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Abstract

We propose and analyze a mixed finite element method with exactly divergence-free
velocities for the numerical simulation of a generalized Boussinesq problem, describing the
motion of a non-isothermal incompressible fluid subject to a heat source. The method is
based on using divergence-conforming elements of order k£ for the velocities, discontinuous
elements of order k — 1 for the pressure, and standard continuous elements of order k& for
the discretization of the temperature. The H'-conformity of the velocities is enforced by a
discontinuous Galerkin approach. The resulting numerical scheme yields exactly divergence-
free velocity approximations; thus, it is provably energy-stable without the need to modify the
underlying differential equations. We prove the existence and stability of discrete solutions,
and derive optimal error estimates in the mesh size for small and smooth solutions.

Key words: Generalized Boussinesq equations, non-isothermal incompressible flow problems,
divergence-conforming elements, discontinuous Galerkin methods
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1 Introduction

The numerical simulation of incompressible non-isothermal fluid flow problems has become in-
creasingly important for the design and analysis of devices in many branches of engineering.
Relevant industrial applications include heat pipes, heat exchangers, chemical reactors, or cool-
ing processes. Temperature-dependent flows have also become of great interest in geophysical
or oceanographic flows with applications to weather and climate predictions.

The last decade has seen a significant interest in the development and analysis of efficient
finite element methods for such problems. We mention here only [3, 4, 5, 10, 12, 19, 20, 21| and
the references therein. In particular, in [20] a conforming method is presented and analyzed for
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approximating non-isothermal incompressible fluid flow problems. However, the analysis there
hinges on technical assumptions which may be difficult to verify in practice. The work [21]
studies a finite element method for time-dependent non-isothermal incompressible fluid flow
problems. Here, the governing equations are discretized by the backward Euler method in time
and conforming finite elements in space.

In this paper, we propose an alternative approach for the numerical approximation (in space)
of a non-isothermal flow problem. As a model problem, we consider the generalized Boussinesq
model analyzed theoretically in [17]: it couples the stationary incompressible Navier-Stokes
equations for the fluid variables (velocity and pressure) with a convection-diffusion equation for
the temperature variable. The coupling is non-linear through a temperature-dependent viscosity,
and through a buoyancy term acting in direction opposite to gravity.

Following [9], we employ divergence-conforming Brezzi-Douglas-Marini (BDM) elements of
order k for the approximation of the velocity, discontinuous elements of order & — 1 for the
pressure, and continuous elements of order k for the temperature. To enforce H!'-continuity of
the velocities, we use an interior penalty discontinuous Galerkin (DG) technique. The result-
ing mixed finite element method has the distinct property that it yields exactly divergence-free
velocity approximations. Thus, it exactly preserves an essential constraint of the governing equa-
tions. In addition, the method is provably energy-stable without the need for symmetrization
of the convective discretization; confer also the discussion in [8, 9].

We show the existence and stability of discrete solutions by mimicking the fixed point ar-
guments presented in [17] for the continuous problem. A crucial aspect of this argument is
the construction of a suitable lifting of the temperature boundary data into the computational
domain. To deal with this difficulty on the discrete level, we shall use a slightly more restrictive
small data assumption. We then derive optimal error estimates for problems with small and
sufficiently smooth solutions. In particular, we show that the velocity errors in the DG energy
norm, the pressure errors in the L?-norm, and the temperature errors in the H'-norm converge
of order O(h*) in the mesh size h.

The rest of the paper is structured as follows. In Section 2, we introduce a generalized
Boussinesq model problem, and review the results from [17] regarding existence and uniqueness
of solutions. In Section 3, we present our finite element discretization, and review the stability
properties of the discrete formulation. In Section 4, we establish the existence and stability of
approximate solutions under a small data assumption. In Section 5, we state and prove our
a-priori error estimates. We end the paper with concluding remarks in Section 6.

We end this section by fixing some notation. To that end, let O be a domain in R?, d = 2, 3,
with Lipschitz boundary 0O. For r > 0 and p € [1, 0], we denote by LP(O) and W"P(O) the
usual Lebesgue and Sobolev spaces endowed with the norms ||| (o) and ||-||yr.»(0), respectively.
Note that WOP(0) = LP(O). If p = 2, we write H"(O) in place of W"2(0), and denote the
corresponding Lebesgue and Sobolev norms by || - |[o,0 and || - || 0, respectively. For r > 0, we
write | - |0 for the H"-seminorm. The space H}(O) is the space of functions in H1(O) with
vanishing trace on I'; and L(Q)(O) is the space of L2-functions with vanishing mean value over O.
Spaces of vector-valued functions are denoted in bold face. For example, H"(O) = [H"(0)]?
for > 0. For simplicity, we also write || - |0 and |- |, o for the corresponding norms and



seminorms on these spaces. Furthermore, we will use the vector-valued Hilbert spaces
H(div;0) = {w e L*(0) : divw € L*(O) },
Hy(div;0) = {WGH(div;O) :w-nygo =0 on 8(’)}, (1.1)

Hy(div";0) = {w € Hy(div;0) : divw=0in Q},
with np denoting the unit outward normal on dO. These spaces are endowed with the norm
IWllzv.0 = IWli§ o + lldiv w3 o.
In the subsequent analysis, we denote by C > 0 the embedding constant such that

[allLo < Cclluflwic), 1010 < Cosllfllwro(0), (1.2)

for all u € Wh(0) and # € W°(0). Finally, we shall frequently use the notation C' and c,
with or without subscripts, bars, tildes or hats, to denote generic positive constants independent
of the discretization parameters.

2 Weak formulation of a generalized Boussinesq problem

In this section, we introduce a model problem, cast it into weak form, discuss the stability
properties of the forms involved, and review some theoretical properties regarding existence and
uniqueness of solutions.

2.1 Model problem

We consider the stationary generalized Boussinesq problem analyzed theoretically in [17]. The
governing partial differential equations then are given by

—div(p(0)Vu) + (u-V)iu + Vp —gf =0  inQ, (2.1)
divu = 0 in €, (2.2)

—div (k(0) VO) + u-Vo =0 in 0, (2.3)

u=20 on T, (2.4)

0 =60p onl. (2.5)

Here, Q is a polygon or polyhedron in R? d = 2,3 with Lipschitz boundary I' = 9. The
unknowns are the fluid velocity u, the pressure p, and the temperature 6. The given data are
the non-vanishing boundary temperature §p € H'/?(I'), and the external force per unit mass
g € L2(Q), usually acting in direction opposite to gravity.

The functions v(-) and k(-) are the fluid viscosity and the thermal conductivity, respectively.
We assume that v and x are Lipschitz continuous and satisfy

[v(01) — v(62)| < vyiplOy — B2, [k(01) — Kk(02)] < Kiip|61 — 2], (2.6)



for all values of 61,02, with Lipschitz constants v, 15, > 0. Moreover, we suppose that v and x
are bounded from above and from below, that is, there are positive constants such that

0 < <v(d) < v, 0 < k1 < K(0) < K, (2.7)

for all values of 6.
The variational formulation of problem (2.1)—(2.5) amounts to finding (u,p,8) € H(2) x
L:(Q) x HY(Q) such that f|r = §p and
As(0;u,v) + Os(u;u,v) — B(v,p) — D(0,v) = 0,
B(u,q) = 0, (2.8)
Ar(6;6,v) + Or(u;6,v) = 0,

for all (v,q,v) € H}(Q) x L3(Q) x HE(Q). Here, the forms are given by

s(¥;u,v) /Qy P)Vu: Vv, Os(w;u,v) = /Q((w -V)u) - v, (2.9)
1(p;0,9) = Q/i ©)VO - Vih, Or(v;0,¢) = /Q(v Vo), (2.10)
v,q) = divv 0,v)= [ Og-v. .
B(v.q) = [ adiv, DOv) - [ og (2.11)

2.2 Stability

Next, let us discuss the stability properties of the forms appearing in (2.8).
We start by discussing boundedness of the forms. Due to the bounds (2.7), the following
continuity properties hold:

[4As(iu,v)| < mfuliellvive,  uwveHY(Q), (2.12)
[Ar(30,9)| < mallflrallvlhe, 0,4 € H(Q), (2.13)
B(v,q)| < Cplvlielldloa,  veH(Q), g€ L*(Q). (2.14)

Moreover, from the Lipschitz continuity of v and & in (2.6) and Hélder’s inequality it readily
follows that, for 61,02 € HY(Q), u € WL (Q), § € WL>(Q),

veH(Q), (2.15)
Y e H(Q).  (2.16)

[As (0150, v) — As(62;u, v)| < vip[ullwi.ec ()| 01 — 62

|Ar(0150,1) — A1(02:0,9)| < Kiip[|0][ w00 () [| 01 — 62

The forms Og and Ot are linear in each argument. Holder’s inequality and standard Sobolev
embeddings then give the following bounds:

|0s(w;u, v)| < w,u,v € H(Q), (2.17)
01(w;0,9)] < Czlwllelflielvlie,  weHN(Q), 6,9 € H'(Q). (2.18)




Similarly, we have
D(6,v)| < Colglbalfliolviie. 0 H(Q), veH(Q). (2.19)

Next, we review the positivity properties of the forms in (2.9) and (2.10). By the Poincaré
inequality and the bounds (2.7), the elliptic forms Ag and At are coercive:

[As(5v,v)| 2 asllviie, v eH(9), (2.20)
[Ar(s e, 0| 2 arll¥lia, ¥ € Hy(). (2.21)
To discuss the convective form Og and O, we introduce the kernel
X={veHj ) : B(v,q)=0Yqe L§(Q) } ={veH)Q) :divv=0inQ}. (2.22)
Clearly, X C Ho(div?; Q). Then, integration by parts shows that,
Os(w;v,v) =0, we X, ve H(Q), (2.23)
Or(w;,0) =0, weX, veH(Q). (2.24)
Finally, the bilinear form B satisfies the continuous inf-sup condition

B(v,q)

sup ‘1 0

veri@)\{o} IV

> Bllglloq, VYaqe L3(Q), (2.25)

with an inf-sup constant 5 > 0 only depending on €2; see [13], for instance.

2.3 Results concerning existence and uniqueness

In this section, we review some results regarding the existence and uniqueness of solutions
of (2.8). To that end, it is enough to study the reduced problem of (2.8) on the kernel X.

in (2.22). It consists in finding (u,8) € X x H(Q) such that f|r = §p and
Ag(0;u,v) + Og(u;u,v) — D(O,v) = 0,
s( ) + Os( ) (6, v) (2.26)
AT(9705¢) + OT(U, 97¢) = Oa

for all (v,9) € X x H}(Q).
The following equivalence property is standard; see [13].

Lemma 2.1 If (u,p,0) € H5(Q) x L3(Q) x HY(2) is a solution of (2.8), then u € X and (u,p)
is also a solution of (2.26). Conversely, if (u,0) € X x HY(Q) is a solution of (2.26), then there
exists a unique pressure p € L3(Y) such that (u,p,0) is a solution of (2.8).

The following existence result for the reduced problem (2.26) is proved in [17, Theorem 2.1].
To state it, we write the temperature 6 as

0 =6y + 01, (2.27)
where 0y € H}(Q) and 6, is such that
0, € Hl(Q), 01’1“ =0p. (2.28)



Theorem 2.2 Assume (2.6) and (2.7). Then, for any g € L2(Q), there is a lifting 61 € H'(Q)
of Op € HY2(T) satisfying (2.28) such that the reduced problem (2.26) has a solution (u,6 =
0o + 61) € H{(Q) x HY(Q). Furthermore, there exist constants Cy, and Cy only depending on
llgllo,q, and the stability constants in Section 2.2, such that

lullie < Cullbrllie,  [10Le < Collbr]l10- (2.29)

The work [17, Section 7] also establishes the uniqueness of small solutions to problem (2.26),
albeit under additional smoothness assumptions on the domain. Here, we restrict ourselves to
proving the following (more straightforward) uniqueness result, whose proof is motivated by a
similar argument in [10] for Stokes-Oldroyd problems.

Theorem 2.3 Let (u,6) € [XNWH2(Q)] x Whe(Q) be a solution to problem (2.26), and
assume that there exists a sufficiently small constant M > 0 such that

max{||gllo., [ullwie@), 0lwiem} < M. (2.30)

Then, the solution is unique. (A precise condition on M can be found in (2.42).)

Proof. Let (u,0) and (u*,0*) be two solutions of problem (2.26), both satisfying assump-
tion (2.30). By subtracting the two corresponding variational formulations from each other, it
follows that

[Ag(0;u,v) — Ag(0™;u*,v)] + [Os(u;u,v) — Og(u*;u*,v)] — D(0 — 6*,v) =0, (2.31)

and
[Av(0;6,9) — Ap(0%6%,4)] + [Or(u;0,¢) — Op(u*;6%,1)] =0, (2.32)
for all v € X and ¢ € H}(Q).
In (2.31), we write

[AS(07 u,v) - AS(H*; U*vv)] = AS(ev u-— U*vv) + [AS(ev U*a V) - AS(H*; u*,V)],

(2.33)
[Os(u;u,v) — Os(u;u”, v)] = Os(w;u — u*,v) + Os(u — u*;u’, v).
Similarly, in (2.32),
[AT(6;0,9) — A (070, 9)] = A1 (6;0 — 0%, 9) + [A1(6; 0", ) — A (07 6%,4)], (2.34)

[O1(u;0,1) — Op(u*; 6%, ¢)] = Op(u;0 — 0*,9¢) + Op(u — u*; 6%, ).

Then, by choosing the test function v = u—u* € X in (2.31), and using (2.33), the coercivity

property (2.20), and the fact that Og(u; u — u*, u — u*) = 0, see (2.23), we obtain
asllu—u*||3 g < |As(6;u*, u — u*) — Ag(#*;u*,u — u*)| (2.35)
’ 2.35
+0s(u— w5t u— )|+ D(O — 0%, u — ).

Analogously, by taking 1 = 6 — 0* € H}(Q) in (2.32), and using (2.34), the coercivity (2.21)
for A, and the fact that Op(u; 6 — 0*,6 — 0*) = 0, cf. (2.24), we find that

ar|§ — 6% < |Ar(6;6*,0 — 6%) — Ap(6%;:6%,6 — 6%)| + |Op(u — u*;6%,6 — 6%).  (2.36)



From (2.15) and (2.16) and since [[u*|lwi.c) < M and [|0*|[jy1.00(q) < M by assump-
tion (2.30), the right-hand sides in (2.35) and (2.36) can be bounded by

|Ag(0;u*,u —u*) — Ag(0";u*, u — u*)| < i M| — 0*[|1 o|lu — u*[1 0, (2.37)

and
|AT(0;60%,0 — 6*) — Ap(6%;6%,0 — 0%)| < ki M6 — 6%|7 g,

respectively. Hence, by using these inequalities in (2.35) and (2.36), respectively, and the conti-
nuity of Og, Or, D, we find that

as|lu — w7 g <upMIl0 — 0*[|Lelu - u*[lLe + Csllu*|lLelu—u*[ig

) (2.38)
+ Cpllglloalld — %[ allu —u*|1,q,
as well as

arl|f - 01 g < ripM |0 — 0*|F o + Orlu — u*[[1]|0*]lLelld — 6*[10. (2.39)

We continue bounding the right-hand sides of (2.38) and (2.39) by applying the embedding
estimate (1.2), assumption (2.30), and the inequality |ab| < % + %. This results in

asflu—u*| o <M (Cp + viip) |0 — 0

lu—u*||1,0 + CsCoM|ju — u*|l3

M (2.40)
Y = ulf + 5 (Co +vip) 6 = 07 0

1,0

C .
<M(CsCoo + TD + V;p

respectively,

a0 — 01 o <kipM |0 — 0*|1 g + CrCoc M [[u — u*[10]10 — 0* |10

CrCy (2.41)
2

M
<M (i + 5 )10 = 01 0 + 5 OrCuclfu — w1 o

Finally, adding up (2.40) and (2.41), and bringing all the terms to the left-hand side of the
resulting inequality, we conclude that

(as = M(C5Cu + K) ) Ju = 0|2 + (7 = M(sp + K) )0~ %2 <0,

with K := (CtCx + Cp + tip)/2. Thus, if M satisfies

. as ar
M < mln{ , }, 2.42
CsCy + K Klip + K ( )
then 8 = #* and u = u*. This completes the proof. O

3 Finite element discretization

In this section, we introduce our finite element method for approximating problem (2.1)—(2.5),
review the discrete stability properties of the forms involved, and discuss the reduced version of
the discrete variational problem.



3.1 Preliminaries

We consider a family of regular and shape-regular triangulations 7, of mesh size h that partition
the domain € into simplices { K'} (i.e., triangles for d = 2 and tetrahedra for d = 3). For each K
we denote by nx the unit outward normal vector on the boundary 0K, and by hg the elemental
diameter. As usual, we define the mesh size by h = maxge7, hx. We denote by E1(7y) the set
of all interior edges (faces) of Ty, by Eg(T;) the set of all boundary edges (faces), and define
En(Th) = Er(Th)UERB(TE). The (d—1)-dimensional diameter of an edge (face) e is denoted by he.

We will use standard average and jump operators. To define them, let K and K~ be two
adjacent elements of Ty, and e = OKT NOK~ € &(Ty). Let u and 7 be a piecewise smooth
vector-valued, respectively matrix-valued function, and let us denote by u®, 7+ the traces of u,
T on e, taken from within the interior of K*. Then, we define the jump of u, respectively the
mean value of 7 at x € e by

[ul =u" @ng+ +u” @ng-, {r} = %(T+ +77), (3.1)

where for u = (ug,...,uq) and n = (n1,...,nq), we denote by u ® n the tensor product matrix

[u®@n|;; =wn;, 1 <i,j <d. For a boundary edge (face) e = dKT NT, we set [u] = ut @ n,

with n denoting the unit outward normal vector on I', and {7} = 7.

3.2 Exactly divergence-free finite element approximation

For an approximation order £ > 1 and a mesh 7T, on €0, we consider the discrete spaces
Vi = {v e HdiviQ) : vix € Pu(K), KT},

th{qeL2 Q) gl €Pyy(K), K€Th ),
={Y€C(Q) : Yk ePu(K), KET,},
xlfh,ozq;hmﬂo((z).

(3.2)

Here, the space P (K) denotes the usual space of polynomials of total degree less or equal than &
on element K. The space Vy is non-conforming in H[l)(Q), while @), and ¥y are conforming
in L3(2) and H'(Q), respectively. In fact, the space V}, is the space of divergence-conforming
Brezzi-Douglas-Marini (BDM) elements; see [7].

Consistent with our choice (3.2) for the discrete spaces, we need to introduce discontinuous
versions of Ag and Og, respectively. For the discrete vector Laplacian, we take the interior
penalty form [1, 2] given by

AL, v) = /Q V)V Vv — 3 /{{u $)Vaul : [v]

eegh 'Th

DI LZO T R S RO !

e€&n(Th) e€EL(Th)



Here, ag > 0 is the interior penalty parameter, and we denote by V; the broken gradient
operator. As discussed in [9], other choices for A% are equally feasible (such as LDG or BR
methods), provided that the stability properties in Section 3.3 below hold.

For the convection term, we take the standard upwind form [16] defined by

Ohtwinv) = [(w- Vv 3 [ Swene— wenh —weve gy

KeT,;, Y OK\T 2

where u® is the trace of u taken from within the exterior of K. The remaining forms are the
same as in the continuous case.
Next, we introduce an approximation 6p j to the boundary datum 6p, which belongs to the
trace space
9D,h GAh:{§€C(F) : §|66Pk(6), 6653(7%) } (3.5)

Then the discrete formulation for problem (2.1)—(2.5) is to find (up, pp,0n) € Vi x Qp X ¥y,
such that 0p,|r = 0p, and

Al(Op;up, v) + O (up;up, v) — B(v,pr) — D(0,v)
B(uy, q)
AT (0n; 0n, ) + Or(up; On, 1)

0
0, (3.6)
0

)

for all (v,q,%) € Vi x Qp x ¥pp.
A key feature of the method (3.6) is that the discrete velocity wuy, is exactly divergence-free.
To discuss this property, we introduce the discrete kernel of B

Xp={veVy,:B(v,q)=0VqeQ}. (3.7)
Since Vj, € Hy(div; Q) and div 'V}, C @y, it can be readily seen that
Xp={veV,:divv=0in Q};
we refer to [9] for details. Hence, X;, C Ho(div?; ). In particular, the following result holds.

Lemma 3.1 An approzimate velocity uy, € Vy, obtained by (3.6) is exactly divergence-free, i.e.,
it satisfies divuy, = 0 in Q.

An important consequence of Lemma 3.1 is the provable energy-stability of the numerical
scheme (3.6), without the need for symmetrization or other modifications of the convective
terms; see also the discusssion in [8, 9]. These stability properties are established in the next
subsection.

3.3 Discrete stability properties

3.3.1 Broken spaces and norms

We introduce the broken space

H () ={vel?Q) :vlxk cH(K), K€T,}, r>0. (3.8)



We shall mostly work with » = 1 and r = 2; in these cases we use the broken norms

VI35 = D IVaviG e + > ack IVIIG., v eH(Th), (3.9)
KeTy, ecy
V137 = VIR 7 + D hklvEk, v € H2(Ty). (3.10)
KeTy,

By the inverse estimate |p|o,x < Chit|p|ix for all K € Ty, p € Px(K), we see that

IVll27, < Cliviig, v E Vi (3.11)

We recall the following broken version of the usual Sobolev embeddings: for d = 2,3, and
any p € I(d) C R there exists a constant C' > 0 such that

IVIize) < Clivliz, v e H(Tp), (3.12)

where 1(2) = [1,00) and I*(3) = [1,6]. For d = 2, this has been proved in [14, Lemma 6.2]. In

the case d = 3, the proof follows along the lines of to [22, Lemma 5.15, Theorem 5.16]. In the

following, we shall explicitly write Cepp for the embedding constant in the case p = 3.
Moreover, we introduce the broken C!-space given by

C'(Th)={ueH'T;) : uyx e CY(K), K€ T}, (3.13)
equipped with the broken W1 *-norm

Faftwroo(7s) = max [ulw o). (3.14)

We shall also make use of the augmented H'-norm

Wl e, =lelTa+ Y. kWG,  veHY(Q). (3.15)

e€&r(Th)

3.3.2 Continuity

First, we establish continuity properties of the elliptic forms A}S‘ and Ar, respectively. To that
end, we recall that by (2.13), the form At is a bounded bilinear form over H(Q) x H!(£). To
bound DG form Ag, we proceed in a standard way; see [2], for instance. Indeed, by using the
standard trace inequalities

lelloox < € (hillellos + hilPlolii ), v e HY(K), (3.16)
Iplloox < Chic”[Iplo . p € B(K), (3.17)
and the inverse inequality in (3.11), we obtain the following result.
Lemma 3.2 There holds
A5 (5w, V)| < Clllla,7 vl ueHX(Ty), veVy, (3.18)

[A5(su,v)| < CalulzIviig,  wv € Vi (3.19)
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Moreover, the elliptic forms are Lipschitz continuons with respect to the first argument. For
the conforming form Ar, this follows from (2.16). The following result holds for the DG form A%.

Lemma 3.3 Let 11, 1o € HY(Q), u € CY(T},), and v € V},. Then there holds

AL u,v) — AW 0, v)| < Cupiip 161 = wallie, [l () IV]1,73 (3.20)
In addition, if u € H{(Y), then

Al 0,v) — Ab(Wiav)| < G s — vnll [ulwoeqr vl (320
The constant C'lip > 0 is independent of the mesh size.
Proof. As before, we note that

‘Ag(¢1;u7v) - A}SLW%U,V)‘ S ’TI‘ + ’T2’ + ’T3’ + |T4’a

with
Ty = | (v(¥h1) —v(¥2))Viu: Vyv, T = (v(¢1) = v(2)){Vul : [v],
1 /Q 1 2 h h 2 eeé%(:ﬂl)/e 1 2
ag
Ty= /(V(%) —v(@){Vv}:[u], Ti= ) h/(”(%) — v(¥2))[u] : [v].
ceEn(Th) " € e€&n(Th) ¢

For T, the Lipschitz continuity of v in (2.6) readily yields the bound

1] < wiip[¥1 = 2lloellullwree (7:) [Viviio0-

To estimate Th, we notice that, since u € C'(7},), we have [{ViulellLoce) < [ullwioo ()
for all e € &,(Tr). Hence, from the Lipschitz continuity of v it follows that

o] < vipllullwrseiry Y. 111 — 2lloe [[v]lloe-
ec&n(Tn)

By applying the discrete Cauchy-Schwarz inequality, the shape-regularity of the meshes, and
the trace inequality (3.16), the sum over the edges (faces) can be bounded by

S —elloe IVIloe < (3 hellr —weld )2 (S0 wIVIZ.)

e€&n(Th) e€&L(Th) e€&n(Th)
1/2
<0( Y hillvr — ol or) PV,
KeTy,

< Ol = delalviig-

This yields
T2 < Cupl[ullwieo (7 1901 = 2llellv]7 -
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For the term Ty, we have |[ulllix(o < 2lulue) < 2lulwin) for any e € &,(T).
Hence, the Lipschitz continuity of v, the Cauchy-Schwarz inequality the shape-regularity of the
meshes, and the polynomial trace inequality (3.17),

T3] < Cupllulwicey Y 11 = ¥allocl{VVH o

e€&R(Th)
_ 1/2 1/2
< Cupllullwreoiy (S B wn = e2l2) (0 Al Vvl o)
e€&n(Tr) KeTy,

< Cugipllullwieo ()11 — ¥2ll1.6, [IVaVio.0-

Similarly, T4 can be bounded by:

1 Tya| < Cuipllullwree (I — Y2llre, VI,

Gathering the above bounds for T} through 7y implies the estimate (3.20).
If u € H{(Q), then 75 = Ty = 0, and the second bound (3.21) follows from the estimates
for T1 and TQ. O
Second, we notice that the forms B and D are bounded by

lo.s v e HY(Ty), q € LA(9), (3.22)
7.,  veHY(T), v e H(Q). (3.23)

1B(v,q)| < Ca|vlv7lla
ID(¢,v)| < Cpllgloallv

vl

1,0

The estimate for B is straightforward, and the one for D follows from the embedding (3.12)
with p = 4 and Holder’s inequality.

Third, we discuss the convective forms Og and Or, respectively. In contrast to Og and due
to the upwind terms, the discrete form Oél is not linear in the first argument. However, as
established in the following lemma, it is Lipschitz continuous.

Lemma 3.4 There exists a constant Cg > 0, independent of the mesh size, such that
08(w1;u,v) = O8(wa;u,v)| < Cs||wi — wally 7 l[ull1,7 I VI[1,7, (3.24)
for any w1, wa,u € H2(T;,) and v € V.

Proof. The proof of this property in the case d = 2 can be found in [8], and makes use of the

embedding (3.12) with p = 4. In the case d = 3, we proceed similarly: to conclude, we use the

shape-regularity of the meshes, Holder’s inequality, the embedding (3.12) with p = 4, and the

trace estimate h%4|]zHL4(8K) < C(lzllpacry + 1V2ll2k)) s 2 € WHY(K), from [18, Section 7).

We omit further details. O
The conforming temperature form Or is still trilinear, and there holds

Or(w; 0, 9)| < Crlwlhrlleliel¢lhie.  weH (T, ¢, € H' (). (3.25)

This follows similarly from Holder’s inequality and the embedding (3.12). We use the following
variant of (3.25).

12



Lemma 3.5 There is a constant C’TQ > 0 such that
01 (w;0,9)| < Crallbll sy llwliz¥lle,  weHy(div%Q), 6,4 € H(Q).  (3.26)

Proof. Integration by parts yields and using that divw =0in 2, w-n =0 on I' yield

Or(wi0,0) = |

Q

(W VO = —/ B(w - V).
Q
From Holder’s inequality we obtain
O(w; 0, ¢)| < Cll]| 130 [ VY
Hence, the embeddings in (3.12) with p = 3, p = 6 yield the assertion. O

lo.llWll z6(q)-

3.3.3 Coercivity and inf-sup condition

First, we point out that coercivity of Ap over the discrete spaces is implied by (2.21). Due to
the bounds of v in (2.7) the DG form Al is also elliptic, and we have

A}Sl(-,v,v) > &SHVH%T}L, v eVy, (3.27)
provided that ap > 0 is sufficiently large independently of the mesh size; cf. [2].
To state the positivity of Og and Or, let w € Ho(div?; Q). Then we have
1
Of(w;u,u) = 9 Z |w - n||[u®mn]|?ds > 0, u € V. (3.28)
e€&r(Ty) ” ¢

Here, in the integrals over edges (faces) e, the vector n denotes any unit vector normal to e.
This is a standard property of the upwind form Og, see, e.g., [16, 8]. Moreover, integration by
parts readily implies that

Or(w;0,0) =0, 0 H(Q). (3.29)
Finally, we recall the discrete inf-sup condition for B:
B(vp, ~
sup Blvm, ) > Bllanlloe Van € Qn, (3.30)

VhGVh\{O} th || 1,Th

with § > 0 independent of the mesh size. The proof of (3.30) follows along the lines of [15] from
the surjectivity of div : H}(Q) — L3(Q) and the properties of the BDM projection. We omit
further details.
3.4 The reduced problem
The reduced version of (3.6) consists in finding (uy, 0)) € X, x ¥y, such that 6 |r = 0p , and
A%(Op;ap,v) + Os(up;up, v) — D(0),v) = 0, (3.31)
Ar(0h:0n, %) + Or(up: 6, 9) = 0, '

for all (v,9) € Xp, x ¥p 0.

Due to the discrete stability properties of Section 3.3, the discrete analog of Lemma 2.1 hold.
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Lemma 3.6 If (up,pn,0n) € Vi, X Qn X ¥y, is a solution of (3.6), then uy € Xj, and (up, 6p) is
also a solution of (3.31). Conversely, if (up,0y) € Xp, x ¥y, is a solution of (3.31), then there
exists a unique pressure py € Qp such that (up,pr,0p) is a solution of (3.6).

In what follows, we shall discuss the existence for the reduced problem (3.31). We notice
that the uniqueness of discrete solutions remains an open problem. The main difficulty for
adapting Theorem 2.3 to the discrete case is to control the augmented norm (3.15) appearing
in the discrete counterpart of (2.37) .

4 Existence of discrete solutions

In this section, we establish the existence of discrete solutions of (3.31) following the continuous
arguments proposed in [17] and based on Brouwer’s fixed point theorem. Then we adjust this
result to a particular choice of the discrete boundary datum 6p j,.

4.1 Stability and existence

We start by proving the following stability property of the discrete solutions under a small data
assumption. As in the continuous case, we write the discrete temperature 6, as 6, = 0y, ¢+ 0, 1,
with 05,0 € ¥j, 0 and

On1 € Vi, Onilr = O0p p- (4.1)

(A specific choice of the discrete lifting 6, 5, will be made in Section 4.2 below.)

Lemma 4.1 Let (up,6y) be a solution of (3.31) with 0y = 60+ 0p1 as in (4.1). Assume that

—_

Cacpligllo.llOnll s @) < > (4.2)
with .~
~ CpCra
€ - ~ ’ ) 4
C(d P AgoT ( 3)

then there exist constants C,, and Cy only depending on |gllo,o and the stability constants in
Section 8.8, such that

1.0 < CollOn1ll1.0- (4.4)

lunllsz < Cullbnalne, 116k
(Explicit expressions for Cy, and Cy can be found in (4.8) and (4.9), respectively.)

Proof. We choose the test function (v,) = (uy, 50) in (3.31), and use (3.29) to obtain the two
equations

Al(Op; up,up) + OL(up;up, up) = D(Oh0,up) + D01, up),

(4.5)
A1 (0h:01n,0,000) = — Ar(0n:0n,1,0h0) — Or(up;n1,0h0)-
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In the first identity of (4.5), the coercivity of A% in (3.27), the positivity of Of in (3.28), and
the boundedness of D in (3.23) imply

lulli7, < a5'Coligloalbnolie + a5 Colgloglltnlie. (4.6)

In the second equation of (4.5), we employ the coercivity and boundedness of Ay in (2.21)
and (2.13), respectively, along with the bound for O7 in Lemma 3.5. We conclude that

10n.0llL0 < a7 kallOh1llLa + a7 Cr2llOn | Ly llunlli 7 (4.7)

Then, using the bound (4.7) in (4.6) yields

1,7, + a5 ar' Opllgllo. (ar + &2) |04 ]1.0-

lunll,z < ag'ar' CoCrallglo.qllfnlls@)llunl

Hence, referring to assumption (4.2), we obtain

|177'h < CN'uHQh’l 1,0 with éu = nglaEléDHgHO,Q (OéT + /62). (4.8)

[[an

Moreover, by using the triangle inequality, estimate (4.8), the definition of C’dep and assump-
tion (4.2) we find that

10rll1,0 < [|0ro

< (ap'r2 + 1)[1h1ll1.0 + 07 Cral

.o+ 10110

On,1ll L3 (o) llanllr,7,

< (k2 + DllOn,1ll1e + 207" Caepllg

0.2ll0n,11 L3 () (@ + £2)[0n1 11,0
< (ag' k2 + D|0hall1e + o (a1 + K2) [0 1.0
Hence,
10nll10 < CollOnalle  with  Cp=2(1+ ag'ke). (4.9)
This completes the proof. O

We are now ready to state our main existence result.

Theorem 4.2 Let 0}, be a discrete lifting satisfying (4.2). Then there exists a discrete solution
(up, 0n) € Xp x Uy, to the reduced problem (3.31) satisfying the stability bound (4.4).

The proof of Theorem 4.2 is carried out in detail in Section 4.3.

4.2 Discrete boundary datum

A natural choice for 0p; € Ay is the nodal interpolant of §p. In this section, we adapt the
existence result in Theorem 4.2 to this particular choice.
In what follows, we shall thus always assume that

0p € C(I). (4.10)
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We denote by Z : C(2) — ¥ the classical nodal interpolation operator with respect to an
unisolvent set of Lagrange interpolation nodes for W. Its restriction to the boundary nodes is
denoted by ZIr : C(T') — Ayj,. A natural choice of the discrete boundary datum 6 D,h € Ay is the
nodal interpoland of #p. That is, we take

eD,h =1Irfp. (4.11)
The following result holds.

Lemma 4.3 Assume (4.10) and (4.11). Then there is a lifting 05,1 € U}, such that 0y, 1|r = 0p p
and

16r1ll1.0 < Cuite [10D,1ll /2y

with a constant Clig, > 0 independent of the mesh size.

Proof. From the definition of the H'/2(T')-norm, we infer the existence of a constant X > 1 and
a function 6 € H'(Q) such that f|r = 0p j, and

10111, < Kl0p,nll /2 ry-

Set 01 = SZp0 € ¥y, where SZ, is the Scott-Zhang interpolation constructed in [11, Sec-
tion 1.6.2]. By its definition and due to assumption (4.10), it coincides with the Lagrange
interpolation operator on I, i.e., we have

(SZn0)|r = Zr(0|r) = Op,p-
Moreover, the stability result in [11, Lemma 1.130] yields

10,1

1.0 < C0]1,0,

with a constant C' > 0 independent of the mesh size. This implies the desired result with
C]ift = CK ]
We also have the following approximation result.

Lemma 4.4 Assume (4.10) and (4.11). Let 6 € C(2) be such that 0|r = 0p. Then we have
100 = Oppll /2@y < 110 — 2010

Proof. By construction, (§ — Z8)|r = p — Op . Hence, the definition of the H/2(I')-norm
implies the assertion. O

We shall now establish the following alternate existence and stability results for the specific
choice of 0p p, in (4.11). They hold under a natural small data assumption involving the H 1/2(1)-
norm of the discrete datum 6p j,, which is slightly more restrictive than the one in (4.2).

Corollary 4.5 Assume (4.10), (4.11), and let 0y 1 € Wy, be the lifting constructed in Lemma 4.3.
Assume further that

édepcembcliftHgHO,Q‘|0D7h||1/2,1“ <1/2, (4.12)
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with C’dep defined in (4.3), Comp > 0 the embedding constant in (3.12) for p = 3, and Cyg the
constant in Lemma 4.3, Then, there is a solution (up,0p) to (3.31) with 0, = 00 + 01 as
n (4.1) and satisfying the stability bounds

lanll,7 < CuClitel|On,n |1 /2.1, 10n]11,0 < CoClisel|0ppll1 /2.1 (4.13)

where C,, and Cy are the constants in (4.4).

Proof. We apply Theorem 4.2. To that end, let us verify that (4.12) implies (4.2). Indeed, there
holds

Caepllgllo.llfnllza (@) < CaepCembllglo.lllfnll.0

~ 1
< CaepCembClitt || g llo, 10D p ]| gr1/2ry < 3
where we have used the embedding (3.12) with p = 3, and the bound in Lemma 4.3.

Hence, Theorem 4.2 implies the existence of a solution (uy, 6y,) satisfying the bound (4.4).

Employing Lemma 4.3 once more shows that (4.13) holds true. O

Remark 4.6 If we assume the exact temperature 6 of (2.1)— (2.5) to belong to H*(Q). Then, by
the triangle inequality, Lemma 4.4 and standard approximation results for the nodal interpolant
I, we have

1.l g2y < 10D = Op wll /2y + 10Dl 12y < ChllBll2.0 + 1001 g2y

Hence, ||0p,n m1/2(ry 18 bounded as h — 0. This property is crucial in the stability bounds (4.13)
and will be used in the subsequent error analysis.

4.3 Proof of Theorem 4.2

To prove Theorem 4.2, we shall now make use of Brouwer’s fixed point theorem in the following
form [6]: Let K be a non-empty compact convex subset of a finite dimensional normed space,
and let £ be a continuous mapping of I into itself. Then £ has a fixed point in K. We proceed
in several steps.

Step 1: We introduce the finite dimensional set

o { (un:6n) € X x U [lunll7, < Cullfralig,  6nle < Collfns

and 9h = 0]170 + 9h,1

L6 } o (4.14)

with Cy and Cp the constants defined in (4.8) and (4.9), respectively. It is convex and compact.
We then define the mapping

L: (Zh,(ph) € Xy X Uy, — (uh,Qh = ah,o -+ 9h,1) e X, x ¥y,

as the solution to the following linearized version of problem (3.31): find (up,6y) € Xj, x Uy,
such that

Al(pn;up, v) + Ob(zn; up, v) — D(pn,v) =0,

(4.15)
Ar(on; 0n,0,%) + Or(zh; 0n,0,¢) = —A1(0n; 0n,1,%) — O1(28; 00,1, 9)
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for all v € X} and ¢ € ¥y, o. With the stability properties in Section 3.3, it is not difficult to
see that problem (4.15) is uniquely solvable, and hence the operator £ is well defined.

Step 2: Let us prove that £ maps from K into . To that end, let (zp,¢p) € K be given,
and denote by (up,0) € Vj, x Uy, the solution to the problem (4.15). Then, as in the proof of
Lemma 4.1, we take the test function (v, ) = (up,0p0). In the first of the two resulting equa-
tions, we use the coercivity of A% in (3.27), the positivity of O% in (3.28), and the boundedness
of D in (3.23). This results in

lunll 7, <@gt D(en,wn)| < a5 Cpligllogllenlh.ellunllzg.
Division by ||ul|;.7;, and the bound [ |l1.0 < Col|0n1ll1.0 then give

lanll1,7, < é5' CpCollglloallbrillie = Cullfnillie,
where we have also used the identity

éu = dglép||g"o7gég. (4.16)

In the second of the two resulting equations, we use the coercivity of Ay in (2.21), property (3.29),
the boundedness of A and Or in (2.13) and Lemma 3.5, respectively, the bound |[|zp |17, <
Cul|Oh1]/1,0, and division by ||64.0[l1,0, to find that

10n0ll1.0 < ag'KellOhillie + o5 CraCullOn1 1010011 13 (0)-

Then, from the identity (4.16) and assumption (4.2),

10n.0ll.0 < o' wallOnlla + a5 ar' CoCraliglloaCollonllallnllLs e

- Co
< ag'rallfnallie + 2 [10n1 .0

Then, the triangle inequality and the definition Cp = 2(1 + ag'k2) in (4.9) imply

123

1.0 < [10noll + [0n1lle

_ Cy
< (14 agp'm)|0nallne + 7\\911,1\\1,9 < Col|Onall10-

Hence, we have (uy, 6p,) € K. It is now clear that the existence of a fixed point of £ : K — K is
equivalent to the solvability of (3.31) as stated in the assertion.

Step 3: To apply Brouwer’s fixed point theorem, it remains to show that £ is a continuous
operator. To do so, assume we are given (z,p) € K and a sequence {(zm, Pm)}men C K, such
that

|2 —zll17 ™5 0 and [lom —¢llie "5 0.

We note that by the trace inequality (3.16) and for a fixed mesh size, there also holds lim ||¢p,—
m—r0o0

¢ll1,6, = 0. Thus, setting (u,0) = L(z, ¢) and (W, On) = L(Zm, om), m € N, we need to prove
that

[t —ulli7, "=3°0 and |6, — 010 — 0. (4.17)
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From the definition of £ in (4.15) we see that there hold
A& (pm; W, V) + O8(Zm; W, v) = D(om, v) = 0,
Ar(m; Om; ¥) + Ot (2m; Om, ¥) = 0,
and
Ab(piu,v) + O4(z;u,v) = D(p,v) =0,
Ar(p;0,1) + Or(z;6,¢) =0,

for all v € X3, ¥ € ¥y and m € N. Subtracting the two systems from each other yields the
equations

A}S’(cpm; u,,Vv) — Ag(go; u,v) + Og(zm; Uy, V) — Olsl(z; u,v) — D(om — ¢, v) =0, (4.18)
for all v € Xp,, and
AT(@m? 9ma¢) - AT(‘;O; 97¢) + OT(Zm§ Hmﬂj}) - OT(Z; 97 ¢) = 07 (4'19)

for all ¥ € ¥y, 9.
We first consider (4.18). Elementary manipulations then yield

Al (pmiu =, v) + O4(zm; 0 — U, v) = — [A&(p;u,v) — Ak (pm;u, v)]
— [04(z;u,v) — O8(Zm;u, V)] + D(pm — ¢, V).

We take v = u—u,,, use the ellipticity property of Ag‘ and Oé’ in (3.27) and (3.28), respectively,
as well as the continuity of O’g and Cp, to get

agllu—upm|i 7 < A& (e;u,u—uy) — A&(pm;u,u—uy,)|
+ Cs |z = zmll1, 7 [ull17: [0 — umll1.7 + Coliglloalle — emlliellu — apl17-

With the continuity property (3.20) for A% and division by |Ju — up|1,7,, it follows that

Ju =l < C(lle = emllvgn iy + 12 = 2l iz, + e = mlio ).

Hence, we find that
lim |[u—upli,7, =0. (4.20)

m—r0o0
Next, we consider equation (4.19). By proceeding as before, we rewrite it as

At (om0 — O, ) + O1(2m; 0 — O, ) = — [Ar(9;0,¢) — Av(om; 0, 9)]
— [Or(2;0,v¢) — O1(zm; 0,9)].

Then, we take ¢ = 0 — 0, € ¥}, o, note that O7(zp; 0 — 0,0 — 6,,) = 0, by (3.29), and apply
the continuity property (2.16), the ellipticity (2.21), and the bound (3.25) for Op. Dividing the
resulting inequality by ||6 — 0,,||1,o results in

10—l < C(lle = emlliallbllwr @ + 2= znll7 16l )-

Therefore,
lim {|§ — 6|10 =0. (4.21)

m—ro0

Referring to (4.20) and (4.21) shows the claim in (4.17), which completes the proof.
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5 Error analysis

In this section, we carry out the error analysis of the finite element approximation in (3.6). We
start by stating our error bounds. Then, we present the details of the proofs in several steps.

5.1 Error estimates

We shall prove the following error estimates.

Theorem 5.1 Assume (4.10), (4.11), and the small data assumption (4.12). Let (u,p,0) be a
solution of (2.8), and let (un,pp,0r) be an approximate solution to (3.6) satisfying the stability
bounds (4.13) in Corollary 4.5. Assume further that

0,05 [ullwree ) [16]lwroe ) } < min{, M}, (5.1)

max { g

with M and M sufficiently small, as specified in (2.42) and (5.18) below. We further suppose
that, for k =1,

uc C'QnNH*(Q)NX, pecH(Q), 6 c Wh>(Q)n H*(Q), (5.2)

and, for k> 2,
uc H"Y(Q)nX, peHYQ), 60cH"(Q). (5.3)

Then there exist two constants C > 0 independent of the mesh size such that
[ —upllz,7, + 116 = Onllne < CR*(ullkrr0 + 16]k+1,0), (5.4)

and
I — prllog < CR*(lIpllea + allkera + 10]k+1.0)- (5.5)

The proof of Theorem 5.1 is presented in Section 5.2.

Remark 5.2 In our analysis, we shall need the base reqularity (u,6) € C1(Q) x Wh(Q) as
assumed in the lowest-order case k = 1 in (5.2); ¢f. Lemma 3.8 and (2.16). Notice that for k > 2,
the regularity assumption (u, ) € HFTL(Q) x HFL(Q) in (5.3) implies (u,d) € CH(Q) x CH(Q).

Remark 5.3 Observe that under the small solution assumption (5.1), the exact solution to (2.8)

is unique, in agreement to Theorem 2.2. On the other hand and as mentioned above, an analo-
gous uniqueness result for the discrete solution remains an open question.

5.2 Proof of Theorem 5.1

We present the proof of Theorem 5.1 in several steps.
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5.2.1 Preliminaries

Let (u,p,0) be a solution of problem (2.8), and (up,ppfy) a finite element approximation
obtained by its discrete counterpart (3.6). To simplify the subsequent analysis, we write
ey =u—uy, eg =0 — 0, and e, = p — pj,. As usual, we shall then decompose these errors into

eu:€u+Xu: (u_{,h)—i_(‘?h_uh%
eo =& +xo = (0 — U¥n) + (bn — On), (5.6)
ep =&t Xp= (p = Gn) + (Gn — pn),
where we take v}, as the BDM projection of u, ¢y, = Z6 € ¥, is the nodal projection of 6, as
introduced in Section 4.2, and @, is the L?-projection of p into Q.

We recall that for u € X, we have v, € Xp; see, e.g., [7]. Then, we also have x,, € Xj. The
following approximation properties are standard:

Lo < ChM0lkirg,  lI&log < Ch¥|p|

|€ull2,7, < CRF[lullisr, o k.Q- (5.7)
Then, according to the triangle inequality and the inverse inequality (3.11), we see that

275+ IXull2 7 < CRFullkiae + Clixulli.,

leall2, 7 <ll€u
leglle <lI€ollL, 2+ lIxslle < Ch*[0]lk10 + Ixolle, (5:8)

lepllog <lélloe + Ixplloe < CR*|p

k0 + [[Xpllo.0-

Hence, to prove the error estimate (5.1), we need to show the optimal convergence of ||xl1,7,

Ixoll1., and [[xpllo.0-
To do so, we shall employ the following Galerkin orthogonality property.

Lemma 5.4 Assume that u € H*(Q) N X. Then we have
[A8(0;u,v) — AL(0n; up, v)] + [0 (u;u,v) — O&(wp; up, v)| = B(v,e,) — D(eg, v) =0,
Bleu, q) =0,
[AT(6;0,1) — Ar(0p; 0n, )] + [O1(u;0,9) — Or(ug; 0y,9)] =0,
for all (v,q,v) € Vi, X Qp X Yp .

Proof. As we assume H?(2)-regularity for the velocity field u, it can be readily seen by integra-
tion by parts that the exact solution (u,p, ) satisfies

AéL(Ha u,V) + Og(uﬂ u,V) - B(V7p) - D(Q,V) = O)

for all v € Vy; see also [2]. This implies the first equation. The second and third equations are
readily verified. O
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5.2.2 Error estimates in the velocity and temperature

We now start by analyzing the convergence of || x,|l1,7, and ||xol1,0-

Lemma 5.5 There exists a constant C1 > 0 independent of the mesh size such that

(s = CsCoolD)lIxul} 7, <C1 (11€ullz + Néolh0) Ixalli.zs
+ M(Cipriip + Cp) Xl 7 lIxoll1,0-

Proof. First, note that x,, € Xj,. From the ellipticity of Ag in (3.27) and elementary calculations,
it is not difficult to see that

aslIxalll 7, < A&(On; x> Xu) = AS + AF + A% + AS, (5.9)
with the terms Aé through A‘é given by
A§ = AL(On; 1, xu) — A& (Yn; 1, Xu),
Af = AL(Pnsu, xy) — AL(0;u, xy),
AZ = AL(0;u,x,) — AL(On; un, Xu),
A§ = —AL(On; €us Xu)-
Similarly, thanks to the positivity of Oéb in (3.28), we obtain
0 < O&(uh; Xu» Xu) = O§ + OF + 0% + O3, (5.10)
with O through Og given by
0§ = O (un; u, xu) — O8(Va; U Xu);
0% = O4(Vh; 1, xu) — O8 (w51, xy),
0% = O8(u;u, x) — OF (wps up, Xa)
03 = —O8(up; &y, Xur)-
From the first error equation in Lemma 5.4, it further follows that
AZ + 0% = D(eg, xu) = D(€0: Xu) + D (X6 Xu)» (5.11)

where we have used the fact that B(x,,ep) = 0 since x,, € X}, is exactly divergence-free.

Next, we bound each of the terms on the right hand sides of (5.9), (5.10) and (5.11), respec-
tively. We start by estimating those in (5.9). To that end, we use bound (3.21), the continuity
of A% in (3.18), and the fact that [ullwie () = lullwiee @) < M (since u € C'(Q)). We find
that

|AS] < CiptripllOn — Pnllnellullwrc () IxallL g, < MCripviipllxollellXull1,7:
|A] < Criptiip||0 — ¥nll1,0

48] < Cll€ullz 7 lIXull1.7:-

allw.co () 1Xull1 75 < M CipmipliéollillxallLz (5.12)
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We proceed similarly for the terms in (5.10). We use the continuity of O, cf. (3.24), the
continuous dependence of uy, in (4.13), and note that [Ju([1,0 < Coollullwi.e @) < CocM by (1.2).
This results in

08| < Cslullollxullf 7 < CsCooM|lxulli 7,
03] < Cslléullim llullielxalliz < CsCooM [1€ull2.7 Xl 7 (5.13)

105] < Csllunllvg [€ulli 7 Ixulli g < CsCuClite 0Dl 11172 1€

1,0

2,75 IXull1,75-

In the bound for |O3|, we emphasize that ||0p || mi/2ry is bounded independently of the mesh
size, in agreement to Remark 4.6.

Finally, to estimate the terms in (5.11) we employ the continuity of D and the hypothesis
that ||g|lo.o < M. We conclude that

ID(&9,xu)| < MChplé
ID(x0, Xu)| < MCp|lxe

Hence, from (5.9), (5.10) and (5.11), and the upper bounds (5.12), (5.13) and (5.14) the
assertion follows. g
A corresponding upper bound for ||xs||1,o is established in a similar fashion.

Lollxull1, 7

(5.14)

lLellxull7-

Lemma 5.6 There exists a constant Cy > 0 independent of the mesh size such that

1,0 + CrCs M | xulli, 7 Ix0ll1,0-

(ar = mpD)xol 0 < Ca(J€ullom + o) xs

Proof. We proceed similarly to the proof of Lemma 5.5. Indeed, by adding and subtracting
suitable terms and noting that xy € H(Q), the ellipticity (2.21) of Ar and property (3.29)
for O imply that

ar|lxollf.a < At(0r; x0. x0) + O (un; X0, X0)

(5.15)
= AL+ A2 + A3 + AL + O + 02 + 03 + 04,
with
A%‘ = AT(gh; 67 X@) - AT(Q;h; 97X9)7 AQT = AT(ZZh; 97X9) - AT(Ha 97X9)a
A% = A1(0;0,x0) — A1 (0n; 0, X0), AL = —A1(01; 0, x0),
and

OF = —O1(Xu; 0; X0), 0% = —Or (€430, X0),
O} = Or(u;0, x9) — Or(up; On, x0), Ot = —O7(up; &, x0)-

As before, the third error equation in Lemma 5.4 yields

A3+ 03 =0.
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Now, by the continuity properties of At in (2.13), (2.16), and since ||0||yy1.00 () < M, we see
that

|AT] < RiipllOllwroo @) 10n — Pnllielixellie < mipMlxolli o

1A% < Kiipll0 — nllnell0llwres @) IxollLe < sipM€llLalxollLe, (5.16)

|A%] < r2lléollallxelle-
On the other hand, by employing the bound [|0[|1,0 < Cool|0]/y1.00 () < CsoM, the inequal-
ity (2.13), and the continuous dependence in (4.13), we obtain
01 < Crllxullz 9 relxoliie < CrCoM|x,
03] < Crlléullz 116

01| < Crllunllz 6lh.allxelle < CrCuCitll0p,nl givzm o llLalalxelli o

The desired result follows from (5.15) and the estimates in (5.16) and (5.17), noting again
that [|6p,nll g1/2(ry is bounded independently of the mesh size; cf. Remark 4.6. O
We are now ready to prove the error bound (5.4) of Theorem 5.1.

1.7 Ixelle,
Xoll1,0 < CrCsCr M ||y

1,0 2.7 l1xell1,0, (5.17)

Lemma 5.7 There is a constant C > 0 independent of the mesh size such that
la — w27 + 116 = bnllie < CR*([ullkrro + [18]lkr1,0)-

1,0. To this end, we set

Proof. Starting from (5.8), it is enough to bound ||x,ll1,7;, and ||xe
L(u,0) = [|€ull2.7 + [0l

Adding the two bounds in Lemma 5.5 and Lemma 5.6 results in
(G5 — CsCooM)Ixulli 75, + (o = mpM) x0T 0 < CL(w, 0) [ xull 7 + Ix0ll1.0]
+ M (Ciipttip + Cp) [ xall1,7 X010

1,0-

+ CrCoo M| xull1.7. I X6 ]11,02-

An application of the inequality |ab| < ‘12—2 + % allows us to bring the last two terms above to
the right-hand side. By setting K = ((élipylip) +Cp + OTCm)/2, we obtain

(as — (CsCoo + K)M)|Ixull} 7, + (a1 — (5115 + K)M)||x0]17 0
< CL(w,0) [|Ixully 7 + Ixolliel-

Hence, if we choose M such that

M<inf{~ s O‘T~}, (5.18)
CsCx + K Iﬂip—l-K

we readily obtain
IxullL7 + [IxellLe < C Lu,0). (5.19)
From the approximation properties in (5.7), we conclude that
L(u,0) < CR*([[ullgrr0 + [101kr10),
which implies the desired estimate (5.4). O
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5.2.3 Error in the pressure

Next, we bound the error in the pressure.
Lemma 5.8 There is a constant C > 0 independent of the mesh size such that

)

Proof. From (5.8), it remains to bound |xpllon. To that end, we invoke the discrete inf-sup
condition (3.30) and the boundedness of B in (3.22) to find that

leplloo < Chk( [ullrsro + 10lkt1.0 + lp

~_ B V’X
Ixplloe <B~"  sup B(v,xp)
veVy\{0} ||V||1,n
~ B v,e ~ B v, —
Sﬂ*l sup M + 8 1 sup M (5.20)
veVy\{0} ||V||1,7’h vev,\{0} Hv”l,Th
3— B(v,e s
SB 1 sup M‘i’ﬁ 1CBH£I; 0.0

vevijor IVIL7,

Then, from the first error equation in Lemma 5.4, we find that, for any v € Vy,

B(v,ep) < |D(eg, v)| + [T1] + [To| + |T3] + |Tal, (5.21)
with
T = [A3(050,v) = A5 (Onsu, V)], To = A§(0hs eu, V),
T3 = [O%(u;u,v) — OF (up;u, v)], Ty = Ok (up; eq, v).

Next, we bound the terms 7; through 7, appearing on the right hand side of (5.21).
For Ty, we use the triangle inequality, the continuity bound in Lemma 3.3, and the assump-
tion [[ul|w1,ec(7;,) = [ullw1.e(q) < M. We obtain

T3] < Cripiiplesllv.ollullwroo (73, V17, < Cuipraip M llegllollv]l1.7-

Furthermore, from the bound (3.18),
12| < Clleull2, V7

From the Lipschitz continuity of O’S‘ in (3.24), the stability bound (4.13), and the inequality
|lull1,0 < CoxxM, we have the estimates

T3] <Cslleallr, 7 llully7IvIl7 < CsCocM el Vi1,
| Ta| <Csllunl|1,7; lleall,7 1vI17 < CsCuClieel|fp,n
Finally, note that, by (3.23) and assumption (5.1),
|D(eg, v)| < Cpligloellesllollvihz < CpM|es
The above estimates imply

B(v.e,)| < Cs( lleallv.o + llealls s ) I¥lI7 (5.22)

Hence, the desired estimate (5.5) follows from the inequalities in (5.20), (5.21), and (5.22). O
This completes the proof of Theorem 5.1.

L2 lealle s 1V ]1.7

lLellvlli,z-
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6 Conclusions

We have introduced a new mixed finite element method for the numerical simulation of a general-
ized Boussinesq problem with exactly divergence-free BDM elements of order k for the velocities,
discontinuous elements of order k — 1 for the pressure, and standard continuous elements of or-
der k for the discretization of the temperature. The resulting method yields exactly divergence-
free velocity approximations, and thus it is energy-stable without additional modifications of
the convection terms. Under suitable hypotheses on the data, we have shown the existence and
stability of discrete solutions. Moreover, we have shown optimal a-priori error estimates with
respect to the mesh size h for problems with smooth and sufficiently small solutions. More
precisely, the broken H'-norm errors in the velocity, the H'-norm errors in the temperature,
and the L?-norm errors in the pressure are proved to converge with order O(h*).

The uniqueness of (small) discrete solutions remains an open issue: one of the the difficulties
in adapting Theorem 2.3 to the discrete level is the appearance of the augmented norm (3.15)
in the continuity estimate (3.20). Ongoing research is concerned with finding ways to overcome
this problem.

Finally, we emphasize that using conforming elements for the temperature unknown makes
the analysis simpler, but may not yield robust approximations in highly convection-dominated
problems. In this regime, discontinuous discretizations may be more appropriate for the tem-
perature equation as well. This is also the subject of ongoing work.
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