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Abstract

Recently, the concepts of second order asymptotic directions and
functions have been introduced and applied to global and vector op-
timization problems. In this work, we establish some new properties
for these two concepts. In particular, in case of a convex set, a com-
plete characterization of the second order asymptotic cone is given.
Also, formulas that permit the easy computation of the second order
asymptotic function of a convex function are established. It is shown
that the second order asymptotic function provides a finer description
of the behavior of functions at infinity, than the first order asymptotic
function.

Key words. Asymptotic cone; recession cone; asymptotic function;
second order asymptotic cone; second order asymptotic function.

1 Introduction

The concept of asymptotic (or recession) directions of a set has been intro-
duced almost 100 years ago [14], and then it was rediscovered by Debreu
[2], where its use concerns the closedness of the sum of any two closed sets.
Such a notion may be conceived as a main tool to describe the asymptotic
behaviour of the set at infinity along these particular directions, so it is of
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2 Second order asymptotic analysis

primary importance for dealing with unbounded sets, as it gives rise to the
“asymptotic analysis” approach. A vector u # 0, say with [jul| = 1, is by
definition an asymptotic direction of a set K if its direction is the limit of
directions of a sequence of vectors {xj}ren in K such that |xg| — +oo;
equivalently, if there exists a sequence {x;} in K such that ||zg| — 400

and — u. In many interesting cases, the vectors x; do not approach

@]
the line Ru containing wu; actually, their distance from it converges to +oc.

How exactly do the directions of x; approach the direction of u? One way
to answer this question, is to consider the projections (zy,u)u of xp onto
u, and the differences zj, — (zg, u) u. Then, if ||z} — (xg, u) ul| — 400, one
can find the limit, if any, of the directions of the latter vectors. These are
exactly the canonic (second order) directions, which are orthogonal to w.
From this line of reasoning, and in order to have a finer tool in the study of
the behavior of sets and functions at infinity, very recently the authors in
[8] introduced, more generally, the notion of second order direction for sets,
as the limit of directions of a sequence of vectors x; — apu with ap — +oo,
m — . and |z — agu|| — +oo, which show how the vector xy, is “seen”
from a vector aju. The precise definition for sets (and functions) will be
given in the two following sections.

We point out that (first order) asymptotic cones in infinite dimensional
spaces were considered in [4, 5], see also [10]; whereas in spaces of finite
dimension, we refer to [1, 13]. More recent applications may be found in
[3, 6, 7, 11] and references therein.

A related concept which is motivated mainly by minimization problems,
is the concept of asymptotic function. A careful analysis of the behaviour
of the asymptotic function (associated to objective) along the asymptotic
directions of the feasible set is crucial for a study of the existence of minima.
Similarly to the first order case, a second order asymptotic function can be
defined.

We believe that in the same way as the first-order asymptotic analysis
proved to be a powerful in the study of sets and functions at infinity, the
second-order approach will yield finer results in optimization, economics,
engineering, etc. Indeed, it was shown in [8] that these second order notions
may be used to establish necessary or sufficient conditions for optimality,
characterize the efficient points in vector optimization, or provide criteria for
the closedness of the sum of closed sets, in cases where the results using the
first order asymptotic notions are not adequate. It is worthwhile mentioning
that in [8], mainly the general non convex case was treated, and no formula
was provided for the convex case. This latter situation will be discussed in
detail in the present paper, so we will see that there are very simple and
attractive formulas that provide the corresponding asymptotic notions for
sets and functions.

We also must mention that the meaning of our concept of asymptotic
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cone is different from that considered, for instance, in [9]. For us the term
asymptotic means far away, in contrast to the mentioned in that paper,
compare (3) and (4) in [9, Definition 2.1] and our Proposition 3.4(c).

One of the main results of the present paper is a characterization of
the second order asymptotic cone in the case of a convex set. Based on
this characterization, we will show several properties of such cones, and
give formulas for the second order asymptotic function, that permit an easy
computation.

The structure of the paper is as follows. The basic definitions and no-
tations are given in the next section. Section 3 contains some preliminary
results on the properties of second order asymptotic cones, and also their
relation to the so-called canonic directions. In addition, the convex case
is discussed in details. For example, it is known that for a closed convex
set K C R", its asymptotic cone K is the set of vectors u € R™ such that
xo+tu € K for every g € K and t > 0. As we shall see, given a convex (not
necessarily closed) set K and an element x( of its relative interior ri K, the
second order asymptotic cone of K with respect to u, which will be denoted
by K°°?[u], is the set of all v € R™ such that for every s > 0, zg+tu+sv € K
for all ¢ sufficiently large (Proposition 3.4); actually, this property implies
both u € K and v € K*?[u]. In the special case of polyhedral sets, we
may have xg € K instead of zg € ri K, and K°°?[u] has a simple expression
(Remark 3.8 and Proposition 3.10).

The above characterization, together with some other similar ones, will
be used to obtain information about the structure of the second order asymp-
totic cone, as well as several of its properties. Section 4 is devoted to the
second order asymptotic function. Using the characterizations found in Sec-
tion 3, we obtain formulas which permit an easy calculation of this function
in case the original function is (not necessarily lower semicontinuus) convex,
as we show with some examples.

It should be noted that the notation differs with respect to the ones
introduced in [8]. Also, the definition of second order asymptotic function
(which in [8] was called lower second order asymptotic function) is different,
even if it is proven to be equivalent to the one in [8]. The changes were
deemed useful in order to approach the more usual notation and definitions
of the corresponding first order notions. Similar changes affect the canonic
directions.

2 Basic definitions

We denote the duality pairing between two elements of R™ by (-,-). The
subspace generated by a vector u € R" is denoted by Ru; the subspace
orthogonal to it, ut. Given K C R7, its closure is denoted by K, its
boundary by bd K, its topological interior by int K, its relative interior
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by ri K, and its convex hull by co(K). We set cone(K) = J,5,tK and
come(K) = Upso 1K

For K C R", its first order asymptotic cone (or just asymptotic cone) is
defined by

K*={ueR": Ftp — 400, Jz; €K, ?—HL}
k

In case K is a closed convex set it is known that
K*={ueR": zp+ue K, ¥Y\>0} forany z € K. (1)

If K is convex without being necessarily closed, then there is a similar char-
acterization of K'*° by using elements of ri K:

K*={ueR": zo+AueriK, VA>0}forany o €riK; (2)

see for instance Proposition 2.1.8 in [1].

A function f is called proper if f(x) > —oc for all z € R™ and dom f # 0,
where dom f = {x € R" : f(z) < 4o00}. Given any proper function
f:R™ - RU{+o0}, the asymptotic function of f is defined as the function
f: R" - RU {400} satisfying

epi [ = (epi f)*, (3)

where epi f = {(z,t) € R" x R : f(z) < t} is the epigraph of f. Con-
sequently, when f is a convex and lower semicontinuous function, we have

VﬂUO S f_l(R)a
f(xo +tu) — f(o) f(zo +tu) — f(xo)

[o) = tim t 0 t )
and
fPw) = sup (f(z+u)— f(z)). (5)
z€dom f

From (3), we obtain the following formula for f°° in the general case,
given u € R™,

f°(u) = inf { lim inf f(:'k) : 2, € dom f,t, — 400, ? — u}

k—o0 k k

If f: K CR"— R, f* denotes the asymptotic function of f, where
we extend f to the whole R™ by setting f(z) = +oo if x € R™\ K. More
detailed information on asymptotic sets and functions may be found in [13].

Definition 2.1 Given a nonempty set K C R"™ and u € R", we say that
v € R™ is a second order asymptotic direction of K at u if there are sequences
xp € K, si and tp € R, with sg,tr — +00 such that,

. L
= 1 — —1 .
v k—1>I—|I—100 <Sk ku) (6)

The set of all such elements v is denoted by K°2[u].
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Equivalently, v € K°?[u] if for each k € N there exist s > k and ¢, > k
such that
Tk 1
— —tru—v| < —. 7
o wU— o <o (7)

Note that if (6) holds for sg, tx, x) as in the definition, then

L

1m
k—+oo Sitk

Consequently, one has necessarily u € K*°.

The set K>2[u] is a cone, termed the second order asymptotic cone of
K at u. It is nonempty exactly when u € K™ [8]. K°2[u] is always closed,
and if u = 0 then K*?[0] = K*°.

Let us fix a direction u € R™ for which f°°(u) is finite; then u € (dom f)™
and (u, f(u)) € (epi f)®. Set A = (epi £)>?[(u, f°(u))]. Then (v,a) € A
iff there exist sequences (zy, ay) € epi f and s, t, — 400 such that

(zk, k)

P ti (u, [ (u)) = (v,@). (8)

In this case, for every h > 0, (zg, oy + sph) € epi f and

(a:k, o + Skh)

. —tg (u, f° (u)) = (v,a+h).

Thus, (v,a+h) € A for every h > 0. Since A is a closed cone, this
means that A is the epigraph of some lsc, positively homogeneous function.
We call this function second order asymptotic function of f at u and we
denote its value at v by f°°2(u;v), that is,

ept f>2(u;-) = (ept £)2[(u, £ (u))]. (9)

This yields the following straightforward result.

Proposition 2.2 Foru € R" satisfying f>(u) € R, the function f>2(u;-) :
R"™ — R U {xo0}, defined as in (9), is lsc and positively homogeneous; it
satisfies f>%(u;0) = 0 or —oo, while f*(u;0) = 0 if and only if f>%(u;-)
1S proper.

3 Second order asymptotic cones

We start by establishing various properties for the second order asymptotic
cone of any set, including its link to canonic directions. Then we provide
some characterizations of the second order asymptotic cone in case the set
is convex.
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3.1 Preliminary results

Next proposition collects some basic properties of the second order asymp-
totic cone for any set, although they partly already appear in [8].

Proposition 3.1 Let ) # K CR"™. The following assertions hold.
(a) If Ko C K, then K§*%[u] € K*®?[u] for all u € R™.
(b) K*=?[u] + Ru = K*2[u] for all u € K.
) K2u] = K™*[u] for all u € K.
) For allu € K=, (K°2[u])>® = K*?[u] and K*?[u] = (K*?[u])*?[u].
) If u € K, then K®%[u] CR{ K — R, u.
) If u € ri K™, then aff K™ = K® — K C K*?[y].
) Let A, B C R, with u; € A®,uy € B, then

(4 % BY[(ur, )] = A%ur] x B*[uy]
(h) Let {K;}ier € R™ be a family of sets and u € R™. Then

U&=l < (JE)™ [ul.

i€l iel
Equality holds when |I| < 4+oc0.

(i) Let {Ki}icr € R™ be a family of sets satisfying (\;c; Ki # 0 and u €

R™. Then o2
(VK Tl € (K2l
iel iel

Proof.

(a) and (b) were proved in Proposition 2.2 [8]. (c¢), (e) and (g) are
straightfoward.

(d): The first equality is obvious since K°?[u] is a closed cone. To show
inclusion (D) in the second equality, let w € (K°2[u])*%[u]. In view of
(7), for each k € N there exist w, € K°2[u] and s > k, t; > k such that

f—: — tpu — w‘ < %; moreover, there exist wj, € K and sj, > k, tj > k such

that ‘1:—5 —thu — wk) < % Dividing the second inequality by s; and adding
the to first we deduce that

w), t 11 1
At ) —w| < S <
S}, Sk Sk
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Since s}.sp > k and tj, + % > k, we infer that w € K°2[u].

(C) Let w € K*2[u]. For every sequence tj, — 400, we have w + tju €
K*%[u]+Ru = K>2[u] by property (b), so tyw+tiu € K*%[u] since K°?[u]
is a cone. From )

w— lim (tkw +tpu
k—+o00 tr
it then follows that w € (K°%[u])*?[u].

(f) Given v € aff K°°, we have that for all k£ € N large enough, u+ %v S

K®°. Since K*° is a cone, ku+ v € K*°. Consequently one can find x; € K

and tj;, > k such that |25 — ku — v) < 7. In view of (7), this implies that
v € K*%[u).

(h): (Q) is an obvious consequence of property (a).

(D) (I] < o0). Let w € (U, KZ-)OO2[u]. Then there exist sequences

{zktren C UM, Ki and sg, tg—+00 with w = limy_,o, (i—: — tku). Since I

— tku)

is finite, there exists iy and a subsequence {zy, };en such that xy, € K;, for
all | € N. Hence, w € K{*%[u] C U2, K7°%[u].

() is again a trivial consequence of property (b). m

As we will see in the next section, the reverse inclusion does not hold in
general, but it does hold in some cases.

We now study canonic directions, which are of special importance. Given
u # 0, a second order asymptotic direction v € K°2[u] is called canonic
if (u,v) = 0. The set of canonic directions K*[u] is thus K°?[u] N u™’.
Note that for every u # 0 and a > 0, K*®?[au] = K*?[u] (see for instance
Proposition 2.2(vi) in [8]). Thus, K°?[u] = KOOQ[ﬁ] and K" [u] = K”[ﬁ],
so we can always restrict ourselves to the case ||u| = 1.

In what follows P,1 denotes the projection on u™.

Proposition 3.2 For every u € K*®\{0}, K=?[u] = Ru + K"[u]. Thus,
K¥[u) = P, (K*[u])

Proof. We may assume that ||u|| = 1. To show inclusion C, write any v €
K°2[u] as v = (u,v) u+ (v — (v,u) u). Then (u,v)u € Ru and v — (v,u) u €
ut. In addition, v — (v, u) u € K°?[u]+Ru = K°?[u] by Proposition 3.1(b).
Thus inclusion C follows. The opposite inclusion follows from Ru+ K" [u] C
Ru + K*2[u] = K°°2[u].

The second assertion is a consequence of the first one. m

We note that in [8] canonic directions were defined differently; we pre-
sented here another definition which is simpler. The equivalence of the two
definitions is a consequence of Proposition 2.8(ii)(iii) in [8].

It is interesting that the canonic directions in K" [u] are first order di-
rections of the projection of K onto ut:
Proposition 3.3 Let u € K*°\{0}. Then K"[u] C (P,. K)*.

u
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Proof. Take any v € K”[u]. Then there exist sequences {z,} C K and
tn, Sn — +00 such that (6) holds. It follows that

v =P, v=lim <m - snPuLu> —lim T ¢ (p o Ryee
tn tn
u
Note that in general K[u] # (P,.K)>. For instance, if K C R? is the
set {(z1,0) : 21 € R}U{(0,22) : 22 € R} and u = (0, 1), then u* = {(21,0) :
r1 € R}, (P, K)*® = ut but K[u] = {0}.

3.2 The case of convex sets

In case K is a convex (not necessarily closed) subset of R"™, we have a
characterization of K°2[u] which reminds the one for K> given by (1).
This will permit us to show some properties of the second order asymptotic
cone of convex sets.

Proposition 3.4 Let K C R"” be convexr and x € ri K. Then the following
assertions are equivalent.

(a) ue K> andv e K*?u).

(b)  for all s > 0 there exists t > 0 such that for everyt > t, x+tu+sv €
K.

(c) there exist sequences sy, — +00, t, — +00 such that x+spty,u+s,v €
K.

Proof. (a)=(b). Let z € ri K be arbitrary. Let P be the projection on
ut. Write # = tju + Pr and v = tou + Pv. By Theorem 6.6 in [12],
ri PK = P(riK), hence Px € ri PK. By Propositions 3.2 and 3.3, Pv €
K"[u] C (PK)®>.

Since PK is convex, from (2) we deduce that for every s > 0, Px+sPv €
ri PK. Hence there exists y € ri K such that Py = Pz + sPv. Write
y = tgu+ Py. Substituting Py, Px and Pv we deduce y = x +tu+ sv where
t =t3 —t; — sty. From y € ri K and u € K> we infer that for every t > ¢,
x+tu+sv=y+ (t —t)u € ri K. Since this is true for all ¢ > ¢, it is clear
that we can choose some t; > 0 such that for all t > t1, x +tu + sv € ri K.

(b) = (c¢). If (b) holds for some x € ri K, then set sy = k and choose
Ai, large enough, say A\, > k2, such that z+\yu+kv € K. Define t;, = \;/k.
Then (c) holds for the same x.

(¢) = (a). If (c) holds for some z, then for the sequence ay = x+ sptpu+
sipv we will have

ay x v

= T tu—u,
Skt Skt tk
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so u € K°°. In addition,

Q. x
— —lgu=—+v—v,
Sk Sk

hence v € K*?[u]. m

Note that if (b) is true for some = € ri K, then this implies (a), which
in turn implies (b) and (c) for every z € ri K. Hence if (b) is true for some
x € ri K, then it is true for all.

We also note, as is clear from the proof, that (b) in Proposition 3.4 may
be replaced by

(b')  for all s > 0 there exists ¢t > 0 such that for every t > ¢, z+tu+sv €
riK.

We also have some equivalent characterizations, when we know that
u € K.

Proposition 3.5 Let K C R™ be convex and u € K*°. Given v € R", the
following are equivalent.

(a) ve K™?u].

(b)  For every (equivalently, for some) x € ri K and every s > 0, there
exists t € R such that r + tu + sv € K.

(¢c) For every x € ri K, there exists t € R such that x + tu+ v € K.

Proof. If (a) holds, then (b) holds in view of Proposition 3.4. Conversely, if
(b) holds for some z € ri K, given s > 0 choose t € R so that x +2tu+2sv €
K. Then x+tu+sv = 3z + 3 (v + 2tu + 2sv) € ri K. Thus for every ¢’ > t,
rz+tu+sv=x+tu+t+ sv+ (' —t)u € K. Hence (a) holds by Proposition
3.4.

So we have only to prove that (¢) implies (b). Assume that (c¢) holds and
let s > 0. Given x € ri K, there exists t;1 € R such that =z 4+ tju +v € K.
Then

t1 1
x+5u+§v€]x,x+t1u+v[,

so x + %u + %v € ri K. By using again (¢) on = + %u + %v we can find
to € R such that z + (%)u + 25 € ri K. Using induction, we conclude
that for every k € N we can find ¢j, € R such that =+, u+ %v €ri K. Take
k large enough so that & > s, and set A = 25 €10, 1[. Then z + Mju+ sv €
|z, + tju+ Ev[. This implies  + Atju + sv € K and (b) holds. m

As a first application of the characterization, we show:

Proposition 3.6 Let K CR" be convex.
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(a) K*?[u] is convex for all u € K.
(b) K> C K>=?[u] for all u € K*°.

(c) If u € K®N(—K>®), then K>?[u] = K*.
(d) If u € K then K™ — Ryu C K*®2[u], and so if additionaly K is a
cone, we get K®%[u] = K — R u.

Proof. (a) Fix x € 1i K. If v;,vy € K*?[u], then for every s > 0 we can
find tq, to such that for all t > ¢;, x + tu + sv; € K. Since K is convex, for
every t > max{t1,t2} and A € ]0,1[ we have x + tu+ s((1 — A)v1 + Av2) € K.
Thus (1 — A)vy + Avg € K°?[u].

(b) Given = € ri K, we note that for every u,v € K°, and for every
$,t >0, x+sueriK sox—+tu+ sv € K. Thus by the characterization of
Proposition 3.4, v € K*2[u].

(c) Let € ri K and v € K°2[u]. For every s > 0, we can find ¢ such
that x + tu + sv € K. Since —u € K, (z +tu+ sv) + t(—u) € K. Thus
z+sv € K for all s > 0, so v € K. This shows that K°?[u] C K. Using
(b) we obtain the equality.

(d) Since K is convex, K C K°?[u] by part (b). Proposition 3.1(b)
implies that Ru € K°2[u], and therefore K — R ;u C K°?[u] due to the
convexity of the cone K°2[u]. In case K is a cone, the equality follows from
Proposition 3.1(e). =

Another application is that the inclusion in Proposition 3.3 is an equality
for convex sets:

Proposition 3.7 Let K € R"™ be nonempty and convexr, u € K>\{0}

and P be the projection on u'. Then K'[u] = (PK)>® and, consequently,
K°2[u] = Ru + (PK)®°.

Proof. We already know by Proposition 3.3 that for any nonempty set K,
K"[u] C (PK)*>. Take any v € (PK)®. If z € ri K then Pz € ri (PK). As
in the proof of implication (a) = (b) in Proposition 3.4, we infer that for
every s > 0 there exists ¢ > 0 such that for ¢t > ¢, x + tu + sv € K. Hence
v € K*®?[u]. Since (v,u) = 0, v is canonic, so K"[u] = (PK)®. m

In other words, the canonic directions of K at u are exactly the first
order directions of the projection of K on u'. The second order directions
are the vectors whose projection on u', are first order directions of PK.

Remark 3.8 The assumption x € ri K is used in the proof of (a) = (b) of
Proposition 3.4, in order to ensure that Px € ri PK, so that Px + sPv €
ri PK since Pv € (PK)*>. Whenever K is a closed set such that PK is also
closed, this assumption is not needed and the same proof shows that one can
take simply « € K. Such a case occurs for example when K is polyhedral.
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The following counterexample shows that x € ri K cannot be replaced
by x € K in the general case.

Example 3.9 Consider the cone
K = {(z1,22,23) € R3 : 22 + 22 < 2wows, x3 > 0}.

This is the cone generated by the circle 22+ (zy — 1)> < 1, 23 = 1. Then
K> =K,and u=(0,0,1) € K. If we set P = P, 1, then

PK = {(x1,22,0) € R3: 29 > 0} U {(0,0,0)}
(PK)™ = {(z1,22,0) € R3: 29 > 0}
K*®%[u) = Ru + (PK)™ = {(x1, 29, 23) € R® : 29 > 0}.

By taking v = (1,0,0) we see that u € K, v € K®2[u], 0 € K but
0+ tu+ sv=s,0,t) ¢ K for any s > 0, ¢t arbitrary. Hence condition (b) in
Proposition 3.4 does not hold.

Further, we show that the inclusion in Proposition 3.1(7) is an equality
in case of finitely many convex sets satisfying a regularity condition.

Proposition 3.10 Let {K;}ic; C R™ be a finite family of convex sets such
that (V;epri K # 0. If u € ((N;ep Ki)™, then

() )2 [u] = () K2 [u). (10)
iel i€l
Proof. We only need to prove (2).
Let v € (;e; K{°%[u]. Choose g € (;c;ri K;. Then, given i € I and s > 0,
there exist #; > 0 such that for all t; > #;, o + tju + sv € K{®%[u]. Let
t = max;er{t;}, then xo + tu + sv € (;c; Ky, for all t > . By Proposition
3.4, v € (Mies Ki)°?[u]. m

Remark 3.11 a) The previous proposition is not true for an infinite fam-

ily, even of polyhedral sets. For example, take for every m € N, K,, =

{(z1,22) : x2 > m|z1|} . Clearly (| K, =R (0,1),and ( [ Kn)*?[u] =Ru,
meN meN

while (| K2?[u] = R
meN
k

b) The proposition is also not true in general if () ri K; = (), even for
a finite family of closed convex sets. Consider for éxalmmple the cones K
and K» generated, respectively, by the circles 2% + (29 — 1)2 <1l,z3=1
and 27 + (zo +1)% <1, 23 = 1 (see example 3.9). The cones have the half
axis K = Ryu, u = (0,0,1) as common generatrix. It is easy to see that
K1N Ky = K. From Example 3.9 we see that K{°?[u] = {(x1, 22, 73) : 72 >
0} and, likewise, K5°%[u] = {(z1, 72, 73) : 72 < 0}. Hence, R[u] = K*>?[u] &
K2 [u] N K$2[u.
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When the set is polyhedral, the second order asymptotic cone has a
simple expression. In what follows, set for i = 1,2,...,m,

H;={x: (ai,z) < a;},

for some a, ag,...,aym € R" and aj,ag,- -+ ,apmm € R. Then HX = {z: (a;,z) <
0}. Given u € (N2 H;)®, set I = {i € {1,2,...,m} : u € bd H*} (set

of active inequalities for u) and Iy = {i € {1,2,...,m}: w € int H*}. The
next proposition gives an expression for K°?[u] when K is polyhedral. As
usual, the intersection of an empty family of subsets of R" is considered to

be the whole space R™.

Proposition 3.12 Assume for i = 1,2,...,m, that H; is a halfspace as
above, and that (") H; # 0. If uw e (N2, H;)>, then

m

() H) ) = () H = ﬂ HP*[u],

i=1 i€l
where Iy = {1 € {1,2,...,m} : v e bd H>}.

Proof. By Proposition 3.1(f), H?[u] = R" for all i € I. For i € Iy,
u € bd H® means that v € H> N (—H°). By Proposition 3.6(c), H® =
H?*?[u] from which the second equality follows.

To show the first equality, we use Proposition 3.5(b): Fix any z €
ri(N:“, H;). Note that (a;,z) < o; for all ¢ € Iy U I, (a;,u) = 0 for
all i € I and (a;,u) < 0 for all i € Is. Given v € R", we have that
v € (N, H;)*®?[u] if and only if for all s > 0 there exists ¢ > 0 such that
r+tu+sv e (L Hi, ie., (a;,z+tu+sv) < o for all i. For i € I it
always holds that (a;, x + tu + sv) < q; if t is sufficiently large. For i € I,
(aj, x +tu+ sv) = (ai,x + sv) < a; holds for large s > 0 if and only if
(ai,v) <0, ie., v €y H. This shows the first equality. =

It follows immediately that in case of polyhedral sets, equality (10) holds
without any assumption on the relative interiors:

Corollary 3.13 Let {K;}icr be a finite family of polyhedral sets. If(\;c; Ki #
0, then (Mier Ki)*[u] = Niep KL [ul.

4 Second order asymptotic functions

We first give a formula for f°°2(u;-) for any proper function f, followed
by some basic properties linking second and first order asymptotic notions.
Afterwards, the case of a convex function is considered, and we provide
various formulas for f°°2(u;-).
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4.1 Some preliminaries

From (9) we derive the next formula.

Proposition 4.1 Let f : R" — R U {+o0} be proper and u € R™ be such
that f*°(u) is finite. Then for every v € R™,

F2%(u;v) = inf { lim inf (‘f(x’“) - tkf""(U)) :

k—o0 Sk

x € dom f, sp, tp — +00, ? —tpu — U} (11)
k
Proof. Let g(v) be the expression at the right-hand side of (11). We will
show that f°?(u;-) and g have the same epigraph.
If (1,0) € epi f*2(w;-), ie, (v,0) € (epi /) [(u, f(u))], then by
Definition 2.1 there exist sequences (zx, ax) € epi f, sg,tx — +oo such that
e —pru— v and  ZE — 1 f(u) = a.

’ Since f(zp) < ag, iliz follows that

lim inf (f(ack) - tkfoo(u)> < lim <ak - tkfoo(u)> =a.
Sk Sk
Hence g(v) < a, i.e., (v,) € epig.
Conversely, assume that (v,«) € epig. Then for every e > 0, g(v) <
a + e. It follows that there exist sequences x, € dom f, si,tr — 400 such
that

%—tku—m), (12)
Sk

liminf (L&) _p oo 13
. W) ) < ate. (13)

By taking a subsequence if necessary, we may assume that the liminf is
actually lim. Let v; € R be such that

f(xr) + %
Sk

Tk = Sk <a+8 - <fiik) — tkfoo(U)>> :

Relation (13) implies that v > 0 for large k. Hence (zg, f(zx) + Vi) €
epi f. From (12) and (14) we deduce that

— 1 f(u) = a +e, (14)

that is,

(z, f(2r) + )

o —tx(u, f(u)) = (v,a +¢)
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hence (v,a+¢) € (epi f)*?[(u, f°(u))] = epi f®2%(u;-) for every e > 0.
Since the second order cone is closed, we deduce that (v, ) € epi f*%(u; ).
]

Note that in [8] the second order asymptotic function was defined directly
through formula (11), was called “lower second order asymptotic function”,
and was denoted by R” f(u;-).

In the special case u = 0 formula (11) implies that f>2(0;v) = £ (v) for
all v € R. This is also a consequence of the fact that the functions £°°?(0;-)
and f* have the same epigraph, in view of the equality K°°2[0] = K for
K =epif.

We have a simple inequality between f°°(u) and f°°?(u;u):

Proposition 4.2 Let f : R" — R U {400} be a proper function. Then
o2 (u;u) < f°(u), for every u € R™ such that f>°(u) € R.

Proof. By Proposition 3.1, u € K°?[u] whenever u € K*°. Consequently,
(u, f(u)) € (epi f)>®?[(u, f>°(u))] = epi f%(u;-). This implies immedi-
ately that fo%(u;u) < f(u). m

In the study of minimization problems, one must analyze the behaviour
of the objective function along unbounded minimizing sequences {zy}. Given
Flan)
|
— u. We will show that still the second

an objective function f, a control of the growth rate of the quotient

Tk

[E7%]

order asymptotic function f*°2 provides a finer description of the growth of

f at infinity. To see this, let {xx} be a sequence in dom f with ||zx|| — +o0
Zg

and £ — u, then
[EA

provided by f°°(u) whenever

0 e, (15)
[l |

In other words, if f*°(u) € R, then the rate of growth of f(zy) is at
least the rate of growth of ||x|| f*°(u). However, this does not mean that
f(z) = [|zx|l £°°(u) is bounded from below, i.e., that

lim inf

lminf (f (zx) = [lzx]] £ (u)) > —o0. (16)

It can be easily seen that (16) is a stronger statement than (15). In fact,
the second order asymptotic function gives a necessary condition for (16) to
hold.

Proposition 4.3 Let f be arbitrary and u € R™ be such that ||ul| = 1
and f*(u) € R. If (16) holds for every sequence ) € dom f such that

|zk|| — 400, Hi—i” — u, then f?(u;u) = £ (u).

Proof. By Proposition 4.2, f>2(u;u) < f(u). Assume that f>2(u;u) <
f°(u). Then there exist sequences zj € dom f, si,tr — 400, such that
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s~ tru— uand f(ik) — trf(u) — f*(u) - —a with o € |0, +o0]. From

%: — (tx + 1)u — 0 follows that ||z| — +o0, lzell (tx + 1) ||ul| = 0 and

Sk

Tk Tk Sk<tk + 1)

leell  sk(ts +1) [l

In addition,

—a =lim (f(f”“ — (e +1) f°°<u)>

Sk
Sk sk ||ull
Using s — +oo and |lu]| = 1 we obtain lim (f(z) — ||zk|| f°(u)) =

—o0. This contradicts our assumption, so f*2(u;u) = f(u). m
The converse is not true, even for a convex function.

Example 4.4 Define f on R? by

ren={ 20 520

Then f is convex and Isc. For every z € ridom f the function f (z + ¢(1,0)
does not depend on ¢, so one can easily see that f°°(1,0) = 0 = f°°2((1,0); (1,
However, if we take ; = (k,vk) then we can check that ||zz| — +oo,
Hi—zll — (1,0) but

)
0)).

lim (f (k) = [lzxll f°(1,0)) = —oo.

As we will see in the next section (cf. Remark 4.14), whenever f is a
convex function and f*(u) = f°2(u;u), then given a sequence {z;} such
that ||zg|| — +oo and é—:” — u, we are sure that (16) holds for sequences
that belong to a line ofl the form x + tu, t > 0 for some z € ridomf. For
more general sequences, (16) might not hold.

Given a proper function f: R"™ — RU {+oo} let Sy ={z € R": f(x) <
A} be its sublevel set. Next proposition shows the relation between the
zero-level set of f°°2(u;-) and the second order cone of the level set of f.

Proposition 4.5 Let f : R™ — R U {400} be a proper function and \ >
inf f. If u € R™ with f>°(u) =0, then
(52)°%[u] € {w : [ (u;w) < 0},

Proof. Let v € (S))>?[u]. Then there exist 2, € S, t, sp — +00 such that
i—: — tpu — v. Thus

f($k) _ tkfoo(u) —

Sk Sk
and f°?%(u;v) <0. =
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4.2 The case of convex functions

Whenever f is convex, f°°%(u;-) is convex too since (epi f)° [(u, f°(u))] is
convex by Proposition 3.6. In this case, f°°?(u;-) has a simpler form, as we
will see. In preparation of what follows, we first show a formula for f* which
is analogous to (4), but does not assume that f is lower semicontinuous. We
will make use of the following result, see [12, Lemma 7.3].

Proposition 4.6 For any proper and convex function f : R™ — RU{+o0},
riepi f = {(z,pn) ER" xR :z €ridom f,u > f(z)}. (17)
Proposition 4.7 Let f : R" — R U {+o0} be a proper convex function.
Then
(a) Given xy € ridom f and (u,u) € R™ x R, one has
(u, 1) € epi f <= (xo, f(z0)) + t(u, p) € epi f, Yt > 0.

(b) For every xo € ridom f, u € R",

F°(u) = lim f(xo + tu) — f(zo) — sup f(zo +tu) — f(xo)

t—-+o0 t t>0 t

Proof. (a) For every f > f(zg), one has (xg,3) € riepif. Hence, if
(u, ) € epi f>° = (epi f)>™ then (z9, ) + t(u,u) € epif, ¥t > 0. The last
inclusion means that f(xo+tu) < S+tu. Since this is true for all 5 > f(xo),
we deduce that f(xg + tu) < f(xo) + tp, ie., (xo, f(xo)) + t(u, ) € epif.
The converse is similar.
(b) is proved by using (a), exactly as the analogous equalities when f is lsc.
[

It follows from the above proposition that whenever f is a proper convex
function, f°°(0) =0 so f°° is also proper.

Corollary 4.8 Let f; : R" - RU{+oc}, i = 1,...,k, be convex functions
k

such that () ridom f; # 0. Then
i=1

=1
e e
[ee]
max f; = max f°.
<1<z’<k fl) 1<i<k fi
k k
Proof. Since dom }_ f; = dom f; = dom max; f;, from the assumption

i=1 i=1

k k
we get that () ridom f; = ridom )_ f; = ridommax; f;. We then apply
=1 i=1

1=
Proposition 4.7(b). =
We now establish some useful monotonicity properties.
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Lemma 4.9 Let f: R" - RU {400} be proper and conver.

(a) For every x € ridom f and u such that f*(u) is finite, the function
g(t) == f(x +tu) — tf>*(u) is decreasing on )0, +0o0|.

(b) If (y,0) € epi f, then for every v € R™ the function s — M is
increasing on |0, +o0|.

(¢) Let x e ridom f, B > f(x), f°(u) be finite and v € (dom f)°°? [u]. If
we set
flx+tu+ sv) —tf>(u) — B

kg(s,t) = . , s>0,t>0 (18)

then the function s — limy_, o kg(s,t) is increasing. Consequently

for all B > f(x),

S S k(0 = T i Re(s0) = sup il als. )
= inf . 1
Sg‘i%’%gokf(:c)(&t) (19)

Proof. (a) Let ¢ >t > 0. Since z € ridom f, we have = + tu € ridom f
and x + t'u € ridom f. Setting x1 = x + tv, we know by Proposition 4.7
that

fl@+tv) = fle+tv)  flar+ @ —t)v) — fa1)

= < f® .
v —t v —t < 7w

From this we obtain f(z 4+ t'v) — ¢/ f*(u) < f(x + tv) — tf°°(u).
(b) The function is the sum of two increasing functions:
fly+sv) =36 _ fly+sv)—fly)  fly) =9

= +
S S S

(c) Using (a) we deduce that for every s > 0, lim;_ 4o kg(s,t) exists and
is equal to infy;sokp(s,t). Let s > s > 0. By using Proposition 3.4 on
(dom f)*°? [u] we deduce that there exists £ > 0 such that for all ¢ > £,
x+tu+sv € domf and = + tu + s'v € dom f. Then by Proposition
4.7, (x + tu, B+ tf°(u)) = (x,8) + t(u, f>(u)) € epi f since (u, f*(u)) €
(epi f)™. Using (b) for y = x + tu, 6 = 8+ tf°°(u) we obtain

flx +tu+sv) —tf®(u) — < flx +tu+sv)—tf°(u) — B
S - s'

, Vit > 1.

Taking the limit as t — +oo we find that limy—, 4 o0 kg(s,t) < limy—, 400 kg(s', 1),
i.e., the function s — lim;_, 1 kg(s,t) is increasing. Thus,

lim lim Fkg(s,t) = supinf kg(s,1), VB > f(z). (20)

s—+00 t—+400 s>0 t>0
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On the other hand, it is clear that

fle+tu+sv) —tf>(u) — B

. o)
lim lim = lim lim flz+tu+ sv) — tf>(u)

s$—+400 t—400 S s—400 t—+00 S

hence limg_s o0 limy 40 kg(s,t) = im0 limy o0 k:f(m)(s,t). From this
and (20) we deduce the equalities (19). m

Proposition 4.10 Let f : R" — R U {400} be proper and conver and
z € ridom f. For every u such that f>°(u) is finite and v € (dom f)*? [u],

[z +tu+ sv) — tf*(u) — f(x)

002(,,. _ :
[ (usv) = Sup inf . (21)
— lm  lim flz+tu+ sv) —tf*(u) — f(x) (22)
s$—+00 t— 400 S

Proof. Take any 3 > f(x). Then (z, ) € riepi f. Define ks(s,t) as in (18).
We show that sup,.infi=oks(s,t) < f°?(u;v) by showing that for every
a € R, f*%(u;v) < a implies sup,.infi=o kg(s, t) < a.

Since epi f is convex, using Proposition 3.5 we have the following impli-
cations:

FoP(us0) < @ = (v,0) € (epi )™ [(u, £ (u))]
= Vs> 0,3t >0,(x,8) + t(u, f(u)) + s(v,a) € epi f
=Vs>0,3t>0,(x+tu+ sv,B+tf°(u) + sa) € epi f
=Vs>0,3t>0, f(x+tu+sv) < S +tfC(u) + sa
=Vs>0,3t>0,kg(s,t) <
iiglgiggkg(s,t) <a.

We now show that f°%(u;v) < sup,infi=o ks(s,t) by showing that for
every a € R, sup,.infiso kg(s,t) < o implies f*?(u;v) < a. Following the
previous implications in reverse order, we obtain

supinf kg(s,t) < o= Vs> 0,3t > 0,ks(s,t) <

s>0t>0
= Vs> 0,3t >0, (z+tu+ sv, B+ tf(u) + sa) € epi f
= Vs> 0,3t >0, (z,8) + t(u, f(u)) + s(v,a) € epi f
= (v,a) € (epi £)™?[(u, f*(u))] = [**(u;0) < o

It follows that f>%(u;v) = sup,.qinfisoks(s,t) for every 8 > f(z).
Using (19) we deduce equalities (22) and (21). m
A formula analogous to (5) holding for f*° also holds.
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Proposition 4.11 Let f : R" — R U {400} be proper and convex. For
every u such that f°(u) is finite and v € (dom f)>? [u],

% (u; v)= sup inf (f(z+tut+v)—1tf(u)— f(x)).
xeridomft>0

Proof. Asin Proposition 4.10, we use a representation of (epi f)*?[(u, f>°(u))].
Let us show first that

FoP(u; ) = L -fgg (f(x+tuto)—tf>(w)—p).  (23)
x,3)€Eri epi

Assume that a > f°2(u;v),i.e., (v, a) € epi f>2(u;-) = (epi f)*%[(u, £°(u))].
By the equivalence (a) <= (c) of Proposition 3.5, for every (x,3) € riepi f
there exists ¢ > 0 such that (x, ) + t(u, f*(u)) + (v,a) € epif. This
amounts to

V(z,B) €riepi f,IH >0: f(z+tut+v) —tfC(u) - <«

or

sup inf (f(z 4+ tu+v) —tfC(u) — B) < a.
(x,,B)Eriepift>0

Since this is true for every a > £°°2(u;v) we deduce inequality > in (23).
The reverse inequality is deduced similarly, by taking any « such that

sup inf (f(z+tu+v) —tf>C(u) — f) < «
(J:,,B)Eriepift>0

and deducing, using again Proposition 3.5, that f°?(u;v) < a. Thus, equa-
tion (23) holds. Note that (z,) € riepi f if and only if z € ridom f and
B > f(z). Hence,

f%us;v) = sup  sup inf (f(x +tu+v) —tf(u) - B)
zeridom f B> f(x) t>0

= sup  sup (inf (flx 4+ tu+v) —tf>(u)) —B)
zeridom f B> f(x) t>0

= sup inf(f(x+tu+v)—tfC(u)— f(z))
mEridomft>0

which proves the proposition. m
Formula (22) comes in handy for calculating f°°2 for convex functions.

Example 4.12 (a) Take f(z) = ||z||. Then f* = f. To calculate f>°2(u;v)
we may consider that u # 0 since as we remarked, f2(0;v) = f*(v). We
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use (22) with z = 0. We first calculate:
. oo _ _
Jm (f(tu+sv) —tf%(w)) = lim ([[tu+ svf| = ¢ ju])
s (u,v) + 5% |||
im
t=+oo [[tu + sv|| + | ull
i 25 (u,v) + 152 o> s (u,v)
g 11m =
oo lu+ o+ full ]

{u,v)

ull

(b) Let f be the quadratic convex function f(z) = L (Az,z) + (c,z) + k
where A is a symmetric positive semidefinite matrix, ¢ € R” and k € R. It
is known that f*°(u) = (¢, u) if u € ker A, while f*°(u) = +o00 if u ¢ ker A.
An application of (22) yields immediately that f°°2(u;v) = f*(v) for every
u € ker A and v € R™. )

(c) Consider f(z) = (1 + (Az,x))? where A is a symmetric positive semidef-
inite matrix. Then f*°(u) = (Au,u)é. Since (u, Au) = 0 if and only if
u € ker A, one can easily compute from (22) and obtain

% (u;v) = <Av,v>%, if u € ker A; f%(usv) = (Au, v) if u & ker A.

(Au, u)1 7
(d) Let g : R™ — RU {400} be proper and, and A : R” — R™ be linear
and such that A(R™) Nridomg # (. Let f: R" — RU {400} be defined by
f(z) = g(Ax).
It is known that f>°(u) > ¢*°(Au), Vu € R™ [1, Prop. 2.6.3]. For every
u such that f*°(u) = gOO(Au) and are finite, and every v,

Hence, f*?(u;v) =

% (u; v) = inf{lim inf < — e[ (u )) : ? —tpu — v, tg, s, — +0o}
k

9g\y

> inf{lim inf < )) Yk _ trAu — Av, ty, s, — +0o0o}

Sk
= ¢°?(Au; Av).

If in addition ¢ is convex, in which case also f is convex, then f>°(u) =

9°(Au), Yu € R™. Under our assumption, there exists zo € R"™ such that

Azxg € ridomg. In this case, 2o € ridom f. Then for every u such that
f°°(u) is finite and every v,

fxo +tu+sv) —tf(u) — f(zo)

002/, . T .
f (U, U> - slgi—noo t—lg-ir?oo S
~ bm lim g(A(xo + tu + sv)) — tg*>(Au) — g(Ax)
s——+00 t—+00 S

= ¢™%(Au; Av).
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Note that in the examples (a), (b) and (c), f*?(u,u) = f>(u). This is
not a coincidence, as shown by the next proposition.

Proposition 4.13 Let f : R" — R U {+oo} be a proper convex function
and u € R™ be such that f*°(u) € R. The following hold:

(@) f?(u;v —ru) < f°v) — rf>®(u) for every r > 0 and v € dom f°°.
In particular, f%(u;v) < f(v).
(b) If f°*(u;0) = 0, then f*?(u;u) = f>(u) = = f>(u; —u).
(¢) If f°%(u;0) = —o0, then f>*(u;u) = —oo.
Proof. (a) We apply the inclusion K — Ru C K>2[u] (cf Proposition
3.6(d)) to the set K = epi f. It follows that
epi f> = R (u, f*(u)) € (epi £)°* [(u, £7°(w)] = epi f*(us; ).
Thus,
(v —ru,t —rf(u)) € epi f*(u;-), Vr>0,Y(v,t) € epi [
which means

%0 —ru) <t —7rf(u), Vr>0,Y(v,t) € epif>

proving (a).

(b) From (a) we obtain f>°?(u;u) < f*(u) and f*?(u; —u) < f°(0) —
f°(u) = —f°(u) (note that f°°, being convex, lsc, and such that f*°(u) is
finite, never takes the value —oo). The convexity of f°°2(u;-) yields

0= f°°2(u;0) < %fo‘ﬁ(u; u) + %fo‘ﬁ(u; —u) < 0.

Hence
Fo2(usu) = = 2 (us —u) = f(u),
the desired result.
(c) If f°°%(u;0) = —oo, then f°°2(u;u) cannot be finite. As it is bounded
above by f*°(u), necessarily f*?(u;u) = —co. =

Remark 4.14 By Lemma 4.9, for every z € ridom f and u € (f*)~! (R),
the function t — f(x+tu)—tf>°(u) is decreasing, hence lim;_, 4 (f(z + tu) — tf>°(u))
exists. By inspecting formula (22) we see that f°°?(u;0) = 0 holds if and
only if limy_, 1o (f(z + tu) —tf>°(u)) € R, while f°°2(u;0) = —oc holds if
and only if im0 (f(z + tu) — tf>(u)) = —oc0.
Consequently, if f?(u;u) € R, then limy_, o0 (f(x + tu) — tf>(u)) €
R.
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We also provide some more calculus rules.

Proposition 4.15 Let f; : R" - RU{+o0}, i = 1,...,k, be convex func-
k

tions such that () ridom f; # (0. For every uw € R™ such that f°(u) € R for
=1

ok
all i, and every v € () (dom f;)°? [u] the following equality holds:
i=1

o022
(max fl-) (wv) = max f7(u;v)

1<i<k 1<i<k

Also, the equality
002 k 2
(it ot F™ o) = 3£ (i)

holds, provided that the right-hand side is defined, i.e., if f2°%(u;v) = +00
for some i, then fjooz(u; v) > —oo for all j # 1.

k
Proof. Set f = f1+ fo+ -+ fx. Then dom f = () dom f; and ridom f =
i=1
k k
N ridom f;. By Proposition 3.10, (dom f)*%[u] = () (dom f;)*°* [u]. Take
i=1 i=1

k k
any x € () ridom f;. For every v € () (dom fi)‘XQ [u], using Corollary 4.8
=1 i=1
we find
k i N
S 2oy =Y lim L SETRE ) Z ) - fi)
i—1 ‘ ’ 1 s—+4-00 t—+00 S
C lm fim & tutsv) — %) - f(2)
s—+4o00 t——+o00 s
= o2 (us ).

The proof of the other equality is similar.
In case of convex functions and for A > inf f, the inclusion of Proposition
4.5 becomes an equality, as we now show.

Proposition 4.16 Let f : R" — R U {+o0} be a proper convex function
and A > inf f. If u € R™ with f*(u) =0, then

(S3)%[u] = {w = f>*(u;w) < 0}.

Proof. Inclusion (C) follows from Proposition 4.5, so we have only to show

(2)-
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Let v € R™ with f*?(u;v) < 0. Since A > inf f and f is convex, by

Corollary 7.3.2 in [12] there exists y € ridom f such that f(y) < A. Then

sup int fly+tutsv) —tf*w) — f(y) _ 22
s>0 t>0 S

uyv) < 0.

Thus for every s > 0,

inf f(y +tu+ sv) < fy) <X

Since by Lemma 4.9 the function ¢t — f(y+tu+ sv) is nonincreasing, we

deduce that for every s > 0 there exists t > 0 such that f(y + tu + sv) < A
for all ¢ > ¢, that is y + tu + sv € Sy for all ¢t > t. One can easily see that
we have also y € 1i S). Hence, v € (5))®?[u]. =

Conclusions. Having revisited the second order asymptotic cone and func-
tion, new formulae for those, in the convex case, are established. In a
subsequent work we shall present applications to the minimization problem
and, in particular, characterizations of the nonmeptiness and boundedness
of the solution set will be established, in the quasiconvex case.
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