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Abstract

In this paper we introduce and analyze an augmented mixed finite element method for the cou-
pling of quasi-Newtonian fluids and porous media. The flows are governed by a class of nonlinear
Stokes and linear Darcy equations, respectively, and the transmission conditions are given by mass
conservation, balance of normal forces, and the Beavers-Joseph-Saffman law. We apply dual-mixed
formulations in both domains, and, in order to handle the nonlinearity involved in the Stokes re-
gion, we set the strain and vorticity tensors as auxiliary unknowns. In turn, since the transmission
conditions become essential, they are imposed weakly, which yields the introduction of the traces of
the porous media pressure and the fluid velocity as the associated Lagrange multipliers. Moreover,
in order to facilitate the analysis, we augment the formulation in the fluid by incorporating a redun-
dant Galerkin-type term arising from the quasi-Newtonian constitutive law multiplied by a suitable
stabilization parameter. In this way, under a suitable and explicit choice of this parameter, a ge-
neralization of the Babuska-Brezzi theory is utilized to show the well-posedness of the continuous
and discrete formulations and to derive the corresponding a-priori error estimate. In particular, the
feasible finite element subspaces include PEERS and Arnold-Falk-Winther elements for the stress,
velocity and vorticity in the fluid, Raviart-Thomas elements and piecewise constants for the velo-
city and pressure in the porous medium, together with piecewise constant Stokes strain tensor and
continuous piecewise linear elements for the traces. Next, we employ classical approaches, which
include linearization techniques, Clément’s interpolator and Helmholtz’s decomposition, together
with known efficiency estimates, to derive a reliable and efficient residual-based a posteriori error
estimator for the coupled problem. Finally, several numerical results confirming the good perfor-
mance of the method and the properties of the a posteriori error estimator, and illustrating the
capability of the corresponding adaptive algorithm to identify the singular regions of the solution,
are reported.

1 Introduction

The devising of suitable numerical methods for solving the Stokes-Darcy and related coupled problems,
including porous media with cracks, the incorporation of the Brinkman equation in the model, and
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linear as well as nonlinear behaviors, has become a very active research area during the last decade
(see, e.g. [6], [10], [11], [12], [13], [14], [24], [30], [32], [37], [40], [42] and the references therein).
In particular, a mixed finite element method for a nonlinear Stokes-Darcy flow problem arising in
industrial filtering application and involving a non-Newtonian fluid, is introduced and analized in [12].
Actually, up to the authors’ knowledge, this is the first work dealing with the fully-coupled problem
for non-Newtonian Stokes and Darcy flows. In fact, the fluid is modeled there by the generalized
nonlinear Stokes equation in the free flow region and by the generalized nonlinear Darcy equation
in the porous medium. In addition, the approach in [12] employs the primal method in the Stokes
domain and the dual-mixed method in the Darcy region, which means that only the original velocity
and pressure unknowns are considered in the fluid, whereas a further unknown (velocity) is added in
the porous medium. The corresponding interface conditions are given by mass conservation, balance
of normal forces, and the Beavers-Joseph-Saffman law, and since one of them becomes essential, the
trace of the Darcy pressure on the interface needs also to be incorporated as an additional Lagrange
multiplier. More recently, the model from [12] is recasted in [13] as a reduced matching problem on the
interface by using a mortar space approach. As a consequence, a parallel algorithm for the problems
in both regions is derived, which allows to solve the coupled problem utilizing existing codes for Stokes
and Darcy simulations.

On the other hand, the a priori and a posteriori error analyses of a new fully-mixed finite element
method for the 2D Stokes-Darcy coupled problem, in which dual-mixed formulations are employed in
both domains, were developed in [25] and [26]. This approach allows, on the one hand, the introduction
of further unknowns of physical interest, and on the other hand, the utilization of the same family of
finite element subspaces in both media, without requiring any stabilization term. The results from [25]
and [26] were then extended in [27] to the case of a two-dimensional nonlinear Stokes-Darcy coupled
problem. More precisely, the model here refers to the coupling of fluid flow with nonlinear porous
media flow, where the nonlinearity in the latter region is given by the corresponding permeability.
The utilization of dual-mixed formulations in both regions yields the pseudostress and the velocity in
the fluid, together with the velocity, the pressure and its gradient in the porous medium, as the main
unknowns. In addition, since the approach in [27] leads to essential transmission conditions, these are
imposed weakly and hence the traces of the porous medium pressure and the fluid velocity become the
corresponding Lagrange multipliers. Similarly as in [25], the remaining unknowns of physical interest
can then be computed through very simple postprocessing formulae that, at the discrete level, make
no use of any numerical differentiation procedure. Since the resulting variational formulation can
be written as a nonlinear twofold saddle point operator equation, the generalization of the Babuska-
Brezzi theory developed in [17] is applied to prove the well-posedness of the continuous and discrete
schemes. Finally, a reliable and efficient residual-based a posteriori error estimator is also derived in
[27]. In spite of the many contributions available in the literature on the a posteriori error analysis
for variational formulations with saddle point structure, the first results concerning nonlinear twofold
saddle point problems have been obtained in [27] and [15] by properly adapting and extending some
related techniques from [22] and [26]. In particular, the analysis in [15] provides an abstract error
estimate that can be applied to a large class of nonlinear variational formulations showing a twofold
saddle point structure.

The purpose of the present paper is to extend the analysis and results from [25] and [27] to the
model problem from [12], that is to the coupling of quasi-Newtonian fluids and porous media. In other
words, we now develop the a priori and a posteriori error analyses of a fully-mixed formulation for
a class of nonlinear Stokes models coupled with the usual linear Darcy equation, and assuming the
usual transmission conditions, that is mass conservation, balance of normal forces, and the Beavers-
Joseph-Saffman law. To this end, and differently from [12] where a primal approach is employed



in the fluid, we apply dual-mixed formulations in both regions (exactly as in [25] and [27]), and
handle the nonlinearity in the fluid by introducing the strain and vorticity tensors as additional
unknowns. In addition, since the transmission conditions become again essential, they are imposed
weakly, which yields the traces of the porous media pressure and the fluid velocity on the interface
as the associated Lagrange multipliers. Furthermore, we follow the same approach from [22] and [23],
and enrich the equations in the fluid with a redundant Galerkin-type term arising from the quasi-
Newtonian constitutive law multiplied by a suitable stabilization parameter. As a consequence, the
resulting augmented variational formulation shows a twofold saddle point structure that matches a
slight modification of the generalized Babuska-Brezzi theory derived in [17] (see also [16]). In this
way, a suitable and explicit choice of the stabilization parameter allows to prove the well-posedness of
the corresponding continuous and discrete schemes. Then, following the approach from [27] and [15],
we derive a reliable and efficient residual-based a posteriori error estimator for our nonliner coupled
problem. As in [27], the proof of reliability makes use of a global inf-sup condition for a linearized
version of the problem, Helmholtz decompositions in both media, and local approximation properties
of the Clément interpolant and Raviart-Thomas operator. In turn, inverse inequalities, the localization
technique based on element-bubble and edge-bubble functions, and known results from previous works,
are the main tools for proving the efficiency of the estimator.

The rest of this work is organized as follows. In Section 2 we introduce the model problem
and derive the augmented fully-mixed variational formulation, which is shown to have a twofold
saddle point structure. A slight modification of the generalized Babuska-Brezzi theory developed
in [17] is described in Section 3. This abstract framework is then applied in Section 4 to prove
the well posedness of the continuous problem. Next, in Section 5 we define the Galerkin scheme
and, employing the corresponding analysis from Section 3, we derive general hypotheses on the finite
element subspaces ensuring that the discrete scheme becomes well posed. A specific choice of finite
element subspaces satisfying these assumptions is also described here. In Section 6 we derive the
residual-based a posteriori error estimator and prove its reliability and efficiency. Finally, several
numerical results illustrating the performance of the method, confirming the reliability and efficiency
of the a posteriori estimator, and showing the good behavior of the associated adaptive algorithm, are
reported in Section 7.

2 The continuous problem

2.1 Preliminary notations

We begin this section with several notations to be used throughout the paper. In what follows, given
n € {2,3}, R"*" is the space of square matrices of orden n with real entries, I := (d;;) is the identity
matrix of R"*", and for any 7 := (73;), ¢ := () in R™*", we write as usual

n n
1
t o - d._ . -
T = (15), trT = Zm, T .—T—Etr(r)]l, and 7:¢ = Z Tij Cij »

i=1 i,7=1
which corresponds, respectively, to the transpose, the trace, and the deviator of a tensor 7, and to the
tensorial product between 7 and ¢. In turn, in what follows we utilize standard simplified terminology
for Sobolev spaces and norms. In particular, if O is a domain, § is an open or closed Lipschitz curve

(resp. surface in R3), and r € R, we define

H'(0) = [H"(O)", H'(0) := [H"(O)]™™, and H"(S) := [H"(S)".



However, when 7 = 0 we usually write L2(0), L2(0), and L?(S) instead of H°(0), H°(O), and
HY(S), respectively. The corresponding norms are denoted by || - |0 (for H"(0), H"(O), and H"(O))
and || - ||l,s (for H"(S) and H"(S)). In general, given any Hilbert space H, we use H and H to
denote [H]" and [H]|™*", respectively. In addition, (-, )s stands for the usual duality pairings between
H~Y2(8) and H'/?(S), and between H~'/2(S) and H'/?(S). Note, however, that when S is an open
Lipschitz curve (resp. surface in R?), (-,-)s is also employed below to denote the duality pairings
between Ho_ol/ 2(S) and HééQ(S), and between H(;Ol/ 2(8) and Hééz(S) (see Section 2.3 for details).
Furthermore, with div denoting the usual divergence operator, the Hilbert space

H(div; 0) = {w € L%(0): divw e LQ(O)} )

is standard in the realm of mixed problems (see [7], [28]). The space of matrix valued functions whose
rows belong to H(div; O) will be denoted H(div; O), where div stands for the action of div along each
row of a tensor. The Hilbert norms of H(div; O) and H(div; O) are denoted by || - ||aiv;0 and || - ||@iv;0,
respectively. Note that if 7 € H(div; O), then div T € L?(0O).

Finally, we employ O to denote a generic null vector (including the null functional and opera-
tor), and use C' and ¢, with or without subscripts, bars, tildes or hats, to denote generic constants
independent of the discretization parameters, which may take different values at different places.

2.2 The model problem

In order to describe the corresponding geometry, we let 25 and Qp be bounded and simply connected
polyhedral domains in R™, n € {2, 3}, such that Qg N Qp = 0 and 90s N INp = X # (. Then, we
let T's := 0Qs\Y, I'p := 9Qp\XE, and denote by n the unit normal vector on the boundaries, which
is chosen pointing outward from Qg U > U Qp and Qg (and hence inward to Qp when seen on ¥). On
Y we also consider unit tangent vectors, which are given by t = t; when n = 2 (see Figure 2.1 below)
and by {t1,t2} when n = 3. The model problem we are interested in consists of the movement of an
incompressible quasi-Newtonian viscous fluid that occupies Q0g and that flows towards and from €p
through ¥, where Qp is saturated with the same fluid. More precisely, the governing equations in Qg

Figure 2.1: The 2D geometry of our Stokes—Darcy model

are those of the nonlinear Stokes problem written in the following stress-velocity-pressure formulation:
os = p(le(ug)]) e(ug) — psI in Qg, divug =0 in Qg,

(2.1)
divog = —fg inQlg, ug =0 only,
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where og is the stress tensor, ug is the velocity, ps is the pressure, p : R™ — R™ is the nonlinear
kinematic viscosity, e(ug) := %{Vus + (Vus)t} is the strain tensor (or symmetric part of the
velocity gradient), | -| is the euclidean norm of R"*", and fs € L?(f)g) is a known volume force. Note

here that og is symmetric. In turn, in Qp we consider the linearized Darcy model with Neumann
boundary condition on I'p:

up = —KVpp in Qp, divup = fp in Qp, up-n=0 on Ip, (2.2)

where up and pp denote the velocity and pressure, respectively, fp € L?(Qp) is a source term
satisfying fQD fo = 0, and K is a symmetric and positive definite tensor with entries in L>°(Qp),
which describes the permeability of Qp divided by a constant approximation of the viscosity. Finally,
the transmission conditions on Y are given by

ug-n = up-n on X,
n—1 (2 3)
osn + Z ﬁe_l(us ‘ty)ty = —ppn on X, '
/=1

where {K1,...,kp—1} is a set of positive frictional constants that can be determined experimentally.

At this point we remark that the kind of nonlinear Stokes problem given by (2.1) appears in
the modeling of a large class of non-Newtonian fluids (see, e.g. [5], [31], [34], [39]). In particular,
the Ladyzhenskaya law for fluids with large stresses (see [31]), also known as power law, is given by
w(t) = po + pit?2 Vt € R, with pg > 0, g > 0, and § > 1, and the Carreau law for viscoplastic
flows (see, e.g. [34], [39]) reads u(t) := po + p1 (1 +t2)B=2/2 ¥t € R with pg > 0, g1 > 0, and
B>1

In what follows we let p;; : R™™ — R be the mapping given by pu;;(r) = p(|r|)r; for all

r = (ry;) € R™", for all ¢,j € {1,...,n}. Then, throughout this paper we assume that p is of class
C' and that there exist 79, ap > 0 such that for all r := (r;5), s := (s;;) € R™™, there holds

0 .
o) < il [ ()| < Vil € (1), 2.0)
and .
Z iMZ--(I‘) i 8w > agls|®. (2.5)
org J J -

i,5,k,l=1

It is easy to check that the Carreau law satisfies (2.4) and (2.5) for all po > 0, and for all 5 € [1,2].
In particular, with 5 = 2 we recover the usual linear Stokes model.

2.3 Further notations

In order to derive the weak formulation of the coupled problem given by (2.1), (2.2), and (2.3), we need
to introduce other notations and definitions. In fact, given x € {S,D}, u, v € L2(%), u, v € L%(Q,),
and o, T € L?(Q,), we denote

(1, 0)y = /*uv, (w,v), = /*u~v, and (o, 7), = /*0':7'.

In addition, we let L’ (Qg) and L%(Qg) be the subspaces of symmetric and skew-symmetric tensors of
IL2(€g), respectively, that is

L3 (Qg) = {rg e L%(Qg): rf= rs}
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and

L*(Qs) = {778 e L*(Qs): mf = —ns}-
Furthermore, we also need the space H(l](/)2(2) = HS(P(E) X H(%Z(E), where
H&({Q(E) = {U|EI ve H(Qs), v=0 on FS}.

Equivalently, if Eys : H 1/2(3) — L?(00g) is the extension operator defined by

Bos) = { § o0 5 e e B,

we have that .
Hy*(5) = {w € HA(2):  Eos(v) € H'2(09s) },

endowed with the norm [[1[[ /2,005 = [[Eo,s(¥)|l1/2,00¢- In turn, if Eqgs : H'/2(X) — L2(09g) is the

vector version of Ep g, we have that |41 /2005 = [Eos(¥)[l1/200s V¥ € H(l)(/)z(Z). The dual space

of Héf(E) (resp. Hé{f(E)) is H&)ID(E) (resp. HEOI/Q(E)) and the corresponding duality pairing is
denoted in each case by (-,-)s. In particular, note that given n € H~1/2(dQg), its restriction to ¥
defined by (n|s,¥)y == (0, Eos(¥))ans V¢ € Hé{f(E), is an element of H601/2(Z).

2.4 The augmented fully-mixed variational formulation

We now proceed with the announced weak formulation. We begin by observing, as in [21] and [22],
that, thanks to the fact that tre(ug) = div ug, the first two equations from (2.1), that is

os = p(le(us)]) e(us) — psT and divus = 0 in Qs,

are equivalent to

1 .
os = pu(le(us)]) e(us) — psI and ps = ——trog in O,
and hence, eliminating the pressure pg, the Stokes problem (2.1) can be rewritten as
ol = u(le(ug)]) e(us) in Qg, dives = —fs inQg, us =0 only. (2.6)

Moreover, in order to handle the nonlinearity defining og, we adopt the approach from [22] (see also
[23]) and introduce the additional unknowns

1
ts := e(ug) and g := B {Vlls - (VUS)t} in Qg, (2.7)

where g is the vorticity (or skew-symmetric part of the velocity gradient), so that (2.6) reduces to

ts = Vug — vg in Qg, of = pu(ts]) ts in O, 2.8
diveg = —fy in{lg, ugs =0 onlyg, '

with both tg and og symmetric tensors, and such that trtg = 0 in €2g. Then, multiplying the first
equation of (2.8) by 7g € H(div;(g), integrating by parts the expression (Vug, 7g)s, introducing the



Dirichlet boundary condition ug = 0 on I's, and using that (tg, 7s)s = (ts,78)s (which follows from
the fact that tg: I = trtg = 0), we arrive at

(ts,7§)s + (divTg,us)s + (rsm, @)y + (75,7g)s = 0 Vrg € H(div;Qs), (2.9)
with unknowns
—2

ts € Lo(Qs), us € L2(Qs), ¢ == —uslz € Hy'(¥), and ~g € L3(Qs), (2.10)

where

Eg(Qs) = {I‘S S E2<Qs): trrg :0}.

Next, multiplying the second and third equations of (2.8) by rg € E(Q)(QS) and vs € L2(Qg), respec-
tively, and imposing the symmetry of og in a weak sense, we obtain

—2
(u(lts]) ts,rs)s — (rs,08)s = 0 Vrg € Ly(Qg) (2.11)
(diVO‘s,Vs)s = —(fs,Vs)s VVS S LQ(Qs), (2.12)
and
(g,mg)s =0 Vmg € L*(Qg), (2.13)

where the unknown og is sought in H(div;€)g). Note that the decomposition EZ(QS) = Eg(QS) @& RI
and the fact that both tg and o belong to Eé (Qs) guarantee that (2.11) is equivalent to requiring it
for all rg € E2(QS).

On the other hand, we now consider the first equation of (2.2) in the form K 'up = —Vpp in
Qp, and, as suggested by the Neumann boundary condition on I'p, introduce the space

Hy(div; Qp) = {VD € H(div;Qp): vp-n=0 on Ip }

Then, multiplying by vp € Hy(div; Qp), integrating by parts the expression (Vpp, vp)p, and recalling
that the normal vector n on ¥ points inwards 2p, we get

(K*1 up,vp)p — (divvp,pp)p — (vp -m, A}y = 0 Vvp € Hy(div;Qp), (2.14)

with unknowns
up € Ho(div;Qp), pp € L*(Qp), and X := pply € HY3(D). (2.15)
In turn, multiplying by ¢p € L?(Qp) the second equation of (2.2) and integrating on 2p, we obtain

(divup,gp)p = (fp,a0)p Yap € L*(p). (2.16)

Finally, since the transmission conditions given by (2.3) become essential (which follows from the
fact that dual-mixed approaches are employed in both domains), we impose them weakly and obtain
the equations

—{(p-n,&x — (up-n, &y = 0 Ve € HYAY),

. (2.17)

n—1
(osn )y — > w7 (@t tds + (o Ny = 0 Yy e H)X(D),
=1
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where we have replaced ug|y, and pp|y by — ¢ and A, respectively. At this point we remark that, in
principle, the spaces for the unknowns ug and pp (cf. (2.10) and (2.15)) do not allow enough regularity
for the pair of traces (¢, \) to live in HééZ(Z) x H'/2(%). However, it is easy to see from (2.8) and

(2.2) that ug and pp belong to H'(Qg) and H!(2p), respectively, which confirms the indicated space
for (¢, A).

According to the whole above analysis, we find that our resulting weak formulation reduces to a
nonlinear system of eight unknowns, namely

—2
ts € Lo(Q), us € L2(Qg), ¢ € HYAZ), ~g € L2(Qs),

(2.18)
os € H(div;Qs), up € Ho(div;Qp), pp € L?(Qp), and X € HY3(D),

and the eight equations given by (2.9), (2.11), (2.12), (2.13), (2.14), (2.16), and (2.17). Howe-
ver, it is not difficult to show that this system is not uniquely solvable since, given any solution
(ts,us, ¢,vs,08,up, pp, A) in the indicated spaces, and given any constant ¢ € R, the vector de-
fined by (ts,us,p,vg,05 — cl,up,pp + ¢, A + ¢) also becomes a solution. In order to avoid this
non-uniqueness from now on we require that the Darcy pressure pp belongs to L%(QD), where

L§(Qp) = {QD € L*(Qp) : /QDQD = 0} :

Note that the decomposition L?(2p) = L3(2p) @ R, the boundary conditions up -n = 0 on I'p and
ug = 0 on I'g, the first transmission condition in (2.3), and the fact that fﬂ fp = 0, guarantee that
(2.16) is equivalent to requiring it for all gp € LZ(Qp).

Now, it is quite clear that there are many different ways of ordering the equations forming the
resulting nonlinear system. Throughout the rest of the paper, and for convenience of the analysis, we
adopt one leading to a twofold saddle point structure. More precisely, by considering subsequently
(2.11), (2.14), (2.9), (2.17), (2.16), (2.12), and (2.13), and denoting throughout the rest of the paper

Lp ’¢ t,y ‘= Z/{e tg, tg>2, (2.19)

we arrive at the matrix operator represented as follows, where the unknowns and corresponding test
functions are displayed along columns and rows, respectively,

ts up og (¢, N) PD ug s

rs | (u(lts]) ts,rs)s —(rs,0%)s

VD (K~!'up,vp)p —(vp-n,N)s | —(divvp,pp)p

Ts (ts, T3)s (Tsn, @)s (divTs,us)s  (75,7s)s
- <‘P . n?é‘)E

(¥, 8) —(up - n,&)x (osn,YP)s + (¥ -n,\)x

— (o, P,z

ap —(divup, ¢p)p

Vg (diveos, vs)s

ns (os,m8)s

Furthermore, in order to facilitate the forthcoming analysis, and particularly, to be able to apply a
generalization of the Babuska-Brezzi theory for twofold saddle point problems (see Section 3 below),
we enrich the above formulation by adding the consistent equation given by

p(od — u(lts))ts, 78)s = 0 Vrg € H(div;Qg), (2.20)



where p is a positive stabilization parameter to be choosen later. Note that (2.20), which is included
from now on into the left-upper block, arises from the quasi-Newtonian constitutive law given by the
second equation of (2.8). Additionally, we consider the decomposition

H(div; Qg) = Hy(div; Q) & RI, (2.21)
where
Hp(div; Qg) = {T € H(div; Qg) : / tr (1) = O} , (2.22)
Qs
and redefine g and 7g as os + ¢I and 7g + 31, respectively, with
og, Ts € Hp(div;Qs) and ¢, 7 € R. (2.23)
Consequently, denoting 1i(|ts]) := 1 — pu(|ts]), the matrix operator of our variational formulation
is represented now by
(p(lts]) ts,rs)s —(rs,0d)s
(K~'up,vp)p —(vb-n,A)s | —(divvp,pp)D
(B(lts]) ts, T8) o Pl Td)s (Tsn,@)x (div Tg,us)s (Ts,7s)s
*<§0'n,£>2
—(up ' n,&)x (osn, )y | +(-n,Ns £(n,P)x
7<<P»w>t,2
— (divup, gp)p
(divos, vs)s
(USJIS)S
(0, @)
with unknowns
ts € Lo(Qs), up € Ho(div;Qp), og € Ho(diviQgs), (p,A) € HY (D) x HY2(E), (224
Pp € Lg(QD)a us € LQ(QS)v Ys € LQ(QS)u and (€R, '
and corresponding test functions
rg € Lo(Qs), vp € Ho(div;Qp), 75 € Ho(div;Qg), (,¢) € HYX(S) x HI2(X), (225)
g € L§(Qp), vs € L*(Q), mng € L’(Qs), and j€R.
The above structure suggests the introduction of the spaces
X, = Lo(Qs) x Ho(div; Qp) x Ho(diviQg), My = HY () x H/3(%), (226

M := Li(Qp) x L}(Qs) x L*(Qs) xR, and X := X; x My,

endowed with the associated product norms, and the operators A; : X; — X}, By : X3 — M/,
S:M; - M), A: X — X and B: X — M/, given, respectively, by

[A1(t),r] := (u(|ts|) ts,rs)s + (K "up,vp)p — (rs,o8)s

(2.27)
+ (ts,78)s + p (0§ — p(lts|) ts, 7§)s
Bi(r),¥] := —(vb-n,&)s + (Tsn,¢)s, (2.28)
[S(e).¥] == (¢ -0, s — (Y -n,Ns + (L, P)e5, (2.29)
[A(t, @), (r,%)] = [A1(t),r] + [Bi(t), 9] + [Bi(r),] — [S(¢), ], (2.30)
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and
B(r,),q] := — (divvp,qp)p + (divTs,vs)s + (Ts,ms5)s + 7(n,¢¥)s, (2.31)
forall t := (tS,UD,O'S) € Xy, r = (I'S,VD,TS) € Xy, P = (Lp?)\) € My, ﬁ = (1,0,5) € My,

and ¢ := (¢p,Vs,Ng,7) € M, where [, ] denotes the duamy pairing induced by the corresponding
operators. In addition, we let Bf : My — X} and B’ : M — X’ be the adjoints of B; and B,
respectively, which satisfy [B}(v),r] = [Bi(r),+] and [B'(q), (r,¢)] = [B(r,¢),q] for all r € Xy,

Y € My, and g € M. Then, it is clear that A can also be defined as the matrix operator

U4
Next, we let F € X’ and G € M’ be the functionals defined by

[F, (r,9)] =0 V(r,9) € X and [G,q] :== —(fs,vs)s — (fp,qD)D Vq € M, (2.33)

Alr, ) == [gi _B'é] LeX vy eX. (2.32)

and observe that, denoting p := (pp,us,vs,¢) € M, our augmented fully-mixed variational formu-
lation reduces to the twofold saddle point operator equation: Find ((t, ¢),p) € X x M such that

(At @), (&, 9)] + [B(r,9),p] = [F(r,9)] V(,y) € X,
[B(t, ), gl = [G,q VgeM,

(2.34)

or, equivalently, such that

5 ol 2] =lc] (2.35)

Certainly, (2.32) and (2.35) explain here the use of the “twofold saddle point” concept.

In the following section we adapt the approach from [17, Sections 2 and 3| to derive the necessary
abstract theory for analyzing the kind of variational problems characterized by (2.35) and (2.32).

3 A modified abstract theory for twofold saddle point problems

3.1 The continuous setting

Let X1, My and M be Hilbert spaces, set X := X; x M, and denote their duals by X7, M, M’, and
X' := X{| x Mj, respectively. Next, given a nonlinear operator A; : X; — X7, and linear bounded
operators S : My — My, By : X; — M|, and B: X — M', we let B} : M} — X{ and B’ : M — X' be
the corresponding adjoints, and define the nonlinear operator A : X — X’ as follows

A ) = |20 Bl [M e x = xI Ml v ex (3.1)
; . Bl _S /lj)_ . 1 1 , . .
Then we are interested in the following nonlinear variational problem: Given (F,G) € X' x M’, find
((t,¢),p) € X x M such that
A Bl [te)] _[F
o |97 -6 (3.2
or, equivalently, such that
Alt. ). ()] + (B0 9)] = [Frw)] V()€ X, s

In order to prove the main theorem for the solvability of the continuous formulation (3.2), we need
to recall the following auxiliary result from [17].
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Lemma 3.1 Let X1 and M1 be Hzlbert spaces, and let A1 )?1 — )?1 be a nonlinear operator. In
addition, let 31 X1 — M1 and S : M1 — M1 be linear and bounded operators, and let B’ M, — X1
be the adjoint of By. Assume that

~

i) ﬁl X1 — )/i\'{ 1s Lipschitz continuous and strongly monotone, that is, there exist constants
¥

a > 0 such that R R R
[A1(s) = Ai(r)llg, <Flls—rllg, Vs,reXy

and

~ ~

[Ai(s) = Ai(x)s—x] = @lls— x|} Vs,re X, .
ii) S is positive semi-definite on ]/\/[\1, that is,
[S(), 9] = 0 Ve e M.
iii) §1 satisfies an inf-sup condition on )?1 X ]\71, that is, there exists 3 > 0 such that

wp [Br(). 9

vy rllg,
r#0

> Bl Y e M.

Then, given (13, @) S )/(\'{ X ]/W\{, there exists a unique (t,p) € X1 x M such that

Mk

In addition, there exists C > 0, depending only on 7, Q, E and H§1H, such that

F

G

A, B
By -8

16 @)z, a7 < C{IPIg, + Gz + 14105 }- (3.4)

Proof. See [17, Lemma 2.1].

We now go back to the analysis of problem (3.2). To this end, we let V' be the kernel of B, that is
vi={@y) ex: [Bay)gd=0 YoeM},

and denote by )21 and ]\71 the subspaces of X3 Az}nd My ,fvrespectively, such that V = X 1 X ]\71. Note
that the boundedness of B implies that both X; and M; are closed. Then, the following theorem
provides sufficient conditions for the well-posedness of (3.2).

Theorem 3.1 Assume that

i) Al’f(l : )}1 — )?{ 18 Lipschitz continuous and strongly monotone, that is, there exist constants

v, a > 0 such that B
[A1(s) = Ai(r)] g, < vlls—rllx, Vs, reXs

and B
[A1(s) — Ai(r),s—1] > alls—r|%, Vs, reX;.
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ii) For each pair (r,r) € X x )N(IJ- there holds the pseudolinear property

Ai(r +1h) = Ai(r) + A(rh). (3.5)

iii) S is positive semi-definite on Ml, that s,
[S(®).%] = 0 Vi€ M.

iv) By satisfies an inf-sup condition on X x Ml, that is, there exists 1 > 0 such that

Bi(r), ~
sup BULYL S g v e i
"Ej)l rHX1

v) B satisfies an inf-sup condition on X x M, that is, there exists B > 0 such that

qup BELA S gy vgem

(rp)EX H(I',’lﬂ)HX

(r,9)#0

Then, there exists a unique ((t,),p) € X x M solution of (3.2). Moreover, there exists C' > 0,
depending only on «, v, 51, B, ||S||, and || B1|| such that

16 @) )l < C{UFILx + Gllar }- (3.6)

Proof. We adapt the proof of [17, Theorem 2.1] to the present situation. We begin by recalling from
[28, Chapter I, Lemma 4.1] that the inf-sup condition satisfied by B (cf. v)) implies that B : V+ — M’
and B’ : M — V° are isomorphisms and that

1B~ 1(B) I < (3.7)

| =

As usual, V° stands here for the set of functionals in X’ that vanish on V. Hence, we now let
(t+, 1) := B7Y(G) € V*, and observe, thanks to (3.7), that

1
It eh)lx < L (3.8)
Next, we let Fy € X| and G1 € M{ be such that F = (F},G1), and introduce the functionals

Fl = F — A(tY) — Bi(e) e X} and Gi := G; — Bi(t1) + S(et) € M]. (3.9)

Then, having in mind hypotheses i), iii), and iv), a straightforward application of Lemma 3.1 yields

the existence of a unique (t,) € V := X; x M; such that

[A1(8),x] + [Bi(@).x] = [Fi,x]  VreX,

"~ C . o (3.10)
[Bl(t)ad)] - [S(SO)J/’]:[Glﬂ/’] Vi e My,
and there exists C' > 0, depending only on v, a, f; and ||Bj||, such that
IE @) xon < F{ 1B, + 1G5 }- (311)
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Note that we have also used here, which is a consequence of ii), that A;(0) = 0. It follows from (3.10)
that the pair of functionals (Fy — A;(t) — B}(@),G1 — Bi(t) + S(@)) belongs to X¢ x M1 =: Ve,
and hence, according to the above mentioned property of B’ and the bound (3.7) again, there exists
a unique p € M such that

B'(p) = (F — Ay (t) — B{(@),G1 — Bi(t) + S()) , (3.12)
and

lpllar < ;{nﬁl—AlG)—Bi(a)HXi + Gy = Bi®) + S@)llar; | - (3.13)

Next, replacing F} and G, from (3.9) into (3.12), and using the pseudolinear property (3.5) and the
linearity of B, Bi, and S, we find that

B'(p) = (Fi— Ai(t" +1t) = Bi(¢" +@),G1 — Bi(t" +t) + 5(p" + @),
which, in terms of the operator A (cf. (3.1)) and the functional F' = (F},G1), can be rewritten as
Attt +t,9ot+@) + B'(p) = F. (3.14)
In turn, since B(t*, 1) = G and (t, ) belongs to V, we easily see that
Bitt+t,0t +) = G, (3.15)

and therefore, it becomes clear from (3.14) and (3.15) that the pair ((t* +t, ot 4+ @),p) € X x M
constitutes a solution of (3.2). The corresponding bound (3.6) follows from (3.8), (3.9), (3.11), and
(3.13), by employing also the properties of the operators involved. We omit details.

For the uniqueness, let ((t,),p) € X x M be another solution of (3.2), that is
A(t,p) + B'(p) = F and B(t,p) = G.

It follows that (t, ) — (t*, o) € V, and hence, using again the pseudolinear property (3.5), we find
that A;(t) = Aj(t —t+) + A;(t+). As a consequence, there holds

A(ta (P) = A((tv‘P) - (tchpL)) + A(tLa (pL) ;
which, combined with the fact that A(t, @) — F belongs to V?, yields

[A((ta SD) - (tJ_a LPJ_))7 (I‘, 'lp)] = [F - A(tL7 Sol)a (I‘, 1/’)] v (I‘, 'lp) eV ’
that is
[Ar(t —t5),1] + [Bl(p — b)), r] =[F,r]  VreX,
[Bi(t 1), 9] — [S(p — @), 9] = [Gr.9] Vel
This shows that (t —t+, ¢ — ') is a solution of (3.10), and hence, because of the unique solvability
of that problem, we deduce that (t —tt, ¢ — ¢*) = (t,®), that is (t,) = (t+t+, @+ ¢*). Finally,
since B'(p) = B'(p) = F — A(t,p) € V°and B’ : M — V? is an isomorphism, we conclude that

p = p, which finishes the proof.
[

Before going on with the analysis, we now describe a particular case providing sufficient conditions
for the pseudolinear property (3.5). More precisely, let us assume that X; can be decomposed as the
product space X f x X7 in such a way that
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1) B does not depend on the variables from X7}.
1) Ay is linear in {0} x X7, where 0 denotes the null vector of X¢.
m1) for each t := (t/,t") € X{ x X] =: Xj there holds
Ai(t) = A1(t5,0) + A;(0,t7),

where 0 denotes, respectively, the null vectors of X| and X f .

Then, recalling that V = X; x M, we deduce from 1) that X, = X{x )A(:f, where )A(;f is a subspace
of X7. In addition, it follows from the above that Xi- = {0} (XT)J' C {0} x X7, where 0 denotes

again the null vector of X!. Consequently, given t := (t/,t") € X; and t* := (0,t1") € X, we use
11) and 111) to find that

Ag(t) + Ai(th) = A1(t5,0) + A1(0,t7) + A1(0,t77) = Ay(t,0) + A(0,t7 + t17)
= A (tht" + 1) = At + th),

which shows that (3.5) holds. In particular, we prove below in Section 4 that our formulation from
Section 2 does satisfy the assumptions 1), 11), and 1II).

On the other hand, if A; is linear, Theorem 3.1 reduces to the following.
Theorem 3.2 Assume that

i) A X — )?{ is linear, bounded and X -elliptic, that is, there exist v, o > 0 such that
lA@lg < vlrlx, Yre X,

and B
Air)r] = afel},  vre X

ii) The conditions iii) - v) from Theorem 3.1 are satisfied.

Then, there exists a unique ((t,p),p) € X X M solution of (3.2). Moreover, there exists C' > 0,
depending only on «, v, B1, B, ||S||, and ||Bi]| such that

16 @) )l < € {UFILx + Gllare |- (3.16)

Proof. It suffices to observe that the linearity, boundedness and ellipticity of A; imply that this
operator is Lipschitz continuous and strongly monotone in X;. In addition, it is clear that A; satisfies

(3.5). Thus, the proof follows from a straightforward application of Theorem 3.1.
|

It is important to remark at this point that (3.16) is equivalent to the global inf-sup condition

(5.0). Dlxxns < C  sup  AELLEP]+ [Bp), (v, 9)] + [B(s,4).4]

b
((r,9), @) EX X M ”(( )aQ)HXxM
((r,%).a) #0

(3.17)

for all ((s,¢),p) € X x M.
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3.2 The discrete setting

We now turn our attention to the Galerkin scheme of problem (3.2). To this end, we let X p, M p,
and M}, be finite-dimensional subspaces of X1, M1, and M, respectively. Here, the subindex h, which
identifies the finite dimensional subspaces, is taken in a numerable family I := {h;};en such that
hj > hjyq for all 7 € N. Then, defining X;, := Xy X My, the Galerkin scheme reduces to: Find
((th, ®pn),pn) € Xp x My, such that

[A(tha Qoh)? (I‘, ’l,b)] + [B/(ph)7 (I‘, ¢)] = [Fa (I‘, ’l,b)] v (I‘, ¢) € Xp ;

(3.18)
[B<th790h)aq] = [G,q] Vqe M.

Next, we let V;, be the discrete kernel of B, that is,
Vi = {@nwp) € Xn: [Baawp)ial =0 Vae My},

and let )Z'Lh and Ml,h be subspaces of X 5 and M, 3, respectively, such that V}, = )Z'Lh X Ml,h-
The following theorem establishes the well posedness of (3.18).

Theorem 3.3 Assume that

i) A1|)~(1’h : )N(Lh — )Nq’h is Lipschitz continuous and strongly monotone, that is, there exist constants
Vh, > 0 such that

IAL(sn) — Ai(ti)llg < mlish —rallx,  Vsn s € X
1,h

and
[Ai(sn) — Av(rn),sp—1h] > apllsp —tallx, Vsn, th € Xip.

ii) For each pair (ry, r,f) € Xl,h X )Z'f‘h there holds the discrete pseudolinear property
[A1(rp + ti),8n] = [A1(rn),sn] + [Ai(ri),sn] Vsn € Xia, (3.19)
where )?fh is the orthogonal of )Z'Lh within Xy p,.
iii) S is positive semi-definite on Ml,h, that 1is,
[S(pn)s 3] = 0 Ve, € M.

iv) By satisfies an inf-sup condition on )N(Lh X Ml,h; that is, there exists $1, > 0 such that

Bl I'h7'l,b T
sup PV s g, gy € B
rREX] p HthXl

rp#0

v) B satisfies an inf-sup condition on Xj, x My, that is, there exists 5, > 0 such that

B rhvlp »dh
sup BEn, %), 0] > Bnllgnllar Van € My,
(rp ¥p)EX) H(r}“d)h)HX
(th,bp )70
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Then, there exists a unique ((tp, @y),pn) € Xpx My, solution of (3.18). Moreover, there exists Cp > 0,
depending only on ap, Yh, Bin, Bn, ||S||, and ||B1|| such that

(s en)sp)llxnr < Co{IF L, g + 1GTanlag } - (3.20)

Proof. Tt follows analogously to the proof of Theorem 3.1 by adapting now the proof of [17, Theorem
3.1]. In particular, the discrete inf-sup condition satisfied by B (cf. v)) and [28, Chapter I, Lemma 4.1]
imply that the discrete counterparts of B and B, namely By, : VAN X}, — M, and By, : M, — V,’NX],
respectively, are isomorphisms with

_ /- 1
1B, M1 (BRI < B (3.21)

The rest of the proof makes use also of the discrete version of Lemma 3.1. We omit further details.
|

It is interesting to observe at this point that the same sufficient conditions introduced above for
the pseudolinear property (3.5) yield now the verification of (3.19). In fact, decomposing the space
Xin = Xi, x X7, with X{, C X{ and X], C X[, and assuming 1), 11), and 111), we easily see
that B does not depend on the variables from th, A1|X1,h is linear in {O} X X7, and for each t;, :=
(tfl,tZ) S th XX{,h = Xl’,}i there holds [Al(Nth), Sh} = [/}}(tg, 0),Sh] + [Al(o,t;;), Sh] Vsy € Xl,h-
Consequently, we find that X;; = Xf’h x X7, where X{p is a subspace of X1 b and also that

X fh - { 0} x X7, whence the discrete pseudolinear property (3.19) follows similarly to the proof of
(3.5) from the assumptions indicated. Further details are omitted.

On the other hand, the linear version of Theorem 3.3 is established as follows.
Theorem 3.4 Assume that

i) Ailx,, : Xip— X{»h is linear, bounded and )Z'lvh—elliptic, that is, there exist vy, ap > 0 such that

AL ()l xr . < v llenllx, Vry, € X,

1,h —

and N
[A1(rp),th] > an|tallk,  Vrn € Xip.

ii) The conditions iii) - v) from Theorem 3.3 are satisfied.

Then, there ezists a unique ((tn, ¥3),pn) € Xn x Mp, solution of (3.18). Moreover, there exists Cp, > 0,
depending only on ap, Y, Bin, B, ||S||, and || Bi|| such that

1((trs n)spn) [ x s < Ch{HF!Xth;L + HG!MhHM,g}- (3.22)

Proof. 1t reduces to verify the hypotheses of Theorem 3.3. We omit details.
|

As for the continuous case, we notice here that (3.22) is equivalent to the global inf-sup condition

H((Sh7 ¢h)7ph)HX><M <y, sup [A(Sha (nbh)v (r7¢)] + [B/(ph)7 (I', 110)} + [B(Sha ¢h)a Q]

((r,),q)EX} X My, ”((r7¢)7Q)HX><M
((r,),q) #0

(3.23)

for all ((sn, @p), pn) € Xp X My,
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It is important to remark now that, from the point of view of the stability of the Galerkin schemes,
one actually should require that in Theorems 3.3 and 3.4 all the constants ay,, v, f1,5, and By, and
hence C}, in (3.20) and (3.22), be independent of h. Indeed, these theorems are usually stated by
assuming the existence of uniform lower bounds for «y, 3 5, and B, and a uniform upper bound for
~n. Needless to say, the derivation of these uniform bounds (equivalently, the obtention of constants
not depending on the meshsize h) becomes precisely the core issue of the numerical analysis of any
particular Galerkin scheme of the form (3.18).

We now aim to provide the error estimates for the abstract Galerkin scheme (3.18). For this
purpose, and in order to simplify the corresponding analysis, we proceed as in [17] and introduce a
differentiability hypothesis on the nonlinear operator A;. In addition, we suppose that A is Lipschitz-
continuous in the whole space X7, and adopt slightly more general strong monotonicity properties
involving separately the continuous and discrete spaces. More precisely, throughout the rest of the
section we assume the following hypotheses:

(A.1) there exist constants 7, a > 0, independent of h, such that
[Ai(s) — Ai(r)l[x; < vlls—rllx, Vs, reX, (3.24)

[A1(t +8) — At +r1),s—1] > als—r|%, VteXi, Vs reXi, (3.25)

and

[Al(th + Sh) - Al(th + I'h),Sh - I‘h] >« ||Sh - rh”%(l Vth S leh, VSh, r, € Xl,h . (3.26)

(A.2) A; : X; — X/ has a hemi-continuous first order Gateaux derivative DA; : X; — L£(X1, X}),
which means that for any s, r € X1, the mapping R > u — DA;(s+ur)(r)(-) € X7 is continuous.

Note here that the discrete strong monotonicity condition (3.26) does not follow in general from the
continuous one (3.25) since the component X 1,» of the discrete kernel V}, is not necessarily contained
in the corresponding component X 1 of V. This is the reason why we have to impose them separately.
Then, we have the following result.

Lemma 3.2 For any s € X1, the Gateaur derivative DA1(s) constitutes a bounded bilinear form on
X1 x X1 that becomes elliptic on X1 U X1 p, with boundedness and ellipticity constants given by v and
«, respectively.

Proof. Given s € X, the Gateaux derivative DA;(s) is the operator in £(X1, X}) (equivalently, the
bilinear form on X; x X;) defined by

DAY (8)(r.F) = lim ALEF €T = [Ai(s). 7]

e—0 €

Vr, T e X;.

The rest of the proof follows as in [17, Lemma 3.1] by employing the assumptions (A.1) and (A.2)
in the above definition. We omit further details and refer the reader to [17].
|

Our next goal is to provide the Cea estimate for the Galerkin scheme (3.18). To this end, we now
let P: X x M — (X x M)" := X' x M’ be the nonlinear operator obtained after adding the equations
on the left hand side of (3.3), that is

-,

[P(t),7] := [A(t, ), (r,9)] + [B'(p), (r,9)] + [B(t, ), ]
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for all t := ((t,),p), ¥ := ((r,2),q) € X x M, or, equivalently, using (3.1),

[P(t),7] := [A1(t),x] + [Bi(e),x] + [Bi(t), %] — [S(), %] + [B'(p), (r,9)] + [B(t,¢).q] (3.27)

for all t:= ((t,¢),p), T := ((r,2),q) € X x M. Then, it is easy to see that, given §:= ((s, ¢),p) €
X x M, the Gateaux derivative of P at § is obtained by replacing [A;(t),r] in (3.27) by DA;(s)(t,r).
In this way we arrive at

DP(E)(E,F) = DAS)(t,1) + [Bi(9).x] + [Bi(t),w] — [S(9), 9] + [B'(p), (r, )] + )9,
3.28
for all t:= ((t,),p), ¥ :=((r,v),q) € X x M, which, according to Lemma 3.2, becomes a bounded
bilinear form on (X x M ) X (X x M ) Moreover, assuming for a moment the conditions iii) - v)
of Theorem 3.3 with constants independent of A, and having in mind Lemma 3.2 again, we deduce
that DP(S)(-,-) satisfies the hypotheses of the linear version given by Theorem 3.4 with constants
independent of h and § as well. It follows, in virtue of (3.22) (equivalently (3.23)), that there exists
C > 0, independent of A, such that

g 5 DP(S)(E, F
IShllxxym < C sup DP(8)(Sh, Th)

¥, €Xp, x My, ||fh|’XxM
R #0

VS, € X x My, (3.29)

We are now in a position to establish the announced a priori error estimate.

Theorem 3.5 Assume that the hypotheses of Theorems 3.1 and 3.3 hold, and let t := ((t,),p) €
X X M and t), :== ((tn, ), pn) € Xp, x My, be the unique solutions of (3.2) and (3.18), respectively.
Then, there exists C' > 0, independent of h, such that
It — tallxxar < C _inf It — Shllxxas- (3.30)
SReEXp X My,
Proof. We proceed as in the proof of [17, Theorem 3.3]. Hence, given S € X x M and S, € X x My,
we apply (3.29) to t, — § and obtain

||Eh — Shllxxm < C sup DP(S)_'(th — Sh,Th) )
Fp,€Xp, X My, HthXxM
20

(3.31)

In turn, since the hemi-continuity of DA; (cf. (A.2)) implies the same property for DP, we deduce
the existence of ug € (0,1) such that

-

1
(P(E).55] = [PE).5] = [ PPl + (1= 1) $0)(F = 5. 50)

(3.32)
= DP(po bty + (1 — o) 8p) (th — S, )
and hence, using in particular § = pgt, + (1 — o) 8y in (3.31), we find that
. ~ P(ty), 73] — [P(8n),T
[th = Sullxxar < C sup e h)’r]l] PEn), ] (3.33)
Fj, € X, X My, ”thXxM
£, 0

Next, since (3.2) and (3.18) yield [P(E),Fh] = [P(Eh),f"h] V1), € Xp X Mp, and since (A.1) implies
that P is also Lipschitz-continuous, say with a constant 7, we obtain from (3.33) that

1€, — Snllxxar < CH€—8ullxxnr  V8h € Xp x Mj,. (3.34)
Finally, it is easy to see that (3.34) and the triangle inequality give (3.30) and complete the proof.
|
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4 Analysis of the continuous problem

We now go back to the augmented fully mixed variational formulation introduced in Section 2.4 and
apply Theorem 3.1 to prove the well posedness of (2.34). In fact, we begin by observing from the
definition of B (cf. (2.31)) that the kernel of this operator reduces to

V = {(LQ) eX: [B(r,¢),q =0 VQEM} — }~(1 > Ml’

where
Xy = Lo(Qs) x Hy(div; Qp) x Ho(div; Qg) and M; = HY*(X) x H/2(D),
with
H (div; Qp) := {VD € Ho(div;Qp) :  div(vp) € IP’O(QD)},
]?Ho(div; Qg) = {’Ts € Ho(div;Qs): 7s=75 and divrg=0 in QS},
and

Hy () = {$ e HP (D) (n, ) =0}

The following lemma shows that A, verifies the assumptions (3.24) and (3.25) (cf. (A.1)), which
imply, in particular, that A; satisfies the hypothesis i) in Theorem 3.1.

Lemma 4.1 Let A; : Xy — X| be the nonlinear operator defined by (2.27). Then there exists a
constant vy > 0 such that

[A1(r) — Ai(s)llx; < 7le—sllx, Vi seX;. (4.1)
2

70
from (2.4) and (2.5). Then, there exists a constant o > 0 such that

Q@
Furthermore, assume that the parameter p lies in (O, 0) , where ag and o are the positive constants

[A1(t+1) — At +5),r—F > alr -]k, VteXi, Vr reX;. (4.2)
Proof. We begin by observing from (2.27) that A; : X3 — X/ can be decomposed as
[A1(r),t] = [A15(rs, T5), (Ts, Ts)] + [Aip(VD),VD)] Vr = (rs,vDp,Ts), L = (Ts,Vp,Ts) € X1,

where Ag : Lo(Qs) x Ho(div;Qg) — Lo(Qs)’ x Ho(div; Qs) and Aqp : H(div; Qp) — H(div; Qp)’
are the nonlinear and linear operators, respectively, given by

[Ass(rs, 7s), (Ts, 7s)] = (u(|rs|)rs,Ts)s — (Ts, 78)s + (rs,7)s + p (7§ — p(lrs) rs, 78)s  (4.3)
and
[A1p(vD), vD)] := (K 'vp,Vp)p. (4.4)

Next, we recall from [22, Lemma 3.1] that there exists 4 > 0 such that

[A1s(rs, 7s) = Ais(Tss T8) 122 0y ey (@iveasy = 71T T8) = (F5: T8) 22 0 e caivnas)
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for all (rg, Tg), (Ts, Ts) € Eg(QS) x Ho(div; Qg), and hence, thanks also to the boundedness of Ap, we
conclude (4.1), that is the Lipschitz continuity of A;. On the other hand, it was proved in [22, Lemma
3.2] that, under the present assumption on p and having in mind that divrg =0 V7g € Hp(div; Qg),
there exists & > 0 such that

[A1s((Ts, Ts) + (rs,7s)) — Ais((rs, Ts) + (Ts, Ts)), (rs, Ts) — (Ts, Ts)]
) (4.5)
> a(rs,ms) = (85, ) IE2 0 ) o ivicre)
for all (rs,Ts) € ES(QS) x Ho(div;Qg) and for all (rg, 7g), (Ts, Ts) € EO(QS) x Ho(div; Qg). At this
point we remark that both [22, Lemma 3.1] and [22, Lemma 3.2] follow from [22, Lemma 2.1], which
is actually the key result making use of the Gateaux derivative of Ajg. In turn, it was established in
[25, Lemma 3.2] that there exists ¢ > 0 such that

Ivbllo,on = ¢llvplldivian Yvp € Ho(div; Qp), (4.6)

which, together with the fact that K is positive definite, imply the strong coerciveness property for
A1p : Hy(div; Qp) — Hp(div; Qp)’. In this way, (4.5) and (4.6) yield (4.2) and complete the proof.
|

As previously announced, note that the assumption i) required by Theorem 3.1 follows from (4.1),
using that [|A1(r) — Ai(s)] g, < [[A1(r) — Au(s)lx; < vllx —sllx,, and from (4.2) (with t = 0).

We continue the analysis with the inf-sup conditions for B; and B (cf. iv) and v) in Theorem 3.1).

Lemma 4.2 There exists a constant 51 > 0 such that

Bi(r __
sup BB gl Wy e M. (4.7)

reXy H ” X1

r#0
Proof. These results are very similar to the ones provided in [25, Lemma 3.8]. Indeed, because of
the diagonal character of By (cf. (2.28)), one first realizes that (4.7) is equivalent to finding positive
constants (s and [p such that

TSN,
_Sup M = /BSHT/’Hl/zz Vi € Hl/Q(E), (4.8)
75 € Ho(div;Qs)\0 HTS HdiV;QS
and < .
vp - I, -
Sup e I€lljes V€€ HYA(E). (4.9)

vp € H(div;Qp)\0 HVD ”diV;QD
The proof of (4.9) can be found in [27, Lemma 3.3] (see also [25, Lemma 3.8]), whereas for (4.8) we

need to slightly modify the corresponding arguments given there. In fact, given x € Haol/ 2(E) we let
7 be the Ho(div; Qs)-component of e(z) € H(div;Qgs), where z € H!(Qg) is the unique solution of
the boundary value problem:

dive(z) =0 in Qg, z=0 on Is, e(z)n=x on 3. (4.10)
1
n[Qs]
Ho(div;Qg) and 7n = x —cn on . It follows that (7 n,)s = (x,9)s for each ¥ € Hl/Q(E)7

which proves the surjectivity of the operator 7 — 7n from Hy(div;Qg) to (Hééz(E)) , that is (4.8).
|

In other words, 7 := e(z) — cl, where ¢ := tre(z) (cf. (2.21)), which implies that 7 €
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Lemma 4.3 There exists a constant 8 > 0 such that

B(r, %), q]
B —— v M. 4'
S0 w2 e Vae (4.11)

(z,2p)#0

Proof. Analogously to the proof of Lemma 4.2, and because of the structure of B (cf. (2.31)), we find
that (4.11) is equivalent to the following three independent inequalities

(div Ts,vs)s + (Ts,Ms)s

sup > Bsll(vs,mg)ll VY (vs,mg) € L?(Qg) x L*(Qs),
75 € Ho(div;Q2s)\0 ||TS HdiV;Qs
(4.12)
div vp,
sup  WVVDDID g ap € L2(S), (4.13)
vp € Hy (diV;QD)\O HVD ||diV§QD
and

sup IRV S g0 v e, (4.14)

7/’€H(1)é2(2)\0 ‘|¢||1/2,E

with g, Op, Bz > 0. Actually, except for the term (7s,mg)s appearing in (4.12), the statement of
the present lemma coincides with the one provided in [25, Lemma 3.6]. Hence, for the derivation of
(4.13) and (4.14) we simply refer to the proof of that result, whereas the proof of (4.12), being a slight
modification of [25, eq. (3.4)], can be found in several places (see, e.g. [20, Lemma 3.4]). In particular,
we recall that the proof of (4.14) relies on the existence of a fixed element ¥y € HY/2(X) such that
(n,9q)s # 0 (see [25, Section 3.2] for details).

|

We now check that the assumptions 1), 11) and 111) specified in Section 3 are satisfied by our
variational formulation (2.34). For this purpose we decompose X; (cf. (2.26)) as X{ x X7, where
X{ = ES(QS) and X} = Hp(div; Qp) x Hp(div;Qs). Then, it is easy to see from (2.28) that
B; does not depend on the variable from X¢. In addition, it is clear from (2.27) that for each
t := (0,up,os), r := (rs,vp,Ts) € X; there holds

[A1(t),r] := (K tup,vp)p — (rs,08)s + p(0d,73)s,

which shows that A; is linear in {O} x X7. Similarly, from the definition of A; we also find that for
each t := (t/,t") = (tg,(up,os)) € X; := X4 x X7 and for each r := (rs,vp,Ts) € X; there
holds

[A1(t",0),x] + [A1(0,t7),r] = (u(|ts]) ts,rs)s + (ts,78)s — p (u(|ts]) ts,78)s
+ (K 'ap, vp)p — (rs,08)s + p(0§,78)s = [Ai(t), 1],

which proves that A1(t) = A;(t,0)+ A1(0,t"). It follows from the previous analysis that A1 satisfies
the pseudolinear property (3.5), which confirms the verification of the hypothesis ii) of Theorem 3.1.

On the other hand, it is quite straightforward from (2.19) and (2.29) that for each ¥ := (¥,&) €
M; there holds

n—1
[S(), 9] = > w e telgs > 0, (4.15)

/=1
which shows the positive definiteness of S, thus verifying the hypothesis iii) of Theorem 3.1.

We are now ready to establish the main result concerning the existence and uniqueness of solution
of the problem (2.34).
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Theorem 4.1 Assume that the parameter p appearing in the definition of the non linear operator Aq
(cf. (2.27)) lies in (O, a—g), where o and ag are the positive constants from (2.4) and (2.5). Then,
i

0
there erists a unique ((t,),p) € X x M solution of (2.34). Moreover, there exists C' > 0, depending
only on «, v, b1, B, |||, and |B1]|, such that

16 @) Dl < C{ Il + |Gl }- (4.16)

Proof. Thanks to the analysis developed in this section, the proof follows from a direct application of
Theorem 3.1.
|

We end this section with the converse of the derivation of the variational formulation (2.34).

Theorem 4.2 Let ((t, ), p) € XxM be the unique solution of the variational formulation (2.34) with
F and G given by (2.33), and define ps 1= — itr(os). Then us € H'(Qs), pp € H(Op), ¢ = —ug
on X, A =pp on X, and we have a solution of the system (2.8), (2.2), and (2.3).

Proof. 1t basically follows by applying integration by parts backwardly in (2.34), and using suitable
test functions. We omit further details.

[ |
5 The mixed finite element scheme

In this section we introduce the Galerkin scheme of problem (2.34) and analyze its well-posedness by
establishing suitable assumptions on the finite element subspaces involved. Then, we provide specific
examples of these subspaces satisfying the required hypotheses.

5.1 Preliminaries

We begin by selecting a set of arbitrary discrete spaces, namely

Hy(Qs) C H(div; Qs),  L2(Qs) CL2(Qs),  Lu(Qs) CL2(Qs),  AS(S) C Hop (%),

1
Hy,(Qp) C H(diviQp),  Lu(2p) € L*(Qp),  and AP(X) C HY2(Y). Y
Then, we define the subspaces
Ho(Qs) = {7 €H(diviQ%): c'r e Hy(Qs) VeeR,
Hon(Qs) = Hy(Qs) NHo(div; Qg),
Hyn(Qp) = Hp(Qp)NHy(div;Qp),
Ln(Qs) = [La(Q9)]", (5.2)
Ln(Qs) = [La(Qg)]™",
Loa(Qs) = Lp(Qs)NLo(Qs), and
AR(E) = A"
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In addition, in order to deal with the mean value condition for the Darcy pressure pp, we define
LOJL(QD) = Lh(QD) N L(Q)(QD) . (5.3)

Then, the global unknowns and corresponding finite element subspaces are as follows:

t, = (tsp,upn,osn) € Xip = Lon(Qs) x Hon(2p) x Hopn(Qs) ,
P, = (@ns An) € My, = AJ(Z) x AP (D), (5.4)
p, = (@onushYsplh) € My = Lon(2p) x Lu(2s) x Lj(2s) x R.

In this way, setting X, := Xy 5 x My p,, the Galerkin scheme for (2.34) reduces to: Find ((t, ¢, ).p,) €
Xy, x My, such that

[A(Ehafh)’ (Emﬁh)] + [IB(Emﬁh)th] = [Fv (ghvﬁh)] V(Ehaﬂh) € th

[B(Eh’fh)’gh] = [G’Qh] vgh e M. (5.5)

5.2 The main results

We now adapt the analysis from Section 4 to the discrete case and follow very closely the approach
from [25, Section 4.1] to establish general hypotheses on the finite element subspaces (5.1) ensuring,
by means of the abstract theory developed in Section 3.2, the well-posedness of (5.5). We begin by
observing that in order to have meaningful spaces Hy ,(€2g) and Lo 5, (2p) (cf. (5.2) and (5.3)), we need
to be able to eliminate multiples of the identity matrix I from Hj(€g) and the constant polynomials
from Ly (2p). This request is certainly satisfied if we assume the following:

(H.O) [P@(Qs)]2 g Hh(Qs) and P[)(QD) g Lh(QD),

where Py(Q2g) and Py(2p) are the spaces of constant polynomials on Qg and Qp, respectively. In
particular, it follows that I € Hj,(€2g) for all h, and hence there holds the decomposition:

Hp(Q2s) = Hon(2s) © Po(Qs)T. (5.6)

Next, according to the same diagonal argument utilized in the proof of Lemma 4.3 (see also [25,
Lemma 3.6]) we deduce that B satisfies the discrete inf-sup condition uniformly on X} x Mj, if and
only if there exist Bs, fp, By > 0, independent of h, such that

(divTsn, Vs h)s + (Tsh: Ms n)s

sup > Bs (Vs msp)l Y (Vs msn) € Ln(Qs) x Li(Qs)
Ts,nEHo, 1 (2s) HTS,thiV,QS
TS, h#0
(5.7)
(divvpn, gpp)D o 5
sup > Bp llap,nllo,on Vap,n € Lon(Qp), (5.8)
vD,h€Ho, p(2D) HVD,thiV;QD
VD,h#O
n ~
sup 7n, )y > Bulyl VieR. (5.9)
wnense | Vnlliy2s

P p, #0

However, since div Hy,(Q2s) = divHgn(Q2s) (cf. (5.6)) and (I,mg;)s = 0 (because of the symmetry
of I and the skew-symmetry of ng ;,), we find that the supremum in (5.7) remains the same if taken
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on Hy(§s) instead of Hpx(S2s). Notice also that a sufficient condition for (5.9) is the existence of

Py € Hééz(E) such that ¥, € A (X) for all h and (n,1,)x # 0. Consequently, we now introduce the
following hypotheses summarizing the above analysis:

H.1) There exist ES, ED > 0, independent of h, and there exists 1, € HY/2(2 , such that
0 00

(divTsh, vsn)s + (T Msp)s _ =
22 > Bs (Vs ms i)l Y (Vshmsy) € Ln(Qs) x Li (Q),

sup
Ts,h €HR (28) HTS,]’LHdiV,QS
Ts,hyéo
(5.10)
divvp p, qDa)D _ %
sup ( ) > Bp llgpalloon Yapu € Lon(2p), (5.11)
voneron@p  IVDRlldiviap
VD,}L#O
o € AS(X) Vh and (n,vpg)s #0. (5.12)

On the other hand, we now look at the discrete kernel of B, which is defined by
V= {(gh,gh) €Xn: Bl(rye,).q,) =0 Vg, c Mh} .

In addition, in order to have a more explicit definition of Vj, we introduce the following assumption:
(H.2) div H,(Qg) € Lp(Q2s)  and  div Hy(Q2p) C Ly(2p).

It follows from the definition of B (cf. (2.31)) and (H.2) that V) := }~(1,h X ML}“ where

X1, = Lop(Qs) x Hop(Qp) x Hop(Qs)  and My, = A3, (2) x AR(D),
with
Hy ,(Op) = {VD,h € Hou(p): divvpy € PO(QD)} ,

Ho () == {TS,h €Hon(92s):  (Tsnmsp)s =0 Vng, € Li(Qs) and divrs, =0 in Qs} ;
and

ASLED) = { € ASD) 1 (n,9hy)m =0}

Then, applying the same diagonal argument employed in the proof of Lemma 4.2 (see also [25,
Lemma 3.8]), we find that By satisfies the discrete inf-sup condition uniformly on X 5 x M, if and
only if there exist 8g, Bp > 0, independent of h, such that

(Tsam,Yp)ys 5

Sup S I S Byl e Vaby € AGL(E), (5.13)
Ts,n €0y 1 (2s) ”TSJlHdiV,Qs

-r-S’h#o

(VD -1, &n)s 5
sup o = Boll&nlliyes VéL € AR (D). (5.14)

vD,hr€Hg 1 (2D) HVD,thiV;QD

vDp.p#0
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In addition, the characterization of the elements of A5, (2) yields the supremum in (5.13) to remain

unchanged if, instead of ﬁ07h(Qs), it is taken on

ﬁh(ﬂs) = {Ts7h € Hp(Qg) : (TS,thIS,h)S =0 V?’]S’h S L%L(Qs) and divTg, =0 in QS}.

(5.15)
In this way, we now add the following hypothesis:
(H.3) There exist Es, B\D > 0, independent of h, such that
TS,h n, ¢ > >
sup \TSA D, Vhn > Bs | pllijes  Vibu € A L(D), (5.16)
Ts,n €Hp (23) ||TS7h||div;Qs
TS, h 70
vph 1, Ep)y 5
sup (VD By Eh)e > B l[€nll1/2,s VEL € AP (D). (5.17)
vp,n€Hy 1 (2D) HVD,thiV;QD
VD.h7#0

From now on we assume that the arbitrary finite element subspaces introduced in (5.1) satisfy the
above derived hypotheses (H.0), (H.1), (H.2) and (H.3). Hence, we are in a position to prove that
the assumptions required by Theorem 3.3 are satisfied. We begin with the following lemma which
yields the hypothesis i) of that theorem and the assumption (3.26) (cf. (A.1)) as well.

Lemma 5.1 Let v > 0 be the same constant provided by Lemma 4.1. Then

|Ar(ry) ~ Ai(sllg, < 7len —sillx, Yrys, € Xup (5.18)

2

from (2.4) and (2.5), and let a > 0 be the same constant provided by Lemma 4.1. Then

e
Furthermore, assume that the parameter p lies in <O, 0> , where ag and g are the positive constants

[Ai(ty, + 1) — Ar(ty +54), 1 —85) > all, —spllk, Vi, € Xan, Vrps, € Xppo o (5.19)
Proof. 1t is clear that (5.18) follows straightforwardly from (4.1) by noting that

[A1(ry) — Ailsp)llx, < [lA1(xs) — Aalsn)llx; -

In turn, similarly as for the continuous case, the discrete strong monotonicity (5.19) follows from
the corresponding property of the operator Als]LO 0 (28) T 1 () Lo n(Q2s) x Hop(Qs) — Lo p(Qs) x
ﬁ07h(ﬂs)’, which makes use now of the fact that divrg, =0 V7gy € If[-v]loyh(QS), and also from the
) H ,(Qp) — Hp,(2p)'. We omit further details and refer to the
proofs of Lemma 4.1 and [22, Lemmas 3.1 and 3.2].

strong coercivenes of Aip|g u

As stated in advance, we note here that the hypothesis i) in Theorem 3.3 is given by (5.18) and
(5.19) (with t;, = 0), whereas (5.19) is precisely (3.26) (cf. (A.1)). We observe next, according to
(4.15), that for each 9, = (4;,,&,) € My, € My there holds

n—1

[S(,):%,] = D rit - tellgs = 0, (5.20)

(=1

which yields the hypothesis iii) of Theorem 3.3. The analysis is continued with the discrete inf-sup
conditions for B; and B (cf. iv) and v) in Theorem 3.3).
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Lemma 5.2 There exists a constant Bl > 0, independent of h, such that

[Bl(ﬁh),’lﬂ ] i~ by
sup ————% > B¢, v, Vb, € My,
£h€j1 ||£h||X1

Proof. 1t follows directly from (H.3).

|
Lemma 5.3 There exists a constant B > 0, independent of h, such that
B(rp,).q,] _ ~
sup " > g, llm Vg, € M.
eepen 1Y)k = =h
(xp %, )#0
Proof. 1t follows directly from (H.1).
|

The following theorem establishes the well posedness of (5.5).

Theorem 5.1 Assume that the hypotheses (H.0), (H.1), (H.2) and (H.3) hold, and that p lives in
(0, :—8) Then, the Galerkin scheme (5.5) has a unique solution ((t;,,),p,) € Xp x My, and there
2 PP

ezists C' > 0, depending only on «, 7, B1, B, |IS]| and ||B1]|, such that

(6> 2,)-2) s < € WL, b, + IGlaa, g, ) - (5.21)

Proof. According to the previous analysis, the proof follows from a direct application of Theorem 3.3.
|

We end this section with the corresponding Cea a priori error estimate. To this end, we first recall
from Section 2.2 that u is assumed to be of class C!, which yields the assumption (A.2), that is
the hemi-continuity of the Gateaux derivative DA; : X7 — L(X1,X]). Consequently, we have the
following result.

Theorem 5.2 Assume that the hypotheses (H.0), (H.1), (H.2) and (H.3) hold, and that p lives in
<0, :—S) Let ((t,¢),p) € XxM and ((t4, ¢, ). p,) € Xp x My, be the unique solutions of the continuous
2 ¥):P PP

and discrete formulations (2.34) and (5.5), respectively. Then, there exists C > 0, independent of h,
such that

t.0),p) — ((t,,0.), <C inf t,0).p) — ((r,,9,), 5.22
1, ¢),p) = ((tr, ©,): 2yl ens) exant, 1((t, ), p) = (£h, ), 0, ) lxxa (5.22)

Proof. 1t is a straightforward application of Theorem 3.5. |

5.3 Particular choices of finite element subspaces

We now specify concrete examples of finite element subspaces in 2D and 3D satisfying the hypotheses
introduced in the previous section. To this end, we let 7;° and 7,” be respective triangulations of the
domains Qg and Qp formed by shape-regular triangles (in R?) or tetrahedra (in R?), and assume that
they match in ¥ so that 7,7 U7,” is a triangulation of Qg U X U Qp. We also let ¥}, be the partition of
¥ inherited from 7;° (or 7,°). Furthermore, given an integer k¥ > 0 and a subset S of R", we denote
by Py(S) the space of polynomials defined on S of total degree at most k. Note that, according to
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the notation described in Section 1, P (S) and Py (S) stand for [Py (S)]" and [P(S)]"*", respectively.
In addition, we let by be the element-bubble function defined as the unique polynomial in P,41(T)
vanishing on T with [ by =1, and denote by x := (x1,2,--- ,2,) a generic vector of R”. Then,
we define for each T' € 7, U T,” the local Raviart-Thomas and bubble spaces of order 0, respectively,
by (see, e.g. [7], [38])

RTQ(T) = PO(T) S, Po(T) X,
and
P(T) (52, ~52) in RZ,

Bo(T) = o

V x (bTP()(T)) in R3.

5.3.1 PEERS + Raviart-Thomas in 2D

We specify the discrete spaces in (5.1) as follows:

Hy(Qs) = {T € H(div:Qs): 7|7 € RTo(T) & Bo(T) VT e 7;5} ,

H,(Qp) = {T e H(div:Op): rlr € RTo(T) VT e T,;D} ,

L) = {vel?@9): vreR(@) VTeTs}, (5.23)
Ln(Qp) = {q € L2(Op):  qlr € Py(T) VT e 7;;3} , and

s = {n= () 0) ¢ nec@o. ke A VTET ),

Note here that the product space Hj (2s) x Ly (Qs) x L2 (Qs), with Hj(Qs) and Ly (Qs) defined accor-
ding to (5.2), constitutes the classical PEERS originally introduced in [1] for a mixed finite element
aproximation of the linear elasticity problem with Dirichlet boundary conditions (see also [33]). In
turn, Hy, (Qp) x L (2p) is the Raviart-Thomas stable element of lowest order for the mixed formulation
of the Poisson problem (see, e.g. [7], [36]). These facts are particularly important for the rest of the
analysis since, as we will make it clear below, all the discrete inf-sup conditions that are required in
the hypotheses indicated in Section 5.2, either are already available in the literature or can be derived
from related results provided there.

Next, in order to define the spaces on the interface ¥, thus completing the list in (5.1), we follow
the simplest approach suggested in [25] and [35]. To this end, we assume, without loss of generality,
that the number of edges e of ¥j, is even. Then, we let Yo, be the partition of 3 arising by joining
pairs of adjacent edges of X, and denote the resulting edges still by e. Since X is inherited from
the interior triangulations, it is automatically of bounded variation (that is, the ratio of lengths of
adjacent edges is bounded) and, therefore, so is ¥y;,. Certainly, if the number of edges of 3, were odd,
we simply reduce it to the even case by joining any pair of two adjacent elements, and then construct
Yop from this partition. Hence, denoting by zg and x1 the extreme points of 3, we define

AS(R) = {zp € C(D): ol € Pile) YeeSon, w(xo) = o(a1) = 0}, and .
5.24
AD(R) = {5 € C(X): €. e Pile) Vee z%}.

Our analysis below will also utilize the finite element subspaces of Ho_ol/ 2(2) and Hgol/ 2(2) given by

D,(3) = {¢h € LX) : onle € Pole) Vedge e e S, } and
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&), (%) = {dm €L3(X): ¢ple € Pole) Vedge e e Iy } .

In what follows we establish from (5.23), (5.24), and the accompanying definitions (5.2) and (5.4),
that the hypotheses (H.0) - (H.3) are satisfied. In fact, the verification of (H.0) and (H.2) is quite
straightforward from the definitions given in (5.23). Now, the discrete inf-sup conditions (5.10) and
(5.11) are proved in [33, Theorem 4.5] and [7, Chapter IV, Section IV.1.2], respectively. Alternatively,
one can also look at [1, Lemma 4.4] and [36, Chapter 7, Section 7.2.2]. In turn, the existence of

Py € H(1)62(E) verifying (5.12) follows as in [25, Section 3.2] (see also [27, Section 3.2]). In fact, we
pick one interior corner point of ¥ and define a function v that is continuous, linear on each side of X,
equal to one in the chosen vertex, and zero on all other ones. If n; and ny are the normal vectors on
the two sides of ¥ that meet at the corner point, then ¥, := v (n; + ng) satisfies that property. If the
interface ¥ were a line segment (without interior corners), we pick v as the continuous linear function
on X, equal to one in any interior point and zero in the extreme points, and define 1, := vn. We
have thus verified the assumptions required by (H.1).

On the other hand, concerning the discrete inf-sup conditions yielding (H.3), we first recall from
the analyses in [25] and [35], that the existence of a stable discrete lifting of the normal traces of
H, »,(Qp) implies that a sufficient condition for (5.17) is the existence of fp > 0, independent of h,

such that <¢ ¢ >
sup M2 S B gl V€ € AR(S). (5.25)
onEn ) Pnll-1/2,5

In fact, a detailed proof of (5.17), whose main ingredients were the explicit construction of such a
lifting and then the demonstration of (5.25), was first provided in [25, Lemmas 4.2, 5.1 and 5.2] under
the assumption of quasi-uniformity around the interface 3. This result was improved recently in [35,
Sections 4 and 5] where it was shown for the 2D case without any requirement on the meshes. In turn,
in order to proceed similarly with (5.16), we need to introduce suitable changes into the arguments
from [25] and [35]. The reason for it is rather technical and has to do with the fact that the tensors
73, € Hp(Qs) (cf. (5.15)), space where the supremum in (5.16) is taken, must also satisfy the discrete
symmetry condition (Ts5,mg,)s = 0 Vng, € Lj(Qs). More precisely, since the Raviart-Thomas
or related projection operators do not preserve any kind of symmetry, the way in which the lifting
was built in [25] is not applicable to construct a stable discrete lifting of the normal traces of Hp, ({g).
Instead of it, we now proceed a bit differently and still show, using results from [20], [25], and [35], that
a sufficient condition for (5.16) is the analogue of (5.25), that is the existence of g > 0, independent
of h, such that

¢ ’¢ >
sup  APRYWE S By v, € ASL(D). (5.26)
e A

In fact, given @, € @5(X), we let (&, (n, T, 1)) € Ha(Qs) x (Ln(Qs) x LE(Qg) x AS(X)) be the
unique solution of the Galerkin scheme:

(OhyTh)s + (divTp,up)s + (Th,Yp)s + (Thn, @) = 0, (5.27)

(diV&h,Vh)S + (&hanh)s + <&h n7¢h>2 = <¢h7¢h>27

for all (T4, (Vs My ¥r)) € Ha(Qs) x (L (Qs) xLE (Q5) x A (X)). Note that (5.27) actually corresponds
to the PEERS-based mixed finite element approximation of a particular linear elasticity problem in
Qg (see, e.g. (4.10)) with homogeneous Dirichlet boundary condition on I's and Neumann boundary
condition given by ¢, on X. Moreover, the well-posedness of (5.27) is proved, modulus minor changes,
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by combining [20, Section 4.3] with [35, Theorem 5.1] and [25, Lemma 5.2]. In particular, the associated
stability result insures the existence of C' > 0, independent of h, such that

1(&ns @ Fns @)L < Clldnll 12 (5.28)

Therefore, since the second equation in (5.27) establishes that &, belongs to Hj(Qs) and that
(Grm, )y = (b, n)s Y, € A3 (X), we deduce, using also (5.28), that

(D Pr)s| _ [onnp)s| _ 1 [(0an )5

lonll-1/2, B lonll—i/2x2 = C  lonllaivios ’
which implies that
1
sup (D, Yp)s R (Thn,p)s Vi, € AS(S). (5.20)
onernm Onll—1/2n = C spenes  IThlldivios
bp#0 Th#0

Thus, it is quite clear from (5.29) that the discrete inf-sup condition (5.16) is a straightforward
consequence of (5.26). Moreover, since the latter has already been proved in [25, Lemma 5.2], we
conclude in this way the full verification of the hypothesis (H.3).

Thanks to the previous results and analyses, we can establish the following theorems.

Theorem 5.3 Assume that the stabilization parameter p lives in (O, %), and let ((t,),p) € X x M
2 ¥)P

be the unique solution of the continuous formulation (2.34). In addition, let X, := Xy x My, and
My, be the finite element subspaces defined by (5.4) in terms of the specific discrete spaces given by
(5.23) and (5.24). Then, the Galerkin scheme (5.5) has a unique solution ((t;, ¥, ),p,) € Xp x My,
and there exist C1, Co > 0, independent of h, such that

I (ns2,), 2o < Cu{ Il i, + G, g, (5.30)

and

t —((t < C inf t — . (.31
1t @), p) = ((tr, )5 2 ) llxexns < 2 (enit ) ety 1t ), p) = ((£h, ¥,,), ) e - (5.31)

Proof. Having verified the hypotheses (H.0), (H.1), (H.2) and (H.3), the proof is a straightforward
application of Theorems 5.1 and 5.2.
|

The following theorem provides the theoretical rate of convergence of the Galerkin scheme (5.5),
under suitable regularity assumptions on the exact solution.

Theorem 5.4 Let ((t,¢),p) € X x M and ((t4,%,).p,) € Xp x My, be the unique solutions of the
continuous and discrete formulations (2.34) and (5.5), respectively. Assume that there exists § € (0, 1]
such that ts € H°(Qg), up € HY(Qp), divup € H(Qp), os € H(Qg), dives € HY(Qg), and
vg € H(Qg). Then, us € H'(Qg), pp € H'P(Qp), ¢ € HY/2H(X), X € HY?T(X), and there
exists C' > 0, independent of h and the continuous and discrete solutions, such that

It @), p) = (ks ),), 2 s < Ch‘s{\ltslla,ﬂs + [lupllsap + [ldivupllsap

(5.32)
+ HO’S

lsos + [[divesllsos + [[vsllsas + lusllitsos + Ppllitson }
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Proof. We first recall from Theorem 4.2 that Vug = ts+7g and Vpp = — K~ 'up, which implies that
ug € H'9(Qg), and pp € H™*(Qp), whence ¢ = —ug|s € HY/?T9(X) and A = pply € H'/?H(%).
The rest of the proof follows from the Cea estimate (5.31), the approximation properties of the
subspaces involved (see, e.g. [4], [7] and [29]), and the fact that, thanks to the trace theorems in Qg
and Q2p, respectively, there holds

lelli2155 < clluslivso, and  [[Alijerss < cllppllitsap -

5.3.2 PEERS + Raviart-Thomas in 3D

We now introduce the 3D version of the spaces defined in Section 5.3.1 (cf. (5.23)). More precisely,
we set

H,(Qs) = {r € H(div;Qg): 7|y € RTo(T) & Bo(T) VT € T,f},

H,(Qp) = {T € H(div;Qp): rlr € RTY(T) VT e 7;?} :

Ly(Qg) = {v € L2(Qg): vlp e By(T) VT ¢ 7;5}, (5.33)
Ly(Qp) = {q € L2(p): qlp € By(T) YT ¢ ThD} , and

L2(Qg) = {77 eL*Qs): neCs), nlr € PYT) VT e T3 }

Actually, except for the fact that the vectors and tensors live now in R? and R3*3, respectively, the
above definitions look pretty much as those in (5.23).

Next, in order to complete the list of spaces in (5.1), we need to define those living on the interface
.. To this end, and for reasons that will become clear below, we introduce an independent triangulation
¥ of the interface ¥ by triangles K of diameter 7LK and define 71\2 = max{/ﬁK : K e ¥;}. The
above is certainly in addition to X, the usual partition of ¥ inherited from 7,7 (or 7,”), also formed
by triangles K of diameter hg, and for which we set hy := max{hg : K € ¥}. Hence, denoting
by 03 the polygonal boundary of ¥, we define

AS(R) = {1/} €C(X): ¢k e P(K) VKeX, ¢ = 00naz},
AP(R) = {5 €C(D): ¢k e P(K) VK €%}, and (5.34)
AS(D) = (AP,

which, from now on, replace the spaces A$(X), AP(X), and A} () specified in (5.1) and (5.2).

In what follows we show that the hypotheses (H.0) - (H.3) are satisfied. Indeed, as in the 2D
case, the verification of (H.0) and (H.2) is also quite straightforward from the definitions given in
(5.38). Furthermore, the proofs of the discrete inf-sup conditions (5.10) and (5.11) can also be found
in [33, Theorem 4.5] and [7, Chapter IV, Section IV.1.2], respectively. In addition, the existence of
Py € HééQ(Z) verifying (5.12) is derived similarly to the procedure described in Section 5.3.1. The
assumptions required by (H.1) are then satisfied.

Now, concerning the discrete inf-sup conditions (5.17) and (5.16), we first remark that the same
approaches yielding the corresponding sufficiency of (5.25) and (5.26) in the 2D case, which are based
on the results from [25], [35], and [20], can also be applied to the present three-dimensional situation.
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In this case, however, the 3D analogue of [35, Theorem 5.1], being still an open problem, can not be
employed. Therefore, in order to construct the stable discrete lifting of the normal traces of ﬁo,h (Qp)
and prove the well-posedness of the Galerkin scheme (5.27), we need to employ some inverse inequalities
on Y, which requires quasi-uniform meshes in a neighborhood of this interface. Furthermore, it can
be proved (see, e.g. the second part of the proof of [19, Lemma 7.5]) that there exists Cy €0, 1] such
that for each pair (hg,/ﬁg) verifying hy, < Cp /fzz, the 3D versions of (5.25) and (5.26) are satisfied.
Note that this restriction on the meshsizes explains the need of having introduced the independent
partition ¥ of 3. We have thus confirmed the hypotheses from (H.3).

We are now in a position to state the following main results. Their proofs, being basically the
same of Theorems 5.3 and 5.4, are omitted.

Theorem 5.5 Assume that the stabilization parameter p lives in <0, %), and that the meshes T,’

and T,P are quasi-uniform around the interface ¥. In addition, let ((t, c,;),p) € X x M be the unique
solution of the continuous formulation (2.34), and let X}, := X p X MLhicmid My, be the finite element
subspaces defined by (5.4) in terms of the specific discrete spaces given by (5.33) and (5.34). Then,
whenever the pair (hg,/ﬁg) verifies hy, < C()Ez, the Galerkin scheme (5.5) has a unique solution
((th:,):p,) € Xp x My, and there exist C1, C2 > 0, independent of h, hs, and hs, such that

1t 2,2 esta < €1 { 1P, sy + 1Glas, o, } (5.35)

and

t') ) - L ’ ’ S C inf Ev ) — (\Ep, ’ . 5.36
1((t,¢),p) = ((trs ) 2 I < Co TRY s R, 1((t, ), p) = (£h,¥,), 4, ) Ixxna - (5.36)

Theorem 5.6 Let ((t,),p) € X x M and ((t4,%,).p,) € Xp x My, be the unique solutions of the
continuous and discrete formulations (2.34) and (5.5), respectively. Assume that there exists § € (0, 1]
such that ts € HY(Qg), up € H(Qp), divup € H’(Qp), os € H(Q), dives € HY(Qs), and
vs € HY(Qg). Then, us € H'™(Qg), pp € H'T9(Qp), ¢ € HY/2H(X), X € HY?*H(X), and there
exists C' > 0, independent of h, hz,/ﬁz, and the continuous and discrete solutions, such that whenever
the pair (hs, hy) verifies hy, < Co hy, there holds

1t @), p) = (s ),)s ) sexm < Ch‘s{HtsHa,ﬂs + [upllsep + lldivup|sor,

5.37
+ llosllsos + dives|lsos + Ivsllses + lluslivaos + HPD||1+6,QD}‘ o
5.3.3 AFW + BDM in 3D
Alternatively, for the 3D case we can also introduce the following discrete spaces in (5.1):
Hy(Qs) = {T € H(div;Qs): rlr e Py(T) VTe T,f} ,
Hy(Qp) = {7’ € H(div;Op): rlrePT) VTe ThD} ,
Ln@s) = {velQs): vlreR(T) VT T}, (5.38)
Li(Qp) = {q € L2((p): qlr € Py(T) VT e 7;;3} . and
L3(s) == {neLl®Qs): nlr € P(T) VTe T3},
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We remark, according to the complementary definitions given in (5.2), that the product space
Hp(2g) x Lp(Qg) x L,ZL(QS) constitutes now the lowest order mixed finite element approximation
of the linear elasticity problem introduced recently by Arnold Falk and Winther (AFW) (see [2],
[3]). In turn, Hy(Qp) x Ly(p) is the BDM space of lowest order for the mixed formulation of the
corresponding Poisson problem (see, e.g. [7], [36]).

In what follows we refer to the verification of the hypotheses (H.0) - (H.3). Indeed, as in the
previous 2D and 3D cases, (H.0) and (H.2) follow straightforwardly from the definitions given in
(5.38). Furthermore, the proofs of the discrete inf-sup conditions (5.10) and (5.11) can be found
now in [2, Section 11.7, Theorem 11.9] and again in [7, Chapter IV, Section IV.1.2], respectively. In

addition, the existence of 1, € H(l]é2(2) verifying (5.12) is derived similarly to the procedure described
in Section 5.3.1. The assumptions required by (H.1) are then satisfied. Next, concerning the discrete
inf-sup conditions (5.17) and (5.16), we just remark that the corresponding proofs follow as in Section
5.3.2 by introducing again the independent partition ¥ and then defining the spaces given by (5.34).
The rest of the analysis is as in the previous section and the main results are basically the same as
those provided by Theorems 5.5 and 5.6, but now with the specific discrete spaces given by (5.38) and
(5.34) . We omit further details.

6 The a-posteriori error analysis

In this section we restrict ourselves to the two-dimensional case and derive a reliable and efficient
residual-based a-posteriori error estimate for our mixed finite element scheme (5.5) with the discrete
spaces introduced in Section 5.3.1. The extension to 3D should be quite straightforward. Most of
the analysis employed in the proofs makes extensive use of the estimates derived in [22] and [26]. We
begin with some notations. For each T' € T,°U T,> we let £(T") be the set of edges of T', and we denote
by & the set of all edges of 7,7 U 7,°, subdivided as follows:

En = En(ls) U En(2s) U En(p) U En(Y),

where E(Ig) = {e € &, : e C Is}, En() = {e € & e C Q. } for each x € {S,D},
and &,(X) = {e € & : e C ¥}. Note that &,(X) is the set of edges defining the partition Xj.
Analogously, we let £9,(X) be the set of double edges defining the partition ¥op. In what follows, h.
stands for the diameter of a given edge e € £, U & (X). Now, let x € {S,D} and let ¢ € [L3(Q,)]™,
with m € {1,2}, such that ¢|r € [C(T)]™ for each T' € T;*. Then, given e € &,(§), we denote by
lq] the jump of ¢ across e, that is [q] := (q|7/)|e — (¢|77)|e, where T and T" are the triangles of T;*
having e as an edge. Also, we fix a unit normal vector n. := (n1,n2)* to the edge e (its particular
orientation is not relevant) and let t. := (—ng,n1)* be the corresponding fixed unit tangential vector
along e. Hence, given v € L2(€) and 7 € L2() such that v|r € [C(T)]? and 7|r € [C(T)]**?,
respectively, for each T' € 7%, we let [v - t.] and [T t.] be the tangential jumps of v and T, across e,
that is [v - te] == {(V|1)]|e — (V|77)|e} - te and [T te] := {(7|1)|e — (T|7#)|e} te, respectively. From
now on, when no confusion arises, we will simply write t and n instead of t. and n., respectively.
Finally, for sufficiently smooth scalar, vector and tensors fields g, v := (v1,v2)* and T := (735)2x2,
respectively, we let

8’01 81}1
curlv := O Oy curlq := <8q _8q>t
81)2 (%2 ’ 81‘27 (91’1 ’
Oy Omy
rotv := % — % and rotT := <8T12 — Or1 Oz — 87—21>t
8.%1 8%2 ’ (%1 8%2 ’ 3%1 8952
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In what follows, ((t,¢),p) = ((ts,up,os), (¥, ), (pp,us,¥s,£)) € X x M and ((t,¢,),p,) =
((ts,hsup by oS 0), (@hs AR))s (prh,u&h,'yS,h,éh)) € X}, x M, denote the solutions of (2.34) and (5.5),
respectively. Also, we let k = k1 the only constant appearing in the second transmission condition in
(2.3). Then, we introduce the global a posteriori error estimator:

1/2
O:=1{ > ©5r+ > Obrp (6.1)
TeT? TeT,?
where, for each T' € 7,
O%r = Ifs +divosulgr + hillrot (bsn +vs )57 + 27 [Itsh +vspllfr
+ llo§, — w(ltsnl) Z he I[(ts,n +Ys.1)t] ”%,e
eES(T)ﬂgh(Qs)
+ h l(osn + G Dn+n — w7 (o ) tl5e + D hell(tsn +vsn)t3e
ecE(T)NEL(Z ec&(T)NER(Ts)
dep ?
he || (ts.h +vs)t + it + he |lusp + ‘Ph”?),e )
ec&(T ﬂSh(E 0,e
(6.2)
and for each T' € T,":
Obr = IIfo — divup ullg 7 + A7 [[rot (K™ up p) [ + h (1K™ up allf 7
+ Y he|K upa-tlf.+ D hellupn-n+ ey,
e€€(T)NER(p) eeg(T)meh(z) (6.3)
dA
+ ¥ {h dt" el - Ahuae} -
GGS(T)ﬂgh(E)
6.1 Reliability of the a posteriori error estimator
The main result of this section is stated as follows.
Theorem 6.1 There exists Cre1 > 0, independent of h, such that
||((£7 f)ag) - ((£h¢£h)a]2h)||XXM < Cre1©. (64)

We follow the general approach from [15] (see also [22] and [27]). Indeed, we begin by recalling,
thanks to the hypothesis on p (cf. (2.4) and (2.5)), and Lemmas 4.1 and 5.1, that A; satisfies the
assumptions (A.1) and (A.2). Hence, a straightforward application of Lemma 3.2 implies that the
Gateaux derivative of A; at any r € Xy, say DA;(r), is a uniformly bounded and uniformly elliptic
bilinear form on X; x X;. Therefore, as a consequence of the continuous dependence result provided
by Theorem 3.2 (cf. (3.16)), we find that the linear operator obtained by adding the two equations
of the left hand side of (2.34), after replacing A; by DA;(r), satisfies a global inf-sup condition.
Furthermore, thanks to the mean value theorem applied to the continuous operator Aq, there exists
a convex combination of t and t;, say s € Xy, such that

[DA;(8)(t —t5,),x] = [A1(t) — Ai(ty,),r] VreX. (6.5)
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Then, applying the above mentioned inf-sup estimate (with r = §) to the error ((t—t;,, f—fh),g—

we find that
R, ((x, %), 9)]]
t—tp,o—9, ) p—p)lxxm < C  sup ==
H(( hr ¥ 7h) L Zh H X (((E( )E)E)X?;;M ||(( ) Q)HXXM

where, acording to (6.5) and (2.34), the residual operator R : X x M — R is given by
(R, (£, 9),9)] == [R1,(7s,)] + [R2,vD] + [R3, 9] + [Ra,{]
+ [Rs,vs] + [Re,qp] + [Rr,xs] + [Rs,ng],
for each r := (rs,vp,Ts) € X1, ¥ := (¥,§) € M1, ¢ := (qp, Vs, s, J) € M, with
[Ri, (15, 7)] i= = (tsp, 78)s — (divrs,usp)s — p (0§, — ulltsnl) tsn, 78)s
—(Ts,Ysn)s — (Tsn,p)s — j(n,0p)s,

[R2,vp] := —(K 'up s, vp)p + (divvp,ppa)p + (Vb -0, A\p)s

[R?nw] == <0-S,h l’l,’l,b>2 - gh <l’l,'l,b>2 + /{_1<(Ph : ta'l:b : t>2 - <¢ -1, )‘h>2

[R4,€] == {pp, 1, &§)s + (upp - 0, &)s,

[R5, vs] = — (fs +divogsy, vs)s,

[Rs, gp] := — (fp — divup s, qp)p
[Ry,rs] == — (u(|tsnl) tsp — 08 4,18)s
[Rs,mg] := — (osh:Mms)s

)

(6.6)

Hence, the supremum in (6.6) can be bounded in terms of R;, with i € {1,...,8}, which yields

H((LE)JE) - ((thfh)ﬂgh)HXXM < C{HRlu(Ho(div;Qs)xR)/ + ”RQHHO(div;QD)’ =+ HRP’HH&;H(E)

Rl g2y + [ Bsllzzmey + IBslza@ny + IRl 00 + I Rslizggy b -

(6.8)

Throughout the rest of the section we provide suitable upper bounds for each one of the terms on
the right hand side of (6.8). We begin with R; by observing from its definition, and having in mind

that (tsn,I)s =trtsy, =0, (I,vg;)s =0, and divI =0, that

[Ri1,(Ts,j)] = [Ri,Ts + 41 — p(0d, — u(tsnl) tsp, m8)s,

where R : H(div; Qg) — R is given by

[R1,75] == — (tsp + s 78)s — (divTs,usp)s — (Fsn, @)y V7 € H(div; Qs).

It follows, using the triangle and Cauchy Schwarz inequalities, that

)

| Rl (510 (divig) xRY < ||R1||]HI diviasy + P llos, —
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and hence it just remains to bound ||}~21 || f(div:0g) - Moreover, since the functionals Ry and Ry share the
same “structure”’ with KfluDJL and tg p +~g , playing parallel roles, the upper bounds of their norms
are derived by following the same approach. More precisely, one proceeds as in [26] by using integration
by parts on each element of the triangulations, by employing continuous and discrete Helmholtz
decompositions of H(div; Qg) and Hy(div;p), and by applying the approximation properties of the
Clément and Raviart-Thomas interpolation operators in both domains (cf. [9], [38]). In this way,
and as a consequence of the analysis developed in [26], we deduce that the estimate for ||§1 | F(divi08)
is obtained from [26, Lemma 3.8] after replacing ag’h there by ts s + g, whereas the estimate for
| R2lf1y (divsp) 18 exactly the one given by [26, Lemma 3.9]. The corresponding results are stated as
follows.

Lemma 6.1 There exists C1 > 0, independent of h, such that

1/2
IR [ (diviasy < Ch Z Cr ) (6.10)
TeTS
where, for each T € T,?:
ég,T = h7|lrot (ts, + ’Ys,h)||(2),T + h7ltsn + 7S,h”(2),T
+ S helllttsn+vs) b5, + Do hell(bsn+vsn) bl
e€E(T)NEL(Ns) ecE(T)NEL(Ts) (6.11)
dey, 2 2
D he||(tsat st SE  hellusn+@nllie o
e€E(T)NEL(S) O

Lemma 6.2 There exists Cy > 0, independent of h, such that
1/2

||R2||H0(div;QD)’ < (y Z 92D,T ) (6.12)
TeT,?

where, for each T € T,:

Ob = hi [rot (K "ups) 7 + 77 IK " upallfr + Y. he K upy -],

eGE(T)ﬂEh(QD)
+ > {he
()

2
+ he |lpD)H — Ah\lé,e} :
e€E(T)NER Oe

KﬁluD,h -t + Ts

Next, we observe that the upper bounds of || Rs|[;;-1/2 s, and [|R4|| g-1/2(x are also derived in [26].
00

)
In fact, noting first that R3 can be re-written as

[Rs, 9] == —((osh + GI)n,¥)s + £ gt -t)s — (¥ -n,N)y Ve Hééz(z),

we can establish the estimates provided by the following lemma, which are based on the technical
result given by [8, Theorem 2] and the fact that both ¥, and ¥, are of bounded variation.
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Lemma 6.3 There exist Cs, Cy > 0, independent of h, such that

1/2
B3l g1z < Cs > hell(osan+ 1) + An — 571 (g, - )3 (6.14)
e€&p(D)
and
1/2
IRallj-12zy < Caq Y. hellups-n+¢y,-nlf, : (6.15)
e€ln (%)

Proof. See [26, Lemma 3.2] for details.
|

Finally, for estimating the rest of the norms appearing on the right hand side of (6.8), we simply
use Cauchy-Schwarz’s inequality and the fact that Rg can be redefined as

1
[Rs;ng] = — 3 (osh— 08 ms)s  Vmg € L2(Qg).
In this way, we arrive at the following lemma.

Lemma 6.4 There hold

[ R5llL20y < Ilifs + divoslloos (6.16)
1Rs |20y < I/ — divuplloqp (6.17)
IRrlz ey < o — alltsal) tsallogs (6.18)
and 1
1Rl 205y = 5 llosn — o nllo.0s - (6.19)

We end this section by observing that the reliability estimate (6.4) (cf. Theorem 6.1) is a direct
consequence of (6. 8) (6.9), and Lemmas 6.1, 6.2, 6.3 and 6.4, by using when it corresponds the obvious

identities / = / and / /
QS QD

re7s T TeTP

6.2 Efficiency of the a posteriori error estimator
The main result of this section is stated as follows.

Theorem 6.2 There exists Cess > 0, independent of h, such that

Cets © + hoot. < [|((t; ), p) — ((tr, #),),2)) s (6.20)

where h.o.t. stands, eventually, for one or several terms of higher order.

In what follows we prove Theorem 6.2 by providing suitable upper bounds depending of local
errors for each one of the 17 terms defining @§7T (cf. (6.2)) and @]237T (cf. (6.3)). To this respect, it is
important to remark that most of the required efficiency estimates in this case are already available
in the literature, and that the main tools employed in their proofs include Helmholtz decompositions,
inverse inequalities, and the localization technique based on element-bubble and edge-bubble functions

(cf. [15], [18], [22], [26]).

We begin with the zero order terms appearing in the definition of @%I and @%’T.
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Lemma 6.5 There hold

Ifs + divosullor < |los — oslldiv,r VT € T,

< |lup —uppllave VT €T,
and
los, < 2[los — osnlloas
Proof. It suffices to recall, as established by Theorem 4.2, that fg = —diveog in Qg, fp = divup in
QD, and gs = Ug in Qs.
|
We now bound the component of @%j involving the nonlinear operator.
Lemma 6.6 There exists C' > 0, independent of h, such that
lodn = ulltsah tsaldr < C{llos —aslfr + lIbs — tsallir }
Proof. We know from [22, Lemma 2.1] that there exists 7y > 0, independent of h, such that
[u(lts]) ts — u(lts nl) VT €Ty .
Hence, adding and substracting o = u(|ts]) ts in Qg (cf. Theorem 4.2), we find that
lord = plts.a) < {lits = asn)lor + llullts)) ts — alltsal) }
< { 7}
which yields the result.
|

We continue with the terms involving only tsp + g, in the definition of Og 7.

Lemma 6.7 There exist C1, Co, C3, Cy > 0, independent of h, such that

W% llvot (s + s ) I3 <1 {

ysulir } VT €T,

W llbs.n +vsulfir < Co {llus = usalBz + b Ibs = s ullir + b3 lvs = vsulr } VT € T3,
e ll(bsn +vsn) e <Cs {1bs = tsnllB, + Ivs = ¥suldu, | Ve € En(05),

he l(ts. +vs1) bR e <Ci{llts — tsaldr, + Ilvs —vsaliz } Ve &nTs),

where we = U {T €T ec 5(T)} for all e € E,(Qs), and T, is the triangle of T,° having e as an
edge for all e € E,(Tg).
Proof. See [15, Lemmas 5.6 and 5.7] for details.

The following four lemmas provide upper bounds for the remaining terms defining g 7.
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Lemma 6.8 There exists C > 0, independent of h, such that for each e € E(X) there holds

hell(sn + 6 Dm+ i — 574y 0t < € { o — ol

o + 10— 0l

+ h%”div (O'S — O'S,h)’

(2),T + he ||/\ - >\h

3o+ helle —enllde b
where T' is the triangle of T,? having e as an edge.

Proof. It suffices to apply [26, Lemma 3.16] by replacing there os and ogj by (os + ¢I) and
(og.p + 0y 1), respectively.
|

Lemma 6.9 There exists C > 0, independent of h, such that

> he

e€En(Y)

2
dey,

dt

(tsh +vs)t +

<Ca Y (lbs—tsnlda + lvs — s
e€&L (D)

B.) + e = enlos ¢ s

where, given e € E,(X), T, is the triangle of T;° having e as an edge.

Proof. Tt follows from the proof of [18, Lemma 20] by replacing there C~' o and C~' oy, by ts and
ts n, respectively.
|

Note that the estimate given by the previous lemma is of a nonlocal character. Actually, it will be
the only one with this property in the efficiency analysis of the terms defining ©g 7. However, under
an additional regularity assumption on ¢, one can obtain the following local bound.

Lemma 6.10 Assume that |, € H'(e) for each e € E,(X). Then, there exists C > 0, independent
of h, such that for each e € E,(X) there holds

dey ||?
(tsp +vsp)t + —

he
dt

0,e

<C { Its — tsnllor + s — Ysn

2
b}
0,e

d
‘(2),Te + Hdt(so - Soh)

where T, is the triangle of T, having e as an edge.

Proof. See [18, Lemma 21] for details.

Lemma 6.11 There exists C > 0, independent of h, such that for each e € E,(X) there holds

helus s+ enll3e < C{llus —usallr + 13 165 = ts a3 + 13 Ivs — vsallir + he o — eulld. }

where T is the triangle of T,° having e as an edge.
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Proof. Similarly to Lemma 6.9, it follows from the proof of [18, Lemma 22] by replacing there C~! &
and C~! o}, by tg and ts 5, respectively.
|

The estimates for the remaining terms defining ©p 7 are given by the following four lemmas.

Lemma 6.12 Assume that K~ is piecewise polynomial on T,”. Then, there exist Cy, C2, C3, Cy > 0,
independent of h, such that

W3 rot (K~ up )37 < C1llup — upuld; VT € T2,
A K Y up |27 < Co 3 lpp — |2 + h2 |[up — uppl|? VT € T,
T D,hllo,7 = ©2 9 [IPD — PD,rllo,T T 14D D.rllo,T )
he[K ' up - t]l5, <Csllup — upslly,,. Ve € E(Qp),
he lppp — = Anllge < Ca {||PD —po g, + 03 lap — uppll§ 7, + e X — )\hHae} Ve e &(X),

where we = U {T eTl:ec&T) } for all e € (), and T, is the triangle of T,” having e as an
edge for all e € E,(X).

Proof. See [26, Lemma 3.13] for details.

[
Lemma 6.13 There ezists C > 0, independent of h, such that for each e € E,(X) there holds
hellupn-m + ey -nllf, < C{Jlup —upalr + b diviup = upa) 37 + el = @nld, }-
where T is the triangle of T,” having e as an edge.
Proof. See [26, Lemma 3.15] for details.
[

We end the efficiency analysis of Op r with the analogue of Lemmas 6.9 and 6.10

Lemma 6.14 Assume that K~ is piecewise polynomial on T,0. Then, there exists C > 0, independent
of h, such that

>

€& ()

d, ||?
K! .t bt}
upp -t + 7t

<Cq Y Nuw—upaldr + 1A = Ml jox ¢
0,e e€&(2)

where, given e € Ey(X), T, is the triangle of T,” having e as an edge.

Proof. See [26, Lemma 3.13] for details.
|

Similarly to Lemma 6.10, we now assume an additional regularity assumption on A to derive,
instead of the previous estimate, a local upper bound.

Lemma 6.15 Assume that K~ is piecewise polynomial on T,°, and that \|. € H'(e) for each e €
En(X). Then, there exists C > 0, independent of h, such that for each e € E,(X) there holds

2
b
0,e

dA
]K_1 up p t + 22k

d
Tt — (A= An)

he
dt

2
<C { lup — uppll§ 7, + ke
0,e

where T, is the triangle of T,” having e as an edge.
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Proof. See [26, Lemma 3.14] for details. Actually, as stated there, it follows by adapting the “elasticity
version” given by [18, Lemma 21] to the present case.
|

We remark that if K~! were not piecewise polynomial then higher order terms arising from suitable
local polynomial approximations would appear in the corresponding efficiency estimates from the
previous lemmas. This fact explains the expression “h.o.t.” in (6.20).

Consequently, the global efficiency estimate of ©, that is the proof of Theorem 6.2, follows straight-
forwardly from Lemmas 6.5 up to 6.15.

7 Numerical results

We begin this section by observing that, while the decomposition (2.21) was necessary for the analysis
of the continuous and discrete formulations, the actual implementation of the latter can abstain from
it. In fact, it is easy to see that redefining og ) + ¢;1, with og ) € Hox(€2s) and £, € R, as simply
os,n € Hp(Q2g), and proceeding analogously with the test tensor TSh € Hy (9g), the Galerkin scheme
(5.4) - (5.5) can be stated, equivalently, as finding

t, = (tsp,uppn,osn) € Xip = Lon(Qs) x Hop(p) x Hy(Qs),
$, = (Phs An) € My == AJ(Z) x AP(D), (7.1)
p, = (PpaUshYsp) € My = Lon(Qp) x Lu(Qs) x Li (),
such that
[Atn, @,): (n¥))] + Blry,¥,),p,] = [F(xpv,)] V(e v,) € Xpi=Xip X My, (7.2)
Bt ¢,): q,] = [G,q,] Vg, €M,.

In addition, the mean value condition required by the elements in Lo ,(€2p) can be certainly imposed
through a suitable discrete Lagrange multiplier.

Throughout the rest of the section we present numerical examples illustrating the performance
of the discrete system (7.1) - (7.2), confirming the reliability and efficiency of the a posteriori error
estimator © derived in Section 6, and showing the behavior of the associated adaptive algorithm. We
consider the specific finite element subspaces defined in Sections 5.3.1 and 5.3.2. In addition, all the
nonlinear algebraic systems arising from (7.2) are solved by the Newton method with a tolerance of
1E-6 and taking as initial iteration the solution of the associated linear problem with u = 1.

In what follows, N stands for the number of degrees of freedom defining X3 x M. Furthermore,
the individual and total errors are defined by:

e(ts) := [[ts — tsnlloas e(up) := |[up — up l|div:p e(os) = |los — osplldivios
e(p) = \|<P—90h||1/2,za e()) = ||)\_)\hH1/2,E» e(pp) = HpD_pD,h 0,Qp >
2 2 2 1/2
e(us) = Jus —usplogs  e(vs) = s —vsalloas . e(t) = {e(ts)? + e(up)? +e(os)?} ",

ele) = {e(¢)2+e()\)2}1/2’ e(p) = {e(PD)2+e(us)2+e(75)2}1/27

and
1/2



In turn, the effectivity index with respect to © is defined by

eff(@) = e(§7 f’g)/(_)?

and the individual and global experimental rates of convergence are given by

log(e(%)/€'(%))
7’(%) = log(oh/h/) : for eaCh % € {tS7uD7US7(107)\7pD7u87787§7£7£}7
and
log(e(t, p,p)/¢'(t, ,p))
r(t, ¢.p) == ;

log(h/h')
where h and h' denote two consecutive meshsizes with errors e and e’. However, when the adaptive
algorithm is applied (see details below), the expression log(h/h') appearing in the computation of
the above rates is replaced by —% log(N/N'"), where N and N’ denote the corresponding degrees of
freedom of each triangulation.

The examples to be considered here are described below. Examples 1 (in 2D) and 2 (in 3D)
are employed to illustrate the performance of the Galerkin scheme and to confirm the reliability
and efficiency of the a posteriori error estimator © (in the case of Example 1) when a sequence of
quasi-uniform meshes is considered. Then, Example 3 (in 2D) is utilized to show the behavior of the
associated adaptive algorithm, which applies the following procedure from [41]:

1) Start with a coarse mesh T, := 771D U 7;?
2) Solve the discrete problem (7.2) for the current mesh 7p,.

4) Check the stopping criterion and decide whether to finish or go to next step.

)
)
3) Compute O := O, 1 for each triangle T' € T*, » € {D,S}.
)
5) Use blue-green refinement on those 7" € T, whose indicator O7 satisfies

1
y > = . T .
Or = 2Tea7)7§{@T 67@}

6) Define resulting meshes as current meshes ’7;LD and 7,5, and go to step 2.

For each example we consider the parameters k1 = -+ = kp,—1 = 1, K = I, and the nonlinear
function p : RT — RT given by the Carreau law for viscoplastic flows, that is

pt) == po + (1 +tHB22  yreRt,

with o = p1 = 0.5 and § = 1.5. It is easy to check in this case that the assumptions (2.4) and
(2.5) are satisfied with

16— 2]
2

W02M0+M1{ +1} and «ap = po-

Hence, for the implementation of our augmented scheme (7.2) we use the parameter p = 2‘”‘—;’2, which
0

certainly satisfies the required hypothesis p € <0, %)
0

41



In Example 1 we consider the regions 2g := (0,1) x (0.5,1) and Qp := (0,1) x (0,0.5), and choose
the data fg and fp so that the exact solution is given by the smooth functions

us() = (5109 ) v i (o) € 0.

us 2(x)
with
ug1(x) == —xq sin(2mxy) (1 — 1) (22 — 1) exp(z122) (2 — 21 + 2122) ,
ug2(x) = (z2 — 1)% exp(z122) <2x1 sin(27rzy) — sin(2wzy1) — 27wy cos(2mwy)

+  27m2? cos(2mwy) — w170 SiN(27w1) + W2T? sin(27rx1)) ,

ps(x) = — 7 cos(mzy/2) (xg + 0.5 — 2cos(m (3:2+0.5)/2)2>/4 Vx = (21,22) € Qg,

and
pp(x) = x1 29 (1 — 1) sin(27xy) sin(mxe) Vx = (x1,22) € Qp.

In Example 2 we consider the regions Qg := (0,1)? x (0.5,1) and Qp := (0,1)? x (0,0.5), and
choose the data fg and fp so that the exact solution is given by the smooth functions

2 2
1 2
us(x) = V x $% (1-— x1)2 :L'% (1-— x2)2 (1— 1'3)2 sin(7 z2) Vx = (x1,29,23) € Qg,
2 2
1 2

and

pp(X) = x1xox3 (1 — 1) (1 — z2) sin(27xy) sin(27xg) sin(rzs) Vx := (x1,22,23) € Qp.

Finally, in Example 3 we consider Qp := (—1,0)? and let Qs be the L-shaped domain given by
(—1,1)2\ Qp, which yields a porous medium partially surrounded by a fluid. Then we choose the data
fs and fp so that the exact solution is given by

ug(x) = curl (3 (22 + 223 (22 — 1)% (22 — 1)2) Vx = (x1,22) € Qg,

1
= v = Q
ps(x) = 100 @ +a3)+01 (21,22) € Os,

and

1\ 2
pp(x) = <x11—(;— > sind(27 (22 + 0.5)) Vx = (z1,22) € QOp.

Note that the partial derivatives of ug are singular at the origin and that pg has high gradients around
that point.

The numerical results shown below were obtained using a MATLAB code. In Tables 7.1, 7.2,
7.3 and 7.4 we summarize the convergence history of our augmented fully-mixed scheme (7.1) - (7.2)
as applied to Examples 1 and 2, for sequences of quasi-uniform triangulations of the domains. The
number of Newton iterations required in Example 1, for the tolerance given, ranges between 9 and
12. We observe there, looking at the corresponding experimental rates of convergence, that the O(h)
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Table 7.1: EXAMPLE 1, quasi-uniform scheme

h N s(ts) r(ts) e(up) r(up) e(os) r(os) e(p) r(¢) (M) r(N)

1/8s 897 3.995E-01 — 4.961E-01 - 1.186E—-00 - 5.183E—-01 — 6.928E—-02 —

1/10 1380 3.039E-01  1.227 | 3.979E—-01  0.988 | 9.426E—01 1.029 | 3.513E—01 1.743 | 4.796E—02 1.648
1/12 1967 2.470E-01 1.137 | 3.322E—01  0.991 | 7.843E—-01 1.008 | 2.570E—-01 1.714 | 3.486E—-02 1.750
1/14 2658 2.083E-01 1.104 | 2.851E—-01 0.993 | 6.730E—01  0.993 | 1.980E—-01 1.693 | 2.671E—-02 1.727
1/16 3453 1.806E—-01 1.075 | 2.496E—-01 0.994 | 5.891E—-01 0.997 | 1.585E—01 1.663 | 2.133E—02  1.687
1/18 4352 1.593E—-01 1.057 | 2.220E—-01 0.995 | 5.236E—01  1.000 | 1.30TE—01 1.639 | 1.755E—02 1.652
1/20 5355 1.427E-01 1.043 | 2.000E—-01 0.996 | 4.713E—-01  0.999 | 1.103E—01 1.616 | 1.479E—02 1.624
1/22 6462 1.293E—-01 1.035 | 1.818E—-01  0.997 | 4.285E—01 0.998 | 9.468E—02 1.598 | 1.270E—02 1.603
1/24 7673 1.183E-01 1.028 | 1.667TE—01  0.997 | 3.929E—-01  0.999 | 8.248E—02 1.585 | 1.106E—02  1.587
1/26 8988 1.090E-01 1.023 | 1.639E—-01 0.998 | 3.627E—01 0.999 | 7.272E—02 1.574 | 9.751E—03 1.574
1/28 10407 1.010E-01 1.020 | 1.429E—01  0.998 | 3.368E—01  0.999 | 6.475E—02 1.565 | 8.684E—03 1.563
1/30 11930 | 9.420E—-02 1.017 | 1.334E-01 0.998 | 3.144E—-01 0.999 | 5.815E—02 1.558 | 7.801E—03  1.555
1/32 13557 | 8.823E—02 1.015 | 1.251E—01 0.998 | 2.947TE—01 0.999 | 5.261E—02 1.552 | 7.059E—03  1.548
1/34 15288 | 8.297TE—02 1.013 | 1.177E—01  0.999 | 2.774E—01 0.999 | 4.790E—02 1.547 | 6.429E—03  1.542
1/36 17123 7.832E—-02 1.011 | 1.112E—01  0.999 | 2.620E—01  0.999 | 4.389E—-02 1.532 | 5.889E—03 1.535
1/40 21105 7.041E-02 1.010 | 1.001E-01  0.999 | 2.358E—01 0.999 | 3.733E—02 1.536 | 5.012E—-03 1.531
1/48 30317 | 5.860E—02 1.007 | 8.342E—-01 0.999 | 1.965E—01 1.000 | 2.8256E—02 1.529 | 3.797TE—03  1.522
1/56 41193 5.019E-02 1.005 | 7.151E—-02 0.999 | 1.685E—01  1.000 | 2.234E—-02 1.521 | 3.006E—03 1.515
1/64 53733 4.389E—-02 1.004 | 6.257E—02 1.000 | 1.474E—-01 1.000 | 1.826E—02 1.516 | 2.457TE—-03 1.510
1/80 83805 3.508E—-02 1.003 | 5.006E—-02 1.000 | 1.179E—-01 1.000 | 1.295E—-02 1.536 | 1.753E—03 1.512
1/96 120533 | 2.923E—-02 1.002 | 4.172E-02  1.000 | 9.828E—02  1.000 | 9.821E—03 1.519 | 1.332E—03 1.506
1/112 | 163917 | 2.504E—02 1.002 | 3.576E—02  1.000 | 8.424E—02 1.000 | 7.771E—03 1.519 | 1.057E—03 1.504
1/128 | 213957 | 2.191E—02 1.001 | 3.129E—02 1.000 | 7.371E—02 1.000 | 6.343E—03 1.521 | 8.644E—04 1.503
1/144 | 270653 | 1.947TE—02 1.000 | 2.782E—02  1.000 | 6.552E—02 1.000 | 5.511E—03 1.193 | 7.344E—04 1.384
1/160 | 334005 | 1.753E—02 1.001 | 2.503E—02 1.000 | 5.897E—02 1.000 | 4.739E—03 1.432 | 6.298E—04 1.458
1/250 | 853893 | 1.095E—02 1.054 | 1.565E—02 1.053 | 3.686E—02 1.053 | 2.515E—03 1.420 | 3.280E—04 1.462

predicted by Theorems 5.4 and 5.6 with = 1 is attained in all the unknowns for both examples. In
addition, we notice from Table 7.2 that the effectivity index eff(©) for Example 1 remains always in
a neighborhood of 0.58, which illustrates the reliability and efficiency of © in the case of a regular
solution. Some components of the approximate (left) and exact (right) solutions for Example 1, which
illustrate the accurateness of the mixed finite element scheme, are displayed in Figures 7.1 and 7.2.

Then, in Tables 7.5, 7.6, 7.7, and 7.8 we provide the convergence history of the quasi-uniform
and adaptive schemes, as applied to Example 3. The number of Newton iterations required in this
case for the tolerance given, ranges between 14 and 16. We notice that the errors of the adaptive
procedure decrease faster than those obtained by the quasi-uniform one, which is confirmed by the
global experimental rates of convergence provided there. This fact, which is clearly emphasized from
about N = 10000 on, is also illustrated by Figure 7.3 where we display the total errors e(t, ¢, p)
vs. the number of degrees of freedom N for both refinements. Moreover, as shown by the values of
r(t, ¢, p), the adaptive method is able to keep the quasi-optimal rate of convergence O(h) for the total
error. Furthermore, the effectivity indexes remain bounded from above and below, which confirms
the reliability and efficiency of © in this case of non-smooth solution. Intermediate meshes obtained
with the adaptive refinement are displayed in Figure 7.4. We remark from there that the method is
able to recognize the origin as a singularity of the solution of this example. Moreover, the additional
refinement around the points (z1,x2) = (£1,0) and (z1,22) = (0,+£1) indicates the presence of large
errors in those neighborhoods as well. Finally, some components of the approximate (left) and exact
(right) solutions for Example 3 are displayed in Figures 7.5 and 7.6.
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Table 7.2: EXAMPLE 1, quasi-uniform scheme (... cont)

N e(pp) r(pp) e(us) r(us) e(vs) r(vs) | et,pp)  rlt,,p) | eff(©)
897 5.951E—03 — 3.695E—02 — 3.111E-01 - 1.478E—-00 — 0.6134
1380 | 4.603E—03 1.152 | 2.752E—02 1.321 | 2.236E—01 1.479 | 1.147E—00 1.135 0.5962
1967 3.807TE—03 1.042 2.238E—02 1.133 1.742E—-01 1.369 9.405E—01 1.089 0.5880
2658 | 3.256E—03 1.013 | 1.900E—02 1.062 | 1.421E—01 1.321 | 7.987E—01 1.060 0.5850
3453 | 2.847TE—03 1.004 | 1.655E—02 1.034 | 1.200E—01 1.265 | 6.944E—01 1.048 0.5830
4352 2.531E—03 1.001 1.468E—02 1.021 1.039E—-01 1.226 6.142E—01 1.041 0.5815
5355 2.277TE—03 1.000 1.319E—-02 1.014 9.162E—02 1.193 5.508E—01 1.034 0.5804
6462 2.070E—03 1.000 1.198E—-02 1.010 8.195E—02 1.171 4.994E—-01 1.028 0.5795
7673 1.898E—03 1.000 1.098E—02 1.007 7.412E—02 1.153 4.568E—01 1.025 0.5788
8988 | 1.752E—03 1.000 | 1.013E—02 1.005 | 6.766E—02 1.140 | 4.209E—01  1.022 | 0.5783
10407 | 1.627TE—03 1.000 | 9.401E—03 1.004 | 6.223E—02 1.129 | 3.903E—01 1.020 0.5778
11930 | 1.519E—03 1.000 | 8.772E—03 1.004 | 5.760E—02 1.120 | 3.638E—01  1.018 | 0.5774
13557 | 1.424E—03 1.000 | 8.222E—03 1.003 | 5.361E—02 1.112 | 3.407TE—01  1.017 | 0.5771
15288 | 1.340E—03 1.000 | 7.738E—03  1.003 | 5.014E—02 1.105 | 3.203E—01  1.016 | 0.5768
17123 | 1.266E—03 1.000 | 7.307E—03 1.002 | 4.708E—02 1.100 | 3.023E—01  1.014 | 0.5766
21105 | 1.139E—03 1.000 | 6.575E—03 1.002 | 4.197E—02 1.091 | 2.717E—01  1.013 | 0.5762
30317 | 9.492E—04 1.000 | 5.478E—03 1.001 | 3.447E—02 1.079 | 2.260E—01  1.011 | 0.5757
41193 | 8.136E—04 1.000 | 4.695E—03 1.001 | 2.925E—02 1.067 | 1.934E—01 1.009 0.5753
53733 | 7.119E—04 1.000 | 4.107E—03 1.001 | 2.539E—02 1.058 | 1.690E—01  1.008 | 0.5750
83805 | 5.695E—04 1.000 | 3.286E—03  1.000 | 2.010E—02 1.048 | 1.350E—01 1.007 0.5747
120533 | 4.746E—04 1.000 | 2.738E—03 1.000 | 1.663E—02 1.040 | 1.124E—01  1.005 | 0.5745
163917 | 4.068E—04 1.000 | 2.347E—03 1.000 | 1.418E—02 1.033 | 9.629E—02  1.005 | 0.5743
213957 | 3.560E—04  1.000 | 2.053E—03 1.000 | 1.236E—02  1.029 | 8.421E—02  1.004 | 0.5742
270653 | 3.164E—04  1.000 | 1.825E—03 1.000 | 1.095E—02 1.032 | 7.484E—02  1.002 | 0.5742
334005 | 2.848E—04  1.000 | 1.643E—03 1.000 | 9.826E—03 1.024 | 6.733E—02  1.003 | 0.5742
853893 | 1.780E—04 1.053 | 1.027E—03 1.072 | 6.080E—03 1.053 | 4.204E—02  1.055 | 0.5742
04 04 25 25
2 2
03 0.3
15 15
0.2 0.2
1 1
‘ o1 ‘ 01 05 05
- 0 - 0 | ‘ i 0 | ‘ i 0
-0.1 -0.1 -0.5 -0.5
-0.2 -0.2 -1 -1
-0.3 03 15 15
-2 -2
Figure 7.1: EXAMPLE 1, ps and og,12 for N = 120533
Table 7.3: EXAMPLE 2, quasi-uniform scheme
h | N | efts) r(ts) | e(up) r(up) | e(os) r(os) | e(p) r(¢) | e()) (M)
1/4 6086 1.368E—01 - 2.242E—01 - 5.213E—01 - 1.970E—02 - 1.048E—02 -
1/8 46884 | 7.73TE—02 0.822 | 1.167TE—01  0.942 | 2.617TE—01 0.994 | 1.037TE—02 0.926 | 1.552E—02 -
1/12 156386 5.338E—02 0.915 | 7.864E—02 0.974 1.738E—01 1.009 5.613E—03 1.514 | 8.433E—03 1.504
1/16 368576 4.065E—02 0.947 | 5.919E—02 0.988 1.299E—-01 1.012 3.583E—-03 1.560 | 4.867E—03 1.911
1/20 717438 3.278E—02 0.964 | 4.743E—02 0.993 1.037E—-01 1.011 2.526E—03 1.567 | 3.200E—03 1.879
1/24 | 1236956 | 2.745E—02 0.974 | 3.956E—02 0.995 8.622E—02 1.010 1.898E—-03 1.569 | 2.305E—03 1.800
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Figure 7.2: EXAMPLE 1, up ; and ¢ for N = 120533

Table 7.4: EXAMPLE 2, quasi-uniform scheme (... cont)
N e(pp) r(pp) | e(us) r(us) | e(ys) r(vs) | elt,op)  rt.,p)
6086 | 1.930E-03  — | 8.682E-03  — | 5.638E-02  — | 5.870E—01 -
46884 | 9.663E—04 0.998 | 2.849E—03 1.607 | 2.100E—02 1425 | 2.981E-01  1.135
156386 | 5.849E—04 1.238 | 1.403E—03 1.747 | 1.154E—02 1476 | 1.987TE—01  1.089
368576 | 4.287TE—04 1.080 | 8.348E—04 1.804 | 7.470E—03 1.513 | 1.487E—01  1.060
717438 | 3.414E—04 1.021 | 5536E—04 1.841 | 5.304E—03 1.535 | 1.188E—01  1.048
1236956 | 2.840E—04 1.008 | 3.942E—04 1.862 | 4.000E—03 1.548 | 9.888E—02  1.041
Table 7.5: EXAMPLE 3, quasi-uniform scheme

h N e(ts) e(up) e(os) e(¢) e(\)

1 93 | 5.864E—00 | 8.654E—01 | 2.699E+01 | 2.837E—00 | 1.252E—00

1/3 | 1094 | 5.295E—00 | 3.403E—01 | 1.647E+01 | 2.349E—00 | 2.221E—01

1/5 | 2929 | 3.793E—00 | 1.989E—01 | 1.306E+01 | 1.462E—00 | 1.074E—01

1/7 | 5797 | 2.700E—00 | 1.400E—01 | 1.235E+01 | 1.050E—00 | 5.071E—02

1/9 | 9115 | 2.175E—00 | 1.061E—01 | 1.125E+01 | 7.521E—01 | 4.127E—02

1/11 | 13958 | 1.774E—00 | 8.698E—02 | 9.682E—00 | 8.081E—01 | 3.203E—02

1/13 | 19752 | 1.445E—00 | 7.681E—02 | 7.542E—00 | 5.152E—01 | 2.219E—02

1/15 | 26116 | 1.264E—00 | 6.488E—02 | 6.206E—00 | 4.463E—01 | 1.674E—02

1/17 | 33265 | 1.096E—00 | 5.634E—02 | 6.407E—00 | 3.857E—01 | 1.440E—02

1/19 | 41839 | 9.756E—01 | 5.103E—02 | 5.001E—00 | 3.486E—01 | 1.094E—02

1/21 | 51029 | 9.057E—01 | 4.628E—02 | 4.528E—00 | 2.929E—01 | 9.071E—03

1/25 | 74062 | 7.374E—01 | 3.777E—02 | 4.019E—00 | 2.228E—01 | 6.148E—03

1/35 | 142283 | 5.262E—01 | 2.780E—02 | 3.502E—00 | 1.453E—01 | 4.032E—03

1/45 | 237444 | 4.022E—01 | 2.093E—02 | 2.848E—00 | 1.035E—01 | 2.481E—03

1/55 | 355451 | 3.271E—01 | 1.725E—02 | 2.563E—00 | 7.612E—02 | 1.774E—03

1/65 | 496414 | 2.746E—01 | 1.464E—02 | 2.202E—00 | 5.915E—02 | 1.365E—03
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Table 7.6: EXAMPLE 3, quasi-uniform scheme (... cont)
N e(pp) e(us) e(vs) et p) | rtp,p) | eff(O)
93 | 1.429E—01 | 1.658E—00 | 3.794E—00 | 2.811E+01 - 0.8954
1094 | 4.436E—02 | 6.076E—01 | 4.110E—00 | 1.796E401 | 0.408 | 0.7313
2929 | 2.109E—02 | 3.951E—01 | 3.125E—00 | 1.403E+01 | 0.482 | 0.6901
5797 | 8.068E—03 | 2.837E—01 | 2.273E—00 | 1.289E+01 | 0.252 | 0.7602
9115 | 5.318E—03 | 2.283E—01 | 1.892E—00 | 1.164E+01 | 0.405 | 0.7796
13958 | 3.245E—03 | 1.839E—01 | 1.544E—00 | 9.999E—00 | 0.758 | 0.7862
19752 | 2.790E—03 | 1.543E—01 | 1.267E—00 | 7.802E—00 | 1.485 | 0.7651
26116 | 1.879E—03 | 1.345E—01 | 1.100E—00 | 6.445E—00 | 1.335 | 0.7398
33265 | 1.713E—03 | 1.173E—01 | 9.702E—01 | 6.584E—00 | -0.171 | 0.7856
41839 | 1.003E—03 | 1.055E—01 | 8.605E—01 | 5.180E—00 | 2.157 | 0.7459
51029 | 9.881E—04 | 9.693E—02 | 7.996E—01 | 4.697E—00 | 0.979 | 0.7340
74062 | 6.138E—04 | 7.974E—02 | 6.569E—01 | 4.145E—00 | 0.716 | 0.7539
142283 | 4.032E—04 | 5.707E—02 | 4.734E—01 | 3.577E—00 | 0.438 | 0.8041
237444 | 2.385E—04 | 4.396E—02 | 3.622E—01 | 2.901E—00 | 0.833 | 0.8146
355451 | 1.686E—04 | 3.593E—02 | 2.954E—01 | 2.602E—00 | 0.543 | 0.8386
496414 | 1.220E—04 | 3.024E—02 | 2.490E—01 | 2.234E—00 | 0913 | 0.8423
Table 7.7: EXAMPLE 3, adaptive scheme
N e(ts) e(up) e(os) e(¢) e(N)

93 | 5.864E—00 | 8.654E—01 | 2.699E+01 | 2.837TE—00 | 1.252E—00

270 | 6.406E—00 | 5.470E—01 | 2.793E+01 | 2.563E—00 | 9.664E—01

953 | 5.613E—00 | 3.342E—01 | 1.784E401 | 2.367E—00 | 2.584E—01

2535 | 3.583E—00 | 3.613E—01 | 1.204E401 | 2.834E—00 | 4.107E—01

4083 | 2.840E—00 | 2.882E—01 | 1.110E+01 | 1.720E—00 | 1.446E—01

6004 | 2.327E—00 | 2.560E—01 | 1.200E4+01 | 1.647E—00 | 9.231E—02

9051 | 1.962E—00 | 2.208E—01 | 8.152E—00 | 1.293E—00 | 5.260E—02

11558 | 1.741E—00 | 2.169E—01 | 6.718E—00 | 9.672E—01 | 5.639E—02

24615 | 1.040E—00 | 1.662E—01 | 4.289E—00 | 4.600E—01 | 1.991E—02

43104 | 8.326E—01 | 1.247E—01 | 3.364E—00 | 2.463E—01 | 1.204E—02

80989 | 5.661E—01 | 1.244E—01 | 2.377E—00 | 1.855E—01 | 8.597E—03

126407 | 4.640E—01 | 1.157E—01 | 1.891E—00 | 9.514E—02 | 4.911E—03

280099 | 3.025E—01 | 1.013E—01 | 1.297E—00 | 6.864E—02 | 3.212E—03

468314 | 2.3T4E—01 | 7.989E—02 | 9.729E—01 | 3.606E—02 | 1.880E—03

Table 7.8: EXAMPLE 3, adaptive scheme (... cont)

N e(pp) e(us) e(rs) et op) | r(t,,p) | eff(O)
93 | 1.429E-01 | 1.658E—00 | 3.794E—00 | 2.811E+01 - 0.8954
270 | 8.918E—02 | 1.337E—00 | 5.003E—00 | 2.925E+01 | -0.075 | 0.8519
953 | 5.446E—02 | 8.060E—01 | 4.181E—00 | 1.933E+01 | 0.657 | 0.6708
2535 | 4.47TTE—02 | 5.839E—01 | 3.033E—00 | 1.325E+01 | 0.772 | 0.6491
4083 | 2.040E—02 | 4.184E—01 | 2.446E—00 | 1.186E+01 | 0.467 | 0.7015
6004 | 1.399E—02 | 3.653E—01 | 1.997E—00 | 1.250E+01 | -0.275 | 0.7789
9051 | 9.291E—03 | 2.506E—01 | 1.663E—00 | 8.652E—00 | 1.794 | 0.6887
11558 | 9.665E—03 | 2.398E—01 | 1.560E—00 | 7.187E—00 | 1.518 | 0.6671
24615 | 3.348E—03 | 1.528E—01 | 9.590E—01 | 4.545E—00 | 1.212 | 0.6450
43104 | 1.889E—03 | 1.162E—01 | 7.695E—01 | 3.562E—00 | 0.870 | 0.6311
80989 | 1.100E—03 | 8.508E—02 | 5.202E—01 | 2.509E—00 | 1.111 | 0.6343
126407 | 7.986E—04 | 6.563E—02 | 4.251E—01 | 2.000E—00 | 1.020 | 0.6179
280099 | 5.810E—04 | 4.468E—02 | 2.773E—01 | 1.367TE—00 | 0.957 | 0.6303
468314 | 4.024E—04 | 3.327E—02 | 2.188E—01 | 1.029E—00 | 1.103 | 0.6098
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Figure 7.3: EXAMPLE 3, e(t, ¢, p) vs. N for the quasi-uniform and adaptive schemes

Figure 7.4: EXAMPLE 3, adapted meshes with 4083, 9051, 24615 and 80989 degrees of freedom
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