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for the stationary Boussinesq problem*
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Abstract

In this paper we propose and analyze a new mixed variational formulation for the stationary
Boussinesq problem. Our method, which employs a technique previously applied to the Navier-
Stokes equations, is based first on the introduction of a modified pseudostress tensor depending
nonlinearly on the velocity through the respective convective term. Next, the pressure is eliminated,
and an augmented approach for the fluid flow, which incorporates Galerkin type terms arising from
the constitutive and equilibrium equations, and from the Dirichlet boundary condition, is coupled
with a primal-mixed scheme for the main equation modeling the temperature. In this way, the only
unknowns of the resulting formulation are given by the aforementioned nonlinear pseudostress, the
velocity, the temperature, and the normal derivative of the latter on the boundary. An equivalent
fixed-point setting is then introduced and the corresponding classical Banach Theorem, combined
with the Lax-Milgram Theorem and the Babuska-Brezzi theory, are applied to prove the unique
solvability of the continuous problem. In turn, the Brouwer and the Banach fixed point theorems
are utilized to establish existence and uniqueness of solution, respectively, of the associated Galerkin
scheme. In particular, Raviart-Thomas spaces of order k for the pseudostress, continuous piecewise
polynomials of degree < k + 1 for the velocity and the temperature, and piecewise polynomials
of degree < k for the boundary unknown become feasible choices. Finally, we derive optimal a
priori error estimates, and provide several numerical results illustrating the good performance of the
augmented mixed-primal finite element method and confirming the theoretical rates of convergence.
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1 Introduction
The devising of suitable numerical methods for solving the Boussinesq equations and its generaliza-

tions, such as temperature-dependent coefficient problems, has become a very active research area
in recent years (see, e.g. [2 4, 13| 15, 16, 26 28, B1], and the references therein). This fact has
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been motivated by its diverse applications in industry (fume cupboard ventilation, heat exchangers,
cooling of electronic equipments, cooling of nuclear reactors, etc.), and in geophysics or oceanogra-
phy (climate predictions, oceanic flows, etc.), to name a few. The Bousisnesq model, also known as
natural-convection flow model, is a system of equations modelling incompressible non-isothermal fluid
flows. They couple the stationary incompressible Navier-Stokes equations for the fluid variables (ve-
locity and pressure) with a convection-diffusion equation for the temperature variable. The coupling is
through a buoyancy term typically acting in direction opposite to gravity and through the convective
term in the convection-diffusion equation.

Up to the authors’ knowledge, one of the first works in analyzing a finite element discretization for
the Boussinesq equations is [4]. In that work, the authors provide a complete analysis of a primal
formulation for the coupled problem, in which the main unknowns are the velocity, the pressure and
the temperature of the fluid. At the continuous level it is proved existence of at least one weak
solution, and uniqueness of solution under a smallness assumption on the data. On the other hand,
at the discrete level it is established suitable assumptions on the finite elements subspaces ensuring
that the associated Galerkin scheme is well posed and convergent. In particular, the use of any pair
of stable Stokes elements for the fluid variables and Lagrange elements for the temperature leads to a
convergent scheme. Later on, a new mixed formulation for the two-dimensional Boussinesq equations
has been introduced and analyzed in [I5], where the gradient of the velocity and the gradient of
the temperature are set as further unknowns (besides the velocity, pressure and temperature). The
corresponding mixed finite element scheme employs Raviart-Thomas elements of lowest order for the
gradients and piecewise constants for the velocity, temperature and pressure. Existence of solution
and convergence of the numerical scheme are proved near a nonsingular solution and quasi-optimal
error estimates are provided.

The purpose of the present work is to contribute in the development of new numerical methods
for the Boussinesq problem allowing, on the one hand, optimal convergence, and on the other hand,
the possibility of computing further variables of interest, such as the vorticity and the gradient of
the velocity, as a postprocess of the discrete solutions. In this direction, a new optimally convergent
augmented-mixed finite element method for the Navier-Stokes equation has been recently developed
in [I0] (see also [6], [7], [8], [25] for related works). This method, which extends recent results on
pseudostress-based formulations for the Stokes problem (see e.g. [9], [17], [21], [22], [24], and the
references therein), consists in a new formulation for the Navier-Stokes problem with Dirichlet bound-
ary conditions, where the main unknowns are the velocity and the so called nonlinear pseudostress
tensor depending nonlinearly on the velocity through the respective convective term. The pressure is
eliminated by using the incompressibility condition, and can be recovered as a simple postprocess of
the nonlinear pseudostress tensor, as well as the vorticity and the gradient of the fluid. Due to the
presence of the convective term in the system, the velocity is kept in H!, which leads to the incorpo-
ration of Galerkin type terms arising from the constitutive and equilibrium equations, and from the
Dirichlet boundary condition, into the variational formulation. The introduction of these terms allows
to circumvent the necessity of proving inf-sup conditions, and as a result, to relax the hypotheses
on the corresponding discrete subspaces (see for instance [5], [18] and [19] for the foundations of this
procedure). In this way, the classical Banach’s fixed point Theorem and Lax-Milgram’s Lemma can
be applied to prove existence and uniqueness of solution of the continuous and discrete problems.

According to the above discussion, in the present paper we employ the augmented-mixed formulation
introduced in [10] for the Navier-Stokes equations, which is coupled with a primal-mixed scheme for
the convection-diffusion equation modelling the temperature, and introduce a new augmented mixed-
primal variational formulation for the Boussinesq equations, which yields the aforementioned nonlinear
pseudostress, the velocity, the temperature, and the normal derivative of the latter on the boundary



as the main unknowns of the resulting formulation. Next, following basically the approach from [3]
for a related coupled flow-transport problem, we introduce an equivalent fixed-point setting, and then
apply the classical Banach Theorem combined with the Lax-Milgram Theorem and the Babuska-
Brezzi theory, to prove the unique solvability of the continuous problem for sufficiently small data.
Analogously, we apply a fixed-point argument and derive sufficient conditions on the finite element
subspaces ensuring that the associated Galerkin scheme becomes well posed. In particular, Raviart-
Thomas spaces of order k for the nonlinear pseudostress, continuous piecewise polynomials of degree
< k+1 for the velocity and the temperature, and piecewise polynomials of degree < k for the boundary
unknown become feasible choices. These choices of finite elements subspaces yield optimally convergent
Galerkin schemes.

Outline

We have organized the contents of this paper as follows. The remainder of this section introduces some
standard notation and functional spaces. In Section[2]we introduce the model problem written in terms
of the velocity, pressure and temperature. Then, utilizing the incompressibility condition, we eliminate
the pressure and rewrite the equations equivalently in terms of the nonlinear pseudostress, velocity
and temperature. In Section [3| we derive the augmented mixed-primal variational formulation, clearly
justifying the necessity of augmentation, and analyze its well-posedness under a smallness assumption
on the data. Next, in Section [ we define the Galerkin scheme, and derive general hypotheses on the
finite element subspaces ensuring that the discrete scheme becomes well posed. Here we apply the
Brouwer theorem to prove existence of solution whereas the Banach fixed point theorem is utilized to
prove uniqueness of solution. In addition, suitable choices of finite element subspaces satisfying these
assumptions are introduced in Section In Section [5| we provide the corresponding Cea’s estimate
and establish the rate of convergence associated to the finite element subspaces defined in Section
Finally, in Section [6] we provide several numerical results illustrating the performance of the
augmented mixed-primal finite element method and confirming the theoretical rates of convergence.

Preliminaries

Let us denote by Q@ C R™, n € {2,3}, a given bounded domain with polyhedral boundary I', and
denote by v the outward unit normal vector on I'. Standard notation will be adopted for Lebesgue
spaces LP(€2) and Sobolev spaces H*(Q) with norm || - |50 and seminorm |- |5 o. In particular, H'/?(T')
is the space of traces of functions of H'(Q) and H~/2(T") denotes its dual. By M and M we will denote
the corresponding vectorial and tensorial counterparts of the generic scalar functional space M, and
I - ||, with no subscripts, will stand for the natural norm of either an element or an operator in any
product functional space.

We recall that the space
H(div; Q) = {7‘ cLX(Q): divre L2(Q)} ,
equipped with the usual norm
ITl&ve = ITll5q + ldivrl§q,

is a Hilbert space. As usual, I stands for the identity tensor in R™*™, and | - | denotes the Euclidean
norm in R"™. Also, for any vector fields v = (v;)i=1,, and w = (w;)i=1, we set the gradient, divergence,



and tensor product operators, as

n

(9%‘ . 8vj

Vo = 5 , dive = P and v@w = (v;wj)ij=1,n-
T3/ ij=1n =1 9%

In addition, for any tensor fields T = (7;;)i j=1,n and ¢ = (;j)i j=1,n, We let div T be the divergence
operator div acting along the rows of 7, and define the transpose, the trace, the tensor inner product,
and the deviatoric tensor, respectively, as

n n
1
% = (Tji)ij=1n, tr(7) = E Tii, T:C = g 75, and T = T—ﬁtr(‘r)ﬂ.
i=1

ij=1

2 The model problem

We consider the stationary Boussinesq problem given by

—pAu + (Vu)u + Vp —gp = 0 in Q,
divu = 0 in Q,
—div(KVy¢) + u-Vgo = 0 in Q, (2.1)
U = up on I,
¢ = ¢p on I,

where the unknowns are the velocity w, the pressure p, and the temperature ¢ of a fluid occupying the
region . The given data are the fluid viscosity p > 0, the external force per unit mass g € L*(Q2),
the boundary velocity up € H'Y2(I'), the boundary temperature ¢p € HY2(I'), and a uniformly
positive definite tensor K € L*°(2) describing the thermal conductivity. Note that wp must satisfy
the compatibility condition

/FuD-Vzo, (2.2)

which comes from the incompressibility condition of the fluid. Uniqueness of a pressure solution of
2.1), (see e.g. [28]), is ensured in the space L2(Q) = {q c L*(Q) : / q = 0} . We now introduce
Q

the auxiliary tensor unknown
o :=uVu — (u®u) — pl in Q (2.3)
and realize that the first equation in can be rewritten as
—dive — gy =0 in Q. (2.4)

Moreover, it is easy to see that (2.3)) together with the incompressibility condition given by the second
equation in (2.1 are equivalent to the pair of equations

pVu — (u@u)® =0 in Q,

1 (2.5)
p=-—trlc+u®u) in Q.
n

4



Consequently, we can eliminate the pressure unknown (which can be approximated later on by the
postprocessed formula suggested by the second equation of (2.5))), and arrive at the following system
of equations with unknowns u, o, and ¢

pVu — (u@u)? = of in Q,

—dive —gy = 0 in ),

—div(KVe) + u-Vp = 0 in Q,
U = up on I, (2.6)

Y = ©p on I',
/tr(0'+u®u) = 0.
Q

Note that the incompressibility of the fluid is implicitly present in the new constitutive equation
relating o and w (first equation of (2.6))). In turn, the fact that the pressure p must belong to L3(€2)
(for uniqueness reasons) is guaranteed by the equivalent statement given by the last equation of (2.6)).

3 The continuous formulation

3.1 The augmented mixed—primal formulation

In what follows, we derive a weak formulation of problem (2.6). We start by recalling (see e.g. [5],
[20]) that there holds
H(div; Q) = Hp(div; Q) @ RI, (3.1)

where
Ho(div; ) := {C € H(div; Q) : /tr(() = O} .
Q
1
More precisely, for each ¢ € H(div; ) there exists a unique {y := (— < o] / tr(()) I € Hy(div; Q)
Q

1
and ¢ = /tr( € R, such that
nja] Jo

¢ = ¢+ cl. (3.2)

In particular, the eventual solution o in (2.6) can be descomposed as ¢ = oy + ¢l where oy €
Ho(div; Q) and, according to the last equation in (2.6, ¢ is given explicity en terms of u as

c = —n‘IQI/Qtr(uQ@u). (3.3)

Hence, since 0¢ = o and dive = divaoy, throughout the rest of the paper we rename o as
o € Hy(div; ) and observe that the first and second equations of (2.6 remain unchanged. In this
way, multiplying the constitutive equation by a test function 7 € H(div;2) and using the Dirichlet

condition for u, we get
/O’d:Td + u/u-divr + /(u@u)dzfd = u(Tv,up)r V7 € H(div;Q), (3.4)
Q Q Q
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where (-, ) stands for the duality pairing between H~1/2(I") and H'/2(I"). Note, however, that
is actually satisfied in advance for 7 = d I with d € R, since in this case all the terms appearing there
vanish. In particular, the compatibility condition explains this fact for the term on the right
hand side of . According to this and the decomposition , we realize that , which is the
weak form of the constitutive equation, reduces, equivalently, to

/Ud:Td + ,u/ u-divr + /(u,®u)d:7'd = u({tv,up)r Y7 € Hy(div;Q). (3.5)
Q Q Q
In turn, the equilibrium equation given by the second equation of (2.6) can be rewritten as

—,u/v~diva—u/gpg-'v—0 Vo e L%(Q). (3.6)
Q Q

On the other hand, regarding the heat equation modelling ¢, we multiply the third equation of (2.6
by ¢ € H!(Q), integrate by parts and introduce, as a new unknown, the normal component of the
temperature flux, that is A ;= —KVyp- v € H_1/2(F), so that we get

/Kw-w+<A,¢>p+/(u-w)¢:o Vo € H'(Q). (3.7)
Q Q
Finally, the Dirichlet condition ¢ = ¢p on I' is imposed weakly as

(& o)r = (&op)r VECHVAD). (3.8)

Before continuing we observe that the third terms on the left hand sides of and require
the unknown w to live in a smaller space than L2(Q2). Indeed, by applying Cauchy-Schwarz and
Holder inequalities, and then the continuous injection of H'(Q2) into L*(Q) (cf. [1, Theorem 4.12],
[29, Theorem 1.3.4]), we find that there exist positive constants ¢;(2) and c2(£2), such that

[uow:

< a(Q) [ullro [lw

halTloe VYu, we H(Q), Vrel?Q), (3.9)

and

e lvlhielehe Yu e H(Q), Ve,v € H(Q). (3.10)

/Q<u-w>w] < (@) u

According to the above, and in order to be able to analyze the present variational formulation of (2.6]),
we now augment (3.5)) - (3.8]) through the incorporation of the following redundant Galerkin terms

'<61/ (uVu — (u®u)? - ad) Vo = 0 Vv € HY(Q),
Q
lig/ divo -divtT + Iig/ pg-divr = 0 V1 € Hy(div; ), (3.11)
Q Q
ﬁg/u-v = /ig/’uD"U Vo € HY(Q),
r r

where k1, ko and k3 are positive parameters to be specified later. Note that the identities required in
(3.11)) are nothing but the constitutive and the equilibrium equations along with the Dirichlet condition
for the velocity, but all them tested differently from (3.5]) - (3.6]). In this way, we arrive at the following



augmented mixed-primal formulation: Find (o, u, ¢, A) € Hy(div; Q) x H(Q) x HY(Q) x H~1/3(T)
such that
A((o,u), (1,v)) + Bu((o,u), (1,v)) = Fy(r,v) + Fp(T,v),
a(@a 1/}) + b(1/1 ) )‘) = Fu7go(7/}) ) (3'12)

b(p,£) = G(E),

for all (7, v, 1, €) € Hy(div; Q) x HY(Q) x H(Q) x H-Y2(I'), where the forms A, By, a, and b
are defined, respectively, as

A((o,u),(1,v)) = /Qad: (19 — k1 Vo) + /(,uu + rodive) -divT

¢ (3.13)
—/,L/Q'v-diva+,u/i1/QVu:V'v+n3/Fu-'v,
By((o,u), (1,v)) := —/ﬂ(u@w)d: (k1 Vv — 79), (3.14)
a(p,¥) = /QKVW'VT/M (3.15)
and
b(y, &) == (&¥)r, (3.16)

for all (o, u), (T,v) € Ho(div;Q) x HY(Q), for all w € HY(Q), for all ¢, » € H(Q), and for all
¢ e H7/2(T'). Note that A, B,, (with a given w € H!(Q)), a, and b are bilinear. In turn, F,, (with
a given p € HY(Q0)) , Fp, F,, (with a given (u,¢) € H'(Q) x H(Q)), and G are the bounded linear
functionals defined by

F,(T,v) = /ﬂ(pg- (nv — kodivT) V(1,v) € Ho(div; Q) x H'(Q), (3.17)

Fp(r,v)) = ks /FuD-v boulrv,un)e V(mv) € Ho(diviQ) x HYQ),  (3.18)

Fugld) = = [ (w-Ve)v voen@), (3.19)

" G(§) = (&pp)r VE € HYAT). (3:20)

The well-posedness of (3.12)) is addressed below in Sections and by applying the fixed
point approach that is explained next. We only remark in advance that it aims to decouple the primal

unknowns given by the velocity w and the temperature , through the introduction of two uncoupled
linear problems.

3.2 A fixed point approach

We now describe our fixed-point strategy to solve (3.12). We start by denoting H := H!(Q2) x H!(£2)
and defining the operator S : H — Hy(div; Q) x H*(Q) by

S(w,¢) := (Si1(w,9),S2(w,¢)) = (o,u) V(w,¢) € H, (3.21)



where (o, u) is the unique solution of the problem: Find (o, u) € Hy(div;Q) x H(Q) such that
A( (Uv u) 5 (Ta ’U) ) + B’w( (07 u) > (Tv ’U) ) = (F¢ + FD) (Ta v) 5 (322)

for all (7,v) € Ho(div; ) x HY(Q). Here, the form A and the functional Fp, are defined exactly as
in (3.13) and (3.18), respectively. In turn, the bilinear form By (-,-) and the linear functional Fy, are
given by (3.14]) and (3.17)) (with ¢ instead of ¢), respectively.

In addition, we also introduce the operator S : H —» H(Q) defined as

S(w,¢) := ¢ V(w,¢)eH, (3.23)

where ¢ € H!(Q) is the first component of the unique solution of the problem: Find (p,\) €
H'(Q) x H"/2(T") such that

ap, ¥) + b, \) = Fuu(d) Vi eH(Q)

(3.24)
b(e,¢) = G(§) veeH VA(D),
where a and b are the forms introduced in (3.15)) - (3.16) and F,, 4 is defined by (3.19).
In this way, by introducing the operator T : H — H as
T(w7¢) = (SQ(w’¢)’§(SZ(w7¢)7¢)) V(’wﬂf)) €H, (325)
we realize that (3.12)) can be rewritten as the fixed-point problem: Find (u,¢) € H such that
T(u,p) = (u, ). (3.26)

This fact certainly requires that both operators S and S be well defined. In other words, we first need
to analyze the well-posedness of the uncoupled problems ([3.22)) and ([3.24)), which is precisely what we
carry out in the following section.

3.3 Well-posedness of the uncoupled problems
We begin by recalling the following lemmas which are useful to prove ellipticity properties.
Lemma 3.1 There exists c3(2) > 0 such that
cs(Q) [rollse < IT30 + Idivrlie V7 = 7o + oI € H(div;Q),
Proof. See [5l, Proposition 3.1]. O
Lemma 3.2 There exists c4(2) > 0 such that

i + Ivlir > cal@lvlie Vv € HI(Q).

Proof. See [17, Lemma 3.3]. O

The next result provides conditions under which the operator S in (3.21) is well-defined, or equiv-
alently, the problem ({3.22) is well-posed.



Lemma 3.3 Assume that k1 € (0,20) with 6 € (0,2u), and K2, k3 > 0. Then, there exists
ro > 0 such that for each r € (0,79), the problem has a unique solution (o,u) = S(w,d) €
Ho(div; ) x HY(Q) for each (w,¢) € H such that ||w|1o < r. Moreover, there exists a constant
cs > 0, independent of (w, @), such that there holds

8w, )| = i@, wll < es{ Igllsc.0llélon + luplor + lupllyzr}- (3.27)

Proof. For a given w in H!(Q), we observe from (3.14) that B, is clearly a bilinear form. Also, from
Cauchy-Schwarz’s inequality and the trace theorem with constant c(2), we get

[A((o,u), (T,0))] < [l6%og [I7°

00 + fllefoalvle + plufoelldiv s

+ mefldivefoq[divrioo + #lvlloslldiveloe

lo.r [[vllog;

whereas, utilizing the estimation (3.9)), we deduce that for all (o, u), (T,v) € Hy(div;Q) x H(Q)
there holds

+  pr1lulialvlie + co(Q) ks flu

Buw((o,u), (1,0)] < c1(Q) (57 + )2 lwliqllufie (7, v)]. (3.28)

It follows from the foregoing inequalities that there exists a positive constant, denoted by ||A + By,
and depending on p, k1, K2, k3, c0(£2),c1(€2), and |lw||1,o, such that

[A((o,u), (T,0)) + Bu((o,u), (1,0))| < [|A + Bull[[(;w)[|[|(7,v)]| (3.29)
for all (o,u), (7,v) € Ho(div; Q) x HY(Q). In turn, we have from (3.13) that

A((m,v), (1,0)) = IT5q — m /Qfd Vo + me||divT§o + prilvlig + ssllvllr,

which, using the Cauchy-Schwarz and Young inequalities, and then Lemmas [3.1] and yields for
any ¢ > 0 and for all (7,v) € Hy(div;Q) x H(Q),

K1 R 1)
A((rv), (1,0) = (1= 55 ) I73a + melldivrlio + s (0 = 5 ) fa + xsllolir

> a3 | Tl[dive + ca@) a2 vliq = (@) |(T.0)]?,
(3.30)
where, assuming the stipulated hypotheses for § and &,

N S
(0% = Imin —_ =, — (8] = IMIn g K — = K
! 20° 2 W= g)ns

(i3 = min {al 03(9),%}, and  «(Q) := min {3, c4(Q) az} .

The above shows that A is elliptic with constant a(€2), and hence, employing (3.28)), we deduce that
for all (7,v) € Hy(div;Q) x H'(Q) there holds

a(2)
(A +By)((r0).(r.v) > (a(©) — (= + 12 er() Jole ) [r o) = S jr 0, (3.30)
; 2 1/2 a(Q2) e .
provided (k7 +1)7?¢c1(Q) |lw|1.0 < — Therefore, the ellipticity of the form A + B,, is ensured

with the constant

Q
a(2 ), independent of w, by requiring ||wl/1,o < 79, with
a(2)
2(k2+1)12¢1(Q)

To ‘= (332)

9



Next, concerning the functionals Fjy and Fp, we first see that, for a given ¢ € HY(Q), Fy is clearly
linear in Ho(div; ) x HY(Q), and by using Cauchy-Schwarz’s inequality and the trace theorems in
H(div; Q) and H'(Q) with constants 1 and co(), respectively, we find that

1Es |l < (1® + 53)* llgllocg 9llo0- (3.33)

and
| Fpll < r3co(Q) lupllor + pllupllijor- (3.34)

In this way, denoting Mg := max {(,u2 + m%)l/Q, K3 co(Q)}, we deduce from (3.33) and (3.34) that

|Fy + Fpl < Ms {HgHoo,Q [9llo.2 + llupllor + ||uD”1/2,F}' (3.35)
We conclude by Lax-Milgram Theorem (see e.g. [20], Theorem 1.1) that there is a unique solution
(o,u) := S(w,¢) € Hy(div;Q) x HY(Q) of (3.22), and the corresponding continuous dependence
result together with the constant of ellipticity «(2)/2 and the estimate (3.35)) imply (3.27) with the

2M.
positive constant cg = WSS’ which is clearly independent of w and ¢. O
o

On the other hand, a straightforward application of the Babiuiska-Brezzi theory provides the well-
posedness of (3.24). In fact, we have the following result.

Lemma 3.4 For each (w,¢) € H := H'(Q) x HY(Q) there exists a unique pair (p,\) € HY(Q) x
H~/2(T) solution of problem (3.24)), and there holds

18w, &)l < e, I < eg { Iwlialdlio + llenlar b, (3.36)

where cg 1s a positive constant independent of (w, ¢).

Proof. 1t is clear from and that a and b are bounded bilinear forms in H!(Q) x H!(Q)
and H'(Q) x H™Y2(T'), respectively, with constants [la]| := |K|s.q and ||[b|| := 1. In addition,
it is easy to see that the bilinear form b satisfies the inf-sup condition since its induced operator is
given by R*, , o 7 : HY(Q) — H Y2(I'), where 4o : H'(Q) — HY2(T") is the trace operator,
which is surjective, and R_, : H-Y/2(I') — HY2(I") is the usual Riesz operator, which is bijective.
Moreover, it is clear that the kernel of the aforementioned induced operatoris V := H%)(Q), and hence,
recalling that K is a uniformly positive definite tensor, and using the Friedrichs-Poincaré inequality,
we deduce that a is V—elliptic with a constant a,(€2) depending only on €. In turn, it is quite clear
that for each (w,$) € H the functionals F, 4 and G are linear and bounded in H(©2) and H'/?(T"),
respectively. In particular, according to the duality pairing of H~1/2(I') and H/2(I"), and the estimate

(3.10)), it follows from ([3.19)) and (3.20) that
[ Fw.oll(q1 )y < c2(Q) [lwllalehe (3.37)

and
1Gl—1/20 < llenllij2r- (3.38)

In this way, the Babtiska-Brezzi theory (see e.g. [20, Theorem 2.3]) ensures the existence of a unique
(p,\) € HY(Q) x H-Y/2(T) solution of (3.24) and a positive constant cg depending on |al|, aa(9),
c2(2) and the inf-sup constant of b, such that the estimate (3.36) holds. O
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3.4 Solvability analysis of the fixed point equation

Having proved the well-posedness of the uncoupled problems and , which ensures that
the operators S, S and T (cf. Section are well defined, we now aim to establish the existence of
a unique fixed point of the operator T. For this purpose, in what follows we verify the hypothesis of
the Banach fixed point Theorem. We begin with the following result.

Lemma 3.5 Letr € (O,ro), with ro given by (3.32)) (cf. proof of Lemma , let W be the closed
ball in H defined by W := { (w,0) e H: [(w,¢)] <r }, and assume that the data satisfy

e(r) {lgllog + lupllor + lluplljor} + cglenlor < 7, (3.39)

where
c(r) := max {r,1} (1 + c§7") s,
with cg and cg as in (3.27) and (3.36)), respectively. Then there holds T(W) C W.
Proof. Given (w, ) in the ball W of radius r € (0,r0), it follows that (u,¢) = T(w,®) is well

defined since |w|l1 o < r. Then, according to the definition of the operator T (cf. (3.25)), and
employing the continuous dependence estimates (3.36]) and (3.27)), it follows that

[(w, 0)[ < [S2(w,d)lli,0 + cg {T!lSz(w,¢) Lo + HwDHl/Q,r}
< (1+ cgr) IS2(w, )l + cg llenlyor
< (14 cgr)es{rlgloog + lunllor + luplior} + cslenlliar
< 0(7“){ 1glloc.0 + llupllor + HUDHl/z,r} + cglepllijzr,
and hence the result follows from the assumption (3.39)). (]

Next, we establish two lemmas that will be useful to derive conditions under which the operator T
is continuous. We start with the following estimate regarding the operator S.

Lemma 3.6 Let r € (0,7’0), with ro given by (3.32). Then there exists a positive constant Cg,
depending on the viscosity u, the stabilization parameters k1 and ka2, the constant c1(Q) (cf. (3.9))),
and the ellipticity constant () of the bilinear form A (cf. (3.30) in the proof of Lemma , such
that

IS(w, ) — S, 9)|l < Cs { lglollo—&

02 + [[S2(w, d)[l1,0 [[w — w1 q } ; (3.40)

for all (w, ¢), (ﬂ;,;zg) € H such that w1, |lwlhia <T.

Proof. Given r and (w, ¢), (ﬂ),(Z) € H as indicated, we let (o,u) := S(w, ¢) and (o, u) := S(ﬁ),(g)
be the corresponding solutions of problem (3.22)). Then, using the bilinearity of A and B,, for any w,
it follows easily from (3.22)) that

(A =+ B@)((O’,’u) - (&71])7 (T7U)) = F¢_$(T7’U) - Bw—fu((aau>7 (T7U>)

11



for all (7,v) € Ho(div Q) x H(Q). Hence, applying the ellipticity of A + Bg (cf. (3.31))), and
employing the bounds and ( - ) for F -3 and B,,_g, respectively, we find that

a(QQ) l(o,u) — (7,0)]* < (A+Bg)((o,u) — (7,a),(0,u) — (F,a))

= F(b_(;((a,u) — (5’,17)) — Bw_ﬂ,((a,u),(a,u) — (5,17))

{(u2+ﬂ§)”2 lgllooallé = lloq + (w7 + 1) e1() [lull,a llw —vam} (o u) = (a,u),

IN

2
which, denoting Cg := @) max {(;ﬂ + w32 (k3 4 1)1/2 cl(Q)} and recalling that u = Sa(w, ¢),
yields (3.40)) and concludes the proof. O

In turn, the following result establishes the Lipschitz-continuity of the operator S.

Lemma 3.7 There erists a positive constant Cg, depending on c2(Q?) (cf. (3.10)) and the ellipticity
constant () of the bilinear form a in the kernel of b, such that

IS(w, @) ~ S(@,d)l| < Cg{ Ilwlhalé ~dla + llw - @llaldhe | (3.41)

for all (w,¢), (w,¢) € H.

Proof. Given (w, ), (w,9) € H, we let (¢, ), (¢, \) e HY(Q) x H~Y2(I") be the corresponding
solutions of (3.24)), so that ¢ := S(w, ¢) and ¢ = S( ,®). Then, using the linearity of the forms a
and b, we deduce from both formulations (| - ) that

alp— 3 ) +bW, A= X) = F,, s() + F, 55) Vel (Q 2
b(p —3,¢) =0 Ve e H2(D). '

Next, noting from the second equation of (3.42) that ¢ — ¢ belongs to the kernel V' of b, taking

v=p—pand { = \— A in , using the ellipticity of a in V', and employing the bound (3.37)) for

F, w3 and F w5 e deduce starting from the first equation of ( - ) that

aa(€2)

Scwnwwmm¢—w@+uw—wmmwm}W—amm

to<alw—0,0-9) = |F,, 50— 0) + F,_gz 50—

Q
which gives (3.41) with Cy : = CQ((Q)).
Qa

As a consequence of the previous lemmas, we have the following result.

Lemma 3.8 Letr € (0,70), withr given by (3.32), and let W := {(w,¢) ceH: [(w,¢) < 7“}
Then, there exists Ct > 0, depending on r and the constants cs, Cs, and Cg (cf. (3.27), (3.40), and
(3.41), respectively), such that

IT(w.6) — T@.9) < Cr {lgles + luplor + luplior} lw.6) — @3 (343
for all (w, ), (171,5) e W.

12



Proof. Given r € (0,7"0) and (w, ¢), (ﬂ;,q~5) € W, we first observe, according to the definition of T
(cf. (B:25)), the Lipschitz-continuity of S (cf. (3.41), and the fact that ¢l < r, that

IT(w,¢) — T(®,0)| < [S2(w,d) — S2(@, $)|| + [S(S2(w, ), ) — S(Sa2(, ), 9)|
< (1+Cg7)|[Sa(w, 6) — Sa(®,9)|| + Cg [|S2(w, )16 — dli0,
which, employing the Lipschitz-continuity of S (cf. (3.40)), yields
IT(w,¢) = T(@,0)| < (1+Cg7)Cs gl llé = dllog
Lo} IS2(w, 9)]|-

Then, applying the a priori estimate for S (cf. (3.27))), noting now that ||¢||1. o < r, and performing
some algebraic manipulations, we deduce from (3.44) that

B (3.44)
+{(1+C57) Cs llw — @lluo + Cgl6 - &

IT(w, 6) — T(@, )] < {cm gl + Cra {Jupllor + Hanm,F}} I(w, ) — @, 3],

where
Cry = (1—|—C§7“) Cs(1+csr) + C‘S'CsT‘ and Crg = {(1+C§T) Cs + Cg}cs.

In this way, (3.43]) follows from the foregoing inequality by defining Ct := max {CT,l, C’TQ}. (]

We are ready now to prove that our fixed-point scheme is well-posed. Indeed, we know from
Lemmas [3.3] and [3.4] that the operator T is well-defined. Furthermore, the assumption on the data
given by (cf. Lemma guarantees that T maps W into itself for any ball W in H with radius
r € (0,79). In turn, it is clear from Lemma that T is Lipschitz-continuous. In addition, assuming
additionally that [|g|lcc.0 + [[upllor + [[uplli/or is sufficiently small, T becomes a contraction, and
hence the Banach fixed point Theorem can be applied. More precisely, we have the following result.

Theorem 3.9 Let k1 € (0,29), with § € (0,2p), and ko, k3 > 0, and given v € (0,r9), let
W = {(w,¢) ceH: [(w,9¢)] < 7“}. Assume that the data satisfy

e(r) {llglcr + llunllor + lupliyzr} + e lopllysr < v

and
Cr {llgllea + lunlor + llupljsr} < 1.

Then, problem ([B.12) has a unique solution (o,u, o, \) € Hy(div; Q) x HY(Q) x H'(Q) x H/3(T),
with (u, @) € W. Moreover, there hold

le,wl < es{rlgles + lluplor + luplor}

and
I M < cg {7 llu

Proof. Tt follows from Lemmas [3.5] and the Banach fixed point theorem, and the a priori estimates
(3.27) and (3.36]). We omit further details. O

1o + lepllijar |-

13



4 The Galerkin scheme

In this section we introduce and analyze the Galerkin scheme of the augmented mixed-primal formu-
lation (3.12). To this end, we adopt the discrete analogue of the fixed-point strategy introduced in
Section

4.1 Preliminaries
We begin by considering arbitrary finite dimensional subspaces
HY C Hy(div;Q), HF C HY(Q), H C HY(Q), and Hy C HV3(T), (4.1)

whose specific choices will bE described later on in Section |4.3] Hereafter, h stands for the size of a
regular triangulation 7; of 2 made up of triangles K (when d = 2) or tetrahedra K (when d = 3)

of diameter hg, that is h := max{hK . K eTy } According to the above, the corresponding
Galerkin scheme of problem ([3.12) reads: Find (op, up, ¢p, Ap) € HY x HP x HY x H; such that

A( (Uhvuh) ) (Tfhvh)) + Buh((ah?uh) ) (Thvvh)) = F@h(vah) + FD(Thv'Uh)
a(en, Yn) +bWn, An) = Fuyp, (Un) (4.2)
b(en, &) = G(&n),

for all (7p, vp, Y, &) € HY x Hj x Hf x Hj.
In order to address the well-posedness of (4.2)), we proceed in what follows analogously as in Section
Indeed, we first set Hj, := Hj}' X Hf and define the operator Sy, : H;, — Hf x H} by

Sn(wh, én) = (Sip(wn, n), Son(wn, on)) = (on,un) YV (wy, ¢p) € Hy,

where (o, u,) € H7 x H}! is the unique solution of

A((on,un), (Thyvn)) + Buw,((Gn,un), (Th,vn)) = Fg, (Th,vn) + Fp(Th,vn) (4.3)

for all (7p,v,) € HY x H}*. Just for sake of completeness we recall here that the form A and the
functional Fp are defined in (3.13)) and (3.18)), respectively. In turn, with wy, and ¢;, given, the bilinear
form By, (-, ) and the linear functional Fy, are those corresponding to and , respectively,
with w = wy and ¢ = ¢p.

Furthermore, we introduce the operator gh - H, — H(,f defined as
Sn(wn, ¢n) = on ¥ (wn,¢n) € Hy,
where ¢, € HY is the first component of the unique solution of the problem: Find (¢p, A) € HY xHy
such that
a(en, Yn) +b(Wn, An) = Fuwye,(¥n) Vi, € Hy

b(¢n ,&n) = G(&) V& eHy.

Certainly, a and b are the forms introduced in (3.15) - (3.16), and Fy,, ¢, is defined as in (3.19)) with
u = wp and @ = @p.

(4.4)

Therefore, by introducing the operator T}, : H, — Hj, as

Th(wh, ¢n) = (So.n(wh, dn), Su(Son(wh, dn),dn)) ¥ (wh, ¢n) € Hy, (4.5)
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we see that solving (4.2)) is equivalent to finding a fixed point of T}, that is (up, ¢p) € Hy, such that
Th(un, on) = (un, en)- (4.6)

In the following section we first establish the well-posedness of both (4.3) and (4.4)), thus confirming
that Sy, Sy, and hence T}, are all well defined, and then address the solvability of the discrete fixed

point equation (4.6).

4.2 Solvability analysis

We begin by remarking that the same tools utilized in the proof of Lemma [3.3] can be employed now
to prove the unique solvability of the discrete problem . In fact, it is quite straightforward to see
that for each wy;, € H}' the bilinear form A + B,,, is bounded as in with a constant depending
on p, ki, K2, K3, co(2), and ||lwpy|[1,0. In addition, under the same assumptions from Lemma on
the stabilization parameters and the given w;, € H}' (instead of w), A + By, becomes elliptic in
HY x Hj' with the same constant obtained in . On the other hand, it is clear that for each
on € Hf the functional Fy, is linear and bounded as in . The foregoing discussion and the
Lax-Milgram theorem allow to conclude the following result.

Lemma 4.1 Assume that k1 € (0,26) with § € (0,2u), and k2, k3 > 0. Then, for each r €
(0,79) and for each (wp, ¢n) € Hy, such that ||lwpl1,0 < r, the problem (4.3) has a unique solution

(oh,un) =: Sp(wy,¢p) € HY x H. Moreover, with the same constant cg > 0 from Lemma
which is independent of (wp, ¢n), there holds

I8a(wn o)1l = Nonun)ll < cs {lglloc Ionloe + luplor + luplir}. (A7)

On the other hand, in order to analyze problem (4.4), we need to incorporate further hypotheses
on the discrete spaces Hf and Hﬁ For this purpose, we now let V}, be the discrete kernel of b, that is

Vioi= {un € Hf: bln&)=0 V& € H}.
Then, we assume that the following discrete inf-sup conditions hold:

(H.1) There exists a constant @ > 0, independent of h, such that

a(y, R
sup M > alvnllie Y € V. (4.8)
unevi, 1nllie
Yn#0

(H.2) There exists a constant B > 0, independent of h, such that

b , ~
sup PUmE) S B e e e HD. (4.9)
g P T s
Yp#0

Specific examples of spaces verifying (H.1) and (H.2) are described later on in Section

We are now in a position to establish the following result.
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Lemma 4.2 For each (wp, ¢p) € H} x HY there exists a unique pair (¢p, Ap) € Hy x Hﬁ solution
of problem (4.4), and there holds

I18n(wn, ) < o Ml < T { Ihonllie lénle + lenlhyar } (4.10)

where g is a positive constant depending on ||al|, & (cf. (4.8)), B (cf. (4.9)), and c2(Q2).

Proof. Tt follows from a straightforward application of the discrete Babuska-Brezzi theory (see e.g.
[20, Theorem 2.4]). In fact, we first notice that the bilinear forms a and b are certainly bounded on
any pair of subspaces of the corresponding continuous spaces. In turn, the linear functional Fy,, 4, is
bounded on Hf exactly as stated in but replacing there w and ¢ by wy and ¢y, respectively,
whereas the restricction of G to HQ is clearly bounded as indicated in . The other hypotheses
required by the theory are exactly those described in (H.1) and (H.2), and hence we omit further
details. O

We now aim to show the solvability of (4.2]) by analyzing the equivalent fixed point equation (4.6]).
To this end, in what follows we verify the hypotheses of the Brouwer fixed point theorem, which reads
as follows (see, e.g. [12], Theorem 9.9-2).

Theorem 4.3 Let W be a compact and convex subset of a finite dimensional Banach space X, and
letT : W — W be a continuous mapping. Then T has at least one fixed point.

The discrete version of Lemma [3.5]is given as follows.

Lemma 4.4 Letr € (0,1"0), with ro given by (3.32) (cf. proof of Lemma , let

Wi = { (wn, @) € Hy : [l(wpén)l| <7},

and assume that the data satisfy

&) {lgllog + luplor + lunllior} + & llenlyar < 7. (4.11)

where
c(r) == max{r, 1} (1 + Egr) cs,

with cg and cg as in (3.27) (or (4.7)), and (4.10)), respectively. Then there holds Ty(Wy) C Wi.

Proof. It follows by similar arguments to those employed in the proof of Lemma by using now the
discrete stability estimates given by (4.7) and (4.10)). O

Next, we provide the discrete analogues of Lemmas|[3.6/and [3.7], whose proofs, being either analogous
or similar to the corresponding continuous ones, are omitted. We just remark that Lemma below
is proved almost verbatim as the proof of Lemma whereas Lemma is derived by using the
discrete inf-sup condition instead of the Vj,-ellipticity of a (analogously as it was for Lemma,
where V}, is the discrete kernel of b. To this respect, note that is more general, and hence less
restrictive, than assuming that the bilinear form a is elliptic in V}. In other words, the latter is not
necessary but only sufficient condition for , which is precisely what we apply below in Section
for a particular choice of subspaces. In turn, unless V}, is contained in V', which occurs in many cases
but not always, the Vj-ellipticity of a does not follow from its eventual V-ellipticity.
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Lemma 4.5 Letr € (0,7“0), with ro given by (3.32)). Then there holds

1n(wh, 6) = Su(@n, )| < Cs { llglloco l6n = Bnllog + 1S2.n(wn, 60|

Lo llwn—wnlie } (412)

for all (wpy, é) , (W, dn) € Hy, such that |lwrlli, |lwnllio < r, where Cs is the same positive
constant from Lemma (3.6

Lemma 4.6 There exists a positive constant 5§, depending on c2(2) (cf. (3.10)) and the discrete
inf-sup constant a (cf. (4.8])), such that

I8n(wn, 6n) = Su(@n )l < Cg { llwnlhalon = dullie + lwn —@nlialdnla }  (413)
for all (wy, ¢n), (Wn,én) € Hy,.

As a consequence of the foregoing lemmas, we are able to establish next the continuity of the
operator T},

Lemma 4.7 Letr € (0,1"0), with ro given by (3.32), and let
Wi i= { (wn,0n) € Hy: [(wnén)ll <7}

Then, there exists Ct > 0, depending on r and the constants cs, Cs, and 55 (cf. (4.7), , and
(4.13), respectively), such that

ITh(wn, é1) = Tu(@n, dn)l| < Cr {llgle + fun

or + l[upljor 1w, 6n) = (@0, )]
N (4.14)
for all (wp, @), (Wh,dn) € Wh.

Proof. Tt follows analogously to the proof of Lemma by using now the estimates (4.7), (4.12)), and
(4.13)), instead of (3.27), (3.40)), and (3.41)), respectively. Consequently, the resulting constant Cr is

given by max {CTJ, CT72}, where

CN’TJ = (1—|—6§7“) Cs(1+csr) + 6§Csr and C~'T72 = {(1+C~'§T)Cs + C~'§}Cs.

We are able now to establish the existence of a fixed-point of the operator T},.
Theorem 4.8 Let k1 € (0,20), with § € (0,2p), and ko, k3 > 0, and given r € (0,rg), let
Wy, = {(’wh,th) € Hy,: [[(wn,on)] < T}. Assume that the data satisfy
&) {lgllog + luplor + lunllyjor} + & llenlysr < 7.

where the constant ¢(r) is defined in Lemma [4.4 Then, problem (4.2) has at least one solution
(Oh, un, on, Ap) € HY x HY x Hy x Hﬁ, with (wp, on) € Wy. Moreover, there hold

I(enun)ll < es{rlglea + lunlor + lunljor |

and
Ions Al < 5 {7 llunllie + lepllajor }-
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Proof. Thanks to Lemmas [£.4] and [£.7] it follows from a straightforward application of the Brouwer
fixed point theorem (cf. Theorem [4.3)). O

Furthermore, by requiring a stronger assumption on the data so that the operator T} becomes a
contraction, we obtain the following existence and uniqueness result for (4.2]).

Theorem 4.9 In addition to the hypotheses of Theorem [A.8] assume that the data satisfy
Cr {llgllw + llunlor + Juplijor} < 1,

where Crp is the constant from Lemma . Then, problem (4.2)) has a unique solution (o p, wp, On, An)
€ Hf x Hjy x Hf X Hz, with (up, pp) € Wi, and the same a priori estimates from Theorem hold.

Proof. 1t follows from (4.14]) and a direct application of the Banach fixed point theorem. O

4.3 Specific finite element subspaces

In this section we introduce specific finite element subspaces satisfying , and the discrete inf-sup
conditions given by the hypotheses (H.1) and (H.2). In what follows, given an integer & > 0 and
a set S C R"™, Pi(S) denotes the space of polynomial functions on S of degree < k. Then, with the
same notations from Section we define for each K € T}, the local Raviart-Thomas space of order

k as
RTk(K) = Pk(K) s> Pk(K)m,

where, according to the terminology described in Section [I} P(K) := [Py(K)]", and x is a generic
vector in R”. Similarly, C(Q2) = [C(Q2)]”. Then, we introduce the finite element subspaces approx-
imating the unknowns o and u as the global Raviart—-Thomas space of order k, and the Lagrange

space given by the continuous piecewise polynomial vectors of degree < k + 1, respectively, that is
HY = {’Th € Hy(div; Q) : ctT‘K € RT(K), Yee R" VK e 7;,,} (4.15)

and
HY = {vh e C@Q): vh’K € Pr(K) VK € E}. (4.16)

Also, the approximating space for the temperature ¢ is given by the continuous piecewise polynomials
of degree < k + 1, that is

Y = {vn € C@): wh’K € Pra(K) VK €T} (4.17)

Next, for reasons that become clear below in Lemma we let {fl, fg, e ,fm} be an independent

triangulation of I' (made of triangles in R? or straight segments in R?), and define h := {max , |fj\
Je{l,...m

Then, with the same integer k& > 0 employed in the definitions (4.15)), (4.16]), and (4.17)), we set

m o= {g e 1X0): g

e Pu(T;) Vje{1,2 ,m}}. (4.18)

T

On the other hand, in order to check that H} and H% do satisfy the assumptions (H1) and (H2)
of the previous section, we first observe that the discrete kernel of b is given by

Vii= {un € HE . (G = 0 v e B2}
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In particular, { = 1 belongs to H%, and hence V}, is contained in the space

Vo= {weHl(Q): /szo},

where, thanks to the generalized Poincaré inequality, | - [/1,o and |- |10 become equivalent. This fact
together with the uniform positiveness of K imply that the bilinear form a is Vj,—elliptic, and thus
the assumption (H.1) is trivially satisfied.

In turn, concerning the discrete inf-sup condition for the bilinear form b, we recall the following
result from [20].

Lemma 4.10 There exist Cy > 0 and B > 0, independent of h and E, such that for all h < Cy E,
there holds

b(vn, &) _ 5
sup ———2= > B|& ||y or  VE € H% (4.19)
ey [¥nll1,0
Y #0

Proof. Tt follows basically from the same arguments from [20, Lemma 4.7], where the approximating
spaces for ¢ and A are defined as above but with & = 0. In fact, it suffices to replace the orthogonal
projector from H!(£2) onto the continuous piecewise polynomials of degree < 1 (employed there), by
the one onto the continuous piecewise polynomials of degree < k + 1 (required here). Further details
are omitted. O

It is important to remark here that, under the present choices of finite element subspaces, the
restriction on the meshsizes required by Lemma [.10] must be incorporated in the statements of
Theorems and as well as henceforth in the subsequent results in which these specific spaces
are involved. We end this section by recalling from [20] the approximation properties of the specific
finite element subspaces introduced here.

(APY) there exists C' > 0, independent of h, such that for each s € (0,k + 1], and for each o €
H*(2) N Hy(div; ) with dive € H*(Q), there holds

dist(o, HY) < Ch*{|lollso + l[divel.o ). (4.20)

(AP}) there exists C' > 0, independent of h, such that for each s € (0,k + 1], and for each u €
H**1(Q), there holds
dist(u, Hy) < Ch®||u|s+1.0- (4.21)

(APY)] there exists C' > 0, independent of h, such that for each s € (0,k + 1], and for each ¢ €
H5+1(Q), there holds
dist(p, HY) < Ch* [[ofls410- (4.22)

(AP%) there exists C' > 0, independent of ?L, such that for each s € (0,k + 1], and for each A €

H~1/2+5(I"), there holds N
dist(A, H2) < Ch* | All—1/24sr - (4.23)
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5 A priori error analysis

In this section we derive an a priori error estimate for our Galerkin scheme with arbitrary finite
element subspaces satisfying the hypotheses stated in Section More precisely, given (o, u, ¢, A\) €
Ho(div; Q) x HY(Q) x HY(Q) x HY(T), with (u, ¢) € W, and (op, un, on, An) € HY x HY x
Hf X Hg, with (up, vn) € Wh, solutions of problems and , respectively, we are interested
in obtaining an upper bound for

H(Uv u, ¢, )‘) - (Uhv Uh, Ph, )‘h)H .

For this purpose, we first rearrange (3.12)) and (4.2)) as the following pairs of continuous and discrete
formulations

(A +By)((o,u),(T,v)) = (F,+Fp)(r,v) Y (1,v) € Hy(div; Q) x HY(Q), 5.1)
(A+Buy,)(on,un), (Th,vn)) = (Fo, + Fp)(Th,vn) Y (Th,vs) € HY x HY, ‘
and
a(p,¥) + b, A) = Fue(¥) Vi € HY(Q),

A)
b(p,§) = G(&) Ve e HTYA(I,
(5.2)
a(en, n) +b(Vn, An)
)

(Soha éh

- Fuh#’h(wh) th c Hf,
= G(&) V&, € Hy .

Next, we recall from [30, Theorems 11.1 and 11.2] two abstract results that will be employed in
our subsequent analysis. The first one is the standard Strang Lemma for elliptic variational problems,
which will be straightforwardly applied to the pair . In turn, the second result is a generalized
Strang-type estimate for saddle point problems whose continuous and discrete schemes differ only in
the functionals involved, as it is the case of .

Lemma 5.1 Let V be a Hilbert space, F' € V', and A : V xV — R be a bounded and V —elliptic
bilinear form. In addition, let {V,}n~0 be a sequence of finite dimensional subspaces of V', and for
each h > 0 consider a bounded bilinear form Ay : Vi, x Vi, — R and a functional Fj, € V. Assume
that the family {Ap}n~o is uniformly elliptic, that is, there exists a constant & > 0, independent of h,
such that

Ah(vh,vh) > &”’U}LH%/ Vo, € Vi, Yh > 0.

In turn, let w € V and up, € Vi, such that
A(u,v) = F(v) Yv €V and Ap(up,vn) = Fp(vp) Yo, € V.

Then, for each h > 0 there holds

F Wp ) — Fh Wh
lu—unly < Csrd sup |F'(wn) = Fn(w)]
wheVh [[wnllv

e (5.3)
A(vp, wy) — Ap (v, w
b inf (fJu—valy + sup AEn ) = An(nwn)] ) L
vhEVh wpEV, ”whHV
70 wp#0

where Csr == a~! max{1,||A| }.
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Lemma 5.2 Let H and Q be Hilbert spaces, F € H', G € @', and let a : H x H — R and
b: H x @Q — R be bounded bilinear forms satisfying the hypotheses of the Babuska-Brezzi theory.
Furthermore, let {Hp}pso and {Qp}tr>o be sequences of finite dimensional subspaces of H and Q,
respectively, and for each h > 0 consider functionals F, € H; and Gy € Q). In addition, assume
that a and b satisfy the hypotheses of the discrete Babuska-Brezzi theory uniformly on Hy and Qp,
that is, there exist positive constants & and (3, independent of h, such that, denoting by Vi, the discrete
kernel of b, there holds

a , B b , _
sup W) 5 Gyie Ven € Vi and  sup S ) S g Ve € Qu (5.4)
YreVy HwhHLQ Y E€Hp ”wh”H
Yn#0 b #0

In turn, let (p,\) € H x Q and (pp, A\n) € Hp x Qp, such that
a(p, ) +b(Y,A) = F¥) V¢ e H
b(p,§) = G VEeQ,

and
a(en,¥n) +b(n, An) = Fp(¥n) Vi, € Hy

b(en, &n) = Gu(&) V& € Qn.
Then, for each h > 0 there holds

lo — enllag + 1A =Xullg < Csvq inf o — ¢l + inf [[X = &g
Yp€Hp, £n€Qn

S
U0 £, 40 (5.5)
F - F G -G ’
+ sup |F(én) hn(on)l + sup |G (1n) n(nn)]
éneHy, onlle QN 78 || £
on#0 Nr#0

where Csr is a positive constant depending only on ||a|, ||bl|, & and B.

In what follows, we denote as usual

dist((o,u) HY x H) = inf [[(o,u) — (T, 0)]

(Th,’Uh)EHZ XH;:‘

and

dist (o AV BE <) = - inf o (00) = (o)

Then, we have the following lemma establishing a preliminary estimate for ||(o,u) — (op, up)||-

Lemma 5.3 Let Cyr = max{1, || A + By ||}, where a(Q) is the constant yielding the ellipticity

2
a(Q)
of both A and A + By, for any w € HY(Q) (c¢f. (3.30) and (3.31)) in the proof of Lemma . Then,
there holds

(o, 1) — (on, up)|| < Csr { (1 e (Q) (K2 + DV2 | — uh||m> dist((a,u),Hg X H;;)
(5.6)

+e1(Q) (5] + 1)V lu —upllrg ullie + (1% + £3)'? gllcg o — whllo,ﬂ} :
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Proof. From Lemma we have that the bilinear forms A + B, and A + B, are both bounded
and elliptic with the same constant ﬁ Also, F\, + Fp and F,, + Fp are bounded linear functionals
in Ho(div; Q) x H'(Q) and HZ x HY, respectively. Then, a straightforward application of Lemma
to the context gives

l(o,w) = (enw)l| < Csr {\\F¢_@h

HZ xH

Bu_ (5.7)
+ inf (o, w) — (T, v1)|| + sup [Bu—u, ((Th, v1), (Cpywn))| |
(7n wn) Hy < Hj; (Cprwi ) EHE X H® [(Chs wh)|
(Taon)%0 (Chrwn)#0

where Cgr = ﬁ max{l,||A + Byl||}. We now proceed to estimate each term appearing at the

right-hand side of the foregoing inequality. Firstly, employing (3.33)) (cf. proof of Lemma with
¢ = ¢ — pp, we readily obtain

HFSD—AOh

In turn, by applying (3.28) with w = u—wuy, adding and substracting u, and then bounding |[u—vp||1.0
by ||(o,u) — (Th,vn)||, we find that

Buu—aun (71, 08), (Cywi))| < ea(Q) (k5 + DY = unllr [onllne [ (Ghwn)l|

< (1 + 522 |gllog ¢ — enllog - (5.8)

HE x HY

< a(®) ]+ DY u—unlig (e, u) = (7o) 1(Chswn)l|

+ (@) (W + DY Ju— g lullie [ (Chwn)ll
which yields

B._ Th,Vn), , W

sup | uh(( h h) (Ch h))‘ < Cl(Q) (H%—i—l)l/Q H'u’_uhHl,Q HU’HLQ

(Cp wp)EHY xHP (S, wn)l (5.9)
(Chvwh)7£0

+ (@) (5] + D2 lu—unlla (o, w) = (Th,08)] -

In this way, by replacing (5.8) and (5.9) back into (5.7)), and applying the infimum to the resulting
term having ||(o,u) — (7h,vs)|| as a factor, we get (5.6)) and conclude the proof. O

Next, as for the error |[(¢, A\) — (¢n, An)|| arising from (5.2), we have the following result.

Lemma 5.4 There exists a constant Csy > 0, depending only on ||al|, |b|, & (¢f. (&.8)) and B (cf.
(4.9) ), such that

(2, A) = (e, An)|| < Csr {02(9) |w— e el
(5.10)

+ () [lun

Lole —enlia + dist((%k),H}f X Hﬁ) } :

Proof. We first observe that (H.1) and (H.2) from Section 4.2 guarantee that the hypothesis (5.4)) in
Lemma is satisfied. Hence, by applying this lemma to the context given by (5.2)), we find that the
corresponding estimate ({5.5)) becomes

10,3 = (on )| < Cor {H (Fue = Fuson )| | + it (600, 557 < 123) } , (5.11)
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where Cgr is a positive constant depending only on ||a]|, ||b||, @, and B Next, by rewriting

Fup = Fup,on, = Fu—upo T Fup oo s

and using the bound (3.37)), we deduce that
[(Farvns+ Fan )

Finally, the required estimate ({5.10]) follows by replacing the foregoing inequality in ((5.11)). O

< o) {Jfu—w,

Lo lelua + llunlliele — @h|1,9} .

©
Hh

We are now in a position to derive the Céa estimate for the global error

(o, w) — (on,un)l| + [[(0,A) = (on, An)ll -
Indeed, by adding the estimates (5.6) and (5.10) from Lemmas and respectively, we find that

() = (@n,wn)ll + 6, A) = (on, M)l < Csrdist (0, \), HY x H))
+ Csr (1 Fer(Q) (12 4+ 1)Y2 u — uhum) dist((a,u),H;{ X H;;)
+ (Csrea(@) llunlhio + Cor (12 + 532 ligllow) o = om0

+ (aST c2(Q) [¢l1.0 + Csr e1(Q) (k7 + DY2u

1,9) lu—un|10-

Next, employing the estimates for u, ¢, and u;, given by (3.27)), , and (4.7)), respectively, and
then performing some algebraic manipulations, we find that

(o) — (omun)| + [1(2.X) — (on M)l < Csr st (. 1), x B}
+ Csr (1 () (K2 + DY2 | — uhum) dist((cr, ), HY x H;;) (5.12)

+ Clg,un,p) { (e, u) = (@ un)ll + (. 2) = (o, M)l }

where
Clg.up,pp) = max{Ci(g,un,¢p), Calg, un,¥n)}
Ci(g,up,¢p) = {7“ Ci+Cy } lg]lso,2 + C1 {HUDHO,F + ||UD||1/2,F} ;
Ca(g,up,pp) = (3 {THQ oo, + lup llor + [lup Hl/z,r} + Callep lliy2r

and the constants Cq, Csy, C3, and Cjy, are given by
Cy = Csrea(Q)es, Co = Osr (u? + k32,

C3 = cg {aST c2(Q) + reg + Csr e () (k2 + 1)/? }, and Cy = Csr () g

In this way, since the expression multiplying dist((a, w), HY x H}L‘) in (5.12)) is already controlled

by constants, parameters, and data only, and since the constants C;(g,up,¢p), i € {1,2}, depend
linearly on the data g, up, and ¢p, we conclude from the foregoing analysis the following main result.
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Theorem 5.5 Asume that the data g, wp and pp are such that

1
Ci(g,up,op) < 5 Vi€ {1,2}. (5.13)

Then, there exits a positive constant Cs, depending only on parameters, data and other constants, all
of them independent of h, such that

(e, u) = (on, un)ll + [[(¢, A) = (on, An)l

(5.14)
< Cs dist((a,u),Hg x H;;) n dist((go, ), HY x Hg) .

Proof. 1t suffices to realize from ([5.13)) that C(g,up,¢p) < %, which, combined with (5.12)), yields

()~ (o w)ll + 12, = (o M)l < 2Csmdist (g, \), HY x H)

+ 20t (1 +er(Q) (K2 4+ 1)Y2 |ju — uhum) dist((o—,u),H;; X H';;) :

The rest of the proof reduces to employ the upper bounds for ||ul/1,o and ||up|1 0. O

Finally, we complete our a priori error analysis with the rates of convergence of the Galerkin scheme
when the specific finite element subspaces introduced in Section [4.3] are employed.

Theorem 5.6 In addition to the hypotheses of Theorems [3.9] and [b.5, assume that there exists
s > 0 such that ¢ € H*(Q), dive € H3(Q), u € HY(Q), ¢ € Ht(Q), and A € H~/2T5(),
and that the finite element subspaces are defined by (£.15), (4.16), (£.17), and (4.18). Then, there
exist C > 0, independent of h and h, such that for all h < Cyh there holds

(@) = (o un)ll + 160 A) = (ons Al < CR Ry
. (5.15)
+ cnmntE o)l g 4 ldivele + fulsie + lellse |-

Proof. 1t follows from the Céa estimate (5.14) and the approximation properties (APY), (AP}),
(AP}) and (AP%) specified in Section O

We end this section by remarking that, for practical purposes, particularly for the implementation
of the examples reported below in Section [6] the restriction on the meshsizes is verified in an heuristic
sense only. More precisely, since the constant Cy involved there is actually unknown, we simply assume
Co = 1/2 and consider a partition of I" with a meshsize h given approximately by the double of h.
The numerical results to be provided in that section will confirm the suitability of this choice.

6 Numerical results

In this section we present two examples illustrating the performance of our augmented mixed-primal
finite element scheme on a set of quasi-uniform triangulations of the corresponding domains
and considering the finite element spaces introduced in Section Our implementation is based
on a FreeFem++ code (see [23]), in conjunction with the direct linear solver UMFPACK (see [14]).
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Regarding the implementation of the iterative methods, the iterations are terminated once the relative
error of the entire coefficient vectors between two consecutive iterates is sufficiently small, i.e.,

|coeff™ 1 — coeff™|| 2

Hcoeﬂ'erl ll;2

< tol,

where || - ||;2 is the standard /2-norm in R, with N denoting the total number of degrees of freedom
defining the finite element subspaces Hf, H}, Hf and Hﬁ and tol is a fixed tolerance to be specified
on each example. For each example shown below we simply take (u), %) = (0,0) as initial guess,
and we choose the parameters k1 = u, ko = p? and kg = p?, which clearly satisfy the hypotheses of
Lemma 4.8 with 6 = p.

We now introduce some additional notation. The individual errors are denoted by:

e(0) = [lo —onllavia, e(w) = [lu—unllia, elp) = lp—puloa,

e(p) = llp —¢nlra, ed) = A= Anllor,

where p is the exact pressure of the fluid and py, is the postprocessed discrete pressure suggested by

the formulae given in (2.5) and (3.3), namely,
1 . 1
D, = ——tr{ah+chﬂ + (uh®uh)}, with ¢, i = ——— / tr(up @ up) .
n n|Q Jo

Moreover, it is not difficult to show that there exists C' > 0, independent of h, such that

lp —prlloo < C{HU—Uthiv;Q + Hu_uhHl,Q}7

which says that the rate of convergence of pj, is the same provided by (5.15)) (cf. Theorem .

Next, we let r(o), r(u), r(p), r(p), and r(\) be the experimental rates of convergence given by

_ log(e(a)/e'(a)) _ log(e(u)/e'(u)) ._ log(e(p)/€'(p))

r(o) = log(h/l) r(u) = log(h /) r(p) = log(h/l)
_ log(e(v)/e'(¢)) log(e(N)/e'(N))
@) = = TN = g/

where h and #/, (h and A/ for \) denote two consecutive meshsizes with errors e and e’.

In our first example we illustrate the accuracy of our method considering a manufactured exact
solution defined on  := (—1/2,3/2)x(0,2). We consider the viscosity u = 1, the thermal conductivity
K = 122 V (21, 79) € Q, and the external force g = (0, —1)*. Then, the terms on the right-hand
sides are adjusted so that the exact solution is given by the functions

(10('I17x2) = CL‘%(.’E% + 1)7
1 — e cos(2mas)

u(zy,2) = ;
%e)"“ sin(27x2)

1
p($1,$2) = _562>\m1 +]57
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where
2

. —8m
Cop /2 4+ 1672

and the constant p is such that fﬂp = 0. Notice that (u,p) is the well known analytical solution
for the Navier-Stokes problem obtained by Kovasznay in [27], which presents a boundary layer at
{—1/2} x (0,2).

In Table [I] we summarize the convergence history for a sequence of quasi-uniform triangulations,
considering the finite element spaces introduced in Section with £k = 0 and k£ = 1, and solving the
nonlinear problem with the fixed-point iteration provided in Section with a tolerance tol = 1E—8.
We observe there that the rate of convergence O(h**+1) predicted by Theorem (when s = k+ 1)
is attained in all the cases. Next, in Figures and [3| we display (to the left) the approximate
temperature, the approximate velocity magnitude and vector field, and the approximate pressure,
respectively, and we compare them with their corresponding exact counterparts (to the right). All
the figures were built using the RTyg — Py — P; — Py approximation with N = 177320 degrees of
freedom. In all the cases we observe that the finite element subspaces employed provide very accurate
approximations to the unknowns, showing a good behaviour on the boundary layer.

In our second example we illustrate a more realistic situation in which the exact solution is un-
known. Here, we consider the geometry Q = (—1,1) x (—1,2), the viscosity fluid = 1, the thermal
conductivity K = I, the external force g = (0, —1)!, and the boundary data

up(z1,22) =0 and ¢p(x1,20) := (21 +1)e™*> on T.

Notice, that ¢p attains its maximum value at (x1,z2) = (1,1), whereas ¢p =0 on {—1} x (—1,1). In
Table [2| we summarize the convergence history for a sequence of uniform triangulations, considering a
RTy — P; — P; — Py approximation and a tolerance tol = 1E—8. There, the errors and experimental
rates of convergence are computed by considering the discrete solution obtained with a finer mesh
(N = 2822774) as the exact solution. We observe that the rate of convergence O(h) is attained by
all the unknowns. Next, in Figure 4| we display the approximates temperature (left) and pressure
(right) whereas in Figure [5| we show the first and second components of the velocity (bottom) together
with the velocity magnitude and the velocity vector field (top). All the figures were obtained with
N=177644 degrees of freedom. We can observe that the discrete temperature and velocity preserve
the prescribed boundary conditions.
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ERRORS AND RATES OF CONVERGENCE FOR THE MIXED-PRIMAL
RTy — Py — P1 — Py APPROXIMATION

N h e(g) | r(o) | e(w) | r(u) || elp) | r(p)
806 0.3802 || 73.0680 - 39.1463 - 4.8682 -
2934 | 0.1901 || 44.1852 | 0.7257 || 21.5882 | 0.8586 || 2.7057 | 0.5248

11321 | 0.0968 || 24.3903 | 0.8578 || 11.3580 | 0.9271 || 1.4606 | 1.1140
44313 | 0.0530 || 11.6299 | 1.2664 || 5.2548 | 1.3180 | 0.7152 | 1.4531
177320 | 0.0266 || 5.7070 | 1.0322 || 2.5486 | 1.0492 || 0.3541 | 1.1283
700032 | 0.0142 || 2.8348 | 1.1174 || 1.2442 | 1.1452 | 0.0798 | 1.1611
N h e(p) (o) h e(A) r(A) || Iterations
806 0.3802 | 1.3109 - 0.5000 | 88.1781 - 13
2934 | 0.1901 || 0.5472 | 1.2606 || 0.2500 | 45.3437 | 0.9595 17
11321 | 0.0968 || 0.2581 | 1.0845 || 0.1250 | 22.1691 | 1.0323 18
44313 | 0.0530 || 0.1305 | 1.1660 || 0.0625 | 10.8920 | 1.0253 19
177320 | 0.0266 || 0.0639 | 1.0348 || 0.0312 | 5.3797 | 1.0177 19
700032 | 0.0142 || 0.0318 | 1.1131 || 0.0156 | 2.6694 | 1.0110 20

ERRORS AND RATES OF CONVERGENCE FOR THE MIXED-PRIMAL
RT; — Py — Py — P; APPROXIMATION

N h eo) | (o) | e(w) | r(w) || ep) | r(p)
2686 | 0.3802 | 28.7866 - 9.9080 - 12.8970 -
10078 | 0.1901 || 9.0869 | 1.6635 || 3.2510 | 1.6077 || 3.4669 | 1.8953
39550 | 0.0968 || 2.5644 | 1.9156 || 0.8685 | 1.9985 || 0.9029 | 2.0370
156158 | 0.0530 || 0.5872 | 2.3887 || 0.1913 | 2.4518 || 0.2070 | 2.3867
627678 | 0.0266 || 0.1429 | 2.0490 || 0.0442 | 2.1239 || 0.0475 | 2.1352
N h e(p) r(p) h e()) r(A) || Iterations
2686 | 0.3802 || 0.1358 - 0.5000 | 10.0095 - 25
10078 | 0.1901 || 0.0240 | 2.5018 || 0.2500 | 2.5666 | 1.9634 19
39550 | 0.0968 || 0.0045 | 2.5203 | 0.1250 | 0.6438 | 1.9953 19
156158 | 0.0530 || 0.0009 | 2.5911 || 0.0625 | 0.1609 | 2.0006 20
627678 | 0.0266 | 0.0002 | 2.2535 || 0.0312 | 0.0402 | 2.0010 20

Table 1: EXAMPLE 1: Degrees of freedom, meshsizes, errors, rates of convergence and number of
iterations for the mixed RTy — P1 — P71 — Py and RT; — Ps — Py — P approximations of the boussinesq
equations.
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Figure 1: Example 1: ¢}, (left) and ¢ (right) with N = 177320 (RTg — P; — P; — Py).

[ ol
0.00426 19

Figure 2: Example 1: velocitiy magnitudes |up| (left) and |u| (right) and velocity
vector fields with N = 177320 (RTy — Py — Py — Py).
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Figure 3: Example 1: postprocessed discrete pressure py (left) and exact pressure (right)
with N = 177320 (RTO - P1 — P1 - Po)

ERRORS AND RATES OF CONVERGENCE FOR THE MIXED-PRIMAL
RTy — P1 — P1 — Py APPROXIMATION

N h (o) | r(o) | e(w) | r(u) | e(p) | r(p)
815 0.4129 || 0.3208 - 0.7711 - 0.1830 -
2997 | 0.1901 || 0.1593 | 0.9539 || 0.3621 | 0.9744 || 0.0918 | 0.8898

11357 | 0.0968 || 0.0759 | 1.1342 || 0.1663 | 1.1525 || 0.0406 | 1.2062
44412 | 0.0527 || 0.0394 | 1.1540 || 0.0853 | 1.0984 || 0.0199 | 1.1783
177644 | 0.0307 || 0.0196 | 1.3091 || 0.0419 | 1.3123 || 0.0099 | 1.2795
701022 | 0.0150 || 0.0105 | 0.9685 || 0.0211 | 0.9599 || 0.0054 | 0.8523

N h e(p) r(p) h e()) r(A) | Iterations
815 | 0.4129 || 0.7301 - 0.2500 | 1.8899 9
2997 | 0.1901 || 0.3461 | 0.9620 || 0.1250 | 1.1122 | 0.7649

11357 | 0.0968 | 0.1589 | 1.1526 || 0.0625 | 0.5825 | 0.9331
44412 | 0.0527 || 0.0806 | 1.1180 || 0.0312 | 0.2992 | 0.9609
177644 | 0.0307 || 0.0401 | 1.2887 || 0.0156 | 0.1487 | 1.0091
701022 | 0.0150 || 0.0205 | 0.9433 || 0.0078 | 0.0695 | 1.0977

O © © ©

Table 2: EXAMPLE 2: Degrees of freedom, meshsizes, errors, rates of convergence and number of
iterations for the mixed RTy —P; —P; —Pg approximations of the boussinesq equations with unknown
solution.
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Figure 4: Example 1: p;, (left) and ¢y, (right) with N = 177320

I N — I T —
4.88e-06 0.402 3.22e-05 0.402

I
-0.372 0.348

Figure 5: Example 2: velocity magnitude (top left), velocity vector field (top right), first
component of uy, (bottom left) and second component fo uy, (bottom right) with N = 701022
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