div; Q) N RT), we present two different proce-
dures.

Let us start with some remarks. First of all, one clearly has curl N, C
HO(div; Q) N RT},; however, taking the curl of a basis of N, furnishes a set of
vector fields that are not linearly independent, as there are functions in N}, that
are curl-free (for instance, the gradients of the nodal elements Ly). Moreover,
if 9 is not connected, namely p > 1, then curl N}, # H°(div; Q) N RT},. In fact,
for each s =1, ..., p, the following problem

diVVh’S =0 in Q
f(ag)r Vhs V=205, Vr=1,...,p

has a unique solution orthogonal to curl Ny, (see Alonso Rodriguez and Valli [16]).
This description also shows that the dimension of H(div; Q) N RT}, is equal
to p plus the dimension of curl N,. It is well-known that the dimension of the



space curl Ny, is equal to n. — (n, — 1) — g so the dimension of H°(div; Q)N RT},
is ne — (ny —1) — g +p = ny — ny, because n, —ne +ny —ny = 1 — g+ p by the
Euler—Poincaré formula.

Having in mind this picture, the first procedure we present for the construc-
tion of a basis of H?(div; Q)N RT}, is an extension of previous approaches, that
are indeed restricted to special domains: Dubois [3] and Scheichl [4] assume
that € is simply-connected (which is equivalent to require g = 0, see Benedetti,
Frigerio and Ghiloni [14, Sect. 3.2])); Rapetti, Dubois and Bossavit [5] assume
that Q is a k-fold torus, thus in particular p = 0. Our method consists in the
determination of a suitable basis of curl Ny, making use of some tools of graph
theory, with the addition of p linearly independent functions in H®(div; Q)N RT},
that are not in curl Nj. (Let us recall that the use of graph theory in numerical
fluid dynamics has been also proposed by Hecht [2], Gustafson and Hartman [6],
7))

A second option is to follow an algebraic approach, that is related to what
presented in Alotto and Perugia (see [17], [18]). This procedure is essentially
grounded on the solution of the following problem: given f, € PC}, find vy, €
RTy, such that divvy, = fp. This problem is in fact a linear system of n;
equations and ny unknowns and the matrix associated to this linear system
is the transpose of the incidence matrix that for each tetrahedron returns its
faces. Thus, the construction of a basis of H°(div;Q) N RT}, coincides with the
computation of a basis of the kernel of this matrix.

3.1. Using the curls

Recall that {wy, ;}7<, is a basis of Nj. Then the set of functions {curl wy, ;}<,
generates a subspace of H(div;Q) N RT}, but these functions are not linearly
independent, because there are functions in N, that are curl-free.

The main idea is quite natural, but in the most general case it is somehow
hidden behind some technical aspects. Therefore we prefer to start with a case

that very often occurs in numerical computations (and we will return later to

the general case): we assume to know a set of 1-cycles o, n=1,...,g, in T,
representing a basis of H1(€2,Z), and that these 1-cycles are mutually disjoint
polygonal loops without self-intersection. For each n =1, ..., g, select one edge

€ belonging to o,; the set o, \ {€;} is therefore a tree, and we can find a
spanning tree S = (V, M) of the graph (V, E) such that all the edges of each
on \ {€5} belong to this spanning tree, while the edges {€;}?_; belong to the
cotree (namely, the set of edges not belonging to the tree). Let us also assume
that we have numbered the edges in such a way that {€}}9_, are the first g
edges and that the edges belonging to the tree are the last (n, — 1) edges.

The first set of basis functions is selected by choosing the curl of the Nédélec
basis functions wy; corresponding to the edges belonging to the cotree, but
different from the “closing” edges {e}}9_; = {e;}]_,;. We recall that some
authors have given the name of “belted tree” to the graph (V,M U {ex}?_,)
(that indeed is not a tree), see, e.g., Ren and Razek [19], Kettunen et al. [20],
Rapetti et al. [5]: using this notation, we are selecting the curls of the Nédélec
basis functions corresponding to the edges not belonging to the “belted tree”.



Proposition 1. The vector fields
{eurlw, e O™ € HO(div; Q) N RT,
are linearly independent.

Proof. Suppose that we have

ne—(ny,—1) ne—(ny—1)
0= E oy curl wy, ; = curl E W
l=g+1 l=g+1

For eachn =1,...,g we find

ne—(n,—1)

f E QyWh, | -ds = 0,
On l=g+1

as, by construction, o, is composed by the “closing” edge € = e,, and by edges
belonging to the spanning tree. Thus we can conclude that E?:egl(’f”fl) oW
is a gradient, say, grad ¢p,. Indeed, it is easily seen that ¢y, is constant: in fact,

for all i = 2,...,n, we have

ne—(ny—1)

wh(vi)*wh(vl):/gradsoh#: > az/wh,z-f,

l=g+1

where ¢; denotes the unique path, composed by edges belonging to the spanning
tree, connecting vy and v;; hence fc,- wp T = 0foreach! = g+1,...,n.—(n,—1)

ne—(n,—1)

and ¢p(v;) — @p(v1) = 0. In conclusion pp, = @ (v1) and Zl:gH W =
gradpp = 0. Since {wy, ;}7<; is a basis of Ny, it follows oy = 0 for all | =
g+1,...,n.—(n, —1). o

Note that if the topology of € is trivial (namely, g = p = 0, and therefore
Q is homeomorphic to a cube, see Benedetti, Frigerio and Ghiloni [14, Theor.
3.2]) the procedure above reduces to the determination of the basis as the set
{curl wh,l}?:‘f;(n”fl), the curls of the Nédélec basis functions associated to the
edges of the cotree, and nothing else must be done: in fact, in this case the
dimension of H%(div; Q) N RT}, is ne — (n, — 1).

If g # 0 the result proved in Proposition 1 shows that one has to disregard
also the curls associated to some edges belonging to the cotree, namely, to the
“closing” edges {e;}9_, = {e;}7_,. Instead, when p # 0 we have to add some
other basis functions.

Suppose now that p > 1 and consider the following dual graph: the dual
vertices are W = T U X, where the elements of T are the tetrahedra of the
mesh and the elements of ¥ are the p + 1 connected components of 9€2. The
set of dual arcs is F', the set of the faces of the mesh; an internal face connects
two tetrahedra, while a boundary face connects a tetrahedron and a connected
component of 9. So the dual graph is given by (W, F).



The number of dual vertices is equal to n; + p + 1, hence a spanning tree
S = (W, M) of (W, F) has ny + p dual arcs (and consequently its cotree has
ny —ny — p dual arcs). Therefore the linear system

divvy, =0 in Q
f(aQ)thﬂ/:cr Vr=1,...,p (6)
ffvh"/:df VigM

is a square linear system of ny equations and unknowns. In Alonso Rodriguez
and Valli [16] it has been shown that it is uniquely solvable, and it is also
described how to construct the solution v in an efficient way.

For each s =1,...,p, let us denote vy, s € RT}, the unique solution of
divvys =0 in Q
f(ﬁﬂ)r Vhs V=20s, Vr=1,...,p (7)
fth’S'l/:O VfgM.

Theorem 1. Let {vy, s}X_, be the vector fields introduced in (7). The set

{curl W;hl}?:e‘;yllvil) U {Vh,s}gzl

is a basis of HO(div; Q) N RTy,.

Proof. Since the flux of a curl through a closed surface is vanishing, the flux
through (99), of a linear combination of these vector fields reduces to

p
E Oés/ Vh,s V= 0.
s=1 (

29),

Hence we have a set of linearly independent vector fields, and their number is
ne — (ny — 1) — g + p = ny — ny, the dimension of H°(div; Q) N RT},. O

3.1.1. The general case

From the theoretical point of view every bounded polyhedral domain 2 C R3
with Lipschitz boundary, equipped with a triangulation 73, admits a “belted
tree” and hence there always exist 1-cycles {c,}Y_; in T, representing a ba-
sis of H1(Q,Z), with the additional properties that they are mutually disjoint
polygonal loops without self-intersection. However, we do not know any algo-
rithm able to compute them explicitly. On the other hand, as shown in Hiptmair
and Ostrowski [8] (see also Alonso Rodriguez et al. [9]), it is possible to construct
the 1-cycles {0, }?_; without the additional properties: each o, is a formal sum
of edges in Tj, with integer coefficients.

To make precise this argument, we must slightly modify the procedure used
before. First, let us consider the graph given by the vertices and the edges
of 7p, on 9Q. The number of connected components of this graph coincides
with the number of connected components of 0€2. For each r = 0,1,...,p let



Sha = (Vi Mb,) be a spanning tree of the corresponding connected component
of the graph. Then consider the graph (V, E), given by all the vertices and edges
of Ty, and a spanning tree of this graph, S = (V, M), such that M3, C M for
eachr =0,1,...,p. Let us order the edges in such a way that the edge ¢; belongs
to the cotree for I = 1,...,n, — (n, — 1) and the last n, — 1 edges belong to the
tree, namely, the edges e,,__(,,—1)4: belong to the tree for i =1,...,n, — 1. In
particular, denote by eq, ¢ = 1,...,2g, the set of edges of 9f2, constructed by
Hiptmair and Ostrowski [8], that have the following properties: they all belong
to the cotree, and each one of them “closes” a 1-cycle 7, that is a representative
of a basis of the first homology group H1(992,Z) (whose rank is indeed equal to
2g). The difference with respect to the previous case is that, instead of the g
edges € that are “closing” edges for o, the representatives of a basis of the first
homology group H1(£2, Z), now we know the 2g edges e, that are “closing” edges
for 7,, the representatives of a basis of the first homology group H1 (9%, Z).

Having clarified the situation, we recall that the 1-cycles o,, can be expressed
as the formal sum

Ne

2g 2g
On = Z An,q’Yq = Z An,qeq + Z Qp i€, (8)
qg=1 qg=1

i=ne—(ny,—1)+1

for suitable and explicitly computable integers A, ,.
The idea of the method is now the following: first, consider the set

ne—(n,—1)
{curl vvh,l}lﬁg+1 ,

that, as in Proposition 1, is easily shown to be composed by linearly independent
vector fields. However, since the index [ starts from 2¢ + 1 and not from g + 1,
for replacing Proposition 1 with another somehow equivalent statement we need
to select other g independent functions. The procedure reads as follows.

Look for g functions z,,» € RT},, A =1,...,g, of the form

29
Zp\ = g cff‘) curl wp, 5, ,
v=1

where the linearly independent vectors ¢ € R?9 are chosen in such a way that
2g
f{ <Z Ci”‘”hm) ~ds =0
On v=1

forn=1,...,g. This can be done since o,, is formed by the “closing” edges eq,
q=1,...,2¢, and by edges belonging to the spanning tree, so that

2g 29 2g 29
f(Semne) =Xt [ (S ) or= St
In q=1 €q \v=1 q=1

v=1



and the matrix A € Z9%%9 with entries A, , has rank g (see Hiptmair and
Ostrowski [8], Alonso Rodriguez et al. [9, Sect. 6]). Thus we only have to
determine a basis ¢V € R?9 of the kernel of A, A=1,...,g.

Since in all the cases interesting for applications the matrix A has a relatively
small dimension (the genus g of Q) is very often a small number, say, less than
twenty), finding the vectors c¢® is an easy task. However, it is worth noting
that, since the 1-cycles o, have been determined by means of the procedure
proposed by Hiptmair and Ostrowski [8], a suitable choice of the vector fields
c™ is already available.

In fact, let us denote by 2g,, r = 0,1,...,p, the rank of the first homol-
ogy group H1((0Q),,Z); clearly we have >.*_,2g, = 2g. Acting on each con-
nected component (0f2), of the boundary 992 and proceeding as in Hiptmair
and Ostrowski [8] we construct the 1-cycles 'ytT), t=1,...,29,, that are rep-
resentatives of a basis of the first homology group H1((09),,7Z) (and that, all
together, are representatives of a basis of the first homology group #H; (99, Z)).

We also determine an edge e,E"), that is the only edge of ’yt(r) belonging to the

cotree and that “closes” the 1-cycle ’yt(r). Let us order these “closing” edges

as {91290 (V)29 (e} and similarly the 1-cycles {o,}Y_; as
{07(,?) g, {0,(,1)}%:1, o {0,(,{’)}%’:1. For each m = 1,..., g, we can write
29r

A =30 AG,
t=1

for suitable integer coefficients Af;:?t. The (g x 2g)-matrix A in (8) is the block

matrix having A" as diagonal blocks.
Set Qo = 0 and @, = Z;;(l) gs, ¥ = 1,...,p. As before, for each r =

0,1,...,p we want to select a set of vector fields ZEJL € RTp,w=1,...,g., of
the form
2gr-
2= Do) eurl whpiag, (9)
p=1

where the linearly independent vectors ¢(*) € R?9" are chosen in such a way

that
29,
j{m Zg‘)ﬂ nds = j{{(m <Z c,(DT7w)Wh,p+2Q7-> ds =0 (10)

m m p=1

foreach m=1,...,¢g,.
It is now useful to introduce some notation. Denote by 4;(v,7’) the linking

number between two disjoint 1-cycles v and 4" and by G(") = (ng) € 7,29r%29r

the matrix with entries ng = 4.(v", R4, where Rt4{" is a 1-cycle ho-
mologous to 'y,fr) and completely contained in §2 (therefore not intersecting 'yy)).
The rank of the matrix G turns out to be equal to g, (see Alonso Rodriguez
et al. [9] for a more detailed presentation of these tools and arguments). We

can prove:



Lemma 1. Foreachr =0,1,...,p a set of linearly independent vectors c(™™) €
7297, m = 1,...,9,, to be used in (9) for obtaining (10), is given by go inde-
pendent columns of the matriz G (if r = 0) and by g, independent rows of
the matriz G (ifr =1,...,p).

T 29, r 29, T T
Proof. Since U( )= til A'En)t%g ) = tg1 m, W€ i ) Zz =ne—(ny—1)+1 agn?iei
and for p € {1,...,2g,} the index p+2Q), denotes edges belonging to the cotree,

we can rewrite (10) as

0 =4, (ZQQ' cf’ )Wh,p+2Qr) ~ds

2o Ai;?t (ZQT clrm) feﬁ” Wh p+2Q, ds) = 2 A, clrm)

p=1 m,t Ct

for each m = 1,...,g,, since fe“’ Wh p4+2Q, - ds = 0t ,. From the results in
t

Alonso Rodriguez et al. [9, Sect. 6] (see also Hiptmair and Ostrowski [8, Sect.
4]) we know that

5101(G(0))T A(O)t =0
fg’iG(T)Amt—O , Ym=1,...,9,,p=1,...,29. (r=1,...,p).

) vm:la"'agOap:L"'ang

Therefore, in order to complete the proof, it is sufficient to define the vec-

tors ¢(%™) as gq linearly independent rows of (G(®)7 (namely, gy independent
columns of G(O)), and the vectors ¢("™) r =1,... p, as g, linearly independent
rows of G("). a

Note that the square matrices G(") have dimension 2g,., a very small number
in all the cases interesting for applications. Therefore determining g, indepen-
dent rows or columns of G(") is quite cheap.

We are now in a position to conclude, taking into account the block structure
of the problem.

Proposition 2. Let z;, x, A =1,...,g, be the vector fields of the form zy ) =
Zig 1 cgf\) curl wy, ., with ¢ € 729 given by ¢ = (c(®N,0,...,0) for X\ =
1,...,90, c® = (0,ctA=@) 0, ... 0) for A\=Q1+1,....,Q1+g1, ..., M =
(0,...,0,cPA=Q)) for \ = Qp+1,...,Qp+ gp =g, the vectors clrm) ¢ 729
being determined in Lemma 1. The vector fields

{curl Wy, l}l p2g(_,’T_L; b U {Zh)\}g\:l C Ho(div; Q) N RT},

are linearly independent.

Proof. Suppose that we have

ne—(ny,—1)

g
0= Z oy curl wy, ) + Zﬁxzhg\

1=2g+1 A=1
Ne—(Ny—1) g 2g
= curl E oWy + E B E cfj\)wh’v
=2g+1 A=1 v=1



The 1-cycle oy, is formed by the “closing” edges e;, ¢ =1,...,2g, and by edges
belonging to the spanning tree S = (V, M), thus for each n =1...,g we have

ne—(n,—1)

j{ Z oqwp, | -ds=0.

1=2g+1

Moreover, since the 1-cycle o, is equal to a 1-cycle cr,(,z) for a suitable r €
{0,1,...,p} and m € {1,...,¢9,}, we have

g 2g g 29,
%(7‘) (Z /6/\ Z CE{VWh,v) - ds = Z 5)\ %(T) (Z C(P)‘\F)QQrwhprrQQ,-) . ds
o A=1 v=1 el o po

m m

gr 29
= Z Bu+Q, ]{m (Z c(pT,w)wh,p+2Q1,> ~ds =0,
w=1 g p=1

m

having used (10).
As in Proposition 1, we conclude that

ne—(ny,—1) g 2g
0= > awni+y B cNwi,
1=2g+1 A=1 wv=1
ne—(ny—1) 2g g
= Z QW + Z (Z ﬂ)\cq(j)‘)> Who -
=2g+1 v=1 \\=1
Since wpj, § = 1,...,7n, are linearly independent, we find oy = 0 for | =
29+1,....n. — (n, — 1) and >§_, ﬁ,\cg,)‘) =0 for v =1,...,29. The vectors
c™, X =1,...,g, are also linearly independent, hence we have 8y = 0 for
A=1,...,g9. O

The final theorem now reads:

Theorem 2. Let {z;h,\}&:1 be the vector fields introduced in Proposition 2 and
{vns}t_, the vector fields introduced in (7). The set

{ewrlwy 175 Y U dzan ) U {vas o,

is a basis of HO(div; Q) N RT,.
The proof is the same than that of Theorem 1.

Remark 1. Let us mention that the numerical approximation of the solution
to problem (4) in a domain homeomorphic to a cube (namely, g = p = 0)
has been considered in Hiptmair and Hoppe [21], using as divergence-free finite
elements the curls of all the Nédélec elements, without eliminating those associ-
ated to some edges. In this way the resulting algebraic system is expressed by a

10



symmetric and positive semidefinite singular matriz. However, a suitable multi-
level algorithm is shown to be an efficient way for determining the approximate
solution.

Clearly, being able to select appropriate edges leads to an algebraic problem
that is associated to a symmetric and positive definite non-singular matriz of
smaller size (ne —ny, + 1 rows instead of ne rows), for which iterative algorithms
and suitable preconditioners are easter to devise.

8.2. The algebraic approach

For describing the algebraic approach, let us start with some definitions. The
degrees of freedom z; of a Raviart-Thomas finite element z; = Z;Zl ZjTh j are
the fluxes across the faces of the triangulation, having chosen the orientation of
the unit normal vector v as indicated before. Let ¢; be a tetrahedron and f; a
face of T,. We define the integer oy, (f;) by 0 if f; is not a face of ¢;, by 1 if
fj is a face of t; for which the chosen orientation coincides with the external to
t;, by —1if f; is a face of ¢; for which the chosen orientation is opposite to the
external to t;.

Since the divergence of z;, € RTj}, is piecewise-constant, the condition div z;, =

0 can be written as ftl divz, = 0 for all 4+ = 1,...,n;. Therefore, we have
divzy, = 0 if and only if fat- zp-v =0 forall i =1,...,n¢, namely, if and only
if

nf
0:/ zh-v =Y on(f)z Vi=1,..n. (11)
at; X
7 _'I=1

Note that the sum in (11) reduces indeed to only four terms.

Let us consider the following dual graph (it is a slight modification of the dual
graph used in Section 3.1, and this choice makes easier the following arguments):
the nodes are the tetrahedra of 7, plus an additional node, tg, representing
R3\ Q; the arcs are the faces of Tj,. The faces in £ connect two tetrahedra while
a face on 0€2 connects the tetrahedron containing that face with the additional
node tg. Let us denote by W the set T'U {¢o}; a spanning tree S = (W, M) of
this graph (W, F') contains n¢+1—1 = n; arcs while the cotree contains ny—mng
arcs.

The main point now is to note that, if z, € RT}, and divz, = 0, the degrees
of freedom corresponding to a face in the spanning tree can be expressed in
terms of the degrees of freedom corresponding to faces in the cotree (this fact
has been previously called “tree—cotree condensation”, see, e.g., Alotto and
Perugia [17], [18]).

The approach adopted in Alonso Rodriguez and Valli [16] clearly illustrates
this assertion, and reads in this way. The leaves of the spanning tree are either
a tetrahedron t; with exactly one face in the spanning tree or the node tg repre-
senting R\ Q (if just one face of Fyq belongs to the spanning tree). Consider a
leave t; # to: using (11), the degree of freedom corresponding to the unique face
of t; belonging to the tree can be computed in terms of the degrees of freedom
associated to the three other faces of ¢; in the cotree. Now we can eliminate
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from the spanning tree the leaves and the arcs arriving to the leaves, and repeat
the procedure with the new tree (it is not longer a spanning tree of the original
graph, but this is not relevant).

The overall procedure can be formally expressed as a linear map from the
ny — ny unknowns associated to the cotree of S in the dual graph to the n;
unknowns associated to the spanning tree S. An explicit construction of the
matrix expressing this procedure is given in Alotto and Perugia [17], [18], and
can be described as follows. . _

First of all, note that each face fr € M splits the spanning tree S into two
connected components. One of them, denoted by S(fx) = W(fx), M(fx)), does
not contain Zy. Let us indicate by V, the set given by the union of the tetrahedra
belonging to W(f), that is, Vy = Uemirnti C Q. Since fj, is joining the two
connected components of the spanning tree, it follows that f; C 0V}; moreover,
fx is the unique face in dVj belonging to M.

Let us identify V; with the vector V(¥) € N™ with coefficients vgk) =1if

t; € W(fk) and vi(k) = 0 otherwise, and, as usual, each z;, € RT}), with the vector
Z of its coefficients z; in the canonical base, j = 1,...,ny. Let us denote by
B the incidence matrix, namely, the (nf x n;)-matrix that for each tetrahedron
returns its faces; it is worth noting that B is the transpose of the matrix D
expressing the divergence operator.

We are now in a position to conclude: if z, € RT}, satisfies divz, = 0, the
divergence theorem ensures that [, oy, Zh "V = 0, therefore for each k such that

fr € M we have found
BV®¥ .7 =0, (12)

Since the unique face in OVy, belonging to M is f, from (12) we can write z, in
terms of the degrees of freedom associated to the remaining faces in 9V that
belong to the cotree. In other words, having ordered the faces in such a way that

the face f; belongs to the cotree for [ = 1,...,ny —n; and the face f,, n,+i
belongs to the tree for ¢ = 1,...,n;, we have seen that, if z;, = Z;Lil ZiTh.j
satisfies divzy = 0, for each i = 1,...,n; it holds

np—ng

Zng—ne+i — E miuz =0,
=1

where the coefficients m;; take the values —1, 0 or 1.
This statement can be made more precise:

Proposition 3. Let z;, = Z;ﬁl zirp ; be an element of R} and define by Z

the vector with coefficients zj, 7 =1,...,ny. Then we have divz, = 0 in Q if
and only if

[-M I, ]Z=0, (13)
where the matriz M has entries m;;, i =1,...,n¢, L =1,...,n5 —ng, and I,

denotes the identity of dimension n;.

12



Proof. We have already shown that if divz, = 0 then (13) is satisfied.

Thus it remains to prove that (13) implies divz, = 0. Since, after reordering,
(13) is equivalent to (12), namely, to favk zp, - v = 0 for each k such that the
face fi belongs to the spanning tree ./W, we have to prove that if favk zp v =0
for each k then [, divz, =0 for all t € T.

Without loosing generality, we can assume that the additional node tq, rep-
resenting R? \ , is the root of the spanning tree. First of all, it is clear that for
a leave f # to one has t = Vs, being f; the only face in M incident to the leave
t. Consequently, Jidivz, =0, as [;dive, = [z, v = fav,; zp - V.

For a tetrahedron ¢t € T let us define the distance d(¢,ty) as the number
of the faces that connect ¢ with ¢ty along the path of Mv; moreover, set p =
maxer d(t,to). We have just proved that ft divzy = 0 for all ¢ € T such that
d(t,to) = p (in fact, d(¢,tp) = p says that ¢ is a leave).

We use now an induction procedure. Supposing that the result is true for
all tetrahedra ¢ with d(t,to) > m + 1 for some m with 1 <m < p — 1, we show
that it is true for all tetrahedra at distance m. Consider ¢ with d(,ty) = m
and take the unique t* with d(t*,tg) = m — 1 and t* Nt = f; € M. Let us

set W,(fk) = W(fk) \ {t}; we clearly have V; ={U (UtieVN\L(f,;)ti);
notice that for all t; € W_(fk) one has with d(t;,tg) > m + 1. Therefore we

moreover,

have
O:/ Zp - U_/dIVZh+ Z /leZh—/dIVZh,
Wi tEW_(f) b
the last equality being true by the induction assumption. o

This proposition shows that a basis of H°(div; )N RT}, can be derived from
a basis of the kernel of [ =M I, |.

Theorem 3. A basis of H°(div;Q) N RT}, is given by the set of functions
{00 Xgarn 12, where X = [ I”M”t ] and I, _y, denotes the identity
of dimension ny — ng.

Proof. These vector fields are linearly independent. In fact, since {rp ; };Zl is
a basis of the space RT},, from

nf—ng nyg nf—n¢
0= E oy E XjiTh,j :E (E lal> Thj,

=1 =1 j=1

it follows that Z?:fl_n’ X, =0 for each j = 1,...,ny. This means that the
vector with entries «; belongs to the kernel of X = [ I”M"‘ ] , and the kernel

of X is clearly trivial.
Moreover, from Proposition 3 it follows at once that a function 2221 Xjirh
belongs to H%(div; Q) N RT}, for each I =1,...,nf —ny.
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The proof ends recalling that the dimension of the finite element space
HO(div; Q) N RT}, is ny — ng. ]

Remark 2. It is worth noting that the mass matrixz associated to the basis
functions determined in Theorems 1 or 2 is a sparse matriz, except for very
few rows and columns. In fact, the support of the basis functions curl wy,; and
zp,» 45 localized; only the functions vy s have a non-localized support, but these
functions are only p, and in all the cases interesting for applications p + 1 (the
number of connected components of the boundary 02) is a small number.

Instead, the mass matriz associated to the basis functions determined in
Theorem 3 is not sparse. This probably explains why in the literature it is often
asserted that the finite element basis functions of H°(div; Q) have a non-localized
support. We have seen that this is not always the case, and depends on which
basis functions have been constructed.

Remark 3. An alternative construction of a basis of H°(div;Q) N RT}, can be
done solving (ny—ny) times problem (6) (for instance, with the method presented
in Alonso Rodriguez and Valli [16]), each time with a right hand side having only
one non-vanishing value among all {c,;}, r=1,...,p, and {ds}, f & M.

Clearly, this procedure would furnish basis functions with non-localized sup-
port; moreover, its computational cost is much higher than that of the other two
proposed approaches.
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